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Céc ban dang cAm trén ... mdy tinh s6 méi nhit ctia Epsilon, tap chi online ctia nhitng ngudi
yéu Toan: Epsilon 17.

Epsilon 17 dugc khdi dong va xuét xudng trong mot bdi canh dic biét khi dai dich COVID-19
xuét phat tir Vi Han (Trung Qudc) di lan ra va bung nd khap toan cau. Va su anh hudng ctia né
v cling 16n lao, 16n nhit k€ tf sau Chién tranh thé gidi 1an thif hai. Lan dau tién ching ta nghe
cdc cum tif nhu tinh trang khdn cip, céch ly toan dién, gidn cach xa hdi dudc st dung mot cach
phd dung trén toan thé gi6i. Cudc sdng offline da c6 su thay d6i rat 16n, va chac chin sé khong
con nhu cil nita, ngay ca khi dai dich qua di va cudc séng trd lai binh thuong. S& cé nhiéu quy
tac, chuin muc, théi quen, hanh vi dugc xem xét va dan loai bo. Va chic chan nhiing hoat dong
online sé dugc ¢d vii va phat trién boi vi né: Tién 1oi hon, hiéu qua hon, tiét kiém hon va ... an
toan hon.

Vi 1& d6, Epsilon tiép tuc tu tin di trén con dudng ctia minh dé tiép tuc 1a mot dién dan truc
tuyén tu do va chit luong cla nhitng ngudi yéu toan, mudn chia sé¢ dén ban doc nhiing nghién
ctfu, khdm ph4, chiém nghiém ctia minh vé todn hoc va nhiing vin dé lién quan.

Epsilon 17 1a tuyén tap 15 bai viét véi ndi dung va thé loai phong phd, danh cho nhiéu dbi tugng,
ké tir cac em hoc sinh tiéu hoc dén nhitng ngudi yéu todn 16n tudi. Tir hoc sinh chuyén dén hoc
sinh khong chuyén, tii sinh vién dai hoc dén hoc vién cao hoc déu c6 thé tim thiy nhiing diéu bs
ich va phut hop cho minh & s6 b4o nay. Ban bién tap tran trong cam on tit ca céc tic gia da dong
g6p bai cho Tap chi va mong tiép tuc nhan dudc su cong tic quy bau nay trong cic s6 tiép theo.
Ban bién tap Epsilon tran trong cdm on GS Dam Thanh Son van ludn quan tdm va doi theo, va
da tim chon cho chiing tdi bai bdo viét vé cudc tranh luin ctia Bernoulli va D’Alembert hoi cudi
thé ky 18 vé xdc suit va ting dung vao md hinh nghién ciiu hiéu qua cla tiém ching, mot bai
viét rit phut hdp v6i bdi canh nhitng ngay nay.

Miic dui da cb ging ti da, nhung nhiing sai sét 1a khong tranh khoi. Chiing tdi mong ban doc sé
phan hdi cho chiing t6i nhitng sai s6t nay dé kip thdi chinh sta.

Con bay gio, hady md ra va thudng thic Epsilon, mén qua cua thang Tu.
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VAC-XIN BENH PAU MUA
CuoOc TRANH LUAN GIUA BERNOULLI VA
D’ALEMBERT CUNG TiNH TOAN XAC SUAT

Camila Colombo (UK), Mirko Diamanti (Italy)
Ngudi dich Nguyén Vi Duy Linh, TrAn Nam Diing

LO1 BAN BIEN TAP

Dai dich COVID—19 van dang hoanh hanh va thu hit sy quan tdm clia toan nhan loai.
Trén tuyén dau 12 cic y, bac sichdng choi truc tiép v6i con virus nguy hiém dé gianh giat
su séng, bo vé cho cac bénh nhan, chinh quyén cling cic luc lugng y té cong ddong, quan
ddi, canh sat, ... thi tri€n khai cdc hoat dong cach ly, gian cach xa hdi, cac nha khoa hoc
thi gip rit nghién ctiu thi nghiém vac-xin ngita virus va thudc chita virus. Va con hang
tram, hang ngan cac cong viéc lién quan khac. Cac nha toan hoc ciing khdng ngoai cudc,
bing cdc phuong phap théng ké, ho ciing da c6 nhitng phan tich, du doan dé tir 46 dua ra
cdc khuyén cdo thich hgp cho cic nha hoach dinh chinh sach, dé c¢6 thé lua chon phuong
an chéng dich mot cach hiéu qua nhit. Pudc su gidi thiéu ctia GS.Dam Thanh Son (DH
Chicago), ching t6i chon dich bai viét ctia Camila Colombo va Mirko Diamanti vé cudc
tranh lun céch day hon 200 nim giita Daniel Bernoulli va Jean Le Rond d’Alembert vé
viéc tiém ching bénh diu mua va ting dung clia xdc suét trong nghién ctu cic vin dé
thuc té. Chiing ta c6 thé thiy trong ciu chuyén ctia hon 200 nim trudc c6 nhiing vin dé

rAt gin giii v6i thuc tién chdng dich COVID—19 trén thé gidi hom nay.

Nhu cau cép thiét va kich tinh nham gidi thiéu va quang ba vic-xin chéng bénh dau mua, mot
tai hoa cho x hoi vao cudi nhitng nim 1700, da tao co hoi cho mdt cudc tranh luin soi ndi gitta
Daniel Bernoulli va Jean Le Rond d’Alembert. Bai viét nay thao luan nhitng dong co va lap luan

trong cudc tranh ludn gitta Bernoulli, tic gid ciia md hinh x4c suit ching minh viéc s dung
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vac-xin 1a hgp 1y hon va d’Alembert, ngusi phan béc lai 1ap luan nay. Muc dich ctia bai phan
tich nay cho thiy “nghé thudt phong dodn” méi tim dudc 1a dbi tuong clia nhitng dién gii khac
nhau, tif viéc mo ta cac nguyén tac ly thuyét ciia n6, nhu khai niém vé ky vong, cho dén cau hoi
vé tinh hgp phép ctia né trong céc tng dung nhu 12 mot “hudng ddn vé cdch song thuc té”, sau

khi dién dat lai nhitng déng gép ctia ca hai tac gia.

Tit nita dAu thé ky XVII, vin dé dich bénh dau mua dudc coi 1a cip bach va kich tinh. O céc
thanh ph6 c6 mat do dan s6 cao, chang han nhu London va Paris, ngudi ta u6c tinh ring khoang
mudi phan trim cla tt ca cic trudng hop ti vong 12 do bénh dau mua. Hon ai hét, tré em va
thanh thiéu nién dé& bi mac bénh do mot loai virus trong khong khi gay ra, mic du khong phai
Iic nao bénh ciing gay ti vong, né thudng khién nan nhén bi seo niing hodc mu vinh vién. Do
su 1ay lan rong rdi va ty 1& phan trim dan s6 bi anh hudng, bénh dau mua dugc coi la mot tai hoa
x4 hoi va 1a mot biéu tuong cia su bat luc cia y hoc. Do d6, cac phuong phdp phong va chita

bénh da thu hut su chu y tap trung ctua cac nha khoa hoc va cong ching.

Mic du chua c6 phuong phap diéu tri hidéu qua nao dudc biét dén, nhung c6 thdi tai chau A,
ngudi ta da tién hanh mot ky thuat tiém chiing tho so, dudc goi 12 chiing dau, mot cach dua virus
vao ngudi thong qua viée tiém truyén chat bi nhiém virus. Cach 1am nay dudc gi6i thiéu & Anh
vao nim 1718 bdi Lady Montague, vo clia dai st Anh tai Pé ché Ottoman. Tuy nhién, nhiing
rii ro lién quan dén cic phuong phap diéu tri 1a rat dang k&, vi thudng nhitng ngudi bi tiém
nhiém mac bénh va da chét trong vong 2 thang. Hon nifa, viéc tiém vac-xin gay s6t thip ciing
nhu truyén nhiém thap: Do d6, bénh nhan phdi & mot minh trong vai tuan sau khi tiém, 1am cho
n6 tré nén thiét thuc trif cac tAng 16p xa hdi giau c6 nhat. Mic du nude Phép c6 ty 1é mic bénh
cao 6 moi tang 16p xa hdi, vac-xin da dudgc xem xét véi su hoai nghi. Trén thuc té€, ngudi ta lo
ngai rang ky thuét nay sé gép phan vao viéc lay lan bénh truyén nhiém va chi mang lai lgi ich
dang ngd. Tom tat tinh hinh ctia Voltaire trinh bay trong Nhitng La Thu Triét Hoc 1a biéu tugng

cua sy de dat chung:

Tai cdc quéc gia Kité gido & chdu Au, ngudi ta khdng dinh vo tu ring nguoi Anh la nhitng ké
ngoc va dién. Ngoc, bdi vi ho cho con cdi ho nhiém ddu mia dé ngdn chinh cdn bénh nay va
dién, béi vi ho cé tinh gdy ra mét su bdt an réi loan ddng so va chdc chdn cho con cdi ho chi dé’

ngdn chdn mét tai hoa khéng chdc chdn xdy ra ([7], Thu XI)!

!0On dit doucement, dans I’ Europe chrétienne, que les Anglais sont des fous et des enragés: Des fous, parcequ’ils

donnent la petite vérole a leurs enfants, pour les empécher de 1’avoir, des enragés, parce qu’ils communiquent de
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Do d6, trong mot bdi canh rat sdi ndi va dude moi ngudi quan tim cip bach, gidi tri thiic da tién
hanh mot chién dich vin héa d€ van dong tiém ching, mot chién dich thudng dudc xem la ndi
dung chinh ctia mot tran chién thuc su vé y thifc hé nhan danh tién bd ([2], pp. 83 — 89). Tii cic
t6 chiic dén céc to bdo, vAn dé Ging ho hay chdng lai tiém chiing 12 d6i tuong ciia céc cudc tranh
luan thudng xuyén tif nim 1750 dén 1770, véi su déng gép diy nhiét huyét clia nhiéu tri thifc
Phap. Voltaire, ngudi song sét sau khi mac bénh dau mua nim 1723, sau khi quan sat truc tiép
mot s6 trudng hop tiém chiing & Anh, di nhiét tinh tuyén bd ting ho né trong Nhiing La Thu
Triét Hoc nim 1743. La Condamine da dit cau héi vé chi dé néi chuyén vé6i Vién Han Lam
Khoa Hoc & Paris vao nam 1754. Muc tiéu cta nhitng ngudi ting ho ti€ém chiing 1a cac nha chic
trach phai xem viéc tiém chiing 12 bat budc, hoic it nhit 1a cong khai khuyén khich né, va bing

cach d6 vuot qua su chdng d6i ctia nhitng ké ngu dan va thu dich véi su tién bo.

Trong bau khong khi hio hiing ctia cudc thap tu chinh nay, Daniele Bernoulli va Jean Baptiste
Le Rond d’Alembert da giif vi tri d6i 1ap nhau khi cin nhic nhiing rdi ro va 1gi ich cia viéc
tiém phong. Nim 1760, mot bai bao ctia Bernoulli da dudc xuit ban trén t& Mércure de France,
trong d6 6ng dua ra két qua thu dudc bang cach 4p dung gidi tich cho xac suét dé tra 15i cau hoi
vé vac-xin. Mt phan tich dinh lugng nhu vay, theo y kién clia tic gia, sé chiing minh cho bét
Ky “mdt nguoi c¢o lwong tri” nao su can thiét cla tiém chiing. Cuing nim d6, Bernoulli da trinh
bay chi tiét tinh toan ctia minh cho Vién Han Lam Khoa Hoc, nhung bai bdo c6 tua dé “Ludn
vin vé cdch phdn tich méi doi véi ty 1é tit vong ciia bénh ddu mua va lgi ich ciia viéc tiém phong
dé’ ngdn chedn né”, khong dudc cong bd cho dén nam 1766. Tra 10i ctia D’Alembert vé sy can
thiép ctia Bernoulli, c6 trong cudn “KYy yéu thit muoi mot, Vé viéc dp dung tinh todn xdc sudt
trong tiém phong bénh ddu mua”: D& xuit ctia Bernoulli da bi chi trich gay git truéc khi xuét
ban vin ban cudi cung, din dén cic cudc tranh luin va phan nan vé su thiéu ton trong cia cic

dong nghiép ctia Bernoulli.

Vugt ra ngoai céc tran but chién trong cac cudc tranh lun, cic khang dinh ctia d’Alembert rét
thd vi bi vi chiing chuyén cau hoi sang mic dd tong quat hon khi gidi thich chinh khdi niém
xéc sult cling nhu céc tiéu chuén c6 thé c6 va nhugc diém tucng ddi clia viéc ap dung phép tinh
giai tich méi. Chinh x4c d6 1a nhiing ham y trong 15i chi trich [cia d’Alembert] d6i v6i cong
trinh ctia Bernoulli da dé ra sy kiém tra sau sac hon tit quan diém ly thuyét cia d’Alembert.
Trong nd luc dua ra mdt dong gép véi tu cach mot nha bach khoa toan thu sé dic xac suit trong
hé thdng kién thifc ctia nhan loai, ching t6i du dinh sé chi ra & diy cdc ly 1€ vé nhan thic luin
ma dng ta st dung da hoan tit viéc gidi han linh vuc tng dung xdc suét trong bdi canh hoan

toan trifu tuong, khi tf bé bat ky kha ning nao gép phan vao viéc kiém soat s khong chic chan

gaieté de coeur a ces enfants une maladie certaine et affreuse, dans la vue de un mal incertain (Voltaire, Lettres

Philosophiques, Onzieme Lettre. Sur I’insertion de la petite vérole).
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trong doi thuong.

Nim 1759, Maupertuis, mot ngudi nhiét tinh ting ho tiém ching, da thuyét phuc Daniel Bernoulli,
ddng nghiép clia 6ng & Basel, danh tim tri cho mot phén tich toan hoc vé van dé vic-xin. Gii
phéap cho van dé nay, theo Bernoulli, phai c6 dang mot giai dap cho cau héi sau: Chinh phii c6
nén thiic dy viéc tiém ching cho moi ca nhan khi mdi chao doi hay khong? Muc dich cua tinh
toan 13, dua ra xdc suét bi bénh va tif vong vi bénh ddu mua do tiém vac-xin, so sanh rii ro va
1oi ich ctia hai chién lugc kha di. Khi nhitng khé khin do thiéu dit liéu va do tin cdy cta dit liéu
khong cao da dugc khic phuc, Bernoulli tin rang mdt phan tich nghiém tic sé gitp chinh phi
x4c dinh nén theo chién lugc nao. Két luin clia tic gia 1a gidi ddp tich cuc cho ciu hdi ban dau:

Nén khuyén khich tiém ching vi né din dén ting tudi tho trung binh.

Chiing ta c6 thé tom tat ly luin ctia Bernoulli trong ba buéc:

1. Xay dung mdt mo hinh dan sd, nghia 12 mot dudng cong mo ta su thay d6i cta dan sb

theo thdi gian (ty 1€ tit vong).

2. Tinh toan su thay d6i cta tudi tho vé6i diéu kién ban dau 13 bénh dau mua da dudc loai bd

(nghia 13, néu tit ca cac c4 nhan da dugc tiém phong khi sinh).

3. Tinh toan sy thay ddi clia tudi tho xét dén nguy co ti vong do tiém ching.

Mot cach ngan gon, Bernoulli dé nghi so sanh hai “tinh trang ciia nhdn loai” chi khac nhau duy
nhét bdi su hién dién ctia bénh dau mua. Tiéu chuin d€ so sanh cic dudng cong dan sd mo ta hai
trang thai Ay 1a tich phan ctia dudng cong theo tudi tho trung binh. Piéu kién can dé thuc hién

thao tic so sanh nay 12 su ¢d 1ap yéu t6 ti vong do bénh dau mua véi ty 1é ti vong toan phan.

Ly luan ctua Bernoulli dugc trinh bay tuong minh dudi dang mo hinh toan hoc dva trén cac gia
thuyét dudc tic gia thira nhan 12 dif liéu da bi don gian héa, khong chinh xac va c6 16i. Nhu
chiing ta sé thay thém, kha ning 4p dung tinh toan xdc suét khdi dau tir dit liéu khong chic
chin va khong diy di tao thanh mdt trong nhitng dong co trong 13i chi trich trong luin vin ctia

d’Alembert. Cac gia thiét ban dau ctia Bernoulli nhu sau:
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e Nhiing ngudi bi nhiém bénh dau mua 1an dau tién chét véi xdc suat p va sdng sot véi xac

sudt 1 — p.

e MOoi c4 nhan c6 xac sut bi nhiém mdi ndm 1a g. Trong mot khodng thdi gian vo cling bé

dx, x4c suit bi nhiém gitta tudi x va tudi x + dx (v6i dx = 1 cho don gian) 1a gdx.

e Nhiing ngudi séng sét sau khi mic bénh dau mua duge mién dich trong phan con lai clia

cudc doi ho.

Dung m(x) la ty 1€ t& vong do cac nguyén nhan khac v6i bénh ddu mua va dai lugng tuong
ting m(x)dx, Bernoulli xdy dung mot mo hinh dan sé phu hdp trong d6 ty 1é tif vong do bénh
[dau mua] dudc tach biét ra. Dit Py 1a mot nhém céc cd nhan sinh ciing nam: S(x) 1a s6 ngudi,
¢6 nguy co nhiém bénh, séng va chua bao gid bi bénh dau mua tinh cho dén tudi x, R(x) la
s6 ngudi séng sét sau khi mac bénh ddu mua & tudi x, vay thi ta c6 P(x) = S(x) + R(x)
12 s6 ngudi con sdng & tudi x. Bernoulli sau d6 cho x = 0 tuong ting véi ldc chao ddi, trong
d6 S(0) = P(0) = Py va R(0) = 0. Gitia x va x + dx, mdi cd nhan c6 nguy co bi nhiém
gdx va m(x)dx chét do cic nguyén nhan khic. Do d6, vi phan clia nhitng ngudi c6 nguy co 1a
dS = —Sqgdx — Sm(x)dx, din dén phuong trinh vi phan

d—S = —qS —m(x)S. (1)
dx

Trong d6 dS 1a vi phan ctia ham S(x). Trong cling mot khodng thdi gian, s6 ngudi chét vi bénh
dau mua 1a pSqgdx va sb ngudi séng sot sau khi mac bénh dau mua la (1 — p)Sqdx. S6 nay

sau d6 dugc cong thém vao luong nhitng ngudi chét vi cac nguyén nhan khac Rm(x)dx. Vi thé

dR

i q(1 —p)S —m(x)R 2
X

Cong cac phuong trinh (1) va (2), ta c6

dpP
I —pqS —m(x)P (3)
X

Dén liic nay, Bernoulli c6 thé suy ra ty 1& cic c4 nhan c¢6 nguy co [nhiém bénh] trong cong dong
dan cu ing véi mot do tudi nhét dinh x biang cach st dung cic phuong phap da biét trong giai
tich d6i véi phuong trinh vi phan

S(x) 1
P(x) (1—P)e?* +p

“)

9
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Sau khi tich biét nhém R(x) cdc ca nhin c6 nguy cd nhiém bénh trong cong dong dan cu,
Bernoulli da c6 tt ca cic yéu t6 dé tinh su bién thién cla tudi tho trung binh. Tuy nhién, mo
hinh phéi dugc “dién” ddy du dit liéu trong khoang tit x dén x + 1 cing véi ty 1é mac bénh va ti
vong tuong ung ctia bénh dau mua la p va g. Nhing di liéu d6 khong dé dang c6 dudc: Trong
phan 16n cic co quan ding ky ria toi va tang 1€ thdi d6 khong c6 tudi tif vong nao dudc dua ra,
khién cho ngudi ta khong thé xac dinh dudc ty 1é tif vong ting véi tudi x. Mic du vudng phai
nhitng trd ngai nay, bat ddu tf nhitng nim 1660, su phat trién ctia nhiing coéng ty bao hiém nhan
tho da goép phan thic ddy cic k¥ thut tinh todn ty 1& tif vong. Giai phdp dudc d4p dung bao gdm
stt dung dif liéu ctia cong ddng dan cu 6n dinh, trong d6 s6 ca sinh va tif mdi nim bang nhau, dé
c6 thé xay dung dudng cong dan s6. Nam 1693, Halley da cong bd mot phan tich vé dan sb cia
thanh phd Breslau, trong Dé ché Hapsburg [6], dap ting nhiing yéu cau nay. Két qua ctia nghién
ctu, dugc goi 1a Bang Nhan Thé Halley, bang nay cho biét trong s6 1.300 c4 nhan sinh nim 0,

¢6 bao nhiéu ngudi van con song & tudi x.

Cén ct trén cac quan sat mdi ngay, Bernoulli sau d6 da chon p = % vaq = %, phép chon nay
héa ra la kha chinh x4c. St dung Bang ctia Halley va md hinh déan s ctia 6ng ta, ngudi ta c6 thé
tinh ra dai luong S(x) cic ca nhan c6 nguy co nhiém bénh & tudi x va sé6 R(x) = P(x) — S(x)
nhitng ngudi & do tudi x mac bénh dau mua va sdng sét. S6 ca tif vong do bénh dau mua

x+1
gilta tudi x va tudi x + 1 phéi la pg [ S(x)dx, nhung cong thic dugc Bernoulli st dung

Pq[S(x) + S(x + 1)]/2, 1a mot xap xi tt.

Tai day, Bernoulli xem xét tinh hudng tiém vic-xin vao tiing c4 nhan khi sinh (dé xuét ctia 6ng
& Mércure de France 12 khdi ddu bing viéc tiém vac-xin bat budc & trai tré mo cdi), ma khong
gily ra bit ky trudng hop ti vong nao. Do d6, diéu quan tam 1 tinh todn su gia ting tudi tho

trung binh mot khi bénh dau mua dudc loai bd. Bat dau vé6i cung s6 1an sinh Py, ching ta goi

P*(x) 1a sb ngudi & tudi x khi bénh diu mua bién mat: % = —m(x) P*. Nhu vay
. PR
I—p+ pema¥’
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trong d6 P(x) 1a b phan din cu & tudi x trudc khi loai trit duge bénh dau mua. So sanh P(x)
va P*(x) c6 nghia I3 u6c lugng tudi tho trung binh tif Iic sinh ra, nghia 1a tich phan

1 o0
Pa / P(x)dx.
0

[v6i bénh dau mua, hoic khong c6 bénh dau mua thay thé bang P *(x)]. Bernoulli st dung cong

thic gan ding
1
sPO)+ P(1) + P(2) +---
Py '

Két qua thu dugc

e Tu6i tho v6i bénh dau mua 1a 2

3 - 1300 + 00 - - + 20 .
E = 7300 >~ 26.57 (nam)

e Tudi tho khong c6 bénh dau mua

3+ 1300 + 1015+ --- + 23 .
= >~ 29.65 (nam)
1300

*

Do d6, tiém vac-xin khi chao ddi dam bao ting hon 3 nim tudi tho.

Tuy nhién, tiém vic-xin phong bénh dau mua khong phai 1a mot quy trinh an toan, va do viy

Bernoulli xem xét p!, xdc suét tit vong do vac-xin, v6i p! < p tudi tho trung binh khi iy sé la
(1 — p")E* néu tit ca moi déu dugc tiém chiing khi sinh ra.

Dé viéc tiém ching 1a hop 1y, tac gia nhan thay rang bit dang thiic sau day phai dudc thoa man

1 1 E

P=""F

nghia 1a, p’ = 11%. Ngay ca khi khong c6 dit liéu chinh x4c, Bernoulli wéc tinh ring ty 1& ti

vong sau khi tiém chiing sé€ dudi 1%. Do d6, viéc tiém chiing phéi dugc chinh pha thic day tich

cuc: “Toi chi don gidn hy vong rdng, trong mot cdu héi lién quan chdt ché dén su khée manh

ciia loai nguoi, sé khong co quyét dinh nao duoc dwa ra ma khong xem xét tdt cd cdc théng tin

tie mot phdn tich va tinh todn khiém ton” [1].

2Gi4 tri 1300 dudgc tham chiéu bdi s6 liéu ctia bang Halley ma Bernoulli st dung dé nghién ciiu
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Phuc dung mot cach mach lac lai quan diém ctia d’Alembert biang cich néi 16 thong qua hang
loat céc chi trich md hinh ctia Bernoulli khong phai 12 mot cong viéc dé dang. Khdi dau tir Ky
yéu thit muoi mot va tiép theo dudc md rong trong cac bai tiép theo, cac chi trich c6 pham vi rit
rong, tif cac co hoi chinh tri dén dé xuét st dung dit liéu khac. Hon nita, & phan cudi ctia cudn
ky yéu d’Alembert tuyén b6 minh Ging hd viéc tiém phong, rd rang trdi ngudc vdi giong diéu ma

ong duy tri trong toan bd van ban.

Su nham 14n xuit phat tir diéu nay c6 thé dudc coi 1a su canh tranh c4 nhan d6i v6i Bernoulli,
cung v6i mong mudn khong thé hién minh cong khai chéng lai quan diém (c6 19i cho vac-xin)

dugc ung ho bdi gidi khoa hoc va van hoa.

Véi kich ban phiic tap ctia tranh luin, sé& rat hitu ich khi tap trung vao hai yéu t6 c6 lién quan
vé mit khdi niém cta nhiing 15i chi trich cia D’Alembert ma khong thé bat ngudn tir cach giai

thich yéu t6 “co héi” cho quan diém cta dng.

Diém khac biét dau tién gitta hai tac gia lién quan dén huéng di ma tir d6 tinh hop ly ctia vac-xin
dugc danh gia. Nhu da trinh bay trong phan trude, Bernoulli dit ra ciu hdi liéu ¢6 hop ly khong
néu chinh phii thic ddy tiém ching va nhu mot hé qua, sé t6i da héa tudi tho trung binh, diéu
nay sé gitip cho nha nudc c6 mot s6 lugng 16n hon cac cd thé c6 thé 1am viéc va c6 thé 1am viée
hitu ich. Quan diém nay rd rang dudgc hd trg bdi quan sat cia Bernoulli, vé su mit mat ma xa
hoi phai ganh chiu do cai chét cia mdt ngudi tré, ngudi da duge nudi dudng va 16n 1én ma chua
dong gép gi cho su thinh vugng chung cua né. Noi cach khac, Bernoulli dat cau hdéi nhu mot
chii dé vé stic khde cong dong, tap trung vao cdc hiu qua xa hoi ctia mot chinh sach c6 16i cho

vac-xin.

Ngudc lai, d’Alembert giai thich vin dé tuong tu nhu mot su lua chon c4 nhan, ty hdi minh diéu
gi hop 1y cho mdt c4 nhan khi phai lua chon giita viéc tiém vac-xin hay khong (hoic ¢ nén tiém
vac-xin cho con minh hay khong). Theo huéng di nay, tic gia nhan xét, t6i da héa tudi tho trung
binh khong phai 12 mot tiéu chi hop 1y d€ quyét dinh. Trudc hét, khdng phai tit ca cic nim cda

cudc doi déu nhu nhau: Dbi véi mot ngudi dan 6ng diing tudi, viéc thém 2 tudi gia khong diang
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chip nhan nguy co tif vong trong 2 thang tiém ching. Thit dén, phan tich do Bernoulli d& xuét

12 khong du d€ tinh dén “kinh nghiém dao ditc” ma ngudi ta c6 khi chip nhan rii ro.

Bing mot thi nghiém tinh than cta x6 s gia dinh ma & d6 chi dinh xac suit % cho cdi chét va
cling x4c suét % cho cudc séng khde manh véi ky vong 100 tudi, d’Alembert cho thiy tim 1y cla
riii ro khong thé dugc mo ta bang thuat ngit hoan toan dinh lugng. D’Alembert cho rang mic du
tudi tho trung binh 12 mot chi sb tdi da héa cho chinh pht, nhung né khong danh cho c4 nhan:
Vi ly do nay, chinh phi khong c¢é quyén 4p dung tiém ching cho ca nhan, chi it 1a v6i nhiing

ngudi chon mot tiéu chi tdi da héa khac.

Ngoai mot s6 quan sat chung vé tdm ly rii ro, d’Alembert khong xdy dung mot gidi phdp thay
thé cho mo hinh ctia Bernoulli, 6ng ciing khong dé xuat mot chi s6 phit hop cho tbi da héa ca
nhan. Theo 6ng, can so sanh nguy cd ti vong tit hdm nay v6i mot vai tun sau khi tiém vac-xin
v6i nguy co tif vong tu nhién do bénh diu mua trong cing mot khoang thoi gian. Tuy nhién, vé
kha ning chinh thifc héa kinh nghiém dao dic nay, tac gia rat hoai nghi: Lam thé nao ching ta
c6 thé so sanh rii ro hién tai v6i mot 1gi ich khong x4c dinh hoic tif xa? Lién quan dén van dé

nay, viéc phan tich céc tro choi may rii khong néi cho chiing ta dugc diéu gi ([3], trang 33 — 34).

Su khong tin tudng vao tinh thoa dang cla tinh todn xac suit 4p dung vao vin dé vé vac-xin
bénh diu mua 13 diém bt dong thi hai ctia d’Alembert véi Bernoulli. Trong giai doan nay, su
chi trich ctia d’Alembert, mot cach chung hon dugce dinh hudng chdng lai nd luc 4p dung cic
phuong phap xac suit cho mot cha dé lién quan thuc té. Gia thuyét nay doi hdi mot phan tich

rong hon vé quan diém ctia D’Alembert v6i tu cach 12 mot nha 1y thuyét vé x4c suit.

Tap IV cita cudn Mélanges de littérature, d’histoire et de philosophie nim 1759 c6 bai cla
d’Alembert Essai sur les éléments de philosophie. Sau khi trinh bay phdc thdo cta tdc pham,
trong do tac gia dit ra d€ phan dinh kién tric ctia kién thic con ngudi, cho thiy cic nguyén tac
lam nén tang cho céc linh vuc kién thiic khdc nhau véi su phu thudc va tuong quan tuong dbi
ctia chiing, d’Alembert néi vé logic trong chuong V, chi trich tuyén bd clia nhitng nha triét hoc
cho ring st dung logic nhu mot ky thuét v6i cac quy tic chung, ma su tén trong chiing ddm bao

tinh diing dan cta ly luan:

Chiing ta c6 vé s6 bai viét vé logic, nhung liéu khoa hoc Iy ludn cé cdn nhiéu quy tdc nhuw vy
khong? DPé’co duogc thanh cong trong do, khong cdn thiét phdi doc tdt cd cdc tdc phdm nay ciing

gidng nhu khong cdn thiét phdi doc cdc chuyén ludn I6n vé dao diic dé’trd thanh nhiing ngudi
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dan éng trung thuc. Cdc nha hinh hoc, von khéng bi mét méi vdi cdc gidi ludt ciia logic, va chi
ding cdc suy nghi tw nhién lam kim chi nam, da tim duoc con duong di dén dugc nhitng chdn
Iy xa nhdt va trieu tuong nhdt, trong khi do nhiéu nha triét hoc, hay diing hon, nhitng nguoi viét
Vé triét hoc, hinh nhu la da ddt vao ngay tir ban ddu tdc phdm ciia ho nhiing chuyén ludn lén vé
nghé thudt Iy ludn, sau do ddnh mdt chinh minh & vai phuong phdp, twong tw nhu nhitng nguoi

choi khong may mdn, tinh todn nay no dé roi cudi ciung thua.’

D’Alembert ciing dat ra nghé thuat phdng doan trong linh vuc logic, giai thich su lva chon nay

bang cach luu y riang biét cach phong dodn tot 1a mot phan khong thé thiéu ctia ning luc 1y luan

Nguoi chi nhédn ra s thdt khi né dnh hudng truc tiép kém xa nguoi khong chi nhdn biét no khi

- A N - N A < X s oN Lo L7 - s A ,
né & gan ma dy dodn va nhdn biét dugc né tir xa, ngay cd vdi tinh cdch bi dn ciia né. *

Tap V ciia cudn Mélanges, c6 bai Eclairsissements sur les éléments de philosophie, trong d6
d’Alembert mé rdng va phan biét ro cac quan sat ma 6ng da thuc hién trong Essai. Chuong VI
danh riéng cho nghé thuat phong dodn va phan biét ba linh viic ma né c6 thé dugc ap dung. Thi
nhat 12 d&€ “phdn tich cdc xdc sudt trong cdc tro choi may rii cé thé tudn theo cdc quy tdc dd
biét va tdt dinh, hodc it nhdt la dugc cdc nha todn hoc nhin thdy nhu vdy”.> Linh vuc thi hai
dudc x4c dinh 12 phan md rong ctia phan tich niy cho cic cau hdi lién quan dén cudc sdng hang
ngay, chang han nhu thdi gian sdng, luong huu, bao hiém hang hai, tiém chiing va cac chi dé

tuong tu khac.
Theo d’Alembert, nhitng ciu hdi nay khac v6i cdc vin dé lién quan dén trd choi may rii vi:

... trong khi trong [cdc vdn dé vé tro choi may riii], cdc quy tdc két hop todn hoc dii dé xdc dinh
6 lwong va ty 1é ciia cdc truong hop co thé, trong cdc [vdn dé ciia cudc séng hang ngay], ngugc

lai, chi c6 kinh nghiém va quan sdt mdi c6 thé' hudng ddn chiing ta sé lugng cdc truong hop, va

3Nous avons sur la logique des écrits sans nombre; mais la science du raisonnement a-t-elle besoin de tant
de regles? Pour y réussir, il est aussi peu nécessaire d’avoir lu tous ces écrits, qu’il ’est d’avoir lu nos grands
traités de morale pour étre honnéte homme. Les géometres, sans s’épuiser en préceptes sur la logique, et n’ayant
que le sens naturel pour guide, parviennent par une marche toujours sure aux vérités les plus détournées et les
plus abstraites, tandis que tant de philosophes, ou plutdt d’écrivains en philosophie, paraissent n’avoir mis a la
téte de leurs ouvrages de grands traités sur I’art du raisonnement, que pour s’égarer ensuite avec plus de méthode,
semblables a ces joueurs malheureux qui calculent longtemps et finissent per perdre ([5], I, p. 152).

44, L’esprit qui ne reconnait le vrai que lorsqu’il en est directement frappé, es bien au-dessous de celui qui sait
non-seulement le reconnaitre de pres, mais encore le pressentir et le remarquer dans le lointain a des caracteres
fugitifs ([5], L, p. 154)

3... I’analyse des probabilités dans les jeux de hasard ... soumise a des régles connues et certaines, ou du moins

regardées comme telles par les mathématiciens ... ([5], p. 157).
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chi hudng ddn chiing ta mot cdch gan diing.®

Tuy nhién, d’Alembert tuyén bd trong nhanh tng dung thi hai ctia nghé thuét phong doan nay,
viéc truy doi tinh toan van c6 thé xdy ra bdi “su khong chdc chdn, néu cd, chi lién quan dén cdc

su kién dong vai tro nguyén tdc, nhiing su kién nay cho rang cdc hé qud nam ngoai tam voi’

Loai nghé thuat phdng doan thif ba lién quan dén cdc mon trong d6 hiém khi hoic khong bao
gid ¢ thé ching minh. O day nghé thut phong dodn 1a rit can thiét. Nhitng mon khoa hoc nay
dudc chia thanh quan sit va va thuc té. Khoa hoc quan st bao gém vt Iy va lich st, khoa hoc
thuc té bao gdm y hoc, luit hoc va “khoa hoc thé gidi”, nghia 1a kha ning ctia mot con ngudi

séng trong xa hoi, rit ra ti mdi quan hé v6i nhitng ngudi khéc 1¢i ich tbi da cho chinh ho.

Trong khi trong bbi cdnh phan tich ciu triic cla kién thiic con ngudi, d’Alembert c6 vé nhu da
chip nhan kha ning st dung phép tinh x4c suit trong cac diu trudng trong d6 nghé thuit phdng
dodn 1a can thiét, hang loat c4c bai ti€u luan vé xac suit cho thiy diéu trdi ngudc vé6i su hoai
nghi ctia 6ng. Diéu 4n tuong 13, trong thuc té, hai linh vuc dau tién clia nghé thuat phong doan

trong d6 doi hoi tinh todn xac suit lai din dén mot cach chidp nhan dudc dén cdi thi ba.

Chiing ta da thiy trudng hop tiém chiing, dudc trich din rd rang trong Eclairsissement nhu mot
vi du v& mot chi dé dudc dua vao linh vuc thi hai ctia nghé thuat phdng dodn, dudc d’Alembert
cho 12 khong c6 kha ning xt ly dugc bang phan tich toan hoc .

Thay vao do, lién quan dén trudng hop phan tich cac tro choi may rii, that thi vi khi luu y rang
d’Alembert dudng nhu ciing dit ra nghi ngd vé kha niing ap dung toan hoc cho loai cau héi nay.
D’Alembert da danh nhiéu bai tiéu luan khac nhau d€ chi trich nhiing nén tang ctia nhiing gi dng

dinh nghia 12 “Iy thuyét thong thuong vé xdc sudt”.®

6... que dans celles-ci, les régles des combinaisons mathématiques suffisent... pour déterminer le nombre et le
rapport des cas possibles, au lieu que dans celles-1a, I’expérience et I’observation seules peuvent nous instruire de
nombre de ces cas, et ne nous en instruisent qu’a peu prés ([5], p. 157).

7... Pincertitude, s’il y en a, ne tombe que sur les faits qui servent de principes, ces faits supposés, les con-
séquences sont hors d’atteinte ([5], p. 157).

$Bdng sung thém vao cic bai bao trong Encyclopédie thio luin vé chii d& nay (Avantage, Croix ou pile, Gageur,
Dé, Loterie, Pari), ching tdi ciing nhic lai cac tiéu luan c6 trong tap IT (Hdi ky 10 va 11) va tap IV (hoi ky 23)
ctia Opuscules mathématiques va tiéu luan véi tiéu déu “Doutes et questions sur le calcul des probabilités” trong

Me¢élanges.
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Céc 1ap luan dudc dua ra bdi d’Alembert c6 th€ dudc chia thanh hai loai, todn hoc va thuc
nghiém.® Véi cac 1ap luan todn hoc, d’Alembert dua ra nghi ngd vé cac khia canh 1y thuyét cta
tinh todn xdc sut, chiu su chi trich, trong sd nhitng khdi niém khéc, c6 dinh nghia ctia khai
niém ky vong, cich tinh x4c suit ctia bién cd trén co s su xdc dinh cla cdc trudng hop dong

kha nang.

Quan diém ma d’Alembert dudng nhu da st dung trong nhiing 15i chi trich nay giébng nhu mot
nha triét hoc, ngudi da vach tran nhiing nguy bién ctia cdc nha gia hinh hoc, mic du ly thuyét

xac suat, hon ca mdt chu dé cua nghién ctiu toan hoc, 1a mot cau héi dude coi la logic.

Ngoai ra, chinh su phan loai cia Eléments va cong trinh lién quan Eclairsissement cho thiy mot
vi tri trung gian cho ly thuyét nay, nim dau d6 giita todn hoc va logic. Theo nghia niy, mot trong
nhitng 1ap luan thd vi nhit cia phé binh 12 viéc dng budc toi cdc nha ly thuyét xdc suit vé viéc
st dung cic phép nguy logic dé& chiing minh céc két qua cta ho. Trong ky yéu thit mudi cla

Opuscules, d’Alembert coi 14p luan nay la nguy bién
1. Xac suit dugc mit sip trong 1an tung ddu tién bang x4c sudt mit ngtia trong 1in tung dau
tién.

2. Xdc suit dugc mit ngiia trong 1an tung dau tién gip doi xac suit dudc mit ngiia trong 1an

tung dau va sap trong 1an tung thi hai, hay ngtia trong 1an dau va ngira trong lan thif hai.

3. Nhu viy xdc sut dugc mit sip trong 1an tung dau tién gip ddi xdc sudt dugc mit ngira
trong 1an tung dau va sip trong 1an tung thi hai, hay ngtta trong 1an dau va ngia trong 1an
thu hai.

Va dy 1a chi trich ctia d’Alembert d6i v6i 1ap luan nay:

Trong hai ménh dé [1 va 2], thudt ngit trung binh khong giéng nhau, vi trong ménh dé thit nhdt,

thudt ngit trung binh c6 nghia la xdc sudt dé’ dwoc mdt ngita sau lan tung ddu tién trudc khi

Sy khac biét nay, mic du khong dugc phat biéu mot cach ré rang bdi d’Alembert, toat 1én trong ti€u luin
“Doutes et questions sur le calcul des probabilités” trong Mélanges, ma trong d6 d’Alembert phan biét chi dé chi
trich ma c6 thé dudc hiéu bdi cac nha toan hoc va cac chii dé ma céc doc gia khong chuyén nghiép ciing c6 thé hiéu:
J’adopte donc, o plutdt j’admets pour bonne dans la rigueur mathématique, la théorie ordinaire des Probabilités,
& je vais seulement examiner si les résultats de cette théorie, quand ils seroient hors d’atteinte dans 1’abstraction
géométrique, ne sont pas susceptibles de restriction, lorsqu’on applique ces résultats a la nature ([4], p. 277). Do
d6, toi chap thuin, hoic tot hon, t6i chip nhan, 1y thuyét xac suét thong thudng, va tdi tu gidi han minh trong viéc
phan tich xem liéu két qua ctia ly thuyét nay, khi chiing vugt qua kha ning tritu tugng hinh hoc, c6 chiu trach nhiém
han ché khi 4p dung vao tu nhién hay khong.
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thuc hién né va trong ménh dé thit hai la xdc sudt diwge mdt ngiia trong lan tung ddu tién trong
s so sdnh vdi xdc sudt nhdn dugc mdt ngita hodc mdt sdp trong ldn tung thit hai. Bdy gio, xdc
sudt cudi cung nay (ticc la nhdn duge mdt ngiia hodc mdt sdp trong lan tung thit hai) gid dinh
rang ldn tung ddu tién da duoc thuc hién va né da ra mdt ngita, do do, xdc sudt cudi cing nay
gid dinh rang diéu ddu (tic la nhdn duoc mdt ngiia trong lan tung ddu tién) khong con la mot

xdc sudt, ma la mot su chdc chan. '°

Céc thuat ngit ctia logic dudc st dung bdi d’Alembert trong doan vin nay cho thiy rd rang giong
diéu phé phan ctia 6ng. Rét thi vi khi luu y rang su phan d6i duge dua ra bdi nha bach khoa
toan thu vao thoi diém nay, mic dit khong hoan toan rd rang, da din dén khai niém xac suit c6

diéu kién, von s€ chi xuat hién vao cuoi nhitng nam 1700, v6i cong trinh cua Bayes.

Céc 1ap luan thuc nghiém ma d’Alembert st dung nhu su chi trich cho kha nang 4p dung tinh
todn x4c sut vio cac tinh hudng cu thé trong cac tro choi may rii cé thé dudc truy nguyén tir

dinh nghia cta cac pham tru kha nang si€u hinh va kha nang vat ly:

Cdn phdn biét cdi nao la khd ndng siéu hinh va cdi nay la khd ndng vt ly. Lop ddu tién bao
gom tdt cd nhitng thit ma su ton tai ciia né khong cé gi la vé 1y, trong 10p thit hai, khong chi cé
diéu kién vé su ton tai ciia no khong co gi la vo Iy, ma con phdi khéng co gi qud phi thuong va
nam ngodi tién trinh binh thuong cia cdc su kién. Mot cdch siéu hinh ta cé thé tung hai con xiic
sdc déu ra hai mdt sdu mét tram ldn lién tiép, nhung vé mdt vt Iy diéu nay la khong thé, bdi no

chuta tieng xdy ra va sé khong bao gio xdy ra. !

Su khac biét gitta kha nang siéu hinh va kha nang vat ly ¢c6 mot hau qua nghiém trong tir quan
diém phan tich x4c suit cia mot hién tugng thuc. Mot vi du quan trong 12 phan tich cic 14n tung
dong xu. Theo d’Alembert, d€ x4c 1ap kha ning vat ly can phéi thuc hién cic thi nghiém, qua

d6 xac dinh xdc suat xdy ra mot két qua nhit dinh. Lién quan dén van dé nay, 6ng ciing luu y

10 je dirai que dans cet argument le moyen terme d’est pas le méme dans les deux Propositions. Car le moyen
terme dans la premiere Proposition, est la probabilité d’amener pile au premier coup, avant d’avoir joué ce premier
coup. Dans la seconde Proposition, le moyen terme est la probabilité d’amener pile au premier coup, comparée a
la probabilité d’amener croix ou pile au second coup. Or cette derniere probabilité (celle d’amener croix ou pile
au second coup) suppose que le premier coup est joué, & qu’il a donné pile, ainsi cette dernier probabilité suppose
que la premiere probabilité (celle d’amener pile au premier coup) n’est plus une probabilité mais une certitude ([3],
pp- 20 — 21).

C’est qu’il faut distinguer entre ce qui est métaphysiquement possible, & ce qui est possible physiquement.
Dans la premiere classe sont toutes les choses dont I’existence n’a rien d’absurde, dans la seconde sont toutes
celles dont I’existence non-seulement n’a rien d’absurde, mais méme rien de trop extraordinaire, & qui ne soit dans
le cours journalier des événemens. Il est métaphysiquement possible, qu’on amene rafle de six avec deux dez, cent
fois de suite, mais cela est impossible physiquement, parce que cela n’est jamais arrivé, & n’arrivera jamais ([3],
p. 10).
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rang su xuat hién ciia mot két qua nhat dinh nhiéu 1an thudng lam cho su xuit hién ctia né it c6
thé xay ra trong tuong lai. Pidu nay, dén lugt minh din dén ring mot day cac lan tung dong xu
khong con dong kha ning: Mot diy cdc 1an tung gdm s6 1an ra mit ngdia va mit sip gan nhu

nhau sé& c6 kha niing vat ly cao hon diy ma & d6 mot két qua it hon két qua kia nhiéu lan.

Nhu ching ta da thiy, mot trong sd cac 1ap luan chi trich 1y thuyét xdc suit truyén thong 1a viéc
vach trAn mot nguy bién gia dinh, dudc thuc hién bdi d’Alembert vay muon ngdn ngii ctia cic
nha logic hoc ma dng phé phan gay git. Chién ludc giai thich nay khong phai 12 ndi tai ciing
khong phai 1 co hoi: Chiing ta da thAy cach d’Alembert, trong céc phan loai ctia Eléments de
philosophie, din dat 1ap luin xac suit dén bdi canh ciia logic ciia phong dodn, do d6, dén mot
trong hai nhanh cua logic ma 6ng da xac dinh. Mac du trong Eclairsissements, Ong bay to su
Ging ho tinh ting dung clia toan hoc vao nghé thuat phdng doan, nhiing 15i chi trich vé x4c suét
dugc phan tich & diy cho thdy mot su khong tin tudng vé kha ning dua ra luan di€ém nay mot

cach cu thé.

D’Alembert da mién cudng coi logic 12 mdt cdng cu c6 thé dude chuin bi dé néi v6i con ngudi
cach suy luan trong tit ca cac linh vuc kién thic. Viéc tinh toan xac suét, dudc sap xép mot cach
mo ho gitta linh vuc logic va toan hoc, phai chiu nhitng nghi ngd gidng nhu logic. Logic, dugc
coi 12 nghé thuat cta ly tri, phai gidi han ban than trong viéc cung cip mot vai huéng din so b

veé cach suy luan:

Piéu nay ndm trong viéc quan sdt chinh xdc sy phu thudc ldn nhau [ciia su that], khong ding
dén mot gia phd sai dé’ldp ddy nhitng khodng trong noi thiéu hé so, cudi cing, bdt chudc nhitng
nha dia Iy, nhitng nguoi ti mi dua ra cdc chi tiét ciia cdc khu vic da biét, khong sg dé'lai nhitng
khodng trong tuwong iing vdi nhitng viing ddt chua biét. 1>

D’Alembert dudng nhu ngu y rang nd luc ap dung xac sut vao tu nhién, giébng nhu cong viéc
ctia mot nha dia ly hoc khong chuyén nghiép, khong di cin trong trong viéc ddnh dau nhiing
ving dat chua biét, nhitng ndi ma su khong chac chan thong tri va ly luan chi c6 thé 14y dudc
chut it.

