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LOI NGO

Epsilon da di dudgc mot chiing dudng gan 7 nim, va ching tdi da tién t6i cot mdc 20!

Vao nhiing ngay khdi dau cta Epsilon, phan 16n ching t6i déu chi 13 nhiing chang trai tré, ngay
nay, phan 16n ching tdi déu da trd thanh nhiing 6ng bb. Téc chiing t6i cling da bac nhiéu hon,
sic chiing tdi cling di mét moi. Nhung chiing toi biét, v6i dam mé, chiing tdi sé khong ding lai,
véi su chia sé, chiing t6i sé dudgc tiép stic, va ching toi van ludn tin rang di nhiéu ngudi, ta sé di
rat xa....

Vang, ching toi van biét, cudc chién véi Covid-19 vin dang con dé, ching ta vin dang & trong
thdi khac kho khin nhét. Nhung, cho dit cudc chién sé con cam go, vit vd, nhung chiing ta vin
Iuén lac quan tién vé phia truéc. Va duong nhuw nhitng hoan cdnh khdc nghiét chua bao gio la
rao cdn cho nhiing sdng tao, cho nhitng phdt minh, cho nhitng tim kiém mdi. “Hoc nhi tri —
Hanh nhi tri — Du nhi tri — Khén nhi tri”. Hoc dé biét, hanh dé’biét, giao du dé’biét va trdi qua
gian kho dé biét. Khong co diéu kién giao du truc tiép, chiing ta cé thé giao du trén mang. Kho

khéin vi covid-19 lai tao cho nhitng phwong thiic giao tiép mdi, nhitng déng luc sdng tao mai.".

Per aspera ad astra.”

!Chiing t6i mot 1an nita muén 14p lai thong diép nay tit Epsilon 19
2Hét con bi cuc, téi hoi thai lai
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CONG THUC HARDY-RAMANUJAN
QUA MO HINH CHAT RAN DEBYE

bam Thanh Son
Chicago, My

Ban nao di xem cudn phim The Man Who Knew Infinity chic s& nhé mot cong thic déng vai tro
rit quan trong trong phim: Céng thifc vé ham phan hoich sd nguyén, dugc Hardy va Ramanujan
tim ra nim 1918. Ham phan hoach p(n) dinh nghia rt don gian. Ly vi du s 4, sb nay c6 thé
biéu dién bing 5 cach khic nhau thanh téng cic s6 nguyén:

4=4
4=3+1
4=242
4=2+4+1+1

4=1+1+1+1

Nhu vay p(4) = 5. Tuong tu p(5) = 7, p(10) = 42. Nhung khi n ting cao thi p(n) ting 1én
rit nhanh, vi du, p(200) = 3.972.999.029.388. Trong phim MacMahon tinh con s nay bang
tay, khong 16 bang phuong phap nao. Hardy v Ramanujan tim ra cong thiic cho tiém can clia

p(n) véin 16n
) 1 2n
n) ~ explm\/— |-
P 4n/3 P 3

Néu ta thay n = 200 vao cong thiic nay thi ta sé tim dugc p(200) = 4, 10 x 10'2, sai s6 3.2% so
v6i ké qua chinh xdc. Khi n cang 16n thi sai sb ny cang bé.

C6 vé phuong phdp ma Hardy va Ramanujan dung d€ tim dugc cong thic nay khd phuc tap.
Trong bai nay chiing ta sé& dung vat ly dé tiép can cong thiic Hardy-Ramanujan. Tim dudc toan
bd tiém can clia p(n) thi hoi kho, ta sé chi nham vao phan quan trong nhét, phan exp thoi. Néi

cach khac, ching ta s€ ching minh:
/2
Inpn)~m ?n

Pé tim dudc cong thiic ndy, ching ta sé ding mot cach tiép can khong chinh quy. Ta sé dung
mo hinh Debye clia nhiét dung ctia chit ran. Cong trinh nay ctia Debye dudc viét nim 1912, vai
nim trudc khi Hardy va Ramanujan cong bb cong thiic cho p(n). C6 18 Hardy va Ramanujan
khong biét vé cong trinh ctia Debye.
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Hinh 1: Mot canh trong phim

Trudc Debye ngudi ta da biét dinh luat Petit-Dulon, theo d6 nhién dung ctia mot khoi chét ran 1a
mot hing sb khong phu thudc vao nhiét d6. Tuy nhién thi nghiém cho thiy dinh luét Petit-Dulon
chi diing & nhiét do di cao, dinh luat nay bi vi pham & nhiét do thap. Einstein 1 ngudi dau tién
chi ra méi lién hé gitta su vi pham dinh luét Petit-Dulon véi co hoc lugng td. Trong mo hinh
ctia Einstein, nhiét dung 12 hing s6 néu nhiét do cao nhung tién téi 0 khi nhiét d6 giam t6i 0.
Tuy nhién trong mé hinh ctia Einstein nhiét dung tién t6i 0 nhanh hon so véi do dudc trong thuc
nghiém. Nim 1912 Debye dua ra mé hinh gidi thich dudc su bién thién clia nhiét dung clia chét
ran. Céch tiép cin ctia Debye hét stic méi mé. Debye khong nhin chit rin nhu mét tip hop cac
nguyén tii, 6ng nhin chét ran 13 mot khi tao ra bdi cac hat phonon - lugng tif clia séng am thanh.
Trong mo hinh Debye, cdc nguyén ti chi 1a cdi nén cho céc hat phonon lan truyén.

D€ lién hé véi cong thifc Hardy-Ramanujan ta chi can xem xét mot chét rin 1 chiéu. DE dé tudng
tugng, ta sé xét mot chiéc day dan, cing gitta hai diém A va B. Ta chon truc x ctia hé toa do
chay theo dudng thang ndi hai diém A4 va B. Néu do dai day dan 12 L thi tai A ta chon x = 0,
tai Bx = L.

Khi ta gdy dan sé c6 soéng lan truyén trén ddy dan. Séng nay coi nhu 1a 4m thanh trong moi
trudng mot chiéu. DE cho don gian ta gia sit day dan chi dao dong theo chiéu y. Trang théi cia
day dan tai mot thoi diém nao d6 dudc mo ta bsi ham y = y(x). Gia st van toc lan truyén cia
séng 1a v. Do hai dau ddy dan bi dong cing, séng trén ddy dan phai 1 séng diing, va bién do
clia séng bién thién theo toa dd va thdi gian theo cong thiic

o0
_ X
y = I; Ay cos (kwqt + o) sin (kf)

Trong cong thiic trén w; 1a tin s6 co ban clia dao dong ctia day dan

TV
“=T

va cic hoa ba (harmonic) cao hon ¢6 tan sd wx = kw; véik = 2.3, ...

Bay gid ta lugng td hod cdi day dan. Mi tan sb wy nay tuong duong véi mot dao dong i diéu
hoa, va diy dan 1a mot t6 hop cac dao dong tir diéu hoa véi tan sb wy, w,, v.v. Cidc miic ning

6
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Lowest Three Natural Frequencies of a Guitar String

1st Harmonic
=L L=-2 L==12
=3 A =5 2
2
l:%]__ l:%]_ :—3

lugng ctia dao dong t diéu hoa véi tin O w 1a hw (n + 3) . Nhu vy d€ mo ta trang thdi lugng
tl ctia ddy dan, ta can mot sd vo han cac sb luong ti ny, ns, ..., ng, . .. trong d6 ng 1a sd lugng
tl cia dao dong ti véi tan s6 wy = kw;. Nhu vay

)
E = Eo + Z hka)ll’lk,
k=1

trong d6 E, 1a ning lugng cua trang thdi co ban. D& don gidn tif nay ta sé do ning ludng cla
day dan tu E,, tic lacho Ey = 0.

Bay git c6 thé nhan ra mot diéu nhu sau:
Co p(n) trang thdi luong ti cua ddy dan vdi ndang luong nhw; .

DAy chinh 12 diém lién hé giita vat ly va cong thiic Hardy-Ramanujan. Nghi mot lic cdc ban sé
thiy diéu nay hau nhu 12 hién nhién. Vi du 6 mifc ning luong 4Aw; c6 nim trang thai:

ng=1n =0k #4
ny=ny=1,n, =0,k #1,3
n,=2,n,=0k#2
ny=1n, =2, ng =0,k #1,2
n,=4, ng =0k #1

Khi da biét s6 trang thdi c6 ning luong nhw; bing p(n), ta két luan In p(n) chinh 1a entropy
khi ning ludng biang nhw;, theo dinh nghia clia entropy qua tap théng ké vi chinh tic (micro-
canonical ensenble).

Nhung trong vat ly thong ké, ta c6 thé dung tip thdng ké chinh tic (canonical ensemble) dé tinh
entropy ctia ddy dan, thay vi dung vi chinh tac. Binh thudng tinh toan dung tap thdng ké chinh
tac bao gid ciing don gian hon la dung tap vi chinh tac.

Mot diém lam don gian bai toan 12 khi nhiét dd 16n hon tan s6 dao dong co ban, ta c6 thé bd qua
hiéu ting bé mit cla hai dau day dan. Bay gio diy dan c6 thé coi 12 mot chit khi phonon mot
chiéu. Bai todn nhu vay dugc dua vé dang mot chiéu cia bai todn ma Debye da giai quyét nim
1912 khi 6ng tinh dudc nhiét dung ctia chit ran & nhiét do thap.

7
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Ban c6 thé lam tiép nhitng tinh toan con lai néu ban nao da hoc vat ly thong ké; coi nhu day
12 bai tap cho ban. Ban c6 thé tinh entropy truc tiép, hoidc tinh nhiét dung roi iy tich phan
dé€ tim entropy. Két qua 12 mo6 hinh Debye ctia chit rin cho ta phan exponent ctia cong thiic

Hardy-Ramanujan.
/2
Inpn)~mn ?n

Cich tiép can vat Iy cho cong thiic Hardy-Ramanujan trén diy c6 trong cudn B. Zwiebach, A
First Course in String Theory.
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PAT Puoc SUDONG THUAN
TREN CAC MANG NGAU NHIEN
QUYEN Luc CUA SO IT

Vil Ha Vin, Tran Hoang Bao Linh

GIOI THIEU

Chiéu 24 /7, GS Vii Ha Vin c6 bai bdo cdo & Vién nghién ciiu cao cip vé toan (VIASM)
vé mot két qua mdi ctia anh va hoc tro 12 Tran Hoang Bao Linh. Do hoi nghi dudgc t&
chitc duéi hinh thiic online nén t6i (TrAn Nam Diing) may man dugc nghe bai bdo cdo
nay. Trong mot tiéng ddng hd, Vii Ha Vin bang mot giong néi di ddm, hai hude da trinh
bay rat d& hiéu vé mot van dé thi vi: Lam thé nao d€ dat dugc su dong thuan. Nhan thiy
ré”mg mot chii dé nhu vay sé 16i cudn cic ban tré yéu todn, tdi quyét dinh “dung” lai bai
ndi chuyén cia GS Vin theo tri nhé va nhiing ghi chép ctia minh.

Téi ciing ¢6 lién hé v6i Tran Hoang B4o Linh d€ xin lai ban nhap ctia bai bdo, chi yéu dé
khong c6 nhiing sai sét trong nhitng cong thiic quan trong.

Tiéu dé ctia bai viét nay chinh Ia tiéu dé ctia bai bdo viét chung ctia Vi Ha Vin va Tran
Hoang B4o Linh, bai bdo c6 phan tém tit nhu sau.

Mot cong dong gom n cd thé chia thanh hai phe, P va Xanh. Céc c4 nhan dudc két nbi bdi
mang xa hdi, anh hudng dén mau ctia ho. Mbi ngudi thay d6i mau mdi ngay theo da sd hang
x6m ciia anh 4y/co 4y. P36 (Xanh) thang néu moi ngudi trong cong dong trd thanh D6 (Xanh) tai
mot thdi diém nao do.

Chiing t6i nghién ctiu qud trinh nay khi mang cd s& 1a do thi Erdos-Renyi ngiu nhién G(n, p).
V6i trang thai ban dau can biang (3 nguoi trong mdi phe), 6 rang 12 mbi mau sé chién thing véi
xéc sut nhu nhau.

Nghién citu ctia chiing tdi cho thiy riang dbi véi bat ky hing sb p va e nao, ton tai mot hang sd
¢ sao cho néu mot phe ¢ it nhit 2 + ¢ ca thé & trang thdi ban dau, thi sau d6 phe d6 s& thing
v6i xdc sult it nhét 12 1 — e. Piéu dang ngac nhién & day la ¢ khong phu thudc vao n, dan sd
clia cong dong. Khi p = % va e = 0.1, ngudi ta c6 thé dit ¢ = 5, nghia la ban diu mot phe c6
5 + 5 thanh vién. N6i cach khac, mot phe chi can thém 5 ngudi d€ gianh chién thing trong mot
cudc bau cti véi ty 1 cudc dp dao. Chiing tdi ciing tong quat héa két qua thanh p = p, = o(1)
trong mat bai bao riéng.
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1. Quy tic da s6 (Majority rule)

Xin giai thich quy tic da s& qua vi du sau. Gia st ¢6 7 ngudi thudc vé hai phe Xanh va Bo ma ta
sé ky hiéu 1a B (Blue) va R (Red). Nhitng ngudi quen nhau (c6 két ndi xa hoi) dudc ndi béi mot
doan thang. M&i ngay, ho sé d6i mau theo quy tic sd dong: Néu s6 hang xém ctia mot ngudi
(nhiing ngudi quen) c6 s6 dong mau gi thi ho sé d6i theo mau dé. Néu c6 su cin bang vé mau
trong s cac hang xém thi ho van gilt mau nhu cii. Su cap nhat dudc xay ra dong loat.

Ta ldy vi du n = 6 va trang thdi ban dau nhu sau thi cdc ngay tiép theo, cc cd thé sé d6i mau
theo quy tic da s6 nhu hinh minh hoa:

Hinh 1:

va tiép theo ta thy sé& c6 su tuan hoan.

10
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Ta hoan toan c6 thé viét code d€ gia 1ap qud trinh ndy cho mot do thi bat ky va mot cach phan
chia mau bét ky. Trong bai bdo ciia cac tic gia c6 dudng dan dén mot gia 1ap nhu vay. !

Trong ly thuyét d6 thi, mo6 hinh ErdSs — Rényi 1a mot trong hai md hinh c6 lién quan chit ché
v6i nhau d€ tao ra cdc do thi ngiu nhién hoic su phat trién cla mot mang ngiu nhién. Chiing
dugc dit theo tén clia cac nha toan hoc Hungary Paul ErdSs va Alfréd Rényi, nhitng ngudi 1an
dau tién gi6i thiéu mot trong cac mo hinh vao nim 1959, trong khi Edgar Gilbert da gi6i thiéu
mo hinh kia cling lic va doc 1ap véi Erdés va Rényi. Trong md hinh ctia Erdés va Rényi, tt ca
céc do thi trén mot tap dinh cb dinh (1) véi mot sé canh cb dinh déu c6 kha ning nhu nhau (p),
trong mo hinh dudc dua ra bdi Gilbert, mdi canh c6 mot xac suit ¢b dinh ton tai hodc vang mit,
doc 1ap véi cac canh khac. Cac md hinh nay c6 thé dugc st dung trong phuong phap xac suat dé
chitng minh sy ton tai clia cdc do thi thda man cac thudc tinh khac nhau hoic d€ cung cip mot
dinh nghia chit ché vé y nghia ctia mot thudc tinh dbi véi hau hét cac do thi.

C6 hai bién thé c6 mdi quan hé chit ché v6i nhau ctia md hinh do thi ngau nhién Erd6s—Rényi.

Hinh 2: Mot do thi dugc sinh bdi md hinh nhi thic ciia Erdés va Rényi (p = 0.01)

Trong m6 hinh G(n, M), mdt d6 thi dugc chon ngau nhién véi xdc suit bang nhau ti tip hdp
tat ca cac dd thi c6 n va M canh. Céc dinh dugc coi 1a ¢6 nhén, c6 nghia 1a cac do thi thu dudc
tif nhau bang cach hoan vi cdc dinh dudc coi 1 khac biét. Vi du, trong mé hinh G(3,2), ¢é ba
do thi hai canh trén ba dinh c6 nhin (mdt do thi cho mdi Iya chon ctia dinh giita trong dudng
hai canh) va mdi trong ba do thi nay dudc bao gdm vdi xac suit %

Trong md hinh G(n, p), mot do thi dudc xay dung bang cach két ndi cac mit c6 nhan mot cach
ngau nhién. Mdi canh dudc dua vao biu do véi xéc suét p, doc 1ap véi moi canh khac. Tuong
tu, X4c suat dé tao ra mdi do thi c6 n dinh va M canh la

2_
M1 —pS M,

Tham sb p trong mo hinh nay c6 thé dudc coi 1a mdt ham trong sd, khi p ting tit 0 dén 1, md
hinh ngly cang c6 nhiéu kha ning bao gém céc do thi c6 nhiéu canh va ngay cang it c6 kha
ning bao gom cac do thi c6 it canh. Pic biét, trudng hop p = % tuong dng véi trudng hop tht
c& 264 dd thi trén n dinh duge chon véi xdc suét bing nhau.

'https://github.com/thbl2012/majority-dynamics—-simulation

11
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Xét mot dd thi ngau nhién G(n, p). Néu ban ddu hai phe c6 quan s6 bang nhau (4 ngudi mdi
phe) thi do tinh ddi xtng, xdc suit d€ mdi bén thing s& bang nhau va bang ¢ < 1 (do con kha
ning hoa, tiic qu4 trinh sé& diing lai hodc tuin hoan ma khong c6 bén nao 4p dao dudc bén kia).

A

Cau hoi dit ra 12, mot phe can phdi “chiéu mé” it nhit bao nhiéu ngudi ctia phe kia (vi du c6 ¢
ngudi clia phe Xanh chuyén sang phe Do) d€ dam bao gianh thang Igi (v6i xac suét cao, vi du
90%, hay 1 — ¢).

Mot cach tu nhién ta nghi rang con s6 nay sé 1a mot ham s6 phu thudc vao 7, chang han 1a /7.
Thé nhung, rit ngac nhién 1a két qua khong phai nhu vy. S6 ¢ héa ra khong phu thudc vao n
ma chi phu thudc vao p va e.

Dinh Iy 1 (Quyén luc cla sb it). Hay xem xét qud trinh (da s6) trén G (n, %) )

Gid si rang rang phe D6 co it nhdt 5 + 5 dinh J trang thdi ban ddu, trong do n > 1000. Khi
do PG trdn thdng sau ngay thit tu véi xdc sudt it nhat la 90%.

Y tudng chiing minh dinh 1y 1a quan sat diéu gi sé xay ra véi phe D6 (phe dong hon) sau ngay
tht nht, rdi ngay thit hai va cic ngay tiép sau.

Vao ngay thi nhét, s6 lugng cdc hang x6m D6 va Xanh ctia mdi nit v déu 1a dai luong ngiu
nhién nhi thiic, c6 trung binh bang 5 + ¢ va 7 — ¢ tuong ung. Dinh Iy gidi han trung tim khi
d6 suy ra rang phan 16n khéi lugng ctia chiing tap trung trong mot khoang do dai ©(4/n) xung
quanh ky vong tuong ting ctia chiing. Mot khoang con c6 do dai khong doi trong khodng sé c6
khéi lugng @(n_%). Do d6, ngudi ta ky vong ring xac suit d& sb D6 vudt qua sd Xanh (trong
ving 14n cén cu thé do) 1a % + Q(n_%). Vi vay, chiing ta ky vong ring sd nit D6 sau ngay dau
tién 1a 2 + Q(y/n). Cic y tudng truc quan nay sau d6 da dugc hién thuc héa bang cac bd dé kha
ky thuat (B& dé 9 trong [1]).

Tiép theo, chiing ta phan tich tinh hinh sau ngiy dau tién. RS rang, néu ngudi ta ddi mau sau
ngay 1 va ki€m tra do thi, phan phdi ctia n6 khong con 1a G(n, p). Do d6, chiing ta khong thé
4p dung phuong phap tucng tu trong viéc chitng minh BS dé 9 cho nhiing ngay sau dé. Thay
vao d6, ching ta st dung “ddi s6 thu hep” 1ap ludn rang c6 kha ning phe Xanh sé don diéu thu
hep lai thanh r6ng, bat ké su lua chon ciia cac thanh vién, do ciu triic ctia G.

C6t 16 ctia 1ap luan thu hep clia ching ta 1 bit dang thiic Hoeffding, mot két qua cd dién vé
téng cac bién ngiu nhién doc 1ap.

Vi 12 mot bai bdo cdo mang tinh gi6i thiéu nén GS Vin khong di chi tiét vao cac chiing minh k§
thuat. Ong ciing thong bdo rang két qua tong quat ciing da dudc Linh Tran va 6ng hoan thanh
va trinh bay trong mot bai bdo khac. Cudi budi hoi thao, GS Vin da cung trao d6i vé cac bién
thé ciling nhu céc bai todn lién quan ciing cidc mo hinh thuc té.

Céc ban doc quan tim c6 thé tim hi€u thém trong bai bao [ 1] duéi day.

12
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Tai liéu tham khao

[1] Linh Tran, Van Vu: Reaching a consensus on random networks: A power of few

https://arxiv.org/abs/1911.10279.

[2] https://en.wikipedia.org/wiki/Erdos—Renyi_model
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DINH DICH?

Nguyén Lé Anh

GIOI THIEU

Trong hon mot niAm qua, thay Nguyén Lé Anh ludn dua ra cic du dodn trudc va rit chinh
xéc vé tinh hinh Covid-19 trén thé gi6i cling nhu & Viét Nam. Vay lam thé nao dé€ c6 thé
du doén chinh xac trong diéu kién thiéu thén thong tin va moi thi con qua méi nhu vay?
Trong s6 Epsilon 20 nay, chiing t6i trin trong gi6i thiéu véi doc gia bai viét phd thong
ctia thady Lé Anh cach thifc hinh thanh du dodn, trong d6 quan trong nhit chinh 1a viéc
hinh thanh tu duy cta du doan nay.

Phan dong moi ngudi tin theo 14p luan khong c6 dinh dich vi "tha con virus ra lai bung phat
tiép".

Trude hét néi vé dinh dich. Can phai c¢6 mot dinh nghia vé dinh dich truéc khi néi né & dau.
Dinh dich khong han la thdi diém c6 nhiéu ca nhiém nhét trong ngay, né la cuc dai ctia mot
duong cong du bao. Vay khi chua c6 duong cong du bao ma ndi tGi dinh dich thi chi la loai
"lang bam". Vay c6 hay khong mot duong cong du bao?

Vao thdi diém cia dot dich dau tién, gan nhu moi ngudi déu da quén, khi Ay tit ca déu rit hoang
mang, va khong mot ai nghi t6i viéc dich sé két thiic. Toi thi khong. Toi khong tin céc thong tin
trén cdc phuong tién thong tin dai ching. Toi 1an tim nhiing bai bao khoa hoc. Khi Ay con c6 rat
it bao ciing nhu hiu nhu trén khap thé gidi chua c6 ai dudc coi 1a chuyén gia. Toi bat dau tir viéc
phén tich cé4c dit liéu ctia dot dich Vii Han. Toi can phai biét 1a c6 hay khong dich & Vi Han. Toi
suy nghi mii va nhan thy, Trung Qubc phong tda toan bd Vii Hin. VAy cdi gi chiing minh 12
Trung Qudc dang phong tda Vii Han? Khi 4y toi dang nghién ciu vé ngudn gbc bui & Ha Noi.
Téi chot nhén ra bui tif cc tinh quin vé Ha Noi rit nhiéu. Tiép theo t6i nhan ra mot lugng 16n
bui tir dau t6i va chiém & tang cao. Toi ling 1€ theo doi bui tif Trung Qudc ngay tif thang 10 nim
2019. Diing trude cau hdi, "C6 diing 1a Trung Qubc dang phong tdéa Vii Han hay khong?" toi
ling 1& di kiém tra tinh trang 6 nhiém & khu vuc nay. To6i giat minh khi thAy mot viing rong t6i
1000km quanh Vi Han khong c6 bui min trong nhiéu ngay. VAy ding 1a cdc hoat dong san xuét
dang bi déng bing. Téi hiéu 1a dich Corona 1a c6 that. Toi di tim cdc bai bao. Hiu nhu khong
c6 bai bdo nao vao thdi diém Vi Han dang ¢6 dich. Toi tim dugc gidi ma gen cta con Corona,
khoang 30kb. Téi dinh di phan tich co ché hoat dong ctia nd, nhung khi wdc tinh thdi gian dé
lam viéc nay 1én t6i 2 nim. Thé 12 t6i quyét dinh thoi va chuyén sang 1am mo hinh kiéu nhu vat
ly. Lic 4y tdi chua hé biét gi vé su ton tai clia cai goi 1a hé phuong trinh dich té.

Téi suy nghi co thé sé phai tu khdi sau mot s6 ngay. Sau khi cho Excel tinh tho thi thay dich tuy
c6 ting nhanh nhung s& két thiic rit nhanh. VAy 1a c6 dinh dich, va khong nhét thiét 1a ci cong
dong bi 1ay nhiém hét. Téi con nhd c6 nhiing tran chdy ritng ma van c6 rat nhiéu cay khong bi
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chdy, vay dich bénh ciing thé. Téi 1ap trinh mo phdng dua theo phan tich qua trinh 1ay nhiém
theo quan hé cong viéc, quan hé gia dinh, va quan hé ngiu nhién. Két qua 12 t6i nhén ra do thi
ctia n6 na na nhu dd thi 1ay nhiém ctia SAR. Téi cho ring tinh todn chi can ding 10% 1a tbt 1am,
vy nén toi di tim cong thic &p vao duge dang dd thi do mdy tinh ra. C6 mot diéu nhiéu ban
khong biét, khoa hoc khong phai 13 néi ra nhiing ciu ti mi. Phan quan trong nhét ctia mot 1y
thuyét khoa hoc 14 lam thé nao don gian héa dudgc su phifc tap ma vin bao ddm dugc do chinh
x4c can thiét. Néu cdc ban mo ta dich bénh thong qua 100 tham s thi cdi Ay kho c6 thé dudc
coi 1a khoa hoc. To6i m6 ta su 1ay nhiém chinh xac t6i mifc 10% ma chi can 2 thong s6. Vay tdi
tin 12 minh dang nam dugc ban chit ctia vin dé. Toi cin phai tim 2 tham s6 dua trén cic dit
liéu thuc té. Chac chin khong thé c6 md hinh nao tinh ra dudc dd thi 1y nhiém, béi ho cin qua
nhiéu tham sd, va cdc tham s6 4y 1a do ho "phia" ra. C4c dif liéu tu n6 khong ding do thdi diém
bi nhiém bénh khong thit su rd rang. Nhu thé toi cang tin 12 cdc mo6 hinh khong phai 12 cia toi
déu khong dung dugc. Toi cé dang dudng cong va toi chi véc 6p né dé 1ay thong s6. Va tdi da
lam dudc diéu 4y. C6 diéu toi phai c6 du dif liéu.

Vay tdi cAn bao nhiéu dit liéu? Do dit liéu rit khong rd rang nén toi phai c6 mot vai tuan dit lidu.
Téi ciing da c6 thé tim cach gidi phuong trinh dich t&. Trén thé gi6i nhidu ngudi di giai phuong
trinh nay. SIR' 12 sy chi li héa phuong trinh Volter vé cd. N6 1a hé phuong trinh ¢6 céc tham s
12 hiing sb. C6 thé dung phuong phap sb d€ gidi phuong trinh nay. D€ giai phuong trinh nay thi
chi can thay dao ham bang sai phan tit hién tai t6i qua khii. Tuy nhién nhu thé thi sai sb tich liy
sé 16n. Ngudi ta thay dao ham bang sai phan nhung 14y tif tuong lai trd lai. Vay 1a phai giai hé
phuong trinh tuyén tinh ma tran thua. Mudn dat dudc do chinh xdc cao hon ngudi ta phai diing
cong thic x4p xi dao ham t6t hon. Néi nhu vay dé€ ban nao thich thi ty ma lam chi ding bam
bAm méy cai trinh c6 sin. Tuy nhién, viéc gidi dugc hé phuong trinh SIR chinh x4c chi 1a mot
trd vui toan hoc, thuc té can cai khac.

Chung ta mudn biét dich thuc su sé& thé nao? Nhu t6i da néi tdi cam thiy ho dudng con 2 tham
s6 clia toi 1a du tét, vay toi cho 1a né phai 1a nghiém ctia SIR. Tuy nhién SIR thi khong c6 16i
gidi gidi tich don gian, vay thi lam thé nao? VAn dé 1a & chd mudn SIR nhan cdi ho ham cda toi
la nghiém thi cin 2 yéu t6. Yéu t6 thd nhat cic hé sb cia SIR khong phai 1a hang s6. Cai nay
thi khong sao, mién né gan nhu 1a hing s6 1a &n. Yéu t thit hai 12 16 giai chi cin gan véi ho
nghiém cda t6i 1a dudc. Vay 1a 12 6n. Ho ham cta toi chi can 2 tham s nhung lai 12 nghiém gan
ding ctia SIR. Toi con can phai dua ra ly giai vi sao lai chi cin 2 tham s6. Toi suy nghi mii va
phat hién ra mot diéu, to6i can phai biét thuc trang clia bénh dich trong tuong lai thuc chii khong
phai 12 mo hinh gia dinh. R& rang 1a dich phu thudc nhiéu vao cic su kién va cdc phan ting cia
chinh quyén. Phan ting ctia chinh quyén thi t6i chua thé biét. Toi ciing chua thé biét ngudi dan
Viét Nam nay ho nghi ra ... nhitng trd ma manh gi. Tuy nhién t6i chdt nhéan ra la con ngudi chi
c6 thé 1am chi khi anh ta con chua bi de doa trude cdi chét. Ding trudce ndi so hii clia cdi chét
ai cling nhu ai, phai tuan thii theo cic quy luat nhat dinh nao dy. Toi goi né la viin héa. Vin héa
1a cac nguyén 1y dinh huéng tu duy ctia mot cong dong dan cu. Chiic ning 16n nhét clia viin héa
1a duy tri sy tdn tai. VAy Ia t6i cham vao mé hinh vin héa. O déy 1a vin héa giao tiép. Vin héa
thi thay d6i rat it, ngay c4 hé thoéng lanh dao cling xuat hién trén nén viin héa dan toc, vy thi
t6i khong can phai biét chinh quyén sé ra cac sac 1énh gi, tdi chi can c6 mot mo hinh vé su lay
nhiém. Téi cho riang c6 mdt khoang gidn cach xa hoi ma theo d6 néu 16n hon thi nén kinh té sé
suy sup, va néu nhd hon thi dich bénh sé bung phat. R rang 1a mot khi khodng gidn cich § mot
khu vuc nao d6 ma nhé thi dich bung phat. Khi iy chinh quyén phai tim cich 1am cho khoing

I'SIR (Susceptible — Infectious — Recovered) 12 mot mo hinh to4n hoc thudng dudc dung trong dich t& hoc.
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gian cach 16n thém ra. Téi 14p mo hinh game véi su tin cong 1am gidm do gidn cach va thoi gian
phén ting d€ 1am cho né quay trd lai do gian cach ban dau. V6i do gidn cach nay thi xac sut lay
nhiém khong bu lai dudc véi xdc suat virus bi chét do khang thé ctia ngudi sinh ra. Dich vi thé
phai hét. Vay 1a t6i di dén mo hinh game, giéng nhu bong d4 va nhan thiy dang ham cia to6i mo
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Hinh 1: Dy bdo tinh hinh dich vao ngay 13 thang 8 ndm 2021.

ta du t6t tran dAu.

Nhu thé céc ban ¢6 trinh do lun diing nghi 12 moi thi dudc tu do. Bat luan cdi gi c6 trong thuc
té ciing chiu su rang budc nhit dinh. Va ciing chinh vi vdy ma dudng cong phan 4nh dugc su
dién bién thuc cia dich.
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VI SAO KHONG?

Nguyén Lé Anh

GIOI THIEU

Lién tuc trong 7 s6 Epsilon gan diy, chiing tdi luén c¢6 chuyén muc pham phd lich st
thong qua tu duy 16-gich va phuong phap suy luan khoa hoc. Ching t6i muén gidi thiéu
v6i doc giad ching ta c6 thé lam dugc nhiing gi v6i tu duy todn hoc, thong qua nhiing
nghién cifu miét mai cla nha todn hoc Nguyén Lé Anh. Trong s ndy, ching tdi tiép tuc
ddng nhiing ghi ghép ctia dng, nhitng nd luc khong ngiing nghi ciing v6i nhitng khdm pha
méi. Pay ciing 12 16i kéu goi cong dong trong viéc cling chung tay xay dung mot tai lidu
lich st cho dén tdc ching ta - dan toc Viét Nam.

To6i mudn biét vé sit bdi toi mudn biét nguyén nhan vi sao Ba Trung lai thua Ma Vién, mic du
cling ti€u diét hon mdt nita tic hon 10 nghin quan cia Ma Vién.

Marx da néi rét rd 12 stic san xuit c6 quan hé tuong dng v6i quan hé san xuit. Va siic san xuat
thi dugc x4c dinh thong qua cong nghé ché tic cong cu lao dong. Thai ky dd da con ngudi ché
tac ra cac loai vii khi d€ ddnh nhau vé6i thd dii. Khi 4y ho ton tai dudi dang bay dan. D dong
gitip cho stic lao dong ting dén mic moéi ngudi c6 thé tao ra dudc luong dd in nhiéu hon nhu
cu ban than st dung. D6 dong 1 su bat dau ctia ché do chiém hitu nd 18. N6 1¢ thi ciing nhu 1a
con vat, khdng c6 di do6 an hay 6m yéu thi bi chi giét bd. Cac cude chién tranh sin bat nd 1& xay
ra lién mién. Khong c6 hau can, cic cudc chién khong thé di qua xa, nén luong no 1& bat dudc
giam dan. D6 sit 1a sy bat dau cia céc loai vii khi dai nhe ma sic, chiém uu thé trong cac cudc
chién véi vii khi bang dong. Hon thé sat dudc dung dé 1am truc xe kéo, dung dé€ dong méng cho
ngua, tic 12 tao ra su chii dong hau can. Nhd c6 do sat ma cac cudc vién chinh xuit hién. Pham
vi cdc cudc sin bat nd 1é 16n dan, lugng nd 1é bat vé cang ngay cang nhiéu. Xuét hién cc thanh
phd dong dan. Do dong dan ma phai can t6i luat phap va tit d6 sinh ra khai niém quéc gia. Quéc
gia d€ lai diu 4n 12 c4c nén vin minh. Vay dé nhan ra dudc tam cd ctia cudc chién 20 nghin quan
mbi bén vao dau Cong Nguyén chiing ta phéi di tim hiéu v& ky nguyén dd sat.

O Viét Nam, thoi dai luyén kim dong thau dugc cho 1a tiép theo cia vin héa Phung Nguyén
(nién dai 4000-3500 nam cach ngay nay). Di v6i do sat, cac phat hién khao cd mdi chi cho thiy
c6 diu higu kha nghi vé su ton tai clia nghé luyén sét tif thé ky 2-3 truéc Cong Nguyén. D6 1a
nhitng vét tich nghi 13 10 luyén sit, hon quing sat, xi sat hinh giot nudc tai di chi Pong Mém
thudc xa Dién Tho huyén Dién Chau tinh Nghé An. Céc hién vat gi sat khong rd hinh dang ciing
dugc phat hién tai di chi Pudng May, C& Loa, Ha Noi. Tuy nhién nhitng ddu hiéu kha nghi nay
chua di d€ khang dinh da c6 cong nghé luyén kim sit & Bic Bo.

Khang dinh v& su ton tai cia cong nghé luyén kim sat 1a rat kho. Trudc hét 12 ban than sat rat dé
bi oxy héa. O khu vuc nhiét déi néng 4m mua nhiéu lai canh bién nhu Bac B9, rit kho c6 thé
tim dudc mot dung cu nio bang sit vao khodng truée dau cong nguyén.
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Nhiéu ban chua hiéu vé cach udc lugng tudi ctia cac c6 vat. Mot cdi trong dong thi cha thé néi
t6i viéc tudi ctia n6. Ngudi ta tinh tudi cta tréng dong thong qua céc hién vat c6 thé tinh dudc
tudi di kém. Vi thé ma cha thé néi dudc tudi clia mot cai tréng v6t dude 6 1ong sdng. Va cling
cha thé néi dugc tudi cia cdi tréng khi ma né da dugc chui co sach sé. Dbi véi dd sat c6 nién
dai tru6c Cong Nguyén nhiéu khi chi con lai mot 16p dat c6 mat it gi oxit sat. D€ xac dinh dudc
tudi clia né ngudi ta phai tim hiéu cac loai vi sinh vat dinh & diy. Nhu thé cac hién vat khio cd
bing sat chang nhitng rit hiém ma x4c dinh chinh x4c tudi lai con khé hon. Vay chiing ta khong
nén han ché viéc tim hiéu thdi dai do sit trong mot khu vuc dan cu ma nén mé rong ra v6i mot
khong gian 16n hon dé nhin ra su di cu, nhin ra sy trao di cong nghé. D& tim hi€u vé cong nghé
ché tac sat thai dai Ba Trung thi nén bat dau nghién ciiu khao cd thai dai dd st tlf cac qubc gia
lan can.

