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LOI NGO

Epsilon 16 dudc 1én trang va xuit xudng trong nhiing ngiy ngudi hAm md ca nudc dang phat
cudng vi hai chifc vd dich SEA Games ctia hai doi tuyén béng da U22 nam va nit. Epsilon, véi
tinh than ludn theo sat nhip thd thdi dai, cling c6 cach thé hién niém han hoan theo cach riéng
cua minh.

Va dé€ ky niém chién thang 3-0 ctia d6i tuyén nam trudc U22 Indonesia & tran chung két, BBT
Epsilon cam két sé tiép tuc xuat ban Epsilon dén sé 30. Thd vi l1a néu theo tién dd hién nay,
s6 30 sé dudc phat hanh vao nim téng bién tip tron 60 tudi. Qua phu hop cho su thay déi va
chuyén giao thé hé.

Epsilon, hin nhién 1a mot 3 bo dic biét. Theo ngdn ngit thdi dai day Ia td bao 4.0: khong toa
soan, khong nhén vién, khong cd quan chu quan, khong kinh phi. Bao cing khong ban va ngudi
viét bai khong nhan nhuin bit.

Vay ma cic s6 bao van ra déu diin va luon ding gid. Lan xuét ban thit hai vao ngay thii sdu mudi
ba ndy ciing khong 1a ngoai 1&'.

Tran trong gt dén doc gia Epsilon 16 véi 15 tac gia, 14 bai viét, xuit ban ngay 13 thang 12!

'Lan xuit ban vio ngay thi sdu mudi ba dau tién rai vao Epsilon dau tién, Epsilon s6 1.



psilon

Tap chi online ctia cong dong
nhing nguoi yéu toan

Cao Chi

Topocla VItru . . . . . . . o e e 5
Nguyén Lé Anh

Su tich "Trau Vang", "Cdo Chin Puoi" vaHO Tay . . . . . . . . . . . . ... .. .... 13
Tran Nam Diing

ToanhocvaBongda . . . . . . . . . . . ... 21
Ly Ngoc Tué

Tinh toan v6i dAu chAm dong trong mdy tinh-Phan 1 . . . . . .. ... ... ...... 26
Nguyén Tuén Anh

Pon d6 thi vd hudng trong dé chon doi tuyén cac Tinh - Thanh Phd 2019 - 2020 . . . . . 32
Trinh Pdo Chién

Ding thiic t6 hop qua cdc bai toan Olympic . . . . . . . . .. . . ... ... ... ... 48
Nguyén Tat Thu

Pinh huéng gii mot s6 bai todn cuc tri td hop danh cho THCS . . . .. .. ... .. .. 71
Nguyén Quang Minh

S6 chinh phuong trong biéu dién cac sbnguyén . . . . . .. ... ... ... ... 80
Ngé Hoang Anh

Nhiing bai toan so cAp trong ky thi IMC . . . . . . .. ... ... ... ......... 100
Tran Quang Hing

Mot sb bit dang thifc dién tich trong tam gidc . . . . . . . . . ... ... 140
Lé Xudn Hodang

Mot s6 van dé vé cac dudng tron Mixtillinear va Thébault . . . . . ... ... ... ... 148

Nguyén Minh Ha va Lé Viét An

Mot mé rong ciia dudng thang SImson . . . . . . ... 153
S.B.Gashkov
Mavacacky thi Olympictoan (II) . . . . . . . . .. .. ... ... .. .. ... 159

Nguyén Hing Son
Ky thi Toan Baltic Way 2019 . . . . . . . . . .. .. . 168



Tap chi Epsilon, S6 16, 12/2019

Toro CUA VU TRU

Cao Chi

G101 THIEU

Vin d& nghién cifu topo ctia vii tru dang giy chi y clia nhiéu nha vi tru hoc. Nhiéu vi
tru xét v& mit hinh hoc 1a mt vii tru vo han (infinite) song néu chi y dén topo (ttic dén
toan cuc) thi lai 12 mot vii try hitu han (finite). Nhiéu quan sat CMB (Cosmic Microwave
Background - Biic xa Phong Vi tru) ciing dudc chinh x4c hod thém nhd nhiing chi tiét
phét sinh tif nhitng hé qua topo. Bai viét nay nham muc dich gi6i thiéu trong vai nét téng
quat anh hudng ctia topo dén vii tru hoc.

1. Topo (topology) la gi?

Topo 12 mdn hoc nghién ctiu hinh dang ctia mot khong gian vé cdc mit co ban nhit d6 1a tinh
lién thong (connectedness), tinh lién tuc (continuity) va cac bién (boundary). Nhiing tinh nay
bat bién dbi v6i cac phép bién d6i lién tuc gdm cic bién ddi nhu kéo dai, udn cong ma khong
bao gdm cic bién d6i nhu xé rach (tearing) hoic dan dinh (gluing).

Xem hinh 1 ta thdy mot cai cbc, mot hinh xuyén va mot hinh xuyén xoan la tuong duong topo
vOi nhau.

Hinh 1: Cdi céc, hinh xuyén va hinh xuyén xodn la tuong dwong topo véi nhau

Qua that nhu vay chi can cac phép kéo dai va ubn cong ta c6 thé bién mot hinh xuyén thanh mot
céi cbc (xem hinh 2)
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Hinh 2: Bién mét hinh xuyén thanh cdi céc nho cdc phép bién doi lién tuc topo

2. Hinh hoc va topo

Can phan biét hinh hoc (d9 cong phang, duong hay 4m?) va topo (dang nhu thé nao, lién thong
nhu thé nao?). Xét vé mit hinh hoc ¢6 thé ton tai 3 loai vii tru: Vii tru phang (Euclidean, do
cong bang khong), vii tru cau (déng, hitu han va do cong duong) va vii tru hyperbolic (md, v
tan va do cong 4m), xem hinh s6 3.

Khi n6i dén do cong 4m ngudi ta thudng nghi dén mot khong gian vo han. Song c6 thé c6 nhiéu
d6 cong trong mot topo, vi du mot hinh xuyén (torus) c6 do cong 4m & mit trong (inside edge)
mic dau né 12 mot topo hitu han (finite).

Thuyét tuong ddi téng quat (v6i cac phuong trinh Einstein von 13 nhitng phuong trinh vi phan)
chi néi 1én dugc tinh dinh xi (local) ma khong thé x4c dinh dudc tinh toan cuc (global) tic
topo ctia vii tru. Thuyét tuong d6i tdng quat khong bat bién d6i véi cac bién ddi dong phoi
(homeomorphism - xem chd thich) ma chi bat bién dbi v6i cac bién ddi vi phoi (diffeomorphism)
tiic cac bién déi toa do.

V6i mot vii tru ddng nhit va dang hudng ta c6 16i gidi 1a metric Friedmann-Lemaitre-Robertson-
Walker (FLRW)

2

2 __ v __ 2 2
ds® = gudx"dx’ = —dt” +a” () [m

+r?(do* + sin29d®2)] :
trong d6 a 1a thita s6 kich thudc ctia vil tru, do cong k = 0, +1, —1 tuong dng véi dd cong biang
khong, do cong duong va do cong am (xem hinh veé 3).

Gitta ban kinh do6 cong R va mat do trung binh cda vat chat Q trong vii tru ¢c6 mdi quan hé
1 p NP N NPy PR
R=a/lk|z =1/H|Q — 1|2, trong d6 H la s6 Hubble, Q = p%’ con p. 1a mat do dng véi va

tru phang. Ta c6 cdc vil tru v6i dd cong bang khong, do cong duong va do cong am tucng ing
véicicmatdo Q2 =1,> 1va< 1.

Hinh 3: Tir trdi sang phdi: P cong phdng, do cong duong va do cong dm
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Mot yéu té metric dinh xit cho trude co thé tuong iing vdi mot tdp lon mé hinh vii tru khdc nhau
vé mgit topo.

Ton tai vé sé (dém duoc) nhitng dang khéng gian véi do cong duong, tdt cd déu la nhitng khong
gian dong va vé so khong gian vdi do cong dm trong do mot sé la khong gian dong (hitu han)
mot s6 la khong gian mé (vo tdn).

Thuyét tuong ddi mo ta mdt hinh xuyén va mot mit phang véi cung nhiing phuong trinh nhu
nhau mic diu hinh xuyén 12 hitu han trong khi mit phang 1a vo han. D€ xéac dinh topo ctia vii
tru can nhiing hiéu biét vat 1y nim ngoai ly thuyét tuong dbi (nhu CMB - Cosmic Microwave
Background - Biic xa Phéng cuia Vii tru).

Hady hinh dung mot buong guong, do la cdi phong vdi 6 bitc tuong (gom cd trdan va nén) la
guong. Néu chiing ta vao mot phong nhu thé véi vai ngon nén thi vi hé qud phdn chiéu trén cdc
tuong bdng guong chiing ta co cam gidc lot vao mot khong gian vo tdn.

Gibng nhu trong mot budng guong (xem hinh 4) sy vo tin ctia vii tru c6 thé chi 1a mot 4o tudng.
Vil tru ¢6 thé hitu han trong thuc té. Ao tudng vO tan phat sinh tir hién tugng tia sang thuc hién
mot quy dao chay quanh khong gian nhiéu lan (khi vi tru 13 hitu han) va nhu thé tao nén hinh
anh da boi cia tung thién ha.