Lettera Mathematica 2, 185 — 192 (2015), dich tir tiéng Y sang tiéng Anh béi Kim Williams

12Elle consiste a observer exactement leur dépendance mutuelle, & ne point remplir par une fausse généalogie
les endroits ou la filiation manque, a imiter enfin ces géographes qui, en détaillant avec soin sur leurs cartes les

régions connues, ne craignent point de laisser des espaces vides a la place des terres ignorées ([5], vol. I, p. 152).
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SU TICH "TRAU VANG", "CAO CHIN DuOI1" VA
HO TAY (PHAN 2)

Nguyén Lé Anh

GIOI THIEU

"Dé hiéu dugc lich sit Viét Nam chiing ta can phdi tim hiéu tinh hinh dia chdt theo thoi
gian." Van ludn 1a nhitng goc nhin méi la cang véi chudi 1ap luan logic dua trén nhiing
nghién ciiu rit day cong, tif khio ciu tai liéu dén di thuc dia & cic dia phuong, tic gia
Nguyén L& Anh da dua ra hang loat két qua nghién citu méi vé lich st, trong dé khong it
két qui da danh d6 nhiing nhan dinh v6n da ton tai hang trim nim.

O Epsilon sb 17 nay, chiing toi trén trong gi6i thiéu t6i doc gia phan 2 ciia loat bai lich
st ndy véi mot gée nhin rat thd vi va méi la vé HO Ty va su tich "tru vang" va "cdo
chin duéi".

Thé'tich mot hinh chop bdng % tich ciia chiéu cao nhdn véi dién tich ddy.

Hinh sau la chop ti dién vudng c6 ddy la tam gidc can. Tam giac ddy la tam gidc can cé canh
day dai 150km va chiéu cao 185km. Chép vuong tai dinh c6 chiéu cao 1a 30m. Thé tich ctia n6
12 139 triéu mét khdi. Con sd niy néi 1én diéu gi thé?

185 km x 150 k
i 185 km X 150Km o 99000 ricu m?.

W =

2
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Anh Nguyén Chi Cong c¢6 luan diém su két dinh 16n nhét tao ra mot cong dong, cu thé 1a cong
ddng Viét 12 viin héa tdm linh, 1 hé thdng cac dinh dén chiia miéu,... noi cu dan dén sinh hoat.

TAm linh khong phai 1a su hién dién ciia Ma Quy, thé gidi Am. Nhiing thi 4y khong c6 that, ma
n6 dugc hinh thanh ra nhu nhiing khéi niém, na n4 nhu cic s6 am trong toan hoc. Trong thuc
té thi khong c6 dai luong tuong ting véi su kién sb am, tuy nhién viéc st dung s6 4m mang lai
nhiéu thuén tién trong tinh toan. TAm Linh 1 su hdi tudng mot cach c6 hé thdng vé qua khit dé
t6 long biét on t& tién.

Sau déy 12 ban d6 phan trung tim Ha Noi do Ngudi Phap vé vao nim 1873. Trén ban do chiing
ta thiy cdc cum dan cu Ha Noi séng trén cac go ddi xung quanh 12 ruong lia nudc. Mdi cum
nhu vdy 1a mot lang. Giao thong di lai cht yéu bing thuyén. O giita cac go ddi 1a cac chim do,
déy chinh Ia cdc dinh, dén, va chiia clia lang. Cac dong lia xua & trung tim Ha Noi, nay da bi
dd thi héa, cac dam ho ciing bi 14p gan hét. Céc lang ¢& Ha Noi nay ciing khong con, ma chi con
lai cac dinh dén chuia. Nhiing di tich nay c6 thé ké lai cho chiing ta nhiing ciu chuyén vé cudc
séng clia 6ng cha chiing ta ra sao.

D& biét vé lich st dinh dén chuia qua nhiing ghi chép thi khong chuin, bdi chiing c6 thé méi
dugc tu sira 1am méi lai, ngudi coi giit dinh dén chiia thuong 1a it hiéu biét, c6 thé tily nghi ma
phia ra nhiéu tinh tiét huyén bi sai su that. Chiing ta quan tam tdi su kién lién quan téi dinh dén
chua chit khong phai ban than viéc xay dung chung.
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Qua nghién ctiu ban dd Google chiing ta nhan thiy cu dan Viét dinh trén khap ddng bing Bic
Bo cu tai cdc viing go doi xung quanh 14 nudc, cac ving go ddi nay ciing khong 16n 1am va
ciing khong cao 1am. M&i go 1a mot lang. Ho di lai chi yéu bing thuyén. Mbi lang ludn c6 mot
ngdi nha dau tién dudc dung 1én & noi cao nhit clia go, va vé sau né 1a Dinh lang. Con chiu
clia nhitng ngudi dau tién ra sinh sébng & go thudng lam nha ngay gan diy, vi thé ma “Moi con
dwong lang déu di téi Dinh!”’. Dinh 12 12 ng6i nha dau tién dudc dung ra trén go, va giéng iy tré
thanh Giéng Dinh. Thanh giéng dudc dip cao d€ tranh nudc lut tran vao. Thong thudng thi noi
dinh go 12 ndi c6 cdy cao, va xét vé ban chit thi, dinh go cao 1én dudc 1a nhd nhiing bui ciy iy
da chan gié d€ cho bui quin lai ma cao dan 1én. Nhiing cdy nay thudng 1a ho cic cidy ma chim
hay an qua va vi thé ma ching mang di vai hot khap noi go nao cao chiing dau dudc. Nhiing ciy
4y 1a cay da bdi qua ctia né vita mom cho chim an. Va nhu thé “Cdy da giéng nudc san dinh” 1a
nhiing thd in dam vao trong tam tri ngudi Viét.

Ngudi dan séng trén cic gd cao va trong lda ¢ dudi rudng. Rudng lia bao quanh lang, c6 nuée
tu chdy. Pau lang 1a ndi dong nudc chay dén va cudi lang 13 noi cubi clia go ddi, 1a ndi nude
chdy di. Xét vé mit tAm linh, ngudi Viét khong bao gid quén 8 tién. Ho quan niém t& tién, tifc
nhiing ngudi da chét vin séng cling, theo ddi va phit ho cho ho. Vi thé ngudi dan c6 y thifc chon
va bdo vé mdé ma. Ho chdon ngudi chét & cubi lang, tic cudi ngudn nuée. Gitta khu vuc ngudi
sbng va ngudi chét c6 mot cdi nha ma sau trd thanh chiia. Chuia 12 noi giao tiép gitta ngudi song
v6i ngudi chét. Ngudi ta dén chiia d€ dugc nhin lai td tién, dé t6 long thanh kinh biét on. Cang
vé sau dit chat ngudi dong, phia sau chiia chi con dugc dung dé chon cit cac doi su tru tri, con
mo ma dudc thay bang viéc luu giit cac hdp tro, tham chi chi la cdc bia tudng niém dudc luu &
phia sau chuia. Nhu thé phia sau chuia 13 bai tha ma, phia truéc chiia 12 dinh lang; va su ton tai
ctia chuia Viét cho thy quan niém song song ton tai ctia ca hai thé gi6i Am va Duong. Ciing
nhu sy tién 1gi trong viéc st dung viéc dong thdi khai niém s6 Am va Duong dé nghién cifu va
ting dung khoa hoc k¥ thuit, viéc st dung song song hai thé gi6i tao ra su thun tién nhét dinh
trong viéc xay dung va bao ton viin héa Viét. Ngoai ra do lién quan dén cong dong va dén tam
linh ma vi tri cia Chuia thudng 12 it thay ddi theo thai gian. Bdi thé ma chiing ta c6 thé xac dinh
lai vi tri nhiéu lang ¢, con sdng c&, va hd ¢d, dua trén vi tri clia cdc chua.

Yéu t6 vin héa nay dnh hudng t6i viéc sinh hoat cong dong ngudi Viét. Tuy nhién tAm linh
ngudi Viét ludn huéng téi viéc thd cling cau xin céc luc siéu nhién, ma ngudi ta goi 1a thanh
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1a cdc vi c6 stic manh trong lich st. Vay thi su that gi 4n sau cdc noi dung thd cling dy? Mudn
vay trudc tién chiing ta phai biét dudc thdi diém ngudi dan c6 thé t6i dung dinh dén chuia & mot
viing dat va dua trén viéc phan tich mat do di tich ciing nhu phan tich su su lién két logic noi
dung thd cting d€ chit loc dudc ndi dung lich st chii dung & trong.

Nhiéu bai bdo khoa hoc cho thiy hién nay bd bién dang 1l ra xa, va ta c6 thé nghi 1a trong qua
khit cling dién ra nhu vdy. Cach ddy khodng 6 nghin ndm b bién & vao vung Phua Tho, n6 da lui
dan 180km ra bién dén vi tri nhu ngay nay. Chiing can phai xac dinh xem thdi di€ém cu dan c6
thé dén dinh cu trén mot mo dit 1a khi nao. Chiing ta khong thé tin khdng vao khang dinh “bién
liii, bién tién” mot cach dé dang, hon thé d€ xac dinh dudc thdi diém cu dan dén dinh cu tai mot
viing dit ching ta con phai xc dinh dudc téc dd 1ui ciia bién.

Hoan toan khong miy kho khin d€ c6 thé tim dudc cic dif liéu dang tin ciy cho thy muc nudc
bién ludn giit nguyén 6 nghin nim qua. Ngudi ta da khoan sau hang nghin mét dé 1iy mau bing
& Bac Cuc va Nam Cuc, va phan tich d6 day ciing nhu dic tinh 1y héa ctia cdc 16p bing. Qua d6
ho biét dugc tinh hinh khi hau dién ra trong tiing nim kéo dai trong sudt 400 triéu nim viia qua.
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Global Sea Level Fluctuations
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Tir viéc biét dudc tinh hinh khi hau clia tiing nidm ma ngudi ta xac dinh dudc muc nudc bién
tiing thdi ky. Nhin vao do thi muc nudc bién theo thdi gian ching ta nhan thiy c6 lic né cao
hon muc nude bién hién nay t6i 400m. Néu gip may ching ta c6 thé tim thiy vét cia séng bién
d€ lai & cac vach dd noi do cao dy. Bién ciing c6 thé d€ lai diu vét la cac sinh vt bién bi mac
ket va bi ha da trong cic ting dat d4 & diy. Nhitng hang dong & trén do cao vai trim mét nhu
dong. Ngudi Xua & khu vuc Ciic Phuong, va rat nhiéu hang dong 6 Quang Binh, Ha Tinh,... déu
12 nhitng dAu vét clia ban tay tao hoa tif nhiéu triéu nim vé truéc.

Loai ngudi xuét hién & chau Phi, khodng 1 triéu ndm truéc day. Trong khoang thdi gian 400
nghin nim qua Ay khi hau trdi dét thay d6i khong nhiéu, va c6 tinh tuan hoan theo chu ky
khoang 130 nghin nim. Muc nudc bién ciing vi thé ma 1&én xudng trong bién dd tir thip hon hién
nay 130m cho t6i cao hon hién nay 20m.
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Trong vong 140 nghin nim qua muc nuéc bién c6 hai lan xudng rat thap. Lan thip nhét cudi
cung la cach dy 20 nghin nim, khi 4y muc nudc bién thip hon hién nay 120m.

Muwc nwéc bién trong 140000 nam qua

Wisconsinan

20000 40000 &0000 120 000 140000

Nudc bién xudng thip 1a do nhiét dd toan cau xudng thip, nudc trén trai dit dong bing & hai
cuc nhiéu t6i miic muc nude bién bi thip di. Trong khoing thdi gian 20 nghin nim qua muc
nudc bién ting dan, ching td bau khi quyén trai dat ciing 4m dan 1én.

Do thi muc nuéc bién ting trong 20 nghin nim qua nhu sau.
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Nhu thé mic ting muc nudc bién tuong ddi déu, 100m cho khoang 20 nghin nim, tic khodng
5mm cho mot nim. Tuy nhién trong 6000 nim vita qua muc nudc bién gan nhu gilt nguyén.

Qua quan sit trén ban d6 Google tdi nhan thiy dong bing song Hong 1a mot tam gidc cin ma
dinh 12 Phi Tho, va c6 thé uéc lugng dudc chiéu cao ctia Phi Tho 1a khodng 30m. Viy dong
bing song Hong da hinh thanh nhu thé nio va tai sao bd bién ngdy mot tién ra phia bién?

Trudc day nhiéu nidm khi tham gia vio du 4n tinh todn trit lugng nuéc ngam cho Ha Noi t6i dudc
anh Nguyén Ngoc Ky, khi 4y 1a hiéu truéng trudng dai hoc Md Dia Chét cho biét ciu triic ctia
ddng bang song Hong ving Ha Noi. Theo nhu anh Ky thi bén dusi Ha Noi 100m la tang d4,
tiép theo khodng 30m Ia cudi séi noi nudc ngdm chdy rat manh. Phia bén trén 30m cudi soi 1a
16p c6 do day khoang 5m la tang sét khong thim nuéc, va bén trén nita 12 ting dat phu sa.

Ngay nay thi to6i biét nhiéu hon. Nhiing ai hay di riing leo ndi thi hiéu tir dinh nii c6 cdc day nii
chay vé cac phia. O trén dinh ni chiing ta c6 thé budc mot budc 1a tit ddy nii nay sang day nii
kia, nhung khi n6 da chay ra xa va ha thip do cao thi viéc di tir diy nay sang day khac 12 khong
dé. O giita hai diy nii 1a mot cai khe va & dudi long khe 1a noi nuée chay, cang ra xa cai khe
4y cang rong va sau. Pong bang Bic B ctia chiing ta nam & gitta hai day nii, diy Hoang Lién
son dd ra bién & tan cubi Ninh Binh, va ddy Pong Triéu 6 Quang Ninh. Nhu thé & dudi rat sau
bén dudi 1a thém da. Va cai khe hep 4y chinh 1a con song Thao. Thugng ngudn ctia song Thao
chay tir phia Nam cao nguyén Tay Tang, chay t6i vung Phd Tho thi hoa véi song Pa va song Lo.
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Séng Pa c6 luu vuc 1a ving Tay Bic c6 Iuu luong gip 3 1an song Lo, va sdng Lo 6 luu vuc
la ving Pong Béc ¢6 luu lugng gap 2 14n séng Thao. C4 3 con song néi tén hdp lai thanh song
Hong. Cach day 20 nghin nim, khi 4y muc nudc bién thip hon hién nay 120m thi, do vinh Ha
long sau trung binh 80m ma né la riing rdm, va con sdng Hong chdy ra tan phia ngoai dio Hai
Nam. Nhu vy cdi khe vi dai gitta hai ddy nii dudc phu sa bdi 14p day t6i 100m ma thanh dong
bing Bic B9, va 1& di nhién & dudi sau 100m la khe d4.

Quay trd lai cAu chuyén véi anh Ky, ngay 4y méiy anh em chiing toi ngdi trong mot ciin phong
toi tan & tang 3 trudng dai hoc Bach Khoa. Moi ngudi rit d6i va rat du tri. Hau nhu ai cling tin
rang con dudng thoat ra khéi cai d6i 1a viéc tinh todn qua cic con sb. Ngay Ay tdi 1a si quan
Hoc Vién K§ Thuat Quan Su va 1a tién si todn ly trudng MGU, 1a ngudi c¢6 kha ning tinh toan
rat tot. Moi ngudi dit niém tin ca vao toi. Cau chuyén khoa hoc thi chic chd c6 gi dang dé néi,
bdi cdi cach dit van dé “ding tinh todn lam nhanh ra miéng dn” nhu vay thi cling cha thé mang
lai dudc diéu gi c6 gid. Cai dang ké lai 1a do day cia tAng phu sa 100m, va c6 mot chuyén doi
thudng nhung da san sinh ra rat nhiéu dai gia ctia trusng PH M6 Dia Chét, ma dén bay git chic
ho ciing cha biét.

Ngay 4y anh Ky bao ching t6i, “Anh ra iing cit hiéu trudng ddy, chiing minh nén lam gi?” Toi
n6i véi anh Ky, “Anh nén lo cho cudc song ciia anh em”. Anh héi “Cu thé'nén thé ndo?”. Chiing
t6i bao 12 anh xin mua dét cho anh em 1am nha va 1am ngo di cho ho muén 1am gi thi lam. Thé
12 anh di xin dat. Pau tién 1ap meo xin 1Am c4i nha tip thé 5 tAng va roi mua dat xung quanh. Toi
cling mua dudc mua 1 xuét, né 1a chinh cdi nha to6i dang & hién nay. Roi anh dy da dé cho gido
vién di nuéc ngoai vo toi va, chi mién dé€ luong lai cho anh em & nha linh. That may, hé thong
XHCN sup d6 va ngudi dan Pong Au ciing Nhu Lién X6 roi vao hoang loan. Ho d6i va rét, ho
bi Itta mua tif cdi 40 4m “ma-dé-in” Viét Nam ma bén trong don ré beo tiy. Rat nhiéu dai gia 1a
gido vién bo day di hop tic nghién ctiu da danh hang va phat 1én ngay ay. Chuyén ky niém vé
anh Ky 1a nhu vay. Rat tiéc anh Ky da mat vi ung thu mot thdi gian sau do.

Quay lai véi sy hinh thanh dong bang song Hong. Téi biét 1a toan bd phu sa day khodng 70m
1a do con song Hong mang tdi, va ring 6000 nim vé trudc bién vao téi tin Phd Tho. Vay hing
¢6 gi ma muc nudc bién thi khong thay d&i ma bo bién lai tién ra t6i mic do vai chuc mét mot
nam? Toi bat dau hinh dung 1a dong bang Bic Bo cit dang cao 1én 5mm mdi nidm, va vi né hoi
nghiéng cho nén Phii Tho nho 1én khéi mit nudc bién trudc cic vung dat khac nho ra sau. Hoi
Google vé& song Hong, toi biét song Hong dugc hinh thanh dya trén cd dam ciia dia An vao Dai
luc dia chau A. Toi rat thich dinh Everest. Toi doi theo tling su kién lién quan dén dinh nui y,
vi thé ngay tii thdi con hoc phd thong, t6i da nhg rt 16 su kién “Ddy Hymalya va dinh Everest
duoc hinh thanh tiv cii dam ciia luc dia An, va rdng cho tdi tdn ngay nay dinh nii Everest vin
dwoc ndng cao 5Smm mot ndam”. Vay 1a tdi cho ring dong bang song Hong ciing dudc nang 1én
mdi nim 5mm nhu vay. V6i khai niém “Luc dia ddng cao Smm méi nam” nhu thé, toi goi thdi
diém mot mo dit nho ra khéi bién 12 thoi gian sinh ra né. Ching ta tam goi mo6 hinh nay 1a
Everest.
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Nh6 1a khoang 6 nghin nim vé trudc thi bd bién & vao viing Phd Tho. Héi anh Google chiing ta
c6 thé thdy Phi Tho 1a dinh cla tam gidc can dong bing Bic Bo, c¢6 ddy dai khoang 150km tut
viing Ha Long t6i Phat Diém, va canh bén dai khoang 200km. Ciing héi anh Google ta biét Phi
Tho & do cao hon muc nudc bién khoang 30m.

< |
CEL

V6i mo hinh “Luc dia dang cao 5mm moi ndm”, thi sau 6000 nam, Phi Tho & do cao 30m la
hop ly. Vay nhu thé sau 6000 nim thi muc nudc bién riit ra xa 180km, tic ci 1000 nim rit ra xa
khoang 30km.

Ap dung quan diém Everest ta d€ nhan thic lich st chiing ta thiy ving dat c6 “dén tho nha Trdn
viing thanh phé Nam Dinh, noi cdch bién 40km”, vy né nho 1én khéi mit nudc bién tit khoang
1200 nam vé trudc, tiic khodng vao thé ky thii 8 ké tir dau Cong Nguyén. D€ c6 thé dén dinh cu
lam nha xay dinh thi ving dit nay ciing phai nhd 1én cao hon muc nudc biém mot ti, vi du dé
Nam Dinh nhé 1én cao hon muc nudc bién tit 2 dén 3m thi mat thém khoang tir 400 nam cho
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dén 600 nam. Vay 1a hop ly, cdc dén dinh chuia nha Tran & Nam Dinh dudc xiy vao khoang tir
thé ky 12 cho dén 14.

Téi cling tinh ra dugc thdi diém dau Cong Nguyén ngudi dan dung dén tho hai Nit tuéng cia
Ba Trung & Céng Moc. Vay Ia toi rit miing vi da c6 dudc mot phuong phap xac dinh thdi diém
ngudi dan dén dinh cu tai mot khu vuc.

Su viéc tiép theo bat dau tir viéc nhiéu ngudi khing dinh trudc day vinh Ha Long c6 thé di lai.
Kién thifc nay c6 trong ndi dung hoc phé thong. Toi sin sang tin diéu 4y, vi & nhiéu d4o ngoai
vinh Ha Long van con c¢6 Voc sinh sdng.

Néu nhu mdi nim thém luc dia song Hong dudc ning cao 5mm thi c¢6 nghia la khi 1ui vé qua
kht n6 sé bi thip di 5mm méi nim. Lui 20 nghin nim vé trudc né thip hon hién nay 100m, cong
v6i lugng phii sa ude tinh 12 20m thi thiy dong bang song Hong & thap hon hién nay 120m. Viéc
luc dia dang mang tinh dia phuong tai chau A, trong khi muc nudc bién dang 1a toan cau. Nhu
chiing ta da biét 20 nghin nim trudc diy muc nuéc bién thip hon hién nay 120m. Vay 1a muc
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nudc bi€n van nhu hién nay, khé ma c6 thé ndi 1a c6 thé di bd qua vinh ra dao. Toi rdi vao su
thit vong véi moé hinh Everest, bdi néu qua that 1a thém luc dia ddng bang song Hong da dudc
nang 1én thi phai 12 nang 1én trong rat nhiéu trim nghin nim, va khi 4y Ha Noi phai & do cao
nhu dinh Everest. Ma diéu nay thi khong ding!.

Tat nhién 1a toi da c6 ging di tim céc tai liéu khoa hoc, va tim thiy céc tac gia ctia ching. Toi
cling c6 hdi ho nhung cac cau tra 16i khong dugc thoa man.

Toi da suy nghi va thiy ring ngon nén khi chdy van d€ lai ddm sui & ngay phia trén cing clia
than cdy nén, ma ding ra nudc nén phai chay xudng tin chan cdy nén. Nhiing dam sui nay 1a
nén bi stic néng ctia ngon lita ma chay ra nuéc rdi bi stc hit trai dit ma chdy xubng thip hon
doc theo than ciy nén. Nudc nén chiy xudng than cdy nén va khi gip lanh thi dong lai, cif thé,
hét 16p nay d& 1én 16p khéac, ma khéi stii to dan 1én. Phil sa tit Phi Tho, vé nguyén ly thi phai
chdy xudi theo dong nudc t6i noi thip nhit, nhung ciing nhu dong nuéc nén gip lanh thi dong
lai phu sa van c6 thé dong lai néu van tbc dong nudc phii sa chdy cham. Khi dong phu sa chiy
dd cham cdc hat phii sa sé két dinh dudc véi nhau, va rdi hét 16p nay r6i dén 16p kia cit nhu thé
né 1am cho 1ong dong chdy phia Phi Tho cao dan 1én. Lép phu sa tao ra dd nghiéng tit Phi Tho
ra t6i tan ven bién, cho dong bang sdong Hong. Nhu vy chinh siic két dinh clia cac hat phu sa
12 nguyén nhan 1am cho né bi dong lai ngay & viing Phii Tho tru6c ma khong bi chéy tot xubng
ddy bién sau. Chiing ta goi md hinh nay 12 “nén chdy”.

Hoi Google thi biét dugc téng lugng phu sa ma song Hong mang ra bién 1a 100 triéu tAn mot
nim va khéi luong riéng cta dat 12 khoang 1.4 tin/Im>. Viy 1a mdi niim con song Hong mang
ra mot lugng phu sa 12 75 triéu mét khdi dat. USc tinh tdng thé tich hinh khéi ti gidc vudng
chiéu cao 30m (& Phi Tho) va ddy 1a tam gidc dong bang song Hong. Pdy 1a mot tam gidc cin
canh 200km va ddy 150km la bd bién tit Ninh Binh cho t6i Ha Long.

185 km x 150 km

5 x 30 = 139000 triéu m?.

1
= X
3

Mbi nim con sdng Hong mang ra bién 100 triéu tAn phu sa, tic 75 triéu mét khoi dat, vy thdi
gian d€ c6 dugc r}gﬁy 4y phi sa la % = 1800 niAm. Nhu thé lugng phu sa trong khoang thoi
gian 4000 nam boi vao dau?

Hién nhién 1a ching ta phai coi lugng phu sa 4y boi tai chd viung dong bing Bac B, va 6000
nim trude day dong bang Bac Bo 1a ddy ciia mot cai vinh, tam goi 1a vinh Séng Hong. Chiéu
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sau trung binh ctia vinh nay c6 thé udc tinh dudc ra tif tdng lugng phui sa bdi 1ap n6 trong 4000
nim. Nhu thé vinh Song Hong ang chiing sau khoang 20m.
(1 185 km x 150 km 185 km x 150 km

1
— 2 _— = am.
3 X 5 X 30m + 5 X Om) X 75 tridu 5500 nam

Viy 1a 13, lugng phul sa bdi dap vinh Séng Hong, chinh 1a do con song Hong mang ra trong
5500 nam qua. Vinh nay ddy ciing khong thé bing phang, n6 hoi doc vé phia bién. Viy ching ta
udc tinh & Phi Tho vinh Song Hong sau khoang 10m va & ven bién sau do 40m. Nhin vao biéu
dd muc nudc bién trong vong 20 nghin nim qua, khoang 10 nghin nim vé trudc muc nudc bién
thip hon hién nay khoang 40m. Vay la 10 nghin nim vé tru6c Viét nam chiing ta vin chua bi
ngap dudi muc nudc bién.

20m

Téng hop lai 20 nghin nim vé trudc muc nudc bién thap hon hién nay 120m va khi 4y ving Ha
Long nay la riing rim. Noi 4y ching nhiing c6 voc sinh séng ma ké ci 12 ngudi tién sit. Muc
nuéc bién dang cao dan 120m trong subt 14 nghin nim. Nhiéu loai voc da & lai trén cdc dinh
nii cao ngoai vinh Ha Long, tuy hién ngudi tién st thi di cu dan 1én chd cao hon. Nhiing ngudi
tién st di cu vé phia bic ctia vinh Ha Long la ngudi Bach Viét, nhitng ngudi tién st di cu vé
phia dong bang Bic bo 1a t& tién truc tiép cia ngudi Viét Nam ching ta ngay nay. Khoang 10
nghin nim vé tru6c muc nudc bién thip hon hién nay khodng 40m va Viét Nam xua c6 hinh
thil va dién tich ding nhu ngay nay. N6 chinh 14 ddy cla vinh Song Hong, nhung nay di bi vui
14p & do sau vai chuc mét phia bén dudi dong biang Bac Bo ngay nay. Nudc bién tiép tuc dang
dan trong 4000 nim, va khi 4y bd bién vao tin Phd Tho séng bién vé bi bop vao chan nii Ba
Vi va Tam DPao. Muc nudc bién giit nguyén nhu vay trong subt 6000 nim qua. Pong bang Bic
B0 ngay nay, khi 4y 12 mot cdi vinh ndng, ¢6 do siu trung binh khoang 20m. Trong sudt khoang
thdi gian 6000 nim qua, phu sa song Hong di bodi dip vinh thanh dong bing.

Nhiing ngudi tién st & lai trong cic viing cao ven ndi 13 ngudi Mudng, nhitng ngudi di cu ra
viing dAt méi bdi 1a ngudi Kinh. Theo thdi gian dit bdi ra xa, ngudi Kinh dong dan 1én va gia
san vin héa Muong mang theo ciing nhat dan di nhudng chd cho mot thé dang viin héa mé.

Va vi muc nu6e dang rat cham, 100 nim méi 14n sau vao dit lién dugc 2km nhu thé viéc di cu 1a
rit chim, ngudi dan vi thé ¢6 xu thé sin nha cao dan 1én dé€ & lai. Nhu vay nha san ctia dan toc
Mudng 1a di san con lai ciia 14000 nim nu6c bién dang, va ciu tric dinh lang Viét 1a su thira
hudng tif nha san cta dan toc Mudng va 1a ciia vin héa tit 20 nghin nim vé trudc.
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Viy la thém luc dia khu vic Pong Nam A vAn nhu vay, khong nang 1én hay ha xubng, dong
bing song Hong dudc tao ra do phu sa dong lai vi van téc dong chay giam va 20 nghin nim
trude day thi muc nudc bién thip hon hién nay 120m, khi iy ngudi Viét va cac loai Voc c6 thé
dé dang di chuyén ra cac déo, ké cd quan dao Hoang Sa va Trudng Sa. Khoang 10 nghin nim
trude ddy, khi nuéc bién dang 1én, su di chuyén vao ra khéi khu vic dong bang Bic Bo trd nén
kho khin hon, bsi dong biang Bic Bo bi bao quanh bdi cac day nii cao nhiéu nghin mét va rong
hang tram kilomet.
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Diéu nay da tao ra gianh gidi vat ly tach biét cu dan séng & dong bang song Hong véi cu dan
phia Nam Trung Qubc. Mic du van c6 su giao luu bang dudng bién thong qua viung Ha C6i
Quang Ninh giita cu dan dong bang song Hong véi cu dan phia Nam Trung Qudc nhung da c6
su khdc biét vé& vin héa gilta ho. Vay 1a ching ta vin c6 thé sit dung mo hinh “Everest” 5mm
mot nim dé tinh tudi clia mot ving dt nhung chi 12 nang 1én trong khoang 6 nghin nim vira
qua ma thoi.

Dua vao khai niém “nén chdy” nay ching ta c6 gang di tim ra cdc vi tri ndi ma van téc dong
nuéc c6 phil sa gidm gan t6i nhu bang 0. Péy chinh 13 noi phil sa dong lai va hinh thanh ra cic
g0 dét c8. Nhitng nghin nim dau tién thi dong song Hong bi dong nuéc song Da ddy han vé

32



Tap chi Epsilon, S6 17, 04/2020

phia chan ndi Tam D4o noi né dé lai vét 1a hd Pai Lai, rdi qua miii Thanh Giéng (dén Séc) vé
t6i chan ndi Chi Linh roi men ra bién phia Quing Ninh. Ra bién né bi dong Hai Luu ddy ngudc
trd lai tao thanh xody & khu vuc phia Hai Duong. Phu sa bat diu dong lai & diy va ddy bién
dudc nang cao thanh go Hai Duong. GO nay & xa ngoai bién va gitia go véi ving Chi Linh c6
mot cdi eo bién. Theo thoi gian do dugc phil sa bdi ma bo bién phia Chi Linh nho dan ra, va go
Hai Duong ciing 16n dan 1én sét vao phia b, ma eo bién bién thanh con song Pubng. Céc con
song khac nhu song Bic Ninh Co va song Ludc,... cling dudc hinh thanh tlif cing mdt nguyén
ly nhu song Pudng. Néu dé€ y thi con song Pudng con theo ding dang cia luc Coriolics, bdi
khong phai luc siic nudc clia con song Pa ma 1a chinh la Ivc Coriolics da ddy dong nudc phu
sa song Hong di xa hang trim kilomet! Khi xua nhanh chinh, tiic con song Hong ngay nay chua
6. Thai gian 6000 nim vé trudc cira song Hong 1a & Phd Tho. Theo thdi gian cdi ctia “Ba Lat”
4y chay dan ra xa, khoang 45km cho 1000 nim tinh theo chiéu dai song cho tdi cira Ba Lat nay.
Bing cach do khoang t6i cifa Ba Lat, ching ta sé biét dudc tudi clia cic con séng chia luu cia
song Hong, va tir day biét dugc tudi cla cac lang hai ven sdng va nuu thé biét dudc tudi cia cic
dinh dén chua & diy.

Xét trén ban do cAu tao thém da thi CS Loa 1a phan “séng trdu” cudi clia ddy ndi Tam Ddo, sau
d6 1a sudn nii déc thang xudng vuc. Ha Noi khong phai 1a séng trau ctia day nii, né & trén suon
dbc ndi. O sau dudi mit dat Ha Noi c6 clu tao cla cdc ting than bun. Do ddng bing Bic Bo
12 khe nui, tiic né bi bao boc bdi vanh nii Pong Triéu va Hoang Lién Son cao hang nghin mét,
nén moi thif gié tr bién thSi vao déu bi xody quin lai & Ha Noi. Ha Noi cao 1én thanh go 13 nho
bui quén lai tif moi viing ddng bang Bac Bo xody vé. Ho Tay trén thuc té 1a mot khu vuc bi lin
cuc b tir dau thé ky thit 10. Bat chip luc Coriolics, ngay sau khi chay ra khéi Ha Noi con sdng
Hong chdy vong ngay xubng phia Nam. D6 13 bdi né chay vé cai khe nii xua gitta hai day ndi.
Khe 4y sau, phu sa chua thé bdi 1ap ngay dudc.

Khi xua bién vao t6i tin chan day ndi Ba Vi va bd bién di sat Hoa Binh. Gitra Ba Vi va go Ha
Noi 1a eo bién. Vao mua mua Péng - Bic, dong nudc ctia con séng Lo rat manh, né ddy dong
nuéc song Hong vé phia cdi eo bién nay. Phil sa song hong bdi dan, bd bién phia Ba Vi tién ra
khién cho cdi eo bién nay hep lai ma thanh song Day.

Trong vong nhiéu nghin nim dong nudc séng Da x6i dan bs phia bén Ba Vi thanh cdi hom, nén
huéng chay ctiia né da bi 1éch di 30 do.

Dong chay song Pa ddy dong nudc huéng dan vé phia Viét Tri va bi hit vé Miéu Meén thudc
Son Tay. Dong chdy song Hong dan dan khong con dam vé phia hd Pai Lii nita, phu sa boi 1ip
dan chan nii Tam Do ra thanh viing ddng bang c6 di chi khio ¢ Pdng Pau 3500 nim tudi. Su
di chuyén dan dan dong chay dé lai vét ddm hd HO Van Tri phia bo Bic song Hong.
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Trwée khi sdpg

Heng doi dong,

\-.

Hﬁm-b, dﬁ-n-g_______
e Ur&re khoét di

Dong chdy song Hong vé phia Miéu Meén thudc Son Tay ciing thay d6i dan hudng chay, va hé
luy cta no la ctta song Hat Mon cua song Ddy xua bi 1ui sau vao 4km.

CUER G

boira-

Ciing nhu thé phia Mé Linh, qué ctia Hai ba Trung, xua 12 bd song Hong thi nay ciing bi lui sau
vao 4km.
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COLOA

* ENGOCATHU

Phia Bic Ha noi la viing dat cao Xuan Pinh, noi diy tif nhiéu nghin nim vé trudc ngudi tién st
di cu tir phia Ba Vi t6i. Ha Noi xua 12 mot cai dam 16n véi cc go dat:

1. Nii Sua cao 16m trong vusn Bach Thao. O niii nay ¢ nhiéu cdy sua, trén dinh ndi con
dén tho Huyén Thién Hic Dé.

2. Khu vuc Hoang thanh Thiing Long con ¢6 nii Nung con goi 1a ndi Long D6, (c6 nghia la
r6n rong). Ngay xua, Ly Thai T6 dung chinh dién & trén nii Nung. Pén doi L&, vao nim
1430, xay dién Kinh Thién trén nén cii nay. Nui hién nay khong con, chi con 4 bé rong da
1a dAu vét dién Kinh Thién ci.

3. Nii Khan vi tri khoang trudc Phii Chd tich by gid, 1a ngon nii dit thip thoi Lé thudng
dung 1am noi vua ngu xem duyét binh, lau rdi thanh tén. Nui da bi san bang hdi cudi thé
ky XIX.

4. Nam trong khu vuc gitta dudng Thuy Khué va duong Hoang Hoa Tham thudc quin Ba
Dinh con c6 cic nii dat, gdm nii Cung cao nhét 18m, tuong truyén cung dién dung & day.

5. Nui Cot C3 cao 13m, nti Voi (con goi la nii Thai Hoa) cao 14m & phia Bong nii Cot Co.

6. Nui Truc cao 11m 6 lang Van Phuc.

35



Tap chi Epsilon, S6 17, 04/2020

7. Nui Bo cao 8m canh hd Thu Lé.
8. Go Pdng Pa.

9. Vung d6i cao nha Bat C4.

Gin lién v6i nhitng go ddi trén 14 cac dong nudc chdy quanh chiing. N6 rat c¢6 thé 1a cdc nhanh
sOng tao ra cau truyén sau.

Di lién v6i HO Tay 1a su tich Trau Vang - Kim Nguu: “Sw Khong Lé ddnh chuéng, con Trdu
Vang & kho tang vua Tong nghe tiéng chuéng dong, bong phong chay vé phuwong Nam. Nha su
e rang vang bac ddt Trung Qudc sé theo nhau vé Viét Nam, ben ldn chuéng xuéng H6 Tdy”. Su
tich cho thiy ho T4y xuét hién khi di c6 cong nghé dic Pong, tic 12 khong qua 3000 vé trudc.

Pam Xac Cdo 1a tén goi xua nhét ctia hd Tiy, gan véi su tich con “Ho Ly Tinh chin dudi”. Lich
st ra doi ctia HO Tay dudc nhac dén 1an diu tién trong Linh Nam chich qudi do Vii Quynh va
Kiéu Phi soan vao khoang nim 1492. O day, tac gia da ké vé lai lich HO Tay trong truyén Ho
Tinh. Theo d6 & phia tay thanh Long Bién c6 hon nii da nho, c6 con Ho Tinh (yéu qudi cdo, con
quai sau Ngu Tinh, tru6c Moc Tinh) chin dudi séng hon ngan nim, c6 thé bién héa van trang,
khi thanh ngudi khi thanh quy & khap dan gian. Long Quan bén ra 1énh cho sau dao quan cia
thiy phti dang nudc 1én cong pha bat cdo ma nudt in. Noi nay trd thanh mot cai viing sau. Hd
Tay chinh 1a hang con cdo chin dudi pha hoai dan lanh, bi Long Quén dang nudc 1én cong pha.
Do d6, ho c6 tén 1a dam Xdc Cdo. PE gitt ky niém xua, ngudi ta da dit tén cho cdnh dong &
phia TAy dam 12 Ho Ddng (hang cdo) va thon xém canh cinh dong d6 12 Lang Cdo (Xuan Tio),
lang HO6 Thon (nay 12 H6 Khiu) “Ho” 1a “con cdo” dong am véi “hé” (hd nudc), hoa quyén véi
nhau trong nhiing dia danh Hd Khau, Céo Pinh,... Pbi v6i dan thudng, y nghia huyén thoai va
doi séng hian thuc that khé long tach bach.

Néu diéu nay ma diing (va kha ning ding 1a rat 16n) thi cau chuyén truyén thuyét that su thé
nao? Cau chuyén da dudc ghi lai thanh Truyén (thay Ho bﬁng C4o) hay n6 da la nhu vay?

Trén thuc té am ] (cai H6) va am I (con Cdo) 1a gan gibng nhau, nhu vay c6 1& cau truyén
con “Cdo Chin Pudi - Khdu (ciia séng)” chinh 1a cau chuyén vé cai Ho c6 9 nhanh chay sdng
chay ra. Vay 1a do ky ma tén goi “Ho Chin cita Hau” ma bi sai 1éch thanh “Cdo Chin Pudi’.

Cac em hoc sinh than mén, chi tif viéc biét tinh thé tich ctia mot hinh chép ching ta c6 thé hiéu
dugc khung cuing toan b lich st cta dan tdc ching ta tir cach day 20 nghin nam. Ching ta c6
thé hinh dung ra t3 tién da séng ra sao, ho nghi gi, va nhiéu nhiéu thif nita. Stic manh ctia todn
hoc 1a rét 16n. N6 dua chiing ta 1ui vé qua khi nhiéu ti nim d€ biét dugc vi tru clia ching ta da
sinh ra ra sao, va né ciing c6 thé tao ra cho cic em va déan toc ching ta mot tuong lai tot dep.
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DAY ROBOT PANH CO BANG HOP DIEM

Vo Bich Khué, Nguyén Hung Son

Thang 4, 2020

TOM TAT

Hoc mdy (machine learning) 12 mot trong nhitng nganh thi vi nhét cta tin hoc. Muc dich
clia hoc mdy 1a tim cac thuat todn cho mdy tinh d€ giai quyét cac van dé phiic tap bang
cach ty hoc. Chang han, mdt may tinh c6 thé sit dung phuong phéap thii nghiém khi n6
dang hoc cach chai tro chdi va gianh chién thang bang cach hoc hoi tif nhiing sai 1am ctia
no.

Trong bai bao nay, chung ta sé chdi tro choi hexapawn.

Hexapawn la mét tro choi danh cho hai nguoi, dugc Martin Gardner[ ] phat minh vao nam
1962. Trod choi téng quat dudc tién hanh trén cac bang hinh chit nhat c6 kich thuée m x n, mdi
ngudi choi bat dau bang mot hang gdm n con tét, méi con ditng trong mot 6 vudng trén hang
gan nhat véi ngudi do.

Chung ta s€ minh hoa dung ban c6 3 x 3 cho don gian. Trudng hgp nay sé€ c6 9 6 vudng, 2 ngudi
choi, mdi ngudi choi c6 3 con tot.

Hinh 1: Tro choi Hexapawn trén cac ban c6 3 x 3va4 x 4
Mbi ngudi choi sé 1an lugt thuc hién mot nuée di. Ngudi choi chi c6 thé dich chuyén mét con
t6t vao 6 vuong vé phia truée (néu 6 vudng d6 con tréng), hoic in con tbt clia ddi phuong theo

dudng chéo.
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C6 3 cach d€ gianh chién thang:

1. Con tot tién dén dong cudi phia bén kia ban cd.
2. An hét cdc con tét ctia dbi phuong.

3. Pbi phuong khong con nuée di (nhu chiéu hét trong c& vua)

Tir Iic nay chiing ta sé goi mot trong hai d6i thii 12 "ngudi choi”, con dbi thi thit hai 1a "robot"
hoic "mdy tinh". Hexapawn 12 tro choi ma robot c6 thé luyén tip (hoc) d€ thang ngudi choi.
Chiing ta sé minh hoa phuong phdp ma may tinh st dung d€ choi tro choi Hexapawn trén ban
cd 3 x 3. Ngudi choi sé di trude (theo tac gia trd choi) nén sé ding quén tring di & cac nudc di
18 1,3,5, 7. Mdy tinh sé di & cac nudc di thi 2,4, 6, 8 vi ta ¢6 thé chiing minh dudc rang trd choi
sé& két thic sau cung 1am Ia 8 nudc.

Ban doc da hiéu nguyén ly tro choi, viy chiing ta hiy 1am quen véi phuong phdp huin luyén
mady tinh hodc robot chdi c6 Hexapawn nhé.

Dau tién chiing ta c6 thé nhan thiy ring trong budc thii nhit ngudi choi sé phai tién mot trong
céc con tot 1én hang thd 2. Nhu vdy, & nuée di thit 2, robot sé nhan dugc 1 trong 2 cAu hinh cia
ban ¢ nhu trén Hinh 2 (hai ciu hinh c6 s6 2 & dudi). Tuong tu néu tiép tuc xét ta sé c6 11 ciu
hinh & nuéc thit 4 va 11 cAu hinh & nudc di thit 6. Hinh 2 mo ta tit cd 24 cAu hinh ma robot ¢
thé gip khi choi Hexapawn.
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Hinh 2: Tit ca cc ciu hinh va cdc nudc di ctia robot khi choi trdo Hexapawn
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Hinh 3: Mot trong céc hop diém c6 cau hinh va nude di ctia robot khi choi tro choi Hexapawn

Trude hét chiing ta chun bi 24 chiéc hop nhé tuong ding véi cac ciu hinh c6 thé ¢6 trén ban cd.
Ban doc c6 thé in cac cau hinh & Hinh 2 va dén 1én 24 hop diém.

Sau khi chuan bi xong cac hop diém, ban doc s& can phai dit mdt vién bi tuong ing véi moi miii
tén dudc ve trén hinh chti nhat (mot mii tén mau xanh s€ la mot vién bi mau xanh trong hop,
mii tén dd thi vién bi dd, v.v.). Sau khi ban da chuin bi xong, chiing ta di sin sang huan luyén
cho robot chdi co.

Hinh 4: Céc hop diém d€ luyén cho robot chdi trdo Hexapawn

2.2. Thuat toan hoc choi cd Hexapawn

Céac hop diém chinh 1a cach d€ gitip robot chon ra nuéc di. Trong mdi van cd, khi dén Iugt minh,
robot s& tim hop diém tuong wng véi ciu hinh trén ban cd va sé chon nuéc di bang cach lay ra
ngau nhién mot vién bi tit hop diém d6. Robot thuc hién nude di theo mii tén ciing mau vdi vién
bi vira 14y ra va sé dé vién bi bén canh hop diém (Hinh 5). Vién bi d6 sé& dudc xt 1y tiy thudc
vao két qua ctia tran dau. Tat nhién, néu hop diém réng thi robot ciing dau hang va nhan thua.

Khi robot thang tran, chiing ta sé bo lai cac vién bi vao cic hop diém tuong dng, nhung khi
robot thuc hién mot nudc di nao d6 dan dén bi thua, n6 sé bi phat bang cach bd di vién bi tuong
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Hinh 5: Robot dung hdp diém dé chon nudc di trong tro choi Hexapawn

ting v6i nudc di sai 1dm d6. Bing cach nay, robot sé khong thé 1ip lai cac nudc di sai 1am tuong
tu & céc tran tiép theo khi tinh hudng nay xay ra. Bing céch loai bé vién bi xdu nay, robot s& hoc
cach choi ¢ ngay mot tét hon va chiing ta sé c6 cam gidc 1 n6 sé ngay mot thong minh hon.

Néu chai véi robot nhiéu tran, chiing ta sé nhan thiy rang cang choi nhiéu, thuat todn ctia robot
sé cang hoan thién hon va sé thang nhiéu hon cho dén khi cubi cuing chiing ta (ngudi choi) sé
khong thé gianh chién thing.

Nhung sé& ¢6 nhiéu cic nha toan hoc, khoa hoc mdy tinh, nha khoa hoc dif liéu, hoic bat ky linh
vuic nao khdc sé c¢6 y kién rang thuit toan ctia chiing ta chua du tét. Tt nhién ho c6 ly. Hy vong
ban doc di c6 y tuéng dé 1am t6t hon.

Vi du, trong cach hoc chdi & trén, chiing ta chi phat robot khi né bi thua? Viéc phat robot mbi
khi nao né bi thua sé lam gidm kha ning robot chon nuéc di xau va dan dan hoan thién cich
choi. Van dé 12 véi thuat todn nay, robot sé phai chdi rit nhiéu van dé tré nén thong minh.