Gb bat dau bdc chay & 300 dd C, va khi chdy n6 tao ra hoi chdy, tai noi d6 nhiét do 1én dén 600
d6 C. Cac loai gach gbm chi dudc nung & tim 600 do C. N6 mau dé va mém. D€ c6 dudc gdm
cing nhu st thi phai nung dudgc t6i nhiét d6 khodng 900 d6 C. Nhiét do than cti c6 thé dat dén
1000 dd C, vi thé dd gbém c6 thé xuét hién, mot cach tinh cd, & tit ca cdc cong dong ngudi tién
stt. Nhin vao mau sic va do ciing ciia gém la chiing ta biét dudc nhiét do nung, biét duge miic
do cong nghé cia ho, va tir day 12 midc do vin minh. Mudn cé dudc si thi dat sét phai dudc
nung & nhiét d6 cao hon. Néu dé trong 16 nung si mot cuc dong han 1a né sé chay ra, tir day
chiing ta c6 thé dong nhit viéc xult hién cong nghé luyén kim dong véi ghé gdm sii. Tidc tao ra
dugc nhiét d6 1084.62 d6 C. Nhiét dd nay phai dudc tao ra mot thsi gian kha 1au, vay 10 nung
phéi 16n va dudc cung cip di oxy. VAy 14 phdi ¢ hoiic hé thdng khi phai thdi manh vao 10 16n,
hoic phéi phai dbt bang than d4. Théi vao 10 16n c6 vé khong kha thi néu dic cc san pham c6
do tinh s&o cao, vy néu bé mit ciia dd ddong ma c6 cac hoa vin trang tri thi han 12 phai d& dung
dich ddng vao khudn va nhu thé 16 phai dugc d6t bang than da.

Nhiét do chdy ngay bé mit cuc than d4 1a 2500 d6 C, nhung nhiét do giam nhanh theo s6 mi,
vy néu 10 dot ma nhd khong tao ra dii ning luong lam chay sat.

Cong nghé niu chiy dong ngiu nhién phat hién ra, nhung niu chay sat 1a khong hé don gian.
Can phai tao dudc nhiét do cao hon 1538 d6 C. Piéu nay khong hé don gidn, va 1a bi quyét cong
nghé. Viy dudng di ciia cong nghé luyén kim sat thé nao, dén dudc Pai Viét vao khi nao?

Cong nghé luyén kim sit dudc cho 1a da xuét hién & Trung A va ving dong bing An bo vao
khoéng thdi gian 3200 nim vé truéc. Cong nghé nay da lan truyén ra t6i khu vuc T Xuyén, va
c6 thé coi Xuan Thu Chién Qudc 12 bit dau cudc chién tranh chinh phuc ctia nén vin minh cong
nghé d6 Sit. Xuan Thu Chién Qudc 771TCN dén 476TCN, va cic cudc danh chiém tiép theo
cho dén hét thai Tan, vao khoang nim 210 TCN.

Nhu vay c6 thé 1a do chiin thi gia stic ma da tao ra su giao tiép Dong-Tay, cong nghé luyén kim
sit téi dugc ving T Xuyén vao khoang 770 nim tru6c Cong Nguyén.

Phuong phdp Thermoluminescence dugc Aitken phéc thao (1985, 1998) d€ dp dung cho mot
hat cét thach anh. Theo nguyén ly, néu tinh thé thach anh & lau duéi 4nh sang mit trdi thi cic
dién ti bi vuéng trong céc 16 hdng clia n6 sé nhan du ning ludng va thoat ra ngoai. Khi tinh thé
bi che 14p duéi dat sau, cac dién tit tu do sé& bi vudng vao cac 16 hdng thach anh. Tinh thé sé ¢6
du dién tich Am. Khi dudc 1am néng dién tif du nay sé dudc gidi phong ra va phat sang. Do sb
lugng hat dnh sang thoat ra nay ngudi ta sé phat hién dudc thdi gian hat thach anh bi vui 1ip sau
duéi dat. Phuong phdp nay ré tién nhung do chinh xac khong cao.
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Tai céc di chi khao ¢& & Taungthaman thuoc Myanmar ngudi ta tim thdy ludi ciu cd trong
mo chén cling ngudi. Phuong phép xac dinh tudi bang Thermoluminescence cho két qua mau
vat 186al c6 tudi khoang 680BC-240BC. Viy la luyén kim sat da di chuyén t6i Myanmar vao
khoang tir 250 nam truéc Cong Nguyén.

Tai Campuchia céc di chi khio ¢8 doc theo séng Ciiu Long cho thiy chiing thudc vin héa Oc
Eo.

Oc Eo 1a di chi & nii Ba Thé huyén Thoai Son, tinh An Giang. Ngudi ta da tim thiy nhiéu loai
tién xu trong d6 c6 tién xu La Ma. C6 tién xu c6 hinh Antoninus Pius va mot ban sao ctia tién xu
Marcus Aurelius v6i mot mit dé trbng. Nhitng dong tién La Ma cho thiy Oc Eo 1a mot thuong
cang 16n ctia vuong qudc Phii Nam tir thé ky I dén thé ky VIL. Go O Chuia cich xa bo bién hién
nay dén 150km. Qua nghién ctfu mot sé6 mau than tro biang phuong phap cacbon C-14, két qua
cho thiy lang c¢& go O Chua da ton tai cich ngay nay khoang 3000 dén 2000 nim. Ngudi ta da
tim thiy & go O Chua nhiéu dung cu gbm 1am mudi giéng nhu & chau Au vao thsi ky 3000-2000
nim trude ddy. Khoang 20000 nim trudc muc nude bién thip hon ngay nay 120 m, nhung & thoi
diém 5000 niAm truéc, muc nudc bién lai cao hon dén 5m so v6i ngly nay. Sau d6, nuée bién dan
thip xubng t6i muc nudc nhu ngay nay. Nhu thé go O Chua xua 13 ven bién. Cac nha khao cd
Viét - Piic ¢a Ho da thuc hién khoan 14y mau trim tich va khang dinh céc 16p dat xung quanh
dia diém nay 1 tang trim tich bién c6 nién dai bang véi trung tim nu mudi Go O Chua.

Nha dia Iy Hy Lap Claudius Ptolemaeus da sang phucng Pong hdi ddu Cong Nguyén bing
dudng thiy, da td mot noi ma ong goi 1a Kattigara. R.A. Stein thi cho ring 18i vin miéu ta phu
hop véi khung canh Binh Tri Thién, tuy nhién da s6 trong gidi hoc gia cho Kattigara 1a Oc Eo.

Nhu vay d€ c6 thé hiéu ra dudc thdi dai Ba Trung ching ta can phai tim hiéu cd st ctia khong chi
cac quéc gia tu Trung Qubc cho té6i An b0, cac nu6c nhu Myanmar, Lao, Thai Lan, Campuchia,
ma con cd giao luu gitta Dong va Tay. Vay 1a chiing ta can phai biét va nén day cho hoc sinh phd
thong von kién thiic vé lich st va khao ¢ cic nén vin minh tif cac qudc gia trong khu vuc va ca
thé gi6i.

R rang lich st cia dén toc chiing ta lién quan t6i moi ngéc ngach cia thé gidi, lién quan tdi
moi su kién 16n xdy ra trén dia cau nay, trong hé mit tri nay. Chii nhan ctia mot lich st hoanh
trang nhu vy thi dan toc ching ta dau c6 thé 1a dan toc hén kém.

Vi sao khong nghién citu dén tan ciing dé hiéu?
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TUYEN CHON CAC BAI TOAN SO HOC THI
TUYEN SINH 10 CHUYEN 2021

Lé Phuc Lt (PH Khoa hoc tu nhién TPHCM)
Nguyén Nam (THPT Chuyén Nguyén Du, Dik Lik)
Pao Trong Toan (THPT Chuyén Bén Tre)

TOM TAT

Bén dudi, nhom tac gia c6 tdng hop gan 100 bai toan S6 hoc trong dé thi tuyén sinh THPT
Chuyén ctia cic tinh, khdi chuyén trén ca nudc. Cé mdt sd noi ma trong dé thi khong cé
ra dang Toan nay, nhung c6 mdt sd noi khac thi ra kha nhiéu. Nhin mot cach téng quat,
céc dé thi déu tap trung vao phan phuong trinh nghiém nguyén, 1a mot khia canh dé khai
thac va ciing khd quen thudc ddi véi hoc sinh THCS. Xin cam on céc thay cd, cic ban
hoc sinh clia group facebook “Huéng t6i Olympic Todan VN da hd trg nhém tac gid hoan
thanh tai li€u nay.

Bai todn 1 (Thai Binh). Gid sit n la s6 tw nhién théa mén n(n + 1) + 7 khéng chia hét cho 7.
Chitng minh rang 4n® — 5n — 1 khéng la sé chinh phuong.
Loi gidi. Theo dé bai thi n,n + 1 khong chia hét cho 7. Ta c6

4n* —bn —1=(n+1)(4n* —4n — 1)

va dé thiy néu ged(n + 1,4n2 — 4n — 1) = d thi c6 ngay d|7. Néu d = 1, ta phai c6 c4 hai sb
trén 12 s6 chinh phuong, nhung diéu nay khong thé do

(2n —2)* <4n® —dn—1< (2n—1)*,¥n > 1.
Do d6 d = 7, kéo theo 7|n + 1, ciing vo ly. O

Bai toan 2 (Viing Tau). Tim tdt cd cdc cdp sé nguyén (z,y) théa man (vy — 1)? =22 + 42
Loi gidi. Ta viét lai
v*y? = 2oy +1=2+y*hay (x +y+ay)(z+y—ay) =1

Tir d6 ta suy ra hai thirta s6 cing bang 1 hoic ciing bang —1. Pén day thi giai hé 1a dudc cic gia
tri (z,y) = (0;£1), (£1;0). O
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Bai toan 3 (Tay Ninh). Tim nghiém nguyén cua

2? = 2y(x —y) =2(z +1).

Loi gidi. Ta viét lai phuong trinh thanh

22 — 2xy + 2% — 22 —2=0.
Coi day 1a phuong trinh theo bién y thi ta cé A’ = 2% — 2(2®2 — 22 —2) > O hay —1 < x < 5.
Tir d6 xét cac trudng hgp d€ thu duge (z,y) = (0; £1), (4;1), (4; 3). O
Bai toan 4 (Ha Nam). Gidi phuong trinh nghiém nguyén

23 + 9% — 2 + 32 = 2021.

Loi gidi. Chi y rang 3 —  ludn chia hét cho 3, con 2021 chia 3 du 2 nén y? chia 3 du 2. Pay
1a diéu vo ly. O
Bai toan 5 (Can Tho). Tim tdt cd cdc cdp s6 nguyén (z,vy) théa man

2 + 5y* + day + 20 + 4y — 3 =0.

Loi gidi. Phuong trinh da cho viét lai thanh

(r+2y+1)° + (y —2)(y +2) = 0.
Do d6 (y — 2)(y +2) < 0nén —2 < y < 2. Pén day thd truc tiép dugc y = 0,y = +2. O
Bai todn 6 (Binh Phudc).

1. Tim nghiém nguyén cua (2x +y)(x —y) + 32z +y) — 5(z —y) = 22.

2. Cho hai sé tw nhién a,b théa man 2a* + a = 3b> + b. Chitng minh rdang 2a + 2b+ 1 la s6
chinh phuong.

Loi gidi.
1) Phuong trinh di cho viét lai thanh

r+y—>5)(zx—y+3)=T.

Xét cac trudng hgp co thé xdy ra, ta tim duge (z,y) = (—2;8), (—2;2).

2) Taco
(a—b)(2a +2b+1) = b*,

bit d = ged(a — b, 2a + 2b + 1) thi d?|b? nén d|b. Suy ra d|a nén kéo theo d|2(a + b), tlt d6 c6
d|ll1nénd = 1.

Do d6, a — b va 2a + 2b + 1 1a s6 chinh phuong. O
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Bai toan 7 (Ha Noi).

1. Cho x la s6 thic khdc 0 sao cho x + % va x* déu hitu ty. Ching minh rdng x hitu ty.
2. Tim tdt cd cdc cdp s6 (x,y) nguyén sao cho x* + 5xy + 6y* + x + 2y — 2 = 0.

3. Chitng minh rdng vdi moi n nguyén thi n> +n + 16 khéng chia hét cho 49.
Loi gidi.
1) Tacod

2\’ 4
(x—i——) =2’ + 5 +4
T T

nén 22 + = hitu ty, kéo theo 22 4 2 + = € Q. Matkhéc, viz® € Qnén 5 € Qva

. 2 4
xd—éz r—=) 22424+ =) €Q.
3 x 2

N ~ 2 2 A~ ~, <
T d6 c6 ngay x — = € Q nén z hitu ty.

2) Ta viét lai phuong trinh thanh
(x+2y)(x+3y+1)=2.
Tur d6 xét cac trudng hop d€ c6 (z,y) = (1;0), (—2;0), (6; —2), (3; —2).
3) Tacod
2 _
n“+n+16=(n+4)(n—3)+28

nén dé c6 49|n? + n + 16, ta can c6 n + 4 hodc n — 3 chia hét cho 7. Ma hai s6 nay cach nhau
7 don vi nén ching déu phai chia hét cho 7, khi d6 dé dang c6 28 chia hét cho 49, v ly. [l

Bai toan 8 (Vinh Phc).

1. Cho cdc s6 nguyén x,y, z théa mdn 22 + y* + 2% = 2xyz. Ching minh rang 24|ryz.
2. Tim tdt cd cdc bé ba s6 nguyén (a, b, c) sao cho (a + b+ 0)2 — 2a + 2b la cdc s6 chinh

phuong.

Loi gidi.

1) Tir gia thiét thi 22 + y2 + 22 chén nén trong cdc s x, y, z, phai c6 it nhit mot s chan, gia st
1a z. Khi d6, 4|2% va 4|2zyz nén 4|y? + 22, tit d6 dé thiy phdi c6 y, z déu chin. Ngoai ra, néu
x,y, z déu khong chia hét cho 3 thi 22, y?, 2% chia 3 du 1 nén 3|22 + y% + 22. Vi thé 3|2zy2, mau
thuén. Do d6 3|zyz, két hop véi trén thi c6 24|xyz.

2)Pit M = (a + b+ ¢)* — 2a + 2b thi ta c6
(a+b+c)+2a+b+c)+1>Mvala+b+c)>—2a+b+c)+1< M.
Do d6 M = (a+ b+ ¢)* va thay vao c6 ngay a = b. Vdy cic bd s6 nguyén cin tim 12 @ = b va

ctuyy. [

23



Tap chi Epsilon, S6 20, 08/2021

Bai toan 9 (Lao Cai).

1. Tim tdt cd cdc bé s6 nguyén (z,y) théa man x> — 2x + 2y* = 2(xy + 1).
2. Tim s6 nguyén t6 p lén nhdt sao cho ton tai cdc sé nguyén duong x,y théa man

23+ yP —p =6y —8.
Loi gidi.

1) Coi phuong trinh d cho 1a bac hai theo bién z, tinh delta theo  va chiin dugc 1 < y < 3.
Giai ra dugc (z,y) = (0;1), (4;1), (4; 3).

2) Ta viét lai
(x+y+2) (@ +y* +4—xy — 2z —2y) = p.
Viz+y+2>1néncancé 2?2+ y?+4—ay—20—2y=1vaz+y+2=p. ThEy=p—-2—2x
vao, taduoc 22 + (p—2 —2)’ +4 —a(p— 2 —2) — 2z — 2(p — 2 — x) = 1 hay
322 —3z(p—2) +p* —6p+ 11 =0.
Tiép tuc tinh delta, ta thu dudc 4 < p < 8 nén p < 7. Thd truc tiép véi p = 7 ¢6 (z,y) = (2, 3)
thda man. Do d6, gia tri 16n nht can tim 1a 7. ]

Bai toan 10 (Pht Tho).

1. Tim tdt cd cdc cdp s6 nguyén (x,y) théa man (z%y — xy +y)(z +y) = 3z — 1.
2. Tim cdc s6 nguyén to p, q théa man dong thoi:

i. p*q + p chia hét cho p* + q.
ii. pq® + q chia hét cho ¢*> — p.

Loi gidi.
1) Viét lai dé bai thanh
y@? —z+ Dz +y) =3z -1
nén z? — r + 1|3z — 1. Suy ra
2? — 2+ 1|(3x — 1)(3x — 2) = 92° — 9z + 2.

Do 922 — 92 +2=9(z -2+ 1) — Tnénduavé 22 —x + 1|7. Suyraz®> —z + 1 € {1,7}.
Gidgiracongay z =0,z = 1.

2) Néu p = ¢ thi ta can c6 p® + p chia hét cho p? + p hay p? + 1 chia hét cho p + 1, kéo theo 2
chia hét cho p + 1, vd ly. Néu p, ¢ phan biét, ta c6 ged(p, p* + q) = ged(q, ¢ — p) = 1 nén phai
co

p*+dqlpg +1vag® —plpg + 1.
Tup? +qlpg+1,tacop® +q <pg+1néng>p+1.Ta¢* — plpg+ 1,tacé ¢> —p < pg+1
hay ¢(¢ —p) < p+1 < ghay g —p < 1. Do d6 ta phai c6 ¢ = p + 1 nén (p,q) = (2;3). Thi
lai cac gia tri ndy, ta thiy thda man. O
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Bai todn 11 (Vinh Long).
1. Chiing minh rang téng cdc binh phuong ciia 6 s6 nguyén lién tiép thi khong thé’ la sé
chinh phuong.

2. Tim cdc nghiém nguyén duong ciia phuong trinh xy + 2xy + vy = 32z.
Loi gidi.

1) Trong 6 sb nguyén lién tiép thi c6 3 s6 chin va 3 s6 18, ma binh phuong clia s6 chén thi chia
hét cho 4, trong khi binh phuong ctia s6 18 thi chia 4 du 1. Vi thé nén tng céc s6 da cho chia 4
du 3, khong thé 1a sb chinh phuong.

2) Ta viét lai dé bai thanh
y(z +1)° = 32z.

Suy ra (z + 1)*|32z, ma ged(z, # +1) = 1 nén ta ¢ ngay (= + 1)%[32, tit d6 (z + 1)* = 4 hoic
16 va giai ra dugc z = 1,2 = 3. O

Bai to4n 12 (D3k Lik).

1. Tim tdt cd cdc sé tw nhién n, k dé'n* + 4***1 la s6 nguyén 6.

2. Tim tdt cd cdc s6 nguyén duong x,y sao cho x* — x° 4 222y — 2xy + 2y?> — 2y — 36 = 0.
Lai gidi.
1) Ta c6 hang dang thic

ot 4yt = (2 + 2y2)2 — 42y = (2 — 2zy + 29°) (2* + 2zy + 2¢°)

nén tir dé bai, néu dat
p=ntt a2 Zptgyg. (2k)4

thi ta phai co
n?—2.2kn4+2.4% =1

hay (n — 28)* 4+ 4% = 1. Tr day dé dang tim dudc k = 0 va n = 1. Thi lai dudc p = 5 thda
man.

2) Ta viét lai dé bai thanh
P +y—1)"+@—y)?=37=12+6
nén xét truc tiép cac trudng hop, ta c6 ngay (z,y) = (2;3). O

Bai toan 13 (Tién Giang). Cho m,n la cdc s6 nguyén duong théa man m? + n® 4+ m chia hét
cho mn. Chitng minh rdng m la sé chinh phuong.
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Loi gidi. Theo gia thiét thi m? + n? 4+ m chia hét cho m nén m|n?. Pit n? = km véi k € Z.
Khi dé
m?*+n*+m=m(m+k+1)

nén ta dua vé n|m + k + 1.
T day dé thiy ged(k, m) = 1 nén cd m, k phdi déu 1a céc s6 chinh phuong. O
Bai toan 14 (Kién Giang).
1. Cho m,p,r la cdc s6 nguyén té théa man mp + 1 = r. Chitng minh rang m? + r hodc
p? + 1 la s6 chinh phuong.

2. Tim tdt cd cdc s6 nguyén to q sao cho ton tai n nguyén duong dé' n* + 22q la liiy thita véi
sO mii nguyén dwong cia 11.

Loi gidi.

1) Theo dé thi » > p var > m. Néu ca m, p déu 18 thi kéo theo mp + 1 chin nén r chén, vo ly.
Vi thé phai c6 m hoic p chan. Gia sit m chin thim = 2. Khid62p + 1 = r vacé
PP =(p+1)

12 s6 chinh phuong.

2) Ta c6 n? + 22¢ > 11 nén can c6 n? + 22¢ = 11% v6i k > 2. Tir d6 dé c6 11|n. Thay vao suy
ra 11%|22¢ nén ¢ = 11. Chon n = 33 thi ¢6 33% + 22 - 11 = 113 théaman. Vithé ¢ = 11. [

Bai todn 15 (Da Ning). Tim tdt cd cdc cdp sé nguyén (x,y) théa man (x* — y2)2 =1+ 20y.

Loi gidi. Dé thiy (x,y) 1a nghiém thi (—z,y) ciing 12 nghiém nén ta dua vé xét x > 0. Ngoai
ra,néuy < 0thiy < —1nén 1+ 20y < 0, khong théa. Do d6, ta chi xét y > 0.

e Néu (z —y)® = 1 thi ta c6 ngay (z +y)° = 1 + 20y nén giai hé nay la xong, thu dugc
(z,y) = (£1;0), (£5;4), (£5,6).

« Néu(z —y)> > 1thi(z —y)> > 4va1+20y > 4(z +y)* > 4y vathu dugc 0 < y < 5.
Kiém tra truc tiép thay khong thda.

Bai toan 16 (Binh Thuén).

1. Goi A la sé tao thanh khi viét lién tuc cdc sé ti 1 dén 2021 thanh mot ddy lién tiép, tic la
A =12345...20202021.

Hoi A c6 bao nhiéu chit sé va chit s6 thir 2021 ciia A tinh tir trdi la mdy?
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2. Cho p,x,y la cdc s6 tw nhién théa méan px® +x = (p+ 1)y* +y. Chiing minh rang © —y
la s6 chinh phuong.

3. Cho a,bla cdc s6 nguyén duong ma a* — ab+ 2b* chia hét cho 25. Chiing minh rdng a, b
cuing chia hét cho 25.
Loi gidi.
1) Bém s6 lugng chit sd ctia s6 c6 1,2, 3, 4 chit sb khong vuot qua 2021, ta dudc A c6 tat ca
9+ 180 + 2700 4 4088 = 6977

chit sb. Tiép theo, vi 9 + 180 < 2021 < 9 + 180 + 2700 nén chu s6 can tim s& thudc mot s6 c6
3 chit s6 nao d6 abe. Ta ¢6 (2021 — 9 — 180) = 6102 nén s6 can tim la chit so thi hai ctia s6
¢6 3 chit sb thid 611 (tiic 1a s6 710). Vi thé, chit s6 can tim 1a 1.

2) Ta viét lai d& thanh
(z—y)(plz+y)+1) = ¢*

Goi d = ged(x — y, p(x + y) + 1) thi d?|y* nén d|y. Do d6 d|z nén d|p(x + y) va kéo theo d|1
nén d = 1. Do d6, hai s6 z — y va p(x + y) + 1 1a nguyén t6 ciing nhau va vi tich ctia chiing
chinh phuong nén ban than médi sd ciing phai 1 s6 chinh phuong.

3) Theo dé bai thi 2a® — 2ab + 3b? chia hét cho 25. Ta c6
2a* — 2ab + 3b* — 156> = 2(a — 3b)(a + 2b)

nén suy ra a — 3b hodc a + 2b chia hét cho 5. Tuy nhién hai s6 nay c6 hiéu la 5b chia hét cho 5
nén chiing cuing chia hét cho 5. Vi thé 25|15b2 nén 5|b, tit d6 c6 ngay 5|a. O

Bai toan 17 (Cao Bing). Tim tdt cd cdc cdp s6 nguyén (a,b) sao cho

a* — 2a® + 10a® — 18a — 16 = 4b* + 200.
Loi gidi. Ta viét lai dé bai thanh
(20> — 2a + 9)° = (4b+ 10)* + 45

hay
(2a* — 2a — 4b — 1)(2a* — 2a + 4b + 19) = 45.

Dé thiy tdng ctia hai biéu thiic trong hai ddu ngoic 13 duong, ma tich clia chiing ciing duong
nén ca hai déu phai duong. Pén day ta xét cac trudng hop 1a duoc. O

Bai toan 18 (Nghé An).

1. Tim tdt cd cdc s tu nhién x,y sao cho x> = 1993 - 3¥ 4 2021.

n—23
n—+89

2. Tim tdt cd s6 nguyén duong n sao cho la binh phuong ciia mét s6 hitu ty duong.
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Loi gidi.

1) Néu y = 0 thi 2° = 4041, khong théa man. Néu y = 1 thi c6 ngay = = 20. Xét y > 2, ta viét
lai phuong trinh thanh

2% — 8000 = (x — 20)(2* + 20z + 400) = 1993(3Y — 3).

Ta thdy vé phai chia hét cho 3 nhung khong chia hét cho 9. Tuy nhién, ti 3|2 — 8000, ta c6
chia 3 du 2 nén x — 20 chia hét cho 9, kéo theo vé phi ciing chia hét cho 9, vo ly.

2) Theo dé thi phdi c6 (n — 3)(n + 89) 1a sb chinh phuong. Ta dua vé
(n+ 33)° — k* = 3136
v6i k € ZT. Tu d6 xét céac trudng hgp d€ c6 n € {32,37,73,86, 167, 361, 752}. O
Bai todn 19 (Séc Trang). Tim tdt cd s6 nguyén duong n dé'n® + n* + 1 la s6 nguyén to.
Loi gidi. Ta c6 phan tich
n’+nt+1=mn+n+1)n"—n+1)

nén mot trong hai thira s6 nay phai 12 1.

e Néun?+n+1=1thicén = 0hoicn = —1, thi lai khong thda.

e Néun® —n+1=1thicén =0,n = +1 nén thit lai c6 n = 1 théa man.

Bai toan 20 (Nam Dinh).

1. Tim tdt cd cdc cdp s6 nguyén duong (x,y) théa mdan x*y*(y — x) = bxy® — 27.
2. Cho p1,pa, - .., 12 la cdc s6 nguyén t6 Ion hon 3. Chiing minh rdang P4 pi+ -+ pd,
chia hét cho 12.
Loi gidi.
1) Ta viét lai dé bai thanh
zy®(2® + 5 — xy) = 27.

Do y? 1a u6c chinh phuong cta 27 nén y = 1 hodc y = 3, tit d6 thay vao dudc (z,y) = (1;3).
2) Vi cdc s6 nguyén t6 di cho déu 16n hon 3 nén khong chia hét cho 3, suy ra binh phuong ctia

chiing chia 3 du 1 va téng binh phuong clia ching sé dong du véi 12 modulo 3, tic 1a chia hét
cho 3. U
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Bai toan 21 (Binh Duong). Cho cdc s6 nguyén a,b, c théa min a = b — ¢ = g Chiing minh
rang a + b+ c la ldp phwong ciia mot sé nguyén.

Loi gidi. Theo gia thiétthib=a+cnéna-+b+c=2b.Tacob—c=2nénc(b— c) = bhay

c? — bc — b = 0 c6 nghiém nguyén. Ta c6 A = b? + 4b 1a s6 chinh phuong.
Dit b® + 4b = k? v6i k € N thi (b + 2)° — k> = 4 nén
(b+2+k)(b+2—Fk)=4.

Chu y ring chénh 1&ch giita hai thita s 1 chdn nén chiing chi c6 thé cung 1a 2 hodc cung 1a —2,
khidob+2+k=b+2—knénk=0vab=0hoacb= —4.

Trong ca hai trudng hop, ta déu c6 2b 1a 1ap phuong diing. [
Bai toan 22 (Lam Déng).

1. Cho a,b, c la cdc s6 nguyén théa man a + b + 20c = 3. Chiing minh rang a® + b* + ¢

chia hét cho 6.

2. Cho B =2+ 2%+ -4 2222 Chiing minh rang B + 2 khong la s6 chinh phuong.
Lai gidi.
1) Tacé 23 —x = x(x—1)(z+1) chia hét cho 6 véi moi x € Z. Suy ra (a>+b*+c3) — (a+b+c)
chia hét cho 6. Chd y ring a + b+ ¢ = ¢® — ¢ — 18¢ chia hét cho 6 nén ta c6

6la® +b* + c*.

2)Tacé 2 = 1+42+4---+220% ngn B— L = 220221 hay B = 2202 —2 Tt d6 ¢ B+2 = 2202
12 mot liiy thita mi 18 ctia 2,khong thé 12 s6 chinh phuong. O

Bai toan 23 (Bén Tre). Gidi phuong trinh nghiém nguyén

22y —ay + 22 — 1 = y? — xy® — 2.
Loi gidi. Ta viét lai

ry(z+y) —ylz+y) +2x+y) =1

hay (z + ) (zy — y + 2) = 1. Dén day xét cic trudng hop hai thira sé ciing bing 1 hoic ciing
bang —1, gii ra duge (z,y) = (0;1), (2; 1), (=2; 1), (2; -3). O

Bai toan 24 (Khanh Hoa). Véi moi sé nguyén dwong n, chitng minh rdang

A=/n24+n2(n+ 17+ (n+1)°

la s6 nguyén nhung khong phdi la sé chinh phuong.
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Loi gidi. Ta c6
n4+ntn+1>4+mn+1>*=m>+n+ 1)2.
Do d6 A = n? + n + 1, tuy nhién dé thiy v6i n > 0 thi
n? < A< (n+1)>°
nén A khong thé 1a sé chinh phuong. O
Bai todn 25 (Quéng Ngai).

1. Cho a la s6 nguyén 1é khong chia hét cho 3. Chitng minh rang a* — 20212 chia hét cho 24.
2. Cho cdc s6 nguyén té p, q sao cho p+ q* la sé chinh phuong. Chitng minh rang p = 2q+1
va p? + ¢*°?! khéng phdi la s6 chinh phuong.
Loi gidi.

1) Vi a khong chia hét cho 3 nén a? chia 3 du 1, ma 20212 ciing thé nén 3|a® — 2021%. Lai c6 a
1 nén viét a = 2k + 1 v6i k € Z. Khi d6 a? — 1 = 4k(k + 1) chia hét cho 8. Tt d6 dé dang c6
a® — 20212 chia hét cho 8 va biéu thifc di cho chia hét cho 24.

2)bitp+q¢®> =a?véia € ZT.Khidop = (a—q)(a+q)nénphdicéa—qg=1vaa+q=p.
Tir d6 c6 ngay p = 2¢ + 1. Tiép theo, gia st phan chiing rang p? + ¢?°2! = b? véi b € Z7.
Khi d6 ¢?°2! = (b — p)(b + p) nén ton tai m,n € Z* sao cho m +n = 2021 va
b—p=q", btp=q"
Suy ra
2p=q" —q" hay ¢" —q" =4q +2.

Tt d6 ¢6 ¢™(¢"™ — 1) = 2(2q + 1). D& thay ged(¢™,2¢ + 1) = 1 nén ¢™|2, kéo theo q =
2,m = 1nén 2! —1 = 5, kéo theo 2"~ = 6, vd ly. Vi thé, khong thé c6 p? + ¢?*%! 1a s6 chinh
phuong dugc. 0

Bai toan 26 (Binh Dinh).

1. Tim tdt cd cdc s6 nguyén duong x sao cho x*> — x + 13 la sé chinh phuong.

2. Tim tdt cd n nguyén duwong dé'n* + n® + 1 la sé chinh phuong.
Loi gidi.
1) Taco (z—1)° <2?—x+13 < (z+4)* véi moi = € Z* nén c6

2 —x+13 € {2% (x +1)% (x+2)% (v + 3)°}.
Gidi ra dugc z = 13,z = 4 1a cac nghi€ém nguyén thda man.
2) Dé thiy n = 1 khong thda, con n = 2 thi biéu thiic da cho 1a 25, 1a s6 chinh phuong. Xét
n > 2 vadit A =n* +n? + 1 thi ta c6 4A ciing chinh phuong. Chi y ring
@22 +n—1)" <44 < 20> +n)”.

Do d6, khong ton tai s6 n > 2 thda man. Vi thé n = 2 12 s6 duy nhét can tim. O
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Bai to4n 27 (Ha Tinh). Tim cdc sé6 nguyén m,n sao cho
m(m + 1)(m + 2) = n”.

Loi gidi. Véi m < —2 thi m(m + 1)(m + 2) < 0, khong thda. D& thay m € {—2,—1,0} thi
déu c6n? = 0 ticlan = 0. Xét m > 0, ta xét cic truong hop:

 Néu m 18 thi cic s6 m, m + 1, m + 2 d6i mot nguyén t6 cliing nhau nén chiing déu phai 1a
céc s6 chinh phuong, dé thiy khong théa.

* Néu m chén thi ged(m, m +2) = 2 nén m + 1 1& va trong hai s6 m, m + 2 c6 mot sb chia
hét cho 4 con s6 kia chia 4 du 2, kéo theo s6 mil ctia 2 trong tich m(m + 1)(m + 2) 1a 1é,
khong thoa.

Do d6, phuong trinh chi ¢6 ba nghiém nhu trén. [

Bai toan 28 (Déng Thép). Tim tdt cd cdc cdp s6 nguyén (x,y) théa mdn

162* + y* = dw(z +y) — 1.

Loi gidi. Dit 2z = a thi a chin. Ta viét lai
at +y* =ala+2y) — 1

hay

a'+yt+ P+ 1= (a+y)
Néu a = 0 thi y* 4+ y? + 1 = 32, khong ton tai y. Néu y = 0 thi a* + 1 = a?, cling khong tdn
tai a. Do do, ta xét ay # 0. Tuy nhién, néu ay < 0 thi

(a+y)* <a®+y’ <a'+y

nén ciing khong thoa. Vi thé xét ay > 0. PE y ring néu (a,y) thda man thi (—a, —y) ciing thé
nén xét a > 0,y > 0. Ta c6 danh gia quen thudc

4

ot oyt > (a+y)

8

nén tu d.'?mg thuc trén, ta co

(CL+ )2 > <a+y)4

Yy —8 )

kéo theo (a—Fy)2 < 8 nén (a+y)2 =4.Maa,y>1néna+y > 2 twdéphiaicba =y =1,
khong thda man vi a chin. Do d6, khong ton tai z, y thda man dé bai. O

Bai todn 29 (Quéc hoc Hué).

1. Tim tdt cd cdc s6 nguyén duong x,y théa mdn x> — 2V - x — 421 .9 = 0.
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2. Tim tdt cd cdc cdp sé nguyén (x,y) sao cho

2y — xy? — 22% — 3y® + 10xy — 162 + 21y = 100.
Loi gidi.
1) Coi day la phuong trinh bién z, ta c6
A= (V) +4-42.9=4v49.4%

phai 12 s6 chinh phuong.

» Néu y = 22 thi kiém tra dudc A khong chinh phuong.

e Néuy < 22 thi A = 4¥%(1 + 9 - 4227Y) 1a s6 chinh phuong, kéo theo 1 + 9 - 4227¥ chinh
phuong, vo 1y vi 9 - 4227 da 1a sb chinh phuong.

e Néuy > 22 vaviét A = 422(4¥=22 1+ 9). Tu d6 dua vé xét 4Y~22 + 9 1a s6 chinh phuong,
tdic 14 ¢6 hai s6 chinh phuong cach nhau 9 don vi. Khi d6, chi c6 thé 4Y=22 + 9 = 25 hay
4922 = 16, kéo theo y = 24. Tu dé c6 = 9 - 221,

2) Ta viét lai

2*(y —2) — x(y* — 10y + 16) — 3y + 21y — 30 = 70

hay
(y —2)(x +3)(x —y +5) = 70.

Ta thiy (z + 3) — (y — 2) = ¥ — y + 5 nén ta phan tich s6 70 thanh tich ctia ba s6 ma sb nay
bing tong hai s6 kia. D& thiy chi c6 thé1a 2 - 5 - 7 (loai —2, —5, —7 do tich am).