Hinh 4: Buéng guong gdy hé qud vé tén cia mot doi tugng hitu han

Néu trong budng kinh ta c6 3 qua béng thi biic tranh tao nén 13 hinh anh cta vo sb qui béng
nhu trong hinh vé s6 5.

Buodng guong 12 hinh tugng ctia mot vii tru hitu han nhung cho 4o tudng vo tan. L& di nhién vii
tru khong c6 bién dé€ phin xa 4nh sang song thay vi bi phan xa nhu trong budng guong thi dnh
sang c6 thé di vong quanh vii tru nhiéu 1an. Tt biic tranh c4c hinh 4nh da bdi lip lai ngudi ta c6
thé suy ra kich thudc va hinh dang that sy cia vii tru, tic x4c dinh topo ctia vi tru.
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Hinh 5: Ba qud bong trong buéng kinh tao nén hinh dnh vé sé qud bong
3. Tao mo6t hinh

Topo c6 thé gitip ta tao mot hinh xuyén (hoic mot dai Moebius) tit mdt manh phang ctia khong
thdi gian bang cach dong nhét cac dudng mép (edge) dbi dién ctia manh phang nay (hinh 6).

N6i chung ngudi ta biéu dién mot hinh nhu phan trong ctia mot da dién (polyhedron) véi cic
mit dbi nhau dugc dong nhit tirng doi mot.

Trén hinh 6 ta thiy néu ddn 2 mép ctia mot hinh vudng ta c6 mot hinh tru, néu dan cac mép (tic
dong nhit cac mép a véi a, b v6i b) clia mdt hinh vudng ta c6 mot hinh xuyén, néu din cac mép
ctia hinh bt gidc (ddng nhit a v6i a, b v6i b, ¢ véic, . ..) ta cé mot hinh xuyén vé6i 2 16. Ta goi
s6 16 1a genus vay vi du hinh xuyén 2 16 c6 genus = 2.

LS

Hinh xuyén 2 16

Hinh tru

Hinh 6: Tao hinh tru, cdc hinh xuyén 1 16 va 2 16 bang cdch ddn cdc mép déi nhau (ticc dong
nhdt cdc mép)

Chu y hinh xuyén S! x S ¢6 dudc nho dong nhét cac mép dbi dién ctia mot hinh vudng 1a mot
khong gian phang trong khi hinh xuyén thong thudng 1a khong gian khong phang. Song vé mit
topo 2 hinh xuyén nay 1a tuong duong.
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Hinh try, hinh xuyén mot 18, hai 16 1a nhitng khong gian topo da lién thong (multiplyconnected).
Trong hinh 7 ta ¢c6 mdt topo don lién théng (cdt mot) va hai topo da lién thong (cOt 2 va 3).

=i
wlle’
==

- 000

2

Hinh 7: Pdy la vai vi du cua nhitng da tap dong phéi (homeomorphic), nhitng con sé & hang
dudi la sé 16 trong topo cua chiing

Phan trong ctia mot da dién 10 miit ngil gidc ma tiing doi cac mit ngii gidc dudc dong nhat véi
nhau sé 1a mot khong gian dong véi dd cong am (compact hyperbolic space).

Vay van d& nghién ctiu topo vi tru 1a nam trong nhitng cau hoi sau day.

Vii tru déng hay mg? Vi tru c6 18 (hay tay quai-handle) khong? Vii tru 12 lién thong hay da lién
thong? Nhitng cau hdi topo nay thuong bi bd quén bdi nhitng nha vi tru hoc. Trong mdt mo
hinh day di phéi k€ dén nhiing cau héi topo nay. Vi tru thuc su 13 san khiu clia nhiing 4o tudng
quang hoc khdng 16 phat sinh vi nhiing hiéu tng thiu kinh topo (topological lens).

Nghién citu vii tru ta phdi chii ¥ hai mdt: Hinh hoc va topo. Vé mdt hinh hoc ta c6: Khéong gian
Euclide (A6 cong bang khéng), khong gian cdau (do cong duong) va khong gian hyperbolic (do
cong am).

Khéng gian cdu trong moi truong hop la hitu han. Doi vdi hai loai khéng gian con lai thi tinh
hitu han hodc vé tdn lai phu thudc vao topo. Néu la topo don lién thong (simply-connected) thi
chiing vo tan.

Song dbi vdi topo da lién thong (nhu hinh xuyén véi mot 16 hay hai 16) thi chiing ta c6 khd ndng
xét nhitng mé hinh vii tru trong dé khong gian la hitu han bdt ké'dé cong la nhu thé nao ngay cd
liic mdt do vdt chdt va hdang sé vii tru la rdt thdp (ma néu chi xét hinh hoc thi ta phdi coé khong
gian phdng hodc hyperbolic vé tdn).

Nhut véy mot khong gian véi do cong dm c6 thé'la hitu han néu topo la da lién thong.

Trong khudn khé cta vii tru hoc chuén thi vii tru dudc mo ta bdi mot da tap khong thdi gian
M* = R x M cong véi metric FLRW. Trong d6 M = E?3 (Euclidean), S* (cau) hoic H3
(khong gian hyperbolic c¢6 hinh mot cdi yén ngua). Piéu nay thuong dan dén mot sy hiéu nham:

9
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Do cong ctia M 1a tit ca diéu gi can thiét d€ xac dinh xem khong gian 3 chiéu 13 hitu han (finite)
hay vo han (infinite). B&i vi khong gian M c6 thé chi 1a mot trong nhiing da tap thuong (quotient
manifold) kha di M = % Trong d6 M. = (E?3, S3, H?) 1a khong gian goi 1a khong gian phi
tong quat (universal covering). Khong gian M 1a khong gian da lién thong. Phép G cho phép
phii M. bing nhiing t& bao goi la da dién co ban (fundamental polyhedron-FP) va thuc hién
nhitng phép tinh tién gan lién v6i viéc ddng nhit cic mép (xem hinh 8).

Vi du hinh xuyén 72 = %2 trong d6 FP 1a mot hinh chit nhat véi cdc mép dong nhit nhu trén
hinh vé s6 6.

Trong mot khong gian da lién thong bat ky hai diém ndo ciing c6 thé dudc nbi lién bdi nhiéu
hon mot dudng trac dia va hé qua trong mot vil tru hitu han anh sang tif mot dbi tuong c6 thé
dén v6i mot quan sit vién theo nhiéu quy dao khac nhau — va nhu thé trén bau trdi ta c6 nhiéu
hinh 4nh ctia mot ngudn biic xa.

+® b x b
> E\ i\ 2\
] ] = - 3
2 % H H
A
N = = -3
% H H

Hinh 8: Cu ddn trong F D va trong khéng gian phi

Ta l4t khong gian phi tdng quat (universal covering) véi nhiéu FD bing cich dong nhit cic
mat mép.

Mot cu dan ctia hinh xuyén khi nhin vé phia truéc thay phia sau ctia minh va nhin thiy trong
khong gian phti tong quat mdt mang cac hinh 4nh clia minh (xem hinh 8).

Vi nhitng khong gian da lién thong (c6 mot s6 16) s6 luong N cdc ban copy ctia FD trong biic
tranh quan sat vi tru ¢6 thé€ danh gia béi cong thiic: N = V/Vgp. Trong d6 V 1a thé tich cla
ving vii tru quan sat dugc con Vgp 1a thé tich ctia FD.

Trong v tru hoc CMB la biic xa nhiét tan du tur lic Big Bang (xem hinh 9)

CMB c¢6 thé gitip ching ta xdc dinh topo. Mot phucng phap d€ 1am viéc d6 1a thuc hién mo hinh
toan hoc biang mdy tinh cia CMB dbi v6i mot topo nao d6 rdi so sanh véi quan tric v tru.

10
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Hinh 9: Bdn do Biic xa Phéng Vii tru CMB trén bdu troi

Tinh da lién thong dudc khai thac d€ tim ra nhiing bat thudng trong phd ning luong do hé qua
topo. Mot diém biic xa theo nhiéu hudng khic nhau va 4nh sdng sau khi di vong quanh vii tru
nhiéu 1an sé dén ngudi quan sit va cho chiing ta nhiéu hinh anh da bdi ctia diém biic xa.

Nhiéu khia canh cia CMB c6 thé bi thay ddi khi topo vii tru 13 da lién thong (hitu han):

(1) Topo da lién thong pha huy tinh dang hudng va tinh dong nhit toan cuc, xuit hién trén
CMB mot phan bb bt dang hudng va bat dong nhét ing v6i cac hinh anh 4o (ghost) clia
nhiéu diém.

(2) Phé céc loai thing gidng 1a gian doan, diéu nay phan 4nh mot khong gian hitu han (tuong
tu nhu trong Co hoc lugng ti thé tich hitu han cho phd ning lugng gian doan).

(3) Buc tranh cic thing gidng nhiét do phan 4nh su xut hién lip lai cia nhitng diém néng va
lanh do hé qua thu kinh topo.