Nhung diéu gi sé xdy ra néu chiing ta thudng cho mdi buéc di ding?

Gia st sau mdi budc di dan dén thing Igi, ngoai viéc tra lai bi vao hdp, chiing ta sé thuéng cho
robot bing cich cho thém vao hop diém mot vién bi cing mau véi nuée di d6. Bang cach nay,
chiing ta s& lam gidm kha niing thua va ting xac suit dé robot chon vién bi (budc di) ding. Va
v6i thuat todn nay, robot cubi cling vin dat dugc kha ning choi hoan hdo sau mot sb it cac van
c0 bdi vi no da giam tac dung hoac loai bd céac vién bi tuong ting véi cac budc di sai.

Day c6 thé khong phai 1a thuat toan hoc danh c& dau tién. Chic han c6 nhiéu thuat toan khac.
Nhung ching ta c6 thé chic chan néi rang day l1a qua trinh hoc danh cd thuc su, va mdy tinh ctia
chung ta s€ chdi ngay cang hoan hao hon.

Cac em hoc sinh déu c6 thé 1ap trinh cho mdy tinh choi trd Hexapawn nay mot cach dé dang.
Céc thiy cd va cac em hoc sinh ¢6 thé tham khao cach viét chuong trinh choi Hexapawn trong
Scratch tai dia chi: https://scratch.mit.edu/projects/16765763/remixes/
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Bai bao mang tinh chit minh hoa vé phuong phap hoc chdi co tu dong véi muc dich gitip cic
hoc sinh va cdc thay co tiép cin v6i bd mon hoc mdy ciing nhu nganh tri tué nhan tao.

Chiing ta c6 thé thiy 24 hop diém tuong ing vdi 24 cAu hinh c6 thé c6 trén ban cd. Tai mdi cAu
hinh chiing ta c6 ti 1 dén 4 nudc di. Vi vay day 1a tinh hudng khi ching ta c6 day dd thong tin
vé tro choi.

V6i nhiing tro choi khéc, s& ciu hinh sé 16n hon nhiéu. Vi du nhu sé ciu hinh trong cd dam
(checkers) trén ban cd 8 x 8 1a khoang 2, 3 x 10%!, con trong ¢d vua (theo Claude Shannon) thi
c6 it nhat 10'%° ciu hinh, trong d6 c6 khoang 10*° cAu hinh c6 nghia. Phiic tap nhit 13 cd vay vi
c6 khoang 10'"2 ciu hinh. Trong cac trd choi nay, viéc ghi nhd tt ca cac cAu hinh 12 khong thé.
Thach thuc véi cac chuyén gia tri tué nhan tao la phai (1) nghién cuiu, tim toi cac thuat toan hoc
chai ¢ phiic tap hon d€ gidi quyét bai toan trong trudng hop khong thé nhé tit ca cac ciu hinh
va hon nita 1 (2) phai tra 161 cau hdi hoc bao 1au thi mdy tinh mdéi ¢6 thé dat trinh do danh bai
cdc dai kién tudng thé giéi.

Céc thuat todn tién tién ciing chi 12 m& rong hoic cai tién cta thuit todn dudc mo ta trong bai
bdo nay. Trong cic bai bdo tiép theo chiing tdi sé& 1an luct gidi thiéu dén ban doc cic phuong
phép hoc danh cd hién dai.

[1] Martin Gardner. Mathematical Games, Scientific American, March 1962, reprinted in The
Unexpected Hanging and Other Mathematical Diversions, pp. 93ff.

[2] https://www.rigb.org/christmaslectures08/html/activities/
sweet—computer.pdf
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MA VA CAc KY THI OLYMPIC TOAN
(PHAN CuOI)

S.B.Gashkov

G101 THIEU

Tiép theo ky trudc, xem phan m& dau va cic phan 1, 2, 3 & Epsilon s6 15 va 4, 5 &
Epsilon s6 16

Trong cdnh dong Galois tran ddy nhitng bong hoa,

cdc cdn nguyén thity nhdy nhot cd tiéng dong ho?)

S.B. Veinstein (IEEE Transactions of Information Theory, 1971)

Cho sb nguyén t6 ¢ > 2. Nhic lai ring ma tuyén tinh g—phan C d9 dai n chidu k (viét tit ma
[n, k]) 1a mot khong gian con k chiéu C bat ky ctia khong gian GF(¢)" tit ca cac véc-to n chiéu
trén trudng G F'(q). Dé thiy khodng cich mi clia ma tuyén tinh bing trong lugng nhd nhit ma
mot véc-to khéc 0 ¢6 thé c6. Néu ma [n, k] ¢6 khoang cach ma d, thi né dugc goi la ma [n, k, d].

Phuong 4n don gian nhat d€ xay dung ma Reed — Solomon??) trén trudng G'F(q) (viét tit 1a ma
RS) nhu sau. Cho k < ng. Ta cho tuong tng mdi mot véc-t6 a = (ao, . . ., a,_1) € GF(q)" da
thic

a(x) = ag+ a1z + - + ap_ 2",

bac k — 1 trén trudng GF(q). Gia st x1, xa,...,2, € GF(q) 1a cac phan td phan biét clia
trudng nay. Ta xét 4nh xa tuyén tinh [ : GF(q)k — GF(q)", xdc dinh bdi dang thic

l(a) = (a(x1),...,a(x,)) € GF(q)".

Anh [(GF(q)") ctia 4nh xa niy — ma tuyén tinh C, dugc goi 1a ma RS. Tit bt ding thic n > k
da thic a(z) bac k — 1 ¢6 thé duge xac 1ap mot cach duy nhit theo céc gid tri clia né tai n diém,
vi thé 4nh xa | : GF(q)" — C 1 tuong tng 1 — 1. Nghia 12 Iuc lugng ctia ma C bing ¢¥, do
d6 chiéu ctia né biang k. Khoang cach ma d(C)n — k + 1, bdi vi v6i moi da thifc khac khong
a(z), véc-to céac gia tri cua né (a(z1),...,a(z,)) € C C GF(q)" ¢6 trong lugng khong nhd
hon n — k + 1, béi vi da thiic khac khong bac & — 1 ¢6 khong qua & — 1 nghié€m.
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That su thi d(C') = n — k + 1, bdi vi theo dinh ly cén Singleton, véi moi ma [n, k| ta ¢
bét ding thic d(C)n — k 4 1. Cac ma nam trén cin nay dudc goi 1a ma véi khoang cach 16n
nhét (maximum-distance seperable - MDS). Cdc ma R.S ¢6 tinh chat nhu vay. Cac ma nhi phan
khong dat dugc can nay.

Dinh ly tuong ting c6 thé phét biéu nhu sau (dinh nghia m,(n, d) xem & phan 2)

Dinh ly 4 (Can Singleton®*, hay can phép chiéu).

mg(n, d)q”_d+1.

L&i gidi. Chi cAn chiéu tit ca ¢* tit md lén khong gian con GF(¢)"'. P& 1am diéu nay ta dién
0 vao vao n — k + 1 toa do cubi clia véc-to ma, gilt nguyén k — 1 toa do dau. Theo nguyén ly
Dirichlet hai véc-td ma nao d6 s& c6 cung anh chiéu, tic 12 & — 1 toa do dau clia chiing triing
nhau. Do d6 khoang cach gitta ching s€ khong vugt qua n — k + 1. Tidc la dn — k + 1 (hon nita
diéu nay cling ding véi cac ma khong tuyén tinh c6 luc lugng 16n hon ¢F—1). O

Bay gid ta c6 th€ dé dang gidi cc bai todn 28 va 29.

Bai toan 28. Trén ban co k—phdn n chiéu ddt k™ + 1 con xe. Chiing minh rang tim duwoc hai
con xe ma toa dé ciia chiing khdc nhau & khong qud n — m vi tri. Noi riéng, néum = n — 1 thi
ton tai hai con xe dn nhau.

Bai toan 29. Néu k la liy thita ciia s6 nguyén té va n > m + 1 thi trong bai todn 28, cé thé’
dct k™ con xe sao cho toa do cia hai con xe bdt ky khdc nhau & khong qud n — m vi tri. Noi
riéng, néu m = n — 2 thi trén ban co k—phdn n chiéu co thé ddt k"' sao cho chiing déi mot
khéng dn nhau. Véi n = 2 diéu nay la hién nhién.

V6i bai toan 30 ta dua ra cau tra 16i va 1oi giai.

Bai toan 30. Ban di vao mét cin phong, & dé cé mét ban co, trén doé ¢6 mot s6 qudn cd. Nguoi
ta cho ban biét toa do ciia mot 6 va giao nhiém vu cho ban chuyén théng tin vé 6 nay cho nguoi
ban ciia ban vita vao phong sau ban. An mot qudn co hay ddt mot qudn cd vao 6 trong dugc goi
la moét nudc di. Sau khi vao phong, ban khong cé diéu kién dé’ gdp ngudi ban va bdo cho anh
dy bat cit diéu gi. Cho dén khi nguoi ban dén ban co sé khong thay doi. Tuy nhién trudc khi vao
phong, cdc ban cé thé'trao doi va théa thudn vé chién thudt chung. Hoi co thé dung it nhdt bao
nhiéu nudce di dé gidi quyét bai todn ddt ra?

Tra 16i: Chi cdn 1 nudc di.

Gdi y: Toa do ctia cac 6 c6 thé “md hda” bang cac bd nhi phan do dai 6. Mot cach dit cac quan
cd trén ban cd dudc xac dinh bdi bd nhi phan do6 dai 64. Hay st dung ma tran kiém tra ma tuyén
tinh [64, 58], tic 1a ma Hamming, dugc mS rong bﬁng cach thém cac toa do 0. P6 la ma tran
nhi phén (6, 64) ma tit ca cac cot khac nhau (c6 thé x6a cot 0 tif né va st dung ma tran (6, 63) -
ma tran ki€m tra ctia ma Hamming thong thudng). Néu nhan bo nhi phan d6 dai 64 v6i ma tran
nay, thay d6i né 6 mot vi tri, c6 thé thu dugc mot bo bat ky. Bo nay c6 thé chon sao cho né “md
héa” 6 ta can bao.

Va thém mdt bai toan ve chu dé nay:
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Bai toan 31 (Trang 121'). Mot diép vién duong tung vao mot quoc gia la, cé thé'lién lac véi
trung tdm bang cdch sit dung dai phdt thanh dia phiong, hang ngay phdt moét thong diép dai
255 bit. Diép vién co thé'tiép cdn dugc vdi bdn tin trude khi né duoc phdt lén song, nhung anh
ta chi cé quyén sita nhiéu nhdt moét trong cdc bit. Hoéi hang ngay diép vién co thé chuyén bao
nhiéu bit thong tin vé cho Trung tam? (Tdt nhién diép vién cé thé théa thudn voi Trung tam vé
phuong phdp md hoa va gidi ma trudc do.)

Hamilton mé mot trang sdch ngdu nhién va hiéu rang

cuon sdch, cé € la, tuyén tdp ciia nhitng ¥ tudng dién ro nhdt ...

Richard Tierney “Tiéng kéu trong dém t6i”

Ma C v6i do dai khéi n dudc goi 1a (e, 1) - gidi dudc ki€u danh sach néu nhu v6i moi tir iy do

dai n trong hinh ciu B(y, e) ban kinh e v6i tAm tai y (trong mé-tric Hamming) c6 khong qua |
tt ma, tic 1a |B(y, e) N C|l. Sudan va Gurusvami®® ([18]) chiing minh3® dudc dinh ly sau

Dinh Iy 5. Moi md (n, k,d) déu (e,n(d — e)) gidi duoc kiéu danh sdch véi e < n— /n(n — d).
Noi riéng, moi md RS(n, k), déu déu (e,n(d — e)) gidi dugc kiéu danh sdch vdi

e<n—+/n(k—1).

L&i giai. Hién nhién 1a

n—d=vVn—d-vVn—d</nn—d), n—+/nn—d=

bdivin — ¢ = =4, /n(n — d). Theo bat dang thifc trung binh cng, trung binh nhan dinh 1y
s€ dudc suy ra tu dinh ly Zarankevic, dugc phat biéu dudi dang bai toan 6.

Gid sit ¢; € B(y,e) N C vdi jm, la tdt cd cdc tir khda nam trong hinh cdu B(y, e) trong doé
Y= (Y1, ...,Yn) la mét tir bdt ky do dai n trong bdng chit cdi mda. Cdn chiing minh rdang

mn(d — e).

Dinh nghia ma trn A kich thudc(n, m) gdbm 0 va 1 sao cho a;; = 1, hay 1a y; = ¢;, trong d6
c;; 12 toa do thu i ctia véc-td ¢;. Vi v6i moi j1, j theo dinh nghia ctia khodng cdch ma nhd nhét
d(cj,, ¢;,)d nén sb céc toa d trung nhau cla cdc véc-to nay khong qua n — d, do d6 trong céc
cot thii j; va j, ctia ma trin A ¢6 khong qua n — d s6 1 chung. Nghia 12 ma tran khong chita ma
tran con kich thuéc (n — d + 1,2) gém toan sd 1. Do d6, s6 sb 1 trong ma tran nay, goi la k,
theo dinh ly Zarankevic, sé thdéa man bét déng thiic

i (= 1) m(m —1)(n —d)

n- s

2 2
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tir d6 k(k — n)nm(m — 1)(n — d).

Céc tll y, ¢; trung nhau & khong ft hon t = n — e > y/n(n — d) vi tri, bdi vi theo diéu kién
d(cj,y)e, do d6 trong mdi cOt clia ma trdn A c6 khong it hon ¢ s6 1, tit d6 suy ra kmt. Ta ludn
c6 thé gia stt k > n, vi néu khong thi

m < \/E\/ﬁn(d— e).

Do do
mit(mt — n)k(k —n)m(m — 1)n(n — d).
Tit d6
m*t? — mntm(m — D)n(n — d).
Nghia Ia
m?(t* — n(n — d))mn(t —n +d),
t— d
m%n(t —n+d)=n(d—e) <n’

binh ly dudc ching minh. [

Bdng chit cdi da trd nén quen thudc hon, va bdy gio,
ngodi cdc chit cdi, bdt dau thdy cd cdc chit s,
d dang thit tuw ma t6i khong nhdn ra ngay.

Scarlett Thomas, “The End of Mr. Y”

Ly thuyét ma héa 12 mot linh vuc rong, c6 mdi quan hé chit ché véi dai s6, 1y thuyét sb, t& hop,
ly thuyét do thi, Iy thuyét xac suit, ly thuyét thong tin. N6 khong chi diing lai & ly thuyét ma siia
sai. Mot trong nhiitng nhanh cua n6 la ma héa theo bang chit cai. N6 khong duge dung véi muc
dich stia 18, ma, vi du dén nén vin ban®"), va trong qua khi con dudc dung dé 1am mat ma3®).
Ma c6 tén goi 12 ma genetic®”) ciing c6 thé coi 1a mot so dd ma theo bang chit céi.

Céc bai toan 32, 33, 34 lién quan dén linh vuc nay.

Bai toan 32 (Moscow 1962, Vong 2). Cho 2" ddy hitu han cdc s6 0 va 1, trong dé khong co
ddy nao la phan dau ciia mot ddy khdc. Chitng minh rdng tong chiéu dai ciia cdc ddy nay khong
nho hon n-2".

Bai toan 33. Trong cdy gia phd cua Pai cong tudc Riurik, khong mot ai trong cdc hdu dué cua
ong co qud k con trai. Trong ngay sinh nhdt dai cong tuéc cé tdt cd n con chdu tu tdp va tinh
t6ng chiéu dai cdc nhdnh cdy gia phd ciia minh. Chiing minh tong nay khéng nhé hon n -log,n.
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Bai todn 34 (Olympic sinh vién khoa Toan-Co). Trong danh sdch gom |n tit, tao thanh tir cdc
chit cdi ciia bdng chit cdi gom k chit cdi, khong cé mot tir ndo la phan ddu ciia mot tir khdc, sé

tir ¢6 do dai cho trude 1, voil = 1,2, ..., m bang n;. Chitng minh rdng
T N
— 44+ —1,
k km

ddu bang co thé xdy ra™.

Trong bai toan 32 thuc chit da néi vé do dai trung binh clia tif ma so cip khi ma héa bang chi
cai gdm n chit cai bang bang chit cai gdm hai chit cai. Quy trinh ma hoéa cac tif trong bang chit
cai gdm n chit cai da cho, vi du bang cac tif nhi phan, dudc thuc hién bing cach thay mdi chit
cdi ctia bang chif cdi nay bang mot tif ma nhi phan. Néu nhu khong c6 tif ma nao la phan dau
ctia mot tir khéa khac, thi cach ma héa duge goi 1a tién td. Didu kién dbi véi cac tir khoa nay
cho phép dé dang gidi ma*!). Trong bai toan 32 thuc chét ta cin tim ma tién td véi do dai trung
binh ctia tif ma so cAp nhd nhit.

Bai to4n nay c6 thé gidi dudc trong mot tinh hudng téng quat hon — khi chi cai cia bang chit
c4i da cho dudc cho tuong tng vé6i cac s6 p; > 0, sao cho p; + - - - + p, = 1 (p; 12 x4c suat xuat
hién chii céi nay), con dé ma héa ta ding bang chit cdi k—phan. Khi d6 do dai trung binh clia tir
ma so cip sé biang

lc = plll + +pnlm

trong d6 [; 1a do dai tir ma. Ddi v6i d6 dai trung binh nay Shannon thu dudc danh gid sau:
Dinh Iy 6. Ta co bdt dang thicc |.Hy(p, . .., pn), trong dé

Hy(p1,...,pn) = —(p1logypr + - - - + pulogypy),

la entropy Shannon.

Phép chitng minh sé xuit hién sau mot chut, con bay git trude hét ta chi ra mbi lién hé gitta ma
tién t6 & bang chit cai k—phan va ciy k—phan c6 gbc. Cay k—phan c6 gbc 1a cly dinh hudng
ma & trong d6 tir gbc (1a dinh duy nhét ctia bac 0) va tif mot dinh trong bét ky cla 16p 7 xuét
phat khong qua k canh hudng t6i dinh 16p @ + 1.

Bing quy nap theo thif tu ctia 16p ta dé dang chiing minh dudc rang s6 dinh & bac i khong qua
k'. Theo dinh nghia, & mdi dinh, trir gbc, chi c6 duy nhit mot canh vao. Cac dinh ma tir d6
khong c6 canh di nao, dugc goi 1a 14%3). Vi mdi 14 ton tai duy nhit mdt dudng di ndi tir gbe
dén né. S6 canh trong dudng di nay ta ky hiéu 1a /;, trong d6 4 1a thi tu ctia 14 (trong mot cach
danh s6 bat ky). Néu nhu véi moi dinh trong ta cho tuong ting céc canh di ra tif n6 céc sb khic
nhau (nhin) tif tap hop (bang chit cai) Ay = {0,1,...,k — 1}, thi mot dudng di tif gbc dén 14 4
c6 thé cho tuong ting v4i mot tir w; trong bang chit cai A, bang cach ghi ra tit ca cc nhan cia
cdc canh trén dudng di nay, bat dau tir canh xuét phat tit gbc. Tap hop cac tlf w; thu dudc sé tao
thanh bd cdc tif ma so cap ciia s6 dd ma hoéa theo bang chit cai, x4c dinh bdi ciy di cho. Hién
nhién 12 so do nay tién td.

Diéu ngudc lai cling diing, cu thé 13, theo mdt s d6 ma héa theo bang chil cdi tién t6 bt ky c6
thé xdy dung cdy c6 gbc, ma bang cach 1am & trén sé cho tuong tng véi ding s dd ma héa theo
bang chif cdi tién t6 da cho. Cach chiing minh chit ché khang dinh nay c6 thé thuc hién bing
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quy nap va ching t6i danh lai cho ban doc nhu mot bai toan. Do ¢6 mbi lién hé gitta ma tién td
va cdy, cac khang dinh vé ma tién t6 c6 thé phat biéu lai nhu cdc khang dinh vé cdy. Vi viy tit
dinh ly 6 khong chi suy ra cac danh gia cho bai toan 32, ma con bai toan 33 (dudc coi la mé
rong clia bai toan 32). Con bai todn 34 ¢6 thé coi la hé qua ctia dinh 1y 7

Dinh ly 7 (B4t ding thiic Kraft'). Gid sit trong cdy k—phdn cé gbc do dai tdt cd cdc duwong
di tiv gbc dén cdc ld bang 1;,i = 1, ..., n. Khi do ta c¢é bdt ddng thiic

e SRR L

L&i giai. Ta tudng tuong rang tif mdi 14 4, nhu 1a tir gbc, moc thém mot nhanh c6 dang mot ciy
k—phan day di chiéu cao [ — [;, trong d6 | = max;l; (ta goi cAy k—phan 1a ddy dii chiéu cao h,
néu nhu tif mdi dinh trong c6 ding k canh ra, con céc 14 tao thanh 16p thit 7). Khi d6 nhanh nay
sé c6 k!t 14, va tht ca cac 14 clia cay da “nd hoa” tao thanh 16p thi [ clia cAy mdi. Tat ¢4 cic 1a
sé bang

kl—h 4 kl—lg 44 kl_lnkl,

Vi & 16p thit [ c6 khong qua k' 1a. Bay gio ta chi can chia hai vé cho k' 1a xong. O

Bay gid ta di c6 thé ching minh dinh ly 6. St dung tinh chét 12 v6i ham s6 log,  véi hing s6 K
thich hop sé& c6 bt ding thiic log, z K (x — 1), c6 y nghia hinh hoc don gidn: D4 thi ctia ham s
nay (ngoai trif diém tiép xiic) sé nam dudi tiép tuyén ciia né ké tai diém (z = 1, y = 0). Thay
vao bét ddng thiic nay z = £, ta thu dugc

1 —h
1, + log (_) K (’f _ 1) ,
Di i
El 1
LK (1 - ) + log, (—) :
Di Pi

piliK (pi — k™) + pilogy, (l) :

(3

Tu do

Tiép theo

Cong cac bit dang thifc nay lai, ta dudc

1 1
pili+ A puln K(p1+ 4 pp — KT — - — E7) + pylogy (p_) + - + palogy, (_)
1 n
=K1 -k =~k + Hy(p1,...,pn)
Hk(plu s 7pn>

theo dinh ly 7. Nhu vay, dinh ly 6 dudc ching minh.

Ghi chu:

32) In Galois Fields, full of flowers, primitive elements dance for hours.

33) Irving Reed (1923 —2012) va Gustav Solomon (1930 — 1996) — cac chuyén gia ngusi My
vé ly thuyét ma hoa.
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34) Richard Collom Singleton (1928 — 2007) — chuyén gia ngudi My vé 1y thuyét ma hoa.

35) Madlu Sudan (sinh ndm 1966) va Venkatesan Gurusvami (sinh nam 1976) la chuyén gia
ngudi My gbc An vé tin hoc

36) Thuc chét ho da chiing minh diéu manh hon nhiéu, cu thé ho di dé xuit mot thuit todn
liét ké danh sach tit ca cdc tif c6 khoang cach khong vudt qud e cia mot tif ma bat ky.

37) C6 1& v6i muc dich nay thi bang chit c4i ctia Morse 1a vi du dau tién. Bang chit c4i Morse
12 mot s6 d6 ma héa theo bang chit cdi, tuy nhién n6 khong tién té va khong cé tinh chat
giai ma duy nhit.

38) Vi du mat ma thay thé, mat ma Polybia, mit ma Bacon c6 thé coi 1a cic so d6 ma héa
theo bang chit cai.

39) Cho tuong ung cac axit amin 3 trong 4 chit cai A, G, S, T.

40) Bai toan nay dudc dé xuit & mot cude thi olympic vao nhitng nam 1980, khi chua c6 khoa
hoc ciing nhu sach gido khoa vé todn rdi rac.

41) Tat nhién, thay vi st dung ma tién td ta c6 thé sit dung ma hau td, trong d6 khong c6 tit
ma so cAp nao 12 doan cudi ciia mot tifr ma khac. Mot diéu khac khong qud hién nhién 1a
ton tai ma khong tién t6, khong hau t6 nhung van thda mén tinh chét gidi ma duy nhét.

42) Bai toan 33 sé& néi vé khdi niém nay.
43) Nguoi ta ciing st dung thuat ngtt “dinh treo”.

44) Bét dang thifc nay nhung danh cho ma bét ky véi tinh chit giai ma duy nhét c6 phép chiing
minh phtc tap hon va goi 1 bt didng thiic McMillan.
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PHEP TONG HOP BIEU THUC (RESULTANT)
VA MOT SO UNG DUNG

Benny L€ Van

GI01 THIEU

Bai viét nay trinh biy co sd ly thuyét vé phép tdng hop biéu thifc (resultant), ing dung

trong viéc giai toan va mdt so thao luén lién quan theo anh nhin cla tac gia.

Phép tdng hop biéu thiic (resultant) 1a mot khai niém thudc chuyén nganh dai sb tritu tugng
(abstract algebra) va c6 nhiéu tng dung thuc tién. Phép todn nay dudc dé cip trong nhitng mon
hoc nhu dai s6 dai cuong, dai s6 tritu tuong hay dai s6 hién dai. Véi nhiing ing dung trong gii
toan ma phép tong hop biéu thiic mang lai, bai viét nay dudc thuc hién nham trinh bay dinh
nghia ctia phép todn ciing nhu mot sd vi du minh hoa lién quan. Bén canh nhitng bd gido trinh
vé dai s tritu tuong, co sé ly thuyét vé phép tdng hop biéu thifc dudc trinh bay tuong dbi day di
bdi Woody [4], cling nhu nhiing ting dung lién quan dudc dién gidi kha chi tiét trong bai giang
ctia Lemmermeyer [ | ]. Nhu mot budc tiép ndi, bai viét nay 1am rd hon mot s6 4p dung ctia phép
tdng hop biéu thiic trong viéc gidi todn, dic biét 1a nhiing bai toan so cip. Theo d6, nhiing pham
tru ly thuyét vé phép tdng hop biéu thiic sé dudc gidi thiéu trong phan 2, nhiing Gng dung thuc
tién dudc trinh bay trong Phan 3 va Phan 4, va Phan 5 cung cip mot s6 thio luan cda dua trén

quan diém cua tac gia.
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Nhu dién giai cia Woody [4], v6i hai da thic P, (x) va Q,,(x):

Paw) = [ —ap =3 a0

Om(x) =[x =By) =D bix*
k=0 k=0

Phép tong hop biéu thiic (resultant) ctia hai da thiic trén dudc ky hiéu 1a Res( Py, O, X) va dudc

xac dinh nhu sau:
1<j<n, 1<k<m

Res(Py. Om.x) =ayby || (e =B
i,Jj
Tit dinh nghia nay, ta c6 nhan xét rang:
(i) Phép tong hop bi€u thic c6 tinh giao hodn, tic 1a Res(Py,, O, x) = Res(Qm, Pr, X).
(i) Néu P,(x) va Q,,(x) c6 nhan ti chung thi phép téng hop biéu thic clia chiing sé mang
gia tri 0, tuc 1a Res(Py, Qm,x) = 0.
Pay 12 hai tinh chit quan trong din dén nhiéu 4p dung ctia phép todn nay.

Bén canh d6, ngudi ta [5] ching minh dudc rang phép tdng hdp biéu thiic clia hai da thifc ¢6 thé
dugc biéu dién thong qua dinh thiic clia ma tran Sylvester. Pay 1a mot ma tran vudng cip n + m

dugc ky hiéu 1a Syl(P,, O, x) va dugc xay dung nhu sau:

Syl(Py, Om, x) = {sc,r}(n+m)x(n+m)~

Trong d6, nhiing hang ti s, , clia ma tran Sylvester dugc xac dinh qua so do:

51



Tap chi Epsilon, S6 17, 04/2020

SC,T = a?l*("l‘?" (1 <—:
n—c+r<n)

1<r<n

Ser = 0 (else)

{SC’T}(n+m)X(n+m)
Ser =

bip—n—c+r (n +

1<m—n-—c+
n+l1<sr r<n+m)
<n+m

Nhu vay
Res(Pn, Om.x) = |Syl(Py, Om, x)| = |Syl(Py, Qm’x)T|-

Tir dinh nghia vé phép tdng hop biéu thiic thong qua ma trin Sylvester, chiing ta xay dung khai
niém biét thuc (discriminant) cua mot da thic. Theo do, biét thiic cia mot da thiic mang gia tri
0 thi da thic do s€ c6 nghiém trung. Khi mot da thic c6 nghiém trung, gia tri cua da thic cling
nhu dao ham clia da thic d6 tai nghiém triing déu 1a 0. Nhu vy, biét thiic cta da thic P, (x) véi
ky hiéu Disc(P,) dugc dinh nghia nhu sau:
Disc(P,) = % - Res( Py, P,;, X).

n

nn—1)

Trong d6, ma trdn vudng Sylvester ¢6 kich thuéclan + (n — 1) = 2n — 1.

Chang han, v6i tam thiic bac hai P,(x) = ax? 4+ bx + ¢, tacd Pz/(x) = 2ax + b va biét thic

(== 2 0 ab 4 dare —2ap?

— , — a a’c —2a

Disc(P,) = T'RCS(PZ, P, x) = — b b 2a|= — = b®>—4ac.
c 0 b

Mot vi du khac, v6i da thic bac ba dang rit gon P3(y) = y3 + py +¢q,tacé Py(y) = 3y2+p
va biét thuc

1 0 p g O 1 0 »p q 0

| (_1)@ / 01 0 p ¢ 01 O p q
Disc(P3) = — ‘Res(P3, P;,x) =13 0 p 0 0/=—10 0 —2p -3¢ O
03 0 p O 0 3 0 p 0

00 3 0 p 00 3 0 p
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I 0 1 0
P 9 4 q 20 3g 0
10 =2p =3¢ O] |0 =2p =3¢ O | 0 5 3
3 0 p O 0O 0 —=2p -3¢ 3 Op 1
0 3 0 p 0 3 0 p P

= —(4p> + 27¢%).

Ngoai viéc x4c dinh biét thiic, phép tong hdp bi€u thic con c6 thé dudc ap dung dé gidi céac bai
toan lién quan dén phuong trinh — hé phuong trinh, bién d6i da thiic, khit bién (elimination) nhu

minh hoa trong phan tiép theo sau day.

Nhu tdng hop ctia Woody [4], phép khit bién (elimination) 12 mot ing dung ctia phép tdng hop

biéu thiic trong viéc giai hé phuong trinh dai s6. Vi du minh hoa sau sé& lam rd diéu nay
Vi du 1. Gidi hé phuong trinh trong tdp sé thuc

x%y? —25x24+9=0
4x+y =0

L&i giai. DE giai hé trén, ta xdc dinh céc da thiic f(x) va g(x) nhu sau:

f(x) =x*y?>=25x24+9=0=x*(y>-25)+9
gx)=4x+y =0

Theo dinh nghia ctia phép téng hop biéu thiic thi f(x) = g(x) = 0 néu nhu Res( £, g, x) = 0.
Khi bién x trong hé phuong trinh trén, ta c6

y2—25 4 0
Res(f, g,x) = 0 y 4| = y4 — 25y2 + 144
9 0 y

Nhu vy, dé giai hé phuong trinh trén ta can tim y sao cho:
y* —25y2 + 144 = 0.

Phuong trinh trung phuong nay c6 4 nghiém la y € {4,—4, 3, —3}. Tur d6 hé phuong trinh c6
nhing nghiém 1a (x, y) = (—=1,4), (1,—4), (-3.3), (3.-3). O
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Khi gidi hé phuong trinh dua vao phép kh, ta can luu y mot s diém:

(i) C6 thé khti bién nao gitip cho viéc gidi dudc thuin tién nhit c6 thé.

ii) Can thit lai moi nghiém tim dudc dé€ di dén ddp 4n cubi cling.

Trong hinh hoc giéi tich, d6i khi quan hé gitta cdc bién dugc biéu thi qua nhiing ham tham s
co dang:

qt)’ r(r)
Theo nhu bai giang ctia Lemmermeyer [ 1], phép kht bién ¢ s& gitip ta tim ra mdi lién hé truc

tiép gilta x va y. That vay, xét nhitng ham s6 sau

F(t) = xq(1) — p(?)

G(r) = yr(t) —s(1)
Theo d6, bién ¢ s& dugc khii khi ta tim dugc mdi lién hé gifta x va y sao cho F(t) = G(t) = 0.
Tiic 12 ta can tim x va y sao cho Res(F, G,t) = 0. Vi du sau diy sé minh hoa 16 hon cho ting
dung nay ctia phép tong hop biéu thiic.
Vi du 2. Tim méi lién hé truc tiép giita x va y, biét rang

t2—1 2
211 YTt

X = , tekR.

L&i gidi. Xét ham sd F(t) va G(t) dudc xac dinh nhu sau

FO)=x>+1D)—--1)=x-D>+x+1
Gt)=y(t>+ 1) =2t =yt> =2t +y

Tiép dén, ta can tim x va y sao cho Res(F, G,t) = 0, trong d6

x—1 0 y 0 x—1 0 y 0
0 -1 =2 1 0 -1 =2
Res(F,G,t) = * Y= * Y
x+1 0 y =2 x—=1] 0 0 =2y —2(kx-1)
0 x+4+1 0 vy 0 x+1 0 y
x—1 =2 x—1 -2
’ ! ’ SR CE)
= 0 -2y 2x—-1)|=——] 0 —2y 2(x-1)|=4
x—1 x+1 -y
x+1 O y 0 2(x+1 —2y
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=4(x*>+y2—1).
Nhu vdy, x2 + y2 = 1 chinh la mbi lién hé giita x va y ma ta cAn tim. O
Ngoai ra, trong vi du trén néu nhu thay thé t = tan 0 v6i 6 € [0, 2] thitacd x = — cos(26) va

y = sin(26), diéu nay ciing din dén x2 + y2 = 1.

Phép tdng hop biéu thiic ciing dudc ap dung dé€ tim da thic hitu ty ma ta da biét truéc mot

nghiém vo ty. Ching ta xem xét vi du sau
Vi du 3. Tim da thitc hitu ty h(x) c¢é mot nghiém la xo = /2 + /3.

L&i gidi. Theo dién gidi cia Lemmermeyer [ 1], v6i cac da thic hitu ty £(x) va g(x) lan lugt c6
cac nghiém la « va B thi da thic hitu ty 2(x) c6 mot nghiém l1a o + B dugce xac dinh nhu sau

h(x) = Res[f(x —y), g(»), yI. (1)

Trong vi du nay, ta c6
fx)=x2-2, a=+2
gx)=x*=3, =3

Theo (1), da thic hitu ty A(x) dudc xac dinh nhu sau

h(x) = Res[f(x—). g(»). y] = Res[(x—y)*—2, y°=3, y] = Res[y*—2xy+x>-2, y>=3, y]

0 1 0 0 1 0 1 0 0
1 —2x 1 0 0 1 —2x 1 0
=10 0 x*?—-2 =—2x 1 =0 0 x%?2-2 —2x
-3 0 0 x2—2 —2x 0 0 3 x2—2 2x
0 -3 0 0 x2 -2 0 -3 0 0 x2 -2
1 —2x 1 0 1 —2x 1 0
x2—-2 —2x 1
0 x2—-2 —2x 1 0 x?2—2 —2x 1
= = =| 3 x-2 -2
0 3 x2—-2 —2x 0 3 x2—-2 —2x
—6x 3 x2 =2
-3 0 0 x2 -2 0 —6x 3 x2 -2

= x%—6x* —6x3 + 12x%2 — 36x + 1.

Vay h(x) = x® — 6x* — 6x3 4 12x2 — 36x + 1 1a da thiic can tim. O
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Mot cach tuong tu
Da thiic hitu ty n(x) co mot nghiém la % dugc xdc dinh theo cong thiic

n(x) = Res[f(xy), g(»), yI. )

Nhu vi du tiép theo

N

Vi du 4. Tim da thiic hitu ty n(x) co mot nghiém la x; = Y=.

S

Lsi giai. Ap dung cong thic (2), ta c6

n(x) = Res[f(xy). g(»), ] = Res[x*y*> =2, y*> =3, y] = 9x° - 8.

That vy, do x§ = 3 nén n(x;) = 0. O

Phan nay trinh bay tng dung ctia phép tdng hop biéu thiic trong viéc ching minh hé thic lién

quan dén nghiém ctia mot phuong trinh dai s6. Ta xem xét vi du sau
Vi du 5. Cho sé thuc a théa diéu kién (a — 1)3 = 9a, ddt b = a® + a. Chitng minh rang
(b + 1) =27b°.
Li giai. Vi du trén c6 thé dudc giai bang nhiéu cach nhu bién ddi hé thiic hoic giai truc tiép
phuong trinh bac ba. V6i phép tong hop biéu thuc, dit x = a — 1, ta cé

x> —=9x—-9=0
b=a@+D)=x+Dx+2)=x>+3x+2

Xay dung nhitng ham sb sau

f(x)=x>—-9x—9
gxX)=b—(x*+3x+2)=—x*-3x+b-2

56



Tap chi Epsilon, S6 17, 04/2020

Kht bién x trong hé f(x) = g(x) = 0, hé thic doc 1ap ctia b dudc xic dinh 1a

1 0 -9 -9 0 I 0 -9 -9 0
0 1 0 -9 -9 0 1 0 -9 -9
Res(f,g.x)=|-1 -3 b—-2 0 0O =10 -3 b—-11 -9 0
0o -1 -3 bH-2 0 -1 -3 b-2 0
0 O 1 -3 b-2 0 O 1 -3 b-2
1 0 -9 -9 1 0 -9 -9
b—11 =36 =27
-3 b—-11 -9 0 0 b—11 =36 27
-1 -3 b-2 0O -3 bH-—-11 -9
—1 -3 b-2
0 —1 -3 b-2 0 -1 -3 b-2

=b>—24b%> +3b + 1.
Nhu vdy, hé f(x) = g(x) = 0 c6 nghiém khi b3 —24b% +3b+1 = 0, tiic 1a (b + 1)®> = 27b2,
day chinh 12 diéu phai chiing minh. O

Vi du trén thuc chét 1a mot phép bién ddi Tschirnhaus bac hai d6i vdi phuong trinh bac ba. Phan

tiép theo sé khio luan rd hon vé van dé nay.

Bén canh nhiing phuong phdp giai phuong trinh bac ba phd bién [6], Tschirnhaus [3] dé xuat
mot céch tiép can dua vao phép bién ddi da thiic (Tschirnhaus transform). Theo d6, ing dung

kht bién (elimination) ctia phép téng hop da thiic 1a mot cong cu dac Iuc cho cach tiép can nay.
Xét phuong trinh bac ba tong quat c6 dang
f(x)=x>+3ax*+bx+c=0.

Tschirnhaus da dé xuit cac phép d6i bién x = p,(y) vao phuong trinh trén, trong d6 p,(y) 1a
mot da thic bac n < 3, v6i muc tiéu loai bd cdc s6 hang bac hai va bic nhit clia da thiic bac ba

tong quat. V6i x = y — a, phuong trinh bic ba téng quat tré thanh hé phuong trinh sau

fx)=x>+3ax>+bx+c=0
gx)=—x+y—-a=0
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Van dung phép tdng hop biéu thiic cia f(x) va g(x) lién quan dén viéc khi bién x trong hé

trén, ta can cé Res( f, g, x) = 0, véi

1 3a

-1 y—a 0

Res(f, g, x) = =y +py+gq.

0 -1 y—a
0 0 -1 y—a

Trong d6 p va g dudc xac dinh nhu sau

p=b—3d>
g =2a*—ab+c

V6i phép bién d6i Tschirnhaus bac nhit nhu trén, ta di loai dudc hé s6 bac hai clia phuong trinh
va chi can tim nghiém cho phuong trinh bac ba dang riit gon y* + py + ¢ = 0.

Y tudng tiép theo 1a loai bd hé s6 bac nhét. Pdi bién z = y? + uy + v, ddy la mot phép bién
ddi Tschirnhaus bac hai. Ta xét hé phuong trinh sau

h(y)=y>+py+q=0
k(y)=z—(>+uy+v)=0

Hé phuong trinh nay din dén Res(k, k, y) = 0, trong d6

1 0 -1 0 0
0 1 —u —1
Res(h, k, V)=1|p 0 z—v —u -1 |=2>+rz>+sz+t.
q p 0 Zz—u —u
0 ¢ 0 0 z—v

Vay z3 4+ rz2 + sz 4+t = 0, va d€ loai bd cac hé s6 bac hai va bic nhit trong phuong trinh nay,
ta can tim u va v sao cho r = s = 0. Tat nhién véi p = 0, phép bién d6i Tschirnhaus bac hai

nay la khong cin thiét. Do do, ta gia st ring p # 0.

Trong Res(h, k,y),tacér =2p —3v,dér = Othita canv = 2?”, khi d6

2

s:pu2+3qu—%.

Nhu vy, dé thda diéu kién s = O thi ta cin u sao cho

3pu® +9qu — p*> =0,
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tuc

I
u=— [—9q + /3(4p3 1 27q2)} .
p

Trong cong thic trén, viéc u 12 mot sd thuc hay mot sb thuan phiic phu thudce vao biéu thifc
—(4p3 + 27¢?), day ciing chinh 1a biét thic ctia phuong trinh bac ba dang rit gon nhu da trinh
bay trong phan 2, nhu vy

2p? 2p3
t=qu®——"— u*— pqu — [ == 2).
q 3 rq ( 27 +q
Theo dé, trong tip s6 phiic C, ta tim dudc z = — /¢, tit d6 ta gidi dudc y thong qua phuong

trinh bac hai
y2+uy +v—z=0,
hay
y = %[—u + Vu? -4 —z2)].
Va cudi cling, x = y —a.
Véi cach tiép cin bang phép d6i bién Tschirnhaus bac hai d6i véi phuong trinh béc ba, ta c6 thé

bién d6i truc tiép dang téng quat vé dang z3 + ¢ = 0. Tuy nhién, phép ddi bién Tschirnhaus bac
nhét nhu mot budc trung gian gitip 1am gidm mot khéi lugng tinh toan ding ké.

Ngoai ta, véi cach tiép can nay, tif ba gid tri clia z, ta tim dudc sdu gia tri clia y va tuong dng 1a
sau gia tri cia x. Vi thé, viéc thi lai d6i v6i phuong trinh dang rit gon ciing nhu dang tong quat

12 can thiét dé€ c6 dudc tap nghiém chinh xac.

Xuyén sudt bai viét nay, ching ta da khao luin vé co s& ly thuyét va mot sb ting dung ctia phép
tong hop biéu thiic (resultant). Thay 13i két, tac gia sé thao luan thém hai vin dé, d6 1a

(i) Thuét ngit “resultant” trong tiéng Viét.

(ii) Quan diém cta tac gia vé viéc st dung phép tong hop biéu thiic trong gidi toan so cap.
Thit nhdt, vé phuong dién thuét ngit. Tac gid mao mudi st dung thuat ngit “phép tong hop biéu
thite” d€ dién ta khai niém “resultant” trong tiéng Viét. Trong hinh hoc va vat ly, ching ta da

quen vdéi tinh tf “resultant” qua cac thuat ngit nhu “hgp luc” (resultant force) va “vector tong”

(resultant vector). Do d6, tdc gia tin riang thudt ngit “phép tong hop biéu thitc” 1a phu hop dé
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biéu dat danh tir “resultant” trong dai s tritu tuong. Trong qua trinh tim cach t6t nhat dé bién
dich thuét ngit “resultant” sang tiéng Viét, tac gia c6 tham khao mot so tai lidu dugc viét trong
ngdn ngit ¢6 vin héa gan v6i Viét Nam. Theo d96, chit “resultant” dudc ngusi Trung Qudc goi
1a “két thitc” (4% 3) va duge nguoi Nhat Ban goi 1a “chung két thitc” (4345 3%). Thiét nghi, sé
that su khong phu hdp néu nhu ta muon phién am chit Trung Qubc hay Nhat Ban dé dich chi

29

“resultant” sang tiéng Viét. Nhu viy, “phép tong hop biéu thiic” dudc ky vong 1a mot déng gép
nhé nhoi xdy dung cho su trong siang va mdi mé cla tiéng Viét, theo tinh than ctia 6ng Ngod

Quang Chau [2].

Thi nhi, vé viéc ap dung phép tdng hdp biéu thifc vao giai todn so cip. C6 thé néi ring mot
khdi niém thudc dai s6 tritu tugng nhu phép tdng hop biéu thiic 1a mot cong cu manh mé dé gii
toan so cap. Do d6, viéc van dung nay c6 thé gip phai mot sd phan bién ring cach giai bai toan
khong tuong thich véi pham vi, khudn khd ctia mot chuong trinh hoc hay mot ky thi. Vé van dé
nay, tic gia quan niém riang viéc 4p dung nhiing cong cu dudc cho 1a “ngoai gidi han” sé nang
cao tinh than sdng tao va chia sé kién thic trong toan hoc. B4i I8, chiing ta khong nén suy nghi
bén trong “chiéc hép”, ciing khong nén suy nghi ngoai “chiéc hép”, ma hiy nghi ring ching c6

“chiéc hdp” nao ca.

Tac gia xin gt 18i cdm on chan thanh dén Tién si Tran Nam Diing vé nhiing 18i khuyén khich,

dong vién va y kién quy bau ctia Thay dé cho bai viét nay dudc hoan thanh.

[1] Lemmermeyer F., Resultants, Department of Mathematics — Faculty of Science — University
of Bilkent (2005), 41-46.

[2] Ngo Quang Chau, Ludn vé tiéng Nam, Nha xuat ban Ddi méi (1943).

[3] Tschirnhaus E. W. v., A method for removing all intermediate terms from a given equation,
This Bulletin, Vol. 37 (1), No. 143 (2003), 1-3. [Nguyén ban: Methodus auferendi omnes
terminus intermedios ex data equation, Acta Eruditorum, 2 (1683), 204-207]

[4] Woody H., Polynomial Resultants, Department of Mathematics and Computer Science, Uni-
versity of Payet Sound (2016), 1-10.
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[5] https://math.stackexchange.com/q/2268111

[6] https://mathworld.wolfram.com/CubicFormula.html
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BAI TOAN HON NHAN BEN VUNG

Luong Van Khai - Vo Thanh Pat
(SV truong BH Khoa hoc tu nhién TPHCM)

Trong todn hoc va khoa hoc mdy tinh, bai todn hon nhan bén viing (SMP) yéu cau tim mot cip
ghép bén viing gifia cdc phan ti clia hai tip hop theo thif tu uu tién ciia mdi phan tir. Mot cip
ghép 12 mdt dnh xa tif cdc phan i ctia tap hdp ndy ti cdc phan ti cta tap hop kia. Mot cip ghép
12 bén vitng néu hai diéu kién sau khong dong thoi xdy ra:

Mot phan ti A cia tip hdp thit nhét thich phan ti B ctia tip hdp thit hai hon phan ti dudc ghép
v6i A, va B ciing thich A hon phan ti dugc ghép v6i B Néi cach khac, mot t6 hop ghép 1a bén
viing néu khong ton tai cip (A, B) trong d6 cad A va B déu thich phan ti kia hon phan tif dugc
ghép véi ching.