Tit d6 thi cac trudng hgp va giai ra duge (z,y) = (4;4), (4;7). O
Bai todn 30 (Thanh Héa).

1. Tim tdt cd cdc cdp s6 nguyén x,vy théa man x° + 2y* — 2xy — 22 — 4y + 6 = 0.
2. Tim tdt cd cdc b ba (x,y, z) nguyén duong sao cho

11 1
VTY +Vxz — Y :yvd;+§—|——:1.

z

3. Cho s6 tu nhién n > 2 va sé nguyén té p théa man p — 1 chia hét cho n va n® — 1 chia
hét cho p. Chitng minh rdang n + p la s6 chinh phuong.

A s . £ A X 2 _ < 7a .
4. Tim tat cd cdc s6 nguyén to p sao cho ®* — 1 la ldp phuong diing.
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Loi gidi.
1) Ta viét lai
v? —2x(y+1)+2y* — 4y +6 = 0.
Coi day 12 phuong trinh bac hai theo bién z, ta c6
AN=(y+1)?— (2 -4y +6)=—y*+6y—5>0

nén 1 < y < 5. Pén day thit cc trudng hop la dudgc.

2) Tacd Va(\/y+ vz) = y(vz+ y)nénz = y. Tudé cé 2 + 1 = 1 nén

T 14 2
r—2 x—2

Suy rax — 2|2 nén z = 4 hodac x = 3. Do d6 (x,y, z) = (3; 3;3) hodc (4;4;2).

z =

3) Dé thiy ged(p, n) = 1. Theo dé bai thi n® — 1 = (n — 1)(n? + n + 1) chia hét cho p.

Néupln—1thip<n—1(in—1>0),man|p—1nénp— 1> n, miu thudn. Do d6 ta phai
c6 n? +n + 1 chia hét cho p. Ngoairavin|p — 1nénp — 1 > n.

Tir d6 suy ra n? +n + 1 — p chia hét cho p. Mit khac n? +n + 1 — p ciing chia hét cho n nén
ta ¢c6 n? + n + 1 — p chia hét cho np. Vin? +n + 1 chiahét cho pnénn? +n+1—p > 0,
tuy nhiégnnéun? +n+1—p>0thitaco6n?+n+1—p>np > n(n+1),voly. Vithé
n4+n+1l=pnénn+p= (n—i—l)2 1a s6 chinh phuong.

4)Néu p = 2 thi 2 — 1 = 0, thoa man. Xétp > 2 thi p 1& va

2
3 D —D

= —1>0

T 2 ,

trong d6 & € Z. Tacé p?> — p — 2 = 22° nén
pp—1) =20 + 1) — 2+ 1),

Vi ged(p, p— 1) = 1 nén néu p chia hét cho x + 1 thi p = x + 1, thay vao thdy khong thoa. Néu
p— 1chiahétchox + 1thiditp — 1 = k(z + 1) véi k € Z*. Khi d6

k(z+1Dp=2(z+1)(2® —x+1)
nén kp = 2(2® — z + 1). Vi p 1& nén k phai chdn, dit k = 2m véi m € Z*, thay vao c6
mp =a® —x + 1.
bitr+ 1=y > 2thitaco
?—r4+1=(y—-1) -(y-1D+1=y*-3y+1

nén ta dua vé y|p — 1 va p|y? — 3y + 1. Suy ra 4> — 3y + 1 — p chia hét cho y,p va dé thiy
ged(y,p) = 1 nén yp|y* — 3y + 1 — p. Ro rang y* — 3y + 1 phai duong va y? — 3y + 1 > p.
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e Néuy? —3y+1—p>0thitacoy?> —3y+1—p>yp>y(y+1),voly.

e Neup=192-3y+1=a22—z+1,khidop—1=2(x+1)néna?—z+1=2(z+1)+1,
khong c6 nghiém nguyén.

Vi thé nén p = 2 1a gid tri duy nhét théa man. ]

Bai toan 31 (PTNK TPHCM).

1. Tim 56 tw nhién n sao cho (2n + 1)° + 1 chia hét cho 22°*'.

N % N A A 2 ~ \ 4n? A gs . £ N
2. Chon,p la cdc so tu nhién, p nguyén to thoa man 2";2 va 4 22"“ déu la cdc so nguyén.

Chitng minh rang hai sé trén khong thé dong thoi la sé chinh phuong.

Loi gidi.

1) Tacé (2n+1)° +1 = (2n+2)(4n? + 2n + 1), ma 4n2 + 2n + 118 nén cin c6 22°2'|2n 4 2
hay 2292%|n, + 1. Tir d6 tim duge n = 220k — 1 véi k € Z™.

2) Tu 4n? + 2n + 1 chia hét cho p, ta ¢6 p 18 nén pln + 1. T d6 6 pld4n? + 2n + 1 =
(4n — 2)(n + 1) + 3 nén p = 3. Tiép theo, gia sit phan chiing ring ca

2n+ 2 él4712—1-271—!—1
A%
3 3

déu chinh phuong. Suy ra ton tai m nguyén duong dé

2n+2 4n?+2n+1 9
. = m
3 3

hay
2n+ 1) =9m?—1=(3m —1)(3m + 1).

Vi m chidn nén 3m — 1, 3m + 1 12 hai s6 1€ lién tiép, kéo theo ged(3m — 1,3m + 1) = 1. Do d6
ca hai s6 3m — 1,3m + 1 déu 1a c4c 1ap phuong diing. Tuy nhién, khong thé c¢6 hai 1ap phuong
ding cach nhau 2 don vi nén diéu trén 12 vo ly. Bai todn dudc gidi quyét. U
Bai toan 32 (Chuyén KHTN Ha N&i).

1. Tim s6 nguyén duong n nhé nhdt sao cho n chia cho 7,9, 11,13 thi ¢6 sé du ldn luot la

3,4,5,6.

2. Tim x,y nguyén duong thoa man 3* + 29 = 2Y.
Loi gidi.

1) Theo gié thiét thi 2n + 1 chia 7,9, 11, 13 cling sé du 7,9, 11, 13 nén 2n + 1 chia hét cho tich
7-9-11-13 = 9009. Vi thé 2n + 1 > 9009 nén n > 4504 va thi thdy n = 4504 théa man.
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2) Néu z = 1 thi céngay y = 5. Xét x > 2, ta c6 9|2¥ — 29 nén 2¥ — 2 chia hét cho 9. Pit
y=6k+rvéikeNvare{0,1,...,5}thi2v —2=(26)".2" —2=2"— 2 theo mod 9.

Th tryc tiép cac s6 7t 0 dén 5, chi c6 r = 1 thdaman. Do d6 y = 6k+1nén2Y—2 = 2(64*—1)
chia hét cho 7 nén 3% + 27 chia hét cho 7. Vi thé nén 7|3% — 1. Lai dit x = 6k +r v6i h € N va
r€{0,1,...,5} tuong tu trén, ta suy rar = 0 va = = 6h.
Do d63” — 1 = (35)" — 1 chia hét cho 3% — 1 = 26 nén 13|3* — 1. Vi thé nén
3*+29=4 (mod 13).

Suyra2Y =4 (mod 13), tuy nhién, vi y = 6k + 1 nén

4=2.64"=2.(=1)" (mod 13).
Dé thiy diéu trén 1a khong thé xay ra véi moi sd tu nhién k. Vay nén (z,y) = (1;5). O

Bai toan 33 (DHSP Ha N&i).

1. Cho a,b la cdc s6 hitu ty. Chitng minh rang néu an/2 + by/3 hitu ty thi a = b = 0.

A 2 A A - Ay e A7 - R A A 2
2. Tim tat ca so nguyén duong N sao cho N co thé biéu dién duy nhat o dang iyf{

nguyén duong.

VoI T, Y

3. Cho a,b,cla cdc s6 nguyén duong la lity thita ciia 2. Biét rang phuong trinh
ar? —br+c=0
c6 hai nghiém nguyén. Chitng minh rdang hai nghiém dé phdi bdang nhau.
Loi gidi.
DPitn =av2+bv3 € Q. Tacdén —av2 = by/3 nén
3b = (n—a\/i)2 =n? — 2anv2 +2a € Q
kéo theo av/2 € Q, diéu nay chi xay ra khi a = 0. Khi d6 bv/3 € Q nén ciing c6 b = 0.

2) V6i N = 1 thi ta c6 thé chon (z,y) = (1;1), (1;2) ddu c6 N = £+ khong théa.

zy+12

Xét N > 1,d€y c6 (z,y) = (N2, N) thdba man nén ludn c6 it nhit mot céch bi€u dién. Ta sé
chiing minh cach nay 1a duy nhat. Ta ¢6 xy + 1|2° + y nén

vy + 1|y(2* + y) — z(zy + 1) hay zy + 1|y* — =.

Ngoaira, vi N > 2 nén ta c6 2% + y > 2xy + 2 nén phai ¢c6 z > y. Khi d6 |y* — z| < zy + 1

nén dé€ c6 zy + 1|y* — x thi phdi c¢6 y? — 2 = 0 hay # = 32. Thay vao N = zifi’ = y nén bd sd

(z,y) xdc dinh duy nhat.
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3)Pita = 2™, b = 2", ¢ = 2¥ v6i m,n, k € N. Goi hai nghiém ctia phuong trinh di cho 1a
x1, T thi theo dinh ly Viete, ta c6

b

$1+J]2:—:2n_m

S

T1Tyg =— — = 2k—m

Tir day ta c6 x1, x5 12 cdc s6 nguyén duong va ciing déu 12 1ily thita ctia 2. Pit 2, = 27, 25 = 2°
v6ir,s € N. Khidé 2" + 25 =27~ Néur # s, tagid st r > s thicé

2n—m — 28(27"—3 + 1)
nén 2"~™ ¢ uée 1€ 16n hon 1, vo ly. Vi thé nén phai c6 r = s va kéo theo x; = . ]
Bai toadn 34 (Bic Ninh). Tim tdt cd cdc s6 nguyén duong n cé tinh chdt: véi méi sé nguyén

duong a 1é ma a®> < n thi n chia hét cho a.

Loi gidi. Chi y ring néu c6 s6 18 a > 5 thi cic s6 a,a — 2,a — 4 1a d6i mot nguyén té cling
nhau. Vi thé néu n chia hét cho céc s6 nhu thé thi n6 sé chia hét cho tich a(a — 2)(a — 4). Ta xét
cac truong hop sau

1. Néun < 8thisd1é a maa?® < chicé 1 nén tht ca cic sd nguyén duong n nay thda man.

2. Néu 9 < n < 24 thi ta phai xét thém sb6 a = 3 nén chi c6 cic s6 chia hét cho 3 méi thda
min, tidc lan = 9,12, 15, 18, 21, 24.

3. Néu 25 < n < 48 thi ta lai xét thém sb6 @ = 5 nén chi c6 céac s6 chia hét cho 15 mdi thoa
man, tic lan = 30,n = 45.

4. Néu 49 < n < 80 thi lai c6 thém s6 a = 7 nén can c6 n chia hét cho 105, rd rang khong

ton tai s6 nhu thé.

Tiép theo, xét n > 81 va dit n = k? 4+ r v6i k > 9 nguyén duong va r nguyén théa min
0 < r < 2k.Khi d6, néu k 18 thi cac s6 k, k — 2, k — 4 déu 12 u6c ctia n (theo nhan xét dau tién);
connéu k chdn thi k — 1,k — 3,k — 512 uSc cta n. Khi do, ta ludn cé

(k—1)(k—3)(k—5) <n < k*+2k.

Dé thiy ddnh gid nay sé sai khi k£ > 9. VAy nén tit c4 cdc sd n can tim 1a

ne{l,2,...,89,12 15,18 21,24,30,45}.
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?8

2. Cac bai toan tu gia

Bai todn 35 (Quéng Tri).

1. Tim tdt cd cdc sé nguyén n dé'n — 1989 va n — 2022 la cdc sé chinh phuong.

2. Biét rang x*> — ax + b+ 2 = 0 ¢6 hai nghiém déu nguyén. Chitng minh rang 2a® + b* la
hop s6.

Bai todn 36 (Ninh Binh). Tim tdt cd cdc cdp sé nguyén (x,y) sao cho
7(x +2y)°(y — ) = 8y — bz + 1.

Bai toan 37 (Hau Giang). Ton tai hay khéng sé nguyén té p sao cho p* + 2021 ciing la sé
nguyén to?

Bai toan 38 (Ddng Nai).

1. Tim tdt cd cdc s6 nguyén x,y théa man 5x* + 3y? + 4xy — 2z + 8y + 8 < 0.

2. Héi trong 2021 s6 nguyén duong dau tién, cé bao nhiéu sé khong chia hét cho 7 va khong
chia hét cho 117

Bai todn 39 (Ninh Thuan). Tim tdt cd cdc s6 nguyén x,y théa man
y? + 3y = 2" + 22 + 18.
Bai toan 40 (Lai Chau). Chitng minh rdng véi moi s6 tu nhién n thi
2004/2005™ 4+ 60™ — 1897 — 168".
Bai toan 41 (Gia Lai). Tim nghiém nguyén cia phuong trinh
2 —2y(x —y) = 2(z — 1).
Bai toan 42 (Kon Tum). Tim tdt cd cdc cdp sé nguyén (z,y) théa man
wdy —ad—1 =222 +22 +y.
Bai todn 43 (Bic Ninh). Tim tdt cd cdc sé nguyén (v, y) théa man
(14 +2%) = 4y(y — 1).
Bai toan 44 (Hai Duong). Tim tdt cd cdc b sé nguyén (x,y, z) théa mdn
2% 4 4y® + 22 + 2(x2 + 22 + 22) = 396 va 2° + y* = 3z.
Bai toan 45 (Hai Phong). Tim cdc cdp s6 nguyén duong (1) théa mdn
yt + 2y? — 3 =22 — 3u.
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Bai todn 46 (Kon Tum). Héi ¢ bao nhiéu sé tw nhién cé 6 chit sé dang 357abc sao cho sé nay
chia hét cho 3,5va 7.

Bai toan 47 (Hoa Binh). Hdi ¢ bao nhiéu sé tw nhién n < 2021 ma n3 + 2021 chia hét cho 67

Bai toan 48 (Yén Bai).

1. Chiing minh rang néu n la sé6 nguyén thi n?® 4 2022 khong la liy thira cia 3.
2. Tim tdt cd cdc s6 nguyén té p sao cho p? + 3p + 2021 ciing la s6 nguyén to.
Bai toan 49 (Quang Binh). Tim tdt cd cdc sé nguyén duong n sao cho
n? —2n — 7Tvan®—2n+ 12
deu la ldp phiong ciia hai s6 nguyén dwong nao do.

Bai toan 50 (Thai Nguyén).

1. Tim n nguyén duong dé¢’A = 4n® + 2n? — Tn — 5 la mot s6 chinh phuong.

2. Tim cdc s6 nguyén to p,q sao cho phuong trinh x> — px + q¢ = 0 6 cdc nghiém déu
nguyén.

Bai todn 51 (Hai Duong). Tim tdt cd cdc s6 tw nhién abed théa man dong thoi: abed chia hét
cho 3 va abc — bda = 650.

Bai toan 52 (Hung Yén). Tim nghiém nguyén ciia phuong trinh
222 + 5y? + 4z = 4y + day + 19.

Bai toan 53 (DH Khoa hoc Hud). Tim tdt cd cdc s6 tw nhién a > 1,b > 1 dé'ab — 1 chia hét
cho (a —1)(b—1).

Bai toan 54 (Ca Mau). Tdt cd hoc sinh I6p 9 cia truong THCS Tan Tién tham gia xép hang
dong dién thé duc, méi hang khong qud 25 hoc sinh. Néu xép méi hang 16 hoc sinh thi con thita
mot em, néu bét di mot hang thi cé thé chia déu tdt cd hoc sinh vao cdc hang con lai sao cho
hoc sinh méi hang bang nhau. Tinh sé luong hoc sinh.

Bai toan 55 (Quang Ninh). Cho hinh ldng tru ditng, ddy la tam gidc vudng, chiéu cao bdng 6.
S6 do ba canh cua ddy la nguyén. Sé do dién tich toan phdn ciia ldng tru bang sé do thétich
ctia no. Tinh s6 do ba canh cua ddy ldng tru.

Bai to4n 56 (Dak Néng). Tim tdt cd cdc so nguyén (z,y) théa man

x? +3y* +day — 22 — 4y — 2 =0.
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BO BE HOAN VI (2)

Ta Hong Quéang, Nguyén Vin Huyén

Bit dang thiic hoan vi ludn 13 mot trong nhitng chii d& khé va thu vi, dic biét 1a cac bai todn ¢
d4u bang khong binh thudng, 1éch tam, 1éch bién, lugng gidc,... chiing rat khé dé tim cac danh
gi trung gian ma van ddm bao dau bang. Thong thudng nhiing bai toan dang nay chiing ta st
dung k§ thuat pgr d€ dua vé khao sat cuc tri ctia ham s6 theo ¢, theo r hoic phan tich vé dang
tdng cac binh phuong, ...

Trong bai viét nay, tic gia sé gidi thiéu cach xit 1y 16p bat dang thiic hoan vi ¢6 dang

ak bk K
f(?+—+—,ab+bc+ca,a+b+c)20, k=1,2,3.
c a

Truong hop k = 1 da dudc gi6i thiéu trong [ 1], bai viét sé gi6i thiéu so vé trudng hop k = 2 va
tap trung khai thac k = 3.

Véia, b, ¢ 1aba sb thuc duong, ky hiu p =a +b +c, g = ab + bc + ca var = abc.

B6 dé 1. (Vo Quéc Bd Cdn) Gid sita +b + ¢ = 1 va dat q = #, voi 0 < t < 1. Chiing
minh rang
a>  b*  c® 142t +5t% + 413 — 34

et d” Q2+ )1 —1r2) M

L5i giai. bat
- 1+ 2t 4 512 + 4¢3 — 34
B Qt+1A -2

ta can chiing minh
a’> b* 2
S+l 4+ >m
b c a

Chuyén sang pgr ' nhu sau

q(p® —2q) — pr + pla—b)(b —c)(c —a) > 2Mr,

1Xem thém tai: https://wp.me/p7ChCZ-ht
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hay la
q(1—=29)—C2M + 1)r = (a—b)(b —c)(a — ¢).

Ta chiing minh
q(1 —=2q)—2M + )r > 0.

That vay, ta co

Q2+ 1)1 —1?)  3(1 421 + 3t + 213 —2tYr
1-2¢)— M + 1)r = -
q(1=2¢) =@M +Dr 9 1+ 20)(1 —12)

Miit khic, tit

0<27(a— b)z(b — c)z(c — a)2 = 4(p2 — 3q)3 — (2p3 —9pq + 27r)2,

ta dudc
p9q =2p*) +2(p*> =3q)y/p*—3q (1 +2t)(1 —1)?
O<r < ro = = ,
27 27
va
Q2+ 1)1 —1?) 31 +21+3t2+213—-2t%) (1 +26)(1 —1)?
9 (1 +26)(1 —12) 27
208t +1)(1—1)
B ot + 1)

Cho nén (2) diing. Quay trd lai bai toan, ta can chiing minh
q(1 =2q) — 2M + 1)r = (a—b)(b —c)(a —¢),

hay la

q(1=29) — @M + D)r > v/(a —b)2(b — ¢)*(c — a)>.
Binh phuong hai vé va nhém lai theo r nhu sau
[g(1 —2¢) — @M + Dr]* > ¢*(p* — 4q9) — 2p(2p> — 99)r — 27r7,
hoac
(M2 + M 4+ T)yr> +[2M + 1)¢> — (M + 5)q + 1]r +g¢* > 0.
Luu y rang
9(t* — 13 + 2t +1)2
(21 + 1)2(t — 1)2(t + 1)2°
20 =) (* =2 + 2t + 1)
32t + 1)

M?>+M+7=

QM +1)g> — (M +5)q + 1 =—

nén (4) tuong duong véi

9(t* — 13 + 2t + 1)? , 2(0—=tH(* =P +2t+1) N (1 —12)* N
. ’/‘ —_ =
(2t + 1)2(t — 1)2(t + 1)? 32t +1) 81

thu gon thanh

0,

1 [27(14 —t34+2t+1)

2
2\2
81| (2t + D(1—12) ’r_(l_t)] > 0.
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Dﬁng thic xay ra khi va chi khi a, b, ¢ 1a ba nghiém cia hé
(a—b)(b—c)c—a)<0

1—1¢2 (2t + 1)(1 —1?)3 &)
. x —_— =
3 27(t* =134+ 2t + 1)

x3—x%4+

Ching minh hoan tat. [

Nhéan xét. Néua + b + ¢ = 1, tit bit dang thiic quen thudc (a + b + ¢)? > 3(ab + bc + ca)
ta dugc g < % Do d6 ta ludn c6 thé dit g = % < % v6i 0 <t < 1, nhung vi ¢ > 0 nén chi
cotruong hop 0 <t < 1.

Bai toan 1. (Pham Hitu Diic) Chiing minh rang

a? b* c? 6(a® 4+ b* + ¢?)
—+—+—+a+b+c> .
b c a a+b+c

L&i gidi. Chudnhdaa +b +c¢c = 1vaditg = 1_—3’2 v6i 0 < t < 1, bit dang thiic tré thanh

a*> b* 2
T4 o5 12,

b c a
hay la
2 p2 2
v a4
b c a

St dung (1), ta dua bai toan vé chiing minh

14 2¢ + 5¢% + 413 — 34

> 412 + 1,
2t + 1)(1 —1¢?) +

thu gon thanh

12[8t3 + 1+ (t — 1) N
Qt+ 1A —12) ~
Hién nhién diing, nén bai todn dudc chiing minh. Pang thifc xdy rakhia = b = c. O

Bai toadn 2. (Michael Rozenberg) Chitng minh rdang

a? b*  c¢? _ 37(a* + b* + ¢?) — 19(ab + ac + bc)
T4 .
b c a 6(a+b+c)

L&i giai. Chuanhéaa + b + ¢ = 1, va viét bat dang thic lai nhu sau

a2+b2+02>31t2—|—1
b ¢ a’ 6 '
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St dung (1), ta dua bai toan vé chiing minh

1+ 21 + 5% + 41° — 3¢* _ 3,

2t + 1)(1 —£2) el

thu gon thanh
12(6213 + 1312 — 26t + 5)

62t + 1)(1 —¢?)

=

Luu y ring

6213 + 13t> — 26t + 5 = 31t(10t 3)% + 251 t 1579 2+ 16759 >
~ 50 5 5020 502000

Dang thic x4y ra khi va chi khi a = b = ¢. Bai toan dugc chiing minh. ]
Bai toan 3. (Ta Hong Qudng) Véia + b + ¢ = 1, chitng minh rdang
a’? b%* ¢? _ 804¢g* —633qg + 127

-t —+—2=
b * c + a 16(1 —2q)

Lsi giai. Bét dang thic tudng duong véi
a’> b> (? - 268t* + 9712 + 16

bt e T a7 T e )

St dung (1), ta can chiing minh

142t + 5t% + 413 — 34 N 268t* 4+ 97t2 + 16
2t + 1)1 —12?) ~ 1622 +1)

thu gon thanh
12(1 —21)%(13413 + 177¢* + 90¢ + 31) N

16(2t + 1)(2t%2 4+ 1)(1 —¢?)

Ding thiic xay ra khi va chi khi ¢ = 0 hoidc t = % tica = b = c hodc a, b, ¢ la nghiém cia

(a—>b)yb—c)(c—a)<O0

Chiing minh hoan tit. O

Bai tap 1. (Ta Hong Quang) Véi a + b + ¢ = 1, chiing minh riing

a’? b* ¢*> 155(ab + bc + ca) - 307

Pt e T d Y et T e
a2—|—b2+02+2945(b+b . )>3667
— — — a c+ca) =z ——.
b c a 32 128
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Bai tap 2. (Michael Rozenberg) Tim hang s6 duong k 16n nhat dé bat dang thic ludn ding

£+b_2+i>k(a2+b2+cz)—(k—3)(ab+bc-l—ca).
b c a a+b+c

Bai tap 3. Chiing minh ring

a? b* c? N \/61(a2 + b2 + ¢2) — 46(ab + bc + ca)

b a” 5

Bai tap 4. (Nguyén Vin Thach) Chiing minh ring

a’> b? 2 a* + b4 + ¢4
= 23—
b c a a2+ b? + 2

Bai tap 5. (V6 Qubc B4 Cin) Chiing minh ring

(9

1

Bo dé 2. (Ta Hong Qudng) Gid sita+b+c = 1vaditq = 7=

ar b2 P+ttt 4+23 442+ + 1
—+—+—>
b c a (t + 1)(t2 +3)

Loi gidi. Dat
M- Pt 20 447+ +
B (t + 1)(12 + 3)

b

ta ching minh

Chuyén sang pqr nhu sau

pq(p> =3q) — (p* = 5¢)r + (p*> —q) (@ —b)(b —c)(c —a) = 2Mr,

hay la
pq(p* =3q) + (5¢ — p> =2M)r > (p* — q)(a — b)(b — ¢)(a —¢),
hoac
q(1=3q) + (5¢ —1-2M)r > (1 —q)(a —b)(b —c)(a —c).
Ta chiing minh

q(1=3g)+ (5¢ —1=2M)r > 0.
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Thétvéy,véiq=ﬁ,tacér<%=m,vé
12 23 +2t>2+5t+9)-r
1-3 5 —1—2M)r = —
q(1=39) + (4 =y (+ D +3)
s 1 (213 +2t24+5t+9)-r
2 43\243 r+1 ’
dong thoi
1 213 + 212+ 5t +9 1 (P4t + 4
12+3 r+1 3(1243)2 3(t+ D)2 +3)2 7

Cho nén bit dang thiic (7) ding. Quay trd lai bai toan, ta cin chiing minh
q(1=3q) + (59 —1-2M)r 2 (1 —q)(a —b)(b —c)(a—c),

hay la

q(1=39) + (5¢ =1 =2M)r > (1 —q)v/(a — b)*(b — ¢)*(c —a).
Binh phuong hai vé va nhém lai theo 7 nhu sau
[¢(1=3¢) + (5¢ —1— 2M)1’]2 > (1—¢)*(a—b)*(b—c)*(c —a)?,
[9(1 =3q) + (5¢ — 1 = 2M)r]* > (1 — 9)*[¢*(1 — 4q) + 2(9q — 2)r — 27r%],
tuong duong voi
[13g> = (5M +16)g + M> + M +7|r* —[12¢° — BM + 14)¢*> + (M + T)qg—1]r +¢° > 0.
Thay gia tri cua g va M theo ¢, ta dugc
(t* 4+ 13+ 1243t +3)?2
(t + 122 +3)
20+ 13+ 1>+ 3t + 3)
(t + 1)(t? + 3)3

13¢> = (5M +16)g + M*> + M + 7 =

12¢° -~ BM + 14)g*> + (M +T)g — 1 =

Do d6 bt dang thiic can ching minh trg thanh

*+34+2+3t+3)2 , 20° 42+ +3r+3) N 1 -
T — - r = ’
(t+ 12(* + 3) (t+ D@* +3)° (12 +3)°
thu gon lai duéi dang
1 [ 43422 +3t+3 1 2>
.r—— =
1243 t+1 (t? +3)?

Dang thic x4y ra khi va chi khi a, b, ¢ 1a ba nghiém cia
(a@a=b)y(b—c)c—a)<0
s 2, X t+1 @®)
1243 (tY+34+1243t+3)(1243)2

Chiing minh hoan tit. O
Nhan xét. Tuong tu nhu trén, véia + b + ¢ = 1 taco thé ditg = =
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Bai toadn 4. (Michael Rozenberg) Chitng minh rdang

a> b3 3
?+——|——+2(ab+bc+ca)23(a2—l—b2+62). )
C a

Li gidi. Chudnhoda 4+ b + ¢ = 1 vaditg = 555 véit > 0, khi d6

3(a*> 4+ b*+c*)—2(ab + bc +ca) =3p*>—8¢ =3—-8¢g =3 —

1243
St dung (6), ta dua bai toan vé chiing minh
t5—|—t4—|—2t3+4t2—|—t+1> 8
(1 + 1)(12 + 3) T 243
thu gon thanh
PP+ -r+1

(7 + D > 0. (10)

(t+ 12+ 3)
Dé thiy (10) diing nén ta c6 diéu phai chiing minh. Pang thiic xay rakhia = b = c. ]

Bai toan 5. (Sladjan Stankovik) Chitng minh rdang

(a—b)z(%—g)-i-(b—c)z(g—%)+(C—a)2 (f—l—g) > 0.

Loi giai. Bét dang thic tudng duong véi

a®> b 3 s s
3 ?—l-——l—— + 7(ab + bc + ca) > 10(a” + b + ¢°).
c a

Chuin héaa 4+ b + ¢ = 1 va viét lai du6i dang

3 a3+b3+c3 N 27 - 10
b ¢ a 2437 7

St dung (6), ta dua bai toan vé chiing minh

3>+t + 203+ 412+ 1+ 1) 27

> 10,
(t+ 1)(2+3) 243
thu gon lai thanh
12313 + 312 — 41 + 2)
t+D@E2+3) =
Bai toan dugc chiing minh. [
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Bai toan 6. (Trdn Qudc Anh) Chitng minh rdng bdt ddng thiic dudi ddy luén ding
a3 3 03
Stz (k + 1)(@* + b* + ¢*) — k(ab + bc + ca),
c a

vdi moi 0 < k < ko, vdi kg la nghiém duong ciia phwong trinh k3 — 5k? + 26k — 51 = 0.

L&i gidi. Chudnhoda +b + ¢ =1,tacé

3k +2
(k + 1)@ +b* +¢*) —k(ab + be +ca) =k +1- :_“3_
St dung (6), ta dua bai toan vé ching minh
et 204424041 3k42
(t+ 1D)@@*+3) - 243"
hay la
2P+ 2+ (1 —k)+3-k]
(t+D(@E*+3) -
Ta chiing minh
fly=+2+(1 -kt +3-k>0
That vay

e Néu0 <k < % thi hién nhién f(k) >

o Néu 2 <k <ko, ditm? =3k —2,tacod

Wi

m2—|-2)213_’_t2_(m2—1)t+7—m2

1o =1 ( . -

_ 2031 =3m* —m?) N Bt +2m + 1)(m — 3t — 1)?
B 27 27 '
Lu’u}’/rﬁng k < ko <3, nén

27(k® — 5k2 + 26k — 51
31— 3m? —md = 37— %k — Bk —2) = — 21 + ) _

37— 9% + /(3k —2)3

Bt +2m + 1)(m — 3t — 1)2
27

Do dé

fk) = > 0.

Pang thic x4y ra khi va chi khi ¢ = 0 hodc t = —@_1

e Vit =0,tadudca =b = c.

o VGit =~ 3k L phan nay ban doc c6 thé dua vao (8) d& tim a, b, c.
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Chiing minh hoan tit. O

Nhan xét. Gid tri cu thé clia kg 1a

3
1828 + 3724/93 106 5
= \/ * — — &~ 2.581

+
6 371828 + 37293 3

Trudng hop k = 2 ta dugc bat dang thiic (9).

ko

Bai toan 7. (Ta Hong Qudng, Nguyén Vin Huyén) Vdi a + b + ¢ = 1, chitng minh rdng

a®> b* 3 1417(ab 4+ bc +ca) _ 65 (4—13¢g)?
R D
b c a 144 18 1+ 141q

L5i gidi. Ta viét bat dang thiic lai nhu sau

@ b3 1417 65 (2t — )22t + 1)?
> — .
b e T a T 14402 +3) T 18 T (12 + 144)(12 + 3)

St dung (6), ta can chiing minh

P4ttt 203 42+ + 1 1417 65 (2t — 1)2(2t + 1)?

@+ D@2+ 3) + 14412 +3) ~ 18 (12 + 144)(12 4+ 3)’

thu gon thanh

(3613 + 72t% + 5t + 1)(2t — 1)? - (2t — 122t + 1)?
144(¢ + 1)(22 + 3) (12 + 144) (12 4+ 3)°

hay la
122t — 1)3(361° + 72t% + 4613t + 9217)

144(t + 1)(t% 4+ 3)(t> + 144)

Dezlng thiic xay ra khi va chi khi # = 0 hodct = % tica = b = c hodc a, b, ¢ la nghiém cua

=

(a—b)b—c)c—a)<0
4 384

3_2 T
XY 3 T 13351

Chiing minh hoan tit. O
Bai toan 8. (Nguyén Vin Huyén) Véi a + b + ¢ = 1, chitng minh rdang

3(1 —49)?

3 3 3
4 a_+_+c_ + 18(ab + bc + ca) > 19(a* + b* + ¢?) +
c a 3—-8¢q

b

Loi giai. Viét bat dang thiic lai nhu sau

3 b3 3 3(1 — 4 2
4(a_+_+c_)+56q_19>(—q)
C a

3—-8¢q

b

b
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hay la

b c a

A a b 3 19t2+1>3(t—1)2(t+1)2
243 7 B2+ )2 +3)

Ap dung (6), ta can ching minh

4> +t4 213+ 42+t + 1) 192+ 1 N 3t —1)%(t + 1)

(t + 1)(2 + 3) 243 7 B2+ D2 +3)

tuong duong voi

(413 + 1262 + 9t + 3)(t — 1)? N 3t —1)%(t +1)2
(t + )2+ 3) ~ B2+ D2 +3)’

thu gon thanh
412(t — 1)*(3t3 + 92 + 7t + 3) -

(t+ D2 +3)B2+1)  ~

Pang thiic x4y ra khi va chi khit = O hodict = 1, ttica = b = ¢ hoic a, b, c 1a nghiém ctia

Poeri_oL_y
4 72 (11)
(a@a—->b)yb—c)(c—a)<o0
Chiing minh hoan tit. O
Bai toan 9. (Ta Hong Qudng) Véia + b + ¢ = 2, chiing minh rdang
a®> b3 3 +4)3-2
LA (g +4C—29)
b c a q
Loi gidi. Viét lai bai toan dudi dang didukiéna +b +¢ =1
a®> b 3 (3-8
@ b (g +1)( q)’
b c a 4q
hay la
a> b A P+ HGr+1
A G E )
b c a 4(t2 + 3)
St dung (6), ta can chiing minh
Pt 203 42+ + 1 o 2+ 4B +1)
(t + 1)(t2 +3) T 42 +3)
thu gon thanh
t2(t — 1)%(t + 3) N
4+ D@2 +3) 7
Diéng thiic x4y ra khi va chi khi ¢ = 0 hodc t = 1. O
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Bai toan 10. (Nguyén Vin Huyén) Vi a + b + ¢ = 1, chitng minh rang

17(1 — 7¢)?

17 — 49¢q

a> b 3 s o o
9 F+_+_ + 221(ab + bc + ca) = 94(a” + b* + ¢*) +
c a

Loi giai. Viét bat dang thiic lai nhu sau

3 3 3 Y 2
9(a b c) 409 > o4 17(t —2)°(t + 2)

et Ty (1712 +2)(12 + 3)°

a
St dung (6), ta can chiing minh

9> + 1+ + 22 + 412+ 1+ 1) N 409 S o4 17(t — 2)%(t +2)?
(t + 1)(2 + 3) 12437 (17t2 +2)(2 4+ 3)°

thu gon thanh

(923 + 4512 + 681 + 34)(t — 2)? N 17(t — 2)%(t +2)?
(t + 1)(t2 + 3) T (172 +2)(t2 4+ 3)’

hay la
12(t —2)*(153¢% 4 765t% + 1157t + 583) S

(t + )2+ 3)(17t2 +2) > 0.

Diéng thifc xay ra khi ¢ = 0 hodc t = 2, tica = b = ¢ hoic a, b, ¢ 1a nghiém cia

0
(a=b)(b—c)c—a)<0
Chiing minh hoan tit.

Bai toan 11. (Nguyén Vin Huyén) Chitng minh rdang

a3 3 3

?+7+%+39(ab+bc+ca)>13(a2+b2+c2).

L&i gidi. Chudnhéaa + b + ¢ = 1, ta viét bat dang thiic lai nhu sau

a3+b3+c3+ 65
b c a 1243

> 13.