6. Két luan

Topo vii tru 1a mot linh vuc quan trong phdi hdp cic ly thuyét toan hoc v6i nhitng dinh luét vat
ly. Chiing ta c6 kha niing quan sat dudc topo vii tru mot cach gidn tiép nhd quan sat CMB. Hiéu
dudc topo vii tru chiing ta c6 thé nghién ciiu chinh x4c hon 4nh hudng clia ning - lugng vat chit
1én khong thoi gian. Trong v tru hoc hién dai cac nha khoa hoc st dung toan dién vét ly, hinh
hoc 1an topo.

Két hop 1y thuyét va quan tric cc nha vii tru hoc d6i dién vé6i hién tugng mot khong gian véi
dd cong am (mat dd vat chit thap) lai ¢6 thé 1a hitu han vé toan cuc va trong trudng hop dé ta
phai c6 mot topo da lién thong. Thién nhién von kinh hai céi vo cung (Nature abhor infinity).

11
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SU TICH "TRAU VANG", "CAO CHIN DuUOI1" VA
HO TAY

Nguyén Lé Anh

G101 THIEU

"Dé hiéu dugc lich sit Viét Nam chiing ta can phdi tim hiéu tinh hinh dia chdt theo thoi
gian.” D6 1a nhan dinh co ban cla tac gia "rudt" ctia Epsilon - Nguyén Lé Anh. Néu nhu
nidm 2018 la ndm "di tim mdy bay" thi nim 2019 1a nim ma dng con di xa hon rat nhiéu:
di tim lai ngudn cdi ctia dan toc! Van ludn 1a nhitng géc nhin mdi la cung vé6i chudi 1ap
luan logic dua trén nhitng nghién ctiu rat day cong, tit khao cifu tai liéu dén di thuc dia &
cdc dia phuong, Nguyén Lé Anh da dua ra hang loat két qua nghién cttu méi vé lich s,
trong d6 khong it két qua da ddnh dd nhitng nhan dinh v6n di ton tai hang trim nim.

O Epsilon s6 16 nay, ching toi tran trong gidi thidu t6i doc gia phan 1 cia loat bai lich sit
ndy véi mot goc nhin rat thi vi va méi la vé HO Tay va sy tich "trAu vang" va "cdo chin
dudi".

CAu tao cla tang dat tir thém luc dia, tic tir ddy bién xua trd 1én, gdbm d4 va cit cung dat thit.
Céc vat liéu nay do song Hong mang tdi, va dugc xép lai theo ding dinh luat Acximet, "vat chét
c6 khdi lugng riéng 16n hon thi & duéi, vat chit ¢ khéi luong riéng nhd hon thi & trén. Cac hon
d4 hoc ban kinh ¢d vai mét nam & dudi cung, rdi téi cudi séi va cat, ting sét ... Néu quan sat
thiy su xuét hién ctia 16p c6 khdi luong nhod hon & duéi, vi du 16p sét dudi 16p cudi sdi, thi tifc
1a da c6 mot su thay ddi ché do boi lang. Vi du 16p & dudi dugc hinh thanh khi bién dang, va 16p
& trén la khi bién rut.

Dong nudc mang phu sa khi chdy cham lai thi phu sa ling dong. Noi dong nudc chay cham
thudng 12 noi né bi ddy cho chdy xody vong ngudc trd lai — va van toc vi thé ma bi triét tiéu. Phu
sa dong dan thanh gd mo phong hinh dang ctia dong nudc xody, do cao go vé nguyén tac khong
cao qua muc nudc song khi cao nhat. Hay néi chinh xéc 1a miic cao ctia dong nudc & clia song.
Déi v6i cac go 16n, gi6 thdi bui tip vao cac gbe cy khién cho go cao dan nhd gi6. Khi chua c6
dé bao nu6c song chay tu do, miia mua hang nim phu sa trang thém mot 16p 1én toan bo dong
bang.

20000 nim vé trudc muc nude bién bat dau dang dan dan, khoang 6000 nim trudc diy muc
nuéc bién dang 1én dugc 100m va sau d6 thi muc nudc bién dn dinh. Trong sudt qua trinh nuéc
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dang con song Hong van mang phu sa ra boi. Tuy nhién, do cac hat bun nho phu sa bi dong hai
luu bién ria tréi nén 16p cat 1ang khi bién tién sé rat sach.

Ludng phu sa hang nim ctia song Hong khoang 100 triéu tin, tuong duong 70 triéu m?> dat.
Pong bang Bac Bo 1a mot tam gidc can, ddy 150km va hai canh bén 200km. N6 nghiéng tit Phu
Tho, do cao 30m ra téi bién. Thoi gian d€ c6 lugng phi sa can thiét 14p diy khéi tif dién vudng
tai Phd Tho, cao 30m, ddy tam gidc caAn néi trén 12 2000 nim. Nhu vdy 6000 nim vé trudc thi
ddng bang Bac B6 1a mot vinh sau khoang 20m.

Tt ca cac go dit trong ving dong bang Song Hong déu cao khong qua 30m so véi muc nude
bién — 12 do cao cuia ctia con sdng Hong tai Phii Tho. Khu vuc CS Loa, Ba Pinh, Go Péng Da,
khu vuc Xuéan La 12 nhiing go chi cao khoang 15m so véi muc nuée bién, cao hon khodng Sm
s0 v6i mit bang chung trong khu vic. Nhitng go dét cao hon & khu vuc Huong Canh, Phi Tho..
dugc tao ra tif nhitng ky bing ha trudc, khoang 200 nghin nim vé trudc, khi myc nuéc bién cao
hon hién nay vai chuc mét.

Podng bing song Hong do chinh phil sa clia n6 tao ra din dan trong nhidu nim. Nhu thé con
song Hong ludn dd phu sa ra bién, va bo bién thi i dan. N6i mot cach don gian 1a doan cudi
ctia sdng 1a doan song chdy trong nudc bién trudc khi bi phii sa 1am cho n6 nang 1én. Dong chay
clia song ra bién bi dong Héi Luu ddy ngudc trd lai, tao ra xody vun phu sa thanh go. Con song
Hong chiy ngoin nghéo ré nhanh quanh cc go dy tao ra hé thdng song chay ¢ dong bang Bac
Bo. Con sdng Hong c6 do sau trung binh khoang 20m va chay trén nén dat cit ciing 1 chinh
phtl sa ctia n6 tit hang chuc nghin nim vé trudc tao ra. Do do day cla tang bdi lang t6i thém
luc dia vao khoing 100 mét, vi thé hinh dang ctia sdng Hong chi 1a hé luy ciia cac Ivc tu nhién,
céc yéu t6 16i 10m ctia thém luc dia & do sau ca trim mét phia bén dudi ting dat phu sa khong
anh hudng gi t6i dinh hinh ctia dong sdng. Tt ca cac go dit chin thang dong ndi con song hong
chay téi cling sé bi bao mon theo thoi gian.

Xét vé tong thé chi c6 2 luc tu nhién tac dong 1én dong nudc con sdong Hong, luc thi nhét 1a
do su nghiéng ctia khéi luc dia, va luc thif hai 1a Ivc Coriolis ddy dong nudc chay theo huéng
tit Ty sang Pong. Luc Coriolis chi xuét hién khi dong nuéc chay ra xa khoi tAm trai dit, tic 1a
chdy vé phia xich dao. Khi chdy song song véi vi do luc nay khong con (chdy tir vi do thap téi
vi d6 cao, nhu con sdong Ky Cung, thi huéng chay ngudc lai, tt Pong sang Tay). Do do nghiéng
ctia thém luc dia ma lyc chdy nghiéng lic nao ciing ¢6 va manh hon nhiéu 1an luc Coriolis. Quy
luat dong chay c6 phu sa 12 tai ctia song bién ludn hinh thanh xody, tai xody hinh thanh go dat.
Luc ddy dong nudc & phia bén trén go dit 1a luc Coriolis, né s& yéu dan theo thdi gian. TAt ca
stic manh ctia dong nuéc sdong Hong chuyén xubng nhanh dudi go.

C6 hai con song chinh tic dong dén hudng chdy clia con song Hong 1a song Pa va sdng Lo. Stic
chdy ctia song Pa manh gip nhiéu lan siic chdy clia song Hong va song Lo cho nén né quyét
dinh dong nu6c song Hong.

Vao khodng 6000 nim trudc day bd bién & vao khoang Phd Tho. Khodng 4000 nim vé trudc bo
bién xua chay doc theo QL18 tiép dén 1a QL2A, theo QL2C, rdi theo QL21A..

Do bi bao mon phia hitu ngan ma huéng dong chdy clia con song Pa thay ddi dan mot goc 30
d6 vé phia Bac. Do huéng chay song Pa thay d6i ma dong nudc song Hong thay ddi theo. Dong
nuée chay thang vé phia Viét Tri tao ra mot ving xody va hinh thanh go dét ludi trai Tay Son.
Vi thoi di€ém mua giita ving Tay Bic va Pong Bic khong giéng nhau nén c6 lic dong chay con
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Hinh 1: S6ng hong ngay xua chay tit Mé Linh qua khu vuc Van Tri di vé phia Chi Linh. Céi
dong sdng Ay bi hiéu ing go ndi chia ddi, nhanh bén trén bi chen khién né nhd di, dich chuyén
song song ra vi tri song P4y ngay nay. Nhanh bén dudi chdy manh hon va 1a song Hong ngay
nay. Pung ra con séng Hong chay theo huéng Tay Bic sang Pong Nam, nhung c6 1€ vi bi su ¢d
ho sut lin HO Tay khién cho dong nue bi bé quit di mot goc 45 do.

song Lo quyét dinh, n6 ddy dong chay con song Hong vé phia Nam thanh con song Pdy. Nhu
vy song Da va song Lo d€ lai diu vét 1a song Phan va song Ddy. Cac go dat xuit hién khién
con sdng Phan trd thanh nhanh phu chdy do luc Coriolis dan vé& phia dim Vac. Su hinh thanh
song Ca Lo, song Pudng, song Thdi Binh ciing theo ciing mdt nguyén 1y dua vao luc Coriolis.