Bai toan “hon nhan bén viing” ¢6 thé dugc phat biéu don gian nhu sau:

Hiy tim cich ghép cip vo-chong cho n chang trai va m co gdi sao cho cdc cudc
hon nhan nay 14 "bén viing". Tiic 1a khong dudc ton tai hai cip ma ngudi chong bén
ciip nay lai thich ngudi vo bén cip kia hon vg minh, dong thdi ngudi vo bén cip kia
ciing thich ngudi chong bén cip nay hon chdng minh, khi d6 hai ngudi nay sé ngoai
tinh.
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Nim 1960, hai nha todn hoc ngudi My 1a Lloyd Stowel Shapleyl! va David Gale? quan st thuc
tién va nhan thiy rat nhiéu hoat dong lién quan dén viéc ghép doi, tao mbi quan hé, vi du nhu
gip g6 ki két hop dong gifta ngudi mua va ngudi ban hay tuyén sinh, v.v...

Hinh 1: Lloyd Stowel Shapleyl (trai) va David Gale

D& gidi quyét cdc van dé nay, ho tim ra thuat todn DAA (Deferred Acceptance Algorithm) hay
con goi 12 thuat toan chip nhan tri hodn va cong bd vao nim 1962 trong bai bao mang tén "Tuyén
sinh dai hoc va su 6n dinh ctia hon nhan (College Admissions and the Stability of Marriage)".

Pén nhitng nam 1980, khi nghién citu vé su tic nghén ctia viéc phan bd lao dong ctia mot s6 thi
truong tai My, Alvin Eliot Roth® da nhan thiy su tuong dong clia nhiing thi trudng nay véi mo
hinh todn hoc da dugc D. Gale va L. Shapley nghién ctiu trudc d6, 6ng nghién ctiu va thiét ké
lai nhiing thi trudng nay dua trén thuét toan DAA.

Nim 2012, Alvivin E.Roth va Lloyd S.Shapley dudgc trao giai Nobel Kinh té cho nhiing cng
hién vé “Ly thuyét phan phdi 6n dinh va thuc tién vé tao 1ap thi trudng” (The theory of stable
allocations and the practice of market design).

Ngay nay, bai todn hon nhan bén viing c6 rat nhiéu ing dung trong cudc sdng (y té, gido duc,...)
Trong phan cubi, chiing ta sé néi vé ting dung clia bai toan hon nhan bén viing trong cach xét
tuyén vao dai hoc & Viét Nam néi riéng va trén thé gidi néi chung.

'Lloyd Stowell Shapley (2/6/1923 - 12/3/2016) 1a mot nha toan hoc va kinh t& hoc ngudi My. Ong 1a Gido su
danh du tai dai hoc California, Los Angele. Ong da dong gép vao céc linh vuc kinh té toan hoc va dic biét 1a ly
thuyét tro chdi. Nim 2012, dng dudc giai Nobel kinh té cting Alvin Elliot Roth.

’David Gale (13/12/1921 — 7/3/2008) 1a mot nha toan hoc va kinh t& hoc ngudi My. Ong 1a gido su danh du tai
Pai hoc California, Berkeley. Ong da déng gop cho céc linh vuc kinh té toan hoc, ly thuyét trd choi va phén tich
16i.

3Alvin Eliot Roth 12 m6t nha kinh té My, hién 12 gido su thinh giing tai dai hoc Stanford ciing nhu gido su
George Gund vé kinh té va quan tri kinh doanh tai trudng kinh doanh Harvard. Ong da c6 cac dong gép ddng ké
trong linh vuc 1y thuyét tro choi, thiét k& thi truong va kinh té hoc thuc nghiém. Nim 2012, 6ng dudc giai Nobel
kinh té ciing Lloyd Stowell Shapley.
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Hinh 2: Alvin Eliot Roth

2. Tim hiéu bai toan

2.1. Co s@ ly thuyét
2.1.1. Mét sb khai niém

Pinh nghia 1. Mot cdch ghép cdp giita cdc chang trai va cdc co gdi duoc goi la khong bén
vitng néu cé hai cdp vo chong (By, G) va (By, G) sao cho chang trai By thich cé gdi Gy hon
c6 vo G ciia minh, dong thoi co gdi G ciing thich chang trai By hon anh chong By ciia minh.

Pinh nghia 2. Mot cdch ghép cdp bén viing duoc goi téi wu néu méi chang trai déu ldy dugc
nguoi vo ung ¥ hon so vdi bdt ki mot cdch phdn bé bén viing nao khdc.

2.1.2. Cac van dé dit ra

Van dé 1 (Marriage problem). C6 t6n tai hay khéng cdch ghép cdp cho n chang trai véi n cé
gdi sao cho ai ciing ldy duoc nguoi minh cé cam tinh (mot nguoi cé thé' cé cam tinh vdi nhiéu
nguoi khdc gidi)? Néu ton tai thi chi ra cdch ghép.

Lai gidi. Cau tra 19i 1a c6. Van dé nay da dudc giai bdi nha Toan hoc Philip Hall vio nim 1935.
Ong da tim ra diéu kién can va du d€ tdn tai mot cach ghép théa man yéu cau, d6 ciing chinh 1a
ndi dung cua "dinh ly hon nhan" (Hall’s marriage theorem). Xem [8] U

Vén dé 2 (Stable Marriage Theorem). C6 thé ghép cdp dé cho cdc cudc hon nhdn nay bén
vieng hay khong?

Loi gidi. Van dé nay dudc giai quyét bang thuat toan DAA, dudc trinh bay & phan tiép theo. [J
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COLLEGE ADMISSIONS AND THE STABILITY OF MARRIAGE
D. GALE* axp L. S. SHAPLEY, Brown University and the RAND Corporation

1. Introduction. The problem with which we shall be concerned relates to
the following typical situation: A college is considering a set of # applicants of
which it can admit a quota of only g. Having evaluated their qualifications, the
admissions office must decide which ones to admit. The procedure of offering
admission only to the g best-qualified applicants will not generally be satisfac-
tory, for it cannot be assumed that all who are offered admission will accept.
Accordingly, in order for a college to receive g acceptances, it will generally have
to offer to admit more than g applicants. The problem of determining how many
and which ones to admit requires some rather involved guesswork. It may not
be known (a) whether a given applicant has also applied elsewhere; if this is
known it may not be known (b) how he ranks the colleges to which he has
applied; even if this is known it will not be known (¢) which of the other colleges
will offer to admit him. A result of all this uncertainty is that colleges can ex-
pect only that the entering class will come reasonably close in numbers to the
desired quota, and be reasonably close to the attainable optimum in quality.

The usual admissions procedure presents problems for the applicants as well
as the colleges. An applicant who is asked to list in his application all other
colleges applied for in order of preference may feel, perhaps not without reason,
that by telling a college it is, say, his third choice he will be hurting his chances
of being admitted.

One elaboration is the introduction of the “waiting list,” whereby an appli-
cant can be informed that he is not admitted but may be admitted later if a
vacancy occurs. This introduces new problems. Suppose an applicant is accepted
by one college and placed on the waiting list of another that he prefers. Should
he play safe by accepting the first or take a chance that the second will admit
him later? Is it ethical to accept the first without informing the second and
then withdraw his acceptance if the second later admits him?

We contend that the difficulties here described can be avoided. We shall de-
scribe a procedure for assigning applicants to colleges which should be satisfac-
tory to both groups, which removes all uncertainties and which, assuming there
are enough applicants, assigns to each college precisely its quota.

2. The assignment criteria. A set of n applicants is to be assigned among m
colleges, where g; is the quota of the ith college. Each applicant ranks the colleges
in the order of his preference, omitting only those colleges which he would never
accept under any circumstances. For convenience we assume there are no ties;
thus, if an applicant is indifferent between two or more colleges he is neverthe-
less required to list them in some order. Each college similarly ranks the students
who have applied to it in order of preference, having first eliminated those appli-

* The work of the first author was supported in part by the Office of Naval Research under Task
NRO47-018.

Hinh 3: Trang du bai bdo gbc vé Bai todn hon nhan bén viing
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Hinh 4: Hai ciip hon nhan khong bén viing

DPinh Iy 1. Néu s6 chang trai bdang s6 c6 gdi thi luén ton tai mot cdch ghép cdp vo-chéng cho
ho sao cho cdc cudc hon nhdn nay la bén viing.

Chiing minh. D. Gale va L. Shapley da chiing minh dinh Iy nay bang cach dua thuit toan DAA.
Thuét todn ndy c6 thé dudc mo ta bdi vong lip sau:

* Buéde 1: Cic chang trai va ci cic cd gdi cting 1én mot danh sach sip thd tu cdc co gai va
cac chang trai ma minh mubn lﬁy (theo thi tu thich nhat, thich nhi, thich ba,...).

» Budc 2: Lan ludt cac chang trai sé cau hon cic c¢d gdi ditng dau trong danh sach ctia minh.
C6 gdi nao nhan dudc nhiéu 18i cau hon thi sé chon ngudi ma minh thich nhét (dua theo
danh sach ctia minh).

o Néu ngudi dugc chon 12 ngudi ding dau trong danh sach thi co gdi sé& két hon véi
ngudi ny va tif chdi moi 15i cau hon khic & nhiitng lugt tiép theo.

o Con néu nhu khong phai thi co gdi sé tim cach “tri hoan” bang viéc tam nhén 15,
coi nhu minh dang c6 mot “hon phu tam thdi” va chd doi 16i cu hon tif mot ngudi
c6 thit hang cao hon. Néu ngudi nay xuit hién va ciu hon c6 gdi (6 nhiing ludt sau)
thi di nhién c6 Ay sé chia tay ngudi "hon phu tam thdi" cia minh ma chon ngudi nay.

» Budc 3: Céc chang trai sé x6a tén co gdi da tit chdi minh hoic da chia tay v6i minh khoi
danh séch.

* Budc 4: Lap lai budc 2.

Vong lip sé két thic khi khong con chang trai ndo phéi di cau hon nita. Khi d6 ¢ gai nao chua
két hon thi s& két hon v6i ngudi “hon phu tam thdi” hién tai ctia minh. O

66



Tap chi Epsilon, S6 17, 04/2020

Boys Girls
%_ 1: CBEAD l A: 35214
i_ 2 : ABECD ; B : 52143
i 3 : DCBAE ! C: 43512
i 4 : ACDBE : D : 12345
%. 5 : ABDEC 3 E: 23415

Hinh 5: Mot cach ghép cip hon nhan bén viing
Nhan xét.

1. Thudt todn DAA thuc hién hitu han vong ldap.

Chiing minh. O mbi lugt, mot chang trai chi dudc cdu hon véi mot co gai, néu o gai do
tif chdi hoic chia tay véi anh ta thi anh ta khong dugc cau hon lai ma phéi cau hon co gai
khéc & lugt sau, do d6 s6 vong lip sé khong thé vuot qua n?. O

2. Sau khi thudt todn két thiic, moi nguoi déu duogc két hon (khong con ai doc than).

Chitng minh. Diéu nay dé dang thiy dugc do:

« Sau khi thuat toan két thiic, cdc chang trai khong con phai di cu hon nita, tifc 1a anh
nao ciing da dugc 1am chong hoidc "hon phu tam thai".

« Mbi c6 gai déu da nhan dudgc it nhAt mot 16i cu hon vi khdng ¢ co gdi nao c6 2
chong hoic 2 "hén phu tam thdi" ca.

Tém lai 1a cac cd gdi déu da dugc ngd 18i va cac chang trai déu da dudgc nhan 15i nén moi
ngudi déu dugc két hon. O

3. Bdng viéc thuc hién thudt todn nhu trén, cdc cudc hén nhan duoc thiét ldp la bén viing.
Chiing minh. Gia st ton tai hai cdp vg chong (By, G1) va (Bs, G) ma B; thich G hon
¢6 vo G clia minh, dong thdi G, cling thich B; hon anh chong B, ctia minh. Khi d6 rd
rang B phai cau hon G, trude G;. Xét tai thoi diém B; cau hon Gs:

 Néu truéc d6 B, da ciu hon va hién dang 1a "hon phu tam thdi" ca G thi ldc nay
G s€ chia tay Bs va chép nhan B; vi G4 thich B; hon.
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 Néu B, cau hén G sau B thi chic chin B, sé bi ti chdi ngay vi G thich B; hon
Bs.

Khi dé, B, ludn luén bi tit chdi va chic chin khong thé nao la ch6ng cua (G5 dudc, mau
thuan. O

4. Thudt todn DAA vdn cé thé'dp dung trong truong hop sé chang trai khong bang soé cé gdi.
Cu thé:

o Néun < m thi thudt todn sé ditng khi n c6 gdi dugc cdu hon.
o Néum < n thi thudt todn sé ditng khi moi chang trai roi vao mot trong hai trang
thdi sau:
o La hén phu tam thoi ciia mét cé gdi nao do.
o Bi tdt cd cdc cé gdi tir choi.
5. Néu cdc cé gdi di cau hon cdc chang trai thi ciing co thé dp dung thudt todn DAA dé cho
ra mot cdch ghép cdp bén ving. Hai cdch ghép cdp ddi véi hai truong hop co thé'sé khdc
nhau. Ngodi ra, bén nao la bén cau hon thi két qud ciia thudt todn sé toi uu déi véi bén

do.

Chiing minh. Xem & phan ké tiép. O

Pinh ly 2. Trong cdc cdch ghép cdp bén viing, két qud ciia thudt todn DAA la téi uu nhdt, tic la
cdc chang trai sé ldy dwoc ngudi vo ma minh wng ¥ nhdt, so vdi cdc cdch ghép bén viing khdc.

Chiing minh. Xét tit ca cic cach ghép cip bén viing. P6i v6i mdi chang trai, goi ving kha thi
12 tp hop tt ca cic co gdi ma anh ta c6 thé cuéi trong cac cach ghép doi bén viing. Pinh nghia
tuong tu véi cac co gai. Ta sé chiing minh bang phan ching.

Goi B 1a chang trai dau tién bi cd gai G ma anh ta thich nhét trong viing kha thi ctia minh tit
chéi. Diéu nay chiing t6 G’ da ¢6 hon phu tam thdi 1a B’ va G thich B’ hon B.

Goi G’ 1a c6 gai ma B’ thich nhit trong ving kha thi ctia minh.

* THI1: G khic G'.

Xét trong danh sach (1ap & budc 1 clia thuit toan) clia B, ta thdy G phdi c6 thit hang cao
hon G, néu khong thi B’ phai cau hon G’ trude G va bi tit chdi, tiic 1a B’ sé bi ngudi thich
nhét trong viing kha thi ctia minh tif chéi. Diéu nay vo ly do su kién B’ bi G’ tii chbi xdy
ra truée su kién B bi G tif chdi, hay B khong phai la chang trai dau tién bi tir chdi béi
ngudi minh thich nhét trong viing kha thi cia minh (trinh ty cu thé: B’ cau hon G’ va tir
chéi, tiép theo B’ cau hon G, duge G cho 1am hon phu tam thdi, sau d6 B mdi cau hon G
va bi G tif chdi). Tém lai, trong danh sach ctia B’ thi G ¢6 thid hang cao hon G'.

Miit khéc, ta xét mot cach ghép cdp bén viing ma & d6 B va G két hon véi nhau, con B’
s& két hon véi co gdi G” nao d6. Tuy nhién B’ lai thich G hon G” va G ciing thich B’ hon
B nén mau thuan véi tinh bén viing.
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e TH2: GG chinh 1a G'.
Tuong tu THI.

Nhén xét.

1. Cdc cé gdi sé ldy chang trai c6 thii hang thdp nhdt trong viing khd thi ciia minh. Nhu vy,
bén cdu hon sé dugc loi hon bén duoc cdu hon.
Chitng minh. Gia st ton tai co6 gai G ndo d6 két hon véi chang trai B khong phéi 1a
chang trai xép cubi viing kha thi clia co ta. Theo dinh ly 2, ta ¢6 G chinh 1a ¢o gdi ding
dau vung kha thi ctia B. Xét cach ghép ciip bén viing ma G két hon véi B’ 1a chang trai
xép cudi vung kha thi ctia o ta. Khi d6 ta thiy G thich B hon B’, trong khi B phai két
hon vé6i ¢ gdi c6 xép hang thap hon G, mau thuin véi tinh bén viing. O

2. Néu chi c6 mdt cdch ghép cdp bén viing duy nhdt thi tinh t6i wu ciia cdc chang trai va cdc
co gdi la nhu nhau.

Chitng minh. Vi vung kha thi ciia mdi ngudi lic nay chi ¢6 mot ngudi. ]

INPUT:

* Tap cdc chang trai B = {by, b, ...,b,}

* Tﬁp cdc ¢o gé'l G = {917927 s agn}

« Danh sdch xép hang yéu thich ciia méi ngudi, trong d6 goi Py, (g;) (P, (b;)) 1a thi
hang ma ban nam (ni¥) thif 7 danh gid ban nit (nam) thi j trong danh sach xép hang
yéu thich ctia minh.

OUTPUT: Tap hon nhan bén viing S C B x G
* [Sl=n
*Vbe B,AgeG,(bg) €S
*VYge G,3be B,(g,h) €S
* ~3(b,g) € S:((b,g) € S)N((V,g) € S)A (P, (g) < By (b)) A(Fy (b) < Py (b))
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2.4.2. Code (Python)

def deferred_acceptance_algorithm(man_pref, woman_pref, n):

mmn

Thudt todn chdp nhdn tri hodn (Gale-Shapley Algorithm)
# LUU Y: thudt todn cai didt & md ngudbn nay danh index tir 0

:param man_pref: 1list (list)

- danh sdch yéu thich ctia m thu i1 la man pref[i]
:param woman_pref: 1ist (l1ist)

- danh sdch yéu thich ctia w thu 1 la woman pref[i]
:param n: int - sb luong cdp dbéi

:return stable marriage: list (tuple)

- méi mét tuple(m, w) la mét cdp hén nhén
mmn

# Nguoi ma hién tai w dang hen ho: fall_in love[w] = m
# Néu w dang dbéc thdn: fall_in_love([w] = -1
fall in love = [-1] * n

# Nhitng ngudoi dan 6ng dbéc thén
free_man = list (range(n))

# Luu tht hang w thich m
ranking = [[0] * n for i in range (n) ]
for i in range (n):
for j in range(n):
ranking[i] [woman_pref[i] [J]] = J

# chién thudt td tinh bat dau
while free_man:
# xét mét m dbéc thén
m = free_man([0]
# t& tinh véi w ma hién tai m thich nhét
w = man_pref[m] .pop (0)

# néu w chua hen ho

if fall in lovel[w] == —-1:
# hen ho cung m, m khéng con déc thén
fall in love[w] = m
free_man.pop (0)

else:

# ndu w thich m hon m'

if ranking[w] [m] < ranking[w] [fall_in_lovel[w]]:
# m hét déc thdn, m' ddc théan
free_man.pop (0)
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free_man.append(fall_in_love[w])
# m va w hen ho

fall in _love[w] = m
# Danh sach [(m,w),...] hén nhdn bén viang
stable_marriage = [(fall_in_lovel[i], i) for i in range (n) ]

# trd vé tdp hén nhén bén ving
return stable_marriage
# Chay thu code

n =4
man_pref = [[1,0,2,3],
[3,0,1,2],
[0,2,1,3],
[1,2,0,3]1
woman_pref = [[0,2,1,3],
[2,3,0,11,
[3,1,2,0],
[2,1,0,3]1
result = deferred_acceptance_algorithm(man_pref, woman_pref, n)
print (result)
# Két qud

(o, 0), (3, 1), (2, 2), (L, 3)]

Thuat todn DAA c6 nhiéu tng dung trong thuc té:

* Y té: phan phdi ndi tang dudc hién ting dén cic bénh nhan dé diam bio tuong ddi tinh
cong bang va mang lai 16i ich nhiéu nhét c6 thé (trao d6i than ciia than nhan & Hoa Ki).

+ Cong viéc: Phan cong cic tin bac si dén cac bénh vién (Chuong trinh quc gia vé phan
b6 béc si ndi trd Hoa Ki NRMP dang 4p dung).

* Gido duc: Phan bd hoc sinh trung hoc tai New York va nhiéu thanh phd khéc.

Chiing ta sé 1an lugt tim hiéu vé cc ing dung clia bai todn nay.

Thuat todn DAA gitip 1am ting s lugng ca ghép than thanh cong. Tinh hudng dit ra 13, c6 mot
s6 luong ngudi hién than va mot sb lugng bénh nhin can ghép than. Tuy nhién, ca ghép than chi
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dugc coi la thanh cong néu than clia ngudi hién tuong thich véi co thé ngudi nhan. Néu qua than
khong tuong thich, bénh nhan sé dudc dua vao "danh sach chg".*

Theo Alvin, c6 nhiéu thin nhan mudn hién than nhung khong thé ghép cho ngudi nha minh vi
khong tuong thich. Piéu nay tao ra mot thuc té 1a phai thiét ké dudc mot co ché cho phép nhiing
ngudi c6 than nhan can than va mudn dudc hién than dé ciu ngudi nha c6 thé ndi két v6i nhau
nham hién than va tao diéu kién cho ngudi than cia minh dugc ghép than.

V6i nén tang 1 bai toan hon nhan bén viing, Alvin Roth va cic cong su da thiét ké ra mot co ché
gitip cdc bénh nhan c6 thé hoan ddi ngudi hién than cho nhau, qua d6 1am ting sb ludng cac ca
ghép than thanh cong, ctiu song dude thém nhiéu bénh nhan. Xét hai cip vg chong (H, W) va
(H',W') véi hai ngudi v¢ W, W’ can dugc ghép than. Ly tudng nhét 1a 6ng chong sé hién than
cho vg minh: H hién than cho W, H' hién than cho W’. Tuy nhién, c6 thé thin ma H lai khong
tuong thich véi vo minh W, tuong tu v6i H' va W’. Néu may man, H c6 thé hién than cho W’
con H' sé hién than cho W. Néu khong may main, béc si sé phai tim ra mot cip vd chong khac
(H",W") d€ tao thanh mot chu trinh H hién than cho W’, H' hién than cho W” va H" hién
than cho WW. Chu trinh nay tiép tuc gitip ching ta hinh thinh m6t chudi, trong d6 vi du W/ nhan
tu A con W nhan tu mot ngudi khac trong danh sach.

Hay tudng tugng ching ta c6 mot tinh canh nhu sau:

* Bic si A vira chip nhan hop dong thuc tap clia phong kham X.

* Sau d6 mot thang, bénh vién Y goi dién mdi bac si A t6i ki hop dong khong qua thuc tap,
v6i 1 do "da biét vé thanh tich clia bac si A & truong". Hop dong clia bénh vién Y cung
cAp mtic luong gip doi hop dong chinh thifc ctia bénh vién X, kém theo cac phu cip hau
hinh khéc. B4c si A bd qua hdp dong ctia phong kham X va diu quén cho bénh vién Y.

* Bi "nang tay trén", phong khdm X xem lai danh sach tng vién va chon ra mot Gng vién
khéc, ting vién nay thiy phong khdm X chon minh bén bd viéc & bénh vién Z sang lam
cho phong kham X.

* Ban bdc si A 1a bac si B, dang 1am & bénh vién Z, nghe chuyén béc si A k€ lai, bén nop
don vao bénh vién Y. Ho so béc si B hod ra lai diing 1 nhiing gi bénh vién Y can, thé 1a
dé nhan bac s B, ho sa thai mot bac si tré khac cia ho.

Rét hon loan. D6 chinh 1a nhiing gi ma céac bénh vién néi riéng va cdc cong ty néi chung phai
doi mit trong qua khi. Trude day, "cudc chién" gilta cac bénh vién d€ chon ra cdc sinh vién

“Theo luat phap Hoa Ky, viéc mua ban than bi coi 1a mot dang tdi hinh su. Vi thé, nhitng ngudi can ghép thin
chi ¢6 thé chd mong tir than 14y tif co thé ngudi chét hién noi tang, hoic tif thin nhan con séng hién ting. Tuy nhién,
viéc than nhan (nhu vo/chdng) ting than lai gip khé khin, thi du vo da sinh nd va bi bénh than, chdng khé c6 thé
tdng than cho vg vi co thé ngudi vo da phat trién khang thé chdng lai protein clia ngudi chong khién viéc ghép than
ctia chong cho v tré nén khé thuc hién thanh cong.
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phit hop vé bénh vién ctia minh luon rat "khoc liét". Sinh vién Y Dudc méi ra trudng rat kho dé
x4c dinh trinh d6 ctia minh dang & dau so v6i cdc d6i thii canh tranh, ciing khé x4c dinh dau 1a
cdc bénh vién phut hop véi ning luc ctia minh. Piéu nay thudng dan tdi quyét dinh sai 1dam & ca
hai phia: bénh vién c6 thé chon nhiing sinh vién c6 ning luc khong dap ting dugc nhu cu cia
minh, cling nhu sinh vién c6 thé vao nhitng bénh vién qud stic v6i minh. Chua k& con vai van
dé phat sinh: cdc cip bac s méi cudi mudn vao chung bénh vién, hodc cac bac si méi mubn vé
bénh vién gan nha,...

Uu tién s8 1 cda béc sT

Hinh 6: Ghép doi bac si véi bénh vién

Chinh Alvin Roth, cung véi Elliott Peranson, da thiét ké chuong trinh National Resident Match-
ing Program (NRMP) dua trén co s3 bai todn hon nhin bén viing, gitip “gdn ghép” dugc hon
20.000 bac si tap su véi cic co s8 y té. Xét md hinh NRMP véi ba béc si 1,2, 3 va ba bénh vién
a, b, c (hinh trang bén) xép theo thi tu chét lugng tif trén xudng dudi.

« Khi cic béc si chon bénh vién, trudc hét ho déu chon bénh vién a véi miic dai ngd cao
nhét, moi trudng lam viéc tot nhit,...

* Trong s 3 ting vién ndp vao, bénh vién a chon bac si 1, ciing 12 uu tién sé6 mot ctia bénh
vién a.

* V6i hai ting vién 2, 3 va hai bénh vién b, ¢ con lai, trudc hét bac si 2 ndp hd so vao bénh
vién b (uu tién s6 hai) va bac si 3 ndp vao bénh vién c (uu tién s6 hai). T6i ddy, NRMP

xuét hién va tim ra giai phap tdi uu: bac si 2 dudc chuyén sang bénh vién c va bac si 3
dudc chuyén sang bénh vién b.

Thuét todn trén ciing dugc ap dung vé6i s6 bénh vién va sd bac si bat ki.

3.3. Bai toan tuyén sinh dai hoc
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C6 m trudng dai hoc, cao dang. Trudng thi ¢ tuyén a; hoc sinh. Tong cong ¢6 S > a; + - - +
a; + - -+ + a, hoc sinh tham gia dgt tuyén sinh nay. Gia st méi trudng st dung mot tiéu chuin
nao d6 sao cho khi 1ap danh sach thu tu hoc sinh theo tiéu chuin d6 thi khong ¢ hoc sinh nao
cting mot miic do. Khi dé méi trudng duge mdt bang xép hang cac hoc sinh. Trong trudng hop
nay, ta ap dung thuat toan Gale — Shapley nhu sau:

1. Néu c6 hoc sinh chua dugc xép vao trudng nio va danh sich clia ngudi d6 khac rong thi:

* Xét truong ding dau danh sich ciia hoc sinh d6, néu trusng d6 chua cé di hoc sinh
theo chi tiéu, ta xép hoc sinh dang xét vao trudng nay.

* Ngudgc lai, néu trudng nay da dd hoc sinh, ta so sanh hang ctia hoc sinh dang xét
trong bang x&p hang clia trudng vé6i hoc sinh ¢6 cac hoc sinh trong danh sach hoc
sinh hién tai ctia truong, néu hoc sinh dang xét c6 thd hang cao hon ngudi xép hang
cudi trong danh sach hoc sinh ctia trudng thi ta loai hoc sinh d6 ra, dua hoc sinh
dang xét vao. Cudi cuing ta x6a trudng d6 ra khoi danh sach xép hang dang xét.

2. Néu khong con ton tai hoc sinh ndo c6 danh sach xép hang khac rong, ta két thiic thuat
toan, danh sach hoc sinh hién tai cia cac trudng tré thanh danh sich chinh thuc.

Thuét todn nay ludn ddm bio nhitng hoc sinh ¢ diém s6 cao vao duge mot trudng nao do, cic
hoc sinh top dau vao dudc trudng, nganh minh yéu thich va cic nganh, trudng tot nhit chon
dudc hoc sinh gidi. Néi cach khac, thuét toan ddm bao dudc tinh cong bang va cho cac hoc sinh
nhiéu 1di ich nhit.

Mot dic tinh uu viét cia DAA (student-proposer) do 1a viéc thi sinh khong thé can thiép dudgc
vao két qua. Pay 1a mot tinh chét rat ddng can nhac. Hién nay rat nhiéu thi sinh & Viét Nam lya
chon trudng chi dua vao kha ning dudc trudng d6 nhan hoc (thi d6) ma khong quan tdm nhiéu
dén gia tri cda nganh minh s& hoc, trudng minh sé hoc. Hé thong xét tuyén st dung DAA sé
hiéu qua néu céc thi sinh ndp don v6i danh sach nguyén vong thuc tAm ctia minh.

C6 mot su that 12, mo hinh ghép cip béc si v6i bénh vién ¢6 nhitng di€ém khéc v6i mo hinh tuyén
sinh dai hoc. C6 thé ké dén mot vai diém nhu sau:

1. Céc béc si da dudc phéng van trudc, biét kha ning minh sé dudc vao nhung trudng cd
ndo, nén viéc lya chon ban than né di c6 su chinh xac tuong ddi cao. Cac hoc sinh ndp
hd sd di hoc dai hoc thi ngudc lai, khong biét gi 1am vé nhitng méi trusng dang chd dén
minh. Nhét 12 sinh vién Viét Nam.
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2. Ngudi da trudng thanh, di tim viéc tdm ly thai do khac véi hoc sinh di hoc dai hoc. Thay
vao d6, mo hinh sinh vién su pham ra trudng xin viéc sé gidng v6i mo hinh ghép ciip bac
si - bénh vién hon.

3. DAA sé han ché quyén ddc 1ap tuyén sinh clia cic truong.

Ba diéu trén dan t6i hé qua 13, DAA sé& tao ra mot s6 su khong hai 1ong cho nhiéu bén, thi sinh,
gia dinh, trudng dai hoc,... Piéu niy dan t6i viéc, néu mubn dp dung DAA vao viéc tuyén sinh
dai hoc & Viét Nam, can c6 su can nhic nhiéu yéu t6. Theo céac thanh vién ctia nhém Déi thoai
gido duc, cac yéu td d6 c6 thé bao gom:

1. Su khdc nhau gitta cic nén gido duc. DAA dudc thuc hién thanh cong tai My vi cic trudng
dai hoc My tuyén sinh dua trén nhiéu yéu td: diém sb, hoat dong ngoai gio, bai luan,...
dan t6i do chinh x4c trong viéc chon trudng cho sinh vién tot hon. Viét Nam chi xét tuyén
sinh vién dua trén diém thi, nén su khach quan gidm di nhiéu.

2. Giam chét lugng sinh vién gidi tai cac trudng dai hoc nhé hodc céc trudng dai hoc méi
thanh 1ap, qua d6 vo tinh gidm co hoi phat trién cta ho.
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gpsi lon

PHUONG PHAP GIAN TIEP GIAI CAC BAI TOAN
DINH LUONG

Tran Nam Diing
Thanh phé H6 Chi Minh

There are direct paths to a successful goal.

But there are plenty of indirect paths, too.

Dinh ly Vi-et cho phuong trinh bac hai n6i ri€ng va cho phuong trinh da thic bac n néi chung
cho chiing ta mot vi du vé viéc c6 thé tinh todn céc biéu thiic lién quan dén nghiém ma khong
can biét dén gid tri cla cac nghiém nay. Trong bai viét nay, chiing ta sé mé rong y tudng niy
dé nghién ctiu tinh cht ctia cac dbi tuong ma khong can biét cong thifc tudng minh clia cac dbi
tuong do.

Chiing ta bat dau tif mot bai toan 14y tit dé thi tuyén sinh ctia trudng Pai hoc Poc 1ap Moscow
(IUM), nam 1998.

Bai toan 1. Tinh tich phdn tix O dén 2 ciia ham sé g(x), biét g(a) la nghiém ciia phuong trinh

x°+x =a.

L&i gidi. Ta biét 1a g(a) x4c dinh mot cach duy nhit theo a, vi du g(0) = 0, g(2) = 1. Thé
nhung ta khdng c6 cong thiic cho g(x). Khong c6 cong thic g(x) thi lam sao c6 thé tinh

2

/g(x)dx ?

0
Néu cti b6 tu duy ctia minh vao cong thifc tinh g(x) thi chic chin ta sé khong gidi dugc. Ta phai
khai thac dinh nghia ctua g(x), theo nhu dinh nghia, g(x) chinh 1a ham ngudc ciia ham

f(x) = x>+ x.

Hai ham ngugc nhau thi c6 tinh chét gi? Tinh chit co ban lanéu f(x) = y thi g(y) = x, tiic 1a
dd thi ctia hai ham ngudc nhau sé dbi xing véi nhau qua dudng thang y = x.
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Tir day dé dang suy ra

2

1
/g(y)dy + / f(x)dx = S(OCAB) =2.
0

0

Nhung

1 1
6 21 2
ff(x)dx=/(x5+x)dx:%+%0:§,
0 0

Suy ra
2

2
2 4
/8(x)dX=[g(y)dy =2-3=5
0 0
O

Bai tap 1. Cho ham sd f(x) lién tuc trén R va théa man f3(x) 4+ 2f(x) = 1 — x véi moi R.
Tinh tich phan

1
/ f(x)dx.
-2
Nhu viy, & bai todn 1, mic du ta khong c6 cong thifc cho ham g(x), nhung nhd vao mbi quan
hé clia né véi mot ham da biét f(x), ta van c6 thé thuc hanh tinh todn trén g(x). Ap dung y

tudng niy vao day sb, ta c6 thé nghién citu dudc tinh chit ctia cdc diy s6 ma khong biét cong

thtic tudng minh ctia né (tham chi khong c6 ci cong thiic truy hoi).
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Bai toan 2 (VMO 2002). Cho n la sé nguyén duong. Chiing minh rdng phicong trinh
SRR O S M)
x—1 4x—1 n2x —1 2

chi cé mdt nghiém duy nhdt thuéc (1, +00), ky hiéu la x,. Ching minh rang khi n dan dén vé

cung, x, dan den 4.

Lsi gidi. Dit

1 1 1 1
fn(x)_x—l+4x—l+m+n2x—l_§

thi f 1a ham lién tuc trén (1, +00) va c6 dao ham Iudén am. Hon nita

l

) ) 1
i, () = ou, lim_ ) = =5
nén phuong trinh f;,(x) = 0 ¢6 nghiém duy nhét x,,.

Ta ciing luu ¥ ring

1
Jor1(x) = fulx) + m
Cho nén .
Jnr1(xn) = fu(xn) + D1 > 0.

Tir day suy ra x,4 > X,. Tiép theo, ta dé y

1 1 1 1
S S ey T Sy B
IR YA AN A T (1 1 1
—5(1—3) 5(5‘5)*"'*5(2,1_1‘zn+1)—§
1
T A+ 2

Suy ra x, < 4. Nhu vay diy s6 (x,) ting va bi chiin trén bdi 4, suy ra (x,,) ¢6 gidi han hitu han.
Dé ching minh lim x, = 4, ta dung dinh ly Lagrange d€ ddnh gia khoang céch gitta x,, va 4.

n—>o0

Cu thé, 4p dung dinh ly Lagrange, ta c6

2 = nCn) = S = |xn — 411, ()],

trong d6 ¢ nam gitta x,, va 4. Nhung

/ 1 4 n? 1
)| = + b ———— >
n () (c—1)%  (4c—1)> (n2c—1)>* 9
Suy ra
1 1
> —|x, — 4.
dn+2 9
Cho n dan dén vo ciing, ta suy ra diéu phai chiing minh. O
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Bai tap 2 (IMU 1999). Goi x, la nghiém cta phuong trinh

1 1 1
— 4 RS

=0.
X x—1 X—n

nam trong khoang (0, 1).

a) Chitng minh rang day {x,} hoi tu.
b) Tim gidi han ctia x,, khi # dan dén vo cung.
Bai tap 3 (VMO 2007). Cho so6 thuc a > 2 va

fn(x)=a10x”+10+x"+---+x+1.

a) Chidng minh rang véi moi sd nguyén duong 7, phuong trinh f;,(x) = a chi c6 duy nhét
mot nghiém duong.

b) Ky hiéu nghiém duong duy nhit nay 14 x,,, chiing minh rang day s {x,} c6 gidi han hitu

han khi n dan dén vo cung.

Bai tap 4 (Ninh Binh 2013). Cho phuong trinh (4n x, tham s n nguyén ducng)

3
x—|—2x2—|—---—i—nx"—‘—l = 0.
a) Chiing minh ring v6i mdi s6 nguyén duong n phuong trinh ¢6 1 nghiém duong duy nhit,
ki hiéu nghiém do la x,,.
b) Ching minh ring lim x, = %
n—00
D€ viét phuong trinh dudng thang di qua 2 diém hai phuong trinh dudng tron di qua 3 diém,
theo phuong phép truc tiép ta sé phai di tim toa do cac diém do, rdi tir d6 bing cach nay cach
khdc thuc thi nhiém vu. C4ch 1am niy, mot mit sé din dén nhiing tinh todn kha phic tap (dic
biét 1a trong trudng hop dudng tron), mot mit 1a c6 thé bat kha thi (néu phuong trinh d€ tim toa
do diém c6 bac cao thi khong gidi dudc ra nghiém dep). Trong cic tinh hubng do, ta lai dung
dinh nghia ctia cac diém (thudng cic diém sé dugc dinh nghia bang cach quy tich tuong giao)
dé chi ra phuong trinh dudng thang hay duting tron chita cic diém da cho, ti d6 tim ra 16i giai

cua bai toan.

Chiing ta hdy minh hoa y tudng nay qua mot vi du kha kinh dién, 14y tit dé thi cda trudng Pai
hoc Ngoai thuong nhitng nim 90 cta thé ky trudc.
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Bai toan 3. Cho ellip (E) : xg—z + y2 = 1, va parabol (P) : y = x? — 2x.

a) Chitng minh rdang (E) va (P) cdt nhau tai 4 diém phdn biét A, B, C, D.
b) Chitng minh rang A, B, C, D ciing ndm trén mot duong tron. Tim tdm va bdn kinh duong

tron do.

L&i giai. a) Phuong trinh hoanh do giao di€ém ctia (E) va (P) c6 dang

x? ) 2
?—l—(x —2x) —1=0.

2
flx) = % T x2—2x)’ -1,
thi ta co
1 1 8
Do d6 phuong trinh hoanh dd giao diém c6 4 nghiém phan biét
—1l<x1<0<xy<1l<xz3<2<x4<3.
Suy ra cat nhau tai 4 diém phan biét 4, B, C, D.

b) P& chiing minh 4 diém A, B, C, D cung nim trén mot dudng tron, néu lam theo phuong
phép truc tiép, ta sé phai di tim toa do 4 diém A, B, C, D r6i viét phuong trinh dudng tron di
qua A, B, C cubi cing chiing minh D nim trén dudng tron vita viét. D€ tim dudc toa do céc
di€ém A, B, C, D ta phai giai phuong trinh hoanh d6 giao di€ém. D6 1a mot phuong trinh bac 4
ma n6i chung 12 ta ... khong biét giai. Thuc ra khong biét trong trudng hop nay lai 1a diéu may
man, bdi néu biét (ma ding 12 c6 cach giai that), ta sé bi sa da vio mot huéng di vo cing mo

mit véi nhiing tinh to4n khiing khiép (kiéu nhu tinh

1 1+\/§ 10 l_ﬁ 10
5 2 B 2 ’

bang phuong phap khai trién theo nhi thiic Newton).

Ta sé khong di theo huéng d6 ma dua vao dinh nghia hinh hoc ciia A, B, C, D d€ tim ra phuong
trinh duong tron di qua A, B, C, D.
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Cu thé, ta thiy toa do clia A théa man hé phuong trinh

2
X
?A—f—yi—l:()

V4 — xi +2x4=0
Néu ta nhan phuong trinh thit hai v6i —£ rdi cong v6i phuong trinh dau thi ta duge

ﬁ+ 2 8y 48 10

8\° N 4\> 16l
X4 — = —— ) =—.
179 Y479 81
Cic dang thifc tuong tu, hién nhién ciing ding véi B, C, D. Nhu viy bbn diém 4, B, C, D

cling nam trén dudng tron c6 phuong trinh

Hay la

8\’ N 4\* 161
X — = —— ) =—.
9 S’ 81
Tiic 1a duong tron tim tai di€m 7 ($; §) ban kinh ¥3°1. O

9°9

Bai todn 4. Tim tdt cd cdc gid tri ciia tham s6 m dé do thi ciia ham s6 y = x> +2x% +mx —3

cdt parabol y = x? + x — 1 tai ba diém A, B, C phdn biét sao cho bdn kinh duong tron ngoai

tiép tam gidc ABC bdng %

Loi giai. Tuong tu nhu bai trén, muc tiéu cua chung ta khong phai la giai hé phuong trinh
y=x}+2x24+mx -3, y=x>+x-1,
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ma tim phuong trinh dudng tron chita ca 3 giao diém. Pau tién ta thiy x4, xp, xc 1a nghiém

ctia phuong trinh hoanh do giao diém
2+ xP+m—-Dx—-2=0.

Ta dang can mdi quan hé giita x va y khong con chita x3. Lam thé nao? Y tudng 1 ta sé 1iy
y2 = (x2 4+ x — 1)” va chia cho x3 + x2 + (m — 1)x —2 s& dudc phan du c6 dang ax?+ bx +c.

Nhu thé
y2 = (x> 4+ x4+ (m—1)x —2)0(x) + ax*> + bx +c.

Thay toa dd diém A vao thi dugc
yi=axi+bxs+ec.
Cudi cuing ding phuong trinh y4 = x% + x4 — 1 d€ diéu chinh cho hé s6 ctia x%, y2 bang nhau.
Di vao chi tiét
2t x—1) =3 +x2+m—Dx—2)(x + 1) — (m+ D)x%— (m — )x + 3.

Tu day suy ra
y3=—(m+ 1)x3 —(m—1)x4 + 3.

Nhan dang thic y4 = x2 + x4 — 1 v6i m 1di cong vdi dang thic trén vé theo vé thi dugc
2 _ 2
Ya+mys=—x4+x4+3—m,

Suy ra

( +m)2+ —I—l 2 m?2—4m+13
—_— x —_— = .
ya 3 A > 4

Day chinh 1a phuong trinh dudng tron di qua A, B, C, vi hién nhién, toa d6 B, C ciing thoa
man phuong trinh nay.

P& duong tron trén c6 ban kinh bang % thi ta can c6
2_4m+13 9

z :/l =S & m—4m—5=0.
Gidi ra ta dudc m = 5 hodc m = —1. V6i m = 5 thi phuong trinh hoanh do giao diém la
x3 + x2 + 4x — 2 = 0 chi c6 mot nghiém thuc, loai, véi m = —1 phuong trinh hoanh do giao
di€m la

WX -2x—-2=0% (x + 1)(x*—2),
¢0 3 nghiém phan biét, nhan. [
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Bai tap 5. Chohaihamsb y = x2 —2x vay = x> — x2 — (m 4+ 4)x + m — 1, v6i m 1a tham
s6. C6 bao nhiéu gid tri ctia m d€ do thi ctia hai ham sd da cho cit nhau tai ba diém phan biét

va ba diém d6 nim trén mot dudng tron ban kinh bang /5.

xX+m
x24+1°

Bai toan 5. Chiing minh rdng vdi moi sé thuc m, dé thi ham sé y = f(x) = c6 ba diém

uén thdng hang.

L&i giai. Tinh dao ham bac hai cia f(x), ta ¢c6 (bd qua phép chiing minh phuong trinh x> +

3mx? — 3x —m = 0 ludn c6 ba nghiém phan biét)

£ ) = 2(x3 + 3mx? —Sx — m)'
(x2+1)

Ta ching minh ba diém udn thang bang céch chi ra phuong trinh dudng thang chita ba diém udn
d6. Goi ba diém ubén 1a A, B, C. Xét diém A c6 toa dd (x4, y4), V6i

Xy +3mxy —3x4—m =0,

X4 +m
4= —5-.
Y x5 +1
V6i o 12 mot hing s6 nao do, ta c6

a(xg+m)  xj+xg+axg+am  =3mxi+ (@+4dxg+m+am

Xqg+tayq = xq4+

x3+1 x% +1 x% +1
Ta mubn vé phai 1a mot hang s6 nén chon o = —4 va dudc x4 — 4y 4 + 3m = 0. Pay chinh 1a
phuong trinh dudng thang chita A, B, C. Nghiala A, B, C. thang hang. [l

Nt oA 5 A _ x3-3x243x+5 4. g A
Bai tap 6. Cho ham s0 f(x) = =772, xdc dinh rén R\ {—1}.

a) Chiing minh ring ham sé y = f(x) c6 3 diém cuc tri khong thang hang.

b) Goi A, B, C la ba diém cuc tri. Tinh dién tich tam gidc ABC va tinh ban kinh dudng

tron ngoai tiép tam giac ABC.
Trong hinh hoc gidi tich phuong phap phan doi toa do cho chiing ta mdt cach giai cac bai toan
tiép tuyén, tiép dién nhanh chéng va tién 19i, tranh dudc nhiing tinh toan truc tiép.

Bai toan 6 (Dinh ly vé& cuc — déi cuc chia ellip). Cho ellip (E) : Z—i + g—j = 1. Mot duong thing
d nam ngoai ellip. Tie mét diém A bdt ky trén d, ké cdc tiép tuyén dén (E), tiép xiic véi (E) tai
Ty, T». Chitng minh rdng duong thang Ty T» luén di qua mot diém cé dinh.
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Loi gidi. Gid st (x;, y;) 12 toa dd ca T; véii = 1,2. Phuong trinh tiép tuyén ctia (E) tai T;

co dang
XX Ny 1
a b
Tiép tuyén nay di qua A(x4, y4) nén ta cé
X1X4a | )V1ya _ 1
a? b2
Hoan toan tuong tu ta c6
X2X4 | V2Ya 1

a? b2

Nhung diéu nay c6 nghia 1a gi?

Diéu nay c6 nghia la cic di€ém T, T» déu nam trén dudng thang

Xax yay _ I

ar  p2
Tic la

XAaX yay _ 1

a? b2

chinh 1a phuong trinh dudng thang di qua Ty, T»! Thét nhu 1a 3o thuat! Ta da viét dudc phuong
trinh dudng th:flng T, T, ma khong can tim toa do cia Ty, T».

Va hon thé nita, néu dudng thang d c6 phuong trinh Ax + By + C = 0 thi viét lai d dudi dang
ax + By = 1, ta thiy tit ca cic duong thang T T» sé di qua diém (xa?, fb?).

Diém P(aa?, Bb?) dudc goi la cuc clia dudng thang d c6 phuong trinh ax + By = 1. Con
dudng thang d dudc goi 1a dbi cuc cia diém P. O

Bai tap 7. Choellip (E) : ;‘—; + i—; = 1. Tim quy tich nhiing diém M trong mit phang ellip
ma tlf d6 c6 thé k& hai tiép tuyén vudng géc dén (E).
Mot cach tdng quat, phuong phap phan doi toa dd cho chiing ta cong thiic sau dy dé viét phuong
trinh tiép tuyén ctia mot dudng cong bic hai. Xét dudng cong
(C) :ax? +2bxy +cy*+2dx +2ey + f = 0.