Ap dung (6), ta can chiing minh

Pt 203447+ + 1 65 N
(t + 1)(2 + 3) 2437

b

thu gon thanh
(t +3)(t>—1t—-3)? N
(t+ 1%+ 3)
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Péng thiic xay ra khi va chi khi 7 = M, tic a, b, ¢ la nghiém cua
g y ) g

., ., 13-V13  3-V13

_ —0
S B A T

(a—b)b—c)c—a)<0

Chiing minh hoan tit. O

Bai toan 12. (Ta Hong Qudng) Vdi a + b + ¢ = 1, chiing minh rdang

a> b 3 (292 — 7959) (1 — 4¢)?
4l—+=—+—)+569>19 .
(b+c+a)+ 1 * 27q (3 —8q)

Loi giai. Ta viét bat dang thic lai nhu sau

3ops B 56 29212 4 81)(t — 2(t + 1)
(4 )+ _qgy PR ABDE DT DT
c a 243 27(3t%2 + 1)(t%2 4 3)

b
Ap dung (6), ta can chitng minh

A5+t 4213+ 412+ 1+ 1) 56 19> (29212 + 81)(r — 1)%(t + 1)?
(t + D2+ 3) 12 +3 - 27(3t2 4+ 1)(t2 + 3)

b

hay la
(413 + 1212 + 9t + 3)(t — 1)? N (29212 + 81)(r — 1)%(t + 1)?

(t + 1)(t2 + 3) - 27(3t2 + 1)(12 + 3)

b

thu gon thanh
8t2(t — 1)2(2t — 1)%(t + 4) N
27(t + (2 +3)(Bt2+1) ~

Dang thiic xay ra khi vachikhit =0, t = %hoéct = 1. O

Bai tap 6. (Ta Hong Quang, Nguyén Vin Huyén) Véi a + b + ¢ = 1, chiing minh ring
a b 284> 29 37(1 —4q)?
b c a 3(1-2q) 12 37 —99¢q

Bai tap 7. (Ta Hong Quang) Chiing minh ring

33 3\ 45 95
T2 18 2 +be +ca)? = (@ + b+ c?)?
b c a 2 8

Bai tap 8. (Ta Hong Quang) Chiing minh ring

a®> b> 3 28(ab + bc + ca)?
“ e >3 b 2,
b+c+a+ (@a+b+c)? (@+b+c)
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Bai tap 9. (Ta Hong Quang) Chitng minh rang

a®> b* 3 12(ab + bc + ca)?
_ — _ 24 2 b2 2.
b-l—c—l-a—l- @+b+to)? (@ +b"+c”)

Bai tap 10. (Ta Hong Quang) V6ia + b + ¢ = 1, ching minh rang

a®> b> 3 2863(ab + bc +ca)? _ 907
LA > -

b c a 18

Két thic bai viét, xin chan thanh cdm on céc doc gia da danh thai gian theo déi, hy vong trong
s6 cdc ban sé c6 ngudi tim dudc gidi phdp tuong tu cho k > 3.

[1] https://nguyenhuyenag.files.wordpress.com/2020/07/
bo-de-hoan-vi.pdf

[2] https://artofproblemsolving.com/community/c6t243f6h432676

[3] Chuyén dé Bdt Pdng Thiic Hién Pai, Vo Qubc Ba Can.
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 20, 08/2021

CAc BA1I TOAN TAP HorP CO NHIEU P1EU KIEN

V6 Thinh Phat
Truong THPT chuyén Thoai Ngoc Hau, An Giang
Khoa 2019 — 2022

Qua bai viét nay, tac gia mudn gidi thiéu mot 16p cac bai toan c6 chita mot hay nhiéu tip hop cé
nhiéu diéu kién rang budc véi nhau. Céc rang budc nay c6 thé 1a giita hai tdp hop v6i nhau hoic
cling c6 thé 1a gifta cdc phan ti trong ciing mot tap hop. Khi do, ta can nhitng nhan xét hay nhin
nhan tinh té d€ st dung khéo 1éo cic diéu kién do.

Ta thudng du dodn cic tinh chit trong tip hdp, hodic mot nhém céc phan tii ¢ cong thiic chung
thudc mot tap hop nao d6. Khi d6, cong cu quy nap hd trg rat dic luc trong viée chiing minh du
doan.

D€ ching minh ménh dé P (n) ding v6i moi sd tu nhién n, ta thuc hién hai budc :

e Budc ¢d s : Kiém tra ménh dé ding véi P(0) (c6 khila P(1))

e Budc quy nap : Gia sit ménh dé diing dén n = k, tic 1a P (k) ding. Dua vao do, ta sé
ching minh P(k + 1) ciing ding.

Co s clia phuong phap phan chiing 1a: (4 = B) < (B = A) v6i A, B 1a hai khang dinh.

Vay dé ching minh ménh dé A = B, ta sé gia st diéu ngudc lai v6i B, tit d6 bang cac 1ap luan,
ta sé chi ra diéu vo ly.

Cu thé hon, trong cac bai todn tap hop, dé chiing minh a € A, ta c6 thé gid stia ¢ A, ti d6 chi
ra diéu vo ly.
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Trong tap hop hitu han phan ti luén ludn ton tai phan tir 16n nhat va phan ti nhé nhat.

Heé qua : Moi tdp con ciia tdp hop sé tu nhién luén chita phdn tik nhé nhdt. Doi lic, ta sé goi
phdn tit nhé nhdt nay ra va lam viéc vdi né dé’thu thém cdc dit kién khdc.

Cho n tap hop Ay, A5, ..., A,. Khi d6

Ay U AU Udy| =) Al =D AN A+ Y (AN A;NA|—-
i=1 i<j i<j<t

+ (=D"A1 N Az NN Ay

Bai 1 (GGTH 2010). Tim tat ¢4 cac tap hdp con khic réng A, B, C cla tip hop cac sd nguyén
duong N* thda mén diéu kién :

i) ANB=BNC=CNA=40

(i) AUBUC =N~

(iii) Nua e A,be B,ceCthia+cec Ab+ceB,a+beC.
Lsi gidi. Do A, B, C 1a cac tap con clia tip hop cic s6 nguyén duong nén theo nguyén ly cuc

han thi A, B, C s€ chia phﬁn tt nho nhit. Goi a, b, ¢ 1an lugt 1a phﬁn ti nhd nhét cta cac tap
A, B,C.Taséching minh 1 ¢ C.

That vay, gia st 1 € C thi 1 +a € A. Tir d6 suy ra A chifa tit c4 cac s6 khong nhé hon a. Tuong
tu, B sé chia tit ca cdc sd khong nho hon b. Diéu ndy mau thuin vi A, B 1di nhau. Viy 1 ¢ C.

Khi d6, ta c6 thé gia st 1 € A. Ta sé ching minh 2 € B. Ta xét céc trudng hop sau :

e Néu2c Cthi3 e A Xéth € B,c € Cthib+c € Bnénsuyrab + 2k € B vé6i
k € N*. Laichiyringnéub € Bthidol € Anénb +2k + 1€ C. Tudiy suyra A
hitu han, mau thuan.

e Nbu2ec Athil4+c¢,24+ce€ Avaci,=1+c+b,c, =2+4+c+b e C.Rérang
(c1,¢c2) = 1vatacingcd 1 + xcy € A, 1 + yc, € B. Theo phuong trinh Diophante bac
nhét thi 16 rang ton tai x, y nguyén duong sao cho 1 + xc; = 1 + yc, + b (mau thuén).
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Tidésuyral € 4,2 € B va3 € C. Dé dang ki€m tra dugc :

A= {3k + 1]k e N*}, B = {3k + 2|k € N*},C = {3k|k € N*}

Vay A, B, C 1an ludt 12 c4c tap hop chia cic s6 dang 3k + 1, 3k +2, 3k hoiic 3k +2,3k + 1,3k
v6i k € Z* theo thi tu do. O

Bai 2. Cho A la tap con ctia tp hop cac sb hitu ti duong Q, thda man dong thdi cic diéu kién
sau day :
1) 1€ A

(i) x € Athix + 1 € A.

. 1

(iii)) Neu x € A thi — € A.
x

Chiing minh ring 4 = Q7.

Loi gidi. Tur cac diéu kién cuia gia thiét, ta thdy A chifa cic sd c6 dang k, % vavéimoi x € A
thi x + k € A v6i moi k nguyén duong. Mit khac, vi hé x thudc A thi % € A nén d€ c6 diéu
phéi chitng minh, ta chi can chi ra rang véi p bat ky thudc N*, A chifa tit ca cdc sd c6 dang L
mageN*val<gqg < p.

That vay, xét day sb (x,,) xdc dinh bdi x; = g vavéimoin > 1thi:x,y; = {xi} néu x, # 0,

n
ngudc lai x,+; = O néu x, = 0.

Ta thiy (x,) 13 diy hitu ti duong, va néu ton tai ¢ 1a s6 nho nhit sao cho x; = 0 thi x, = 0

véimoin > t, déng thoi { } = x; = 0, nén € N* C A,suyrax;—; € A4, tudo

Xt—1 Xt—1

X;—o =k + x;_1 € A,k € N* nao d6. Tiép tuc thuc hién tuong tu, ta thu dudc x; = P € A.
q

Ngudc lai, néu khong ton tai s6 ¢ ¢6 tinh chat vira xét thi x,, € (0, 1) v6i moi n. Khi d6, ¢, 1a
mau sb cta x, khi viét § dang phan sb tbi gian thi (g,,) 12 ddy nguyén ducng, vo han va giam
ngit, day 1a diéu vo ly.

Tu cac 1ap luan trén, ta suy ra A = Q*. O

Bai 3. Cho tap hop X = {1,2,...,396}. Goi Sy, S>, ..., Sk 1a k tap con khac nhau cua X thoa
min dong thdi hai diéu kién sau :

@) |S1] =82 = ... = [Sk| =198
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(i) [S;iNS;| <99, Vi,j eN*1<i<j<k.

Chiing minh ring k < 6°°.

L&i giai. T diéu kién (i7) ta thAy mbi bd 100 phan ti chi c6 thé dugc chia téi da trong 1 tap
hop. Ta dém cdc bo {x1, X2, ..., X100, M }, trong d6 x; € X véi moi i va M 1a mdt trong cac tip
Si, M chuia X1,X2, ..., X100-
e Sb cach chon M 1a k. S6 céch chon 100 phén td trong M 1a C[{2.
e S6 céch chon xq, xz, ..., x;00 tr X 1a C1%9. V&i mbi bo 100 phan ti nhu vay, 6 tbi da 1
tap S; thda man S; chia xq, x», ..., X100-
Do d6, tacd : k - Cl9 < Cigd < k < 6°°. O

Bai 4. Cho tap hop A thda man Z € A C R va théa man dong thdi cac diéu kién :

1. Nux,y€ Athixy,x +y € 4

2. J/n+ +/n+1¢€ Avéimoisd tunhién n.

1
€A
(Vi + Vn+ D202

Chting minh

L5i gidi. Ta sé& ching minh bing quy nap /7 € A véi moi sb tu nhién 7.

Trude hét /0 = 0 € A. Gia st khing dinh ding dénn > 0. Tacé: /n + V/n +1 € Ava
—leA JneAnén:—/ne A Suyra: (/n+/n+1)—/n=+n+1¢€ A. Theo quy

nap thi khang dinh dudc chiing minh.

Vi thé v6i moi s6 tu nhién 7 :

1
S F I+ ()= c 4
Jn+ +/n+1
Theo (i) thi x € A thi x2°2! ciing thudc A. Nén ta c6 diéu phai chitng minh. O

Bai 5 (Ha Nam Ninh 2021). Cho tdp hgp S = {1,2, 3, ...,2020}. Ta chia S thanh hai tip con
khdc réng 18i nhau A va B thda man cic diéu kién sau :

(1) 13e€ A4
(ii) Néua € A,be B,a+b e Sthia+b € B.
(iii) Néua € A,b € B,ab € S thiab € A.
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a) Chiing minh ring 1 € B

b) Tim sd phan tit ctia tap hop A.
Loi giai. a) Nhan xét :

e Néum > n déu thudc A thi m — n thudc A.

e Néumn,m e Bthin € B.

Do d6, vi B khacrong nén 1 € B.

b) Tw do,tasuyra: 14,27,...,13k + 1€ B (k =1,2,...,155)
Néu 2 (hoic 3, 4, 6) thudc A thi 1 thudc A. Do dé 2, 3, 4, 6 thude B.

Talaico:

déu thudc B.
Vay 1,2,3,..., 12 thudc B. Suyra: 14,15, ..., 25 thudc B, tu do : 27, 28, ..., 38 thudc B.

Do d6 : néu n khong chia hét cho 13 thi n thuoc B. Ma 13 € A nén 13.2,13.3, ..., 13.14 déu
thudc A.

Suy ra: 132 = 13.14 — 13 € A. Vay néu n chia hét cho 13 thi n thudc A.
Cho nén |A| = 155. [

Bai 6. Cho 2021 sb thuc duong a;, ds, ..., 2021 va F 12 mot tip con ctia R thda man dong thdi
céc diéu kién sau day :

) a,% € F v6i mdi chi sb k, dong thoi a; + ap + ... + azp01 € F
) X
(i) Neux,ye F,y #0thix—ye Fva— € F
y

Chiing minh ring a; € F véi mdi chi s6 k.

Loi gidi. DEyrang 0 = a? —a? € F,1 = — € F,twd6ci x € F thi sé phai ¢6 dugc

Q|Q
— =1

1

—x =0—x € Fvavéix # 0,x € F thi — € F. Do do, ci v6i x,y € F thi cling s€ co
X

x+yeFvaxyelkF.

Ta sé chiing minh quy nap ring : Vdi mdi s6 nguyén duong n, cdc sé thuc duong a,,as, ..., a,
va F la tdp con ciia R théa man dong thoi cdc diéu kién dudi ddy :
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(i) a} € F v6i mdi chi sd k, dong thdi ay + as + ... + aze1 € F

(ii) Néux,yeF,y;éOthix—yeFvéieF
y

Khi d6, a; € F v6i mdi chi s6 k.

That vy trudng hop n = 1 1a hién nhién. Gia st khang dinh diing t6i n € N*, ta xétn + 1 sb
thuc duong a1, ds, ..., dp+1 thdaman : a € F v6i mdi chi sd k, dong thdi a; +ar+..ax+1 € F.
Xét tap K xac dinh nhu sau :

K={x+ay:x,yeF}

Do tinh chit ctia F nén véi u,v € K tasé€ cé:u + v,u —v,uv € K. By gid gid s u,v €
K,v #0,taviétv = x +a;y véi x, y € F, ta xét cic trudng hop sau :

)Néux —a;y =0vay # 0,khidéa; = ad € Fnénv =x +a,y € F ti do ta thiy 1a
y

1 o u 1
—eFCKdovayy — =u.— € K.
v v v

. 1 . u
2)Neuy =0thiv=x€ Fvax #0nén — € F C K décingc6 — € K.
v v

) ) ) X —
3)Néux—a1y#Othéthimzxz—afyzeF\Odogiéthiét,tiIdésékéotheo—,—yeF
m’ m
L x ary ) u
vacOo — = — — —— € K kéotheo — € K.
v m  m v

u .
Viy, cu véiu,v € Kthiu v € K,uv € K vakhi v # 0thi — € K. Do gia thict quy nap va
v

vikca; e FC K, Y ax= > ai | -a; € K cho nén sé ¢6 dugc ax € K v6i mdi
2<k<n+1 1<k<n+1

k> 1.Taviéta, = s +ayt,véis,t € F vaxét

-Néut = 0,khidéa, = s € F nén > ay € Fvéa,% € F v6i mdi chi sb k, vi thé theo gia
24k
thiét quy nap sé c6 a; € F v6imoichis6i tir 1 dénn + 1.

-Néus =0,thia2 =ta,; v6it € F vat > 0 nén

Z ar =1 +1t)a + Z ap € F

1<k<n+1 2<k<n+1

Xétbo ((1 + t)ay, as,...,a,+;) thda gia thiét quy nap (d€y (1 +¢) € F), vithé a; € F véi

~ t+ 1Da
moik >2cona; € Fdo(l+t)a; € Fvaa, :%,tfial € Fvat € F taciing co
a, =tal € F.
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2_¢2_42
ay—s t

2
ay
T e F.

-Néust #0,tacé2st € F\0,a3,s,t,a? € Fnéna, =

Vi Y oa = > ar|—a; € F,nénbd (az,as,...,a,+;) thoa gia thiét quy nap,
2<k<n+1 1<k<n+1
nén c6 ax € F v6i mdi chi sé k > 1.

Céc luan xét vira rdi, cho ta diéu can chiing minh. ]

Bai 7 (KHTN 2020). Tim tAt ca cdc tap hdp A, B thda man dong thoi céc diéu kién sau :

i. AUB =17
ii. NNuxec Athix—1€ B
iii. NNuxe BvaiyeBthix+yeAd
L&i gidi. Truong hep 1. Néu 0 € B, ti (iii), V(’ii){ = 0, tasuy ravéimoi x € B thix € A. Cho
nén: BC A MaAUB =7Z7Z,suyra: A= 7Z.Kethdp (ii), suyra: B = Z.
Truong hop 2. Néu 0 ¢ B = 0 € A. Tu (i), suyra: —1 € B

Ta s€ chiing minh, v6i Vk € N thi : 2k thudc A nhung khong thudc B; 2k + 1 thudc B nhung
khong thudc A.

Thatviay,néul € A = 0¢c B (voly).Suyra:1 € B,1 ¢ A.

Gia st khang dinh diing 7. Khi d6 :

Néu2k +2 € B,vi—1 € B, suyra:2k 4+ 1€ A (voly)

Dod6:2k+2¢ B =2k+2€ A Tud6:2k +3¢A=2k+3€B

Vay khang dinh ding.

Bay gio, gia st 3k’ < 0 ma 2k’ € B. Chon k sao cho |k| > |k'| = 2k + 1 + 2k’ € A (vO ly)
Suy ra : 2k’ thudc A nhung khong thudc B v6i moi k' nguyén am.

Chitng minh tuong tu, 2k” + 1 thudc B nhung khong thudc A, véi moi k' thude Z~

Vay : (A, B) = (Z,7), hoac (A, B) = 27,27 + 1) O

Bai 8. Xét tap hop A gom céac sd nguyén duong, théa mian dong thdi cac diéu kién sau :

(i) S6 16n nhét thudc A4 1a 100;

(ii) V6i mdi s6 x thudc 4, ma x khong phai la s6 nho nhit thudc A, ludn ton tai ba sbé a, b, ¢
(khong nhét thiét doi mot khac nhau) thude A sao cho x = a + b + c.

Hoi tp A c6 tbi da bao nhiéu phan ti ?

58



Tap chi Epsilon, S6 20, 08/2021

Loi gidi. Xét tap A thda man cac diéu kién cia dé bai. Gia st tip A c6 n phan tif, va cac phan
tdicia Alaay, as, ... a,.

Vi 100 € A (theo gia thiét), va 100 khong chia hét cho 3 nén tir gia thiét (ii) suy ra phai c6
n > 3.

Khong mat tinh tdng quat gia st
a; <dpy <---<dy (1)

Khi do, theo gia thiét (i), ta dugc
a, = 100 (2)

V6i mdi phan tif ag, 2 < k < n, theo gia thiét (ii), ton tai cac sb a, b, ¢ (khong nhit thiét doi
mot khac nhau) thudc A, sao cho :

ar=a+b+c 3)

va do 1 nén hién nhién phai c6

a,b,c €f{ay,....,ar_1} 4)

Tu do, suyra:a, =ay +a, + a; = 3a;

Gia st v6i moi k = 1,2, ...,m, m 1a mdt s6 nguyén duong théa min 2 < m < n, ta di c6 :
ax = lx.a,, trong d6 I 1a cic s6 nguyén duong 18. Xét a,, 4. Theo 3 va 4, taco :

am+1 =X +y +z (5)
trong d6 x, y, z 1a cic sb (khong nhét thiét doi mot khac nhau) thudc tap hop {a, as, ..., am}.

Theo gia st néu trén, mbi s6 x, y, z déu bang mot s6 18 1an a;, do do, tif (5) suy ra : @,,4 1 cling
bang mdt 1¢ 1an a; .

Vi véy, theo nguyén ly quy nap, véi moi k = 1,2, ..., n, ax bang mot 18 1an a,. Nghia I3, véi
moik =1,2,...,n,tacod:

ar = lk.al

trong d6 I 14 cac s6 nguyén duong 18.
Dolva2taco:1 =L <l <..<[l,val00 =1, -a;

Tt d6, suy ra : n khdng vudt qud s6 s6 18 trong pham vi tir 1 dén [, véi [ 1a uéc uong 1é 16n nhét
cua 100; suyra:n > 13.

Xét tap hop A gdbm cac sb6 :ar = 2k —1).4,k =1,2,...13

R rang s6 16n nhit @13 = 100 va véi k 12 s6 nguyén duong tiy ¥ thi :
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ak:(2k—1)-4:(2(k—1)—1)-4+4+4:ak_1+a1—|—a1.

Cho nén tap A viia xét thda cac diéu kién dé bai. Vay tip A c6 tdi da 13 phan ti. O

Bai 9. Cho S = {1,2,...,10}. Gid s{i ton tai k > 2 tap hop con Ay, Ay, ..., Ax ctia S sao cho :

() |A;] =5, Vi =1,2, .. k;
(i) |A; N Aj| >2,Vi # j.

Tim gid tri 16n nhit cda k.

L&i gidi. Ta dém s6 bo (a, {Ai, Aj {) thoéa man phan tl a thudc hai tdp con A;, A; theo hai cach.
Céch thi nhit : V6i mdi a < 10 dit f, 1a sb tap chia a.

) 10 10 £2_ £
Khi d6, s6 bo trénla Y C}a =) “d

a=1 a=1 2

Cach thit hai : V6i mdi cip {4;, A;} c¢6 khong qua 2 phan tit a cung thudc hai tap nay.

Do d6, s6 bo khong vugt qua 2CF = k2 — k.

10
Tir d6, ta c6 bat dang thic : 2k2 — 2k > > (f2 — fa)
a=1

10
bit S = 3 f, thi theo bat ding thiic Cauchy-Schwarz, ta c6 :

a=1

2 _
2k2_2k>S__S:M
10 10

Lai c6 S > 5k > 10 do mdi tap hop khong c6 qud 5 phan tir. Vi thé nén
5k(5k —10)

10
(do S —10 > 5k — 10, S > 5k > 0) dan t6i k < 6.

2k? =2k >

Xét k = 6, ta xay dung cac tap nhu sau :
Ay =1{1,2,3,4,5} A, = {1,2,6,7,8}, A3 = {3,4,6,8,9}
Ay =1{1,5,6,9,10}, As = {2,4,7,9, 10}, A¢ = {3,5,7,8, 10}

Vay gid tri 16n nhit can tim 1a k = 6. O
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Bai 10 (USA MO 2001). Cho tap S < Z théa man :

(i) Tontaia,b € S saocho (a,b) = (a—2,b—2) =1

(i) Nux,ye Sthix?2—yeS

Chiing minh ring S = Z.

Loi giai. Ta s€ ching minh 1 € S. Khi ddtac60 € S,—1 € §,-2 € §. Gia st ta co
me S, Vim| <n.

Xétn +1.Néun+1=1¢>thi|t| <n,suyrat e Sdodén+1=1t>—-0€S.

Néur? <n+1<(@E+1D%*thin+1=24+m@O0<m<2t),vithh0<m <2t <t?<n
nénm € S,—m € S,hayn + 1 = t?> — (—m) € S. Do vay ta chi can chiing miinh 1 € S.

Giasta,b,c € S khi do:

@-b)+c=a>-b*-c)= @ -b*)+ceS

Tir d6 theo quy nap ta suy ran(a®> —b?) +c € S, Vn € N. Tuong tu :

n@*—-»b)?+ceS, YneZ”

Vayn(a*—b*>)+c€ S, VneZ

Theo diéu kién (i) ton taia, b € S saocho (a,b) = (a—2,b—2) =1.PDit A = a?> - b, B =
a*(a—2),C =b*(b—2),suyra B = (a*> —a)®> —a* C = (b> —b)> —b>. Tasuyra:

c+mA+nB+ pCeS, Vmn,peZ,ceS

Dit (A, B,C) =d.Néud > 1suyratontai p nguyéntd va p|d = a> —b%*pma (a,b) =1

suy ra hoidc (a + b):p hoidc (a — b):p. Laicé a*(a —2)ip = a — 2:p (nguoc laiaip = bip
mau thuan véi (a, b) = 1).

Tuong tu b —2p = (a —2,b —2) > 1 mau thuin v6i diéu kién hai cta bai toan. Vay
(A,B,C)=1 suyraténtaim,n,p saochomA+nB + pC =1—c,hay 1 € S. Tu do, tacd
diéu phai chiing minh. O
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Bai tap 1. Cho tap A khéic réng 1a mot tip con clia ZT thda man dong thdi cac diéu kién sau :

(1) Véimoia,b,c € A,tacd: (a,b,c) = 1.

(ii) V6imoi b,c € A, tdntaia € A,a # b, c sao cho : a|bc

Chitng minh rang tap hop A c6 khong qua 3 phan ti.

Bai tap 2. Cho tap hop X c6 n phan tif va m 1a tap con khic rong T}, T», ..., T}, thoa man :

W) |T;|=4,i=1,m
(i) V6imoii, j € X, ton tai duy nhét k sao cho (i, j) C Ty

(iii) Véimoi 1 <i </ <mthi|T;NT;| =1

Tim tét cd gia tri c6 thé ctia m, n.

Bai tap 3. Xét cdc tip hop A4 C N thda min dong thdi cic diéu kién sau :

(i) 4] =2

ab

az_bzeA

(i) V6imoia,b € A; a > b thi

Tim tAt ca céc tp hop A nhu thé.

Bai tap 4 (GGTH 2012). Trong chuong trinh Gip gd toan hoc 1an IV c6 tdng cong 673 tua sach
va quyét dinh t§ chic ding ky mua sach cho cic thanh vién tham gia. Sau khi thu phiéu ding
ky, ban t& chiic phat hién ba diéu thu vi sau :

(i) Tat c4 cic ban déu ding ky mua ding ba tua sach va khong c6 hai ban nao mua c ba tua
sach gidng nhau.
(i) Hai ban bét ky ding ky mua gidng nhau it nhit mot twa sach.
(iii) Khong c6 tua sach ndo dudgc tit ca cac thanh vién ding ky mua.

Chiing minh rang & ky Gip gd toan hoc 1an nay c6 nhiéu nhit 2011 ban tham gia giao luu va
hoc tép.
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Goi y: Phét biéu lai bai todn dudi dang ngdn ngii tap hgp nhu sau :
Chotip A = {1,2, w673} va M = {Ay, A,, ..., A} 1a mot ho cac tap hgp con phéan biét ctua
tap A thoa man dong thai :
(1) |4;| =3, Vi=1,2,...n
(i) AiNA; #0, VI<i<j<n
(iii)) A,NA,N..NA, =0

Chiing minh ring |M| < 2011.
Bai tap 5 (Putnam 2016). Xét 2016 tap hop A1, A,, ..., A,016 théa man dong thdi hai diéu
kién :

(i) |4:] =20, Vi = 1,2,...,2016

(i) |[4; NA;| =1, V1 <i </ <2016

Chitng minh rang A1 N A, N...N A, # 0

[1] Nguyén Duy Lién, 23 bai todn s6 hoc t& hop hay va kho.
[2] Group hudng t6i Olympic toan Viét Nam.

[3] Dé thi chon d6i tuyén hoc sinh giodi cip Tinh cic nim
[4] Tap chi Pi - S6 3, tap 2 nim 2019.

[5] Tap chi toan hoc va tudi tré.

[6] https://artofprroblemsolving.com
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gpsi lon

BAT PANG THUC VA CUC TRI TRONG DE THI
TUYEN SINH VAO LGP 10 NAM 2021

Tran Nam Diing
Thanh phé H6 Chi Minh

GIOI THIEU

Lau nay t6i ciing thinh thodng ngé nghiéng mot chiit cac dé thi chuyén toan tuyén sinh 10
dé€ soan bai cho may ciu hoc tro. Nhung 1a case by case thoi. Dot nay nhé chién dich ctia
Lé Phic L, tu dung dugc 1am quen v6i hang loat cac dé thi méi va toi bat dau d€ y dén
dic diém céc dé thi. Toi nhan thiy rﬁng bat dﬁng thic va cuc tri xuat hién hau hét trong
cdc dé thi (c6 1& phai trén 80%). Xem ky hon t6i thiy cdc bai nay kha 1a khé (khong biét
c6 phai vi 1au ngay toi khong lam bat dang thitc khong). Thuc su nhidu bai ¢é thé 1iy lam
dé thi VMO. Tuy nhién, cic dé khé nhung lai khong méi, cho nén sé van c6 ai d6 giai
dudc, ma nhin 1i giai ngin gon ching ta sé tudng 1a cac bai d6 don gian. Thuc té thi mot
bai todn kho hay dé khong chi nhin 15i giai ma biét dudc, chiing ta phai xong vao lam thi
md&i biét. Vi thé toi da thir tap hop lai cic bai bit déng thic trong dé thi vira roi va thi
gidi. Thu that 12 nhiéu bai toi ling ting, phai tham khao goi y clia cic ban trong nhém
“Hudng tdi Olympic todn VN”. Xin cdm dn cac ban do.

Trong bai viét nay, t6i st dung 36 bai todn thi clia cdc trudng va céac tinh (cdc trudng thi
sau toi khong kip dua vao), giai va c6 nhiing binh luan. C4c y kién ciia toi vé céc bai todn
12 chd quan. Toi sé rat vui néu nhan dudc céc 19i gidi, binh luan, y kién khac tir ban doc.
Ban thén t6i ludn cho rang cac bai toan thi tuyén sinh 10 rit quan trong. Khi ra mot dé
toan, chiing ta phai can nhac rat nhiéu yéu t6: vita 6 tinh thach thiic, vita c6 tinh ggi mé
va dic biét 1a khong danh db, dé thi nén c6 tinh thAim my, gon, dep. Trong 36 dé toin ma
t6i trich din c6 nhitng d& hay, dep nhung ciing c6 nhiing dé qua x4u xi, cong kénh, goi la
“nhin thdy da khéng mudn lam”. Hoc tap rat can cdm xiic, rat can nhiing bai toan dep, y
tudng dep, 16i gidi dep. Piing 1am x4u xi toan hoc, 1am cho né trd nén “kinh khiing”.

Bai todn 1 (Gia Lai). Cho x, y la cdc sé thuc khong dm théa man diéu kién x + y = 2. Tim
gid tri [6n nhdt va gid tri nhé nhdt ciia biéu thiic

P = (5x* + 7y)(5y% 4+ 7x) + 151xy.
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L&i giai. Bai ndy co ban, phit hgp véi thi tuyén sinh 10. Piat 1 = xy va st dung diéu kién
x 4+ y = 2 tatinh dugc P theo ¢t nhu sau

P =25t — 10t + 280 = (5t — 1)* 4 279.
Pén day thi dé& rdi. O

Bai toan 2 (Quang Binh). Cho x, y, z € [5,7]. Chiing minh rang

\/xy+l+\/yz+l+\/zx+1>x+y+z.

Loi giai. Meo chinh cua bai nay la x, y € [5,7] suyra |x — y| < 2. Tu d6

2 2
1—|—xy>—(x Y) —|—xy=—(x+y).
4 4
Déu bing xay ra khi |x — y| = 2. Vi 12 meo nén bai nay khé binh luan. [

Bai todn 3 (Dai hoc Khoa hoc, Hué). Cho a, b, c la dj dai ba canh ciia moét tam gidc. Chiing
minh rdang
3(ab + be + ca) < (a + b + ¢)* < 4(ab + be + ca).

L5i giai. Bai nay thi qua cd ban rdi. V& trdi chi 1a (a — b)* + (b — ¢)* + (¢ —a)* > 0. Con vé
phai thi dung a? < a(b + ¢) 1a xong O

Bai toan 4 (Tay Ninh). Cho x,y,z la cdc sé thuc théa man 0 < x,y,z < 1. Tim gid tri l6n
nhdt ciia biéu thitc

T =2(x*+y> 4+ 2% — (x%y + y?z + z%x).
Bai nay 1a kha khé dbi véi hoc sinh THCS.
L&i gidi 1. Ta du dodn gia tri 16n nhit 1a 3 dat dugc khi x = y = z = 1. D& xuét hién danh gia
lién quan dén x2y, y?z, z%x, ta st dung diéu kién dé suy ra (1 — x2)(1 — y) > 0. Suy ra

—x2y <1 —x2—y.

Cong bét dang thiic nay va cac bat dang thiic tuong tu, ta cé

—x?y —y?z—z22x <3 -+ y* + 22+ x+y+2).

Tu do
T =2(x>+y* 4+ 2% —x?y — y?z — z%x
<2+’ +2)+3 -+ )y’ +22+x+y+72)
=3—-x(1—-x)1+2x)—y(1—y) A +2y)—z(1—2z)(1+2z) <3
Diubiang xdyrakhix = y =z = 1. O
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Loi gidi. Trude hét ta chiing minh 2x3 — x2y < 2x — xy. Thit viy, diéu can chiitng minh tuong
duong véi
2x(1—=x*) —xy(1—=x*) >0 x(1—-x*)(2—-y) = 0.

Tuong tu
2y% —y2z <2y — yz,22° — 2%x < 2z — zx.

Suy ra

T <2(x+y+2)— (xy+ yz +zx). (1)
Ta lai co

I-x)A-y»+A-y)A-2)+ A -2)(1-x)=>0.

Suy ra

34+xy+yz+zx—-2(x+y+z) =0. (2)
Tur (1) va (2) suy ra T < 3. DAu bang x4y rachang hankhix = y = z = 1. [

L&i gidi 3. Danh cho cdc thay cd gido va cac ban hoc sinh THPT.
Néu dé€ y T 1a biéu thiic thuan nhét bac 3
T(ka,kb,kc) = k3T(a, b,c),

ta sé thdy GTLN ctia T sé phai dat dudc khi c6 mot bién nao dé bing 1. Chang han z = 1. Khi
do thi

T =2(x+y>+1)—x?y—y?—x < x*+x+y*+y+3—-1—-x?y—y?—x = 3—(1—-x?*)(1—y) < 3.

Vay gid tri 16n nhit can tim [a .3 U

Bai toan 5 (Binh Duong). Cho x,y,z > 0 théa mdn xy + yz + zx = 1. Chitng minh rdng:
10x% 4 10y? + 22 > 4.

Ddu bdng xdy ra khi nao?

Lsi gidi. Y tudng la duing AM-GM c6 trong s6. Céc hé s6 ctia x, y gibng nhau nén x, y ¢6 vai
tro nhu nhau. Ta tach

2 2 2.2 2 2.,2 2
(10—%)x2+(10—%)y2+“;2 + L5 S 0 —aay +axz +ayz,

Ta chon a sao cho vé trai 1a hang sd, tic 14 20 — a? = a. Giai ra dudc a = 4. Déu bing xdy ra

khivéchikhixzyvé4x=4y=Z,tliclékhix=y=%,Zz%.

Bai nay dudc tinh la kha thach thic. [

Bai toan 6 (Can Tho). Cho x, v,z la cdc sé thuc duwong. Chitng minh rdng

2)° 2)° 2)?
(2 0+’ G+
y+z zZ+Xx X+Yy
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Li giai. St dung bat dang thiic Cauchy-Schwarz & dang phan thic, ta c6

(x+y+z+6)>

VT >
2(x+y + 2)

Tiép tuc 4p dung AM-GM cho hai s6 x + y + z va 6 thi
X+y+z+6>>4x+y+2).6=24(x+y+2).

Suy ra diéu phai chiing minh.

Néu quen céach dung bat dang thiic Cauchy-Schwarz nhu & trén thi ciing & dang co ban. ]

Bai toan 7 (Tién Giang). Cho a, b, ¢ la cdc s6 thuc dwong thay déi théa man abe = 1. Tim gid
tri I6n nhdt ciia biéu thiic

1 1 1
_a2+2b2+3+b2+2c2+3+c2+2a2+3'

Lo gidi. Bai nay kha khé chiu néu khong lién hé dugc véi bai todn quen thudc sau:

Cho abc = 1 khi do

1 1 1
ab+b+1 +bc—|—c+1 +ca-l—a—l—l B
Ta co
a’+ 20> +3=(@@*+b)+B*+1)+2>2(ab+b+1).
Tur d6
1 - 1
a2 +2b2+1  2@b+b+1)

Tir &6 GTLN can tim bing %,dat dugckhia =b =c = 1. O

Bai todn 8 (Quang Nam). Cho ba sé thuc duong x, y, z théa man xy + yz + zx = xyz. Tim
gid tri nhé nhdt ciia biéu thiic
2 32 2
= + + :
9z +zx2  9x +xy? 9y + yz?

Loi gidi. Y ddu tién d€ gidi bai nay la dua diéukién vé { + 1 + 1 = 1 rdidita = ., b =
¢ = 1. biéukiéna + b 4 ¢ = 1 di nhién 1a d& st dung hon.