Nhu vay do phu sa bi dua theo dong nudc, tit Tay Bic t6i Dong Nam, ma long con song Hong
dich chuyén song song dan theo huéng Pong Bic xudng Ty Nam. Nhin trén ban dd chiing ta
c6 thé thiy bai Phic X4 da 16n dan nhu vdy. Con song Pubng bat dau tit khu vuc Mé Linh chay
vé phia Luy Lau. Go C6 Loa da chia con song thanh hai nhanh, nhanh bén trén 12 song Pubng,
nhdnh dudi 1a con song Hong ngay nay. Nhanh trén bi phu sa 1am cho nghén nhé lai. N6 tinh
tién song song vé phia Nam vé vi tri song Pudng nhu hién nay.

Khao ¢ Hoc di chi Pong DPau cho thiy vi tri nay 13 noi con séng Ca Lo chdy qua c6 tudi ho
khoang 3500. Vay su kién chia dong con song Pudng xay ra chi trong khoang 3000 nim trd lai
day. Va vi thé ma tudi Ho Ty khong thé sém hon 3000 nim vé trude. Dong chdy ctia con song
Hong di tir Son Tay xudng t6i Ha Noi theo ding quy luit Tay Bac t6i Pong Nam. Tuy nhién
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ngay tai ho Tay ching ta thdy su thay ddi huéng dong chdy t6i gan 45 d6. RS rang 1a su 1éch
huéng nay 1a két qua cia viéc bi lin cuc bo da lam thay d6i dong chdy. R& rang 13 con sdng
Hong ludn chi chdy & phia bén Gia Lam, va dong song c6 su thé dich chuyén song song vé phia
hd Tay, ¢6 1€ né chua bao gid chiy qua ho Tay.

Phia bén Gia Lam déu 1a c4c viing dit rudng do phu sa dét cat dong lai ma thanh, né khong c6
cAu tric ciing d€ tao phan luc ddy dong nuéc song Hong chay tit bén Van Tri sang t6i HO Tay.
Song hong ngay xua chay tit Mé Linh qua khu vuc VAn Tri di vé phia Chi Linh. C4i dong song
4y bi hiéu ing go ndi chia ddi, nhanh bén trén bi chen khién n6 nhé di, dich chuyén song song
ra vi tri song Pdy ngay nay. Nhanh bén du6i chay manh hon va 13 song Hong ngly nay. Diing
ra con sdng Hong chay theo huéng Tay Bic sang Pong Nam, nhung c6 1& vi bi su cb ho sut lin
Ho Tay khién cho dong nude bi bé quit di mot géc 45 dd nhu chiing ta da néi & trén.

Dé lam 6 hon chi tiét clia trin dong dét da tao ra hd Tay, chiing ta can xét thém céc ghi chép
lich su.

Vao nim 1016 mot tran dong dat 16n do thém luc dia bi bé giy & do sau khoang 20km ngay phia
dudi Ho Tay. Sut lin dan trong vong 1000 nim qua da tao ra mdt vung triing 12 H6 Tay ngay
nay.

Trang 84 Pai Viét Stt Ky (Ban in Noi Cac Quan Ban Moc ban khac nim Chinh Hoa thi 18
(1697)) chép vé su kién nim 1016 nhu sau:

"Thién ha khi mo toi,
trung than gidu tinh danh,
givia troi nhdt nguyét sdng,
ai chdng thdy ddng hinh",

Nguyén van: "Thién ha tao méng mudi,
trung than ndc tinh danh,

trung thién minh nhdt nguyét,

thuc bdt kién ky hinh".

Bai tho trén con ¢ cac di ban trong Viét dién u linh, Son Tay tinh chi. Nhu vay day la mdt su
kién tao 4n tuong rat rat ghé gém va c6 that.

Pai Viét St Ky 1697, do Lé Van Huu, Phan Phu Tién, Ng6 Si Lién, bién soan. Su ki€n vao nam
1016 trong Pai Viét Stt Ky c6 chép su kién dong dit. Pay chac chin 1a mot tran dong dét rat
manh, vi gan 700 niim sau van con nhé dé€ dua vao chinh si.

L& duong nhién cac su kién dugc than thanh héa, va stic manh cia trin dong dat dudc so sanh
v6i cudc dai chién danh thing quan Nguyén Mong.

Poc lai chi tét trong Pai Viét St Ky:
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Binh Thin, [Thudn Thién] ndm thit 7 [1016], (Tong Pai Trung Tuong Phit ndm thit 9). Mia
xudn, thdang 3, lai ldp 3 hoang hdu: Td Qudc hoang hdu, Ldp Nguyén hoang hdu, Lip Gido
hoang hdu, Do cho hon nghin nguoi J kinh su lam tang dao. Dung hai chua Thién Quang,
Thién Diic va té bon pho tugng Thién Pé.

Pong dat.

Lam I€ té vong cdc danh son. Vua nhdn di xem niii séng, dén bén do C6 S6 (C6 S6: bén C6 S -
tén ném la bén Gid, nay ¢ xda Yén SO, huyén Hoai Puic, tinh Ha Tay), thdy khi tot ciia niii song,
tdm than cdm déng, ben lam 1€ rudi ruou xuong ddt, khdn rdang: "Tram xem dia phuwong ndy, nii
la song dep, néu cé nhan kiét dia linh thi hudng 1€".

Pém dy, vua chiém bao thdy cé di nhdn dén ciii dau lay hai lay, néi: "Thdn la nguoi lang nay,
ho Ly tén Phuc man, lam tudng giiip Nam Dé, co tiéng la nguoi trung liét, dugc giao trong coi
hai ddi séng nii D6 Péng va Puong Ldm, bon Di Ldo khéng ddm xdam pham bién gidi, mot
phuwong yén binh. Dén khi chét, thuong dé khen la trung truc, sdc cho giw chitc nhu cii. Cho nén
pham gicic Man Di dén cudp déu chéng giit duoc cd. Nay may duoc bé ha thuong dén, biét cho
thdn giit chitc nay da ldu réi".

ROi do thung dung noi:

"Thién ha khi mo tdi,
trung thdn gidu tinh danh,
gitta troi nhdt nguyét sdng,
ai chdng thdy ddng hinh".

Nguyén van "Thién ha tao méng mudi,
trung than ndc tinh danh,

trung thién minh nhdt nguyét,

thuc bdt kién ky hinh".

Vua thite ddy noi viéc dy véi Ngu sit dai phu Luwong Nhdm Vin rang: " D6 la ¥ than mudn tac
tuong". Vua sai boi xin dm duong, qud nhién ding nhw thé. Bén sai ngudi trong chdu [8a] ldp
den ddp twong diing nhu hinh dang nguoi trong chiém bao, tué thoi ciing té. Khodng nién hiéu
Nguyén Phong [1251-1258] doi Trdn, nguoi Thdt Ddt (Tartar hay Tatar, bo toc Mong Cé, ¢ ddy
chi qudn Nguyén - Mong) vao cudp, di dén dia phuong nay, ngua khuyu chdn khong di duoc,
nguoi trong thon ddn dan chiing ra chong ddnh, chém duoc ddu gidc, gidc chay tan. Khodng
nam Triung Hung [1285-1293], [Thdt Dadt] lai vao cudp, dén ddu ciing dét phd, ma dp dy vin
nhu duoc che chd, khong bi xam pham mdy may, qud diing nhu 15i thdan noi.

- Nha Tong phong vua lam Nam Binh Viong. - Nam dy dugc mia to, 30 bé liia gid 70 tién. Cho
thién ha 3 ndm khong phdi ndp to thué.

Dinh Ty, [Thudn Thién] nam thu 8 [1017], (Téng Thién Hy nam thu 1). - Mua xudn, thdng 3,
cho Trdn Vin Tii lam Thdi pho. Xudng chiéu xd té ruong cho thién ha. - Dién Can Nguyén bi sét
ddnh, vua coi chau ¢ dién phia déng.

Nhu vy ching ta c6 thé hiéu rang cac chi tiét trong Pai Viét St Ky dudc liét ké tuong ddi ky
ludng, o rang c6 phan biét sét danh v6i dong dat. Vay da c6 dong dat vao nam 1016. Tran dong
dat rat manh dén muc troi dat tdi sam, ngudi chay tdo tac. Su kién nay dudc coi 12 do stic manh
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than linh manh t6i mic nhu stic manh hiiy diét dugc quan Nguyén - Mong. Tuy nhién trin dong
d4t khong 1am thay ddi dién mao Ha Noi.