Gia stt A(x4, y4) 12 mot diém thudce (C). Khi d6 phuong trinh tiép tuyén ctia (C) tai 4 c6 dang

axax +b(xay + yax) +cyay +d(x +x4) +e(y +ya)+ f =0.
Cong thiic nay c6 dudc biang cach 14y vi phan hai vé phuong trinh cta (C) d& dugc

(ax +by +d)dx + (bx + cy +e)dy = 0.
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Tir &6 phuong trinh tiép tuyén c6 dang
(axsa+bya+d)(x —x4)+ (bxa+cys+e)(y —ya) =0.
Tu, day, véi chu y
axj +2bxaya +cys +2dxa +2eys+ f =0,
ta c6 cong thuc nhu trén.

Phuong phdp phan ddi toa do tiép tuc diing trong khong gian d€ gitip chiing ta viét phuong trinh

tiép dién ctia dudng cong bac hai tai mot diém thudc dudng cong.

Bai toan 7. Trong khong gian véi hé toa do Oxyz, cho duong thing d - X:P = yTl = Zva

mit cau (S) : x> + y? + z2 —2x — 4y — 6z — 67 = 0. Qua d dung cdc tiép dién vdi (S) tiép
xiic vdi (S) ldn luot tai Ty, Ty. Viét phwong trinh duong thang Ty Ts.
Loi gidi. Gia st Ty c6 toa do 14 (x1, y1, z1). Phuong trinh tiép dién ctda (S) tai T; c¢6 dang
X1 X+ny+ziz—x—x1—2y —2y; —3z—-3z;, — 67 =0.
Vi tiép dién nay di qua d nén ta c6
x1(13—=t)+y1(—=1+1t)+z1-4t—(13—1t)—x; —2(—1+1)—2y; —3-4t -3z, —67 =0, Vi,

hay
12x1—3y1—321—78—|—t(—x1 +y1 +4Zl—13) :0, Vvt

Tu dé suy ra Ty = (x1, y1,21) nam trén duong th:fmg cho bdi phuong trinh

12x =3y —3z-78=0
—x+y+4z-13=0

Tuong tu, T» ciing nam trén dudng thang nay. Tt d6, phuong trinh dutng thang T; T 1a (sau khi

rut gon)

4x -y —-—z-26=0

—x+y+4z-13=0
Chuyén vé dang chinh tic =8 = Y22 = 223, O
Bai tap 8. Trong khong gian Oxyz cho dutng thing d : xT_3 =% = Z—f va mit cau (S) :

x2 4 y2 + z2 = 4. Hai mit phang phan biét qua d, tiép xic (S) tai A, B. Viét phuong trinh
dudng thang AB.
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Bai tap 9. Chohaihamsd y = f(x) vay = f(f(x)) c6 dd thilan ludt1a (C) va (C'). Puvng
thing x = 2 cit (C) va (C") 1an lugt tai M va N. Biét phuong trinh tiép tuyén cia (C) tai diém
M la y = 2x — 2. Viét phuong trinh tiép tuyén cia (C’) tai diém N.

Bai tap 10. Cho sb thuc a théa diéu kién (a — 1)® = 9a, dit b = a? + a. Chiing minh rang
b+ 1) =27b2
Trong bai viét trén tdi da st dung mot sb tu lidu tir tai liéu cd nhan, tap chi Pi, trang web cta

IMU, dé thi dai hoc va dé thi HSG. Mot sb bai tap trén trang Facebook ctia Nhém VD-VDC t6i
da st dung nhung d6i tir dang trac nghiém sang tu luén.
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MOT SO BAI TOAN
DUNG TINH KHONG BI CHAN CUA PA THUC

Pao Xuan Luyén
(Truong THPT chuyén Lé Quy DBon ,Binh Dinh)

TOM TAT

Céc bai todn vé da thiic n6i chung va néi riéng céac bai todn vé da thic st dung tinh khong
bi chiin cla da thiic c6 vi tri rit quan trong trong nhiéu phan mon clia to4n hoc nhu giai
tich, s& hoc, biéu dién x4p xi,... C4c bai toan lién quan dén da thiic ciing thudng xuit hién
trong céc dé thi hoc sinh gidi cac cip, thi olympic va trong cudc thi IMO. Céc tai liéu
viét vé da thic ciing tuong ddi nhiéu, & day tic gia chi dé cap vé viéc sit dung tinh khong
bi chin ctia da thiic (khac hing) trong mot sé dang toan.

Céc da thiic n6i vé tinh khong bi chiin & trong bai viét néu khong néi gi thi ta hiéu 1a da thiic c6
bac duong.

Ngoai phan ly thuyét co ban vé da thifc nhu dinh nghia, cac khai niém nhu bac, nghiém, dinh ly
Viet, dinh ly Berzout, dinh 1y co ban cia dai s6, tinh lién tuc, tinh kha vi ..., § diy b6 sung thém
mot s6 két qua sau.

Ménh dé 1. Cho sé nguyén duong n va da thitc hé sé thic

f(‘r) - an'rn + an—lxn_l + ce . + alx + ao, an ;é 0

1. Khinlé
a) Néua, > 0thi lim f(z)=—occ, lim f(z)= +oo.
T——00 r——+00
b) Néua, < 0thi lim f(x)=+oo, lim f(x)= —o0.
T——00 r—+00

2. Khin chdn

a) Néua, >0thi lim f(z)= lim f(z)= +oc.

T——00 T—+00

a) Néua, <0thi lim f(z)= lim f(z)= —cc.

T——00 T—+00
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Hé qua Cho sb nguyén duong n va da thifc hé sb thuc

f(ﬂ?) = ap,x" + an—lxn_l +...+ax+ay, a,#0.

1. Khinlé

a) Néua, > 0 thi ton tai o > 0d€ f(a) > 0 vatontai f < 0dé f(B) < 0.
b) Néua,, < 0thiton tai o > 0d€ f(a) < 0vatdntai B < 0dé f(3) > 0.

2. Khi n chan

a) Néu a,, > 0 thi ton tai o > 0 d€ f(a) > 0 vaton tai § < 0 dé f(B) > 0.
a) Néua, < 0 thiton tai o > 0d€ f(a) < Ovatontai f < 0dé f(B) < 0.

Ménh dé 2. Cho cdc s6 nguyén dwong m,n va cdc da thitc hé sé thuc
f(@) = apa™ + ap 12" 4+ ..+ ayw +ag,  a, # 0.

g(x) = bp™ + by 12™ A bir by, by # 0.

1. Khin>m
a) lim ﬁ = +oo néu ay, - by, > 0.
r— 400 g(,jlj‘)
b) 1l @ = —oonéu a, - b, <0
x—H—oog {L‘)
2. Khin=m1thi lim M: @:Z—"
T——00 g({]j) r— 400 g([L‘) n
3. Khin <mthi lim M: @:0.
T——00 g(m) T——+00 g(a})

Ménh dé 3. Néu ham sé da thitc hé sé thuc y = f(x) la ham s6 tudn hoan thi f(z) la héing 6.

Chitng minh ménh dé. Ré rang néu f(x) = C v6i C 1a hing s6 thi f(z) 1a ham sb tuan hoan.

Gia st f(z) c6 bac duong va tuan hoan. Goi T > 0 1a mot chu ky ctia f(z). Xét trén doan [0; T,
do da thiic f(x) lién tuc nén né nhan gid tri nhé nhét m va gid tri 16n nhit M trén doan [0; T).

Mit khéc, f(x) ¢ bac duong va tuan hoan chu ky 7' nén né nhan gia tri trén doan [m; M| véi
moi x € R. Diéu nay mau thuin véi ménh dé & trén. Ménh dé dugc chiing minh xong. [
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Céc bai todn da thiic lién quan dén s hoc thudng rat khé. Chiing ta xét sau diy mot s6 bai toan
lién quan dén van dé nay.

Bai todn 1. Cho cdc sé nguyén khong ém m,n théa m +n > 0 va hai da thitc
f(z)=2" +ax™ '+ ...+ ap,
g(x) =™+ by2™ .+ by,

sao cho véi moi s6 thic x, ta ¢ f(x) la binh phuong ciia mot s6 nguyén khi va chi khi g(x)
la binh phuong ciia mét s6 nguyén. Chiing minh rdang ton tai da thitc ®(x) hé sé thuc sao cho

f(z) - g(x) = 9*(x).

Loi gidgi. Néun > 0,m = 0 thi g(z) = a® va f(x) 1a s6 chinh phuong Vz € R, diéu nay vo ly
vi f(x) lién tuc trén R.

Néu m > 0,n > 0, khi d6 ton tai khoang [V, +00) d€ céc f, g ting thuc su. Goi a2, b? 1a cdc s

chinh phuong dau tién 16n hon hay bang f(N), g(NN). Vi f lién tuc nén ton tai day
N<zxy<x <...<Zy,

sao cho f(z,) = (a+n)?, ¥n > 0. Ta sé ching minh g(z,) = (b+n)* ¥n > 0 bing bing

quy nap.

V6i n = 0, khang dinh diing. Gia st khang dinh diing véi n > 0, ta sé ching minh g(2,,,) =
(b+n+1)°. Gid sit tri lai g(z,1) = (b+m)>, m # n + 1, ton tai 2’ sao cho g(z) =
(b+n+1)*Tacé

9(xn) < g(2") < g(Tnt1) = 20 <2’ < Ty,

suy ra
flxn) < (@) < fl@ns) = (a+n)* < f@') < (a+n+1)°,

diéu nay vo ly vi f(z) 1a sb chinh phuong. Vay g(x,41) = (b +n + 1)%, phép quy nap hoan tit.
Tur do, ta co

V@) = Vglan) = a—b= flan) +g(wa) =2V f(@a) - Volwa) = (a=b)*,

suy ra

Fa) - gl = [f(xn>+—g<x;>—-<a-—b> ] |

Nhu vy, néu dit

@@):[ﬂ%0+9@3—4a—®]

thi f(z) - g(z) = ®*(z). Ta dudc diéu phdi chiing minh. O
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Nhan xét 1. Dé gidi quyét bai todn chiing ta can nhiéu kién thiic lién quan nhu tinh lién tuc,
tinh khéng bi chdn ciia da thiic, 1y thuyét vé day sé,... dé xdy dung ddy gid tri ham. Pdy la bai
todn rdt khé va hay.

Bai toan 2. (USAMO) Chiing minh rang moi da thiic monic (da thitc co hé sé cao nhdt bang
1) béc n hé sé thuc déu la trung binh cong ciia hai da thitc monic bdc n cé n nghiém thic.

Loi gidi. Goi f(z) 1a da thic monic bac n hé sb thuc.

Néun = 1thi f(z) =z +a, véia € R.Dit P(z) = z, Q(z) = x + 2a thi P(x),Q(x) c6 1
nghiém thuc va f(x) = w
Néun > 1, xét

gx)=(r—=2)(xr—4)...(x —2(n—1))

cobacn — 1. bat P(x) = 2" — kg(x) va Q(z) = 2f(x) — 2" + kg(x) thi P(x),Q(z) la cac
_ P(r) + Q=)

da thiic monic bac n hé s6 thuc va f(z) = — Ta s€ chiing minh véi &k dd 16n thi
P(z),Q(z) c6 n nghiém thyc.
Xét cic gia tri clia g() tai n di€ém 1,3,...,2n — 1, nhiing gid tri nay dan dAu va c6 gid tri nhd

nhét bang 1 (vi nhiéu nhét hai trong céc thita s6 c6 gid tri tuyét d6i bang 1 va cac thita s6 con lai
c6 gia tri tuyét dbi 16n hon 2).

Mait khdc, ton tai hﬁng sb ¢ > 0saochovsi0 <z < 2n,tacd
lz|" <e, [2f(z) —a"| <c

Liy k > cthi P(x),Q(z) c6 gid tri dan déu tai n diém z = 1,3,5,...,2n — 1, nén P(x), Q(x)
déu c6 it nhit n — 1 nghiém thuc. Ma chiing 1a céc da thiic bic n nén mdi da thic déu c6 di n
nghiém thuc. Bai toan dudc giai quyét. O

Nhan xét 2. Pdy la bai todn biéu dién mét da thitc monic bdc n bdt ky qua hai da thiic ciing
bdc c6 di n nghiém thuc. Viéc xdy dung hai da thiic P(z), Q(x) rdt hay va ky thudt nay co thé
nghi dén khi gdp cdc bai todn vé biéu dién da thiic.

Bai toan 3. Cho f(x) la da thitc bdc khong bé hon 2 véi hé s6 hitu ty va ddy ddy sé hitu ty
ai, dy, ... théa man f(any1) = an, voi moi sé6 nguyén duong n. Ching minh rdng tén tai sé
nguyén duong N dé’véi moi sé nguyén duong n thi Na,, la s6 nguyén.

Loi gidi. Trudc tién, ta chiing minh day (a,,) bi chan.

Do deg f > 1 nén lim (@)l

z—oo |z

= 400, do do

IM > |ai| : [f(z)| = ||,V |z] > M.
Ta sé ching minh |a,| < M,Vn > 1. That vay, gia st Ja,, : |a,| > M, khi d6

|an—1| - |f(a'n)| Z |an| > M7 |an—2| = |f(an—1)| 2 |a'n—1| > Ma S ,|CL1| > M>
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trai véi cach chon M. Nhu vay (a,,) bi chan.
Do f(x) c6 hé sb hitu ti nén ta c6 thé viét f(z) dudi dang

bpx™ 4+ ...+ b
flx) = ,

C

trong d6 by, by, . .., by, c 12 sb nguyén. Gia st a; = 2—9, v6i p, ¢ nguyén.
q
Ta dat N = qb,,, khi d6 Na; = pb,, nguyén. Gia st Na, nguyén, ta s€ ching minh Na,,
nguyén. Xét da thic
cN™ x
Pl =5 (1 () o).
@ =5 (r(5) -«

thi () 1a da thiic monic hé s6 nguyén. Ma f(a, 1) = a, nén P(Na,,;) = 0. Nhu vay Na,,
12 nghiém hitu ti cia P(z), va do d6 n6 ciing 12 nghiém nguyén. Bai toan dudc gidi quyét. [

Bai toan 4. Cho da thiic
P(x) = 227 — 1822916 + 112%°"° 4 62 + 1.
Véi ag {c‘z s6 nguyén badt ky khdc 0 cho trudc, xdc dinh day (a,,) nhu sau (ni1 = P(ay). Chiing
minh rang voi moi cdp so nguyén duong m,n phdn biét thi a,,, a, nguyén to cung nhau.
Loi gidi. Dé thiy (a,) 1a diy s6 nguyén khac 0 vi P(z) khong c6 nghiém nguyén.
Do P(0) = P(1) = 1nén P(z) = z(x — 1)Q(x) + 1. Ta s& chiing minh bing quy nap

a, =1 (mod ag)ay . ..a, 1.

oV6in=1,taco
a; = P(ap) = ap(ag — 1)Q(ap) + 1 =1 (mod ap).
o Gia st ding véi n, tic la a, = 1 (mod ag)ay ...a,_1, hay a, = kagay ...a,—1 + 1, k € Z.
Khi do
an+1 = P(a,) = ap(a, — 1)Q(ay) + 1 = kagay . . . an—1a,Q(ay,) + 1,

suyraa, =1 (mod apay ...a,_1a,).

Khong mét tinh téng quat, gid st m < n va dit d = (a,,, a,). Khi d6, tich aga; . .. a,_; chida
thta s6 a,,, nén chia hét cho d, suy ra a,, — 1 chia hét cho d. N6i cach khdc, a,,, a,, — 1 déu chia
hét cho d nén d = 1. Vay (a,,, a,) = 1, Vm # n. O

Bai toan 5. Cho da thiic
P(x) = 2*" + aga® + anz™ + az'® + .. + ayx + 2017,

trong do cdc hé s6 ay, la cdc s6 nguyén cé gid tri tuyét di khong lon hon 100. Chitng minh rang
khong thé phdn tich da thiic P(x) thanh tich ciia hai da thiic hé sé nguyén cé bdc duong.
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Loi gidi. Theo dinh 1y co ban cda dai s6, P(z) c¢6 di 2018 nghiém (thuc hay phiic). Goi z la
mot nghiém cta P(z), ta sé ching minh |z| > 1.

That vay, gia st |z| < 1. Tacé
P(2) = 22" 4 a902® + ay 2™ + a2 + ...+ a3z + 2017 = 0,

suy ra
2017 = ’22018 + CL20220 + CLHZH + (110210 + ...+ alz}

S |22018{ + |CL20220‘ + ‘CLHZH| +...+ |(112‘
S 1+]a20|+\a11\+...+\a1] S 1-'-12100: 1201,
vo 1y, do d6 |z| > 1.
Gia st P(z) = g(z) - h(x), trong d6 g(z), h(z) 1a cac da thic hé sb nguyén c6 bac duong thi
[P(0)] = [g(0)] - [R(0)] = 2017.
Ma 2017 1a s6 nguyén t6 nén |g(0)| = 1 hodc |h(0)| = 1.

Khong mét tinh téng quat, gia st [g(0)] = 1, véi 1 < degg = m < 2017 va hé sb cao nhét
ctia g(x), h(x) déu bang 1. Goi 2y, 29, ..., 2, 12 cdc nghiém phiic clia g(z) thi ching ciing 1a cdc
nghiém phtc ctia P(x), do d6 |zx| > 1,Vk = 1,2,...,m. Nhung theo dinh ly Viet, ta lai c6

2122 .. zm| = |9(0)| = 1,
vo 1y. Vay P(z) thanh tich ctia hai da thiic hé s6 nguyén c6 bac duong. O

Bai toan 6. Ky hiéu py, la sé nguyén té thit k. Chitng minh rdng vdi moi sé nguyén duong n thi
phuong trinh

20182 + 108n® = 15n2® + 4n(pui1 + Prs2)r? + 1802 (Ppio + Pogs — 3n)z + 19250

co nghiém khong bé hon n.

Lai gidi. Trudc tién, bang quy nap, ta sé chiing minh p,, 1 + ppio > 6n.

Véi n = 1,2, kiém tra thiy ding. Gia st ding v6i n = k, tic 12 pyyy + pryo > 6k. Ta chiing
minh ding véi n = k + 1, hay pyi2 + prrs > 6k + 6.

Theo gia thiét quy nap, ta can chiing minh py. 2 + prys > pPrs1 + Drra + 6, hay preys — pre1 > 6.

That Vé}y, gia su Prt3=Pki1 < 6. V1piys, Ph+1 lasd1é nén/karg = Prt1 +4,hay pri1, Pki2, Prrs
la ba so 1é lién tiep. Do d6, mdt trong ba so phai c6 mot so chia hét cho 3, vo 1y vi pyq > 3.

Ta dat
f(z) = 20182* — 1502 — 4n(pps1 + Prya)®? — 1802 (Prys + Prys — 3n)x — 19250 + 108n°.
Vi f(z) 1a da thic bac bbn c6 hé s6 cao nhit duong nén xgrfoof(x) = +00. Do do, ton tai @ > n
d€ f(a) > 0. Mit khdc, ta c6

f(n) =780 — 4n®*(pry1 + Pui2) — 180° (puio + Prys — 3n) + 108n° < 0,
do Pry1 + Pniz > 61 VA puio + prys > 6n + 6. Nhu vay f(n)f(a) < 0, do d6 ton tai o > n
d€ f(zo) = 0, hay phuong trinh da cho c6 nghiém khong bé hon n. O
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Meénh dé 3, chiing ta di xét 16p c4c ham da thic 13 tudn hoan, trong bai toan 1 sau chiing ta xét
xem hdp clia mot ham tuan hoan v6i mot ham da thiicla ham tuan hoan thi cac ham da thiic d6
12 nhitng ham nhu thé nao.

Bai todn 7. Tim tdt cd cdc da thiic f(x) hé s6 thuc sao cho ham s6 y = sin f(z) la mot ham sé

tudn hoan.

Loi gidgi. Trudc tién, ta chiing minh néu ham f tudn hoan, xac dinh trén R va c6 dao ham trén

R thi ham f’ ciing tudn hoan. That vay, gia s 7' > 0 1a mot chu ky ctia ham £, khi d6
flx+T)=f(z), VeeR, = fl(x+T)=f'(z), Vx €R,

hay f’ ciing 12 ham tuin hoan.

o Néu f(z) = choic f(x) = ax + b, véi a,b,c € R, a # 0 thi dé thAy y = sin f(x) tuan hoan.

o Néu deg f > 2,khi d6 v/ = f'(z) cos f(z) tudn hoan nén né bi chin.

Mit khéc, do f() lién tuc va khong bi chin nén ton tai ddy x,, sao cho |f(x,)| = |n7|, Vn > 1.
Khi d6 lilJTrl |z,| = +o0 va lirf |f'(x) cos f(z)| = +oo. Diéu nay trdi véi tinh bi chin /. Do
n—-—+0oo n—-+0o0

d6 néu deg f > 2 thi y = sin f(z) khong tuan hoan.
Vay f(z) = choic f(r) = ax + b, véi a,b,c € R, a # 0 1a tit ci da thic can tim. O
Bai todn 8. (Greece 2014) Tim tdt cd cdc da thiic hé sé thiuc P(x) thod mdn

(2° — 62 + 8)P(z) = (2* + 22)P(xz — 2), VxeR. (%)

Loi giai. Ta c6 (%) tuong duong véi
(x —2)(x —4)P(z) =x(z+2)P(x — 2), VreR. (1)

Lan lugt thay z = 0,—2,4 vao (1), ta thu dugc P(0) = P(—2) = P(2) = 0, do d6 dit
P(z) = z(x — 2)(z + 2)Q(z). Thay vao (1), ta dugc

(x —2)Q(z) = 2Q(z —2), VreR\{0;+2;4}.
Ma () la da thiic nén
(x —2)Q(z) = 2Q(x —2), VxeR. (2)
Thay x = 0 vao (2), ta c6 Q(0) = 0, do d6 Q(z) = xR(x). Tuong tu nhu trén, thay vao (2), ta

duoc
R(z) = R(x —2), VzeR,

hay R(r) tuan hoan. Do d6 theo ménh dé 3 thi R(z) = c.
Nhu vay P(z) = c(x? — 42%), V2 € R. Thit lai thoa man. O
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Bai toan 9. (Viét Nam 2003) Tim tdt cd cdc da thiic hé sé thuc P(z) théa

(2 +32° + 32+ 2)P(x — 1) = (2* — 32® + 30 — 2)P(z), Vo €R. (%)

Loi giai. Ta c6 (%) tuong duong véi
(z+2)(2*+2x+1)Px—1)=(r—2)(2* —z+1)P(z), VreR (1)

Lan lugt thay x = —2;2; —1; 1 vao (1), ta thu dugc P(—2) = P(—1) = P(0) = P(1) = 0, do
do dat P(x) = (z — 1)z(x + 1)(z + 2)Q(x). Thay vao (1), ta dugc

(®+2+1)Q(x—1) = (2* —x+ 1)Q(x), Vr e R\ {0;+1;42}.
Ma Q(x) la da thic nén
(2 +r+1)Q(x—1) = (2> —2+1)Q(z), VxcR. (2)
Do (2> +x+ 1,22 —x+ 1) = 1 nén
Q)= (x> +x+1R(x), Y2eR =  Qr—1)=@*—z+1)R(x—1).

Tu do, (2) tré thanh
R(z —1) = R(x), VzeR,

hay R(x) tuan hoan. Do d6 theo ménh dé 3 thi R(z) = c.

Nhu vy P(z) = c(z — D)z(z + 1)(z + 2)(2? + x + 1), Vo € R. Thi lai thod man. O

Bai toan 10. Cho s6 nguyén duong n > 2 va da thiic hé sé thuc P(x) bdc n va cé n nghiém
thue doi mot phdn biét.

(a) Chiing minh rang da thicc Q(x) = P(x) + P'(x) ciing c6 n nghiém thuc déi mét phdn
biét.
(b) Goiay < as < ... < ay la cdc nghiém cia P(x) va by < by < ... < b, la cdc nghiém
2 ., . N . ) o . < . . . hy
cua Q(x). Chiing minh rang 1S1irl§1£1_1{a2+1 a;} < 1§Iingl7£1_l{bl+1 b}
Loi gidi. (a) Khong mét tinh tSng quét, gia sit hé sb cao nhét cia P(z) bang 1. Viay, as, . . ., ay
la cac nghiém cta P(x) nén
Plx)=(z—a)(z —as)...(x —ay,).

Do dé
Q(a;) = P'(a;) = (a; —ay) ... (a; — a;_1)(a; — aiy1) - .. (a; — ay).
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Maa; < ay < ... < a, nén ti day suy ra diy Q(a;), Q(ay),...,Q(a,) la ddy dan diu. Vi vay
gilta a;, a;41,7 = 1,n — 1 c6 it nhat mot nghiém ctia Q ().

Hon ntia, ta co

o Néun chin thi Q(a;) < 0, lim Q(x) = +o0, do d6 Q(z) c6 it nhat 1 nghiém thudc khoéng

T—r—00

(—o0;ay).

o Néu n 18 thi thi Q(a;) > 0, lim Q(x) = —00,dod6 Q() c6 it nhat 1 nghiém thudc khoéng
(—o0;ay).

Nhu vay, Q(x) ¢6 n nghiém thuc phan biét.

(b) Phén ching. Gia st ton tai j sao cho bj,; — b; < 1<rr£n {a; 1 — a;}.

Xét ham so

fo) =2 o5~ L e R fanan . an).

T — a;
i=1 v

Ta co

f/(x):_z;z<07

p— (x — a;)

nén f nghich bién trén mdi khoang xéc dinh. Ma b;, b;; 12 nghiém cta Q(z) nén

P'(b;)  P'(bj1)

P(b;)  P(bj1)
do d6 ton tai k € {1;2;...;n} sao cho b; < aj, < bj;;.
Ta co
Qjy1 — Q; >bj+1—bj :>bj—ai > bj+1 — Qj41, Vi = 1,2,...,n—1.

Nhéan thﬁy v6imoi 1l < i < k—1, ca hai vé bat dzamg thic trén cung duong; véimoi k < i < n—1,
ca hai vé ciia bat dang thiic trén ciing 4m, do d6

1 1
< , Yi=1,2,....n—1.
bj—a;  bjy1 —ain

BN 1 )

Chu y rang <0< —,taco
bj — Qp, bj+1 — ay
/ n—1 1 n—1 1 . 1 _ Pl(bj—i—l)
— bg b —a, b —am bi—ar Pbja)

mau thuln. Vi viy diéu phan chiing sai, ta thu dugc diéu phai chiing minh. O

Bai toan 11. Cho da thiic hé sé thuc P(x) bdc n va sé thuc a > 3. Chitng minh rdang

, a—1\"
max |a’ — P(i)| > ( ) :
0<i<n+1 2
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Loi gidi. Ta chiing minh bang phucng phap quy nap.

Vé6in = 0 thi P(z) = ¢, khi dé do a > 3 nén

. 1 - 1
max|a’ — P(i)| = max{|1 — ¢|, |a — ¢|} > L=cl+la=c > ja— 1] > 1.
0<i<1 2 2

Khang dinh bai todn diing véi n = 0.

Gia st khﬁng dinh bai toan diing cho céac da thic hé s6 thuc bac n — 1. Xét da thiic hé sd thuc
P(z) bac n, khi do
P(x+1) — P(x)
a—1

1a da thiic hé sb thuc bac n — 1. Do dé theo gia thiét quy nap thi

Pk +a111 P(k:)‘ . (a; 1)"1’

J0<k<n:

tuong duong véi
- 1"
|(a"™! — P(k+ 1)) — (a* — P(k))| > u.

- 2n—1

Suy ra

@™t — P(k+1)| + |a" — P(k)|

max{|a*"" — P(k +1)|, [a* — P(k)|} >

2
(@' = P(k+1)) = (" = P(R))|  (a—1Y"
> ) —( : )

Do d6 hién nhién

. —1\"
max |a' — P(i)| > <a2 ) .

0<i<nt1
Phép quy nap hoan tt, bai todn dugc gidi quyét. O

Bai toan 12. Cho tam thiic bdc 2 hé sé thuc f(x) = ax® + bz + ¢ sao cho f(x) khéng dm véi
moi s6 thuc x khong dm. Chiing minh rdng ton tai da thiic P(x) sao cho da thitc f(z)P(x) cé
tdt cd cdc hé sé déu khong am.

Lai gidgi. Do f(z) > 0,Vz > 0nénc= f(0) >0vaa>0,suyraA; =b*— 4ac < 0.

Néu b > 0 thi chon P(z) = 1, ta thu dugc diéu phai chiing minh.

Néu b < 0 thi ta sé tim s6 nguyén n > 2 d€ P(z) = (z + 1)" thda yéu cau bai todn. Ta c6

n

f(z)P(z) = (az® + bx + ¢) Z Chra®

k=0

= ax" + (b+na)a" + ) (aCF? + O + cCh)2F + (b + ne)z +c.
k=2
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Ta can chon n sao cho b + na > 0, b+ nc > 0 va aC*=2 + bCF1 + cCF, VE > 2. (%)
Ta xét
h(k) = aCl™? + bCF ' 4 cC¥
=(a—b+c)k® —[a— (n+2)b+ (2n+3)dk+ (n+1)(n +2)c.

Via,c > 0, b < 0nén h(k) 1a mot tam thiic bac 2 c6 hé s6 cao nhit a — b + ¢ > 0. Do d6 dé
h(k) > 0 véi moi k,ta cin chon n sao cho A, < 0.

Chii y rang Aj, < 0 12 mdt tam thifc bac 2 theo n, ¢6 hé sd cao nhét 1a

(b—2¢)* —4cla —b+¢) = b* — 4ac < 0.

—b —b
Do d6 lirf A} = —oo. Nhu vay, v6i n da 16n thi n > max {—; —} va Ay, < 0, thoa cac
n—+o00 a C
diéu kién cda (*). Khi d6 P(x) thda yéu ciu bai toan. O
Bai toan 13. Cho s6 nguyén duong n > 3 va da thiic
P(z) = ap2™ + ap_12™ ..+ a1+ ag
théa man P(x) duong vdi moi s6 thuc x duong. Chitng minh rang khi do ton tai sé tu nhién s
dé’da thiic Q(x) = P(x)(z + 1)° ¢6 cdc hé s6 déu khong dam.
Loi gidi. Ta xét hai truong hgp.
o Truong hgp 1 : Khi n = 2m thi
P(z) = H (axx® + by + cx),
k=1

trong d6 az? + byw + ¢, > 0, Vo > 0. Theo bai toan 12, v6i mdi tam thiic az? + by + ¢, déu
ton tai s6 tu nhién s;, sao cho da thtic

Qr(z) = (ara® + by + ) (x + 1)

c6 céc hé s6 déu khong am. T d6
m

Q(l') = HQk(in) = H(akg;Q + by + C]g)(l’ + 1)sk _ P(.CC)(:L‘ + 1)sl+..‘+sm,

k=1
cling c6 cac hé so déu khong am.

o Trudng hop 2 : Khi n = 2m + 1 thi P(z) c6 it nhit mdt nghiém khong duong 1a —a. Do d6
P(z) = (x + a)R(x), v6i R(z) > 0, VY > 0.

Do deg R = 2m nén theo trudng hop 1 tdn tai sb tu nhién s sao cho R(z)(z + 1)° ¢6 céc hé sd
déu khong am. Do d6

Q(x) = P(a)(z +1)° = ( + a)R(z)(x + 1),
ciing c6 cac hé s6 déu khong am.

Nhu vdy, trong moi trudng hop ta déu tim dudc s thoa yéu cau bai toan. O
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Bai toan 14. Cho da thiic hé sé nguyén f(x) = x* + ax® + bx? + cx + d. Biét rdng hé s6 nguyén
a khéng chia hét cho A. Xdc dinh lim { YT |} .
n—0o0

Loi giai. Data = 4k + r, véir € {1;2;3}. Taco
fn)=n*4an®+bn®+en+d=(n+k)" + (a — 4k)n® + (b — 6k*)n° + (c — 4k°)n + (d — k*)
= (n+ k)" +rnd 4 (b—6kH)n® + (c — 4k%)n + (d — k).
Vé6i n da 16n thi
rn® 4 (b — 6k*)n* + (c — 4k*)n +d — k* > 0,
nén f(n) > (n+k)*, do dé |f(n)| = f(n).
Tuong tu nhu trén, ta ¢
fn)y=n*4an®+m*+en+d=n+k+1)" +ja—4(k+1Dn*+...
=(n+k+1)°+ @ —n®+. ..
Véi n du 16n thi
(r—4)n’+... <0,
nén f(n) < (n+k+1)"
Do d6 véi n du 16n thi
(n+ k) < f(n) < (n+ k+1)"
suyra{“f(n)J—n—i—kva{ (n } {4f(n}:{*/f_ (n + k). Tut d6
lim { f@)} = lim [{/f(n) — (n+ k)]

o _ f(n) = (n+k)* (_ lim (a—4k)n3+...>
Hoo[zlf( "J“kH\/_JF n+ k) } n—oon3(141)(0+4 1)

[1] Ha Huy Khodi, Sé hoc, NXB Gido duc.

[2] Nguyén Vin Mau, Da thiic dai s6 va phdn thitc hitu t/, NXB Gido duc.

[3] Tran Nam Diing (cht bién), Cdc phuwong phdp gidi todn qua cdc ky thi Olympic - 2014.
[4] Tap chi Toan hoc va tudi tré.

[5] Tap chi Pi.

[6] Tai li€u trén Internet.
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MOT SO BAI TOAN CHON LOC VE
PHUONG TRINH HAM

L& Phuc Lu
(L6p Cao hoc Khoa hoc tu nhién TPHCM)

TOM TAT

Céc bai tap nay trich mot phan trong céc bai giang vé Phuong trinh ham cta tic gia cho
cic doi tuyén HSG, huéng t6i ky thi VMO nidm hoc 2019-2020. Trong phan Vi du la cac
bai todn vé Phuong trinh ham trén tap s6 thuc thong thudng, & phan Bai tap bd sung 1a
cdc trén tap sb thuc duong va trén 16p ham lién tuc d€ ban doc c6 thé rén luyén thém.

P6i véi phuong trinh ham trén tap sb thuc, ta can chd y

e Phép thé, d6i bién thich hop: v — 0,z <> +y,x — f(z),... thé bién dé triét tidu cac
f(u), f(v) & hai vé nham tim dudc céc quan hé méi.

Pita = £(0) d€ dé bién déi. “Pon 4nh tai diém”, tic a f(a) = 0 — a = 0.

Xét tinh don anh / toan 4nh ctia ham s6. Néu f(f(z)) = = + 2019 thi suy ra diéu gi?

Chi y rang nén liét ké cac dang thic lién hé thu dudc thong qua cac phép thé dé c6 thé
lién két ching véi nhau tao ra céc diéu kién méi.

Ham s6 f(z) cong tinh suy ra dudc f(x) = az néu thém mdt trong céc dicu kién

— f(z) don diéu (st dung day kep, chuyén tit hitu ty sang vo ty).
- f(z) > 0,Vx > 0 (dua vé ham dong bién).

- f(a") = f"( ),¥n > 1 (st dung da thic d€ dong nhit hé sb).
- f (%) = ) Va # 0 (tinh bang hai cach).
f(x?) = ( ) (tinh béng hai cich).
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Bai toan 1. Tim tdt cd cdc ham sé f : R — R théa mdn dong thoi cdc diéu kién:

i) f(xy + f(x)) =2 f(y) + f(z) véimoi z,y € R.

ii) Phuong trinh f(x) = 0 ¢ khong qud mdt nghiém.

Loi gidgi. Thay y = 0thi f(f(z)) = zf(0
thay = — 0 thi £(f(0)) = £(0) = /(0) =

)+ f(x). Néu f(0) # 0 thi kéo theo f don dnh. Lai
0,v61y. Do d6 f(0) = 0va f(f(z)) = f(=).

Gia st ton tai a # b sao cho f(a) = f(b) # 0. Suy ra

af(b) + f(a) = f(ab+ f(a)) = fab+ f(b)) = bf (a) + f(D).

Do dé (a+1)f(a) = (b+1)f(a) = a =bnén f don anh. Thay y = 0, tacé f(f(z)) = f(x)
nén f(z) = . O

Bai toan 2. Xeét ham s6 f : R — R théa mdn
Ff@)f(y) = flz+y)+ flzy)

vdi moi z,y € R. Goi S la tdp hop cdc sé thic xq sao cho f(xg) = f(—x0).

1. Chiing minh rang néuu,v € Sthiu+v € S.

2. Ching minh rang néu u,v € Rma f(u) = f(v) thiu —v € S.

Loi gidi. 1) Tacéu € S — —u € S. Do d6
flutv)+ fluv) = f(f(u)f(v) = f(f(—u)f(=v)) = f(=u—v) + f(uw).
Suyra f(u+v) = f(—(u+v))nénu+v € S.
2) Thay (z,y) = (u, 1), (v, 1) ta c6
flut 1)+ fu) = f(fu) (1)) = F(f0)f1) = flo+ 1)+ f(v).
Suyra f(u+1) = f(v+1). Thay (z,y) = (u+1,—-1),(v+1,—1) tacéd
fUHw+1)f(=1) = f(mu=1) + fu) va f(flv + 1) f(=1)) = f(—=v = 1) + f(v).

Suyra f(—u—1) = f(—v—1) nenf( u) = f(—wv). Thay (z,y) = (u, —u), (v,—v), ta cd
F(22) = F(0%) nén (=) = f(—0?). Thay (z,5) = (u, —v), (v, ~v), tacé

FUF@)f(=v) = flu—v)+ f(=uww) va f (f(v) f(=v)) = F(0) + f(-0?).
Suyra f(u —v) + f(—uv) = f(0) + f(—v?). Tuong tu thi
flo—=u)+ f(-uv) = f(0) + f(—u?).
Ma f(u—v) = f(v—u)nénu—wv € S. O
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Bai todn 3. Tim tdt cd cdc ham s6 f,g : R — R sao cho g(1) = —24 va

[z =5f(y) =xfly) —yf(z) +g(x)
voi moi x,y € R.
Loi gidi. Néu f(x) = 0 thi kéo theo g(z) = 0, vo 1y nén ton tai a d€ f(a) # 0.

Gia stt f(y1) = f(yo) thi dé thdy y; = y» nén f don dnh. Néu f(0) = 0 thi thay y = 0, ta c6
f(z) = g(z), thay tiép = = 0 thi ¢6 f(=5f(y)) = g(0) = f(0) nén f(y) = 0,Vy, vo ly.

Do d6, f(0) # 0, thay « = 0 thi ¢6 ngay f toan anh. Gia st f(u) = 0 thi thay z = u, ta ¢

flu=35f(y) = uf(y) + g(w).
Diéu nay chiing té f tuyén tinh. Pit f(x) = ax + b thi thay vao, ta c6

fAd=5(ay+0b) =ay+b—yla+b)+g(1)
< a(l —5ay —5b) +b=>b—yb—12

5a2 =0 a=1
= =
a— bab=—-24 b=5

Do d6 f(z) = x + 5. O

Bai toan 4.

1. Tim tdt cd cdc ham s6 f : R — R sao cho véi moi x,y € R thi
fl@® —wy+ f(y) = f2(x) —2f(y) +y.
2. Tim tdt cd cdc ham s6 f : R — R sao cho véi moi z,y € R thi

flaf(z) + fy) = f*(2) +4y.

Loi gidi. a) Thay x = 0, ta thiy f(f(y)) = f2(0) + y nén dé thiy f 1a song anh trén R. Gid st
a1a sb thdaman f(a) = 0. Thay z = y = a, tacé f(0) = a. Suy ra

f(£(0)) = 0= f*(0) nén £(0) = 0.
Tiép theo, thay y = 0, ta c6 f(2?) = f?(x). Lai thay x = y, ta c6
f(f(2)) = f2(x) —af(x) +xhay = f*(z) = o f(x).

Suy ra f(x)(z — f(z)) = 0. Ma f(0) = 0 va f 1a song dnh nén f(z) # 0,Vx # 0, thé nén ta c6
f(x) = z,Vx # 0. Thi lai thiy thda.
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2) Thay = = 0, ta cé f(f(y)) = f2(0) + 4y nén f 1a song dnh. Gia st f(u) = 0 thi thay = = u,
tacod f(f(y)) = 4y nén f(4x) = 4f(z). Dodé f(0) = 0. Thay y = 0, taco f(zf(z)) = f(x).

Thay (z,y) — (f(x),0), tacd
f(4xf(z)) = 162 nén f(xf(z)) = 42°.

Do d6 f?(x) = 422, kéo theo f(x) = 22V —2z,Vz € R. Gia st c6 x,y # 0 sao cho f(x) =

2z, f(y) = —2y, thay vao dé bai, ta c6 f(2z% — 2y) = 422 + 4y. Do do, ta phai c6
42° + 4y = 2(22% — 2y) V —2(22% — 2y)
nén zy = 0, vo ly.
Bai toan 5. Tim tdt cd cdc ham sé f : R — R théa man
F@)f wf @) - 1) = 2F () — f(2)

voi moi x,y € R.
Loi gidi. Néu ton tai u # 0 d€ f(u) = 0 thi thay » = u, ta c6 ngay f(z) = 0, Vz.

Néu f(u) = Okéotheou = O thithay x = y = 1, tacé
S f(f(1) = 1) =0nén f(1) =1V f(0) = 0.
Thay = = 1, suyra f(y — 1) = f(y) — 1. Tit d6 suy ra
f@@) (f(yf(z) = 1) = 2° f(y) — f(z) nén f(x)f(yf(x)) = 2° f(y).
Thay y = 1 thi

f(@)+ f(f(2) =22
Gidi hé téng-tich nay, ta c6 f(z) = f(f(z)) = 2. Thi lai ta thiy thoa.

Bai toan 6. Xét ham sé f : R — R théa mdn

@) + f(wy) = f(f(2) +yf(x) + xf(y) véimoi z,y.

1. Chung minh rdng f la ham hdng.
2. Khdng dinh con diing khong néu diéu kién dé bai doi thanh
f@®) + fzy) = f(f(2)) +yf (@) + |2] f(y)?

Loi gidi. 1) Thay z = 0, ta c6 2f(0) = f(f(0)) + yf(0); néu f(0) # 0thiy =2 —

hing s6, vo 1y. Do d6 f(0) = 0. Thay y = 0, ta c6
f@*) = f(f(z)) v6i moi z.

Do d6, ta viét lai diéu kién da cho 1a f(zy) = yf(z) + xf(y) véi moi z,y € R.
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e Thay x =y = 1thi f(1) =2f(1) nén f(1) = 0.
o Thayz =y = —1 thi f(1) = —2f(—1) nén f(—1) = 0.

e Thay y = —1 thi f(—z) = —f(z) nén f la ham s6 1¢.

Cudi cung, trong (*) thay # — —x thi

F(f(@)) = f(2*) = f(f(=2)) = [(=f(2)) = = [(f(2)).

Suy ra f(f(z)) = f(2?) = 0,Vz nén f(z) = 0,Vz > 0; ma f(—x) = — f(z) nén ta ciing c6
f(z) = 0,Vx < 0. Piéu nay chiing t6 f(x) = 0 1a ham hing.

2) Cau tra 1i 1a pha dinh. That vay, xét ham sb:

f(m):{o, Vo > 0

—z,Vr <0’

Khi d6, f(z?) = 0va f(f(x)) = f(0) = 0,Vz > 0va f(f(z)) = f(—z) = 0,Vz < 0 nén ta
1uén c6 f(f(x)) = 0, Va, diéu kién ban dau trd thanh

flzy) = yf(x) + |z f(y).

Dé dang kiém tra néu 2 = 0 hoic y = 0 thi dang thiic trén diing. Ta xét cac trudng hop sau:

Néu z > 0,y > 0 thi d& thiy tit c cic s6 hang déu bing 0, thda man.

Néuz > 0,y < 0 thi —xy = 0 + z(—y), ding.

Néur <0,y <0thi 0=y(—2)+ (—z)(—y), ding.

Néur < 0,y > 0thi —zy = y(—x) + (—z) - 0, cling ding.

Do d6, ham s6 da néu thda man diéu kién dé bai. ]
Bai toan 7. Vdi cdc s6 thuc m,n, gid sit ton tai ham sé f : R — R théa man

fle+m- flay)) = flz) +n-2zf(y)

voi moi x,y € R.

1. Chiing minh rang néu f la ham toan dnh va f(1) = 1 thi phdi c6 m = n.

2. Ung vdim = n = 1, tim tdt cd cdc ham so théa mdan dé bai.
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Loi gidi. 1) Trude hét, ta thly néu m = 0 thin - zf(y) = 0,Vz,y € R, kéo theo n = 0. Con
néu n = 0 thi

fle+m- f(x)f(y)) = f(z) véimoi z,y € R.
Néu m # 0 thi xét 2y sao chof(zy) # 0, chon y dé f(y) = — ey thay vao, ta c6 f(0) =
f(z0), kéo theo f(x) 1a ham hing, khong thdéa man tinh chit toan anh. Piéu nay cho ta thiy
m=0van=0.

Cudi ciing, xét mn # 0. Goi g 1a sd thuc thdéa man f(zy) = 0 thi cho x = g, ta c6

flxo+m- f(zo)) = f(zo) + 120 f(1) = 29 =0

hay f(0) = 0. Thay # = 1 vao dé bai, ta c6 f(1 +mf(y)) = 1 +nf(y) nén f tuyén tinh, ma
f(0) =0, f(1) = 1 kéo theo f(z) = x, thay vao thi c6 ngay m = n.

2) Tacod
[+ f(ay) = f(x) + 2 f(y).
Chozx =y = —1,tacé f(—1+ f(1)) = O nén ton tai v d€ f(u) = 0. (¥) Thay x = u,y = 1,
taco 0 =muf(l) = uf(1l) = 0. Ta xét hai trudng hgp:
1. Néu f(1) = 0 thi thay > = i,y #0,tacod f(y) = 0,Vy # 0. Tiép tuc thay y = 0 thi
flz+£(0)) = fz) + 2 f(0).
Chon z # 0,z # — f(0) thi d€ dang c6 duge f(0) = O néntacé f(z) = 0,Vx € R.

2. Néu f(1) # 0 thi w = 0 hay f(0) = 0. Thay vao (¥), tacé f(1) = 1. Véi 2,y # 0, dit
z=x+yf (%) thi trong dé bai, thay = — ¥,y — 1, tacé

GGG
16)=rC) s

Py + 1) = ) + v (5) .

hay

Thay x — v,y — f,tacé

Cudi cung, thay x — v,y — § ta co

Py +mf) = fo) +vf (5) — fy) + s (5) te

Do ds f(y+ f() = f(y + f(x)) + . Thay y = —f(a) thi f(—f(x) + f(2)) =z nén
f toan anh. Thay z — 1,y — x thi

f+ f() = f(1) + f(=).

Vi f toan anhnén datt = f(z) + 1,tacd f(t) =t + f(1) — 1 v6i moi ¢ € R. Thay vao
dé bai, taco f(1) = 1nén f(z) = z,Vz € R.
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Vay tét c4 cdc ham can tim 1a f(z) = 0, f(z) = . O
Bai toan 8. Cho ham s6 f : R — R* théa man
fle=y)fly—2)f(z—x)=8va f(x) = 2,Vz = 0.

Xdc dinh f(x).

Dit f(z) = 29@*! thi c6 g(z) > 0,Vz > 0 va
gz —y)+9(y—2)+g(z—z)=0.

Suy ra g(x) + g(y) + g(z) = 0 v6i moi  + y + z = 0. Suy ra ¢ 1a ham 1€ va cOng tinh. Suy ra
g(z) = ax nén f(z) = 2% véia > 0.

Bai toan 9. Tim tdt cd cdc ham sé f : R — R sao cho
fla+y*+2%) = fla) + f(y)" + (=)

voi moi x,, z.
Loi gidi. Thay z =y = z = 0¢6 f(0)> + £(0)> = 0nén f(0) =0, f(0) = —1.