1
;’

Luc nay thi
a b c
H = + + .
9%2+1 9%2+1 9a%2+1
Ta ding AM-GM d¢€ danh gia cac s6 hang ctia H nhu sau

a a + 9ab? — 9ab? _ 9ab? o 9ab? B 3ab

w2+1 o2+l YT o1 7Y Tep T 4T
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Cong bit dang thifc nay va cic bat dang thiic tuong tu, ta suy ra (3 diy ta dung bat dang thiic
quen thudc 3(ab + be + ca) < (a + b + ¢)?)

11
3 2

| W

3
H>a+b+c—§(ab+bc+ca)>1—

Déu bing xdy rakhia =b = ¢ = 1, ticlakhix = y =z = 3. O
Bai toan 9 (Ninh Thuin). Cho cdc s6 thuc duong x, y, z théa man xyz = %. Chitng minh rdng
1 1 2

<

xy+yz+zx x4+y+z 3

L5i gidi. Bai nay nhe nhang. Y tudng la st dung dénh gid trung gian dé dua v& mot bién. Dit

6
x—l—y—i—z:t—z.

St dung danh gid (xy + yz + zx)> > 3xyz(x + y + z), tasé suy ra

9
2

> .
(y+2y+207 >

Suyraxy + yz +zx > %.Tﬁ’dé

1 1 2 22 1 2
Xy+yz+zx x4+y+z 3 6 3 6 3
Luu ¥, cach dit chi gitip chiing ta 1am viéc vé6i cic s6 dep hon, khong phai bi quyét clia cach

gidi. Néu ta dit x + y + z = t ciling dudc. O

Bai toan 10 (Nghé An). Cho cdc s6 duong a, b, ¢ théa médn ab + bc + ca < 3abc. Tim gid tri
nhé nhdt ciia biéu thiic

24 p2 b2 2 2 2
P=\/a+b—|—\/b—|—c—l—«/c—|—a—\/a+ \/ te \/C ta

2@+b) \V2b+¢) \2c+a)

Loi gidi. Bai nay 1a rat khé d6i véi mic THCS. Pa phan thiic lai con chifa cin, ¢6 diéu kién, lai
cong kénh, bdn thit gop lai.

D€ giai bai todn, ta cAn vai danh gia dé don gian b6t bidu thiic P. Trudc hét, ta c6 bét dang thiic
phu ”2;”2 <a+b—+ab.

Bét ding thic nay thu dugc bing cach viét lai thanh |/ ©E2 — atb < atb _ /gp rdi nhan
lugng lién hop.

Tu day suy ra

a? + b2 a-+b—+ab ab
< =\/a+b—‘/ )
2(a + b) Ja+b a+b
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Tur do

ab bc ca
P > + + )
a+b b+c c+a

Pén day thi dé thé hon roi. Pat x = al,y = %,Z = %thix +y+z<3vatacan gia tri nho

nhét cia
1 1 1
0= + + .
xX+Yy y+z Z+X

Ap dung bét dang thiic Cauchy-Schwarz ta cé

9 9 9 3
(O > > = —.
VXFY+H S F VIR T Bty +ytz+z+x) V360 V2

Diubang xdyrakhix =y =z =l ticlakhia =b =c = 1.
Vay gid tri nho nhit ctia P 1a % dat dugckhia = b = ¢ = 1. O

Bai toan 11 (Ba Ria — Viing Tau). Xét cdc sé thic khéng dm a,b,c théa mdn diéu kién
a? + b? + ¢ = 1. Tim gid tri 6n nhdt va gid tri nhé nhdt ciia biéu thitc

_a n b n c
" l4+bc l4+ca 1+4ab’

L&i giai. Bai nay rit kho, chi mot trong hai gia tri can tim da 1a dd kho rdi. C6 thé “dodn” dugc
gid tri nhd nhét 1a 1 va gid tri 16n nhét 1a +/2 (bai toan gbc 1a nhu vdy), nhung xt 1y tiép thé nao?

Y tudng chung la tim cach “quy dong mdu s6” bing mot danh gia trung gian.
O chiéu gid tri 16n nhét, ta sé ching minh ring

a < a\/z
l+bc a+b+c

3)
Diéu nay sé ludn ding khi a = 0 con v6i a > 0 thi tuong duong véi
(a+b+c)* <2(1 + be)>.
Khai trién ra va ap dung gia thiét, diéu nay tuong duong véi
2ab + 2ac < a? +b% + 2+ 2b%c® +2bc < (a —b —c¢)* 4+ 2b%c% > 0.

Déu bang xay rakhi @ = b + c¢va be = 0. Tir déy ta tim dudc gid tri 16n nhit ctia S 1a +/2 dat
dudc, chang hankhia = b = Lz, c=0.

O chiéu gid tri nho nhét, ta lai phai dung mot danh gid khéc, chd y ring ¢ < 1 nén

a(b? + c?) _ +a(1—a2) _ +a(1+a)(1—a) <a+1-2(1—a) _

a+abc <a+ a =aq < 1.
2 2 2 2

Cl}o n\én o = a_gjbc > a?. Cong cdc bit dang thic tuong tu lai ta c6 S > a? + b? + 2.

Dau bang xay ra, chang hankhia = 1,b = ¢ = 0. O
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Bai todn 12 (Quang Tri). Cho a, b, ¢ la cdc sé thuc tity ¥

(a) Chitng minh ring 4(a® — ab + b?) > (a + b)>.
(b) Chiing minh rang

4(a® + b>)(b®> — be + cH)(3c? + 2ca + 3a%) = (a + b)*(b + ¢)*(c + a)*.

L&i gidi. Bai nay rat co ban. Cau (b) ciing ct tdch ra tiing nhém ma lam. [

Bai todn 13 (Thai Binh). Cho a,b,c la cdc sé thuc duong théa mdn a* + b? + ¢ = 3abc.
Tim gid tri 6n nhdt ciia biéu thitc

a b c
T = + + .
3a%2 +2b2 4+ ¢c?2 32 +2c¢24+a?  3¢242a?%+ b2

L&i gidi. Ta duing AM-GM dé€ danh gid mau sd
3a%? +2b% + % > 6vabh*c? = 6a~v/b2c.
Tu do
a < 1
3a2 +2b2 4+ 2 6Yp2c
Cong bét dang thiic nay va cac bat dang thiic tuong tu cho hai s6 hang con lai, ta c6

1 1 1 1
T< -~ + + ) 4)
6 (Q/bzc Je2a  Va?b

Tiép tuc ding AM-GM ta c6

2+1> 3
b c” 3b2c
Tuong tu
2 1 3 2 1 3
_+_ 3 » 7 3
C a N c2a a b azb
Suy ra
Pl 1,1 5)
a b ¢ Yp2c  Yc2a  Va?b
Két hop (4) va (5), ta dugc
1/ 1 1) 1 ab+bc+ca<1 a>+b*+c* 1
“6\a b ¢) 6 abc =6 abc 2
Déu bing xdy rakhia = b = ¢ = 1.
Day la mot bai toan kha kho. [

Bai toan 14 (Quang Ninh). Cho hai sé thuc x,y. théamdn 0 < x <y < 8va xy < 4x + 3y.
Chuing minh
x? 4+ y2 < 100.
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Loi giai. Day 1a bai toan kho va dep.
Trudc hét, dé y rang néu x < 6 thi hién nhién la

x? 4+ y? < 6% + 8% = 100,
nén tiép theo ta chi can xét trudng hop x > 6.

Ta khai thac diéu kién x < y < 8vaxy < 4x + 3y, (8 —x)(8 —y) > 0. Suyraxy + 64 >
8x + 8y,suyradx + 3y + 64 > 8x + 8y. Tu do 4x + 5y < 64.

Vie<x<y<8nény—x<2 Suyra(y—x)> <2(y— x). Tt day suy ra
x2 4+ 92 <2xy +2(y —x) =8x + 6y +2(y —x) = 6x + 8y

Y <
2
Chiing minh hoan tt. O

3 8

Bai toan 15 (Lao Cai). (a) Cho hai sé thuc duong x,y théa man x + y < % Tim gid tri nho

nhdt cia . |
A=53x+53y+ 5+ .
X y

(b) Cho ba s6 thuc duong x, y, z théa mdn x> + y? 4+ z2 > 3. Chitng minh rdng
xSty 22 234 x+y 2
L&i gidi. Hai bai nay déu khd co ban.
(a) Ta du dodn di€m roi la nen sé€ dung AM-GM tuong ting véi diém r6i nay:
27x+27x+é233272=27.

Hay la 54x + 5 > 27. Tuong tu 54y + 55 > 27. T d6
1 1 2
A—54x+——|—54y+——(x—l—y) 27+27—§:—.
y?

(b) Ap dung bét ding thiic AM-GM ta c6
Y 3= D+ O D ET D) 207+ P 2D >
Suy ra x* + y* 4+ z4 > 3.
Lai ap dung AM-GM ta c6
Py x+y+ze20%+ )y +2) 2P+ + 22 +322(x + y +2).

Suyrax3+y3+z3>x+y+z. O

71



Tap chi Epsilon, S6 20, 08/2021

Bai toan 16 (Khanh Hoa). Cho cdc s thuc Xy, X2, . .., X21 théa mdn x1, Xa, ..., X21 = —2va
x3 + x3 4 -+ + x3, = 12. Ching minh rdng

X1 +x2+ -4+ x2; < 18.
L5i gidi. Bai nay tuy k¥ thuat nhe nhang nhung c6 thé xép vao bai toan khé. Y tudng 1a ta tim
cach danh gid x; qua x; bing cdc bi€u thic hién nhién ducng. Bi€u thic thd nhét hién nhién 1a

x; + 2 (tit didu kién x; > —2). Con biéu thic thi hai 12 mot binh phuong dang (x; + a)*. D&
chi xult hién x? va x; tachona = —1.

Viy la ta dung
(xi +2)(xi — 1)* > 0.

Suyrax? —3x; +2 >0, hay x? + 2 > 3x;.
Choi =1,2,...,21 rdi cong lai, ta dugc
12442 > 3(x1 + X2 + ... + X21).

Suy ra
X1 +x2+ -+ x31 < 18.

Chiing minh hoan tit. O
Bai toan 17 (PTNK, DHQG TP HCM). Cho ddy n $O thite X1, X2, ..., X, (n > 5) thoa man
didu kién x; < xp <+ < Xpvad X1 + Xp + -+ + x, = 1. Chitng minh rang

(a) Néux, >  thi x| + xz < xp.

(b) Néu x, < % thi ton tai sé nguyén duong k < n, sao cho

<xr+xsdoxp <

W | =
[OSHI )

Loi gidi. Tuong tu nhu bai trén, bai nay ky thuat nhe nhang nhung la bai toan khé. Va hai y vé
co ban 1a khong lién quan dén nhau.

(a) Gia st ngudc lai x; + x, > x,, > % Khi d6 x, > 0 va vi thé x,, > 0 v6i moi n > 2. Liic nay

I 1 1
x1+x2+---+xn=(x1+x2)+(x3+x4)+(...)+xn>§+§+§=1.

Mau thuan. Vay diéu gia st 12 sai va ta c6 x; + x, < X,,.
(b) Xét hai trudng hop. Trudng hop thii nhét x, > 1. Khi d6 thi
Xi+ X2+ F X =1 =Xy,

vataco k = n — 11a s6 nguyén duong can tim.
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Truong hgp thi hai, x, < % Khi do6 x; < % v6i moi k. Vi
X1+x2+--+x, =1,

nén sé ton tai s6 nguyén duong k nhd nhét sao cho

X14+x2+- -+ x 2

Ta chiing minh véi s6 k nay

X1+ X2+ -+ Xk <

That vay, néu ngugc lai
2
X1+ Xp 4+ X > 3
thi
2 1 1
Xt +Xp 4+ X = (0 + X2+ o+ X)) — X > 373 = 3
mau thuan véi cach chon k. N

Luu y, & cau (a) c6 mdt cdi bly. Néu chiing minh truc tiép ma st dung danh gia
2
5 Z2x1+x+ -+ xp1 2 x1+Hx2+ X3+ x4 22()61 +X2),

1oi suy ra x; + x, < % 1a ta pham sai 1am & ddu bit ding thic thit hai: O day x; 1a sb thuc va cé
thé am.
Bai toan 18 (Lam Déng). Cho a,b,c la cdc s6 duong va a + b + ¢ = 6. Tim gid tri nhé nhdt
ciia biéu thiic

a® b? c3

a2+4ab+b2+b2—|—4bc+cz+02—|—4ca+a2'

L&i gidi. Bai nay st dung mot danh gid trung gian, xem huéng dan & bai 21. O]

Bai todn 19 (Ha Nam). Cho ba sé thuc duong x, y, z théa man x + y + z < 1. Chiing minh

() () 3o

L&i gidi. St dung didukién x + y +z < 1tacod

1 1>(x+y+z)2 b ek ()
x2 7 x0T x2 '

Tt d6 chi can chiing minh
Qx4+ y+2) (0 +2)2y +z+ )z +x)2z + x + y)(x + y) > 512x%y?z2.

Cai cudi nay dung AM-GM la ra. O
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Thu vi 1a bat dang thic nay “fuong duong” véi bt dang thiic IMO 2001 ndi tiéng: Cho a, b, ¢
la cdc s6 thie duong, khi do

a b c

+ + 21
a2+ 8bc  /b?+8ca  A/c?+ 8ab

Céc ban thir thiét 1ap su tuong duong d6 nhé! Puong nhién, tuy 12 “fuong dwong” nhung bit
dang thiic IMO khé hon.

Bai todn 20 (Daklak). Cho cdc sé thuc duong a, b, ¢ théa man a + b + ¢ < 2. Tim gid tri nhé
nhdt ciia biéu thiic 5 ) 5

_b@+1) e+ alc*+1)

a2+ 1) b2(c2+1) (a2 +1)

\, -t so. 9 2 2 2 N
Loi gidi. Pat x = a(;“,y = bb+1,Z= Cci,thl

x2 2 22

P=—4+—4+—.
y z X

Ap dung bit dang thitc Cauchy-Schwarz ta c6

x2  y?  z? 1 1 1
P="—+"4+=>x+y+z=a+btct+—+-+-2a+btct——
y z X a b ¢ a+b+c
+b+c+ b2 s4q22b
=|a c+ ——— —_ > - = —.
a+b+c a+b+c 2 2
DAu bang xay rakhia:b:c:g.Véy gi4 tri nhé nhit ctia P 1a % ]

Bai nay khong khé nhung phat biéu cong kénh, x4u xi, 1a ghép nbi co hoc ctia hai bai toan.

Bai toan 21 (Binh Phudc). Cho a, b, ¢ la cdc 6 diong

(a) Chitng minh rdang

(b) Chitng minh rdang

a’ N b3 >a+b—|—c
a2+ab+b2  b2+bc+c2” 3 '

Lsi gidi. Y (a) tht nhién 12 khong khé. Ta chi cin bién ddi tuong duong.

3

a b
I >a—§¢>2a322a3—l—2ab2—ba2—b3<:>b(a—b)2>0-

Hon nira, day 1a goi y quan trong d€ giai y (b) (cling 1a gai y d€ gidi cac bai 19.
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That vay, do
3
a’+ab + b* < E(a2 + bz),

a3 2 b 2a b
— > (a-Z )= -2
a?+ab+b2 " 3 2 3 3

Cong bat dang thifc nay va cac bit dang thiic tuong tu cho hai s& hang con lai, ta suy ra bt dang
thic can chiing minh. [

nén

Bai toan 22 (Quang Ngii). Cho cdc sé thuc a, b, ¢ doi mét khdc nhau va théa man diéu kién
(c + a)(c + b) = 4. Chitng minh rdng

1 1 1
— 7+ > T 7 =1
(a—>) (c +a) (c +b)

DAy 12 mot bai toan kha khé ddi véi trinh do THCS.
Loi gidgi. Pitx =c+a,y =c+bthixy =4va(a—b)> = (x—y)* thix # y vaxy = 4.
Ta quy vé bai toan chiing minh
: + : + ! >1 (6)
(X _ y)2 X2 y2 = =
Khong mit tinh tdng quat ¢ thé gia st x, y > 0. Ta chi cAn chiing minh
X X X
B (7)
(x—=y)" x= vy

batr = 3 # 1, bat dang thic cubi cuing nay tuong duong véi

t 1
2 +t + - > 4’
-1 !
hay la
22— D7+ (= 1) >4t — 1),
hoac

=62+ 112 -6t +1 >0,

1> —6t + 11 6+1>0 (8)
to2 7
Ditu =1 + 1, thi (8), iong duong
w?—2—6u+11>0< (u—3)*>0.

Viy ta c6 diéu phdi chitng minh. O

Ky thuat trong bai ndy kha hay. Phép dit x = ¢ + a, y = ¢ + b 1a kha tu nhién. Budc chuyén
tir (6)) sang (7) 1a budc “thudn nhdt héa”, con budc dit 1 = f lai 1a budc “chudn héa”.
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Bai todn 23 (Dék Néng). Cho hai sé thuc a,b théa man a,b € [2021,2022]. Tim gid tri l6n
nhdt ciia biéu thiic

2021 2021
a=@n) (B5+ 5.
a b
L&i giai. Bai nay co ban. Viéc dua cic sd 2021, 2022 vao chi 1am rdi thém, bét dep. Cti d€ a, b

thudc [1, 2] va tim GTNL cia
1 1
(a + b) (_ + _) )
a b

thi chan phuong hon.

Ta chi can tim gi4 tri 16n nhit ctia

11 2 4 p2
@+b)(-+-) =242
a b ab

Ta ¢6 (2022a — 20215)(2022b — 2021a) > 0 nén ti day suy ra
2021 - 2022(a? + b?) < (20217 + 2022%)ab,

2021 - 2022(a® + b*) < (20212 + 20222)ab.
Suy ra

a’? + b? < 20212 + 20222
ab ~  2021-2022
Tir d6 tim dudc gia tri 16n nhit cin tim 14
2021(2021% 4+ 2022?%) 20212

4042 = 6064 .
* 2021 - 2022 * 2022

Loi giai hoan tat. O
Bai todn 24 (Hoa Binh). Cho cdc sé thic duong x, y, z théa man x + y + z = 4. Chiing minh

1 1
—+—2=>1
Xy Xz

L&i giai. Bai nay co ban, phit hop dé thi tuyén sinh 10. Ta chi can 4p dung AM-GM hai 1an
1 1 4 4 4

N JE— = :1

xy xz_ xy+xz x(y+z)~ (#)2

Chiing minh hoan tit. O

Bai todn 25 (Vinh Long). Cho s6 thuc x théa man 1 < x < 2. Tim gid tri 6n nhdt va gid tri
nhd nhdt ciia biéu thiic
_3+x n 6—x

T .
X 3—x
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L&i giai. Bai nay co ban, dep, phit hop véi dé tuyén sinh 10. Ta c6

T—1+3+1+ & =2+ ’
N X 3—x x(3—x)

Pé tim min, max cta 7 ta chi can tim min, max cta x(3 — x). Ta cé

A v 2 . _ é
Dau bang xay ra khi x = 3.

Mit khic,do 1 < x <2nén—3 <x—3 < 1. Suyra(x—2)" < ;. Suyra
9 3.9 1
xB—x)=-—|x—=) 2-—-=2
4 2 4 4

DA4u bang xay ra khi x = 1 hodc x = 2.

Tur d6 gid tri 16n nhat ctia 7 bang 2 + 3 = L dat dugc khi x = 1 hodc x = 2. Gid tri nho nhat

cta T bing 2 + 4 = 6, dat dugc khi x = 3. O

Bai toan 26 (Kién Giang). Cho x, y,z la cdc 0 thue 1on hon 2021 va théa man

I 1 1 2

PRI T TR

Chiing minh rang ta cé bdt ddng thiic sau

VX +y 4z > Vx—2021 + /y —2021 + vz —2021.

N o _x oy _z N N 1 1 _ . .
Loi gial. Pata = 5557,b = 5557, ¢ = 5957 thia,b,c > 1va - + 5 + - = 2. Ta ching minh

Va+b+c=>vVa—-1+~vVb—1++c—1.
Pay 1a bai toan thi Olympic cia Iran. Cach giai la dung Cauchy-Schwarz & dang
VEx+y+2)a+b+c)>Jxa+ Vyb+ Jze,
A b—1

chocécso%,T,%Véa,b,cvéichﬁy“a;l—|—bb;1-|—Cc;l = 1.

Bai to4n cda Iran rat dep, nhung bai toan ché bién nay thi khong con dep nita. Ban than toi
khong thich kiéu “sdng tdc” nay cho lam. O

Bai toan 27 (Binh Dinh). Cho cdc s6 thuc x, y. Tim gid tri [6n nhdt va gid tri nhé nhdt ciia
biéu thiic
__x=)
- x4 +y4 +6
2
Loi gidi. Baindy co ban. Ggi ¥ (x — y)? < 2(x2 + y2) va x* 4 y* > G20 N
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Bai toan 28 (Binh Dinh). Cho x,y,z la ba s6 duong théa x + y + z = 1. Chiing minh rdng

1 —x?2 1 —y? 1 —z2
X y 2 e

P = =
X+yz y+zx z+XxYy

L&i giai. St dung thuan nhit héa
I—x?=(x+y+2)°—x"=Qx+y+2)(+2).

x+yz=x(x+y+z)+yz=(x+y(x+2).
Tidonéudita=y+z,b=z+x,c=x+ y,thi

b+ca (c+ab (@+b)ce b a ¢ a b c
= + + =—4+-+-+-—+-+.

T
4 bc ca ab a b a ¢ ¢ b

Chitng minh hoan tt. [

Bai toan 29 (Ca Mau). Cho a, b la hai sé thuc duong sao cho Ja + ~/b = 1. Chitng minh

V3a+b+V3b+a<2V3a+b-/3b+a.

Lsi giai. Pay 1a mot bai toan dep. Céch gidi cling kha chan phuong, gidng nhu giai phuong trinh
chuia can vay.

Ap dung bét ding thiic Cauchy-Schwarz cho hai cin thic vé tréi, ta c6

V3a+b+3b+a<+20Ba+b+3b+a)=+/8a+ 8b.

Bit dang thifc cin chiing minh sé diing néu ta chiing minh dugc

V8a 4+ 8b < 2v/(3a + b)(3b + a).

Ta bién d6i tuong duong

V8a +8b < 2v/(3a + b)(3b + a),
hay la
2(a 4+ b) < 3a + b)(3b + a),
hoac
3(a + b)* + 4ab —2(a + b) > 0. )

Pit ab = 2. Theo gia thiét /a + vb = 1,suyraa + b +2t = 1, ticlaa +b = 1 —2r.
Thay vao (9), ta can chiing minh

3(1—26)* + 42 —2(1 —21) > 0,

hay
1662 -8t +1>1% (4r—1)*>>0.
1

Déu béng xay ra khi va chi khi 7 = 1, tit dy tinh dugca = b = % O
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Bai toan 30 (Binh Dinh). Cho a, b la cdc s6 duong théa mdn a + 2b > 3. Tim gid tri nhé nhdt
cua biéu thiic X
3a2 + a?b + 2= + (8 + a)b?
P = .
ab

Loi gidi. Bai nay that xiu xi. Khong hiéu tai sao lai phat biéu mot bai todn x4u nhu vay. Va diy
12 mot bai khd khé. Goi y diémroilaa = 2 ,b = 3. O

Bai toan 31 (Thanh Héa). Cho ba sé thuc duong x,y,z théa mdn x + y + z = 1. Tim gid tri
nhé nhdt ciia biéu thitc

Xy +yz+zx
x2y 4+ y2z 4+ z2x°

P =15\3(x* + y* + z%) +

L&i gidi. Bai nay co ban nhung dung nhiéu ddnh gia trung gian. Goi y

V3 4yt 24 > a7+ 2 4 2
val3(x?y + y2z +2%2x) < (X2 + y2 + 2% (x + y + 2). O

Bai toan 32 (Hai Phong). Cho cdc sé thuc duong x, y, z. Chitng minh rdng

X /Xy N Yz N z/zx v
S2x+y 2y +z S22+ x

L&i gidi. Bai nay kha co ban dbi véi cic ban quen st dung AM-GM va Cauchy-Schwarz dé
danh gia.
Chia hai vé ctia bt dang thiic cho \/3xyz ta dua bt dang thifc can chiing minh vé dang

X y z

+ + > 1
V3zQ2x+y)  3xQ2y+z)  /3yQ2z+x)

Ap dung bit dang thiic AM-GM cho miu thifc, ta cé

3 2
/32(2x + y) < ALYty

2

cling cdc bit dang thiic tuong tu. Do d6

2x 2y 2z
T > + + .
3z+2x+y 3x+2y+z 3y+2z+4x

Ap dung bét ding thiic Cauchy-Schwarz

Z 2x < (2x 4 2y + 22)? _1
324+2x+y ~ 2x(Bz4+2x+y)+2yBx +2y +2)+2z3y +2z+x)

Tt d6 suy ra diéu can chiing minh. [
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Bai todn 33 (Yén Béi). Cho a,b,c la cdc sé thiuc duong théa médn 18abc = a + 2b + 3c.
Chiing minh
(1 +a*)(1 + 4b*)(1 + 9¢?) > 8.

L&i giai. Bainay coban. Pt x = a,y = 2b,z = 3c thi 3xyz = x + y + z ta can ching minh
(14 x*) (14 y*)(1 4 2%) > 8.

Ap dung bit dang thiic AM-GM tacé 3xyz = x + y + 2z > 3xyz. Tuday suyraxyz > 1.

Lai ap dung AM-GM thi ta co

14+ x>)A 4+ y>)(1 +2z%) >2x -2y -2z = 8xyz > 8.

Chitng minh hoan tt. [
Bai toan 34 (Ninh Binh). Cho x, y, z la cdc s6 thuc duong théa man x_}_y + y_li_z + z-il-x = 12.
Tim gid tri I6n nhdt ciia biéu thitc
1 1 1
_ 4 + :
2x+3y+3z 3x+2y+3z 3x+3y+2z
Lsi gidi. St dung bat dang thiic
1 1 1 4 1 S 16
b ¢ d  a+b+c+d

cho cac biéu thiic & vé tréi. O

Bai todn 35 (Phti Tho). Cho ba sé duong x, y, z. Tim gid tri nhé nhdt ciia biéu thitc

Xz 2 X+ 4z
p_ Lo VAtV
y2+yz xz+yz 2./x

Loi gidi. Pay 1a mot bai todn kho. Loi gidi thong qua vai phép danh gia, rdi du doan diém roi.

Pita=%2b=2thiZ =abva
g y z z

S R S N S R WL SR S
Cb+1 a+1 2yap 2 b+1 a+1 2ab 2
1 1 3 4a+b+1) 1 3
— b+ 1 — > S
@+ +)(b+1+a+l)+2«/ab 2 a+b+2 a+b 2

batt =a + b thi

» 2>4(r+1)+1 7 8t + 1) +20+2)—Ti(t+2) *—4r+4  (1-2) 0
T ot+2 ot 2 21(t +2) o2t 42 2t +2) 7
Suyra P >2.Diubang xdyrakhit =2, tica =b = 1,hayx = y = z. O
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Bai toan 36 (Binh Thuan). Cho x, y, z la cdc sé thuc duong théa mén diéu kién x +y +z = 3.
Chitng minh rang

2xz n 2yx n 2zy <1
x24+2yz4+3  y242zx+3  z242xy+3

Lsi gidi. Y tudng chinh 1a thay thé cic miu s bang mot mau s6 chung thong qua danh gia. Hay
N IS IS 2
ching minh rang x? 4+ 2yz + 3 > 2(xy + yz + zx) bang cach thay 3 bang % ]
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ahiing ngui yéu todn Tap chi Epsilon, S6 20, 08/2021

MOT SO BAI TOAN SU DUNG PHUONG PHAP
DON BIEN TOAN MIEN

Vo Qudc Ba Can

GIOI THIEU

Bai todn bét déng thiic trong d& thi IMO 2021 (bai s6 2, ngay thi thi nhit) 12 mot trong
nhiing bai toan khé nhit ctia ky thi nim nay. Trong 619 thi sinh tham du cudc thi, chi c6
16 thi sinh dat tron ven diém 7 va c6 dén 522 thi sinh dat di€ém 0 & bai nay.

Trong cic y tuéng tiép can bai toan hay va kho nay, y tuéng st dung phuong phap quy nap
két hop véi phuong phap don bién toan mién 12 mot huéng di hét sic tu nhién. Don bién
toan mién 1a mot phuong phap giam bién rét hiéu qua dbi véi cac bt dang thic nhiéu
bién. Trong bai viét nay, chiing toi sé giSi thiéu mot sd bai todn c6 thé sit dung phuong

phap nay dé giai.
Bai toan 1. Cho sé nguyén n > 4 va cdc s thuc khong ém ay, ay, . . . , a,. Chitng minh rang

(Z ai) P 4Zaiai+1a (1)

trong do cdc chi sé duogc xét theo chu ky n.

L5i giai. Ta sé ching minh bang quy nap theo n. V6i n = 4, bat dang thiic (1) trd thanh
(ay + ag + az + ay)? = 4(aras + asas + asay + asay),

hay
(a1 + ag + as + CL4)2 2 4(@1 + ag)(ag + CL4).

BAt dang thic nay hién nhién ding theo bt dang thiic AM-GM. Nhu vy, khang dinh ctia bai
toan ding véi n = 4. Bay gid, gia st khang dinh ding dén n (n > 4), ta sé ching minh

n+1 2 n+1
<Z Gi) >4 Z ;i1 (2)
i=1 i=1
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v6i moi sb thuc khdng am ay, ay, . . ., @py1. Thay (ay,, ..., Gpyq) Si (w401, ..., T+ bpyr) VO
b1, by, ..., by 12 céc sb thuc khong am va x 1a sb thuc théa man o > — min{by, by, ..., byi1}-
BAt ding thiic (2) c6 thé dugc viét lai dudi dang f(z) > 0, trong d6

flz) = [Z(x + b;)

i=1

2 n+1

— 4 (z+b)(@ +big1),

i=1

Ta co
n+1 n+l nt1
fla)=2+1)> (z+b) =8 (z+b)=2(n—3)> a; >0
i=1 i=1 i=1
Suy ra f(z) 1a ham dong bién trén mién [— min{by, b, ..., b1}, +00). TWd6 f(z) dat gid
tri nho nhét tai 2 = — min{by, by, ..., b,y1}. Nhu vy, d€ chiing minh bat déng thiic (2), ta chi
cin xét x = —min{by, by, ..., b1}, tic trong cic sd a; c6 mot s6 bang 0. Khong mét tinh

téng quat, gia st a,+; = 0. Khi d6, bt dang thiic (2) trd thanh

n 2 n—1
(Z ai) >4 Z it 1-
i1 i=1

St dung gia thiét quy nap, ta c6

n—1 n n 2
4 E a1 <4 E Wiy < E a;
i—1 i=1 i=1

Bit déng thiic (2) dugc ching minh xong. Nhu vay, khing dinh clia bai toan ciing ding dén
n + 1. Theo nguyén ly quy nap, ta c6 khang dinh diing véi moi s6 nguyén n > 4. O

Bai toadn 2. Cho sé nguyén n > 4 va cdc s thuc khong am 1, xs, ..., x,. Chiing minh rdang

(Z x) min { } Z Ti(Zig1 + Tivo + Tivs), (1)

trong do cdc chi sé duogc xét theo chu ky n.

Li giai. Ta sé sit dung quy nap theo n. Vi n = 4, bt dang thic (1) trd thanh

4 2 4 4
(z ) PIITHEIRE

Bit dang thic nay diing do

4 4 4 2 4 2
3
2 _
S et (z) SIE (z) ! (z) _4<z) |
V6i n = 5, bt dang thic (1) trd thanh
4 5 5
(3] > 50t ot
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Bit dang thic nay diing do

4 5 5
5 1
(Z 331) BEY Ti(Tiy1 + Tiyo + Tiys) = 5 Z(%’z —2Ti19 + Ti44)% 2 0.

i=1

V6i n = 6, bt dang thic (1) trd thanh

6 2 6
(Z JCZ) =2 Z Ti(Tig1 + Tipo + Tiys).
i1

i=1
Bit dang thic nay ding do
6 2 6
( xz> —2 ($1 - $4)2 + (952 - $5)2 + (353 - $6>2 2 0.

Z Z (x2+1 + Liy2 + Z‘z—i-i’))

i=1 i=1

V6i n = 7, bt dang thiic (1) trd thanh

7 2 7
7
i = - ilTit1 T Tigo2 + T .
(;lx> SE i(Tig1 + Tiro + Tiy3)

Bit dang thic nay diing do

7 7 2
Z Ti(Tip1 + Tiyo + Tigs) = Z Tixj = % (Z $z> — % Zx?
j= i=1

i=1

Vé6i n = 8, bat dang thic (1) trd thanh
8 2 g8

) > - N ) ) .

() = 33 st i

baty, = x1 + x5, yo = 19 + 16, Y3 = 3 + T7 VA Yy = T4 + X3, ta co

8
Z Z; l‘ﬁl T Tito + :Cz+3 Z viy; = % (Z yz) -3 Z Yi

=1 1<i<y<4

S )

1)

Nhu viy, bt dang thiic (1) ciing diing trong trudng hop n = 8. Bay gid, gia st bt dang thic (1)
ding dén n (n > 8), ta sé ching minh

n+1 2 8n+1
il 25 i(Tip1 + Tiv2 + 25 2
() =55t st ®

i=1
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véi moi s6 thuc khong Am z1, . .., T,41. Thay (21, o9, ..., Tppy) bOi (z + by, 2+ boy ..., T+
bps1) VOi by, bo, . .. byy1 12 cdc s6 thuc khong am va z 12 56 thuc thdéaman z > — min{by, ba, ..., byi1}.
BAt ding thiic (2) c6 thé dugc viét lai dudi dang f(z) > 0, trong d6

2 n+1

n+1
8
= b)| — = +b;)(3x + biy1 + iy + biys).
16 =[Sm0 =530 b
Ta co
n+1 n+1 n+1
fllo)=2mn+1)> (x+b) =14 (x+b)=2(n-6)> ;>0
i=1 i=1 i=1
Suy ra f(z) 1a ham dong bién trén mién [— min{by, b, ..., b1}, +00). TWd6 f(z) dat gid
tri nhd nhét tai 2 = — min{by, by, ..., b,41}. Nhu vy, d€ chiing minh bat ding thic (2), ta chi
cin xét x = —min{by, by, ..., b1}, tidc trong cic sd x; c6 mot s6 biang 0. Khong mét tinh

tong quat, gia st x,,., = 0. Khi d6, bat dang thic (2) trd thanh

(3)

n—3
(Z xz> > [Z Ti (i1 i 2t i3 H 2 (Tn—1+20 ) H2n—1 (Tt Han (21422) | -

Chi ¥ rang 2, 2(Zn-1 + Tn) < Tno(Tn1 + Tn + 1), Tn1(Tn + 21) < Tno1 (T + 71 + 22)
va x, (11 + x9) < (71 + 2 + x3). T cac bat dang thic nay va gia thiet quy nap, ta c6

8 n
VP(3) < g Z xz(xz—i-l + Tiyo + xz+3 (Z xz)

=1

BAt dang thiic (2) dudc chiing minh. Piéu nay chiing té khang dinh ctia bai todn ciing diing véi
n + 1. Theo nguyén ly quy nap, ta cé khang dinh ding v6i moi sb nguyén n > 4. [

Bai toan 3. Cho s6 nguyén n 3 va cdc s6 thuc khéng dm aq, as, . . ., a, théa mdn a, + ay +
-+ a,, = 3. Chitng minh rdng

n 1
2
E a; aiv1 + T 13 E a;ajar < 4,

i=1 1<i<j<k<n

trong do cdc chi sé duogc xét theo chu ky n.

Loi giai. Bat dang thiic can chiing minh tuong duong véi

. 3
Za Qiy1 + 71n+ 3 Z a;ajar < ;7 <Z ai) : (1)
=1

1<i<j<k<n

B6 qua diéu kién a; + ay + - - - + a,, = 3, ta sé ching minh bét ding thiic (1) ding véi moi s6

thuc khong 4m ay, as, . . ., a, bing quy nap theo n. V6i n = 3, ta phai chiing minh
alay + asas + aza, + ajasaz < 27(a1 +ay +az)®.
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Khong mét tinh tdng quat, gia st a; nam gilta a; va as. Khi d6, ta ¢6 az(as — ay)(ay — az) < 0,
suy ra a2as + a2a; < ajazas + aga?. St dung ddnh gia nay két hop véi bit dang thic AM-GM,
ta dudc

2 2 2 2 2 2
ajas + ayas + aza; + a1a2a3 < ajas + a102a3 + a2a3 + a1a2a3 = CLQ(CLg -+ al)

a3+a1.a3+a1<4 a2+@+a3;a1 3
2 2 3

=4. as -
4
27 (a1 + Qo + a3)3.