Pién Can Nguyén, tiic khu viuc Hoang Thanh nay bi sét danh, viy 1a né & vi tri tuong dbi cao.
Ngay nay ching ta biét d6 13 viing dat c6 c6 do cao khoang 16m, cing do cao vdi dinh Quén
La (Phia TAy ho Tay, Ha Noi). Nhu vay Go dit c¢d xua dai 3km cao 16m chay dai tit doc H6 Tay
dén Hoang Thanh da bi sut. C6 1& ving sut 1dn 1a mot hinh tron, nhung phu sa song Hong da
boi dan mét nira.

Hoan toan khong thiy néi t6i HO Tay, trong khi Pai Viét St Ky ghi nhan Vua dén viing Yén S,
huyén Hoai Pic, tinh Ha Tay. Nhu vay c6 thé hiéu tran dong dat 1016 nay pha hiy hoan toan
viing gitta Ha Noi va Ha Tay, nhung hién tugng sut lin tao ra Ho Tay (hdo Dam Dam) x4y ra tir
tir. HO Tay xua c6 thé 1a mot hd khong 16n 1am nhu ngay nay. Diéu nay cé thé gidi thich nguyén
nhan vi sao su tich Trau Vang va Ho TAy mai t6i sau nay méi xuat hién.

Lan dau tién Pai Viét St Ky Toan Thu chép vé ho Tay 12 nim 1044. Pai Viét St Ky chép "Thdng
9 Vua sai ddt ciii I6n 6 Ddm Pam ldy con voi nha ciia Chiém Thanh lam méi dit voi ritng vao
trong dy, Vua than dén bat".

Su tich k& rang: "Thién sw Minh Khéng cho diic tuong Phdt cao 6 truong, chép dinh thdp Bdo
Thién chin tdang, dinh dong c6 dwong kinh 10 sdi tay va mot qud chuéng dong cuc lon. Chudng
diic xong, Vua sai Minh Khong ddnh mét hoi chuéng dai. Nghe tiéng chudng con trdu bang
vang to 1on ndm trudc kho dong bén Tau tw dung biing tinh "Péng den la me ciia vang" ngd la
tiéng me goi né lién vicon minh phong thdng xudng phuong Nam tim dén qud chuéng khéng 10,
quan mdi xung quanh. Trdu vang qudn quanh mdi ma vdn khéng thdy, khién cho cd mot viing
ddt Ion quanh qud chudng sut xudng thanh mot ving ho sdu. Qud chudng sau mot hoi ciing do
sup xudng hé sau. Trdu vang ciing theo dé nhdy xudng va ndm bén canh, chdng bao ldu sau
ving ddt bi trdau vang dam sut, nudc tran ddy trdi rong thanh mot hé nuéc ménh méng. Thién su
Minh Khéng vé sau duoc tho diic dong vimg Ngii Xd (nay é Dong Nam ho Triic Bach) tho lam
16 sw nghé diic dong."

Nhu vay ving phia nam hd Triic Bach nay, tiic gan v6i Hoang Thanh 1a lang nghé dic dong.
Dong dét da gay ra sut lin nhin chim 10 dic dong va tao ra mot cdi hd nuée, chinh 1a hd Tay
ngay nay.

Ngay nay khi nudc can ching ta vin c6 thé nhin thdy mot vai ngoéi mo ¢S & phia xa trong 1ong
ho Tay. VAy 1 ngoai vi tri bi sut sdu ngay nim 1016, phan 16n ho Tay bi chim dan trong sudt ca
1000 nim qua. Qua day udc tinh hd Tay bi lin khodng 2m trong vong 1000 nim qua.

Do tif nim 1016 dén nay khong c6 mot tran dong dat 16n nao dugce ghi nhan, nhu thé c6 18 tran
dong dat nim 1016 1a gin véi sy tich Trau Vang Ho Tay, ndi 1én su kién sut lin do trin dong
dét nay ma tao ra Ho Tay. Xét trén ban dd 1910 thi mdt phan 16n HO Ty van 1a ruong lia nuéc
lic néi lic chim, ngay nay thi chim han. Nhu thé hd Tay bi sut va téi nay van tiép tuc sut lin.
Diéu nay cho thiy trin dong dét sinh ra HO Tay chua phai da x4y ra qua 1au. Trong “Tay Ho bat
canh” thoi Lé cho biét riing gd tim gitta ban dao ho Tay.

Nhu viy khong phai H6 Ty 1a mot nhanh ctia Song Hong ma khi, do bi dong dit, né bi sut lin
thi Séng Hong mdi chdy vao. Viy thi su tich Cdo Chin Pudi chac xuét hién sau su tich Trau
Vang. Khi sut ltin nudc tran vao khién ngudi dan ghi nhé su kién.
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Hinh 2: Dua trén ban do 1885 va 1910, chiing ta c6 thé udc lugng dudc hai ddo nhd chiém dién
tich khoang 1/50 hd Tay hd Ty da bi bién mét sau khoang thdi gian ¢d 20 nim.

So sanh ban d6 1885 va 1910 sau 25 nim hai mo6 dat c6 dién tich khoing 1/50 mit ho bi bién
mét. Nhu vay thoi gian ho Tay bi sut Iin 12 khoang 25x50 nim, tic tng v6i khoang 1000 nim
trude day. Rat c6 thé né 1a hé luy cia trin dong dit vao nim 1016 dudc nhic téi trong Dai Viét
St Ky Toan Thu.

3. Tiép tuc khao sat

Nhitng ngdi md ¢ cling véi nghia dia van chua chim han van con thiy dudc & gita hd Tay cho
thiy qua trinh ltn rat tif tit. Theo nhu udc tinh cdc ngdi md bang beton da lin sau xudng khoang
Im. Vat liéu xdy dung bang beton chi ¢é dugc tir khi Phap sang Viét Nam, tic 1a sau khoang
100 nim thi H6 Tay bi lin khodng 1m. Tic 12 noi lin sau nhit cia HO Tay vao khoang 10m.

Theo két qua do dién trd [1] clia Nguyén Vin Gidng, Noboru Hida, Maksim Bano doc theo hai
tuyén, tuyén thi nhit SHI cat ngang song Hong, tuyén thit hai SH2 theo bs song Hong phia Hb
Tay ching ta c6 thé nhan thiy su phan 16p dién trd rat 6 rang, nhat 13 theo tuyén SH2 hoan toan
khong c6 su x4o tron cac 16p. Nhu vay khong thé da c6 su ddi dong chiy clia con song Hong.
Theo tuyén SH2 chiing ta thiy khi di chuyén tit Pong Ngac sang phia Nhat Tan chiing ta thiy
16p ddng dién tré vong dan xubéng khoang 10m trén chidu dai thang 3km. D6 chinh 1 hé luy do
bi 1dn cuc bd HO Tay gy ra. Nhu vay lin cuc bd Ho Tay dién ra véi mic do khoang 2m trén
1km chiéu dai. Ban kinh Hd Tay khodng 2.5km, viing hé lin phéi 16n hon, udc luong khoing
3km nhu vay ndi lin sau nhit 12 khoang 10m.

Vay chiing ta c6 thé khang dinh dudc vao khoang 1000 nidm trudc day HO Tay 1a mot ving sut
ldn tUr tif v6i ban kinh khoang 3km. Vung sut lin nay da sinh ra Ho Ty va lam cho dong chay
ctia con sdong Hong thay d6i mot goc khoing 45 do. Nude song Hong da chay truc tiép vao Ho
TAy tao thanh vét ho trong d6 c6 cd hd Guom. C6 thé tham khao thém & bai viét ctia GS Tran
Qudc Vuong [2].
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Hinh 1. So d@b vi tri tuyén do dia vat ly dai ven séng Héng - Tay Hb, Ha Nai

Hinh 3: So dd vi tri tuyén do dia vat ly dai ven song Hong.

Tai lidu trich dan
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structure for Red River side-Tay Ho-Hanoi area by geophysical data. VIETNAM JOURNAL

OF EARTH SCIENCES, 34(2).

[2] Tran, Q.V., 2009. Vi thé dia vin héa-dia chinh tri ctia Ha Noi trong bbi canh viing chau thd
song Hong va Viét Nam. Khoa Lich stt, DPHKHXH&NV, DPHQG Ha Noi.
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TOAN HOoC VA BONG DA

Tran Nam Diing
(Truong Pai hoc KHTN, PHQG thanh phé Ho Chi Minh)

GIGI THIEU

Béng dd 1a mot trong cidc mon thé thao dudc nhiéu ngudi yéu thich nhét. Cac ky World
Cup, Euro, Asian Cup, AFF Cup hay Seagames ludn nhin dugc su tng hd cudng nhiét
clia cdc tin do tdc cAu gido. Rét thd vi 1a béng da lién quan rt nhiéu dén toan hoc, tur
cdc vin dé nhu théng ké, xdc suit, dén bai todn 1ap lich, dén quy dao clia cic qua bong
va chinh cdc qua béng. Bai viét nay s& gidi thiéu mot sd bai todn lién quan dén bong da,
gdm nhiing vin dé trong sin c6 va ngoai sin cd. Bai viét dugc 14y cam hiing tl chiic vo
dich Seagames 30 clia hai doi tuyén U22 nam va nii ctia chung ta.