1. Néu f(0) = O thithay 2 = 01acé f(z +y?) = f(z) + f(y)> > f(x) nén f ddng bién.
Ngoai ra, ta cling c6

fla+ 2% = f() + f(2)°.
Suyra f(2%) = f(2)° nén f(z+2%) = f(x)+ f(2%), ching td f cong tinh va f(z) = ax.

2. Néu f(0) = —1 thi thay vao c6
fW*) = f(y)* = 2 nénsuy ra f(2)* = f(—2)".
Thay y = 0, dé dang ¢6 f(z) + f(—z) = —2. Gidiraco f(z) = f(—x) = —1,Vaz.
Vay ¢6 hai ham sb thda man dé bai 1a f(z) = x va f(z) = —1. O
Bai toan 10. Tim tdt cd ham s6 f : R — R théa man diéu kién f(0) = 0 va
fle+y’) + [ +y) =af (@) + 2+ [(fly+77))
voi moi x,y € R.
Loi gidi. Thé x = 0,taco f(y) + f(y?) = f(f(y +v*)) nén viét lai dé bai thanh
fle+y)) + f@® +y) =af(@) + 2+ fy) + f°). (+)
Thay z — 23, —23, ta c6
F@ +9°) + f(2° +y) = 2 (2%) +2° + f(y) + [ (")
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h f=2® +9°) + f(2° +y) = =2 f(=2") = 2" + [(y) + ().
o F@® +y°) = f(=2® +°) = 2® (f(2%) + f(=2") +2).
béi 23,93 — x,ytacod
fle+y) = fly—=) = x(f(x) + f(-2) +2). (%)
Thay y = 0, tacé f(x) — f(—z) = z(f(z) + f(—z) + 2) nén (*x) viét lai thanh
flet+y) = fly—x) = f(x) - f(-=).

Thay x =y, tacd f(x) — f(—z) = f(2z) nén f(x +y) — f(y — ) = f(2z) v6i moi x,y. Tu
day suy ra f cong tinh. T day ciing c6 f 1a ham 1. Thay lai vao (*), ta co

f@)+ f(a*) = 2f(z) + 2.

Thay r — —z, tacé —f(z) + f(2?) = zf(x) — z nén f(z) = x.

Thi lai thiy thoa. VAy tit ¢4 cdc ham sb can tim 1a f(z) = z. O

Bai 1. Tim tit ca cac ham s6 f : RT — R thoa man

L. flzy)+ flx+y) =2+ y+ay,Ve,y € RT.
2. 2 (f(2) + f(y) = (@ +y)f (yf(x)), Yo,y > 0.
Bai 2. Tim tht cd ciac ham f, g : R — R* sao cho f(1) = g(1) va véi moi z,y > 0 thi

flg(z) +y) = f(z) + gy
g(f(x) +y)=g(x) + f(y

Chiing minh ring f(z) = g(z), Vo € RT.

)
)

Gdi y. Chiing té ring f(x) > z, g(x) > x v6i moi z > 0.
Bai 3. Tim tit ¢4 cdc ham s6 f : R* — R* sao cho f(f(z) + 2y) = f(22 + y) + 2y v6i moi
x,y > 0.
Ggi y. Néu ton tai a > 0,b € R thoa f(z + a) = f(x) + b véi moi x > 0 thi a = b.
Bai 4. Tim tit ca cac ham s6 f : RT — R* théa man
f 32 (xy) + (29)*) = (2f(y) + yf(x))*

v6i moi x,y > 0.
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Goi ¥. Bién ddi thich hop dua vé zf(y) + yf(x) = cay + f(zy).
Bai 5. Tim tAit cd ham f : RT — R* sao cho
flz+ f(y) =f@)—z+ f(z+y)

véi moi z,y > 0.

Gdi y. Ding phuong phép thém bién

(2,y) = <2¥+x> : (y@m)

dé dua vé f(z +u) = f(x +v) +w hay f(z +u —v) = f(x) + w. T d6 ching minh ring
w=2(u—v)d€suyra f(z) — 2z = const.

Bai 6. Tim tit ca cac ham f : Rt — R* sao cho

f(f(xy) —2y) +2f(y) +yf(z) = flzy) + f(z)f(y), Yo,y > 0.

Goi y. St dung cac phép thé
(z,y) = (x4 f(2),9), (z,2), (x +y,2)
dé thu dudgc cic dang thiic rdi cong lai, tir d6 chiing minh ring f(z) — x = const.
Bai 7. Tim tit ca cac ham s f : RT — R thdéa man
@) = F)f () = Fa) @) ) = F(=")]

v6i moi sb thuc z, i, z > 0 phan biét.

Gdi y. D&i vai tro (z,, z) cho nhau rdi cong lai, dung bat dang thic AM — G M.

Bai 8. Choham sb f : R — R thdéaman f(z +y) = f(z) + f(y),Vo,y € R.

1. Cho biét riing f(22°20) = f(z)***. Ching minh ring f(z) = ax, V.
2. Cho biét rang f(22°'9) = f(z)*". Chiing minh ring f(z) = az, V.
Ggi y. 1) Tir gid thiét suy ra f(x) > 0,Vx > 0 nén f dong bién. Ta ¢ f(z) = ax,Vr € Q nén
xét day d€ chira f(z) = ax,Vr € R.
2) Tinh biing hai cach biéu thic f(z + y)*°*.
Bai 9. Choham s f : R — R thda min:
flx+y)=f(x)+ fy),Yo,y va | f(z) — z[ < 2019

v6i moi 2. Ching minh ring f(z) = z.
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Gaiy. Tacod f(2x) = 2f(z) nén f(2"x) = 2" f(x). Gid st f(xg) = x¢ + € thi
f(2"zg) = 2"xy + 2"¢

véi € # 0. Thay vao dé, ta c6 [2"¢| < 2019, Vn, vo 1y.
Bai 10. Cho ham s6 f : R — R lién tuc va thda man f(z + f(y + 2)) + f(y + f(z + 2)) +
f(z+ f(x+y)) =0v6imoiz,y,z € R.

1. Ching minh ring f(0) = 0.

2. Cho biét ring f(2019) # 0, ching minh ring f 1a ham sb toan anh. Tir d6 tim tit c4 cac

ham sb théa man dé bai.
Goiy. 1)Chox =y = z,tacd
f(z+ f(2x)) =0nén f (—% +f(x)> = 0.

Lai thay « — f(z) — 2 thi f (£ — 1 f(x)) = 0, ct nhu thé thi ¢6 f(0) = 0.
2) Taco
f(f(2x) —x) = =2f(x)
nén néu c6 f(rg) # 0 thi xét ddy dé c6 f(x) — +oo, va do tinh lién tuc nén né toan anh. Cho
y=z=0thi f(z) +2f(f(z)) = 0nén f(z) = —5.

Bai 11. Xét cac ham s6 f : RT™ — R sao cho v6i moi =,y > 0 thi

D )+ fly) < Lo

i) (z+y)[yf(z) +xf(y)] = zyf(r+y).

1. Ching minh ring f(2"z) = 4" f(z), Yz > 0.
2. Patg(x) = %, ching minh ring g(nz) = ng(x),¥n € Z*, 2 > 0.

3. Tim tit ca cac ham s6 f(x) thda man dé bai.

Bai 12. Tim tit ca c4c song anh f : R — R lién tuc sao cho

i) f(f(x)) =4f(z) — 3z véi moi sb thuc z.

i) lim 3z — f(z)) =—ocova lim (3z— f(z)) = +oo.

T—r—00 T—-+00

Bai 13. Tim tit ci cac ham s6 f : R — R lién tuc va thoa man:
L f(f(f(z))) = 2z — f(x) vi moi z.
2. f(f(z)) = af(z) + bx v6i moi sb thuc z; trong d6 a,b € (0;3) .
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Bai 14. Tim tht ¢4 cdc ham s lién tuc f : [—1;1] — [~1; 1] sao cho:

1. f(z) = f(42® — 3x) v6imoi —1 < x < 1.
2. 2f(x) = f (%) + f (%) véimoi —1 <z < 1.

Bai 15.

1. Cho céc ham sb lién tuc f,g : R — R thda man f(x) € Q khi va chi khi g(z) ¢ Q.
Chiing minh rang f, ¢ 1a cic ham hing.

2. Gia st f 1a ham s lién tuc thda min

2019

f(x)+f(x+7) €EQe fla+11)+ f(z+4) + f(x+2019) ¢ Q.

Ching minh ring phuong trinh 2'! — 42 4 2019 = f(z) c6 nghiém.

Bai 16. (PTH sau cic phép bién ddi) Tim tt ca cac ham s f : R — R lién tuc sao cho:

L f(@%) = f(z) = 2(2® - 1).
2. f(x) —x = f(f(z) —z)va f(0) = 0.
3. f(z) + f(2? + 2x) = 2 + 32 + 4026 v6i moi z.

Bai 17. Tim tit ca cac ham s6 f : RT™ — R lién tuc sao cho:

D f(2z) =2f(x).
i) f(f3x) (/@ —1)) = 22(e” — 1) f(x) v6i moi & > 0.
i) f(e—1)=(e—1)f(1).
iv) f(k)eZt Vk e Z .
Bai 18. Tim tit ci cic ham s6 lién tuc f : R — R thoa méan

f@) + ()

J@@+ 9’ +xf(2)+yf(y) = 5

v6imoi z,y € R.

Gdiy. Dit g(z) = z(2% + f(2?)) thi g ciing lién tuc, 18 va g(0) = 0. Ta viét lai thanh

2f(g(x) +g(y)) = f(z) + f(y).

Ta chitng minh ring néu g(z) khong bi chiin d€ suy ra g(x) toan 4nh trén R. Tir d6 tim dudc hai
ham1a f(z) =0va f(z) = 5 — x.
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MOT SO BAT PANG THUC TRONG CAC KY THI
OLyMPIC TOAN Hoc Quoc TE

Ng6 Van Thai
(Thai Binh)

GIOI THIEU

Ky thi Olympic Toan hoc Quéc té (IMO) dudc t& chiic mbi nim mdt 1an bat dau tir nim
1959 dén nay. Ky thi nay chi danh cho hoc sinh THPT, ndi dung dé thi gdm c6 6 bai toan
thudc cic phan mon khic nhau trong chuong trinh Todn hoc so cip. Day 1a ky thi danh
gia nhat hanh tinh, vi thé qui mo ky thi ngay cang dudc phat trién khong ngling, chit
luong ky thi ciing dugc nang 1én ngang tim thdi dai. Anh hudng tich cuc ciia ky thi Ia rat
16n, da tao dong luc thiic ddy phong trao phat hién va bdi dudng nhén tai Toan hoc trén
Thé gi6i mot cach rong khap manh mé. Nhiing thi sinh dat gidi cao trong ky thi IMO,
phan 16n c4c em sau d6 déu di theo nghiép 1am toan r6i trd thanh hodc cdc nha toan hoc,
hoiic céc nha khoa hoc, nha gido c6 st dung nhiéu dén toan. Sau mdi nim ban t5 chiic ky
thi Qudc té thuong thay ddi dang todn va nang dan d6 kho dé thi. B&i vay tiing qubc gia
c6 thi sinh tham du ky thi, phai ndm bat qui luat nay dé d6i méi cong viéc tuyén hoc sinh
ning khiéu, d6i méi noi dung va dinh thoi gian gidng diy cho phi hop dat hiéu qua cao
nhét. Trong dé thi IMO cla nhiing nim gan day khong thiy xuét hién cau chiing minh
bét dang thiic, Iy do vi sao thi chi ¢6 ban giam khao Qudc té 1a hiéu ro hon ai hét. Song
c6 mot dicu dé nhan thdy, cau bat déng thiic trong céc ky thi Olympic trudc ddy thudng
12 cau khé, n6 da can trd nhiéu sy t mudn danh diém thi tuyét dbi va ciing 1a ciu dem lai

su quan tim dic biét cia nhiing ngudi dam mé Toan hoc so cp.

Tac gia xin tran trong gii téi ban doc “Mot sb bai todn bat dang thiic trong cic ky thi
Olympic Todn hoc Quéc t&” c¢6 cach gidi chi dung kién thic THCS va nhiing mé rong
m&i dep dé€ ban doc tham khdo. Sau khi cic ban doc xong chuyén d& nay tic gia tin ring
gidi toan bit ding thiic sé khong con 1a mot trd ngai di véi cac ban nita, d6 chinh 1a diéu

tac gia mong mudn nhit.
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Bai toan 1. Goia, b, c la dé dai ba canh ciia mét tam gidc co dién tich la S. Chiing minh rdang

a’ + b% + ¢? }4\/§S.

Loi giai 1. Via, b, c la do dai ba canh cia mot tam giacnéna +b —c > 0,b+c—a > 0,

¢ +a—b > 0. Ap dung bit dang thiic AM-GM ta c6

a+b+c>=23Ya+b—c)(b+c—a)(c+a—Db),

hay la

/ b+c a+b—c b+c—a c+a—>b
3 4> 3 a+
J(@+b+c)* =31682,

(a+b+c)*>33-4S.

Do doé

Két hop v6i ddnh gid quen thude 3 (a? + b2 + ¢2) > (a + b + ¢)?, ta duge
a® +b* + c* > 438,

Bai toan dugc chiing minh. O

Lsi giai 2. Ta cé dang thifc (ban doc tu chiing minh)
2 (a2b2 + b%c? + czaz) — (a4 +b* + c4) = 1652,
Két hop v6i danh gia

(a4 +b* 4+ c4) > (a2 + b+ cz)2 > a?b? + b%c? + c%a?,

W | —

ta dudc |
(a* +b*+c*) + §(a2 +b% + c2)2 > 168 + (a* + b* + %),

a? + b% + % > 44/38.

Chiing minh hoan tit. O
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Bai toan 2. Goi P la diém tiry y ndm trong tam gidc ABC, PA cdt BC ¢ D, PB cdt AC ¢ E, PC cdt
2- AP BP CP

AB 0 F. Chiing minh rdng cd it nhat mot trong cdc ty so sau ddy khong lon hon 2: 55, 55 B

va ciing ¢ it nhdt mét trong cdc ty sé trén khéng nhé thua 2.

Loi giai. Theo dinh ly Gergonne thi

PD n PE n PF
AD BE CF

=1,

PD PE PF

suy ra trong ba ty s6 c6 it nhat mot ty s6 khong nhd hdn 2

AD’ BE® CF
Khong mét tinh téng quat ta gid st ty s6 52 P D > %.TL‘I
PD>1@AD<3@AP—|-PD<3@AP<2
AD ~ 3 7 PD PD PD
AP BP CP

Ching minh tuong tu trong ba ty sb ciing c6 it nhat mot ty s6 ciing khong nhd

PD’ PE’ PF
thua 2. Khi diém P tring véi trong tAm G clia tam giac ABC thi c4c ty sb trén déu bang 2.

Bai toan dugc chiing minh. U
Nhan xét. Nam 1818 nha todn hoc Gergonne ngudi Phap da chiing minh dinh ly sau:

Néu diém P ndm trong tam gidc ABC, cdc duong thing AP, BP, CP cdt cdc canh BC, AC, AB
theo thit tu lan luot tai D, E, F, thi

PD+PE+PF_
AD BE CF

Céach chiing minh dinh ly Gergonne rat don gian xin danh lai cho ban doc. Nhu viy thuc chét
bai toan nay chi 1a mot hé qua cua dinh ly Gergonne ma thoi (16i giai trén khac véi 161 giai dua

ra trong dap an cua ky thi).

Bai toan 3. Cho a, b, ¢ la dé dai ba canh ciia mét tam gidc. Chitng minh rdng

a’>b+c—a)+b*(c+a—-b)+c*(a+b—c)<3abc.
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Loi giai 1. Via, b, ¢ 1a dd dai ba canh cia mdt tam giac nén
(a—b)Y(@+b—c)>0,

(b—c)(b+c—a)=0,
(c—a)’(c+a—b) >0,

Cong vé theo vé ciia ba bat ding thifc trén va riit gon sé dudc
3abc >a*(b+c—a)+b*(c+a—b)+c*(a+b—rc)

Déu bang xay ra khi tam gidc da cho déu. Bai toan dugc chiing minh. O

Loi gidi 2. Khong mét tinh tdng quat gia st
a>b>c>0=a’>+bc>b>+ca>c*+ab.
Theo bt dang thiic hoan vi sé dudc
a(a2+bc)+b(b2+ca) >a(b2+ca) +b(a2—|—bc),
a(a2+bc) —l—c(c2+ab) >a(02—|—ab) —|—c(a2+bc),
b(b2-|—ca) +c(cz+ab) >b(cz+ab)—|—c(b2+ca),
Cong vé v6i vé clia ba bat dang thiic trén ta c¢6 diéu phai chiing minh. O
Nhan xét. Véi giai thiét tuong t, mdi ban doc thi stic véi cdc bat dang thiic sau
a’>(2b —c) + b*(2c —a) + ¢*> (2a — b) > 3abc.

a’>(2c —b) +b*(2a —c) + c*> (2b —a) > 3abc.

Bai todn 4. Cho x1,x3 > 0,x1y1 > 22, Xpy, > z2. Chiing minh rdng

1 1 8
2 + 2 2 2°
X1Y1— 27 X2)y2—2Z3 (x1 +x2) (V1 + y2) — (21 + 22)
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Loi gidi. Tur gia thiét ta dudc yq, y, > 0. Dit
X1y1—212:k1,x2y2—Z%:k2, kl,k2>0.
Vi

(x1 +x2) (V1 +y2) — (21 + 22)2 = (X1J’1 - Z%) + (xz)’2 - Z%) + X1y2 + X2y1 — 22122

ki + z? ko + z2
=k1-|-k2+(1 1)y2+( 2 2))/1—22122

Y1 V2
k k z2 z2
=k1—|-k2—|—( 1y2+ 2y1)+( 1)’2+ 2y1)—22122.
Y1 Y2 Y1 Y2

Theo bét dang thiic Cauchy-Schwarz hai s ta dugc

k k 2 2
( 12 + 2y1) > 2+ kiks, (21y2 + Zzyl) > 2|z122].
)1 Y2 V1 V2

Do doé
2
(X1 + X2) (V1 + ¥2) — (21 + 22)° = ki + ko + 2V kika + 22122 — 22122 > (\/k_1+ \/k_z) -
Suy ra
8 S 8
(Vi + V&) (1 +x2) (1 + 32) — (21 + 22)°

Lai st dung bét dang thiic Cauchy-Schwarz ta d& dang chiing minh dugc

11 8
1 ks (Vkl + \/kz)
Vay
1 1 8
2 + 2 2 2°
Xiy1—2Zi  X2Y2—2z3 (X1 +x2) (V1 + y2) — (21 + 22)
Pang thic x4y ra khi va chi khi x; = x», y1 = y», 21 = z,. Bai toan dudc chiing minh. O

Nhan xét. Khai quat bai todn ta dé dang c6 dugc mot mé rong sau:
Cho x1,X2,...,Xn €ERY Y1, ¥2, ..., V021,22, ..., 2, € R, théa mdn
xkyk—zp >0, Vk=1,n.

Chuing minh

N
.
w

n

XkVk — Zp 2 n n n 2°
(E=)(Ex)-(E7)
k=1 k=1 k=1

Néu st dung hai bit dang thiic Minkowsky ta con chiing minh dudc bai todn tdng quat dudi day:
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Cho

m
x,-k,zk>0,1_[xik—z,’c”>0, Vi=1m, Yk =1,n, m,n e N*.

i=1

Chitng minh rang

n 1 nm+l1
A (fer) () (52)
i=1 i=1 \k=1 k=1
Bai toan 5. Cho
ay zdz z--- 2dn
by 2by >+ 2> by
goi (c1,¢Ca, ..., Cy) la mot hodn vi tity ¥ ciia (by, b, . .., b,). Chitng minh rdang

(@ —b)? + (a2 —b)* + -+ (an — by)* < (a1 —€1)* + (@2 — 2)* + -+ + (an — ca).

Loi giai. Vi(cq,ca,...,c,) lamot hoan vi tuy y cta (by, b, ..., b,) nén
b + b2+ 4+ b>=c?+ 2+
Theo bt dang thiic hoan vi thi
aycy + axcy + -+ + ancy < ayby + ashy + -+ + ayby,
tuong duong véi
—2a1b; —2asby — -+ —2a,b, < —2a,¢c1 —2arcy — -+ — 2a,c,,

(@1 —b1)> + (a2 —b2)* + -+ + (an —bp)* < (a1 —c1)* + (a2 — 2)* + -+ + (an — cn)’.

DAu bing xay ra khi va chi khi hoic
a)=a,=---=a, hoic by =by=---=b,.

Bai toan dugc chiing minh. [
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Nhan xét. Dung phép bién d6i tuong duong bai todn trén ta s& dugc bai todn sau:

Choay > ar > -+ > ay, by 2 by > -+ > by,. Goi (¢1,Ca,...,cy) la mot hodn vi tiry y cuia

(b1, b, ..., b,). Ching minh rang

(@14 b1)* + (a2 + b2)* + -+ + (@n + ba)* = (a1 + c1)* + (@2 + €2)* + -+ + (an + cn)”.

Khai quat cach giai, ap dung nhi thiic Newton lai cho ta bai toan mé rong dep sau:
Cho hai ddy s6 thuc khong dm ay,as, . ..,a,, bi,ba, ... by va (X1, X2, ...,X,) la mot hodn vi
tuy y cia (by,bs, ..., b,), m € N*.

a) Néuay,as,...,a, vaby, by, ..., b, sdp thi tuciing chiéu, thi

(al + bl)m+(a2 + b2)m+ : "I'(an + bn)m = (al + xl)m+(a2 + x2)m+' : '+(an + xn)m-

b) Néuay,a,,...,a, vaby,bs,..., b, sdp thit tw nguoc chiéu, thi

(a1 +b1)"+(az + b))+ F(an + b)" < (a1 + x1)"+(az + x2)" +- -+ (an + x)".

Bai toan 6. Cho a, b, c la la dé dai ba canh ciia tam gidc. Chitng minh rdng

a’b(a —b) +b*c(b—c)+c*a(c—a)>0.

Loi giai 1. Thay
a=y+z,b=z+x,c=x+y (phépthéRavi).
BAt dang thic da cho c6 thé viét lai thanh
GV+2°C+0)0 -0+ CE+0)*x+)E -y + @+ )0 +2)(x—2) =0

hay la
X2z 4+ y3x + 2%y = xPyz + y?zx + 2%xy.

Bit dang thic nay ding theo bét dang thiic Cauchy-Schwarz dudi day
3z +y3x + 22y)(y2zx + 22xy + x%yz) > (xPyz 4+ yzx + szy)Z_
Vay bit dang thiic ban dau dudc chiing minh. O
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L&i gidi 2. (Leeb Bernhard) Khong mét tinh téng quat, gia st @ = max (a, b, ¢) , thi
a’b(a —b) +b*c(b—c)+c%a(c—a)
—ab+c—a)b—c)+ba-b)a—c)(a+b—c)>0.
Chitng minh hoan tt. [
Nhan xét. Ban doc c6 thé thi stic bﬁng cach thay diéu kién cta bai todn thanha > b > ¢ > 0.
Bai toan mdé rong:
Goi a,b,c la la dé dai ba canh ciia mdt tam gidc van € N, n > 2. Chiing minh rdng

a"b(a—b)y+b"c(b—c)+c"a(c—a)>0.

Bai toan 7. Cho ba sé thuc khong dm a, b, ¢ théa man a + b + ¢ = 1. Chiing minh rdng

7
Ogab—l—bc—l—ca—ZabcgE.

Loi giai. Via+b 4+ ¢ =1, nén
ab + bc 4+ ca—2abc =ab(1 —c)+bc(l —a)+ca > 0.
Dézmg thic xay ra khi va chi khi (a, b, ¢) 1a mét trong cac bd (1,0, 0), (0, 1,0), (0,0, 1).
Tir gid thiét ta c6
(1—-2a)+(1-2b)+(1—-2¢c)=1.
Cho nén téng ctia hai s6 bat ky trong 3 s6 1 — 2a, 1 — 2b, 1 — 2¢ déu khong 4m nén chi c6 thé
xay ra hai trudng hgp:
(i) Tit c4 ba s6 déu khong am. Khi d6 theo bat dang thiic AM-GM ta c6

(1—2a)+ (1-2b)+(1 —2c))3
3 :

(1—=2a)(1—-2b)(1 —2¢) < (
tuong duong voi
1
1—-2(a+b+c)+4(ab+ bc + ca) —8abc < 77

1
4(ab+bc+ca)—8abcéﬁ+l,

7
b+b —2abc < —.
av + oc + ca abc 77
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(ii) C6 ding mot s& am. Khi d6 hién nhién
1
1 —2a) (1 —-2b)(1 —2¢) < —,
( a) ( ) ( ¢) >

hay la
7
b+ b —2abc < —.
ab + bc + ca abc 77

Pang thic xay ra khi vachikhia = b = ¢ = %

Bai toan dugc chiing minh. [

Bai toan 8. Cho a, b, c la ba sé thuc dwong théa mdn abc = 1. Chitng minh rdng

1 1 1 3
= —.
a3(b +c) + b3(c + a) + c3a+b) 2

Loi giai. Patx = % y = %, z = %thi xyz = 1 va bat dang thic tré thanh

X2 y2 Z2

3
C = + + Z .
y+z z+x x4y~ 2

Theo bt dang thitc Schwarz va bat dang thiic Cauchy thi

< (x+y+2)?° _x+y+z>3,3/xy2_3
T+ FCEFE)+ ) 2 T2
Diéng thifc xdy rakhi vachikhix = y =z = I, tiiclaa = b = ¢ = 1. O

Nhan xét. Ta cé bat dang thifc tong quat sau, véi diéu kién tuong tu

1 1 1 3
Z =,
ak(b+c)+bk(c+a)+ck(a+b) 2

k> 2.

Bai todn 9. Cho luc gidc 16i ABCDEF cé AB song song vdi DE, BC song song véi EF va
CD song song véi FA. Goi Ry, Rc, R la bdn kinh duong tron ngoai tiép cdc tam gidc FAB,
BCD, DEF tuong ting va goi P la chu vi cia luc gidc. Chitng minh rdang

P

RA-I—Rc+RE>E-
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Li gidi. (John Scholes) Ap dung dinh 1y ham s sin cho cdc tam gidc tuong tng, ta c6

FD
sin E’

2R4 = , 2Rc = , 2Rgp =
4 sin 4 ¢ sin C E

Kéo dai cdc canh BC va FE va ké cac duong thang (a) va (d) qua A vd D vudng goc véi
chiing. Khi d6 BF 16n hon hay bang cic doan vudng géc di qua A va di qua D.

Ta c6 thé tim dugc do dai cic doan nay bang cach chiéu BA va AF 1én (a) dé dudc AB sin B +
AF sin F. Tuong tu, d6 dai canh qua D bang CD sin C + DE sin E. Do d6

2BF > ABsinB + AFsinF +CDsinC + DEsin E.

Tuong tu

2BD > BCsinB+CDsinD + AFsinA + EF sin E,
va

2FD > ABsinA + BCsinC +~ DEsinD + EFsinF.
Tu @6

2BF 2BD 2FD S AB (sinA 4 sinB) BC (sinB sinC) cD (sinC sin D

sin A + sinC + sinE = sin £ sin A sinC sin E

sin A sin £ sin C sin £

Bay gid ta st dung diéu kién cic canh song song d€ suyra A = D, B = E, C = F. Mdi mot

thira s6 duge nhan v6i cdc canh déu ¢6 dang x + 1 ¢6 gid tri nhd nhat bang 2 khi x = 1. Do d6

2BF 2BD 2FD
- + — + — > 2P.
sin A sin C sin £

Bai toan dugc chiing minh. [
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Bai toan 10. Cho a, b, ¢ la ba sé thuc dwong théa mdan abe = 1. Chitng minh rdng

1 1 1
(a—l—l——)(b—l—l——)(c—l+—)<1.
b c a

Loi gidi. T diéu kién, taddt x = a, y = 1 z = 3 = ca, bt dang thic rd thanh

X z 1
(X—y+z)(§—1+;)(;—l+;)<l,

(z-l—x—y) (x+y—z)(y+z—x)<l’
y z X

(x+y—=2)y+z-x)z+x—-y) <xyz.

tuong duong voi

Day chinh 12 bat dang thic Schur quen thudc. Bai todn dugc chiing minh. [

Bai toan 11. Cho x, y, z la ba s6 thuc dwong. Chitng minh rang

x y z
+ + > 1.
Vx2+8yz  /y?2+8zx /z?+8xy
Loi giai 1. (Nguyén Khic Minh) Ap dung bat dang thiic Cauchy-Schwarz ta c6

X n y n z < (x+y+2)>
VX2 +8yz  /y?+8zx \/22+8xy/x\/x2—|—8yz—|—y\/y2—|—82x—|—z\/z2—|—8xy'

Lai 4p dung bit dang thiic Cauchy-Schwarz, ta c6

xvV/x2+8yz+ y/y2 +82x +2/22 + 8xy < V(x + y 4 2)(x3 + y3 + 23 + 24xy2).
Nhu vy, ta chi can ching minh
x+y+2)0° >x34+ 3423 +24xyz,
xzy + x%z + yzx + yzz + 2%x + Zzy > 6bxyz.

Hién nhién theo bét déng thiic AM-GM. O
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Loi giai. Ta sé chiing minh
X - Vx4
VP 8yz T at e Yy
That vdy, bang cach binh phuong hai vé ta c6 thé viét bat dang thic trén lai nhu sau
2
(v3 x4 Yyt + v 24) > V/x2(x? + 8yz).
St dung bét dang thiic AM-GM, ta c6
2 2
(v3 x4+ Iyt + N 24) — (3 x4) = (2«/3 x4+ VY yt N 24) (\/3 Y+ ¥ 24)
> 43/x2yz 23/ y2z2
= 8v/x2-yz.

hay la
2 2
(\/3 x4 Yyt N 24) 2(3)64) 4+ 8/x2 yz =~ x2(x* +8yz),

tuong duong voi
3

X x4
= :

VX2 4 8yz x4 Yy 4 4

Do do s
X x4
D

x2 + 8yz x4+ Yyt 4+ izt

Bai toan dugc chiing minh. [

Nhan xét. Tir bai toan xin dé xuAt hai bai todn mé rong méi sau day:

Cho x, y, z la ba s thuc duwong. Chitng minh rang véi 0 < a < 1 ta cé

X y z 3
+ + P .
VX2 4+8yz —ax  Jy2+8zx—ay 224+ 8xy—az 33—«

Cho ba s6 thie duong a, b, ¢ va p,q € Z+, p > 2q. Ching minh rang

a b c

X/ (a2 + 8bc)? - /(b2 + 8ca)? - X/ (c? + 8ab)?

>@+b+e) 7.

Bai toan 12. Cho ba sé thuc duong x, y, z théa mdn xyz > 1. Chitng minh rdng

X5 — 2 N yS— 2 N 75 _ 52 -
X5+ y2 422 S 422 4 x2 25—|—x2—|—y2/ )
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L&i gidi. (Iurie Boreico) Goi S 1a vé trai ctia bai todn, v6i x, y, z > 0 thi
P =D+ -+ +2)] =P - 1)+ 22 >0,

Do do .
5 2 3 1 2
X’ =X x> —1 XT =< X —yz

> = .
x5+y2+22/x(x2+y2+22) x2+y2+22/x2+y2+22
Cong vé v6i vé bat dang thic nay v6i hai bat dang thic tuong tu, ta dudc

0.

X2+ 924+ 22— (xy +yz +zx) o

S >
x2+y2+22

Ding thiic xay rakhi vachikhix =y =z = 1. O]

Nhan xét. Mot sb bai todn tdng quat

Cho x, y, z la cdc s6 thie dwong théa man xyz > 1. Chitng minh rang véi 0 < 2r < k < 57’

ta co

xk_xr yk_yr Zk_Zr

+ + >0
xk_|_yr_|_Zr yk+2r+xr Zk_|_xr_|_yr

Cho ba sé thuc duong x, y, z théa man diéu kién xyz > 1vaoa > B +3,8 > —1, 1 € R.
Chitng minh rang

x% —x# yo —yh 7@ — 7B
T S iy M e oy Y ey S iy R R M
X +yr+zA pBHARL LA A B AR L XA 4y

Bai toan 13. Cho ba s6 thuc x, y, z # 1 théa mdn xyz = 1. Chitng minh rdang
x2 32 22

2+ 2+ 3> 1
x-=D" (-1 (-1

Chiing minh rang ddng thiic xdy ra tai vé sé b (x, y, z) hitu ti.

L&i gidi. Vix,y,z # 1 vaxyz = 1 nén ton tai ba sb thuc duong a, b, ¢ sao cho x = %,

y = IE’, z = % vaa, b, c 1labasb phan biét. Ta can ching minh

a’? b? c?

@ o= T car !
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Theo bat dang thiic Cauchy-Schwarz sé dudc

2 [a(@—c)+b(b—a)+c(c—Db)]

a
2 (a —b)? > (a—b)*(a—c)*+ (b—c)*(b—a)*+ (c —a)*(c —b)* )

Chd ¥ ring
[a(@—c)+b(b—a)+c(c—Db)] = (@®+b>+c*—ab—bc —ca)?,
va
(@—bPa—c)+bB-c)’b—a)’+(—a)’(c—b)*=(a®+b>+c*>—ab—bc— ca)z,
nén
a? b? c?
+ + > 1
(@—b? (b—c)? (c—a)’
Panh gia (1) x4y ra dang thic khi

_a_ b _c_
a—b —c c—a

_ b _
(@—by@a—c) (b—c)(b—a) (c—a)(c—b)

tuong duong voi

a b c

@—b’@—c) (b-cPb-a) (c—al(c—b)

b_l_c_l_a_3

a b ¢ 7
hay

1 1 1

-4+ -+ -=3.

X y z

Tu phuong trinh nay ta chon

+1
(x,y,2) = ((n:—l)z,—n(n—I—l),—nn2 ) n e Q.

Chiing minh hoan tit. O

Bai toan 14. Chon — 1 s6 thuc duong a,,as, . ..,a, thoa man asas---a, = 1. Chiing minh

(1 + ax)*(1 +az)*---(1 +a,)" > n".
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Lai giai. Véik € N, 2 < k < n, ap dung bét dang thic AM-GM ta c6

1 1 1 1 1
ltar=—+— 4 +—+ar >k

1

k—1 k-1 k—1 9w k=) T k=1)
k—1 k—1
do d6 )
k
(1+ak)">—(k T
suy ra
n . n Kk
l_[(1+ak) 21_[ mak =n"-aza3---an:nn_
k=2 k=2
Vay

(1+a)’(1+az)’ (1 +a,)" =n".

DAu bang cia (2) xay ra khi

1 1 1
a2a3...an:1, azzl, a3:§, a4:§’ ’an:n_l’
hay la
| 1 1 1 1
a»da ...an: R anda ...an: « — e — e s
o 243 23 nC1
hoac .
=1, 0 1y).
2.3-(n—1) (voly)

Do d6 dau dang thiic ctia khong xay ra. Bai toan dugc chiing minh.
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Tap chi Epsilon, S6 17, 04/2020 nhiing ngudi yéu toan

CAc BAI TOAN CuUC TRI
TRONG KHONG GIAN ToA DO

Nguyén Tat Thu
(Truong THPT chuyén Luong Thé Vinh - Pong Nai)

TOM TAT

Bai toan cuc tri n6i chung hay cuc tri toa d6 khong gian Oxyz thudng tao ra khé khian
cho hoc sinh. Khé khén hoc sinh thudng gdp khi ding trudc mot bai todn cuc tri trong
khong gian Oxyz 1a: cach xit 1 bai toan d6? kién thic can dung?... va ci tdm 1i nita! Bai
viét nay nham gitip cac em hoc sinh c6 thé tim dudc huéng xir 1 khi gip bai toan cuc tri
trong khong gian Oxyz.

V6i bai toan cuc tri trong khong gian Ozyz, ching ta thuong xu 1i theo mot trong hai hudng
sau:

Hudng 1: (Pai s6) Chuyén dai lugng cin tim min, max vé mot biéu thic dai sb va ding cic
bét dang thiic hoic khio sat ham s6 d€ tim min, max.

Huéng 2: (Hinh hoc) V6i huéng 1am nay, ta st dung céc bat dang thiic trong phan trén dé€ danh
gia.

Vi cach gidi theo hudng dai s6 sé c6 1¢i thé 1a it can dén tri tudng tuong khong gian ma can
tinh toan nhiéu hon, do d6 sé mat nhiéu thoi gian va dé c6 sai sot.

Véi cach giai theo huéng Hinh hoc doi hdi hoc sinh can c¢6 su tudng tugng khong gian tot hon
va thuong sé c6 10i giai ngan gon hon.

Du 1a theo céch nao thi cic em cin ndm dudc nhiing kién thiic co ban vé bat dang thic dai s6,
khao sat ham s6 va cdc bat dang thic hinh hoc. Trudc hét, ching ta ciing 6n lai cac kién thiic co
ban doé.

Nhiing két qua trinh bay dudi diy cac em déu da dudc hoc & cip THCS va THPT.

Két qua 1 (Quan hé giita géc va canh dbi dién trong tam giac). Trong mét tam gidc, canh doi
dién vdi goc lon hon thi lon hon.
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K&t qua 2 (Quan hé gitta dusng xién va dudng vudng géc). Trong cdc duong xién va duong
vuong goc ké tix mot diém ndm ngoai dwong thing dén duong thing dé thi duong vudng goc la
duong ngdn nhdt. Nhu trong hinh vé ta luén c6 AM > AH.

A

M H
K&t qua 3 (B4t ding thiic tam giac). Vdi ba diém A, B, C bdt ki ta luén cé bdt ding thiic
AB+ BC > AC.
Tong qudt hon ta cé bdt ddng thiic ciia duong gap khiic: Vi n diém A,, A,, ..., A, ta luén cé
A1 As + AsAs+ -+ A1 A, > A A,
Ké&t qua 4 (B4t ding thic gitta trung binh cong va trung binh nhan). Vdi hai sé khong dm

x, y ta luoén co
r+y

5 > 2/xy.

Ddng thitc xdy ra khi va chi khi x = .
K&t qua 5 (B4t ddng thiic vé tich vo hudng cha hai vécta). Vdi hai vécto @, b ta luon cé
@- b < |a] - |b].

Pdng thiic xdy ra khi @ = kl;, ke R.
2. Mot s6 bai toan thuong gap
Phan nay sé gi6i thiéu mot sd bai todn thudng gip va cich gidi cac bai toan do.

Bai toan 1. Cho diém A cé dinh va diém M di déng trén hinh (H) ((H) la duong thdng, mdt
phdng). Tim gid tri nhé nhdt ciia AM.
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Loi gidi. Goi H 1a hinh chiéu vudng géc cta A 1én hinh (H). Khi do, trong tam gidc AH M
vudng tai M, ta co

AM > AH.
Diéng thifc xay ra khi M = H.
Do d6 AM nho nhit khi M 1a hinh chiéu ctia A 1én (H). O

Bai todn 2. Cho diém A va mdit cdu (S) c6 tdm I, bdn kinh R. M la diém di dong trén (S). Tim
gid tri nhé nhdt va gid tri 6n nhdt ciia AM.

M>

Loi gidi. Xét A nim ngoai mit cu (S). Goi M, M; 1an luct 1a giao diém cla dudng thang Al
véi mit cau (S) (AM; < AM,) va (o) 12 mit phang di qua M va duong thang Al. Khi d6 («)
cit (S) theo mot dudng tron 16n (C). Ta c6 MMM = 90°, nén AM M, va AM, M 1a céc goc
tu, nén trong cac tam giac AM M, va AM M, ta c6

Al — R=AM, < AM < AM, = Al + R.
Tuong tu véi A nam trong mit cu ta c6
R—AI < AM < R+ Al
Vay min AM = |AI — R|, max AM = R+ Al. O
Bai todn 3. Cho mdt phdng (P) va hai diém phdn biét A, B. Tim diém M thudc (P) sao cho

1. M A+ M B nhé nhdt. 2. M A — MB]| Idn nhdt.
Loi gidi.
1. Ta xét cac truong hop sau
e TH 1: Néu A va B niam vé hai phia so véi (P). Khi d6

AM + BM > AB.

Ding thiic xay ra khi M 1a giao diém ctia AB véi (P).
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e TH 2: Néu A va B ndm cling mdt phia so véi (P). Goi A’ dbi xiing véi A qua (P).
Khi do
AM + BM = A’'M + BM > A'B.

Ding thiic xay ra khi M 1a giao diém ctia A'B véi (P).

A

/
/ /, /7
/ /7
/ Iy
/ 17
A

2. Ta xét cac truong hop sau
e TH 1: Néu A va B niam ciing mot phia so véi (P). Khi d6
|AM — BM| < AB.

Ding thiic xay ra khi M 1a giao diém ctia AB véi (P).

e TH 2: Néu A va B ndm vé hai phia so véi (P). Goi A’ dbi xing véi A qua (P). Khi
do
|AM — BM| =|A'M — BM| < A'B.

Ding thiic xay ra khi M 1a giao diém ctia A'B véi (P).

0
Bai toan 4. Viét phucong trinh mdt phdng (P) di qua A va cdch B mét khodng lon nhdt.
A
A H
Loi gidgi. Goi H 1a hinh chiéu ctia B 1én mit phang (P), khi d6
d(B,(P)) = BH < BA.
Do d6 (P) 1a mit phing di qua A va vuong géc véi AB. O
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Bai toan 5. Cho cdc sé thiue dwong o, ( va ba diém A, B, C. Viét phuwong trinh mdt phdng
(P) diqua CvaT = ad(A, (P)) + 3d(B, (P)) nhé nhdt.

Lai gidi.

1. Xét A, B nidm vé clng phia so véi (P).
e Néu AB || (P) thi
P=(a+p)d(A,(P)) < (a+ B)AC.
o Néu dudng thing AB cit (P) tai I. Goi D la diém théa man B = %ﬁ) va E a
trung di€ém BD. Khi d6

P = ad(4,(P)+ 8- % -d(D, (P)) = 20d(E, (P)) < 2(a + 8)EC.

2. Xét A, B nam vé hai phia so véi (P). Goi I 1a giao diém ctia AB va (P), B’ 1a diém d6i
xung v6i B qua /. Khi do6

P =ad(A, (P))+ Bd(B', (P)).

Dén day ta chuyén vé trudng hop trén.

So sanh c4c két qua & trén ta chon két qua 16n nhét. O
Bai toan 6. Trong khong gian cho n diém Ay, As, ..., A, va diém A. Viét phuong trinh mdit
phdng (P) di qua A va tong khodng cdch tix cdc diém A; (i = 1,n) Ion nhdt.

Lai gidi.

e Xétn di€ém A;, A,,..., A, nim cung phia so véi (P). Goi G 1a trong tim ctia n diém
da cho. Khi d6

i d(A;, (P)) = nd(G, (P)) < nGA.

e Trong n diém trén c6 m di€ém nam vé mot phia va k diém nam vé phia khac (m + k = n).
Khi d6, goi G 1a trong tAm ctia m diém, G, 1a trong tAm cta k diém G5 dbi xiing véi G
qua A. Khi do

P = md(G3, (P)) + kd(Gs, (P)).

Dén day ta chuyén vé bai todn trén.

]

Bai toan 7. Viét phuong trinh mdt phdng (P) di qua duong thing A va cdch A mot khodng 16n
nhdt.
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o

Loi gidi. Goi H, K lan lugt 1a hinh chiéu ctia A 1én mit phang (P) va dudng thang A. Khi d6

d(A4, (P)) = AH < AK.
Do d6 (P) 1a mit phang di qua K va vudng géc véi AK. O
Bai toan 8. Trong khong gian Oxyz, cho cdc diém A,, A,, ..., A,. Xétvéc to
W= ayMA, + sMAy + -+ a, MA,.
Trong do oy, g, ... Qp la cdc sé thuc cho trudce théa man o + oo + ...+ oy, # 0. Tim diém
M thudc mdit phang (P) sao cho || ¢6 do dai nhd nhat.
Loi gidgi. Goi G 1a diém thda man
alGﬁl + anglg 4+ 4 OznG;ln =0
(diém G hoan toan x4c dinh).
Tacéd MA, = MG + G4, v6i k = 1;2; ...; n,nén
B= (1 + as+ ...+ ) MG+ a1 GA, + asGAy + - + 0, GA,
= (o + as + ...—i—ozn)]\[G.

Do do .
0| = |1 + a2 + -~+ozn\.‘MG‘.

Via; 4+ ay + -+ 4 a, 12 hing s6 khac khong nén || c6 gid tri nhé nhét khi va chi khi MG

nhé nhit, ma M € (P) nén diém M can tim l1a hinh chiéu cta G trén mit phang (P). O
Bai toan 9. Trong khong gian Oxyz, cho cdc diém A,, A,, ..., A,. Xét biéu thitc:

T=0oMA? + agMAS + - + a, MAZ.

Trong do oy, o, ..., oy, la cdc s6 thice cho trude. Tim diém M thudc mdt phdng (P) sao cho

1. T gid tri nhé nhdt biét oy + as + ... + a, > 0.

2. T co gid tri lon nhdt biét oy + as + ...+, < 0.

132



Tap chi Epsilon, S6 17, 04/2020

Loi gidgi. Goi G 1a diém thda man
alGjéll + OzQGzlg 4+ 4 OznGzln =0.
Tacé MA, = MG + G4, v6i k = 1;2; ...; n,nén
MAE = (MG + G74k)2 = MG? +2MG.GA, + GAL

Do dé
T=(a1+ s+ ...+ @) MG® + a,GAS + apGAS + -+ + a,, GA2.

Vi a;GA? + asGA2 + - - - + a,,GA? khong d6i nén

e Véioy + as+ ...+ oy, > 0thi T dat gid tri nhd nhét khi va chi khi M G nhd nhit.

e V6ia; + as+ ...+ a, < 0thi T dat gid tri 16n nhat khi va chi khi M/ G nhé nht.

Ma M € (P) nén MG nhé nhit khi diém M 13 hinh chiéu ctia G trén miit phang (P). O

Bai toan 10. Trong khéng gian Oxyz, cho ducng thing d va mdt phding (P) cdt nhau. Viét
phuong trinh ciia mdt phdng (Q) chita d va tao vdi mdt phdng (P) mét goc nhé nhdt.

Loi gidi. Goi I 1a giao diém ctia dudng thang d véi mit phang (P) valay diém M € d, M # 1.
Goi H, K 1a lugt 1a hinh chiéu cia M 1én (P) va giao tuyén A cta (P) va (Q).

Dit ¢ la goc gitta (P) va (Q), tacd ¢ = MK H, do d6

HM _ HM
>

tang = — > —
Wmo = e 2 Hy

Do d6 (@) 1a mit phang di qua d va vudng géc véi mit phang (M HI), nén (Q) di qua M va
nhén (7ip A tg) A Uy lam VTPT. O
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Chii y. Ta c6 thé giai bai toan trén bang phucng phap dai sé nhu sau:
e Goi 7l = (a;b;c), a® +b* + ¢ > 01a mot VTPT ctia mit phang (Q). Khi d6 7 - iy = 0,
tu day ta rat dudc a theo b, ¢ (hodc b theo a, c hodc c theo a, b).
e Goi ¢ la goc gitta (P) va (Q), ta cod

|- 7ip|

f(@),

O8O = 1A Jrae]

. b 2 , ~ >
v6it = -, ¢ # 0. Khdo sat f() ta tim dugc max cua f(t).
c

Bai toadn 11. Trong khong gian Oxyz, cho hai duong thing d va d’ chéo nhau. Viét phuong
trinh mdit phdng (P) chita d va tao vdi d’ mét goc 1on nhdt.