Nhu vay, bat dang thic (1) ding véi n = 3. Bay gio, gia st bat dang thic (1) ding dén n
(n > 3), ta s& chiing minh bit dang thiic (trudng hdp n + 1 bién ciia bai toan)

n+1 1 4 [ 3
2
a; i1+ —————— a;a;a a; 2
Sitnns by 5 amen(Sa) e
=1 1<i<j<k<n+1 =1
cing ddng v6i moi aq, as, ..., a,+1 > 0. Thay (a1, ag, ..., a,11) bOi (x + b1, x + by, ..., x+
bny1) Vi by, b, . .., b,y1 12 cdc sb thuc khong 4m va v 1a s6 thuc thdaman z > — min{by, by, ..., byi1}.

BAt ding thic (2) c6 thé dugc viét lai dudi dang f(z) > 0, trong d6
3

4 n+1 n+1 1
i=1 =1 1<i<j<k<n+1
Ta co
4 n+1 2 n+1 n+1
fllz) = s+ 1) D+b)| =) (w+b)* =2 (x+bi)(x+by)
i=1 i=1 i=1
n—1
1<i<j<n+1
n+1 2 n+1 n+1 n 1
9 _
<Z (Il> — Z a; — 2 Z a; Q41 — m Z a;Qj.
i=1 i=1 1<i<g<n+1

1 1 . 1 n
Vi ZZZ ai + QZ;Hl ;011 S (Zz 1 al) va Zlgi<j<n+1 a;aj < 2(n7:-1) (Zfﬁ al) nen

, 4 n(n —1 U
f(x)>[§<n+1)_l_2(n+1)( 5n+7]<zaz>

3 g)enE o117 (2 Y’
- 18(n + 1)(n? — bn + 7) (Zla> > 0.

Suy ra f(z) 1a ham dong bién trén mién [— min{by, b, ..., b1}, +00). TWd6 f(z) dat gid
tri nho nhét tai 2 = — min{by, by, ..., b,y1}. Nhu vy, d€ chiing minh bat déng thifc (2), ta chi
cin xét x = —min{by, by, ..., byy1}, tic trong cic sd a; c6 mot s6 bang 0. Khong mét tinh
tong quat, gia st a,,+; = 0. Khi d6, bét dang thiic (2) trd thanh

n—1 n 3
1 4
2
D dant s ) <§<Z ) - 3)

i=1 1<i<j<k<n
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Vin?—5n+7>=n>—Tn+13va Y~ a?a;yy < Y1, a?a;y) nén theo gia thiét quy nap, ta c6

=1 "

n

3
1 4 ($
VT < ) afain + nZ—7Tn+ 13 > anjag < o7 (Z ai) = VP).
=1

i=1 1<i<j<k<n

Bt dang thiic (2) dudc chiing minh xong. Nhu vy, bit dang thiic (1) ciing ding dén n + 1. Theo

nguyén ly quy nap, ta c6 bat ding thiic (1) ding v6i moi s6 nguyén n > 3. [l
Bai todn 4 (Iran, 2006). Cho sé nguyén duong n va cdc so thic 1, T, ..., T,. Ching minh
rang

n n n
ZZ|$Z + x| > nz |;].
i=1

i=1 j=1

L&i giai. Ta sé ching minh khang dinh di cho bang quy nap theo n. Véin = 1 van = 2, khang
dinh hién nhién ding. Gia st khang dinh ding dén n (n > 2), ta s& ching minh

n+1 n+1 n+1
S it =41 |l (1)
=1 j—1 =1

v6i moi sb thuc x1, 7y, ..., z,. Thay (21, 2o, ..., 1) bi (x+ a1, © +ag, ..., 0+ apyy)

véi v 12 s6 thuc nao d6. Bét dang thic (1) c¢6 thé duge viét lai dusi dang f(x) > 0, trong d6

n+1 n+1 n+1

Fla)= > 2r+ai+a|— (n+1)> |z+ail.

=1 j=1 =1

bat M = max{—@, —ai} vam = min {—%, —ai} .Véiz > M, tacd f(z)laham bac
nhét va dong bién theo x nén f(x) dat gia tri nhd nhit tai z = M. Nhu vay, ta chi can chiing
minh f(M) > 0, hay néi cach khdc, ta chi cAn chiing minh bit dang thic (1) trong trudng hop
z; = 0 hodc z; + x; = 0 v6i 4, j la céc chi s6 nao do.

Véi < m, ta cé f(x) 1a ham bac nhét va nghich bién theo z nén f(z) dat gid tri nhd nhét tai
o = m. Nhu vy, ta chi can chiing minh f(m) > 0, hay néi cach khac, ta chi can ching minh bét
dang thic (1) trong trudng hop x; = 0 hodc z; + x; = 0 v6i 7, j 1a céc chi s6 nao do.

Véi m < x < M, ta c6 thé chia doan [m, M] thanh tiing doan nhd, trong d6 dau muit ciia mdi
doan nho déu 1a —a; hoic — ai;aj , d€ khit dAu gia tri tuyét ddi trong cic sb hang cta f(x). Ung
vdi mbi doan nhd, ta thiy ham sb f(x) thu dugc 1a mot ham tuyén tinh theo = (mdt trudng hop
riéng clia ham 16i va ham 16m), do d6 f(z) s& dat gid tri nhé nhat tai mot trong hai dau miit cla
mdi doan. Nhu viy, d€ chiing minh bat dang thiic f(z) > 0, ta chi cAn xét = nhan gid tri tai dau
miit clia mbi doan nho, hay néi cach khdc, ta chi cin chiing minh bit dang thiic (1) trong trudng
hop x; = 0 hodc x; + x; = 0 véi i, j 1a cdc chi sd nao dé.

Tém lai, trong moi trudng hop, ta chi can chitng minh bt dang thic (1) khi ton tai chi s6 7 sao
cho z; = 0 hoic ton tai hai chi s6 4, j phan biét sao cho z; + x; = 0.
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Trudng hop 1: Ton tai chi sb 4 sao cho x; = 0. Gia st ZTny1 = 0, khi do6 ta cé

n+1
Ty =2 |ol+2 Y |xl+le—22|x1]+22|xl+xj|
i=1 1<i<gj<n+1 i=1 j=1

va . .
SIS
i=1 i=1

Theo gia thiét quy nap, ta c6

n n n

+2_ 2 lmtalzn) il
i=1 j=1 i=1

Miit khéc, ta ciing ¢6 2> 25| = Y., |#:]. Do d6, bit déng thiic (1) ding trong trudng hgp

nay.

Trudng hop 2: Tbn tai hai chi sb , J phan biét sao cho x; + x; = 0. Khong mét tinh tong
quat, gia st x,, + x,+1 = 0, khi d6 ta c6

n+1
VT =2 |wl+2 > o+l
i=1 1<i<j<n+1
n+1 n—1
=2> 42 Y |x2+x]]+22|xz+xn+1|+22\xz+xn|
i=1 1<i<j<n—1 =1 i=1
n—1 n—1
= 4|x,| —|—ZZ|$,+:EJ| +22 |z, + x| + |20 — :pz|)
=1 j=1
va ) .

VP = (n— 1) |ag| +2) o]+ 2(n + 1)|z,).

i=1 i=1

Theo gia thiét quy nap, ta c6

n—1 n—1 n—1
Yo> lzital = (=1 |ail.
i=1 j=1 i=1
Mat khac, ta lai c6
n—1 n—1

Azl +2) (ln + 21 + |20 — xll)—4|xn\+22 (2max{|z,], [z:]})
=1
n—1

> dfaal +2 3 (foul + i)

i=1

n—1
=2(n+ 1)|za| +2)  |il.
=1
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Do d6, bit ding thiic (1) ciing diing trong trudng hop nay. Tém lai, bat déng thic (1) ludn ding
trong moi trudng hop. Suy ra khang dinh bai toan ciing diing trong trudng hop n + 1 sb. Theo

nguyén 1y quy nap, ta c6 khang dinh ding véi moi s6 nguyén duong n. [
Bai toidn 5 (IMO, 2021). Cho sé nguyén duong n va cdc sé thuc ay, as, . . ., a,. Chiing minh
rang

ii \/ lai + aj] >2n:zn:\/|ai—aj|.

i=1 j=1 i=1 j=1
L&i giai. Trude hét, ta ching minh bS dé sau.

B dé. Cho cdc s6 thuc a; < ay < - -+ < a,,. Khi d6, ham s6
|z —ai| + |z —as| + -+ V]xr — ay|

dat gid tri nhé nhdt tai x = a; vdi i la mét s6 nao do thuéc {1, 2, ..., n}.

Chimg minh. Véi z > a,,, tacé f(z) = /T — a1 ++/T — azg+ - - + /T — a, 1a ham dong bién
theo x nén trén mién [a,,, +00), f(x) dat gia tri nho nhét tai x = a,,.

Véiz < ay,tacd f(z) = /a; — x ++/az — & + - -+ + /a, — = 1a ham nghich bién theo x nén
trén mién (—oo, a,], f(z) dat gia tri nhé nhét tai = a;.

Xét truong hop ton tai k € {1, 2, ..., n — 1} sao cho ar < x < ap,1,tacod

f@)=vVr—a+ - +Vr—ap+ Va1 —r+-+Va, — .

Liic nay, bang tinh todn truc tiép, ta thiy

f(x) 1 1 T 1 1 1
r) = — e — e i S

2\ VT —aq VT —ar gy — T Va, —x
la mot ham nghich bién theo z nén f(x) 1a mot ham 16m trén [ay,, ax1]. Tu d6 suy ra, trén mién
[ak, axy1], ham sb f(x) dat gi tri nho nhat khi x € {ay, agy,}. BO dé duge ching minh. W
Tré lai bai todn, ta sé chiing minh khang dinh da cho biang quy nap theo n. Vi n = 1, khang
dinh hién nhién diing. V6i n = 2, ta phai chiing minh

\/2|a1| + \/2|a2| +2v/|a1 + as| = 2+/|ar — asl,

hay

|ar] + V/]ao| 2 2(\/|a1—a2|—\/|a1+a2|)-

Khong mét tinh tdng quat, gia st |a1| > |as|. Vi chi ¥ & hai bt dang thic |z| — |y| < |z — v
vay/|z] + /Iyl = V] + [yl taco
V2(la1 — oo — a1 + o) _ V2|(a1 — az) — (a1 + o)
(\/|a1 — ag| = /a1 + a2|>
\/Ial—az|+\/la1+a2| Va1 — as| + Jay + as]

2
\/_|a2| < 2\/ |CL2| |CL1 -+ |CL2

N Va1 + ao| + |ay — as|
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trong d6 danh gia thd hai ding do |ay + as| + a1 — ag| = |(a1 + a2) — (a1 — as)| = 2|as|. Nhu
viy, khang dinh da cho ciing ding véi n = 2.

Bay gid, gia st khang dinh ding dén n > 2, ta sé chiing minh

n+1 n+1 n+1 n+1

22 laital =23 %yl —ajl (1)
i=1 j=1 =1 j=1
v6i moi 6 thuc ay, as, . .., anyq. Thay (ay, as, ..., Gpyy) bOi (x4 21, 4+ 29, ..., T+ Tpy)

véi 12 s6 thuc nao d6. Bat dang thiic (1) trd thanh

n+1 n+1 n+1 n+1

ZZV|2$+I’+$J ZZ\/ z; — xjl.

=1 j=1 i=1 j=1

Vé phai ctia bat dang thic trén khong phu thudc vao z, con vé trai 1a mot ham cé dang nhu

trong b8 dé. Do d6, theo bd dé trén, ta chi cin xét bt ding thic z = — TN VG, €
{1, 2, ..., n+1}. Diéu ndy ciing c6 nghia Ia ta chi cdn xét bt dang thic (1) tai trudng hgp ton
taii, j € {1,2, ..., n+ 1} sao cho a; + a; = 0. C6 hai kha nang xay ra.
Kha ning 1: ¢ = j. Lic nay, ta thdy tdn taii € {1, 2, ..., n + 1} sao cho a; = 0. Khdng mét
tinh tdng quat, ta c6 thé gia st a,, ., = 0. Khi do, ta c6
n+1
T = Z\/Q\az | +2 Z \/la; + ajl
1<i<y<n+1
= 2:\/2|aZ +2 Z \/a; + ajl +QZ\/|GZ+%+1
1<i<j<n
=33 flava +22v\az
=1 j=1
va
VP =2 ) \/lai — aj
1<i<j<n+1
=2 Z \/ _CL]|+2Z\/ —an+1
1<i<j<n

-3l al +23 Vil

i=1 j=1

Bét dang thiic (1) tré thanh
2 2 laital>) ) yflai—al
=1 j=1 =1 j=1

Day chinh la trudng hop n s ciia bai toan, va do dé bit dang thiic nay ding theo gia thiét quy
nap.
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Kha ning 2: © # j. Khong mit tinh téng quat, gia st a,, + @, = 0. Ta c6

n+1
VT(l)—Z\/2|aZ+2 Z \/la; + a;|
1<i<j<n+1
n+1
:Z\/2\az+2 Z \/]al+aj\+2zx/|az+an+22\/\a2+an+1
1<i<j<n—1
n—1 n—1
=33 /lai+ aj] + 2y/2]a,] +22\/1a1+an +2Z\/ —
=1 j=1

VP(l) =2 Z |6Li - CLj|

1<i<j<n+1
=2 Z \/la; —a]|+22\/ —an—{—QZ\/ a; — Q1)
1<i<yj<n—1

EZ\/ aj|+2\/2|7"+22\/m+22m

Bét déing thic (1) trd thanh

n—1 n—1

n—1 n—1
ZZ V ‘ai+aj| > ZZ\/lai—aj].
i=1 j=1 i=1 j=1

Day chinh 1 trudng hop n — 1 s6 clia bai todn, va do d6 bit dang thifc nay ding theo gia thiét
quy nap. Tém lai, khang dinh da cho ciing diing véi n + 1. Theo nguyén ly quy nap, ta c6 khang
dinh ding v6i moi n nguyén duong. Phép chiing minh dugc hoan tét. [

Bai toan 6. Cho sé nguyén n > 3 va cdc sé thuc khong dm ai, as, ..., a, théa mdan (S —
ai) - (S —ap) #0v6i S =a,+ay+ -+ a,. Chitng minh rdang

< Z\/E (1)

ay i a2 n 4 Qnp,
S —a, S —aq VS — ay_q

L&i gidi. Ta s& sit dung phép quy nap theo n. V6i n = 3, bat dang thiic (1) tré thanh

a a a 5
! 2 3 —\/ a1 + ag + as. (2)

+ + <
\/a1+a2 \/CL2+CL3 \/CL3+(11 4

itz = /9392 ¢y =, /236 vy = /934 Khid6, tacd a; = 22 +y?—2%, ap = y? 422 —2?

va az = 2% + 22 — y%. Khong mét tinh tdng quat, gia sit # = max{z, y, z}. T diy, véi chid y
ay, ag, az > 0,tacéd \/y2 + 22 > = > max{y, z}. Bit dang thiic (2) c6 thé dugc viét lai thanh

2 2 2 2 2

T Y 2

2
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trong d6 k = 2. BAt déng thic nay tuong dudng véi

x+y+z+(x—y)(?/—z)(x_z)(ﬂererz)gk\/m. (3)

rYz

Vé6i y < z, ta thly vé trai ctia bat dang thiic trén ludn nhod hon hodc bang

4y 42 < VB2 Fy2 4 22) < ky/a? Fy? 4 22

Xét truong hop \/y2+22 > > y > z > 0. Thay (z, y, z) b6i (t + a, t + b, t + ¢) V6i
a>b>c>0,vatlasd thyc thba min cac dicukiént > —cva (t+b)2 + (t +¢)? > (t + a)?,
tict > a—b—c++/2(a—b)(a— c) = t,. Bit dang thic (3) c6 thé dugc viét dudi dang

h(t) = f(t) = (a = 0)(b = ¢)(a = c)g(t) =0,

trong do

fO) =kt +o)/(t+a)2+({t+b2+(t+c)2—(t+c)B3t+a+b+c)

va
dt+a+b+c
9t) = ———7
(t+a)(t+0)
Ta co
, 3t+a)(t+b)—Bt+a+b+c)(2t+a+0)
g(t) = 2 2
(t+a)?2(t+0b)
_ _ 2 _
_ 3Bay (az+g—2|—z)(x+y) _ 3xy 2(932+y) < 3a:y2 ;Lry ~0
Ty ey 7y
nén g(t) 1a ham nghich bién trén mién [ty, +00). (4)
Mait khéc, ta cling co
k(t+c)(3t+a+b+c)

() = ky/(t+a)2+(t4+b)2 4 (t+c)2 +

T o ey et

N kz(z 4y + 2)
’:E2+y2+22
+\/§z(x+y+z) B

a2+ y?+ 22

= (VE T T2 -3 (VB —ALLE s
Va2 +y?+ 22

Do d6 f(t) la ham dong bién trén mién [ty, +o0). (5)

= k\/x?+y?> + 22 —(r+y+4z)

> \/3(22 +y? + 2?) (x +y +42)

Tu (4) va (5), ta suy ra h(t) 1a ham dong bién trén mién [to, +00). Suy ra h(t) dat gia tri nhod
nhét tai ¢ = t,. Nhu vy, d€ chiing minh bat déng thiic A(¢) > 0, ta chi can xét trudng hop ¢ = t,
hay néi cach khdc, ta chi can xét trudng hgp 22 = y? + 22 la di. Diéu nay tuong duong véi viéc
xét bit dang thiic (2) tai a; = 0. Liic ndy, bat dang thiic (2) trd thanh

as 5!
Var + ——— < =/ ,
ay + P ai + as

92



Tap chi Epsilon, S6 20, 08/2021

hay
ai as

!
as + a; as + ap 4

St dung bit dang thiic AM-GM, ta c6

ai as aq 1 as
- < +-+
as + a as + a; as + ap 4 as + ap

)
=7
Nhu vay, ta da chiing minh dugc bat dang thiic (1) ding v6i n = 3. Bay gio, gia st bat ding
thic (1) ding dén n (n > 4), ta sé chitng minh n6 ciing ding trong trudng hop n + 1 bién sb.
Khong mét tinh téng quat, gia st a,,1 = max{ai, as, ..., an11}. Dt by = a1 + any1, by = as,
bs =as, ..., b, =a,, licnayrorang S = by + by + --- 4+ b,. Tacod

ax Ap+1 ay an+1 by
+ S + - )
\/S — Qn41 \/S — an \/S — Gn \/S — Qn S — bn
ba

a2 a2
< = ;
\/S—al \/S—al—anﬂ \/S—bl
as . bs
VS—a VB

ap—1 o bn—l
VS_an*2 B \/S_bn—Q'

St dung cic danh gia trén, két hop véi gia thiét quy nap, ta dudc

@ % g G o b b L W Og
VS = VS—a VS=a,  VS—b, VS—b VS =bo 4T

Nhu vdy, khang dinh ctia bai toan ciing diing trong trudng hop n + 1 bién s6. Theo nguyén ly
quy nap, ta c6 khang dinh ding véi moi sd nguyén n > 3. [

Bai toadn 7. Cho a, b, ¢ la cdc s6 thuc khéng dm c6 tong bang 3. Chitng minh rdang véi moi
k>0, taco

gh+1pk
a"b + be + Fa < max{3, }

(k + 1)k+1
L&i giai. DE giai bai todn ny, ta sé xét ba trudng hop nhu sau.

Trudng hop 1: 0 < k < 1. St dung bat dang thiic Bernoulli két hop véi két qua co ban

b 2
ta dudc

afb+ e+ Fa=b[1+ (a— 1)}k+c[1+ (b— 1)]k—|—a[1+ (c— 1)}k
<b[1+k(a—1)] +c[l+kb—1)] +a[l +kc—1)]
(a+b+c)?

=k(ab+bc+ca)+3—3k< k- 3

+3—-3k=3.
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Trudng hop 2: 1 < k < 2. Trong trudng hdp nay, bang cach st dung két qua don gian (ban doc
c6 thé ty chitng minh): Néux >y > z > 0vam > 1, thi

2"y +y"z+ 2" > oy +y2" 4 za™ (%)
dé dang nhan thiy ring ta chi cin xét bai todn trong trudng hop a > b > ¢ > 0 1a du.

) 3k:+1kk
Bay g10 dat K = max {3, m}

chitng minh c6 thé viét lai thanh

a=c+svab=c+t(s>1t>0),bitding thic cin

s+t

) +1—(c+5)k(c+t)—(c—l—t)kc—ck(c—i-s) > 0.

glc) =K <c +
Ta co

s+t

g(c)=K(k+1) <c+

c—l—s)} [(c+ s)* + (c+ )" + F]

) k[(c+s)k 1(c—l—t)+(c+t)k_1

t
>3(k+1) ( 8+ k[(c+ ) (c+t)+ (c+t)*!
+cklc—|—s) [(c+ s)* + (c+ )" + F]
b
=3(k+1) (%) — k(b + b e+ Fa) — (aF 04 ).

Ta sé& chiing minh ¢/(c) > 0 bing cich ching minh

b k
3(k+1) (%) > E(a" '+ 0" e + K ra) 4 (aF + bF 4 ).

, e A g . 1
St dung (*) mot lan nita véi & = a*~ 1, y =01, 2 = cFLvam = 1 1, ta dudc

(akz—l)ﬁbk—l + (bk—l)ﬁck—l + (c fe— 1) i(a k— D >
> akz—l(bkz—l)ﬁ _|_bk—1(c —1)m _{_ck—l(ak—l)k—il’
hay
a7+ e+ Ao < ab” T 4 b 4 ca™ L
Nhu vay, bat dang thiic ¢'(c) > 0 sé dudc chiing minh néu ta cé

a+b+c

6(l<:+1)( : >22(ak+bk—|—ck)+k2ak_1(b+c).

Do tinh thuan nhét nén ta c6 thé gia sit @ + b + ¢ = 3 (chd y rang khi a = b = ¢ = 0 thi bét dang
thifc trén hién nhién ding). Bt dang thic trén trd thanh

6(k+1) =20 + 0"+ )+ k> a*'(3-a),
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hay
(2 —k)(a® + " + F) + k(a" P+ 0P 4 ) < 6(k +1).

Ta viét dugc bat ding thiic nay dudi dang h(a) + h(b) + h(c) < 0, trong d6
h(a) = (2 — k)a* + 3ka* ™" — k(2k — 1)(a — 1) — 2(k + 1).
Lan lugt tinh dao ham cAp mot va clp hai ctia h(a), ta dudc
W (a) = k(2 —k)a* ' + 3k(k — 1)a* % — k(2k — 1),

va

h'(a) = k(2 —k)(k —1)a" 2 + 3k(k — 1)(k — 2)a™?

k
E(k —1)(2 —k)a"3(a — 3).

Dol < k<2va0<a<3nénh"(a)<0.Diéu nay ching t6 h'(a) la ham nghich bién trén
[0, 3]. Do h'(1) =0néntacd h'(a) >0vSia € [0, 1) vah'(a) <0véia e (1, 3]. T diy suy
ra h(a) tang thyc sy trén [0, 1] va gidm thuc sy trén [1, 3]. Qua nhiing 1ap ludn nay, ta dé dang
nhan thdy h(a) dat cuc dai tai a = 1, tic ta ¢ h(a) < h(1) = 0 véi moi a € [0, 3].

Hoan toan tuong tu, ta ciing c6 h(b) < 0 va h(c) < 0,do dd h(a) + h(b) + h(c) < 0. Vay ta da
chiing minh dugc ¢'(c) > 0. Tu d6 suy ra g(c) la ham tang v6i moi ¢ > 0, va ta c6

9(c) > g(0) = K (S”)M ek (S”)M ke (3)

3 3
k+1
s+t\ k k'£+t
> K k| k
()
1 3k+1kk 1
= 71 [ — —(k - 1)k+1] (s+t)"" > 0.

Trudng hop 3: k > 2. Khong mét tinh tdng quat, ta c6 thé gia st a = max{a, b, c}. Ap dung
bét dang thiic Bernoulli, ta dudc

k k
bla + ¢)F = a*b (1 + f) > b (1 + —C)
a a
k 2c k k-1 k—2
>a"b(14+ — | =ad"b+a" be+ a”" “abe
a
> a®b + 0" Yhe + F2ac? = dFb + bFe + Fa.

Mat khac, theo bat dﬁng thic AM-GM, ta lai c6

i . a-+c ) k+1
pr— . . < B
bla+ ) =k ( : ) b< k e
k1 Lk gkt k
= — < , T .
(k + 1)L max{3 (k+1)k+1}
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Két hop hai bat dang thiic nay lai véi nhau, ta dé dang suy ra

3k+1kk
kb—l—bkc—i-c CL b(G+C) maX{S, m}

Bai toan dudc ching minh xong. [
Qua céc bai todn trén, c6 thé thiy dudc don bién toan mién 12 mot cong cu rat hidu qua dé xi ly
cac bit dang thiic nhiéu bién. D€ két lai bai viét nay, chiing t6i xin néu thém céc bai toan khac
ciing c6 thé gidi dudc biang phuong phdp nay. Ban doc hay cling thi stic nhé!

Bai toan 8. Tim hing s6 k nho nhdt sao cho bdt ddng thiic

a b c
+ + <kva+b+c
Va+2b Vb+2c e+ 2a

diing vdi moi s thuc khéng dm a, b, ¢ théa man (a + 2b) (b + 2¢)(c + 2a) > 0.

Bai toan 9. Cho s6 nguyén n > 3 va cdc sé thuc khong dm 1, xo, . . ., x,. Chitng minh rang

<Z xl> min {— 3} Z Ti(Tiy1 + Tigo).

Bai todn 10. Cho cdc sé thie khong dm a, b, c, d théa mdn a + b+ c + d = 4. Chiing minh rdng
vdi moi s6 thuc duong k, ta luén co bat dcfng thiic

(abc)® 4 (bed)* + (cda)® + (dab)* < max {4 <§> } :

Bai toan 11 (USAMO, 2000). Cho sé nguyén duong n va cdc sé thuc khéng dm ay, by, as, b,
., Gy, by. Chitng minh bdt ddng thitc sau

i i min{aiaj, bzb]} < i i min{aibj, ajbi}.

i=1 j=1 i=1 j=1
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Tap chi Epsilon, S6 20, 08/2021 nhing ngudi yéu todn

M6 RONG CAU BAT PANG THUC
TRONG IMO - 2020

Ng6 Van Thai
Théi Binh

GIOI THIEU

Nhiéu nim tr8 lai day dang todn bét dang thiic dai s6 khong c6 mit trong d& thi Olympic
Toan hoc Qubc Té (IMO). Ky thi IMO - 2020 ddnh dAu su trd lai ctia dang todn nay véi
cAu triic la dep khong quen thudc, lam cho nhiéu sy tif ngd ngang ling ting. Dang todn
chiing minh bat dang thifc nhitng nim trudc day la sd trudng ctia doi tuyén Viét Nam, né
g6p phan gitip cho thi sinh ctia chiing ta dat thanh tich cao qua céc nim du thi. Cau chiing
minh bit déng thiic thi IMO - 2020 theo t6i khong phéi 1 ciu khé nhit trong sb 6 cau
ctia dé thi, nhung doi tuyén ctia chiing ta chi ¢6 3 em trén sau em lam dudc tron ven. Sau
khi két thiic ky thi IMO - 2020 t6i lu6t trén mang doc thiy c6 mot s6 thiy gido dua ra kha
nhiéu cach giai cho ciu bét dang thiic. Phai thita nhan cic cich giai d6 rat tu nhién, tudng
minh, ngin gon chiing té nhitng ngudi gii rat gidi vé toan bit ding thiic. Trong sb nhiing
cach giai cAu bit dang thic thi IMO - 2020 da ding, tdi thich nhit cach giai clia thay gido
V6 Qubc Ba Cin gido vién trudng THCS Archimedes Academy Ha Noi. My ngay sau
t6i ciing nhan dugc mot mé rong rat dep cho cau bit dang thitc thi IMO - 2020 cung vé6i
cach giai bang phudng phap quy nap Toan hoc kha hay ctia ban Lé Khanh Sy & tinh Long
An (xin phép khong trinh bay céch gidi d6 trong bai viét nay). Tir cach gidi doc ddo clia
thiy gido Vo Qudc B4 Cin va md rong dep ctia ban Lé Khanh S§ cho cau bt dang thiic
thi IMO - 2020 da ggi mé dé toi hoan thanh bai viét nay. Sau déy 14 16i gidi cAu bét dang
thic thi IMO - 2020 cuing v6i mot sé md rong dua ra dé ban doc tham khao.

Bai toan 1 (IMO 2020). Cho cdc s6 thuc duong a, b, ¢, d thbamina > b > ¢ > d va
a+b+c+d=1.Ching minh rang

(a +2b + 3¢ + 4d)a’b’ccd? < 1. (1)

Lai giai. (Vo Qubc Ba Céan) St dung bét dang thiic AM-GM suy rdng ta dudc
a’b’cd? < a® +b* +c? +d>
Tt day, c6 thé thdy rang phép chiing minh sé dugc hoan tt néu ta chiing minh dudc
(@+2b+3c+4d)(@*+b*>+c*+d?) < 1.

Xét cac truong hop sau
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e Néua < 3, khi do ta co
VTay < (@+3b+3c+3d)(a*+ab+ac+ad) = (3—2a)a = 1+(1—a)(2a—1) < 1.
e Néua > 1, khi do ta c6
VTay < (@+3b+3c+3d)[a>+ (b +c+d)?]=3-2a)[a* + (1 -a)?]

=1-2Qa—-1)(1—-a)*<1.

Tém lai trong moi trudng hop bit dang thifc bai ra déu diing. O

Cho n sb thuc duong a;, as, ..., a, (n € N) c¢6 tdng bang 1.
M rong 1. Vdin > 3, gid siwa; = max {ay,das, ..., d,}. Chitng minh rdang

a1 +3(az+as + -+ ay)]ai'ay?---ain < 1. )

Lsi gidi. Ap dung bét ding thiic AM-GM suy rong ta dugc

ai'ay?---a® <at+as+---+a.
Suy ra
VT <[ar+3(az + - +an)] (af + a3+ +ay) )
= (3-2ay) (a; + a3 + -+ +ay)
Néua, =a, =--- = a, =%,thi
1 n—1 1 3n—2
VIigy=|—+3 —)|=—5—<1,Vn2=3
n n n n
Néu n sd ay,a,, ...,a, khong bang nhau tit ca va dung gia thiét da cho sé dugc
(a7 +a5+--+a;) < (ai +araz+ - +aa,) = a;
a%—l—a%—l—--~+ai<a%+(a2—|—-~—l—an)2:af—l—(l—al)z.
Do d6 ! 1
VP(3)<(3—2a1)a1:1—|—(1—a1)(2a1—1)<1, —<a1<§
n
1
VPs<B-2a)[ai+(1—a)?’]=1-2Qa;—1)(1—a1)* <1, §<a1<1
Tom lai V P3) < 1khia; € [%, 1) . Vay
VT(Q) < VP(3) < 1.
Chiing minh hoan tit. O
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Mé rong 2. Voin > 3, gid sita; = max{a,,as, ...,a,}. Chiing minh rang véi k > 3, ta co
ap az an k
a1 +k(ax+asz+---+ap)]ai'ay”---a, <§. 4)

L&i giai. Khi k = 3 chinh 1a bat déng thic (2).
Xétk > 3, khi d6
VT =lar+3(@+as+---+ap) + (k—3) (a2 +as +--- +ay))ai'ay’--ay"

=la;1+3(ax+as+--+ay)]ai'ay?---ai" + (k —3)(az + a3 + -+ ay)ai'as®---ai.
Theo (2), ta ducc

VT <1+ (k—3) (@ +as +- +ay) a¥ad®---a®.

n

Dén day bai todn sé dudc chiing minh néu chiing minh dugc

(ax +as+---+ay)ai'ay®---al <%. (5)
Néua) =a, =---=a, =, thi
VT = ("_1) (1) :”_21 =1—i2<1, Vi > 3.
n n n n n 3
Néun sbay,a,,...,a, khong bﬁng nhau tit c3, stt dung gia thiét da cho s& dugc
ai as ai as ay+az+-+ay

a an __ —
a, a, --an” <a1 a;"---a; = a, =d.

Suyra VT < (1 —ay)a;. Nhung

1 1\* 1
(1—611)611—5:—611—— —— < 0.

Do d6 VTs) < 1. Vay
V<1453 _ %
@ 3 3

Bai toan dugc chiing minh. [

Loi giai. Loi giai bai toan trong truong hdp k > 4 khong can dua vao (2) bt dang thic AM-GM
suy rOng.

Tur gia thiét da cho:
Néualzazz---:an:%thi
1 —1 1 kn—(k—1 k k-1 k
=Lk (M) () = L
n n n n n n 3
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Néu n s0 ay,as, ..., a, khong bang nhau tat ca sé dugc
aip ar a aip __an a, __ _aitax+-—-+a, __
a; a,’---a," <aj'ay’---ay" =a; =a.

Suyra V Ty < [k — (k — 1) a;] a;. Dén day bai toan sé dugc ching minh néu chiing minh dugc

k 1
[k—(k—l)al]algg, —<a1<1, k>4
n
That vay

[k = (k = Dai]a; <

k
§©3(k—1)af—3ka1+k20.

Xét tam thuc bac hai
f(a)) =3 (k—1)at —3ka, + k.

Cé
A=9%>—12k(k—1)=3k(4—k)<0, Vk>4.

Ma hé s6 ciaa? 1a 3 (k — 1) > 0. Do d6

fa))=3(k—-1)a} -3ka, +k >0,
V6i%<a1<l,k24. O
M réng 3. Vdin > 4, gid sita, = a» > -+ > a,. Chiing minh rdng

n—+2

(a1 + 2a + 3az + --- + nay)ai'ay?---ain < < (6)
Lsi giai. Khin = 4 ta dudc bat dang thic (1).
Xétn > 4 va tir gia thiét ta c6
n+2
(a1+2a2+3a3+---+na,,)<|:a1-|— > (a2+---+an)].
Do dé 5
n+
VT(6)<[a1+ > (az+---+a,,)]af‘a§2---a,‘1”.
St dung (4), ta dugc
2 2
[a1+n—; (a2+---+an):|a?‘a‘2’2---a3”<n+ :
Vay
2
ap + 2a, + 3as +---+nay)a; a ---a”<n+ .
25 + 3 S al
Chiing minh hoan tt. O

Trude khi két thiic bai viét tac gid xin dé nghi doc gia tham gia giai cac bai todn md rong sau
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Mé rong 4. Vdin > 3, gid suway, = max{dy,ds,...,d,}. Goi (x1,Xs,...,X,) la mot hodn vi
tuy y cia (ay,as, ... ,da,). Chitng minh rang

k
a1 + k(@ +as+---+ay)]aj'ay®---ay" < 3 k > 3.

Mé rong 5. Voin > 4, gid sway, > ay > -+ = ay. Goi (x1, X2, ...,X,) la mot hodn vi tuy y
ciia (ay,as, . ..,ay,) . Chitng minh rdang

n—+2
ay +2a, +3as + -+ +na,lallal?---at < +
1 2 n 6

n
Cho n s0 thuc duong aq,as, ..., a,, (n € N) théa man ) a =1, a > 0.
i=1

Mé réng 6. Vdin > 3, gid sita; = max {ay,ds, ..., d,}. Chitng minh rdang

k
lar +k (@2 +as+ - +a)] (a§T +a5t +-- +ai™) < 3 k > 3.

M rong 7. Vdin > 4, gid sitay > a > -++ > a,. Chitng minh rdng

o o o n+2
[al+2az+3a3+---+nan]a?1a;2...aZn< -

[1] Tran Nam Diing, 2017, Phuong phdp gidi todn qua cdc bai todn Olympic, Nha xuit ban
Thé gidi.

[2] Ngb Van Thai, 2020, Mt sé bt ding thitc trong cdc ky thi Olympic Todn hoc Quéc Té, Tap
chi EsilonViét Nam.

[3] Tap chi Toan hoc va Tudi tré Viét Nam.
[4] Tap chi Pi Viét Nam.
[5] Tap chi Epsilon Viét Nam.