Céc bai toan dudi day, du s6 liéu c6 thé 14y tir thuc té, nhung déu 1a cac bai toan gia dinh. Tt ca
cac dit kién sé& chi dugc 14y tir dé bai, khong dugc iy thém tir cdc thong tin bén ngoai.

Bai toan 1. Trudc trdn chung két bong dd nam Seagames 30 giita Viét Nam va Indonesia, nha
cdi Smartbets ra kéo cho cdc két qud (cia 90 phiit thi ddu chinh thiic) la 1.75-3.5-5.1, tuong
ling véi Viét Nam thing — Hoa — Indonesia thdng.

a) Hady cho biét nha cdi dd tinh todn xdc sudt Viét Nam thing — Hoa — Indonesia theing trong
90 phiit chinh thitc bang bao nhiéu dé' duwa ra ty Ié trén?

b) Do trdn chung két khong co két qud hoa nén néu hoa trong 90 phiit thi ddu thi hai doi sé
ddu tiép 2 hiép phu. Néu hai hiép phu ciing hoa thi sé dd ludn luu 11m. Gid dinh rang
néu dd phat dén thi xdc sudt thing ciia hai déi ngang nhau. Hay néu mét dé xudt hop ly
cho viéc tinh xdc sudt thang — hoa — thua cia hai doi trong hai hiép phu (néu hai déi hoa
hai hiép chinh), tir do tinh xdc sudt Viét Nam doat chiic v dich.

Bai todn 2. Trudc cdc trdn lugt cudi & bang B, doi Viét Nam dwgc 12 diém, ghi 17 ban dé’lot
ludi 4 ban, doi Indonesia dugc 9 diém, ghi 13 ban dé’lot ludi 2 ban, doi Thdi Lan duoc 9 diém,
ghi 12 ban dé’lot ludi 2 ban. 0 luot trén cudi, Indonesia sé gdp Lao, con Viét Nam gdp Thdi
Lan. Pdy la 2 trdn ddu sé quyét dinh chiéc vé vao bdn két. Chi c6 3 doi Viét Nam, Indonesia
va Thdi Lan con khd ndng tranh chdp. Theo ludt Seagames thi khi hai déi bang diém nhau, thit
hang sé dwoc phdn dinh bang (theo thit tw wu tién) hiéu sé ban thdng, sé ban thdng va cudi cing
la két qud doi dau.
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Hay tinh xdc sudt Viét Nam doat vé vao bdn két (hai doi xép ddau bdng sé doat vé) véi gid dinh
sau: Xdc sudt Indonesia thang Lao la 90%. Xdc sudt Thdi Lan thdng Viét Nam la 33%, trong
do xdc sudt Thdi Lan thdng Viét Nam véi 2 ban cdch biét la 10%.

Bai toan 3. O gidi Champions League miia bong 2008 & i két c¢é 8 doi, trong do ¢é 4 doi ciia
Anh. biic, Y, Tdy Ban Nha, Thé Nhi Ky méi nudc cé 1 dai dién. 8 dji bong bdc tham ngdu nhién
ddu logi truc tiép. Néu gid dinh rang 8 doi bong la ngang ngita nhau (xdc sudt thding ¢ mai trdn
duoc chia déu cho hai doi) thi xdc sudt co trdn chung két toan Anh la bao nhiéu? (Thuc té thi
dd xdy ra nhuw vdy, vdi trdn chung két gitta MU va Chelsea trén sdn Moscow).

Bai todn 4. 0 Seagames 30, bang B co 6 doi Viét Nam, Thdi Lan, Indonesia, Singapore, Lao,
Brunei va lich thi ddu la:

25/11 : Viét Nam vs Brunei, Indonesia vs Thdi Lan, Lao vs Singapore.
28/11 : Viét Nam vs Lao, Indonesia vs Singapore, Thdi Lan vs Brunei.
1/12 : Viét Nam vs Indonesia, Thdi Lan vs Singapore, Lao vs Brunei.
3/12 : Viét Nam vs Singapore, Thdi Lan vs Lao, Indonesia vs Brunei.
5/12 : Viét Nam vs Thdi Lan, Indonesia vs Lao, Singapore vs Brunei.

Day la mot hinh mdu cho mét lich thi ddu ciia mot gidi ddu vong tron gom 6 déi. Tat cd sé c6 5
vong ddu, moi vong co 3 trdn.

Hay xép lich thi ddu cho mot gidi ddau gom 10 doi thi ddu vong tron mét luot, gom 9 vong, moi
vong 5 trdn. Cing bai todn trén cho gidi ddu gom 2n doi thi ddu vong tron mot luot.

Bai toan 5. O mét gidi bong dd cé 6 doi thi ddu vong tron 1 lugt. Trong mdi trdn ddu, doi thing
duoc 3 diém, ddi thua duoc 0 diém. Néu hai doi hoa nhau thi méi déi duoc 1 diém. Khi két thiic
gidi nguoi ta thdy rdang diém cua cdc ddi la 6 sé nguyén lién tiép. Hoi doi vé dich dwoc mdy
diém?

Néu thay 6 doi bong bdi n déi bong, héi diéu nay co thé xdy ra dugc khong? Gidi thich ré cdu
trd loi.
Bai toan 6. Ké'tir nam 2008, kich thudc san bong dd chudn la dai 105m réng 68m. Khung thanh

c6 chiéu ngang Tm32, cao 2m44. Vong tron giita san cé bdn kinh 9m15. Cdc khu viee 5m50 va
16m50 dugc tinh theo khodng cdch dén cdu mon.

a) Néu cé mét qud siit phat ngay & goc trén bén phdi ciia vong 16m50 thi khodng cdch tir do
dén tam cia cdu mon bdng bao nhiéu?

b) Mét cdu thii dang di chuyén tir géc trén bén trdi cuia vong 16m50 vé hudng goc dudi bén
phdi ciia vong nay. Hoi 6 vi tri nao trén dwong thing ma anh ta di chuyén thi anh sé cé
goc st 1on nhdt?

c) Theo thong ké ciia cdc chuyén gia, mot cau thi trong mot trdn chay trung binh khodng
10km. Vidi s6 liéu nay, cho biét cdc cdu thi lén cong vé thii nhu Cafu, Roberto Carlos,
Marcelo, Alexander-Arnold ciia thé giéi hay nhw Cong Minh, Vin Hdu, Trong Hoang &
nudc ta sé phdi lén xudng doc bién bao nhiéu lan?
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Bai toan 7. Ké tir World Cup 1970 tai Mexico thi cdc qud bong ddu chinh thiic thuong dugc
may tir cdc miéng da hinh ngi gidc déu va luc gidc déu cé cing canh. O nam 1970 thi ngii gidc
sé c6 mau den, luc gidc c6 mau trdang. Sau ndy thi ¢ nhiéu bién thé' vdi cdc thiét ké my thudt
khdc nhau.

a) Dua vao théng tin trén, hdy cho biét c6 bao nhiéu miéng da hinh ngii gidc va c6 bao nhiéu
miéng da hinh luc gidc?
b) Cho biét qud bong cé duong kinh 25cm, hdy wéc luong tong chiéu dai cdc dwong khdu.

c) Néu cdc miéng da (ngii gidc déu va luc gidc déu) co canh bang 4.5cm, hdy wdc luong
duong kinh qud bong. Ghi chii: Dé gidi cdu b) va cdu c), ta cé thé mé hinh héa qud bong
nhw mot nhi thdp dién déu cut (truncated icosahedral)
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1. a) Xac suit sé ty 1& nghich véi ty 18 cude. Xdc suét cang cao, ty 1é cugc s& cang thap. Néu liy
nghich ddo cic s6 1.75, 3.5, 5.1 rdi cdng lai thi ta duge 1.053221 16n hon 1 mot chit. Dy ban
chét chinh 1a ty 1& 10i ctia nha c4i (néu diing bang 1 thi dy sé 1a trd chdi c6 ky vong 0). Ta liy
s6 nay dé diéu chinh lai cdc xdc sudt, tif d6 tinh dudc cac xdc suit tuong tng 13 54.3%, 27.1%
va 18.6%.

b) Pédp 4n ciu nay sé hoan toan dua vao gia dinh ctia chiing ta. C6 thé c6 1ap luan ring co hoi
ctia hai d6i & hiép phu 12 ngang nhau, ciing c6 thé ap dung ty 1& cii cho hiép phu. Cudi cung, do
hiép phu chi kéo dai 30 phiit nén kha niing hoa sé cao hon, ta c6 thé ning x4c suit hoa 1én va
giam céac xdc suat thing/thua xudng (van theo ty 18).

Vi du ta c6 thé cho két qua hoa 1a 54.2% (gip ddi so v6i & hai hiép chinh). S6 phan trim con lai
chia cho hai ddi theo ty 1€ & hiép chinh sé 1a 34.1% va 11.7%.