LV

P)

Loi gidi. Trén dudng thang d, 1ay diém M va dung dudng thang A di qua M song song véi d'.
Khi d6 goc gitta A va (P) chinh la géc gitta d’ va (P).

Trén dudng thang A, 14y diém A. Goi H va K lan lugt 1 hinh chiéu ctia A 1én (P) va d, ¢ la
goc gitta A va (P).

Khi dé ¢ = AMH va

cos P = HM > M

AM — AM~
Suy ra (P) 1a mit phang chita d va vudng géc v6i mit phang (AMK). Do d6 (P) di qua M va
Ilhé:ln (ﬁd AN ﬁd/) N ﬁd lam VTPT. OJ

Chii y. Ta c6 thé giai bai toan trén bang phuong phap dai sé nhu sau:
e Goiii = (a;b;c), a® + b%> + ¢ > 012 mot VTPT ciia mit phang (P). Khi d6 7 - iy = 0,
tu day ta rat dugc a theo b, ¢ (hodc b theo a, ¢ hoac c theo a, b).
e Goi ¢ la goc gita (P) va d’, ta co

sin ¢ = —|n ' ud/l

= f(®),

7] - ||
v, b . . ,
Vit = -, ¢ # 0. Khao sdt f() ta tim dugc max cta f(t).
c
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Vi du 1 (Thi tha 1An 3, THPT Kim Lién - H3 Nbéi, 2019). Trong khéng gian Ozxyz , cho
4 2 ]. - 5

hai dién M (=2 —2:1), A(1;2: —3) va duong thing d : ‘”; =L L Geial

duwong thdng qua M, vuong goc véi duong thdng d, dong thoi cdch diém A mét khodng bé nhdt.

Khodng cdch bé nhdt do la

A. V29 B. 6 C.5 D. 3

Loi gidi. Bai toan yéu cAu tim khodng cich h nhd nhét tit A dén dudng thang A, nén ta nghi
dén viéc so sanh khoang cich h véi AM, tuy nhién ta c6 h < AM, do d6 ta khong st dung
dudc danh gia nay!

Dua vao diéu kién ctia duong thang A (di qua M va vudng géc véi d) ta c6 duge A ludn nim
trén mit phang (P) di qua M va vudng géc v6i d, mit phang (P) hoan toan dugc xac dinh va
h > d(A,(P)). Tudo, tacé minh = d(A4, (P)).

9.49.9_ (—
Tacé(P):2x+2y—z—|—9:O,Suyramjnh:d(A’(P)):| + ( 3)+9|:
V22422 + (—-1)2

Chon dap an B. [

Vi du 2 (D& tham khdo lan 3, nam 2017). Trong khéng gian vdi hé toa do Oxyz, cho mdt
phdng (P) : x — 2y + 22 — 3 = 0 va mgt cau (S) : %+ 9> + 22+ 22 — 4y — 22 + 5 = 0. Gid
sit M € (P)va N € (S) sao cho vécto MN cing phiong véi vécto @(1;0; 1) va khodng cdch
giita M va N [6n nhdt. Tinh M N.

A. MN =3 B. MN =1+2v/2 C. MN =32 D. MN = 14
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N
~ N
K 1
H M
Loi giai. Goi ¢ la goc gitta i va 7ip, ta cd
w-Tip 3 1

cos ¢ = —.

[l - lipl - 3v2 V2

2 . —— 1
Goi H 1a hinh chi€u ctia N 1én mat phang (P), khi d6 cos MNH = 7 nén

NH
cos MNH

Suy ra M N 16n nhat khi N H 16n nhat. Ma

max NH = R+ d(I,(P))=1+2=3.
Do d6 max M N = 3v/2. Chon dap an C. O]
Vidu 3 (SGD Séc Tring 2018). Trong khong gian véi hé toa dé Oxyz, cho mdt phang (P): x+
y+2—1=0va hai diém A(1;—3;0), B(5;—1; —2). Biém M (a; b; c) nam trén (P) va |M A —
M B| I6n nhét. Gid tritich a - b - c bang

A. 1 B. 12 C. 24 D. —24

Loi gidi. Ta cé A, B nim vé hai phia ctia mit phang (P). Goi B’ 1a diém ddi xting ctia B qua
(P). Theo bai todn (3) ta suy ra |M A — M B| 16n nhét khi M 1a giao diém ctia AB’ va mp(P).

=95+t
Phuong trinh dudng thang BB 1a{ y = —1 4t
z=—-2+t

. 14 4 7
Goi H la giao diém cta BB’ va mp(P). Suy ra H (?’ —3 —§> :
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o 13 5 8 - 10 4 8
Do H la trung diém ctia BB’ nén B’ (E’ —3 —§> Ta c6 AB' = ( —), suy ra

37373
=145
phuong trinh dudng thang AB' 1a { y = —3 + 2t
z=—4t
Toa do di€ém M (6; —1; —4), suyraa - b- ¢ = 24. Chon dép an C. O

Vidu 4. Cho cdc diém A(1; —1; 2), B(2; 0; 1) vamdt phing (P) : 2v—y—2z+3 = 0. Gd sit
M (x0; yo; 20) la diém thuéc (P) sao cho M A+ M B c6 gid tri nhé nhédt. Tinh T = 3o+ + 20

A.T =2 B. T'=10 C.T=5 D.T:%

Loi giai. Ky hiéu f = 2x —y—2+3thitacd f(A) =2+1-243=4>0, f(B) =
4—1—1+3=5>0.Vithé cic di€m A, B nim cung phia so vdi (P).

Goi A’ dbi xing v6i A quan (P). Khi d6 theo bai todn (3) ta c6 M 1a giao diém cta A'B véi
(P).

Goi H(x; y; z)1ahinh chiéu ctia diém A trén mit phang (P).

A_Hzt-ﬁ(p)

nén toa do H thdéa man
H e (P)

Tacd AH(z —1; y+1; z—2)vél{

r—1 y+1 =2-2

r T (kL)
20 —y—2+4+3 =
5 1 10
Toado A" | —=; =; — | .
s (5 1 10)

> 1 T —2 Y z—1

/ — 1 — a ! . = — =
DoAB—g(ll, 1; —7)nén A’'B : T 7 —

1 1 12

Tir d6 ta tim dudc toa do diém M 1a M (— ) .Suy raT = 2. Chon ddp an A. ]

555
Vi du 5 (Thi thir 1an 1, Trudng Chuyén Luong Thé Vinh, Dong nai 2018). Trong khong gian
Oxzy, cho bon diém A(—4;—1;3), B(—1;-2;—1), C(3;2; —=3) va D(0; —3; —5). Goi () la
mdt phdng di qua D va tong khodng cdch tic A, B, C dén () Ion nhdt, dong thoi ba diém

A, B, C ndm cimg phia so vdi (a). Trong cdc diém sau, diém nao thudc mdt phdng ()

A. E\(7;-3;—4) B. E5(2;0;—7) C. E3(—1;—-1;-6) D. E436;1;—1)

Loi gidi. Theo két qua ctia bai toan (6) ta c6

d(A, (P)) +d(B, (P)) +d(C, (P)) = 3d(G, (P)) < 3GD.
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2 .
Trong d6 G ( 3T ——> la trong tam cta ba diém A, B, C. Do d6 (P) la mit phang di qua
D vanhan DG = ( ) lam VTPT. Nén phuong trinh (o) : © — 4y — 7z — 47 = 0.
Chon dap an A. [

Vi du 6. Trong khong gian Oxyz, cho ba diém A(1;2;3), B(—=3;4;—1) va C(2;0; —2). Goi
(P) la mdt phdng di qua C va tong khodng cdch tic A va B dén (P) Ion nhdt. Tinh khodng cdch
h tir gbc toa dé O dén mdt phing (P).

__ 4 _ 1 _ _ 2
A h= 7 B. h= C. h=+3 D. h= 2

Loi giai. Ta xét hai trudng hgp

e A va B nidm cung phia so v6i (P). Khi d6
d(A, (P)) + d(B, (P)) = 2d(M, (P)) < 2MC = 6v/3,
trong d6 M (—1;3;1) 1a trung di€ém AB.
e A va B nam khic phia so véi (P). Khi d6
A(A, (P)) +d(B, (P)) = d(A, (P)) + d(B', (P)) = 2d(N, (P)) < 2NC = 6,
trong d6 B'(7; —4; —3) la diém dbi xing v6i B qua C va N(4; —1;0) la trung diém clia
AB'.

Tir d6 ta c6 (P) 1a mit phing di qua C' va nhan Vectd MC = (3;—3;—3) lam VTPT. Suy ra

phuong trinh (P): x —y — 2 —4=0. Dodoh—ﬁ Chon dap an D. O
Vidu7 (D& TT Ian 2, Ngb Quyén, Hai Phong 2018). Cho mdt phdng (o) : ax+by+cz+d =
0,(a*+ b+ & > 0) di qua hai diém B(1;0;2), C(5;2;6) va cdch A(2;5;3) mot khodng ldn
nhdt. Khi dé gid tri ciia bicu thite T = —~— [a
b+c+d
A3 B. ¢ C. -3 D. -2
A
H
¢ I B
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Loi gidi. Theo két qué bai toan (7), ta ¢6 (a) la mit phing di qua B va nhan vécte A7 lam
VTPT, véi I hinh chiéu vudng géc ctia A 1én dudng thang BC.

r=1+2
Phuong trinh dudng thang BC : { y =t
z =242t

Goi I 1a hinh chiéu ctia A trén BC suy ra I(3;1;4).
Phuong trinh mit phing (P) laz — 4y + 2z —3 =0

a 1
ViyT = ——— = ——. Chon dap an C. OJ
W b+c+d 6 on dap an

Vidu 8 (GHK2, THPT Nghén - Ha Tinh, 2019). Trong khéng gian toa dé Oxyz, cho cdc diém
A(1;1;2), B(0; —1; —3). Xét cdc diém thay déi trén mdt phdng (Oxz), gid tri nhé nhdt ciia
p= )07\4 + OMA + 3MB| béng

A. 1 B.

[\J [N
@
N[
=

Loi gidi. Goi I 1a diém théa man
OI +2IA+3IB =0.

1 1 5
Tacod ( : ——) . Khi d6 theo bai toan (8), ta co

271
(OB + 204 + 3MB| = 40T,
Do d6 P dat gi4 tri nhd nhit khi va chi khi A/ 13 hinh chiéu vudng goc cta I 1én (Oxz).
1 5
Theodo M | =;0; —— ).
eo do (2, ; 4)

1
Khido min P =4-d(I;(Oxz)) =4IM =4 - '_Z‘ = 1. Chon dép an A. O

Vi du 9 (Dé thi tha THPTQG, 2018, SGD Pha Tho). Trong khéng gian Oxyz, cho mdt
phdng (P): 3z — 3y + 2z — 15 = 0 va ba diém A(1;2;0), B(1; —1;3), C(1;—1; —1). Diém
M (z0; Yo; 20) thudc (P) sao cho 2M A* — M B% + M C? nhé nhdt. Gid tri 2x + 3y + 2o bdng

A. 11 B. 15 C.5 D. 10

Lai gidi. Goi G(a; b; c) 1a diém thda man 2GA — GB + GC = 0. Ta c6 G(1;2; —2).

Khi d6 theo bai toan (9), ta c6 M 1a hinh chiéu cta G 1én (P).

. -1 -2 2
Phuong trinh dudng thang qua G va vudng goc véi (P) la L 5 = Y 5 = & ; .
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Xét hé
r—1 y—2 242 r+y=23 r=4
3 -3 2 o{{2r—-32=8 sS{{y=-1
3 -3y +22-15=0 3r—3y+22=15 z=0.

Vay M (4; —1;0) va gia tri ctia biéu thiic can tim bang 2 -4 +3 - (—=1) +0 = 5.

Chon dap an C. ]

Vi du 10 (Dé tap huln tinh Lai Chau,2019). Trong khéng gian vdi hé truc toa do Oxyz, cho
, 1 1 9

ditong thing A: * = y 5 = g va mdt phang (a): © — 2y + 2z — 5 = 0. Goi (P) la

mdt phdng chita A va tao véi mdt phdng (o) mot géc nhé nhdt. Phuong trinh mdt phdng (P) cé
dang ax + by + cz +d = 0 (véi a,b,c,d € Zvaa, b, ¢, d € [~5;5]). Khi do tich abcd bdng
bao nhiéu?

A. 120 B. 60 C. —60 D. —120
Loi gidi. Theo két qua bai todn (10) thi (P) 1a mit phang di qua M (1;1;0) va nhan
n= (ﬁa AN ﬁA) N ﬁA = (-8; 20, —16)

lam VTPT. Suy ra phuong trinh (P): 2z — 5y +4z + 3 = 0.

Tudo, tacéa =2,b=—5,c=4,d= 3nén abecd = —120. Chon dap an D. O
1 2 2 y—1 7
Vidu 1l Chod: “= :y; = S vad x; =L = 2 Goi (P) la mat phing

chita dwong thang (P) va goc gitta mdt phding (P) va duong thdng d' 16n nhdt. Toa dé giao
diém ciia (P) va truc Oy la

A. (0;3;0) B. (0;9;0) C. (0;-9;0) D. (0;—3;0)
Loi gidi. Theo két qué clia bai todn (11), ta ¢6 (P) 12 mit phang di qua M (1; —2;0) va nhan

vec to
n= (ﬁd AN E/d) VAN ’lj:d = (14, —2; 10)

lam VTPT. Suy ra phuong trinh (P): 7x —y + 52 — 9 = 0.
Tu d6 ta tim dugc giao di€ém cta (P) va d’' 1a (0; —9;0). Chon dép an C. O

Vidu 12 (KSCL L4, Yén Lac - Vinh Phiic, 2019). Trong khéng gian toa do Oxyz, cho mqit cdu
(9) : (x = 3)? + (y — 2)® + 2% = 4 va hai diém A(—1;2;0), B(2;5;0). Goi K(a;b;c) la diém
thuéc (S) sao cho K A + 2K B nhé nhdt. Gid tri a — b + ¢ bing

A. 4—3 B. —V3 C. V3 D. 4+ 3
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Loi gidi. Mit cau (S) c6 tdm 1(3;2;0), ban kinh R = 2.

Vi chiing ta cin ddnh gid tong KA + 2K B, nén ta tim cach dung diém M sao cho KA =

KA .
2KM < Vi 2 khi K thay doi trén (.5).

£ . ,TA KA o .
Tathay /K = R = 2valA = 4, nén K — 2 = Vavh Diéu nay goi y ta xét hai tam giac
TAK va I KM dong dang v6i nhau. Do d6 trén doan AT ta ldy M sao cho IM = 1. Khi d6 hai

IA IK \
tam giac IAK va I KM c6 goc I chung va K= 2= T nén hai tam gidc d6 dong dang véi
nhau.

Ta tim dugc M (2;2;0). Khi d6
KA+2KB =2(KM + KB) > 2MB.

Hon nita, dé thdy B ndm ngoai mit ciu (S) va M nidm trong mit ciu (S), nén ta c6 déu bing
xay ra khi K 1a giao diém ctia doan thang M B véi mit cau (S).

r =2
Phuong trinh cia M B : ¢ y = 5+ 3t, suy ra K(2;5 + 3t;0)
z=10
1
K e (S):>1+(9(1+t)2:4<:>t:—li%:>K(2;2—\/§;0)V21K(2;2+\/§;0).
Do K nim gitta B, M nén K (2;2 ++/3;0) = a — b+ ¢ = —/3. Chon dép 4n B. O

Vi du 13 (THPT QUéC GIA 2018 - 101). Trong khéng gian Oxyz, cho mdt cdu (S) c6 tam
I1(—2;1;2) va di qua diém A(1;—2;—1). Xét cdc diém B, C, D thuoc (S) sao cho AB, AC,
AD doi mét vuéng géc véi nhau. Thé'tich ciia khéi tit dien ABC'D co gid tri I6n nhdt bdng

A. 72 B. 216 C. 108 D. 36
D P
M AN

// : //j// \\\\
l/ :/// b \\\

/) e ety N

/ ///A P S

/a4 ,,——”’—

B E

Loi gidi. Dit AB = a, AC = b, AD = cthi ABC'D 1a ti dién vudng dinh A, ndi tiép mit cau
(5).

Khi d6 ABCD la ta dién dat 6 goc A cia hinh hdp chit nhat tuong tng c6 cac canh AB, AC,
AD va dudng chéo AA’ 1a duong kinh ctia cAu. Ta c6 a? + b% + ¢ = 4R?.
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1 1
XétV = Vapep = aabc s V2= %a%zcz. Ma

3

4R\ ? 443
@(T) 236-V24:>V<R3-2—{.

2 4 2 2\ 3
a? + b+ > 3Wah?? < (u) > a2

V6i R = T A = 3v/3. Viy Vinax = 36. Chon ddp 4n D. O
Vi du 14 (TT, THPT Nghen, Ha Tinh, lan 2, 2018). Trong khong gian Oxyz, cho mdt cdu

f\f

2

qua diém M, cdt mdt cdu (S) tai hai diém phdn biét A, B. Tinh dién tich I6n nhdt Syax clia tam
gidc OAB.

(S) c6 phuong trinh 2% + y? + 22 = 8 va diém M . Puong thdng d thay doi di

A. Smax =4 B. Smax = 2\/? C. Smax = \/7 D. Smax = 2\/§

Loi gidgi. (S) c6 tam O(0;0;0) va c6 ban kinh R = 2+/2.

Goi t 1a khoang cach tir tim O dén dudng thang d (t < OM = 1). Dién tich tam gidc OAB la

S:%t-AB:t\/RQ—tQ:t\/E%—t?

(\/_t> VETP < Tt 4+ 8 — 12

VT 2V7
67+ 8 _ 14 J7
= =VT.
W7 T
Déu bang xay ra khi d vudng géc véi OM . Chon ddp 4n C. ]

Vidu 15 (Thi thi, Chuyén Phan B&i Chau - Nghé An, 2019-L1). Trong khéng gian Ozyz, cho
hai diém B(2; —1; —3) va C(—6; —1;3). Trong cdc tam gidc ABC théa man cdc duong trung
tuyén ké tic B va C vudng goc vdi nhau, diém A(a; b;0), (b > 0) sao cho géc A lon nhdt, gid tri

A. 10 B. —20 C. 15 D. -5

Loi gidi. Goi G la trong tam tam giac ABC'. Ta cé
GB L GC & GB* + GC? = BC? & AB* + AC? = 5BC?,
Khi d6

Ao AB®+ AC* - BC® _ 4BC?* _ 4BC®  4BC* 4
COSA=""9AB-AC  24B-AC ~— AB 1+ AC? 5BC? 5

) 4
Do d6 goc A 16n nhat khi cos A = R < AB = AC = 5v10.
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Ta c6 hé phuong trinh

(a—2)2+(b+1)2+9:(a—|—6)2—|—(b+1)2+9{:) a:—2(\b>0)
1
(a—2)%+ (b+1)*+9 = 250 b=14
L a+tb y
Vay = 15. Chon dap an C. [
cos A

Vi du 16 (D& chinh thiic THPTQG 2019, M3 dé 101). Trong khong gian Oxyz, cho diém
A(0;4; —3). Xét duong thdng d thay doi, song song véi truc Oz va cdch truc Oz mét khodng
bang 3. Khi khodng cdch tic A dén d nhé nhdt, d di qua diém nao dudi day?

A. P(-3;0;,-3) B. M(0;—3;-5) C. N(0;3;-5) D. Q(0;5;-3)

I d
\\:—/
I
I
I
—34------ -+ A
! l
P BN :
- ~ |
. O N 4
——————— - ————— >
e 3 Y

Loi gidi. Ta c6 duong thang d thay ddi, song song véi truc Oz va cich truc Oz mot khoang
bang 3 nén d nam trén madt tru tron xoay co truc la Oz va ban kinh bang 3.

Ta co
d(A;d) > [d(A;0z) —d(d; Oz)| =1

va dAu bing xay ra khi va chi khi d, truc Oz va diém A ddng phang.

Do d6 d(A; d) dat nhd nhit bang 1 khi duong thang d nam trong mit phang (Oyz) va cach Oz

z =0
mot khoang 1a 3 nén c6 phuong trinhlad: ¢ y =3
z=1.

Trong bon di€ém M (0; —3; —5), N(0;3; —5), P(—3;0; —3), Q(0; 5; —3) thi dudng thing d di
qua diém N (0; 3; —5). Chon ddp an C. N

Vidu 17 (Thi thd, S6 GD va DT Lang Son, 2019). Trong khong gian véi hé truc toa dé Oxyz
4 2 1 - 5

cho diém M(—2;—2;1), A(1;2;—3) va duong thang d: x—2|— =Y 5 = il Trong cdc

vecto U cho dudi day, dau la mét vecto chi phuong cia duong thing A di qua M vudng géc

voi duong thing d dong thoi cdch A mot khodng bé nhdt.
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A. 7(1;0;2) B. (2;1;6) C. U(-1;0;2) D. U (2;2;—1)

Loi gidi. Goi (P) 1a mit phang di qua M va vuong géc véi d. Ta c¢6 (P) di qua (M), nhin
véc-td chi phuong cla d 1a (2;2; —1) 1am véc-to phap tuyén nén (P) c6 phuong trinh:

20 4+2)+2(y+2)—2(-1)=0224+2y—2+9=0

Goi H, K 1an lugt 1a hinh chiéu vudng géc ctia A 1én mit phing (P) va dudng thing d. Ta dudc
H(—3;-2;—1).Tacod(A, (A)) = AK < AH.Xay radiubing < K = H. Viy dudng thing
A 1a dudng thang AH c6 véc-to chi phuong AH = (1;0;2). Chon dap an A. O

Vi du 18 (D& tap huln sb6 2, S6 GD va DT Quang Ninh, 2019). Trong khéng gian vdi hé toa
dé Oxyz, cho bon diém A(3;0;0), B(0;2;0), C(0;0;6) va D(1;1;1). Goi A la duong thing
di qua D va théa mdn téong khodng cdch tir cdc diém A, B, C dén A la l6n nhdt, héi A di qua
diém nao trong cdc diém dudi ddy?

A M(—1;-2:1) B. M(5;7;3) C. M(3;4;3) D. M(7;13;5)

<

Loi gidi. Phuong trinh mit phang (ABC) la g + 5 + % = lhay (ABC): 2z+3y+2—6=0.
Dé thiy D € (ABC).

Goi H, K, I 1an lugt 1a hinh chiéu vudng goc ctia A, B, C trén A. Do A 1a dudng thang di qua
Dnén AH < AD, BK < BD,CI < CD.Khi do

AH+ BK +CI<AD+ BD +CD.

Vay d€ tdng khoang céch tir cic diém A, B, C dén A 16n nhit thi A 1a dudng thang qua D va
vudng géc véi mit phang (ABC).

r=1+4+2t
Viy phuong trinh dudng thang A 1a { y = 1 + 3¢ (t € R) Tathdy M(5;7;3) € A.
z=1+t
Chon déap an B. U

Vi du 19 (GHK2, Nguyén Dinh Chiéu-Tién Giang, 1An 1, 2019). Trong khong gian Oxyz, cho
cdc diém A(—2;1;2), B(2;1;—-2) va C(1;1;1). Goi d la ducng thing di qua C' sao cho tong
khodng cdch tiv A va B dén d I6n nhdt. Giao diém ciia d véi mdt phang (P): 2z 4y + 2z = 0 cé
toa do la

A. (1;—15:1) B. (1;3;1) C. (1;-3;1) D. (1;75:1)
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A B

Loi gidi. Ta c6 AC = /10, BC = v/10. Goi A 1a dudng thang bét ki qua C, goi H, K theo
tht tu 13 hinh chiéu ctia A va B 1én A. Tacé
AH? + BK? 20— (CH? + CK?)

2 B 2 ’
do @6 AH + BK 16n nhat khi CH? + CK? nhd nhat. Ma CH? + CK? > 0nén CH? + CK?
nho nhit khi H va K trung véi C, khi d6 A vudng géc v6i mit phiang (ABC'). Viy dudng thang
d cAn tim 1a dudng thang qua C' va vudng goc véi mit phang (ABC). Ta cé AB = (4;0; —4),
@ = (3;0;—1). Suyra [E, 1@} = (0; —8;0) la véc-to chi phuong cua d.

(AH + BK)* <

Phuong trinh cda d la

r=1
y=1+8t
z=1.
Suy ra giao di€ém clia d va mit phang (P) 1a diém M (1; —3; 1). Chon d4p 4n C. O

Qua céc vi du trén, hy vong cic em s& c6 dudc mot sb k¥ ning cach tiép can khi gip bai toan
cyc tri trong khong gian toa do Ozyz.

Bai 1 (TT, Lé Xoay, Vinh Phic, 2018, L.3). Trong khong gian vé6i hé toa do Oxyz, cho hai di€ém

. , , . MA 2 er A qss
A(=2;2;—2), B(3; —3;3). Biém M trong khong gian thda man VE-3 Khi d6 d6 dai OM
16n nhét bing
A. 6v/3 B. 123 C. 23 D. 53

Bai 2 (D& TT lan 1, Chuyén Nguyén Thi Minh Khai, Séc Tring 2018). Trong khéng gian Ozyz,
cho diém A(1;2; —1) va mit phang (P) : 2 + y + 2z — 13 = 0. Xét cdc mit cau (S) c6 tim
I(a;b; c) di qua diém A, tiép xtic v6i mit phang (P). Tinh gi4 tri ctia biéu thiic T = a?+2b%+3¢2
khi (S) c6 ban kinh nho nhét.
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A. T'=35 B. T'=20 C. T=25 D. T'= 30

Bai 3 (Thi thit L6, Pai Hoc Ngoai Thuong Ha Noi, 2018). Trong khong gian véi hé toa do
Oxyz, cho ba diém A(a;0;0), B(0;b;0), C(0;0;c) véi a, b, cla cac sb thuc duong thay ddi
sao cho a? + b? + ¢ = 3. Tinh khoang cich 16n nhit tit O dén mit phang (ABC).

1 1
Al B. 3 c. L D. 1

Bai 4 (HK2 (2017-2018), S6 Gido Duc Lam Pong). Trong khong gian Oxyz, cho hai mit cau
(S1), (S2) 6 phuong trinh lan lugtla (z — 2)2 + (y — 1)* + (z — 1)2 =16 va (z — 2)® + (y —
1)2 4+ (2 — 5)? = 4. Goi (P) 1a mit phang thay ddi tiép xtic véi ca hai mit cau (S,), (Sy). Tinh
khoang céch 16n nhét tir gbc toa dd O dén mit phang (P).

A2 —V15 B. V15 C. 9tVI5 D. 330/5

2

Bai 5 (Dé tip huin s6 2, S6 GD va DT Quang Ninh, 2019). Trong khong gian v6i hé toa do
Oxyz, goi d 1a dudng thang di qua diém A(1; —1;2), song song véi (P): 22 —y — 2z + 3 = 0,
+1 y-1

dong thai tao véi dudng thang A: ? = g mot goc 16n nhét. Phuong trinh dudng

) 1 -2
thang d la
A.x—1:y+1:z—2 C.x—1:y+1:z—2
1 -5 7 4 5 7
r—1 y+1 242 r—1 y+1 2z-2
B. - - D, = =
4 -5 7 1 ) -7

Bai 6 (TT L.3,Minh Chau,Hung Yén,1718). Trong khong gian Ozyz, cho hai diém A(1;2; —1),
B(0;4;0) va mit phang (P): 2x —y — 22z + 2018 = 0. Goi (Q) 1a mit phing di qua hai diém
A, B va a 1a géc nhé nhit gitta hai mét phang (P) va (Q). Gid tri cda cos o 1a

1 2 1
A. cosa = — B. cosa = - C. cosa = - D. cosa = —
6 3 9

V3
Bai 7 (KSCL, S6 GD va BT - Thanh Hoa, 2018). Trong khong gian véi hé toa dd Oxyz, cho
cdc mit cau (S;), (S2), (S3) c6 ban kinh r = 1 va l1an lugt c6 tam 1a cac diém A(0;3; —1),
B(=2;1;-1), C(4;—1; —1). Goi (S) la mit cau tiép xuc v6i ca ba mit cau trén. Mit cau (S)
c6 ban kinh nhé nhit Ia

A. R=2V2 B. R=+v10-1 C. R=+10 D. R=2v2-1

Bai 8 (KSCL, S6 GD va BT - Thanh Hoa, 2018). Trong khong gian véi hé toa do Oxyz, cho
bon diém A(7;2;3), B(1;4;3), C(1;2;6), D(1;2;3) va diém M tuy y. Tinh d6 dai doan OM
khi biéu thiic P = M A+ MB + MC + +/3M D dat gia tri nhd nhét.

A. OM = /26 B. R=10—-1 C. OM = 211 D. 21

4

Bai 9 (D¢ thi thi - Trudng THPT chuyén Luong Thé Vinh - Dong Nai - Lan 1 - 2018). Trong
khong gian Oxyz, cho hai diém A(1;0;1), B(0;1; —1). Hai diém D, E thay d6i trén cac doan
OA, OB sao cho dudng thang D E chia tam gidc O AB thanh hai phan c6 dién tich bing nhau.
Khi D E ngan nhit thi trung diém I ctia doan DE c6 toa do la
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 0) D. (3 3 0)

=

AT(E20)  BoI(E o) CI(h
Bai 10 (Dé thi tht trusng THPT Son Tay - Ha Noi, 2018). Cho hai mit cau (S;): (z — 3)? +
(y —2)2+ (2 —2)2 =4va (Sy): (x — )2+ 9?4+ (2 — 1)? = 1. Goi d la dudng thang dong
thoi tiép xidc véi hai mit cau trén, cit doan thang ndi tim hai mit cu va cich gbc toa do mot
khoang 16n nhét. Néu @ = (a; 1;b) 12 mdt véc-to chi phuong cta d thi tdng S = 2a + 3b bing
bao nhiéu?

A. §S=2 B. 5=1 C. S=0 D. S=14

Bai 11 (Thi thd L4, THPT chuyén DHSP Ha Noi, 2018). Cho miit ciu (S) c6 phuong trinh
22 4+ 9% + 22 — 22 4+ 4y + 22 + 3 = 0. Puong thang d di qua O va cat mit cau tai hai diém phan
biét A, B. Gia tri 16n nhét ctia OA + OB bing

A. 3v6 B. 23 C. 2/6 D. V6

Bai 12 (D¢ khéo sat chit lugng ,THPT Ham Rong, Thanh Hoa 2018). Trong khong gian v6i hé
toa d6 Oxyz, cho A(m;0;0), B(0;2m + 1;0), C(0;0;2m + 5) khac O. D 1a mot diém nam
khac phia véi O so véi mit phang (ABC) sao cho i dién ABCD c6 cic cip canh dbi dién
bing nhau. Tim khoang cdch ngin nhit tit O dén tam I miit cau ngoai tiép ti dién ABCD.

A. V11 B. V10 C. V6 D. V1o

Bai 13 (Thi tht L1, THPT Hau Loc 2, Thanh Hod, 2019). Trong khong gian véi toa d6 Oxyz,
cho hai diém A(0; 0; —2) va B(3;4;1). Goi (P) 1a miit phang chita dudng tron giao tuyén ctia
hai mit cau (S)): (2 —1)24+ (y—1)2 4+ (2+3)2 = 25 va (Sy): 22+ 92+ 22— 20— 2y —14 = 0.
M, N la hai diém thudc (P) sao cho M'N = 1. Gi4 tri nhd nhit cia AM + BN la

A. V34 -1 B. 5 C. V34 D. 3

Bai 14 (Thi Thit L1, Truong THPT Phu Duc- Thai Binh, 2019 ). Trong khong gian Oxyz, cho
mit cau () : 22+ (y — 3)2 + (2 — 6)? = 45 va M (1;4;5). Ba dudng thang thay ddi d;, ds, d3
nhung d6i mdt vudng goc tai O cat mit ciu tai diém thifc hai 1an lugt 1a A, B, C. Tinh khoang
cich 16n nhét tir M dén mit phang (ABC) la

A. 3 B. V5 C. 4 D. V6

Bai 15 (Thi Thit L4, Chuyén Phan Boi Chau, Nghé An, 2018). Trong khong gian toa do Oxyz
cho A(1;3;10), B(4;6;5) va M 1a diém thay d&i trén mit phang (Ozy) sao cho M A, M B cing
tao v6i mit phang (Oxy) cic géc bang nhau. Tim gia tri nhé nhat cia AM.

A. 63 B. 10 C. V10 D. 8v2
Bai 16 (Tap huan, S6 GD va DT lan 1, 2019). Trong khong gian Oxyz, cho hai diém A(3; —2; 3),
, 1 Ty .3
B(1;0;5) va dudng thing d: ——— = ¥ = :
dé M A% + M B? dat gia tri nho nhAt.

. Tim toa d6 diém M trén dudng thang d
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A. M(1;2;3) B. M(2;0;5) C. M(3;-2;7) D. M(3;0;4)

Bai 17 (bé GHK2, Ham Rong, Thanh Hoa, nim 2019). Trong khong gian véi hé toa do Oxyz,
cho 3 diém A(1;0;1), B(3; —2;0), C(1;2; —2). Goi (P) 1a mit phang di qua A sao cho téng
khodng cich tit B va C' dén mit phang (P) 16n nhét, biét riang (P) khong cit doan BC. Khi d6
phap tuyén ctia mit phang (P) la

A.i=(2,-2;-1) C. 1= (-1;2;-1)
D

B. 7i=(1;0;2) .= (1;0;-2)

Bai 18 (Thi thi L1, Bic Tho, Ha Tinh 2018). Trong khéng gian véi hé toa do Oxyz, cho
td dién ABCD c6 céc cip canh d6i dién biang nhau va D khic phia véi O so véi (ABC);
dong thai A, B, C 1an lugt 1a giao diém ctlia cac truc toa dd Ox, Oy, Oz véi mit phang (P) :

A A ¢ {0; —2; —5}. Tinh khoang cach ngan nhét tlf tim I ctia mit
m m+2 m-—25 )
cau ngoai tiep ti dién ABC'D den O.

A. V30 B. Y13 C. V26 D. V2

Bai 19 (Ham Rong - Thanh Hoa,lan 2 - 2019). Trong khdng gian véi hé truc Oxyz, cho diém
A(1;4; 3) va mit phiang (P): 2y — z = 0. Biét diém B thuoc (P), diém C thude (Ozy) sao cho
chu vi tam giac ABC nhd nhat. Héi gia tri nhé nhat d6 1a

A. 45 B. 65 C. 25 D. V5

Bai 20 (Thi tht, Chuyén Lé Quy Don - Dién Bién, 2019). Trong khong gian Oxyz, cho hai
diém A(1;2; —1), B(3;0;3). Biét mit phing (P) di qua diém A va cich B mot khoang 16n
nhit. Phuong trinh mit phang (P) la

A, x—2y+224+5=0 C.2x—-2y+42+3=0
B.x—y+224+3=0 D. 2z —y+22=0

Bai 21 (Thi thit L1, Chuyén Ngoai Ngti, Ha Noi, 2018). Trong khong gian véi hé toa d6 Oxyz,
cho mit cau (S): (z —1)? + (y — 2)® + (2 — 2)? = 9 hai hai diém M (4; —4;2),N(6;0;6). Goi
E 1a diém thudc mit cau (S) sao cho EM + EN dat gid tri 16n nhat. Viét phuong trinh tiép
dién ctia mit cau (.9) tai E.

A,z —2y+2248=0 C.2z4+2y+2+1=0
B. 2xr+y—22—-9=0 D. 2z -2y+2+9=0

Bai 22 (KSCL (2017-2018) 14n 4, Thanh Mién 2,H4i Duong). Trong khdng gian vé6i hé truc toa
d6 Ozyz, cho diém M (0; —1;2) va N(—1;1;3). Goi (P) 1a mit phang di qua M, N va tao v6i
mit phing (Q): 2z — y — 22 — 2 = 0 géc c6 sb do nhd nhit. Piém A(1;2;3) cach mit phang
(P) mdt khoang la
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A.

S
oo%
w

B. 183 C. V3 D.

wt
w%
w

Bai 23 (Dé thi thit THPTQG s6 Binh Phudc - 1an 2 - 2018). Trong khong gian vé6i hé truc toa
do Oxyz, cho hai mit cau (S): 22 +y* + 22 = 1, (S9): 22 + (y — 4)% + 22 = 4 va céc diém

]- 2 2. NP
A(4;0;0), B <Z; 0; 0), C(1;4;0), D(4; 4; 0). Goi M 12 diém thay d&i trén (1), N I diém thay
déi trén (S;). Gia tri nhd nhét ctia biéu thiic Q = M A+ 2ND + 4MN + 6BC la

A. 21/265 B. 2265 C. 3v/265 D. D265

Bai 24. Trong khong gian Ozyz, cho ba diém A(1;1;1), B(2;1;0), C(2;0;2). Goi («) 1a mit
phing di qua hai diém B, C va cich A mot khoang cach 16n nhét. Véc-to nao sau déy 1a véc-to
phép tuyén cta (a)?

A. 7 (1;0;-1) C. 7(5-2;—1)
B. 77(5;2; —1) D. 7 (51;-2)

Bai 25 (bé KSCL hoc ky 2 Toan 12 nim hoc 2017 — 2018 s GD va BT Nam Dinh). Trong
khong gian véi hé toa dd Oxyz, cho diém A(1;2; —3) va mit phang (P): 2242y — 2+ 9 = 0.
Puong thang di qua A va vudng géc v6i mit phang (Q): 3z + 4y — 4z + 5 = 0 cit mit phang
(P) tai B. Piém M niam trong mit phang (P) sao cho M ludn nhin doan thang AB dudi mot
gbc vudng va do dai M B 16n nhét. Tinh d6 dai M B.

A. MB=+/5 B. MB =3 C. MB=1 D. MB =41

Bai 26 (Pé KSCL trudng THPT chuyén Hung Vuong, Phd Tho, ndm 2018, 1an 4). Trong khong
gian véi hé toa dd Oxyz, cho mit phang (P): z—2y+2z—1 = 0 vadiém A(0; —2;3), B(2;0; 1).
Diém M (a; b; c) thudc (P) sao cho M A + M B nhé nhét. Gid tri cla a® + b% + ¢? bing

AL B. c. I D. 3

Bai 27 (Pé KSCL Toan 12 THPT nim hoc 2017 — 2018 sd GD va DT Thanh Héa). Trong
khong gian vé6i hé truc toa d6 Ozyz, cho diém A(2; —1; —2) va dudng thang (d) c6 phuong
—1 -1 -1 . o :
trinh ~ T = i T = - T Goi (P) la mat phang di qua diém A, song song véi dudng
thang (d) va khoang cach tlf dudng thang (d) t6i mit phang (P) 1a 16n nhat. Khi d6, mit phing

(P) vudng géc véi mit phang nao sau day?

ALz —y—2—-6=0 Cr—2y—32—1=0
B. 2+3y+22+10=0 D.3z+2+2=0

Bai 28 (2-GHK2-96-ThithuTHTT-Lan7). Trong khong gian véi hé toa d0 Owxyz cho di€ém
2 - 2 1 -
A(3;—1;0) va dudng thang d: ’ = y; == .

cich tit A dén (o) 16n nhit ¢6 phuong trinh Ia

. Mt phang (o) chia d sao cho khoang
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Arz+y—2=0 C.rz+y—2+1=0
B.z24+y—2-2=0 D. —z24+2y+2+5=0

Bai 29 (Dé chinh thiic THPTQG 2019, Ma dé 110). Trong khdng gian Oxyz, cho diém A(0; 4; —3).
Xét dudng thang d thay ddi, song song véi truc Oz va cach Oz mot khoang bang 3. Khi khoang
cach tit A dén d 16n nhét, d di qua diém nao duéi day?

A. P(-3;0;-3) B. Q(0;11;-3) C. N(0;3;-5) D. M(0;—-3;-5)
Bai 30 (Dé chinh thiic THPTQG 2019, Ma dé 103). Trong khdng gian Oxyz, cho di€ém A (0; 3; —2).
Xét dudng thang d thay d6i, song song véi truc Oz va cch truc Oz mot khoang bang 2. Khi
khodng cach tit A dén d nhé nhét, d di qua diém nao duéi day?

A. P(-2;0;-2) B. N (0;—2;-5) C. Q(0;2;-5) D. M (0;4;—2)
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MG RONG BAT PANG THUC HINH HOC
FINSLER-HADWIGER

Tran Quang Hung, Ha Noi

TOM TAT

Trong [ 1] da giéi thiéu vé bt dang thiic hinh hoc Finsler-Hadwiger. Bai viét nay dudc coi
1a tiép ndi [ 1] nhiim gidi thiéu thém mot vai md rong lién quan téi bat déng thiic hinh hoc
quan trong nay.

Bit dang thic hinh hoc Finsler-Hadwiger dudc phat biéu nhu sau, xem [4].

DPinh ly 1 (Finsler-Hadwiger, 1937). Cho tam giac ABC ¢6 d9 dai cac canh BC = a, CA = b,
AB = ¢ va sb d6 dién tich 1a S. Khi d6 ta c6 bat dang thiic hinh hoc sau

A+ +E>4V3S+(b—0)? + (c—a)? + (a—b)2
Theo [4], bit dang thiic hinh hoc Finsler-Hadwiger dudc coi 1 md rong truc tiép cho bit dang
thiic hinh hoc ctiia Weitzenbock

Pinh ly 2 (Weitzenbock). Cho tam gidc ABC' ¢6 d6 dai cac canh BC' = a, CA = b, AB = ¢
va sb d6 dién tich 1a S. Khi d6 ta c6 bat dang thiic hinh hoc sau

a’+ b+ > 44/38.

Diéu nay 12 hién nhién vi dai lugng
Q=0b—-c)?+(c—a)’+(a—0b)?*>0.
Theo [5], Roland Weitzenbock (1885 - 1955) 1a mot nha toan hoc nguoi Ao lam viéc vé hinh

hoc vi phan, dudc biét t6i bsi két qua "lién thong Weitzenbock". Ong dude bd nhiém 1am gido
st todn hoc tai Pai hoc Amsterdam nim 1923. Bét dang thic hinh hoc trén mang tén 6ng.

Theo [4], bat dang thic Finsler Hadwiger dugc dit theo tén ctia Paul Finsler va Hugo Hadwiger
tif mot cong trinh chung nim 1937, xem [6]. Tuy nhién, 1an dau tién tén goi chung ctia hai 6ng
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dugc biét t6i khi hai 6ng xuét ban mot bai bao vé dinh ly Finsler-Hadwiger, dinh ly thuan tdy
hinh hoc nay dé cip dén mot hinh vuong xuat phat ti hai hinh vuong khac c6 chung mot dinh.

Trong hinh hoc phang, viéc danh gia tuong quan giita cdc canh tam giac va dién tich 1a quan
trong. Trong do6 thi viéc danh gia dién tich v6i binh phuong cach canh dudc coi la danh gia kinh
dién vi d6 1a cac dai lugng thi nguyén 2, dic trung ctia mit phang. Vi vdy, hai bat ding thic
hinh hoc ctia Weitzenbock va Finsler-Hadwiger 1a ddu mbc quan trong ctia cac bit dang thiic
hinh hoc. Trong d6, bat dang thiic clia Weitzenbock 14 ddnh gia so khai con bt dang thiic clia
Finsler-Hadwiger 12 tdng quat hon. Tong quét nay c6 thé n6i 1a "manh" vi ¢6 dai luong Q.

Theo dong lich sit phat trién ctia bat dang thic hinh hoc Finsler Hadwiger, bat diu tif nim bt
déng thic dudc cong bd, sau dé da c6 rat nhiéu nhitng phat trién va mé rong lién quan dudc ra
doi. Vao thang 9 nim 2008, tac gia bai viét c6 dua ra mot md rong cho bat dang thic nay, va bai
toan dudc xuét ban nim 2012, dudi dang mot dé toan trén tap chi Toan hoc va tudi tré, xem [2].

Pinh Iy 3 (M4 rong bit dang thic Finsler Hadwiger dung trong tim). Cho tam gidc ABC ndi
tiép trong dudng tron (O, R), trong tam G, dién tich S. Khi d6

2
a4+ b+ > (4\/5—1—03%)S+(a—b)2+(b—c)2+(c—a)2.

Sau khi nghién cttu bai todn nay, tic gid Nguyén Vin Quy ciing dua ra mot mé rong khéc tuong
tu nhu sau

Pinh Iy 4 (M& rong bét dang thitc Finsler Hadwiger dung tim dudng tron ndi tiép). Cho tam
gidc ABC noi tiép trong dudng tron (O, R), ngoai tiép dudng tron (I,r), dién tich S. Khi d6

I2
A+ +E> (4\/§+0R—2)S+(a—b)2+(b—c)2+(c—a)2.

Sau day, d€ di sau chiing minh hai md rong nay, chiing toi sé dua ra mot s6 cong thiic hinh hoc
thong dung ddi véi cac dai lugng co ban clia tam gidc.

Pinh 1y 5. Cho tam giac ABC c6 d6 dai cac canh BC' = a, CA = b, AB = c. Dién tich S, ban
kinh dudng tron ngoai tiép R, ban kinh dudng tron ndi tiép 7, nita chu vi p. Khi d6

1) ab+bc + ca = p* + 1% +4Rr.

2) a®> + 0%+ c? =2(p* —r* —4Rr).

3) Q= (b—c)*+ (c—a)*+ (a — b)* = p* — 3r* — 12Rr.

4 a?+ 0+ c*—Q=2(ab+bc+ ca) — (a®> + b* + ¢*) = 4r(4R +r).

2012, 2 9(abLb (a2 4b2 42
5) a-i-b:gi—c Q _ (a+C+CaiS(a+ +c):tan§—|—tan§—|—tan%

B6n cong thiic sau 1a hé qua clia cong thic dau tién. Cong thiic dau tién ta c6 thé sit dung dinh
ly Heron vé dién tich d€ chiing minh, c4c ban c¢6 thé xem né nhu mot bai luyén tap.
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Trong muc nay ching tdi sé chi trinh bay chiing minh chi tiét cho cic Pinh Iy 3 va Pinh ly 4.
D& dua ra 16i gidi cho Pinh Iy 3, ching t6i xin gii thiéu va chiing minh hai bs dé.
B§ dé 1. Cho tam gidac ABC, ta c6 bat dang thiic lugng giac sau

1 A B C _ 3V3
Z(sinA—i—sinB—i—sinC) +tan§ —l—tan; —i—tanE > ?\/_ + /3.

Chiing minh. Ta xétham f(z) = {sinz + tan %, Vz € (0,7), tacé

1 1
f(x) = -2 sinz + §tan 2(1 + tan? g)

batt = tan% > (), ta suy ra

—2t t

t[(1+ %)% —1]
i+ 2

2(1 + 12)

f(z) = (1+t*) = >0, Vt > 0.

Do d6 f(z) 18i trén (0, 7), stt dung bat déng thiic Jensen va ap dung vao tam gidc ABC ta c6

A+B+C
P+ 1)+ 1(0) 2 5 (2E5EE)
hay
1 A B
4(51nA+smB—|—smC’) —i—tana —I—tang —i—tanE > i + /3.
D6 1a diéu phai chiing minh. O

BG dé 2. Cho tam gidc ABC ndi tiép trong duding tron (O, R), ¢6 trong tim G. Thi

2
3T\/g—(smA%—smB—ksmC’) ORC: .