[6] Céc tai liéu tong hop tif mang Internet.
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gpsi lon

MOT sO UNG DUNG NANG CAO CUA PHUONG TIiCH

Tran Quang Hung, Truong Tuin Nghia, Ping Minh Ngoc
Truong THPT chuyén KHTN, bPHKHTN, bPHQGHN

Ngay 13 thang 8 nam 2021

TOM TAT

Bai viét nay xdy dung mot s6 ing dung ning cao vé phuong tich, truc ddng phuong dudéi
dang mot s6 bd dé, nham muc dich "dinh dang" mot hé dudng tron dong truc. Mot s6 ting
dung clia cdc b6 dé nay cling dudgc dua ra dudi dang mot s6 bai thi Olympic todn, dic biét
1a bai thi P3 IMO 2021.

Mot trong nhiing bai todn quan trong lién quan dén phuong tich va truc dang phuong la tim ho
cac duding tron c6 chung truc dang phucng (ho cic dudng tron ddng truc). Vay xuit phat tir khai
niém hé dudng tron ddng truc, ching toi sé dua ra mot s6 dinh ly d€ "dinh dang" mot hé dudng
tron dong truc. Mot s dinh 1y ¢6 ting dung vao giai cac bai toan Olympic. Phan 1y thuyét nay
dugc tdc gia Tran Quang Hung da st dung trong [, 2], xin dudgc trich din lai trong bai viét nay.

Pinh nghia 1. Ho cic dudng tron c6 chung mét truc dang phuong goi 1a mot chim dudng tron.
Khi do
1) Néu cic dudng tron trong chum c6 hai diém chung, ta goi d6 1a chiim dudng tron Eliptic.

2) Néu cac dudng tron trong chiim c6 mot diém chung (déu tiép xic nhau), ta goi d6 12 chim
duong tron Parabolic.

3) Néu cdc dudng tron trong chim khong c6 diém chung, ta goi d6 1a chim dudng tron
Hyperbolic.

Dinh nghia 2. Cho trudc hai duong tron khong dong tim (T';) va (I'y). Khi d6 néu c6 mot
dudng tron (o) nao d6 ma c6 chung truc dang phuong véi (I'y) va (I'y) ta néi («) nam trong
chim dudng tron sinh bi (T';) va (T'y). Ho tt ca cac dudng tron () ciing dude goi 1a ho céc
dudng tron dong truc sinh béi (T';) va (T's).
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Pinh nghia 3. Cho tru6c mot ho dudng tron dong truc (I';). Luén ton tai hai di€ém sao cho
chiing 12 dnh nghich déo ctia nhau qua (T';) v6i moi i. Khi d6 hai diém nay goi 1a hai di€ém gidi
han cta hé dudng tron dong truc (T';).

Dinh Iy 1. Cho trudc hai dudng tron khong dong tam (T';) va (T'y). Khi d6 ton tai hai diém X,
va X, sao cho X va X, 1a &nh nghich ddo qua ca (') va (I'y). Khi d6 X va X, ciing 1a diém
gi6i han ctia ho dudng tron dong truc sinh béi (I';) va (I'y).

Chi y. Truc dang phuong ctia I'; va I'y ciing ¢ thé coi 1a mot dudng tron suy bién clia chum
sinh béi (T'y) va (T'y). Mit khac hai di€m gidi han cling ¢6 thé€ coi la hai dudng tron béan kinh 0
ctia chiim. Tur khdi niém chiim dudng tron, ta di dén dinh ly co ban sau (dinh Iy nay do tdc gia
bai viét phat trién tlf c4c tai liéu tham khao [7, 8, 9])

Pinh ly 2 (Dinh Iy phan loai dudng tron thudc chim). Cho hai dudng tron khong dong tim I';
va I cling v6i hai sb thuc o, va o, khong dong thoi bang khong. Khi d6 quy tich cac diém P
théa man

aq - Pp/rl + g - Pp/p2 =0

12 mot dudng tron ndm trong chiim dudng tron sinh bai (T';) va (T'y).
Dinh ly nay c6 thé trién khai dugc ra nhiéu hé qua c6 tinh ting dung cao trong gidi bai tip nhu
sau

Heé qua 1. Cho hai duong tron khong dong taim I'; va I', cing v6i k # 1 1a mot hang s6 cho
truce. Khi d6 quy tich cdc diém P thda man

Prr, _
PP/FQ

1a mot dudng tron I' nam trong chim dudng tron sinh bdi (I') va (I'y), tAm cta I’ chia doan
thang ndi tdm cda (') va (I'y) theo ty s6 .

Chu y. Khi & = 1 thi dudng tron quy tich suy bién thanh truc dang phuong cta I'; va T'y ciing
c6 thé coi 1a mot dudng tron suy bién ctia chum sinh béi I'y va Ts.

Hé qua 2. Cho hai dudng tron I'; va I’y cat nhau tai A va B. Néu cdc diém C, D thdéa man

Pcry  Ppyr,

Pcrs  Poyrs
thi bén diém A, B, C, D cung thudc mot dudng tron.
Heé qua 3. Cho hai duong tron I'; va I'y ¢6 mot diém chung 1a A. Néu céc diém C, D théa man

Pory  Ppyr,

Pcrs  Poyrs

thi dudng tron ngoai tiép tam giac AC'D dong truc v6i I'; va Ts.
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Heé qua 4. Cho hai dudng tron I'; va I'y tiép xidc nhau tai P. Néu cic diém (), R théa min

Ppiry, Py

Pp /T2 B PQ/ Iy
thi dudng tron ngoai tiép tam gidc PQR ciing tiép xic véi I'; va 'y tai P.
Heé qua 5. Cho hai dudng tron I'; va I'y khong dong tam. Néu c6 céac diém A, B, C théa man

Payy  Ppry  Poyry

Payr,  Pur,  Por,
thi dudng tron ngoai tiép tam gidc ABC dong truc v6i 'y va Is.

Pinh Iy 3. Céc dinh ly va hé qua trén ciing 4p dung dudc trén cdc dudng tron v6i ban kinh bing
0, hay 1a cac duong tron diém.

Hai dinh 1y sau 1 hai dinh ly quan trong d€ nhén biét mot hé dong truc gin véi tif gide ndi tiép,
cac chiing minh chung dudc rut ra tir cac hé qua trén.

Pinh Iy 4 (Poncelet). Cho ti gidc ABCD ndi tiép dudng tron w. Mot dudng thang d cat cac
dudng thang AB, BC, CD, DA, AC, va BD theo thi tu tai M, N, P, Q, R, va S. Gia st ¢6
cac duong tron wy tiép xic AB, C'D tai M, P; dudng tron wy tiép xtic BC, AD tai N, Q; va
dudng tron ws tiép xuc AC, BD tai R, S. Chiing minh rﬁng bén dudng tron wy, ws, w3, va w 1ap
thanh mot hé dong truc.

Vi y tudng thay tiép tuyén bdi cat tuyén, tac gid TrAn Quang Hung da mé rong dinh 1y trén nhu
sau

Pinh Iy 5 (Tran Quang Hing, mé rong dinh ly Poncelet). Cho ti gidc ABC'D noi tiép dudng
tron w. Mot dudng thang d, cat cac dudng thang AB, BC, CD, DA, AC, va BD theo thi ty tai
My, Ny, Py, Q1, Ry, va S;. Mot dudng thzzlng ds cit cac dudng thfmg AB, BC,CD, DA, AC,
va BD theo tht tu tai My, N, Ps, (2, Ry, va Ss. Gia st ¢6 cac duong tron wq di qua My, M,
Py, Py; wy di qua Ny, No, @1, Q2; va ws di qua Ry, Ry, S1, So. Ching minh rﬁng bdn dudng
tron wq, wa, ws, va w 1ap thanh mot hé dong truc.

Bén bai toan sau dudc tac gia Truong Tuin Nghia gi6i thiéu, trong d6 15i gidi bai todn P3 cla
IMO 2021 (t6ng quat) 1a 16i gidi dudc chinh tac gia Truong TuAn Nghia tim ra trong phong thi.

Bai toan 1 (M& rong IMO 2021 P3). Cho tam gidac ABC ¢6 AC < AB. Hai diém P, Q
nam trong tam giac sao cho ZPAB = ZQAC. Lay E, F 1an luot trén canh C A, AB sao cho
LAQFE = /PCBva LZAQF = /PBC. Liy R nim trén duong tron ngoai tiép tam giac PBC
sao cho (PBQC) tiép xic v6i (REF). X thudc AC théa man X B = XC. Goi K, L lan ludt 1a
tam dudng tron ngoai tiép tam giac REX, RAC. Chiing minh rang K L, EF, BC dong quy.
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Loi giai. Goi P’ 1a giao diém thi hai cia AP v6i (BPC) va J la giao diém cta EF va BC.
Vi JAP'B = /BCP = /AQE va /P'AB = /QAE nén AAP'B ~ AAQE. Tuong tu,

AAP'C ~ AAQF.

Hinh 1.

Do do,
AB AP" AC
AE  AQ AF

tic 1a BOEF ndi tiép. RS rang J 1a tim dang phuong cta (RBC), (REF) va (BCEF) nén
J R 1a truc dang phuong ctia (RBC), (REF). Do d6, J R tiép xiic 2 dudng tron nay. Bay gio ta

chira
Prjrac)y  Pxjrac

Priair)  Px/JR)
Goi Y 1a giao di€m thd hai ctia EF v6i (AFC), ta co

Pgjracy  EA-EC EF-EY  EF-EY EY

Pr/ssr) EJP—RJ? EJ2—JE-JF EF-EJ EJ

Goi M 1a trung diém BC, ta c6

Px/racy  XA-XC XA-XC XA-XC _XA-XC _

XA

Pxysor) XJ2—RJ2  XJ2—JB-JC T X2 M2+ MC?: T X(?

Ly Z trén AB sao cho CZ || BX. Dé thay AABC"? ~ AY ECY’. Do d6

XA BA EY
XC BZ EJ
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Tom lai, ta c6
Pejrac)y  Pxjrac)

Pr/r)  Px/JR)
Vay (J, JR), (K), (L) dong truc nén K, L, .J thang hang. O

Bai todn 2. Cho tam gidc ABC nhon khong can noi tiép (O). Trén BC 14y Ay, A, sao cho
/BAA, = ZCAA, = 90°. Tuong tu xac dinh cic diém B,, B., C,, Cy. Goi P 1a dbi xting
ciia A qua BC va @ la diém lién hop déng gidc ctia P trong tam gidac ABC. Chiing minh ring
dudng tron ngoai tiép tam giac APQ, C,Cy A, va B,B.A, dong truc.

Hinh 2.

Loi gidi. Dau tién ta chi ra ton tai dudng tron qua A, Q va dong truc v6i (C,CyAy), (B, B.A,).

Goi S 1a trung diém cia C,B,. Vi ZB,BC, = £C,CB, = 90° nén ti gidc BC B,C, noi tiép
(S).Dodétaco Z/SBC, = /SC,B = ZACB hay SB la tiép tuyén ctia (O). Tuong tu thi SC
cling 12 tiép tuyén ctia (O). Mit khéc, vi P, @ lién hop dang gic trong tam gidc ABC nén ta c6
bién d6i géc
/ZBQC =180° — /BCQ — ZCBQ = 180° — (180° — LABP) — (180° — LACP)
= /LABP + ZACP — 180° = 360° — 24BAC — 180° = 180° — ZBOC

tic 1a Q ndm trén (BOC'), dudng kinh OS do ZOSB = Z0SC = 90°. Hon nita vi AP | BC
nén AQ di qua O, tiic 12 SQ vudng goc véi AO tai Q, két hop véi B,C, dbi song véi BC trong
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/BAC, ta duge S, Q, B,, C, thang hang. Goi B,C, cat lai (B,B.A.), (C,CyA,) 1an luot tai E
va F va goi D 1a giao di€m ctia A, F va A.E. Theo cach chitng minh tuong tu, ta cling c6 A,C),
va AC' dbi song trong ZABC nén LAC,B, = ZACB = /A,C,C, = /DFE nén DF || AB
hay ZAA,D = 90°. Tuong tu thi DE || AC va ZAA.D = 90°. Do d6, AD la duong kinh ctia
(AA,A,), két hop véi (AA,A,) tiép xtic (ABC), ta dugc A, Q, D thang hang din t6i

AABC"™ ~ NAB,CY? ~ ADEFY?
trong d6 H 12 hinh chiéu ctia A trén BC, tit d6 ta c6 tinh todn

Pajcacys) _ @Ca-QF _HC" _ HC?
Po/B.B.a)  QB.-QE HB® HB*

Mit khac,
Pajcacoay) _ ACa-AC,  AC  ACy _ dwjcc,) dwjcc)  HC?

Pafpasa) AB,-AB, AB. AB  dips) dwss) HB?

Vay
Pojc.ca)  Pajc.c,an)

Po/B.s.A)  PajB.BA)
nén ton tai duong tron tam (L) qua A, Q va dong truc véi (C,CyAy), (B, B.A.). Do d6 véi J, K
lan lugt 1a tam (C,CyA,) va (B, B.A.) thi
L'J _ Pq/(Cacyay) _ HC?
L'K  PqgB.B.A) HB*

Cp
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Hinh 3.

Bay gid, goi L la giao diém cta JK va BC, ta ching minh

IK  HC?

LJ HB*
Goi X 1a giao di€m thd hai ctia CC,, v6i (J) thi

ZXAbC - ZXAbe + AC{,AbC = ZCCCLA + ACAB == 900

nén X A, L BC. Do d6 v6i X' la giao diém thi hai ctia A, A, v6i (J) va J' 1a trung diém A, X'
thi J'J = 242X Tuong tu véi Y, Y” 1a giao diém thd hai ctia (K) v6i BB, va A,A., K’ 1a trung
diém A.Y’ thi K'K = 42X Goi A’ Ia giao diém cta BY va CX, H' la hinh chiéu ctia A’ trén
BC. Khi d6 dé thy AA" 1a dudng kinh cta (O) nén H va H' d6i xing nhau qua trung di€m
clia BC. Theo h¢ thiic lugng trong tam gidc vuoéng, HB - HA, = —HA? = HC - HA, dan t6i
HAe _ HAp pay BAe - C4b pap theo dinh ly Thales, ta c6

HB =~ HC HB HC
AY AY HA BA CH
A,X HA A,X BH CA,
_ HB BA. HB?
~HC CA, HCY

Tom lai,

LK KK AY HB

L;j JJ AX HC?
nén L trung L', tdc 1a dudng tron (L, LA) di qua P, Q. Vay (APQ), (C,CyAy), (B, B.A.) dong
truc. ]
Bai toan 3. Cho dudng tron (O) va dudng tron (J) nim trong dudng tron (O) ((J khong tring
v6i O). Piém A chuyén dong trén (0O), 14y B, C thudc (O) sao cho AB, AC tiép xic véi (J).
Chiing minh ring BC luén tiép xiic véi mot dudng tron ¢ dinh khi A thay d6i.

N
A

Hinh 4.
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Loi gidi. Goi L 1a diém lién hop dang gidc ctia J trong tam gidc ABC, liy K thudc OJ sao
cho KL vudng géc BC tai D. (J) tiép xic v6i CA, ABtai E, F.

Ta chiing minh (K, K D) dong truc véi (O), (J) va ti sb g% khong ddi. That vay, vi J, L 1a
hai di€ém dang gidc trong tam gidgc ABC nén LJBF = /LBD, LJCE = /LCD dan téi
ABLD ~ ABJF, ACEJ ~ ACDL. Do d6

Pk B BD? B LD? B LD? B CD? B Peyx)
Pp)sy BF*  JE?  JF*  CE? Py

Do d6, (K, KD) dong truc véi (O), (J) nén

OK B Pk B BD? B LB?
o0J Pr/n  BF? JB?

Goi M la giao di€ém con lai ciia AJ véi (O). Ta co
ZLBM = /ZLBD + Z/DBM = ZJBA+ ZJAB = ZBJM,

tic 1a AMBL ~ AMJB. Mit khéc, v6i N Ia trung diém cung BC chia A cta (O) thi
AMBN ~ AJFA. Do do

LB MB JA-MB JA-MB MN.JF

JB  MJ JA-JM =Py —Pijo

v OK .. A . £ 4
la hang so nén 57 khong doi, tic la K co6 dinh hay (K, K D) la dudng tron c¢6 dinh nén BC
tiép xtic v6i mot dudng tron cb dinh khi A thay déi. O
Bai toan 4. Cho tam gidc ABC nhon khong can noi tiép (O), diém P nidm trong tam gidc thda

min AP | BC. BP,CP lan luct cit CA, AB tai E, F. Tiép tuyén qua A cta (O) cat BC tai
L. Chiing minh ring (ABE), (ACF) va tron dudng kinh AL ddng truc.

Loi gidi. Goi X,Y 1a hinh chiéu ctia L trén C A, AB. Ta sé chi ra

Pxjaes) _ Pyjaes)

Px/arc)  Pyjarc)

Diéu nay tuong duong

XA-XE_YA~YB@XE_YB
XA-XC YA.YF XC YF

Trén BC 14y cac diém N, M théamian EN | AC va FM 1 AB. Theo dinh ly Thales, ta c6

XE IN LB YB
XC IC IM YF
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>

Y

Hinh 5.

Do d6, ta quy bai toan vé ching minh LN - LM = LC - LB. Goi D 1a hinh chiéu ctia A trén
BC, khi d6 DA 1a phan giac cia /EDF nén /ANE = /ADE = /ADF = /AMF dan t6i

LNAE =90° — ZANE =90° — LZAMF = /ZMAF
nén AM, AN dang giic trong ZBAC, tic 1a (ABC) tiép xdic (AM N). Do dé,
LB-LC=LA*=LM-LN

nén (ABE), (ACF) va (AXY') dong truc. O

Mot s6 bai todn sau dudc tac gia Ping Minh Ngoc gidi thiéu

Bai toan 5 (Pinh Iy Droz Fanzy). Cho tam giac ABC' c6 truc tam H. Hai dudng thang d; va d,
di qua va vudng goc véi nhau tai H. d; cat BC, CA, AB tai Ay, By, Cy. dy cat BC, AC, AB
tai Ay, B,, C,. Chiing minh ring trung diém ctia A; Ay, By B,, C1C, thang hang.
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A

A,

Hinh 6.

duong véi

PayysiBy)  Payjcios)
Pas/(BrBy)  Pasj(cicn)
- AH - A By _ AH - A Ch - A1 B _ A Cy
AsH - AsBy  AsH - AsCy  AsBy  Ax(Ch
Theo dinh Iy Menelaus trong tam gidc AB;C; ¢6 A;, B, C thang hang ta cé

AB, BA CB,

A,C; BC, CA
Theo dinh ly Menelaus trong tam gidc AB,Cs ¢6 Ay, B, C thang hang ta c6

A,B, BA CB;

4,0, BC, CA

Do d6, ta chi can chiing minh

CB, BC

CBy, BO,
nén ta co

CBl o SHC’Bl . HBl 'SiHCHBl - HBl 'SiDHCgOl . HBl HCl
CBy  Spep, HBy-sinCHB, HB,-sinHC,Cy HBy-HC,
Tuong tu:

BC, HB;-HC
BCy, HBs- HC,

Loi gidi. Ta sé chi ra cac dudng tron duong kinh A, Ay, B, B, C,C5 dong truc, diéu niy tuong

Mat khac, vi HC' L. AB, HB; L HCynén ZHC,Cy, = ZCHBy, tuong tu ZCHBy = HC\ B

Vay céc dudng tron dudng kinh A; Ay, By B,, C,1C, dong truc do chiing ciing di qua H. Do d6
trung diém cta A, Ay, B, B,, C,C, thang hang.
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Bai toan 6 (Iran second round mathematical Olympiad P3 2021 [4]). Pudng tron ®(w) noi tiép
td gidc ABC'D va tiép xtic doan BC, AD tai E, F. DE citlai ©(w) tai X. Gia st dudng tron
ngoai tiép tam gidc DF X tiép xtic véi AB, C D, chiing minh ring ti gidc AF X C ndi tiép.

Hinh 7.

Loi gidi. Goi [ 1a tim dudng tron O(w). ®(w) tiép xtic CD, AB tai S, M va dudng tron (J)
ngoai tiép tam gidc DF X tiép xtic véi AB tai N.

Ta ching minh 7;;1/;9(2“;) = 7;50//@((;;) ,khi d6 A, F, X, C cung nam trén dudng tron dong truc
véi (J) va ®(w). That vay, tiép tuyén tai X cla ®(w) cit CD tai Z. Vi NM, DS la tiép tuyén
chung ngoai ctia ®(w) va (J) nén M N, DS dbi xing nhau qua I.J. Lai vi F, X dbi xiing nhau
qua IJ nén A, Z dbi xting nhau qua I.J, ta dudc I.J 1a trung truc cia DN, AZ, MS, dan téi

AM _ 75
AN ~— ZD*

Tiép theo ta chiing minh (DS, ZC) = —1. Vi CE, CS la tiép tuyén cla ©(w) nén X C 1a dudng
d6i trung tam gidc X 'S, ma X Z la tiép tuyén ctia (X EF) nén X(ES, ZC) = —1. Do d6

(DS, ZC) = X(DS, ZC) = X(ES,EZ) = —1

Tom lai,
AM ZS CS
AN ZD CD
nén
Pajow) _ AM? _ CS? _ Pecow)
PA/(J) AN?Z CD? PC/(J)
hay ti gidac AF X C noi tiép. O

Bai toan 7 (ARMO 2013 Grade 11 Day 2 P4,[5]). Cho tam gidgc ABC khong can ndi tiép (O),
ngoai tiép dudng tron (7). Cic tiép tuyén chung ctia (I) va dudng tron (M) ngoai tiép tam gidc
BIC cit nhau tai S. Goi U, V 1a cic giao diém cta (I) va (M). Ching minh ring dudng tron
ngoai tiép tam gidc SUV tiép xic (O).
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Loi giai. Goi P 1a giao diém con lai ctia (AT) va (O), va dit R, r 1an ludt 12 ban kinh cta (O)
va (I). Pau tién, ta chiing minh: P, S, U, V dong vién. Piéu nay tuong duong véi

Pr/n B Psn N PI? — 2 r? PI r

= = = = *
Prjwic)  Psjwicy  PM? =Ry Ry PM - MI )

Dé thiy M nim trén (O) nén ta c6

Pl Al-sinPAI Al
PM  2R-sinPAM 2 R’

Theo hé thiic Euler thi R? — OI? =2R-rnén AI - MI = 2R - r, do do

Pl A 7
PM 2-R MI

nén (x) la ding.

Hinh 8.

Goi D, E, F latiép diém cta (I) véi BC, CA, AB. UV cit BC tai X va EF cit BC tai T.
Khi do,

XB-XC=XU-XV=XD?

két hop vé6i (TD, BC) = —1 ta dugc X 1a trung diém ctia 7'D. Mit khac theo phép vi tu quay

thi APFB ~ APEC nén
PB BF BD TB

PC CE CD TC
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dan t6i PD, PT la phan giac trong va ngoai cia /T PD. Do d6 (PDT) la dudng tron P-
Apollonius ctia tam gidc PBC, dong thdi X 1a trung diém DT nén XP = XD = XM va X P
tiép xuc véi (O). Thé thi

XU XV =XD*=XP?

tic 1a (PUV) tiép xtic véi X P. Vay (SUV) tiép xiic véi (O) tai P. H

Bai todn sau dudc tdc gia Tran Quang Hung dua ra véi 16i gidi dugc hoan thanh duéi su cong
tac cua tac gia Ng6 Quang Duong; xem [2].

Bai toan 8. Cho hai da gidc A; Ay ... A, va A} Al ... A cing ni tiép dudng tron (O) va ngoai
tiép duong tron (I). Chiing minh ring cac dudng thang A; A/ cling tiép xtic v6i mot dudng tron
(J) va (J) dong tryc véi (O), (I).

Lui gidi. O tinh hubng dic biét A; = A/, n dudng thang ngoai tiép (O). Ta xét cac tinh hudng
con lai.

B4 dé 1 (dinh ly Newton v& t¢ gidc ngoai tiép). Cho 4 dudng théng a, b, ¢, d tiép xic vi dudng
tron (O) lan lugt tai A, B, C, D. Khi do:
AC,BD, (anb)(cnd)),(and)(bnc)dong quy.

B§ dé 2. Cho hai dudng tron (O), (I) phan biét va thudc mot cham hyperbolic. P 1a mot diém
bét ky, khi d6 ton tai duy nhit mot duong tron (c6 thé suy bién thanh diém hoic truc dang
phuong) thudc chum trén va di qua P.

Goi ti€p diém cta (I) v6i A;A; 41 12 T, véi ALAL  1a T

Ap dung dinh Iy Newton cho 4 dudng thing A; 1 A;, AiAivr, Al AL ALAL  taduge T, T},
T,T!, A; A} dong quy. Goi diém dong quy 1a C;.

Nhu vay, T;T! di qua C; va C;;.
Ap dung dinh 1y Poncelet cho 4 diém A;, A, 1, A}, A 41

T,T! cat A; AL Aj Al 41 tai C;, Cipq theo nhén xét trén, dan dén dudng tron (w;) tiép xic véi
A; A; tai G, tiep xuc v6i A1 A;, tai Cyyq thude chum cta (O) va (7).

Ma (w;) va (w;41) cting di qua C;, nén theo bd dé 2, chiing phéi tring nhau.

Nhu vdy n dudng tron (w;), (ws), ... (w,) tring nhau. Do d6 ton tai mot dudng tron (J) tiép
xuc véi A; Al Ma (w;) thudc chum cta (O), (I) nén (J) ciing viy.

Chiing minh hoan tit. O
Két thiic bai viét, tac gia Tran Quang Hung gi6i thiéu mot bai todn hé dong truc ma tic gia tim
ra c6 lién quan t6i mot két qua hé dong truc khéc rit thd vi cla tac gia Ngd Quang Duong, xin
trich dan lai bai todn ctia Ngd Quang Duong

Bai toan 9 (Ngd Quang Duong, 2015 [6]). Trong mot tam gidc, dudng tron 9 di€ém, dudng tron

pedal va dudng tron Cevian ctia diém Fermat dong truc.
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Bai toan 10 (Tran Quang Hung, 2021). Trong mot tam gidc bt ky thi

i) dudng tron pedal cta diém Napoleon cing véi dudng tron pedal va dudng tron Cevian
ctia diém Fermat dong truc.

ii) dudng tron pedal va dudng tron ceva ctia diém Napoleon cling véi dudng tron pedal va
dudng tron Cevian ctia diém Fermat dong quy.

Chii y. Ta hiéu cac diém Napoleon va diém Fermat theo nghia thong thudng (tic 1a cdc di€m
thd nhit). Néu dung ra ngoai tam gidc ABC' ba tam gidc déu BCD, CAE, ABF vé6i tam 1an
luotla X,Y, Zthi AD, BE,CF d6ng quy tai diém Fermat (thi nhét) ciia tam giac ABC'; AX,
BY, C'Z ddng quy tai diém Napoleon (thi nhit) ctia tam gidc ABC. Bai todn tuong tu cling sé
ding cho céac diém Fermat va diém Napoleon thi hai.

Noi dung chinh ctia ly thuyét phan nay dudc tac gia thi nhét trich din trong [1, 2], ddy cling
12 phan ly thuyét ma tac gia da xay dung tit hon 10 nim trudc ddy khi méi tham gia vao cong
tac bdi dudng hoc sinh gidi todn. Mic du mot s6 ndi dung ctia ly thuyét nay (mot sd hé qua) da
c6 mot s6 tai liéu khong chinh thic trén mang khai thac, nhung ndi dung quan trong nhét trong
phan 1y thuyét ctia bai viét nay chinh 13 Pinh Iy 2, diy 12 mot dinh 1y hoan toan méi va chua
xuét hién trong bat ky tai liéu nao khéc, chiing toi c6 mot chiing minh rat thd vi cho dinh 1y nay,
xin hen ban doc & mot s6 bai viét khac. Mit khic cac vi du trong bai viét nay déu 1a cac vi du
m&i, dic biét su ing dung ly thuyét vao giai bai IMO 2021 P3 1a mot ting dung rit dic sic.

[1] Tran Quang Hung, Bai giang trudng Pong VTCC, Hai Phong, 2020.

[2] Lé Anh Vinh (chi bién), Dinh huéng bdi dudng hoc sinh ning khiéu toan hinh hoc (tip
2), Chuong 11 tr 245-262, NXBDHQG Ha N6i, nam 2021.

[3] Pé thi IMO 2021, https://www. imo-official.org/problems.aspx.

[4] Iran  second round  mathematical  Olympiad  P3 2021, https://
artofproblemsolving.com/community/c6h2561880p21955260.

[5] ARMO 2013 Grade 11 Day 2 P4 https://artofproblemsolving.com/
community/c6h535325p3070851.

[6] Ngd Quang Duong (nickname A-B-C), https://artofproblemsolving.com/
community/g2h1137526p5321004.

[7] Weisstein, Eric W., Coaxal Circles, MathWorld—A Wolfram Web Resource, https://
mathworld.wolfram.com/CoaxalCircles.html.

115



Tap chi Epsilon, S6 20, 08/2021

[8] Weisstein, Eric W., Limiting Point, MathWorld—A Wolfram Web Resource, https://
mathworld.wolfram.com/LimitingPoint.html.

[9] Casey, J., Coaxal Circles, A Sequel to the First Six Books of the Elements of Euclid, Con-
taining an Easy Introduction to Modern Geometry with Numerous Examples, 5th ed., rev.
enl. Dublin: Hodges, Figgis, & Co., pp. 113-126, 1888.
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CAU CHUYEN VE BAI TOAN DANG CHU
TRONG HINH HOC PHANG

Trinh Dao Chién

G101 THIEU

“Pdng” 1a bang nhau, 1a khong thay d6i. “Chu” 1a vong khip, 1a vong quanh, 1a mot vong
xung quanh. Bai todn Pang chu 13 mot trong céc bai toan cd ban ciia phép tinh bién phan,
¢6 nodi dung nhu sau: “Trong tdt cd cdc duong cong cé do dai da cho, tim duong lam cho
mot dai luong nao do, la phiém ham cia cdc duong, ldy gid tri 6n nhdt hodc nhé nhdt”.
Trong Hinh hoc phéng, bai toan Dang chu dudc phat biéu nhu sau: “Trong tdt cd cdc hinh
phdng ¢6 chu vi bang nhau, tim hinh ¢é dién tich ldn nhdt”. Bai viét nay dé cap dén bai
toan trén cuing v6i qud trinh tim kiém 15i gidi cho né.

Bai toan Pang chu (trong Hinh hoc phang) 1a mot trong nhiing bai todn ndi tiéng, dugc biét dén
tit Thé ky IV truée Cong nguyén. Trong sudt hon 2000 nim ton tai, né da thu hit su quan tim
ctia nhiéu ngudi, nhiéu nha khoa hoc.

Bai todn bat dau tit mot truyén thuyét: Dido 1a cong chda xi Tyre (ngay nay la Liban), mot
vuong qubc rong 16n & Pia Trung Hai. Vua Pygmalion xi Tyre 13 anh trai ctia Dido, nhung da
giét chong ctia Dido d€ chiém tai san. Dido cling v6i mot doan ngudi chay ti nan khéi xi Tyre,
dén viing Carthage va 1ap nén mot thanh phé méi & dé.

Khi dén ti nan & Carthage, Dido xin vua xit d6 mot manh dit nhé dé€ & tam. Nha vua dong y
cho Dido mdt manh dét c6 thé khoanh viing lai dugc bé“mg mot tAim da trau do nha vua ban ting.
Dido cuing véi nhitng ngudi than cia minh trong doan ti nan cit tim da trau 4y ra thanh mot dai
day da trau rat dai. Sau khi di c6 dai day da trau, bai todn dit ra cho Dido 1a:

Véi mot ddi ddy da co, lam sao khoanh dwoc mot ving ddt to nhdt & canh bién?

Néu ta gia sit bd bién 1a mot dudng thang va ta cé mot cai guong 16n dit & bs bién, khi d6 manh
d4t cda ta dugc nhan ddi (cong v6i phan ddi xiing clia né & trong guong) va né dudc bao quanh
bdi hai 1an soi day da trau Ay.

Diéu nay dan dén Bai toan Dang chu trong Hinh hoc phang nhu da néu trén va cong viéc con
lai ctia bai viét nay 12 “thudt’” lai lich st tim ki€m 16i gidi ctia no.

Trudc hét 12 mot két qua quan trong sau dy, gitp ta “dd tén cong” di tim 10i gidi trong “thé
gidi” hinh phang kia.

B& dé 1. Trong tdt cd cdc hinh ¢6 cing chu vi, hinh c6 dién tich 16n nhdt phdi la hinh 16i.
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Chiing minh. Ta cin ching minh ring, moi diy cung ctia hinh d6 phai hoan toan nim bén trong
hinh. Gia st ta ¢6 hinh Aa BC véi day cung ngoai 1a AB (xem hinh 1).

C

Hinh 1:

Ta hay thay cung a bang cung 1é, dbi xting véi né. Do phép thay thé nhu vay, chu vi ctia hinh
ABC sé& khong ddi, con dién tich cta hinh 16 rang dugc ting 1én. Piéu niy cé nghia Ia hinh
Aa BC khong thé 12 hinh c6 dién tich 16n nhat.

Vay hinh c6 dién tich 16n nhat phai 12 mot hinh 19i.

Tiép theo, ta c6 thé xac dinh thém mot tinh chét khac nita cla hinh nay. D6 13, moi diy cung
chia chu vi ctia mot hinh 16i 1am hai phan bing nhau thi ciing chia dién tich ctia hinh 16i nay lam
hai phan bang nhau.

Gia st hinh AM BN la hinh phai tim va gia st day cung M N chia day cung cua hinh thanh hai
phan biang nhau (xem hinh 2).

Ta sé ching minh rang dién tich AM N bang dién tich M BN . That vy, néu mot trong hai phan
nay c6 dién tich 16n hon phan kia, chang han dién tich hinh AM N 16n hon dién tich hinh M BN,
thi sau khi 14t hinh AM N qua ddy M N ta sé nhan dugc hinh AM A’ N c6 dién tich 16n hon hinh
AM BN ban dau (van véi chu vi khong ddi).
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Hinh 2:

Diéu d6 c6 nghia 1a hinh AM BN, trong dé dy cung chia cit chu vi 1am hai phan bang nhau
nhung lai chia dién tich 1am hai phan khong bang nhau, khong thé 12 hinh phai tim (nghia la
khong thé c6 dién tich 16n nhit véi diéu kién chu vi khong d6i cho trude). O
Bay gio, ta giai cac bai toan sau:

Bai toan 1. Trong s6 nhitng tam gidc c6 hai canh cho trudc, tim tam gidc cé dién tich lon nht.
Loi giai. Ta c6 cong thic tinh dién tich tam giac theo hai canh a, b va goc C xen gitia chiing

las =
sin C dat gia tri 16n nhét, tic sin C = 1 hay C 1a géc vudng. U

-ab - sin C. RS rang, véi hai canh cho trudc, biéu thiic nay sé dat gia tri 16n nhét khi

| =

Viy, ta c6 két qua sau:

B& dé 2. Trong sé nhitng tam gidc c6 hai canh cho trudc, tam gidc co dién tich lon nhdt la tam
gidc ma hai canh nay tao thanh mot goc vuong.

Bai toadn 2. Cho biét chiéu dai tdt cd cdc canh lién tiép ciia ciia mot da gidc, tric mot canh. Tim
cuc dai cua dién tich da gidc do.

Loi giai. Xét da giac ABC...KL v6i do dai cac canh AB, BC, ..., KL cho truéc, con chiéu dai
canh LA chua cho trudc va cac goc & cac dinh B, C, ..., F, K bién d6i (xem hinh 3).
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Hinh 3:
Vi cdc gia thiét nay, ta phai lam cho dién tich ABC, ..., KL A cuc dai.
Gia st bai toan dudc gia quyét, khi d6 dién tich ABC, ..., KL A dat cuc dai. Ta di c6 dugc cic

gia tri cAn tim cia tit ca cac goc, trit mot goc. Trén hinh 4, ta coi géc tai F bién ddi, con cic goc
khéc tai cdc dinh B, C, ..., K cb dinh. Tanbi A va L v6i F. Cic do dai AF va LF khong d6i.

F

Hinh 4:

Toan bo da gidc ABC...F...KLA bay gi dugc chia ra 1am ba phan, trong d6 c6 hai phan cb
dinh 14 c4c da gidc ABC...FA, LK...FL va chi c6 phan thif ba 1a ¢ thé thay ddi. Tam gidc
AFL cé hai canh FA, FL da cho va géc tai F bién ddi. Theo két qua ctia Bai todn 1, dién tich
tam giac nay va, cung véi nd, dién tich cua toan bd da giac ABC...F...K L A dat cuc dai khi géc
AFL la géc vudng. O

TAt nhién, 1ap luan nay c6 thé ap dung cho céc goc tai cac dinh khac clia da gidc, nhu B, C, ..., K.
Nhu thé, ta thiy rang: Dién tich da gidc ABC...K L A khong thé cuc dai néu canh AL (chua cho
ban dau) khong dugc nhin dudi mot géc vudng, tai mbi dinh B,C, ..., F, K, ... khong nam trén
canh do.