Néu theo phuong 4n nay xic suit Viét Nam vo dich bang 54.3% + 27.1%(34.1% + 27.1%) =
70.9%. N

2. Viét Nam sé& doat vé néu khong thua Thai Lan véi cach biét 2 ban trd 1én. Trong trudng hop
Viét Nam thua Thai Lan véi 2 ban cach biét trd 1én thi Viét Nam van doat vé néu Indonesia
khong thing Lao. Vi thé xdc suit Viét Nam doat vé ban két bang 90% + 10%.10% = 91%. [

3. Do cic ddi ngang nglia nhau va bit thim 14 ngiu nhién nén xic suit lot vao tran chung két
ctia hai d6i bat ky 12 bing nhau. Do ¢6 C2 = 28 ciip du c6 thé xuét hién & chung két, trong d6
¢6 C7 = 6 cip dau toan Anh nén xdc suit d€ c6 tran chung két toan nuéc Anhla £ = 2. [

4. Ta xét mot hinh 9 canh déu

Panh s6 tim 1a s6 10, dinh lan luct1a 1, 2, 3,..., 9. Lan ludt xép lich thi d4u nhu sau: 0 lugt
thif 7, doi thi i s& dAu véi doi thi 10, con cac doi dbi xiing véi nhau qua dudc thang di qua i va
10 s& dau véi nhau.
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Vidulugt1sélal—-10,2-9,3-8,4—-7,5—6,lugt2séla2—-10,3—-1,4-9,5-8, 6-7.

Lich d4u cho gidi gdm 2n ddi dudc 1ap hoan toan tuong tu. Chd y ngoai phuong phdp xay dung
bang y tudng hinh hoc rat doc ddo & trén, ta con c6 cach xay dung theo ki€u quy nap. [

5. Ta c6 6 ddi bong thi diu tat ca 15 trAn. Mbi tran dem lai nhiéu nhit 12 3 diém va it nhit 12
2 diém. Khong thé xdy ra trudng hop tit ca céc tran déu phan dinh thang/thua (lic d6 diém s6
moi doi 12 boi clia 3, khong thé 1a cc sb nguyén lién tiép) hoic tit ca cac tran déu hoa (lic d6
diém cdc doi bang nhau). Vay tdng diém cac ddi < 45 va > 30. Goi a la diém ddi xép cudi thi
diém cdc ddilan ludtlaa, a + 11,..., a + 5. Suy ra téng diém cac doi 1a 6a + 15. T 1ap luan
d trén, suy raa = 3 hoaca = 4.

Néu a = 3, tdng diém cac ddi la 33, suy ra c6 12 tran hoa, 3 tran phan dinh thang - thua. Ba
doi xép dau dudgc 6, 7, 8 diém thi mdi doi phai thang it nhit 1 trin, suy ra mdi doi thang ding 1
tran. Nhung néu doi vo dich chi thang 1 tran thi ciing khong thé dudc 8 di€ém, mau thuin. Viy a
khong thé bang 3.

Néu a = 4, tdng diém cac doi 1a 39, c¢6 6 tran hoa, 9 tran phan dinh thang thua va diém cac doi
lan lugt 1a 4, 5, 6, 7, 8, 9. Ta c6 thé sap xép dé c6 mot giai dau nhu vay. Xin danh bai tap nay
cho ban doc. Hon niia, ta ching minh dudc ménh dé téng quat sau (bang quy nap)

Vi moi n > 4, ton tai mot gidi ddu gom n déi thi ddu bong dd vong tron mot lugt sao cho ¢

cudi gidi diém so ciia cdc déi lan luotlan —2,n—1,..., 2n — 3. O

6. Bai nay 1a bai todn tinh todn dai sb don gian. Riéng cau goc sit 16n nhit ggi ¥ 1a tai di€ém c6
géc sut 16n nhét thi dudng tron di qua diém dé va chan hai ciu méon sé tiép xic v6i dudng thang
quy dao chay cta cau tha. O

7. Goi P 1a s ngii gidc, H 1a s6 luc gidc, V 1a sb dinh, S 1a s6 canh. Ta thiy géc & mdi dinh
ctia luc gidc bang 120°, con géc & mdi dinh clia ngii gidc bang 108°, cho nén & médi dinh sé& c6 3
da giac két nbi v6i nhau, hon nita phai 12 1 ngii gidc két nbi véi 2 luc gidc. Mdi canh sé 1a canh
cua hai da gidc. Do d6 ta c6 cac phuong trinh sau:

Tinh s6 lugt dinh: 5P + 6H = 3V.
Tinh s6 lugt canh: 5P + 6 H = 28S.

Mot dinh c6 1 ngii gidc két ndi va 2 luc gidc: 5P — 2 = 6H, tiic 1a 5P = 3H. Ngoai ra, theo
cong thic Eulerthi V — S + (P + H) = 2.

Tu day ta d€ dang tinh dugec P = 12, H = 20, V = 60, S = 90.

M5 hinh héa qua béng nhu hinh nhi thap dién déu cut, ta c6 thé uéc luong dudc tdng chiéu dai
cac dudng khau (bang 90 1an canh ctia ngii gidc va luc gic) 1a 476.1cm.

Néu canh ngii gidc va luc gidc 1a 4.5 thi bang céach tinh theo ty 18 thuén, ta uéc lugng dudc
duong kinh qua bong 1a 21.41cm. ]

Trong bai viét ¢6 st dung mot sd thong tin va tu lidu trén Internet.
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 16, 12/2019

TiNH TOAN VOI DAU CHAM DPONG TRONG
MAY TINH - PHAN 1

Ly Ngoc Tué

G101 THIEU

Khi 1am viéc v6i may tinh hay dién thoai, khong it thi nhiéu chiing ta ciing phai tinh todn
v6i cdc gia tri khong nguyén. Va trong hau hét cic thiét bi, nhiing gia tri nay dudc biéu
dién, Iuu trif va tinh toan du6i dang ddu chdm dong® theo tiéu chuin IEEE 754. Trong bai
nay, chuing ta s€ tim cau tra 16i cho cac cau hoi sau:

1. DAu chim dong la gi?

2. Tiéu chuin IEEE 754 dinh nghia cic dang dii liéu d4u chAm dong trong mdy tinh
nhu thé nao?

3. May tinh thuc hién cic phép tinh cd ban nhu cdng, trir, nhan, chia v6i dau chim
dong nhu thé nao?

“floating-point numbers

Trong céc tinh toan hay u6c luong trong cudc sdng, cdc gid tri ma ching ta quan tAm c6 thé 16n,
c6 thé nhd, nhung do chinh x4c ma ta cin dung thudng 1a cb dinh, hoic thay ddi rat it. Vi thé
thay vi ghi ra rit nhiéu chit s6 123456789101112000000000, hay 0, 000000123456, chiing ta c6
thé dua chiing vé dang chuan héa: 10°-1,23456789101112 ~ 107 - 1,234568 va 1077 - 1, 23456.
Khi day, d6 16n nho ctia gid tri c6 thé dudc udc luong bdi sd mii ctia co s6 10 (9 hay —7) va do
chinh x4c can thiét c6 thé thiy dudc thong qua sb chit s6 clia phan dinh tri 1, 234568.

Cho mdt s6 thuc  va mot cd s6 b > 1 ¢b dinh. Ching ta biéu dién x dudi dang chuin héa véi
o s b nhu sau:
r=(=1)"-b°¢,

trong day

e s = 0,1 xac dinh dau cua z,

e ¢ ducc goi 1a s6 mii cia x v6i co s6 b,
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e claphan dinh tri' clia 2 thda man diéu kién 1 < ¢ < b.

MBbi sb thuc z tuong ng véi mot va chi mot bo ba gia tri (s, e, ¢) v6i co sd b xac dinh trude
chinh béi diéu kién 1 < ¢ < b. Vi vay, néu nhu ta mudn luu trif gia tri clia z, ching ta c6 thé
dung bd ba (s, e, ¢) tuong tng véi x. Cach luu trit gia tri clia x nay trong may tinh dudc goi la
ddu chdm dong (ddu phdy dong).

Tu cong thic cla dang chuén héa, ta ¢6 dudc |e — log,(z)] < 1. Vi thé, sb lugng chit s6 can
thiét d€ Iuu trit bd ba (s, e, ¢) nhé hon Iuu trit cdc chil s6 clia 2 rit nhiéu khi x c6 thé 1a rat 16n
hoic rit bé, va do chinh xic can thiét 1a khong qud 16n. Vi du nhu chiing ta can phéi luu trit
ca hai s6 123456789101112000000000 va 0, 000000123456 véi dd chinh xé4c 12 6-7 chit s6. Néu
nhu st dung diu chim tinh, sé can dén 24 + 12 = 36 chil s6 cho phan nguyén va phan thap
phan. Trong khi diy, néu nhu st dung diu chim dong (véi co sb 10), chiing ta chi can 1-2 chit
s6 cho s6 mii, va 7 chit sb cho phan dinh tri, it hon rat nhiéu so v6i 36. Hay néi mot cach khac,
v6i cing mdt dung luong luu trit, ddu chdm dong cho phép chiing ta biéu dién dugc cac sd &
mot khoang rong hon rat nhiéu véi do chinh xdc duge xac dinh trudc.

Diém yéu 16n nhit ctia cach luu trit s6 dudi dang du chAm dong 12 cac phép toan trd nén phiic
tap hon kha nhiéu so vdi s6 nguyén va dau chAm tinh, k& ca nhiing phép tinh co ban nhu cong
trir. Piéu nay khién cho viéc tinh toan véi diu chim dong c6 thé cham hon rit nhiéu néu nhu
khong c6 su hd trd ting toc tif phan ciing.