Chiing minh. Ap dung bat dang thitic Cauchy-Schwarz ta dé thiy

27 27 9 a2+ b+
=~ (sin Asin B+sin C)? > == —3(sin” A-+sin’ B+ sin” 0) = 3(1—%). (1)

Ta c6 hé thiic co ban OG? = R? — 8+ (9
Mit khac do sin A + sin B + sin C' < 22 nén

3323 (sin Atsin Bs 3v3

T—(sm A+sin B+sinC)] > | 5 +(sin A+4sin B+sin C)] [?—(Sin A+sin B+sin C)| =
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27
= —(sinA+sinB+sinC)%  (3)

4
Ti (1), (2),(3), ta suy ra
3@[# — (sinA+sin B +sinC)] > 21?352.
Vay
¥ — (sinA+sin B+sinC) > 3\/431%02(;2 > OR(;’Q.
D6 1a diéu phai ching minh. [

Hai b dé trén da st dung hai bat déng rat co ban ctia dai s 1a bit dang thitc Cauchy-Schwarz va
bét dang thiic Jensen. Mit khac, dao ham ciing 12 mot khai niém quan trong cia toan hoc hién
dai, do d6 viéc ing dung ctia dao ham trong todn hoc so cip thong qua bit dang thic Jensen
ciing 1a diéu kh4 thi vi.

Chiing minh Dinh ly 3. Theo Dinh ly 5, muc 5), ta da cé

2(ab + be + ca) — (a® + b* + ¢2) . A+t B+t
= tan — + tan — + tan —.
45 2 2 2

Viy 4p dung b dé 1 ta suy ra

2(ab + b — (a®? + 1? 2 A B 1
(a + c+ca)45 (a + +C):tan§+tan§+tan§2\/§+1 3\/5

Ap dung tiép tuc bd dé 2 suy ra

2(ab + be + ca) — (a® + b* + ¢2) OG?
>
45 = V3t 4R%’

hay dé thiy bat dang thiic tuong ducng

2

oG
R2

a2—|—bz+622(4\/§—|— )S+(a—b)2+(b—c)2+(c—a)2.

D6 1a diéu phai chiing minh. O

Tiép tuc véi Dinh ly 4. Loi giai dau tién clia tac gid bai bdo két hop y tudng ciia tdc gia bai toan
phan dau trong d6 st dung mot két qua vé bat dang thiic hinh hoc trong [3].

Chitng minh thit nhdt cho Pinh Iy 4. D& y rang OI < R, st dung cong thiic Euler, ta c6

iZ + <3+

2R? 16 R* R? R

72\ 2 I? I 12 4R-2
(\/§+O):3+\/§O O OI* 4R r
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Vay ta can chiing minh

<2ab—|—2bc+20a—a2—b2—02)2 S AR — 2r
45 - '

St dung Pinh 1y 5 muc 4), bit dang thiic trén tucng duong véi

2
4r(4R + ) -4 2r
48 - R

hay
P < R(4R +1)?
AR —2r

BAt déng thifc trén chinh 1a bt déng thic trén diém Mittenpunk & Bai toan 4 trong [3]. Vay ta
két thiic chiing minh. O

L3i gidi thd hai ctia Nguyén Vin Quy, tic gia bai toan

Chiing minh thit hai cho Dinh Iy 4. Ta ciing c6 thé chiing minh bit ding thiic (*) bing bién
d6i dai s6. Pit a = m(n +p), b = n(p +m), ¢ = p(m +n), v6i m,n,p > 0, tacé p =
mn +np +pm, S = +/p(p — a)(p — b)(p — ¢) = mnpy/mn + np + pm. Do d6

2ab+2bc+2ca —a* —b0* — ¢ dmnp(m+n+p) m4n+p
48 ~ dmnpy/mn +np+pm J/mn+np + pm’
va
2r 85 8(p—a)lp—b(p—c) 8mnp
R abep abc C(m+n)(n+p)p+m)
Bit dang thic cin ching minh tré thanh
(m+n+p)? o4 8mnp
mn+np+pm —  (m+n)(n+p)p+m)
hay
m? +n? + p? Smnp

> 2.
mn+np+pm  (m+n)(n+p)(p+m)

Khong mét tdng quat, gia st m > n > p, tacd

mn+np+pm — mn+np+pm+p> (m+p)(ntp)

Ta chi can chiing minh

m? +n? + 2p? S8mnp
+ > 2,
(m+p)(n+p)  (m+n)(n+p)p+m)

(m +n)(m? +n? 4+ 2p?) + 8mnp > 2(m +n)(n + p)(p + m),
(m +mn —2p)(m —n)? > 0.
Bit dang thiic trén hién nhién ding. Phép chiing minh hoan tit. O
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Loi két. Téc gia bai viét rit vui vi sau mot thdi gian dai lai ¢6 dip dugde viét vé cdc bat ding
thic hinh hoc va gidi thiéu trén bao Epsilon. To4an hoc néi chung va hinh hoc néi riéng c6 nhiéu
vé dep, dai s6 trong hinh hoc s cp ciing c6 mdt nét dep dic trung khac biét. Cac bat dang thiic
hinh hoc clia Weitzenbock va Finsler-Hadwiger thuc sy déu 1a cdc két qua hay va c6 y nghia.
Chéc chan ring cdc bat dang thiic hinh hoc nay c6 y nghia hon rit nhidu so véi nhiing bai todn
khac tu gin méc "thuan tiy hinh hoc" nhung lai bép méo hinh hoc. Nhén dip nay, tic gia ciing
cam on hoc trd Nguyén Vin Quy & trudng THPT chuyén KHTN K43. Hién nay, Quy ciing
dang 1a dong nghiép cla tac gia va da dong hanh clng t6i v6i cac bat dang thifc hinh hoc tit
ngay con di hoc cho téi khi lam thiy. Nhitng ngudi hoc trd yéu todn va thly chung véi toan nhu
Quy chinh la dong luc 16n cho t6i trong nghiép day.

[1] Tran Quang Hung, Mt sé bdt ding thitc dién tich trong tam gidc, tap chi Epsilon sb 16.

[2] Tran Quang Hung, Bai todn T12/417, muc dé ra ky nay, Tap chi Toan hoc va tudi tré, thang
3 nam 2012, s0 417.

[3] Tran Quang Hung, Applying R, r, p method in some hard problems, Tap chi todn hoc
MathVn, s6 3 nam 2009.

[4] Wikipedia, Hadwiger—Finsler inequality, https://en.wikipedia.org/wiki/
Hadwiger-Finsler_inequality.

[5] Wikipedia, Roland Weitzenbock, https://en.wikipedia.org/wiki/Roland_
Weitzenbock.

[6] Paul Finsler and Hugo Hadwiger, Einige Relationen im Dreieck, tap chi Commentarii
Mathematici Helvetici s6 10 nim 1937, trang 316-326.
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MOT MO RONG CUA PUONG THANG STEINER

Nguyén Ngoc Giang (PH Ngan hang TPHCM)
Lé Viét An (PTNK TPHCM)

TOM TAT

Trong sb trudc ciia tap chi Epsilon, da c6 mot md rong cho dudng thang Simson. Trong
s6 nay, chiing toi xin gi6i thiéu tiép mot md rong cho dudng thang Steiner. Hon nita, bén
canh d6 chung t6i con giGi thi€u thém mot ap dung cia mé rOng nay.

Dinh 1i vé dudng thang Steiner 12 mot dinh 1 ndi tiéng, dudc nhic dén & [1], [2] va [3]. Trong
[5], dinh 1i nay dudc phat biéu nhu sau

Pinh li 1.1. Néu P la mét diém ndm trén duong tron ngoai tiép tam gidc ABC, thi cdc dnh doi
xitng ciia P theo thit tw qua cdc truc déi xing BC, C A va AB ndm trén mot duong thing di qua
truec tdm ciia tam gidc ABC. Puong thang nay dugc goi 1a duong thang Steiner cta P dbi véi
v6i tam giac ABC.

Va tai [4] va [5], ching ta c6 mot két qua lién quan sau.

Pinh 1i 1.2. (N.S. Collings). Néu mét duong thing L di qua truc tam ciia tam gidc ABC, thi
cdc dnh déi xitng cua L theo thit tw qua cdc truc doi xuing BC,C A va AB la dong quy tai mot
diém ndm trén duong tron ngoai tiép tam gidc ABC. Piém nay dudc goi la cure Steiner ctia £
d6i véi tam gidc ABC. Tat nhién, £ 1a duong thang Steiner ctia P d6i v6i tam gidac ABC khi va
chi khi P 1a cuc Steiner ctia £ ddi v6i tam gidgc ABC.

DPinh 1i 1.1 ¢6 thé dugc mé rong nhu sau.

Pinh li 1.3. Cho tam gidc ABC c6 ducng tron ngoai tiép (O) va truc tam H. Mot duwong thing {
di qua H. Cho diém P nam trén (O) va diém Q nam trén { (Q c6 thé'la diém vé cuc). Cdc duong
thang AQ, BQ, CQ theo thit tu cdt lai (O) tai A', B', C". Cdc duong thang PA', PB', PC' theo
thit ty cdt £ tai Ap, Bp, Cp. Goi Ay, By, Cy theo thit tw la doi xung cia Ap qua BC, Bp qua
CA, Cp qua AB. Khi @6 bén diém Ay, By, Co va H ndm trén cung mét dwong thdng.

R rang khi @ thudoc PH hoic @ thudc (O) thi ching ta déu nhan dugc dinh I 1.1.
Trong bai viét nay, ching ti xin gidi thiéu chiing minh cda dinh 1i 1.3. Ching t6i st dung (O),
(XY Z) theo tht tu 12 ki hiéu dudng tron tim O, va dudng tron ngoai tiép tam gidc XY Z.
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Chiing ta cAn c6 mot b dé sau.

BG dé 2.1. Cho tam gidc ABC néi tiép duong tron (O). Mot duong thing (. Cho diém P ndm
trén (O) va diém Q ndm trén { (Q cé thé la diém vé cuc). Cdc duong thing AQ, BQ,CQ
theo thit tw cdt lai (O) tai A', B',C". Cdc duong thing PA', PB', PC' theo thit tw cdt { tai
Ap, Bp,Cp. Khi d6 cdc duong tron (BCAp), (CABp) va (ABCp) cé mét diém chung nam
trén (.

Chitng minh. (xem hinh 1). Goi A; := BCp N CBp; R la giao diém thy hai cta (ABCp) va /.
g, Z g,) véi chi ¥ rang ba diém Cp = BA; N
PC',QQ = BB'NCC', Bp = PB'NC A cing thuc dudng thang ¢ va nim diém B, P,C,C’, B’
cung thudc dudng tron (O). Suy ra A; thudc (O).

Ap dung dinh Ii Pascal dao cho sau diém (
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St dung géc dinh hudng ( mod 7), géc giita hai dudng thang, ta c6

(RA, RBp) = (RA, RCp) (Vi R, Bp, Cp thang hang)
= (BA, BCp) (vi B € (ARCp))
= (BA, BA;) (vi B, Cp, A, thang hang)
= (CA,CA) (viC € (ABAy))
= (CA,CBp) (vi C, Bp, A, thang hang).

Diéu nay chiing t& R thudc dudng tron (C ABp).
Chiing minh tuong ty, ta ciing c6 R thudc duong tron (BC' Ap).
B§ dé 2.1 da dugc chiing minh.

Chitng minh dinh Ii 1.3. (xem hinh 2). Theo nhu bd dé 2.1, ¢6 diém R := ¢ N (BCAp) N
(CABp) N (ABCp).

Vi H thudc £ nén theo dinh Ii 1.2, £ ¢6 diém cuc Steiner S ting véi tam giac ABC.

Puong thang AH cét (O) tai A va Ay. D& dang thiy ring A, d6i xting véi H qua BC. Do d6

S Ay dbi xting véi ¢ qua BC. (1)

Suy ra ba dudng thang BC, ¢ va S A, hodc ddng quy hodc d6i mdt song song.

Néu BC,{ va SA, doi mot song song thi chd y ring mdi bo bdn diém (B,C, R, Ap) va
(B,C, S, Ay) ciing thudc mot dudng tron nén R, S theo thi tu ddi xting véi Ap, A, qua trung
truc ciia BC. Suy ra R, S, Ap, Ay cuing thudc mot dusng tron. Nguoce lai, néu I := BCNINS A,
thi theo tinh chit ctia phuong tich, ta ¢6 IR.IAp = IB.IC = IS.IA,. Suy ra bén diém
R, S, Ap, Ay cung thudc mdt dudng tron.

Vay trong moi truong hdp, ta luén co

R, S, Ap, Ay cung thudc mot dusng tron. 2)
Miit khéc, dé thiy
Ay Ap dbi xting v6i H Ay qua BC. 3)
Ta co,
(RS, ¢) = (RS, RAp) (ViR,Ap €Y)
= (AQS, AQAP) (Vi (2))
= (HAp,Y) (vi (1) va (3)).

Suy ra RS song song hodc trung véi H Ay.

Chiing minh tuong tu ta cling c6 RS song song hodc trung véi H By va HCj,.

Do d6 bén di€ém A, By, Cy va H cuing thudc mdt dudng thang song song hoic tring véi RS.
binh 1i 1.3 da dugc ching minh.
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Hinh 2.

Pinh li 3.1. Cho tam gidc ABC' c¢é duong tron ngoai tiép (O) va truc tam H. Mot duong thing
( di qua H. Cho diém P ndm trén (O) va hai diém Q va D ciing ndm trén (. Cdc duong thing
AQ, BQ,CQ theo thii ty cdt lai (O) tai A', B', C". Cdc duong tron (A'DP), (B'DP),(C'DP)
theo thit tu cdt { tai Ap, Bp, Cp. Goi Ay, By, Cy theo thit tu la doi xiing ciia Ap qua BC, Bp
qua C A, Cp qua AB. Khi do bon diém Ay, By, Co va H ndm trén cung mot duong thdng.

e Khi P nim trén ¢ thi dudng thang Ay, By, Cy, H, nay chinh la dudng thang Steiner ctia P ting
v6i tam giac ABC.

Chifng minh. (xem hinh 3). Pudng thang DP cat (O) tai P va E; dung day cung EF ctia (O)
song song hodc trung véi /.
St dung géc dinh hudng, ta co

(A'Ap, EF) = (A'Ap, () (vi EF cung phuong véi ¢)
= (ApA', ApD) Wi Ap, D € 0)
= (PA',PD) (Vi P € (A'DAp))
— (PA', PE) (i E € DP)
= (FA',FE) (Vi F € (AEP)).
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Hinh 3.

Suy ra hai A’Ap va A'F trung nhau. Do d6 F thudc A’ Ap.

Chiing minh tuong tu ta ciing c6 F' cing thudéc B’ Bp va C'Chp.

Ap dung dinh 1i 1.3 v6i chii y ring Ap = FA'N ¢, Bp = FB'N{vaCp = FC' N { thi ta c6
bdn diém Ay, By, Cy va H cling nam trén mot dudng thang.

bPinh 1i 3.1 da dudc ching minh.

[1] Steiner line, available at
http://users.math.uoc.gr/~pamfilos/eGallery/problems/
SteinerLine.html.

[2] Steiner line, available at
http://www.xtec.cat/~gcastell/ttw/ttweng/llistes/1_Steiner_
r.html.

[3] Droite de Steiner,
https://fr.wikipedia.org/wiki/Droite_de_Steiner.

[4] S. N. Collings: Reflections on a triangle 1, Math. Gazette, 57 (1973) 291-293.
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[5] D. Grinberg, Anti-Steiner points with respect to a triangle, preprint 2003, available at
http://www.cip.ifi.lmu.de/~grinberg/geometry2.html

[6] Jean-Pierre Ehrmann, Steiner’s Theorems on the Complete Quadrilateral, Forum Geomet-
ricorum, Volume 4 (2004) 35-52.

[7] C. Pohoata, On the Euler Reflection Point, Forum Geometricorum, Volume 10 (2010)
157-163.

[8] P. Yiu, Introduction to the Geometry of the Triangle, 2001, new version of 2013, math.
fau.edu/Yiu/YIUIntroductionToTriangleGeometry130411.pdf.

[9] R. A. Johnson, Advanced Euclidean Geometry, 1929, Dover reprint 2007.

[10] Nguyén Minh Ha, Hinh Hoc Phang Dinh Huéng, NXBGD Viét Nam.
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BA1 TOAN HAY LOI GIAI DEP

Ban Bién Tap

GIOI THIEU

Chuyén muc nay dudc 1y cam hing tir bai viét ctia thay Nguyén Duy Lién & s6 béo trudc
vé bai toan s 6 trong ky thi IMO 2001 véi 5 céach gidi khac nhau. Muc nay sé dé danh
viét vé nhiing bai todn hay, 15i gidi dep va nhiing ciu chuyén thi vi xung quan nhiing bai
toan va 16i giai do.

Tén cta chuyén muc dugc mugn tu té€n cia mot nhdm nhiting ngudi yéu toan trén Facebook
do anh Nguyén Vin Ldi sang 1ap “Bai todn hay — Loi gidi dep — Pam mé todn hoc”.
Chuyén muc ghi nhan cc dé ci ctia ban doc va sé chon ding méi ky 1, 2 bai todn.

S6 nay ching ta sé giip lai thay Nguyén Duy Lién, GV trudsng THPT chuyén Vinh Phic
véi cau chuyén vé mot bai todn bit déng thiic trong dé thi chon ddi tuyén Iran nim 2016
va thay Tran Nam Diing v6i ciu chuyén vé mot bai todn trong dé thi Olympic toan sinh

vién qudc t& nim 2019.

Giai dudc bai todn Pai sb hay va kho, ta da cam thich thd roéi. Nhung néu mot bai toan dai s6
hay va khé ma gidi dudc bang nhiéu cach ma tir d6 ta cé thé giai dudc, hay tao ra mot sb bai
todn cling 16p bai todn d6 thi niém vui con nhan 1én nhiéu 1an. Bai viét nay, tdi xin gi6i thiéu
véi cdc ban 2 cach giai cho bai todn s& 1 vé bit dang thiic khd hay va khé trong ky thi chon doi
tuyén du thi Olympic ctia Iran nim 2016. Chiing ta cing bat dau v6i bai toan d6 nhé.

Bai toan 1. Goia,b,c,d la cdc sé thie duong sao cho
NS SRS SRR
a+1 b+1 c¢+1 d+1

Chitng minh rang

211 211 211 211
¢a;_-+¢b;_—+¢c; +—‘i; ;A(JE+¢E+v?+v7)—&
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Li giai 1. Viét bat dang thiic lai nhu sau

Z( a2+1—~/5)>2(2f—4)~

2

Theo bt dang thiic Cauchy-Schwarz ta c6
(a—1)°

a? +1 az%—a 1
L) Ty

e (@—12% 1 4 1
1 1 a

Déu ding thifc xdy rakhi vachikhia =b=c =d = 1.

L.&i gidi 2. Ta can chitng minh

x24+1 4
; —3Jx > +1—4, Vx > 0.
X

Néu x = 1 thi bat dang thic (1) ding.

Néu x # 1, ta bién d6i (1) nhu sau

[x2 41 4x
- 22 - 9
2 \/; [ x+1

tuong duong voi
x—1)> 2
)

2 - x+1
i

’

(x+1)(ﬁ+1)2>4ﬁ( x22+1+\/§),

(x+1)2—4x>2ﬁ<2,/x2;1 —(x—l—l)),

2J/x(x —1)°

(x—1>> :
2y + (x + 1)

x2+1
xX+142 3 > 24/x,
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Bit dang thiic cudi ludn ding theo bit dang thiic AM-GM.

Ap dung (1) ta cé
a?+1 4a
— > 2Va — ;
(V5 va) > D (eva- )

hay la

la? + 1

Z > >3Za—8

Bai toan dugc chiing minh. [

Nhan xét. Qua hai 15i giai trén cho ta vé dep ctia mdi 16 giai. Loi giai 1 12 mot su két hop nhuan
nhuyén giilta cac bat dang thiic cd dién. Loi giai 2 vé gidi tich thong qua phuong phap tiép tuyén
d4nh gid hAm cin thiic mot bién véi ham phan thiic bac nhit lién quan dén gia thiét sau d6 ding
bién ddi tuong duong giai quyét bai toan. Ngoai cdch gidi trén cdc ban cung tdi tiép tuc di tim
nhiing 15i gidi méi, c6 thé cho nhiing bai hay va khé trong von bai ctia ban. Ci nhu tdi thiét nghi
da mdi khi trong doi ta dat dudc cdc 10i gidi that ngan, dep va dit. Nén ta van tran trong nhiing
101 giai cia ca nhan tuy c6 dai dong chut dinh véi phuong cham “Cdch gidi nay dai vdi bai nay

nhung sé ngdn véi bai khdc”.

Bai todn dudi day nim trong d& Olympic sinh vién qudc té nim 2019. D€ gidi né, can dén mot
s6 kién thdc cao cAp nhu ham sinh, phuong trinh vi phan. Tuy nhién, hoc sinh phd thong c6
quen biét mot chiit véi ham sinh va tich phan hoan toan c6 thé hiéu tot. Bai todn nay cho thiy
bén canh nhiing y tudng chéi sang, mot k§ thuat co ban va diéu luyén ciing can thiét d€ chiing

ta giai toan thanh cong.
Bai toan 2 (IMC 2019). Cho day s6 ag, ay, . .. dugc xdc dinh béi
ap =1, a; =2(n + 3)ayy+r = (6n + 9a,4+, —na,, VYn=>0.

Chitng minh rang tdt cd cdc sé hang ciia ddy s6 déu nguyén.
DPé& chiing minh tit ca cac sb hang cia mot ddy s6 1a s6 nguyén, cach tiép cin ciin ban nhit 1a
tim mot hé thiic truy hdi ma theo d6 a,, 4 tinh theo c4c s6 hang trude d6 véi mot biéu thiic dang

da thiic c6 hé sb nguyén. Su xuét hién clia cic biéu thic chifa n trong hé sb goi y cho ching ta

dén dao ham cta ham sinh.
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Ta c6 y tudng 1a ding ham sinh, roi tif hé thiic truy hdi tim ra phuong trinh ham ctia ham sinh.
Giai phuong trinh ham d€ tim ham sinh. Néu thuan 1¢i thi khai trién ham sinh d€ tim cong thiic
tdng quat cho a,, (trong trudng hop niy sé con mot bude 1a ching minh biéu thiic tudng minh
nay luon nguyén). Mot huéng di kha di khac 1a tir ham sinh lai di tim mot cong thiic truy hoi
khéac nhu phan phan tich & trén.

Loi giai. Xét ham sinh cua day (a,) :

f(x) = Zanx".
n=0

Ta co - .
S)=142x+ ) apx" =142x+ Y an2x""?
n=2 n=0
o0 o0
6n +9 n+2 n n+2
=1—|—2x+zn+3an+1x —Zn+3anx .
n=0 n=0
bit
o0 o0
6n+9 ni2 n 2
fl(X)ZZ n_|_3an+1x , fz(x)=zn+3anx )
n=0 n=0
Khi do
(fi(@)) =) (6n + 9" =637 Y (1 + Datsrx” +3x Y apsx™
n=0 n=0 n=0
= 6x>f'(x) + 3x(f(x) — 1),
va

o0 o0
(x fo(x)) = Z:na,,x'“r2 =x3 Z:na,,x”_1 = x3 f'(x).
n=0 n=0
Tit c4c hé thifc ndy, ta di dén phuong trinh vi phan sau day ctia f
(f () = 143+ (i) = (0 fo(x)) = 1Hdx 627 f'(0) +3x(f(x) = 1) =27 ().

hay la
(x> —6x>+x)f'(x) + (1 =3x) f(x) =1 —x =0.

Viét duéi dang chinh tic nhu sau
1 —3x
')+ 5—5—
x3 —6x2 4+ x
Phuong trinh trén thudc dang vi phan tuyén tinh bac nhét
f'(x) +a(x) f(x) = b(x).
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Phuong trinh nay gidi bang phuong phép thira s6 tich phan nhu sau
Ta nhan hai vé ctia phuong trinh v6i ¢(x) 12 mot ham s ta sé chon thich hop, d€ trd thanh

c(x) f(x) + c(x)a(x) f(x) = c(x)b(x).

Ta mubn rang vé trai sé c6 dang (c(x) f(x))’. Mudn vay thi ta phai c6 ¢’(x) = c(x)a(x) hay
(In(c(x)))" = a(x). Nhu vy ¢(x) = exp ([ a(x)dx), chinh la thita s tich phan can tim. Tur
day ta tiép tuc tim dugc

Flo) = fc(x)b(x)a’x.
c(x)

Nhu vy, d€ tim thita s6 tich phan, ta cn tinh tich phan ham hitu ty %. Dé tinh tich phan

nay, ta tim khai trién ctia biéu thiic dudi dang téng clia cic phan sb don gian, cu thé

1—3x A B C
=+ -

x3—6x24+x X X—X; X—2Xp
& day x;, x, la hai nghiém ctia phuong trinh x2 — 6x + 1 = 0.
Pdng nhat hé sd, ta dudc hé diéu kién sau

A=1
A+B+C=0
—-6A-B-2C = -3

Hayla A =1, B = C = -1. Tu day ta tinh dugc

/ 1—3x / 1 1 1 J | X
- = _—— — X = n—,
x3—6x2+x x 2(x—x7) 2(x—x3) Vx2—6x +1

va
X

Va2 —6x +1

Tiép sé& 1a tich phan ¢ (x)b(x), trong tinh hudéng clia ching ta Ia tich phan

1
[ X sdx.
(x2—6x 1+ 1)2

Dé tinh tich phan dang nay, ta du dodn 12 n6 sé c6 dang

c(x) =

ax +b
(x2—6x—|—1)%.

g(x) =

Lay dao ham cta g(x), ta dudc

1
2 )2 — 1__2x=6
o) — A =6+ ) =g e P @ D) _a(¥®—6x+ 1) — (x = 3)(ax + )
x2—6x+1 (x2—6x—|-1)% .
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PE Kkét qua la
1+ x

(x2 —6x + 1)%’

ta sé can co
a+3h=1

—6a+3a—-b=1

Tuddy a = —3, b = 3. Viviy
1+ x —3X+ 3
/ sdx = 2 2 _+C
(x2—6x + 1)2 Vxz—6x+1
Va tur do

Ax+lircCcVx2—6x+1
_ "2 2
fx) = - .

Cho x dan vé& 0 v6i chi y f(0) = 1, ta tim dugc C = —%. Tu day

—Xx+1—-+/x2—-6x+1
fx) = - .

Tim khai trién Taylor ctia hAim +/x2 — 6x + 1 1a khong kha thi, do d6 huéng tiép cin tim cong
thic tudng minh cho an c6 thé loai bé. Ta thiy f(x) c6 dang nghiém ctia mot phuong trinh bac
hai. Bing céch tinh ngudc tit cong thiic nghiém

—b £+ V/b% —4dac
X1,2 = s
’ 2a

ta dé dang tim dugc phuong trinh d6 1a

XfP)+(x =D fx)+1=0.

Bay gio thay cong thiic ham sinh vao, ta dugc

o0 2 o
x(Zanx”) +(x—-1) (Z a,,x") +1=0.
n=0 n=0

Tinh hé s6 cta x" ! & vé trai, ta dudc
n
E ajan—i + an —ap+1 = 0.
i=0
Tir dly ta c6

n
dpy1 = ay + E aiap—i.

i=0

Hién nhién 12 tf cong thiic ndy, ta suy ra an nguyén véi moi n. [
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VE KY THI
THACH THUC TOAN Hoc TRUC TUYEN

BTC ky thi Thach Thic Toan Hoc

1. Y tuéng hinh thanh ky thi

Dudi anh hudng cta dich COVID-19, trong thdi gian ndy cic hoat dong gido duc truc tuyén
duge ddy manh. Tuy nhién, néu chi day va hoc truc tuyén mot cach don thuan trong thdi gian
dai, su hiing thd va tinh than hoc ctia hoc sinh it nhiéu sé bi chiing xubng, dong luc day hoc cia
thay co va hoc sinh ciing sé phan nao bi anh huéng. Diéu nay din dén su can thiét c6 nhiing
san choi méi cho cdc ban hoc sinh, gitip tao thém su hiing khdi, gitt viing va khuyén khich tinh
thin hoc tap cho cdc ban trong thoi gian nghi dai. Y tudng cho mét ky thi online thuan Viét cho
céc ban hoc sinh tir 16p 3 dén 16p 12 dudc cic thanh vién thudc du 4n BM2E Bring Math to
Everyone hinh thanh tur do.

MATH

ONLINE
CHALLENGE

Hinh 1: Logo Thach thidc Toan hoc truc tuyén

2. Cach thdc dang ki

e Thi sinh ding ki c4 nhan va gido vién ding ki tap thé truy cap link https://bom.to/

P41GQ4, dién diy di cac thong tin theo yéu cau va nhin "Gti" d€ hoan tat viéc ding ki.
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BM2E

Hinh 2: BM2E (Bring Math to Everyone): Pon vi t6 chic ky thi

Trong vong 48 gio sau khi dang ki, thi sinh hodc gido vién dang ki sé nhin dugc email
phan hdi tif ban t§ chiic, kém thong tin chuyén khodn 1¢ phi thi (100,000 VND). Sau khi
nhén email phan hdi va thong tin chuyén khodn, thi sinh diing ki c4 nhan tién hanh chuyén

khoan theo cu phap sau day:
[Ho va tén thi sinh][L&p][Ngay sinh][LephithiOMC2020]

Déi v6i gido vién ding ki tap thé, sau khi nhan email phan hdi va thong tin chuyén khodn,

quy thay c6 tién hanh chuyén khoan theo ct phdp duéi day:

[Ho va tén gido vién ding ki][Pon vi][S6 luong thi sinh ding ki][LephithiOMC2020]

Thi sinh sau khi hoan tit moi thii tuc ding ki (dién form, chuyén khoan) sé nhin dudc tai
khodn (tén ding nhap + mat khiu) ciing huéng dan truy cp vao hé thong thi online muon

nhét 24 gid truc ngay thi.

Vao ldc 19 : 30 ngay 26/04 /2020, thi sinh ding nhap vao hé thong theo hudng dan va
bit dau 1am bai trong thdi gian 90 phiit. Luu y: Thi sinh chi dugc ndp bai mét lan.
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e Sau khi cong bb két qua, 8% thi sinh cao diém nhit & mbi khdi 16p sé tiép tuc thi vong

Super Cup. Céch thiic thi vong nay sé dudc thong bdo sau tdi cdc thi sinh di diéu kién.

Véi cach thidc t§ chic truc tuyén, su thanh cong ctia ky thi sé phu thudc rat nhiéu vao tinh than
tu gidc clia c4c thi sinh. Yéu cau quan trong nhét ctia BTC ddi véi céc thi sinh 12 1am bai doc
lap, trung thuc, khong nhan su trg gitp tif ngudi khdc. Chiing ta tham gia véi tinh than thoai
méi, muc dich chinh hoc héi, tao thém dong luc va giit viing tinh than trong thdi gian nghi dai,

chit khong phai dé thi dAu tranh dua véi nhau.

Tuy nhién, Ban t& chifc cling cAn c6 nhiing bién phép ctia riéng minh dé€ phat hién nhiing trudng
hop khong trung thuc trong thdi gian thi. Néu Ban t3 chifc phat hién mot bai thi hoic mot nhém

bai thi néu phat hién c6 cac dau hiéu cua su gian lan.

1. Tht ca cac thi sinh ding ki tham du sé& dugc nhan mot tai khoin VIP trén trang TaiLieu.vn
https://tailieu.vn/ (tri gia 120,000d/tai khoan)

2. Co chu giai thudng cho vong Tournament:

e Gidi nhdt (8% thi sinh méi nhom Iép): Gidy chiing nhan, quyén dudc thi tiép vong
Super Cup, hoc bdng 12 1 trong s6 cidc mdn hoc thuéc nhém CC1 ctia Pai hoc Truc
tuyén FUNiX hoic mot 16p Scratch do Pai hoc Truc tuyén FUNiX va mentor Truong

Dic Tai dong tai trg. Chi tiét xem & trang sau.

e Gidi nhi (12% thi sinh méi nhém ldp): Gidy chiing nhan, qua ting tit Sputnik Edu-

cation.

e Gidi ba (20% thi sinh méi nhém Idp): Gily ching nhan.

3. Giai thuéng vong Super Cup sé€ dudc thong bao sau t6i cac thi sinh dat giai.
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Dé thi Thach thiic Toan hoc truc tuyén gém ba phan:

1. Phan A g6m 8 cau hai tric nghiém v6i 5 phuong an A, B, C, D, E. Thi sinh chon 1 trong
5 phuong an d€ tra 15i. Tra 15i ding dugc 4 diém, tra 161 sai hodc khong tra 16i khong bi

trir diém.

2. Phian B gom 8 cau hoi dién dap s6. Thi sinh tinh toan va dién dap sb dé tra 18i. Luu y
trong 6 dién dap s, thi sinh chi dién s, ddu chdm, d4u phdy, cic ki hiéu toan hoc,... chi
khong dién ki tu chit cai.

3. Phan C gom mot bai toan c6 nhiéu cau hdi dién dap so nho. Thi sinh s€ lam bai theo yéu
cu cu thé trén dé thi cia mdi nhém thi, vi mdi nhém thi thi sinh sé dudc yéu cau dién

ddp s6 theo mot cach khac nhau.

Dudi day Ban t& chifc xin ding mot s6 cau héi mau dé€ cac ban hoc sinh titng nhém thi tham
khao.

Cau 1. Tim chil s6 tin cling ctia tich sau:
I x2x3x---x14x 15.

A0 B. 4 C.5 D. 8 E. Pap sb khic

Cau 2. C6 bao nhiéu sb c6 2 chit s6 chia hét cho 5 dudc 1ap tu cac chu s60,1,2,3,4,5? (sb

chia hét cho 5 12 s ¢6 tan cling 12 0 hoic 5)
A9 B. 10 C. 11 D. 12 E. Ddp s6 khic
Cau 3. Tim nhiing s6 con thiéu trong day sb sau:

15, 21, 18, 24, (...), (...)
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A. 24 va 30 B. 22 va 28 C. 21va27 D. 23 va29 E. Pap sb khic
Céu 4. S6 16n nhit ¢6 5 chit s6 ma téng cla céc chit s6 1a 27 la:
A. 98765 B. 98730 C. 99900 D. 99999 E. Ddp s khic

Chu 5. Ca 3 16p 4A, 4B, 4C trong dugc 120 ciy. LSp 4B trong dudc nhiéu hon 16p 4A 5 cay
nhung lai kém 16p 4C 8 ciy. Hoi 16p 4C trong dudc bao nhiéu cay?

Cau 6. Chu vi cia hinh dugc t6 mau do la bao nhiéu?

10cm

Cau 7. Biét ring 4 hinh thang trong hinh sau 14 giéng nhau, hdy tinh dién tich cta hinh chit
nhat 16n.

(2
p 4cm ) 3)

W )

Cau 8. C6 30 cau hdi trong mot bai thi toan. Moi cau tra 10i ding dugc cong thém 5 diém va
mdi cau tra 18i sai sé bi trir di 2 diém. Néu Colin dudc 115 diém thi ban 4y tra 15i sai bao nhiéu

cau?

Cau 9. Sudoku 1a mdt tro choi cau db sap xép chit s6 dua trén logic theo t& hgp. Muc tiéu clia
tro choi 1a dién cac chit s6 vao mot ludi 9 x 9 sao cho mbi cot, mdi hang, va mdi phan trong sd

chin 1u6i con 3 x 3 ciu tao nén ludi chinh (cling goi 1a "hdp", "khdi", hodc "viing") déu chifa tat
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coe L.

ca cdc chit s6 tir 1 t6i 9. Cau d6 da dugc hoan thanh mot phan, ngudi chai phai giai tiép bang

viéc dién sb. Mbi cau d6 dugc thiét 1ap t6t c6 mot cach 1am duy nhit.

Sudoku c6 nhiéu bién thé vé kich thudc 1u6i 6 vudng, cach dién sd,... Bién thé sau day 1a mot
bién thé vé kich thudc, trong d6 Iudi 9 x 9 dudc thay bang ludi 6 x 6 dugc chia thanh céc ludi
3x2.

a|b 2|65 4
416 |cl|dlel|f
gl 3|h||4|i]5
5171431k
[l 1m|n|2|o|3
plé4dlqglr|s|t

Hay dién cac sd thich hop vao cdc 6 chiia chil trén ludi 6 x 6 trén sao cho mbi hang, mdi cot va

mdi hinh chi nhat 3 x 2 déu c6 du céac sb tir 1 dén 6.

Cau 1. Héi tdng 3 chif s6 tan clng clia tich sau 1a bao nhiéu?
I x2x3x4x&x14x15

A0 B. 9 C. 10 D. 12 E. bap sb khic

Cau 2. Cic chirsb 1,2, 3,4, 5,6 mdi chit s6 dudc dung diing mot 1an dé tao ra hai s6. Héi tong

ctia hai s6 nay nhd nhét c6 thé bang bao nhiéu?
A. 379 B. 381 C. 579 D. 480 E. bap s khac
Cau 3. C6 bao nhiéu s6 c6 céc chit sd khac nhau ma c6 tich céc chit sd 1a 182 Vi du 36, 129, ...

A. 8 B. 16 C. 18 D. 20 E. Pap sb khic

Céu 4. Cho hinh bén duéi. Ta chi can d6i chd hai s6 nao do thi tdng cac sb trén mdi hang, mdi

cot va hai dudng chéo bang nhau; hoi téng hai s bang bao nhiéu?

1323116
819 (105
1217 (6 |11
1 14|15 4
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A. 10 B. 12 C. 16 D. 20 E. Pap sb khic

Cau 5. Hom nay thiy hai dugc tong cong 240kg tri ciy bao gdbm budi, cam va chanh. Biét rang
tong khoi luong cam va chanh ning gip doi budi. Tong khéi luong cam ning hon chanh 40kg.
Héi thay hdi bao nhiéu kg cam?

CAu 6. Ta c6 hai tAm bia hinh chif nhit c6 cung chiéu rong va c6 chiéu dai 1an lugt 12 8cm va
10cm. Ngudi ta tao ra hinh chit nhat méi bang cach chong hai tAm bia 1én nhu nhau, biét rang
phan hinh chdng 1én nhau (phan t6 dam) 1a mot hinh vudng (nhu hinh vé bén duéi). Tinh chu vi

cua hinh chtt nhat méi.

8cm 10cm

Cau 7. Nhan dip khai truong cé chuong trinh gidm gid, me di mua mdt chiéc xe dap cho Nhi.
Me thiy chiéc xe dap cin mua gidm 20% nén sd tién me mang theo con du 260,000 VND.
Nhung néu khong giadm (mua véi gia binh thudng) thi sd tién me sé thiéu 40, 000 VND. Héi gia
binh thudng (chua gidm) ctia chiéc xe dap 13 bao nhiéu?

Cau 8. Hai chiéc xe A va B di ngudc chiéu nhau tif trén mdt doan dudng. Xe A chay véi van
toc 50km/gid, xe B chay véi van tdc 45km/gid. Hai xe gip nhau tai vi tri cach diém chinh gitta
mot doan 10km. Tinh chiéu dai doan dudng? (don vi km)

Cau 9. Ta dién vao cic diém c6 toa dd nguyén ciia mit phang toa do cic s6 nguyén duong
1,2, 3,4, ... theo hinh xo0an tron 6¢ nhu sau: s6 1 dién vao diém (0, 0), s6 2 dién vao diém (0, 1),
s6 3 dién vao diém (1, 1), s6 4 dién vao diém (1,0), sd 5 dién vao diém (1, —1), sd 6 dién vao
diém (0,—1), ...

175



Tap chi Epsilon, S6 17, 04/2020

1. Cho biét diém (3, 3) dudc dién sb may?

2. Cho biét s6 30 dudc dién vao diém c6 toa do nao? Viét hai toa do phan biét nhau bdi diu

phdy, hoanh do trudc, tung do sau.
3. Piém (5, 5) dugc dién s6 may?
4. Piém (10, 5) dudc dién sd may?

5. S6 2020 dudgc dién vao diém c6 toa dd nao?

Cau 1. C6 mot s6 khdi vudng dd va mot s6 khdi vudng xanh, mdi khdi vudng déu c6 kha ning

6
7

mau xanh va cé % s6 khdi vudng xanh chuyén mau sang do thi s6 khoi vudng xanh va s6 khoi

chuyén mau (tir dé sang xanh hoic tif xanh sang dd). Néu c6 & s6 khdi vudng dd chuyén sang
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vudng doé hodn do6i cho nhau. Héi ti 1€ s6 khdi vudng xanh trong tong s6 cac khdi vuong ban
dau bang bao nhiéu?

7
AL B.

5
C. 3 D.

Wi

E. Pap sb khic

=

Cau 2. Cho tam gidgc ABC vudng cin tai A c6 AB = 44/3, trung tuyén BE. Liy diém F trén
canh BC saocho FE L BE. Tinh dién tich tam giac CEF.

A. 1 B. V3 C.2 D. 2./3 E. Piap s6 khic

Cau 3. Cho cic sb thuc x, y thay d6i théa man 4x2 + y2 = 4x — 2y + 7. Tim gia tri 16n nht
cua Sx + 6y.

A. 16 B. 17 C. 18 D. 19 E. Ddp s6 khic

Cau 4. Trong hinh v€ bén dudi, cac so tu nhién 1, 2, ..., 9 dudc dién vao céc hinh luc giac

déu sao cho tong tat ca céac s G cac luc gidc trén mdi canh clia tam gidc 16n déu bang 19.

Bay gid, hdy ddi chd céc s sao cho tdng tit ca cic s & céc luc gidc trén mdi canh clia tam gidc
16n déu bang nhau. Goi M la téng chung 16n nhit thu dugc va m 1a tdng chung nho nhét thu
dugc (t6ng chung 12 téng clia tit ca cac s & cac luc gidc trén mot canh ciia tam gidc 16n). Tinh
M +m.

A. 40 B. 41 C. 42 D. 43 E. Pap sb khic

Chu 5. Cho s6 thyc x thay ddi. Khi d6, gid tri 16n nhét cita biéu thiic 2X3==1 12 bao nhiéu?
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Cau 6. C6 1082 ngudi tham gia bau cit &€ chon ra 14 dai biéu. Hoi mot dai bi€u can it nhit bao
nhiéu phiéu bau dé chic chin tring ct, néu s dai biéu 16n hon 14, mdt ngudi chi bau cho mot

dai biéu va moi phiéu bau déu hop 1&?

Cau 7. Cho s6 nguyén a khac 0. Biét rang P2 + 695 chia hét cho a v6i moi s6 nguyén t6 P 16n

hon 3. Tim gi4 tri 16n nhét clia a.

Cau 8. C6 mot trung ddi xép thanh mot hang dai 50 m dang tién vé phia truée véi toc do khong
ddi thi & phia sau, mot ngudi chi huy chay 1&n giti mot thong tin dén vi tri dau hang, sau d6 quay
trd lai vi tri cudi hang. Biét van t6c ctia ngudi chi huy 12 khong d6i trong qud trinh di chuyén va
tinh tit lic ngudi chi huy bat ddu chay dén lic ngudi chi huy quay vé cubi hang thi ci doi da di
duge 100 m. Hoi ngudi chi huy da di mot quang dudng 1a bao nhiéu?

Cau 9. Ta dién vao cdc diém c6 toa dd nguyén clia mit phang toa dd cic sé nguyén duong
1,2,3,4, ... theo hinh xo@n trén 6¢ nhu sau: s6 1 dién vao diém (0, 0), s6 2 dién vao diém (0, 1),
s6 3 dién vao diém (1, 1), s6 4 dién vao diém (1,0), sd 5 dién vao diém (1, —1), sd 6 dién vao
diém (0, —1), ...
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1. Cho biét diém (3, 3) dudc dién sb may?

2. Cho biét s 30 dudc dién vao diém c6 toa dd nao? Viét hai toa do phan biét nhau bsi dau

phdy, hoanh do trudc, tung do sau.
3. Piém (5, 5) dugc dién s6 may?
4. Piém (10, 5) dudc dién s6 may?

5. S6 2020 dugc dién vao diém c6 toa d6 nao?

Cau 1. V6i s6 nguyén duong n, ta ky hiéu n! 1a tich cdc sb nguyén duong tir 1 dén n. Vi du

7 )+ 1)
41 = 12.3.4 = 24, Ta ciing quy u6e 0! = 1. Véi n > 2, bidu thic () '()”2+ ) 6 thé rit
n!
gon lai thanh:
n n—1 nn+1) (n—1)n

Cau 2. Trong hinh vé dudi ddy, chu vi tam gidc P QR bing bao nhiéu?

(@) P
5
R 13
37
S
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A. 55 B. 74 C. 80 D. 84 E. Pap an khac

Cau 3. C6 mot vién xic xic dac biét v4i cac mat ghi cac $62,2,3,3,5va8. Ngudi ta tung con
xtic xac hai 1an rdi cong két qua hai 1an tung lai. Héi ta c¢6 thé thu dudc bao nhiéu téng khac

nhau?
A. 6 B. 7 C. 8 D. 9 E. Pép an khac

Cau 4. C6 bao nhiéu sb nguyén ducng nhd hon hay bang 100 va cé diing 12 uéc s6 nguyén
duong?

A2 B. 3 C. 4 D. 5 E. Pap an khac
Cau 5. Ta dinh nghia mot phép todn mdi trén hai s6 thuc x, y nhu sau
x*xy=ax+by+c,
trong d6 a, b va ¢ 1a cac hang s6. Néu 3 % 5 = 16 va 4 % 7 = 30, thi 1 * 1 bang bao nhiéu?

Cau 6. Tong ctia mot sd sd nguyén duong phén biét bang 30. Hoi tich ctia chiing 16n nhit bang

bao nhiéu?

Cau 7. Trong hop c6 8 vién bi mau vang, 7 vién bi mau dé va 5 vién bi mau xanh. Hoang boc
ra N vién bi ma khong nhin. Hoang mudn ring cho du thé nao thi trong hop ciing con lai it nhit
4 vién bi cing mau nao d6 va it nhét 3 vién bi cing mot mau khac. Hoi N 16n nhit c6 thé bing

bao nhiéu?

Cau 8. Trong hinh chit nhat ABCD tac6 AB = 8, BC = 9. H 1a diém trén BC sao cho
BH = 6, E 1a diém trén AD sao cho DE = 4. Céc dudng thang EC va AH cat nhau tai G,
va diém F trén duong thang AD sao cho GF 1 AF.Tim d6 dai GF.
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Cau 9. Ta dién vao cic diém c6 toa dd nguyén clia mit phang toa do cic sb nguyén duong
1,2, 3,4, ... theo hinh xoan trén 6¢ nhu sau: sb 1 dién vao diém (0, 0), s6 2 dién vao diém (0, 1),
s6 3 dién vao diém (1, 1), s6 4 dién vao diém (1,0), s6 5 dién vao diém (1, —1), sb 6 dién vao

diém (0, —1), ...
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. Cho biét diém (3, 3) dudc dién s6 miy?

. Cho biét s6 30 dudc dién vao diém c6 toa do nao? Viét hai toa dd phan biét nhau bdi diu

phdy, hoanh do trudc, tung do sau.
. Piém (10, 10) dugc dién s6 may?
. S6 2020 dudc dién vao diém c6 toa do nao?

. Piém (30, 15) dugc dién s6 may?
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