Néu dién tich cuc dai ctia da gidc ABC...KL A ton tai, thi né phdi dat dugc trong tinh huéng
viia mo ta. Viéc chiing minh su ton tai dién tich cuc dai ctia da gidc ny vuot ra ngoai gidi han
ctia chuong trinh phé thong, khi ta phai nhd dén su "hd trg" ctia Dinh 1i Weierstrass vé "su ton
tai clia gi4 tri 16n nhat va gia tri nhé nhat cia mot ham lién tuc xdc dinh trén mot compact” cia
Toan hoc cao cép.

Viy, ta c6 két qua sau:

120



Tap chi Epsilon, S6 20, 08/2021

B& dé 3. Cho biét chiéu dai 14t cd cdc canh lién tiép ciia ciia mét da gidc, trir mot canh. Dién
tich ciia da gidc da cho dat cuc dai khi va chi khi da gidc dé ndi tiép mita hinh tron c¢é duong
kinh la canh chua cho ban dau.

Bai todn 3. Hdy so sdnh dién tich mét da gidc néi tiép trong mdt hinh tron vdi dién tich ciia
moi da gidc khdc c6 cing cdc canh nhuw vdy (nghia la, cdc canh dai bang nhau va sdp xép theo
cung thut ty nhu nhau).

Loi giai. Ta hay so sanh hai da giac ABC...KL va A’B’C'...K'L’ (xem hinh 5) c6 cac canh
tuong Ung bang nhau AB = A'B’,BC = B'C’,...KL = K'L’,LA = L’ A’ nhung mot sb
gbc lai khac nhau. Ngoai ra, da gidc ABC...K L noi tiép dudng tron, con da giac A’B'C’...K'L’
thi khong.

Hinh 5:
Ta ndi dinh J cia da gidc ABC...KL véi taim dudng tron ngoai tiép va ké dudng kinh JM .

- Néu M trung vé6i dinh cla da giac ABC...K L thi, theo két qua ctia Bai todn 2, ta c6 diéu phai
ching minh.

- Néu M khong trung véi dinh ctia da gidc ABC...KL thi M nam trén dudng tron, § giita hai
dinh ké nhau ctia da gidc noi tiép, chang han nhu A va B. Také M A, M B va xét tam giac AMB
va dung tam gidgc A’M’'B’ trén ddy A’B’ bang tam gidac AMB.

Cudi cling, ta ké J'M’. Puong thang JM chia da gidc AMBC...KL ra hai phan (xem hinh 5)
va dudng thang J'M’ ciing chia da gidc tuong ing nhu vay. Ta ap dung két qua ctia BS d& 2 cho
ca hai phan nay. Khi d6, dién tich da gidc MBC...J (ndi tiép trong ntta hinh tron) khong nhé
hon dién tich cta da giac M'B’C’...J’. That vay, tit ca cdc canh tuong tng, trit MJ va M'J’,
déu bang nhau va chi riéng canh M J, 1a dudng kinh ctia nita hinh tron, 13 c6 thé khac véi M'J’.
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Tuong tu, ta c6 dién tich da gidc MALK...J khong nhd hon dién tich M'A'L'K’...J". Suy ra,
dién tich da giac AM BC...K L 16n hon dién tich da giac A’M’'B’C’...K’L’. Nhung vi dién tich
tam giac AM B 16n hon dién tich tam giac A’M’B’, nén ta c6 dién tich da giac ABC...KL 16n
hon dién tich da giac A’B’C’...K'L’. Bai todn da dudgc gidi quyét. ]

Viy, ta c6 két qua sau

BS dé 4. Dién tich mét da gidc néi tiép trong mot hinh tron I6n hon dién tich ciia moi da gidc
khdc cé cing cdc canh nhw vdy (nghia la, cdc canh dai bang nhau va sdp xép theo cing thit tw
nhu nhau).

Bai toan 4. Trong cdc da gidc co s6 canh cho trudc va chu vi cho trude, hdy tim da gidc cé dién
tich lon nhit.

L&i gidi. Trude hét, bdi Dinh Ii 1, néu c6 mot da gidc nhu thé thi né phai noi tiép hinh tron.

Bay gid, gia st bai toan da dudc gidi quyét va ta da biét cac vi tri ding cta cic dinh, trit mot
di€m ma ta goi 1a X, con n — 1 dinh khac, ta goila U, ..., W, Y va Z da dudc c6 dinh (hinh 6).

% Y

Hinh 6:

Toan bo da gidac U...W XY Z gdm hai phan: da giac U...W Y Z véi n — 1 dinh da cb dinh, khong
phu thudc vao X, va tam gidac WX Y phu thuoc vao X. P6i v6i tam giac WXY, ta biét canh
ddy WY va tong hai canh kia 1a WX + XY . That vy, n — 2 canh con lai clia da gidc ma dudc
gia thiét 1a da biét, va trén thuc té ta da biét tong cla tit ca n canh. Dién tich tam gidc WXY
phéi 13 16n nhat. Tuy nhién, dién tich tam gidc WX Y, véi canh ddy va chu vi da biét, dat cuc
dai khi tam gidc 1 can. Khi d6 WX = XY, hai canh k& clia da gidc phai tim 13 bang nhau. Do
do, theo tinh chat d6i xiing ctia cac diéu kién va luge do bién ddi tiing phan, hai canh ké bat ky
1a bang nhau. Suy ra ring, da gidc can tim phai c6 cac canh bang nhau.

Da gidc can tim ndi tiép hinh tron, dong thai lai c¢6 cdc canh bang nhau, nén 1a da gidc déu. [

Vay, ta c6 két qua sau:

B6 dé 5. Trong cdc da gidc c6 s6 canh cho trude va chu vi cho trude, da gidc déu cé dién tich
I6n nhdt.
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Bai toan 5. Cho hai da gidc déu, mot da gidc coé n canh, con da gidc kia cé n + 1 canh, co
cung chu vi. Pa gidc nao co dién tich lon hon?

Lsi giai. Theo BS dé 5, ta thiy rang, da gidc déu c6 n + 1 canh c6 dién tich 16n hon dién tich
ctia da giac khong déu c6 n + 1 canh khi ching c6 cung chu vi. Nhung da gidc déu véi n canh,
mdi canh bing a chang han, c6 thé xem nhu mot da giac khong déu c6 n + 1 canh, trong dé

LA qssas s 1. TS T £ R
n — 1 canh ¢6 do dai la a, con hai canh con lai c6 chi€u dai lazva mot géc bang 180°. L]

Vay, ta c6 két qua sau:

BS dé 6. Mot da gidc déu véi n + 1 canh c6 dién tich I6n hon dién tich da gidc déu cé n canh,
khi ching co cung chu vi.

Bai toan 6. Mot hinh tron va mot da gidc déu co cung chu vi. Hinh nao cé dién tich l6n hon?
Lsi gidi. Ta xét cac da gidc déu ¢ n canh. Ta lan lugt cho n = 3, 4, .... Ap dung két qua ctia BS
dé 6, ta thiy ring:

- Khi chuyén tir tam gidc déu sang hinh vudng c6 cling chu vi, ta thiy dién tich ting Ién;

- Khi chuyén tir hinh vudng sang hinh ngii gidc déu c6 cung chu vi, ta thiy dién tich ciing ting
1én;

Tiép tuc nhu viy, khi chuyén tir mot da gidc déu sang mot da gidc déu tiép theo (tif n - gidc déu
sang n + 1 - gidc déu) ta thay rang dién tich da gidc cit mdi budc lai dudc ting 1én, khi chu vi
ctia ching khong déi.

Cudi ciing, dén gidi han, ta c6 dugc hinh tron. Chu vi clia hinh tron ciing van nhu thé, nhung
dién tich ctia n6 hién nhién 1a vuot dién tich moi da gidc déu, ma gidi han ctia mot diy vo han
céc da gidc déu nay chinh 1a hinh tron do6. [
Viy, ta ¢6 két qua sau:

BS dé 7. Dién tich hinh tron I6n hon dién tich moi da gidc déu c6 ciing chu vi.

Bai toan 7. Mot hinh tron va mot da gidc tity y co cung chu vi, hinh nao co dién tich lon hon?
Loi giai. Ap dung két qua ctia B& dé 5 va BS dé 7, ta d& dang suy ra, d6 1a hinh tron. O

Viy, ta c6 két qua sau:
B& dé 8. Mot hinh tron va mot da gidc tity y co cung chu vi, hinh tron co dién tich lon hon.

Bai toan 8. Mot hinh tron va mot hinh bdt ky c6 ciing chu vi, hinh ndo cé dién tich lon hon?

Lsi gidi. Ap dung két qua ctia BS dé 8, ta dé dang suy ra, d6 1a hinh tron, vi moi hinh déu la
gidi han cua céc da giac. O
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Viy, ta c6 két qua sau:
Dinh ly 1 (Dinh Ii ding chu). Trong tdt cd cdc hinh phdng c6 chu vi bing nhau thi hinh tron cé

dién tich lon nhdt.

Nhu trén ta da biét, Pinh Ii dang chu da dugc chiing minh sau mot qua trinh suy luan khd dai va
phtc tap. Tuy nhién, dinh li nay ciing c6 thé dudc chiing minh tit b dé sau day (bd dé nay c6
nhiéu cach chiing minh, trong d6 cach chiing minh sau day rat doc ddo vi chi dung nhiing kién
thic hét stic so cip!)

B& dé 9. Vi moi da gidc cé chu vi L va dién tich A, ta c¢é bdt ddng thitc sau
L? > 47 A.

L&i giai. Tachi can ching minh bat dang thic ddi véi da giac 16i 1a di. Gia st ABM...Z 1a mot
da gidc 18i (xem hinh 7).

Hinh 7:

T dinh A ctia da gidc, ta ké duong thang AQ chia da giac nay thanh hai da giac sao cho

L
D AB+BM + ..+ PQ = vi

A
ii) Dién tich S; cua da gidc ABM...PQ A théa man S; > 5
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Goi O 1a trung diém ctia AQ va M 1a dinh cich xa O nhét cla da gidc ABM...PQA. Dit

OM = R. Dung dudng tron (O, R). Tit A va Q ké cac dudng thang vudng goc véi OM , cit

dudng tron 1an luot tai A’ va Q.

Do tinh chit ctia phép d6i xing, phin ctia hinh tron AA’MQ’Q A ¢6 dién tich F bang mot nia
1

cua dién tich hinh tron, tic la F = EJTRZ.

Bit dau tir canh A B, dung ra phia ngoai da gidc ABM...PQ mot hinh binh hanh sao cho canh

db6i ctia canh A B tiép xiic véi dudng tron, con cip canh d6i con lai vudng géc véi dudng thang

OM , tiic 12 cung phuong véi cac dudng thang AA’ va Q Q'. Tiép theo, tit canh BM , tiép tuc

dung cdc hinh binh hanh nhu thé, cho dén hinh binh hanh cubi cling c6 mot canh 1a PQ.

bit AB = a;, BM = A,,.... MN = a;. Néu h; 1a dudng cao ctia tam giac OMN va d; 1a
chiéu cao ctia hinh binh hanh MM’'N'N, thi h; + d; = R.

Goi S, 1a t6ng dién tich cua cac tam giac OAB, ..., OMN, ..., OPQ, tic la

1
Sl = 5 lZai/’li.

Goi S, 1a tong dién tich ctia c4c hinh binh hanh, ta c6

Sz = Xi:aidi = Xi:ai (R—hi) = R.%—2S1.

ViS;+ S, > F,néntaco

Do dé

hay

Diéu nay suy ra rang

B§ dé dudc chiing minh. O

Ap dung B§ dé 9, ta ¢6 thé chiing minh Pinh 1i dang chu, cach 2, nhu sau:
Tit bat déng thitc L2 > 475 trong Pinh 1i 9, ta suy ra
L? L\’
S<—=n|—) =nar?
4 2
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trong d6 r 1a ban kinh ctia mot dudng tron c6 chu vi bang chu vi L ciia da gidc.

Vi mbi dudng cong khép kin déu 1a gidi han clia céc da gidc, khi s canh clia da gidc dan ra vo
ciing, nén bat dang thic
S < xr?

dudc suy rong thanh ndi dung ctia Pinh Ii dang chu. Ta c¢6 dudc cich ching minh thit hai cia
Dinh Ii dang chu.

Sau day 1a cach ching minh c& dién ctia Pinh 1i dang chu, v6i phuong phép thuan tiy Giai tich,
va do d6 day la cich chiing minh kha chét ché khi khong st dung nhiing hinh vé cu thé va nhiing
suy luan "cam tinh" moi khi mot da gidc ndo d6 dudc chuyén qua gii han d€ trd thanh mot
dudng cong.

Trude hét, trong [2], cdc két qua c6 dién va quan trong sau ddy da dudc chiing minh:

B& dé 10 (B4t ding thiic Wirtinger, dang lién tuc). Néu x (t) la mot ham thuc lién tuc tuyét
doi trén doan [0, 27| va théa mdn

x(0)=xQ2m), [ x(t)dt =0,
/

thi o .
Of( (t)) O/x (t)dt.

Bdng thitc xdy ra khi va chi khi tén tai cdc hdng sé thiuc A va B sao cho
x(t) = A-cost + B -sint, t € [0,2x].

B& dé 11 (Bét dﬁng thirc Wirtinger, dang rdi rac). Gid stk X1, X2, ..., Xp, Xp+1 = X1 la cdc 50

thuc thoa man
n
Z Xk = 0.
k=1

Thé thi, ta co

n
Z(xk.H —xx)* > 4sin® — Zx,f

k=1

ddng thiic xdy ra khi va chi khi ton tai cdc hing sé thuc A va B sao cho

2 2
X = Acos (%(k—l)) +Bsin(7n(k—1)), k=12,..n.
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Ap dung céc bd dé trén, ta c6 thé chitng minh Pinh 1i 1 v6i phuong phdp hoan toan Gidi tich
nhu da néu trén.

That vay, néu C 1a mot dudng cong tron déng cho trude theo tham s6, thi do dai cung L clia né
c6 thé dudc biéu thi bang cong thiic

[ ()

Khi d6, dién tich hinh A tao bdi duong cong C dudc tinh bdi cong thuc tich phan dutng loai hai

b

A=/ydx=/yc;—):dt,

(o a
v6i viéc chon hudng ctia duong cong C 1a huéng duong.
Bay gid, ta nén chon mot tham sd s phit hop dé loai bé ciin bac hai trong tich phan biéu dién do

. 2 L .
dai cung L. Thuan tién nhat 1a chon ¢ = Tn.s hay s = 2—.t. The thi
T

2w

va

(G )= ()

2

L2
T o

2n
dx\? dy\> dx
L? —4gA =2 — — 2y.—
T n/((dt) +(dt) + ydt)dt
0

2

= f(

0

Ngoai ra, bdi BS dé 10, ta c6

Do do6
2

0

Vay L? > 47 A.

Suy rong két qua vira dat dugc, ta thu dugc chiing minh bing phuong phap Gidi tich (cach thi

ba) ctia Pinh li dang chu.

2

dx 2 dy\>
= dt +2 =) —y?)dr.
t—i—y) + ﬂf((dt) y)

0

2

2 / d—x+ 2dt+2 / dy 2— 21dt >0
& dr 7 & dt Y -
0
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O Pinh 1i 1, ta da dién dat Pinh 1i déng chu theo nghia xét cic hinh phing c6 cung chu vi. P6 1a
nodi dung "cd truyén" ctia cach dién dat thit nhit. Tuy nhién, theo nghia rong hon, Dinh li dang
chu con c6 cich dién dat thit hai nhu sau

Dinh Iy 2 (Dinh If ding chu thit hai). Trong tdt cd cdc hinh phdng cé dién tich bing nhau thi
hinh tron c6 chu vi nhé nhdt.

RG rang, hai cich dién dat ctia hai dinh 1i 1a khac nhau va khac nhau khong chi vé 15i vin. Ta
c6 thé goi hai cach dién dat nay 1a hai cach dién dat lién hop. Ta sé ching minh ring hai diéu
khang dinh lién hop nay tuong duong véi nhau, bang cach chiing minh riang chiing cing tuong
duong v6i mot cich dién dat thit ba, dugc hinh thanh tif suy luan dudi day:

Gia st A 1a dién tich, con L 1a chu vi ctia hinh da cho. Ta gia thiét rang hinh da cho va hinh tron
ban kinh r 1a dang chu, nghia 1a cing bang L = 2xr. Khi d6, dang thi nhit ctia Dinh 1i dang

. . . . L .
chu khang dinh rdang A < 7r?. Ta thay r bang biéu thiic ctia n6 theo L, nghiala r = 7 Khi
T

L e L e 4 A
do, bat dang thic trén tuong duong véi bat dang thic 7z < 1.

Ta goi bat dang thiic nay la Bt dang thiic dang chu, con thuong & vé trai 1a thuong ddng chu.
Thuong nay chi phu thudc vao hinh chif khong phu thudc vao kich thuée ctia hinh. That vay, néu
ta ting cdc kich thudc bac nhat cia hinh theo ti s6 1 : 2 chang han ma khong thay ddi hinh dang

ctia hinh, thi chu vi sé bang 2L, con dién tich 12 44, nhung thuong — khong thay ddi va diéu
12

coaxa o AmA .y 2 L
do van dung voi R du c6 tang theo mot ti sO nao cing vay. Luu y rang, thuong dang chu sé

bang 1 d6i v6i trudng hop hinh tron.

Véi khai niém thuong dang chu vita dudc hinh thanh, theo nghia rong hon, Dinh li dang chu con
c6 cach dién dat thd ba nhu sau

Dinh Iy 3 (Dinh If ding chu thit ba). Trong tdt cd cdc hinh phdng thi hinh tron cé thuong ddng
chu ldn nhat.

Nhu véy, xuét phat tit cic hinh ¢6 chu vi bang nhau, ta da di dén dang tht ba ctia Dinh 1i ddng
chu. Bay gio, ta sé bat dau tir khang dinh ctia Dinh li 3 va chuyén sang cic hinh c6 dién tich
bing nhau.

Ta gi4 thiét rang, hinh c6 dién tich 4 va chu vi L c6 cung dién tich v6i hinh tron ban kinh r,
nghia 1a A = 2. Thay A bang biéu thifc nay, ta d& dang, ta dé dang bién ddi bt dang thiic
dang chu thanh L > 2xrr. Diéu d6 c6 nghia la chu vi ctia hinh nay 16n hon chu vi ctia hinh tron
c6 cung dién tich. Ta da di t6i dang lién hop thit hai ctia Dinh 1i déng chu thi hai.

Tuong tu, ta c6 thé néu 1ap luan trén day theo hudng ngudc lai va tit Pinh 1i 2 ¢6 thé suy ra Pinh
I 1, bang cich 4p dung Dinh 1i 3. Va nhu thé, ta c6 thé thiy dudc ring ci ba dang phét biéu clia
Dinh Ii dang chu la tuong duong.
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gpsi lon

BAI TOAN HAY LOI GIAI DEP

Ban Bién Tap

GIOI THIEU

Chuyén muc nay dugc 1y cam hing tir bai viét ctia thay Nguyén Duy Lién & s6 bdo trudc
vé bai toan s 6 trong ky thi IMO 2001 véi 5 cach gidi khac nhau. Muc nay sé dé danh
viét vé nhiing bai todn hay, 15i gidi dep va nhiing ciu chuyén thd vi xung quan nhiing bai
toan va 10i giai do.
Tén ctia chuyén muc dugc mugn ti tén cia mot nhdm nhitng ngudi yéu toan trén Facebook
do anh Nguyén Vin Loi sang 1ap “Bai todn hay - Loi gidi dep - Dam mé todn hoc”.
Chuyén muc ghi nhan cic dé ci cia ban doc va sé chon ding méi ky 1, 2 bai todn.
S6 nay chiing ta s& cling véi hai tic gia Tran Nam Diing va V& Qubc B4 Can trao ddi vé
mdt bai toan cua Vasile Cirtoaje dang trén tap chi Gezeta Matematika tit nhiing ndam 80
ctia thé ky trudc cung véi 7 16i gidi khac nhau ctia né.

Trong Short list ctia IMO 1995 ¢6 bai todn sau do Titu Andreescu dé nghi

Bai toadn 1. Cho a, b, ¢ la cdc s6 thuc duong. Tim tdt cd cdc sé thuc dwong x, y, z théa mdn

dong thoi diéu kién

x+y+z=a+b+c, 4xyz=a’x+b*y+c*z+abc.
Thuc ra, tic gia gbc clia bai toan nay la Vasile Cirtoaje, mot chuyén gia vé bit dang thic, da
ding trong Gazeta Matematica vao nhitng nim 1980 dudi phat biéu sau.

Baitodn 2. Choa, b, ¢, x, y, z la cdc s6 thuc duong théa man diéu kién x+y+z = a+b+c.
Chitng minh rang
a’x + b%*y + c¢?z + abc > 4xyz.

Trong bai viét “Gidi tich va cdc bai todn cuc tri”, toi da phat biéu lai bai todn ndy dudi dang bai
toan cuc tri nhu sau.

Bai toan 3. Cho a, b, ¢ la cdc sé thuc duong. Cdc sé thuc duong x, v, z thay doi nhung luén
théa man diéu kién x + y + z = a + b + ¢. Tim gid tri [6n nhdt ctia biéu thiic

P =4xyz — (a’x + b%y + ¢?2).
Ba bai to4n nay c6 mdi lién quan truc tiép v6i nhau va biét 15i gidi cla bai todn nay gan nhu
hién nhién sé gidi dudc bai todn kia.
Chiing ta sé khdi dau tir 16 giai ctia bai todn 1.
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L&i giai 1. Chia hai vé ctia phuong trinh thi hai cho xyz > 0, ta dudc

4_a2 b?> ¢?> abc
Cyz  zx Xy  xyz

PitX = 2..Y = JLzTc’ Z J;T thi dzzlng thic nay tr§ thanh

4=X>4+Y*+Z7Z>+XYZ. (D

Dé thay X, Y, Z duong. Do d6 X? < 4, suyra X < 2, tuong ty ¥ < 2. Néu coi (1) nhu
phuong trinh bac hai theo Z thi (ta loai nghi€ém con lai vi nghiém do6 am)

5 _ XY + VX?YZ 16— 4X7 472
— . ,

Nhan thiy biéu thic dudi cin c6 thé viét lai thanh (4 — X?)(4 — Y'?). Biéu thdc nay goi y dén
phép dit X = 2sinu, Y = 2sinv véi u, v 1a cic géc nhon (didu nay hgplé do 0 < X, Y < 2).
Luc do6 thi

—4sinu sinv 4 4 cosu cos v

Z = > = 2(cosu cosv — sinu sin v).

Nhu vay
a= . /yzsinu,b = ./zxsinv,c = /xy(cosu cosv — sinu sinv).

Tt ndy gid ta chua ding dén phuong trinh thif nhét. Bay gio thay céc biéu thic trén vao phuong
trinh thd nhét ta dugc

x+y+z=yzsinu+ /zxsinv + /xy(cosucosv — sinu sinv) (2)
Bay gio viét
x = (Vxsinu) + (Vxcosu)’, y = (VY sinv)” + (/¥ cosv)’, z = (ﬁ)z,
ta c6 thé viét lai (2) dudi dang
(VX cosu — /y cosv)” + (vx sinu + /ysinv — /z)* = 0.

Vi binh phuong ctiia mot sb thuc luén khong 4m nén mot sd hang & vé trai phai bang 0. Do dé

. . a b
Z = 4/Xsmv + smuy = + .
Vz=4x vy NN
Suyraz = #. 0
Nhung bai todn 1 ddi xting do d6 ta ciing phdi c6 x = 2£¢, y = ¢t¢. D& dang kiém tra lai cdc

nghiém nay thoa man hé phuong trinh.

Lai giai nay dugc chung t6i tham khao tu website ciia John Scholes (www.kalva.demon.uk) va
cling ¢6 1€ 1a 16i giai chinh thiic cua BGK trong Shortlist.

Lai giai nay 13 anh em sinh ddi ctia 16 giai sau ddy cho bai toan 2, dudc cung cip bdi Vo Qubc
B4 Can.
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Loi gidi 2. Trude hét ta ching minh bé dé sau:
B6 dé 1. Néua®x + b2y + c2z 4+ abc = 4xyzthix+y+z>a+b +c.

Chia hai vé cho 4xyz thi dudc

a 2 b 2 c 2 a b c
_|_ + _|_ 2 . . . = 1
2./yz 2zx 2./xy JYZ Jzx /XYy

Do tét c4 cac sb hang déu duong nén cac s6 hang & vé trai thudc (0, 1). Chon cic géc nhon A,
B sao cho #ﬁ = cos A, %ﬁ =cosBvadit Z = #ry thi

Z?> +2cos A-cosB-Z + cos’A + cos’B —1 = 0.
Giai phuong trinh nay theo Z, ta tim dugc

Z =sin Asin B — cos Acos B = cos(180° — 4 — B).

Vay

b
=cosA, —— =cosB, =cosC,

a c
2./yz 2zx 2./Xy
v6i A, B, C la cac goc nhon c6 tdng bang 180°.
Bit dang thiic cin ching minh by gid tuong duong véi
X+ y+z2>2/yzcos A+ 2/zxcos B +2,/xycosC.
Vv6i x, y, z 1a cdc sb thuc duong va A, B, C 1a cac goc ctia mot tam giac nhon.
Dit x = a2, y = b?, z = ¢? thi diéu can ching minh trd thanh
af + bf + cf > 2bicicos A + 2¢iaqy cos B + 2a1b, cos C.
Hay viét duéi dang bit dang thiic tam thifc bac hai theo a;
a% —2(cicos B 4+ bycosC)a; + bf + c% —2bycicos A > 0.
Tam thic béc hai & vé trai c6 dinh thic A’
A = (c¢icos B + by cos C)* — (b? + ¢} —2byc; cos A)
= —c%sin’ B — b%sin®C + 2b;c; sin B sin C
= —(c;sin B — by sinC)* <0

Do d6 bt dang thic ding. Diu bang xay ra khi va chi khi ¢;sinB = b;sinC va a; =
c1¢cos B + by cos C. Lic nay

b N c b+c
ay =¢C1- 1 = .
2c1a; 2a1b, 2a,
_ 2 _ b+c __ C+ta __ a+b
Suyrax =ay === Tuongty y = <=,z = <=,

Quay trd lai bai toan, gia st ngugc lai rang a?x + b%y + ¢?z + abc < 4xyz. Bing cach ting ¢
1én thanh ¢, ta s& dat dudc tinh hubng a2x 4+ b2y + ¢'*z + abc’ = 4xyz. Ap dung b dé ta cé

xX+y+zza+b+c' >a+b+ec.
Mau thuén. L
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Phép thé lugng gidc nhu trong cac 15i giai trén rat 10i hai va né c6 thé 4p dung trong tit ci cic
bai toan c6 xuét hién diéu kién a? + b2 + ¢ + abc = 4. Chang han nhu trong céc bai todn sau:

Bai toan 4 (USAMO 2000). Gid si a, b, ¢ la cdc s6 thiuc khéng dm théa mdn diéu kién
a® + b? + ¢ + abc = 4. Chiing minh rang
0<ab+bc+ca—abc <2.

Bai toadn 5. Gid sita, b, ¢ la cdc sé thuc khong dm théa mdan a® + b? + ¢? + abc = 4. Chiing
minh rang a + b + ¢ < 3.

Bai todn dai so, di nhién 12 sé c6 cach gii thuan tiy dai s6. Cac bai toan 1, 2, 3, 4, 5 s& ¢
nhitng 16 giai dai s rat tu nhién ma chiing ta sé tiép tuc trao d6i sau day. Chiing ta sé tip trung
vao 10i gidi bai toan 2, con céc bai 4, 5 danh 1am bai tap cho ban nao mubn thif stic.

Loi gidi sau day 1a ciia Vo Qudc Ba Can trong cudn sach viét chung véi dng Vasile Cirtoaje.
Trong 15i gidi nay, Cin da dung bét dang thiic Cauchy Schwarz dé don bién.

Loigidi3. Vi(y +z—a)+(z4+x—-b)+(x+y—c)=x+y+z>0nén trong cic sd
y+z—a,z+x—b, x4+ y—c céitnhit mot sb duong. Khong mit tinh téng quat gia si
y + z —a > 0. Mit khac, néu a? > 4xy thi bat dang thiic can chiing minh 12 hién nhién nén ta
gia st a® < 4xy. Ta bién ddi bat dang thiic da cho vé dang

2a*x +2b%y +2c%z +al(b + ¢)* — b* — c?] > 8xyz,

hay
2a°x + b*(2y —a) + c*(2z —a) + a(b + ¢)* > 8xyz.

Chi y rang véi cac s6 thuc p, g, u, v véi p +q > 0, tacod

_pqu v (pu—gqv)®

2 2
pu” 4+ qu 2> 0.
P tq pPtq
Nén ta c6 bat dang thiic
2
u
pu2 + qu 2 M
pPt+q

Dod6,do2y —a+2z—a =2(y +z—a)>0,nén

) ) 2y —a)(2z —a)(b + ¢)?
b*2Qy —a)+c“(2z —a) > ST — .

Nhu vdy, ta chi can chiing minh

2y —a)(2z —a)(b + ¢)*
2a%x + @y @)@z —a)b +¢) +a(b +¢)* = 8xyz.
2(y+z—a)

Diéu nay tuong duong véi

2y —a)2z —a)
2(y+z—-a)

(b +¢)? [ + a] > 2x(4yz —a?),
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hay
b +c)*(4xy —a®
(b +c)(4xy —a’) > 2x(dxy — a?).
2(y +z—a)
Do 4xy — a? > 0 nén ta c6 thé rit gon thanh
b 2
G
2(y +z—a)
hay

(b+c)* > 4x(y +z —a).
Bit dang thiic cudi ciing nay diing vi theo bét dang thic AM-GM

b+cY=@+b+c—aY=x+y+z—a)>4x(y +z—a).
Chiing minh hoan tat. [
Trong dap an gbc clia Vasile Cirtoaje con dua ra 3 cich giai khac nita, nhung nhiing cich giai
nay dudng déu thiéu tu nhién.

c+a a+b

,r =2z —

Léigiéi/4. }?étp:x 2 C.q=y— thi p + g + r = 0. Trong cic sb p,
g, r chic chan phai c6 hai sd cung dau. Chang han do la P, q.

Ta co

b+c c+a a+b a+b

2 VT P R

xX=p+

Thay vao bat dang thifc ta dugc

a’x + b*y + c¢*z + abc — dxyz

b+c ’ c+ta 2 a+b
p—i—T +0% (g +—— |+ —p—a+—— ) +abe

4 +b+c +c—l—a +a+b
p ) q 2 P —q 2
=4pq(p + q) + 2p*(c +a) +2¢*(b + ¢) + 4pgc

a b+c
:4p2( )—|—4q2(p—l—T)—|—4pqc

= 4(p*b + q*a + pgc) > 0
Déu bing xay ra khi va chi khi p = ¢ = 0, tic la khi x = b—

__ cta __ a+b
Ly =5n=5 .

Loi giai 5. Néu a? > 4yz thi bat dang thiic can ching minh hién nhién diing.

Néua? <dyz, ditu=x+y+z=a+b+c.Thayc=u—a—bvax =u—y—zDbit
dang thic tré thanh

aA?u—y—z)+b*’y+u—a—-b’z+ab(u—a—>b)—4u—y—z)yz=>0
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hay
zu® + [a2 —2(a+b)z +ab— 4yz] u+(@+b?*z—a*(y+z)+b*y —ab(a+b)+4yz(y +z) > 0.
Xem Vé trai nhu tam thic bac hai theo u, thi tam thic nay co

A = (a®>—=2(a+b)z +ab— 4yz)2 —4z[(@+b)’z—a*(y+z)+ b’y —abla +b) +4yz(y + z)]
=(a+b—22)*(a®>—4yz) <0.

Chiing minh hoan tit. O

Lsi giai 6. Bat dang thic da cho 1a hé qua hién nhién ctia hing ding thic sau

2(bcu + cav + abw) (azx +b%y + c*z + abc — 4xyz)
=au(v —w)®> +bv(w—u)? +cwu—v)>+2uvwx+y+z—a—>b—c)

trong d6 u = 2ax + bc, v = 2by + ac vaw = 2cz + ab. ]

N6i thém vé ba 15i gidi nay. Loi gidi 4, nhu da ndi & trén 1a dua vao di€ém roi x = I%, y = %
z = “P 1di “dung” lai 10i gidi. L8i gidi 5 c6 vé 1a tu nhién nhét nhung thuc ra lién quan dén
cdc tinh toan rat cong kénh. Tinh va rit gon dugc cdi A d6 qua 1a ky cong va khong phai ai
ciing diing cam lam, nhét 14 trong diéu kién phong thi khong c6 su trd gidp cia mdy tinh (& day
mudn néi dén cic phan mém tinh symbolic nhu Maple, Mathematica chit khong phai 1a Casio).
Riéng céch giai cubi 12 qua 4o, chi phit hop dé gidi tri cho vui chii 1am sao c6 thé tim ra dudc
hing dang thic ki€u nhu vay?

Cudi ciing, chiing ta thao ludn mot chit vé bai toan 3. Puong nhién 1a tt ca cac cich gidi ciia
bai toan 2 déu c6 thé dp dung dé gii bai toan 3. Nhung ta mubn tim mot cach giai doc 1ap khi
chua biét gid tri 16n nhét 1a abc, ciing chua biét “diém roi” 1a 25¢, <44 4%b Ty & sit dung
phuong phép nhan tit Lagrange d€ tim cuc tri ciia ham nhiéu bién c6 diéu kién.

Loi giai 7. Xét ham Langrange
L(x,y,z,A) =4xyz — (@*x + b’y +c*2) +Aa+b+c—x—y—2).

Hé phuong trinh tim diém diing c6 dang

ar _
dx ’
dL dyz —a*— A =0
o )

dzx —H>—A =0
dy o zZX
d—L—O 4xy —c* =1 =0
dz X+y+z—a-b-c=0
ar _,
d)

Tit ba phuong trinh dau ta tim dugc

a?+ b% + 2 + 31
2 9

2(xy +yz +zx) =
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va

2 B2+ 1) (2 + 1) , (@@ + D)@+ 2) 2 (@ + 1) (b> + 1)
T 4@r+rn Y T T aerrny S T T aeetn

Viét phuong trinh cudi duéi dang x2 + y2 + z2 + 2(xy + yz + zx) = (a + b + ¢)? rdi thay
céc gid tri cia x2, y2, z2 va 2(xy + yz + zx) tinh dudc qua a, b, ¢ va A tinh dudc trude do6 vao,
ta thu dugc phuong trinh

B2+ +L) (2+N)@+L) @ +10)bB>+1) a?>+b>4+c%2+32
4(a® + ) 4(b% + 1) 4(c2 + 1) 2

=(a+b+c)

Giai phuong trinh nay theo A, ta tim dugc A = ab + bc + ca. Tu day tim dugc

, (B> +ab+bc+ca)c®+ab+bc+ca) (b+a)b+c)c+a)c+b) (b+c)
x? = — _
4(a®? 4+ ab + bc + ca) 4(a + b)(a + ¢) 4

Hay x = 25¢ wong tu y = <4, z = 42 Tir d6 im dugc gid tri nhé nhét bing

() () () (5) -0 (5

Laoi giai hoan tat. O

Céch giai cubi ciing kha cong kénh va khong hé don gian (giai cai phuong trinh tim lamda 12 ca
mot vin dé). Hon nita, né thuc sy chua hoan chinh vi chua néu ra cac 1ap luan chiing to gid tri
tai diém diing 1 gid tri nhd nhat (chiing ta bd qua su chit ché nay dé tranh sa da vao ly thuyét).
Tuy nhién, né gi6i thiéu cho ching ta mdt cach tiép can téng quat d€ gidi 16p bai todn cuc tri
ham nhiéu bién c6 diéu kién. N6 ciing cho ta thdy, tai sao giai phuong trinh va hé phuong trinh
dai s6 lai 12 mot trong cdc bai toan co ban clia dai sd.

Nhu vy 12 ta da cling di qua 7 cach giai cho mot bai toan. Mdi cach giai déu chita dung nhiing
y tudng, phuong phép tiép cn hitu ich gitip chiing ta gidi quyét cdc bai todn khac.

Cau chuyén vé mot bai todn hay véi nhitng 16i giai dep xin dudc tam diing tai day.
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