Vao nhitng nim 1960-70, khi viéc tinh todn trén mdy tinh bt dau trd nén phd bién, rat nhiéu
cong ty tham gia thiét ké va san xult cac mdy chd 16n, va kém theo dé 13 phan cting hd trg tinh
toan diu chAm dong. Tuy nhién, mdi cong ty lai theo dudi mot dinh dang dau chim dong riéng
clia minh, doi khi ngay c4 cing mot dong mdy nhung khac thé hé ciing ding dinh dang diu
chidm dong khac nhau. Piéu diy din dén cic ma chuong trinh tinh toan diu chAm dong khong
thé dudc dung lai cho nhitng mdy tinh khéc nhau, va viéc chia sé dit liéu diu chim dong giita
cdc mdy sé phai qua cc chuong trinh chuyén d6i bang phan mém rit chim chap. Hon thé nita,
céc dinh dang ddu chAm dong khic nhau lai c6 nhitng khoang bi€u dién khac nhau, d4n dén sai
s6 trong dif liéu véi mbi chuyén ddi.

Vi vay viéc chuin héa dinh dang ddu chAm dong trong mdy tinh trd nén rat can thiét d€ giam bét
su rang budc vao phan ciing clia phan mém va dit liéu, qua d6 gitip viéc trao d6i dit lidu va tai
st dung ma chuong trinh tré nén hiéu qua hon. Nhu cau nay da din dén sy ra ddi cda tiéu chuin
IEEE 754 vao nim 1985 (con dudc viét 1a IEEE 754-1985) quy dinh dinh dang va cac phép tinh
toan vdi ddu chAm dong trong mdy tinh. Tiéu chuin nay sau diy da dudc md rong va cap nhat
thém hai 1an vao niam 2008 (IEEE 754-2008) va gan day nhat 1a 2019 (IEEE 754-2019).

Tiéu chuin IEEE 754 chuin héa dinh dang diu chAm dong cho co s6 2 (binary) va 10 (decimal).
Trong bai niy chiing ta sé chi tap trung vao d4u chAm dong co sb 2, dang dudc hd trg phd bién
nhat trong hau hét cic mdy tinh. Pinh dang ddu chAm ddng vé6i z2-bit thudng dudc dit tén chinh
thuc 1a binaryxx st dung

Leoefficient, significand, hay 12 mantissa
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e 1 bit dau tién lam bit diu s,

e /. bit tiép theo 1am bit s mi e,

e [ bit con lai 1am bit cho phan dinh tri c.
Néu nhu ching ta xem céc bit ctia s6 mil e (va ¢) nhu 1a mot s6 nguyén duong, thi chiing ta sé
khong thé biéu dién dugc cac sé nhd hon 1 va gin véi 0. Vi vay dé€ c6 thé biéu dién dudc cic

s6 ca nhé 1an 16n, s6 mil that su ctia = & dang chuin héa dude quy dinh 13 e — bias véi hiang sb
hiéu dich bias dudc xac dinh trudc.

Céc gid tri tham s6 cho cac s6 dau chAm dong 16, 32, 64, va 128-bit theo tiéu chuin IEEE 754
l1a nhu sau:

S6 bit st dung | Tén chinh thic Tén thuong gap le | e bias
16 binary16 half precision, half 5110 15=2"—1
32 binary32 single precision, single, float | 8 | 23 127=2"—1
64 binary64 double precision, double 11|52 | 1023=2'0-1
128 binary128 quadruple precision, quad | 15 | 112 | 16383 = 2'4 — 1

Khi cdc bit ctia e khong phéi toan 0 hay toan 1, bo ba (s, e, ¢) 1a § dang chuin héa va gia tri thuc
la:
x=(=1)"- 2070 (1427 . ).

Luu y dén phan 1+ & phan dinh tri. Vi khi viét s6 nhi phan dudi dang chuin héa, phan dinh tri
ludn bat dau bang 1.zxzzxx, nén khi lvu trit s6 nhi phan dudi dang chuin héa, bit dau tién dudc
4n di dé tiét kiém bo nhd, cho phép chiing ta luu trit phan dinh tri chinh x4c thém dugc 1 bit
dang sau.

Vi du nhu b ba (0, 128, 4194304) viét dudi dang nhi phan (32-bit):
0/1000 0000{100 0000 0000 0000 0000 0000
s€ co gia tri that la:

r=(—1)"- 277 (14277 4194304) = 3.
Truong hgp dac biét khi cac bit cta e toan la 1 dudc chia ra lam 2 trudng hgp con:

e Néu nhu ¢ = 0, khi diy bo ba (s, e, 0) sé& biéu dién gia tri am hodc duong vo ciing (£o0)
tiy vao dau s.

e Néu nhu ¢ # 0, bd ba (s, e, ¢) dudc goi 1a NaN (Not-A-Number, khong phai 1a sb).
Khi céc bit cua e toan 1a 0 ciing dudc chia ra lam 2 truéng hgp con:

e Néu nhu ¢ = 0: bo ba (0,0,0) biéu dién gid tri +0, con bd ba (1,0,0) biéu dién gia
tri —0. V& mit gia tri thi +0 va —0 1a nhu nhau, nghia 1a tiéu chuidn quy dinh phép so
sanh +0 = —0 tra vé gia tri 1a ding, va +0 # —0 trd vé gid trj 1a sai. Tuy nhién khi két
hop véi cac phép tinh khac, +0 va —0 c6 thé cho két qua rit khac nhau, chang han nhu
1/+0=40c0conl/—0=—oc0.
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e Néu nhu ¢ # 0: bd ba (s, 0, ¢) dudc goi 1a s6 dudi chudn® va cé gia tri thuc dudc tinh theo
cong thuc:
T = (_1>s . 217biasflc .

Véi céc s thuc khong thé biéu dién chinh x4c véi dinh dang dau chAm dong dugc lua chon, tiéu
chuan IEEE 754 quy dinh céc phuong thiic lam tron nhu sau:

e Lam tron vé 0 - loai bé toan bd cac chit sb thira.

e Lam tron lén (vé +o0)

e Lam tron xubng (vé —o0)

e Lam tron dén s gan nhit - trong trudng hop & ngay giita, 1am tron vé s6 dinh tri chin gan

nhét.

Trong bén phuong thiic 1am tron nay, phuong thic 1am tron gan nhét, néu & ngay gitta thi lam
tron vé dinh tri chin gan nhét (RTNE®) 1a phuong thiic 1am tron mic dinh, va hau hét c4c tinh
toan trén mdy tinh déu dung phuong phap lam tron nay.

Vi du nhu chiing ta muén tim cach biéu dién s6 = 4098 dudi dang binary16.

e Dau tién ta chuin héa x = 2'2 - (1 + 2_11).

e Phin s6 mii e = 12 + bias = 12 + 15 = 27, biéu dién duéi dang nhi phan vdi 5 bit 1a
11011.

e Phén dinh tri viét dudi dang nhi phan 1a 1,000 000 000 01 sé& dugc lam tron vé 1, 000 000 000 0.
e Nhu vy, s6 z = 4098 sé dudc luu trif dusi dang binary16 thanh
0]11011|0000000000

va ddi ngugc lai ra thanh gid tri 4096.

Tuong ti nhu vy, s 2 = 4100 sé dudc biéu dién dudi dang binary16 thanh
0/11011/0000000010

co gid tri 1a 4102.

2subnormal/denormal numbers
3round to nearest, tie-to-even, hay la ngan gon hon, round-to-nearest-even
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Viy lam thé nao d€ chiing ta c6 thé cong (hay trir) hai sé dudc biéu dién dudi dang ddu cham
dong IEEE 7547 V6i x = (s1,e1,¢1) vay = (s, €9, ¢o), du tién ching ta hdy xét dén céc trudng
hop dac biét:

e Néu nhu z hoic y 1a NaN, két qua clia = 4+ y va « — y dudc quy dinh 12 NaV.

e Cac truong hgp (+00) + (—00), (+00) — (+00), (—o0) — (—00) cling dugc quy dinh cho
ra két qua 1a NaN.

e Neunhuz =y=40,24+y = (—1)mm{51’52} - 0; hay néi cach khac, —0+ —0 = —0, con
lai két qua 1a +-0.

V6i ca x va y déu & dang chudn, dau tién chuing ta sé bién ddi  va y vé cing mdt s6 mi, roi
cong hoic trit phan dinh tri sau khi da bién ddi. Gia sit nhut e; > ey, phan dinh tri 1 + 27" - ¢
chiing ta sé viét gon lai thanh 1, ¢,. Khi diy ta c6 dugc:

T+ y = (_1)51 X 2@1—bias ‘E+ (_1)82 3 2ez—bias m
— Qelfbias . ((_1)51 . m_i_ (_1)52 .9ez—e1 E)

Hay n6i mot cach khéc, sau khi sap xép cic bit ciia « va y thang hang, chiing ta chi viéc cong,
trif phan dinh tri, roi thuc hién 1am tron va chuin hoéa lai két qua.

V& miit co ban, ddy chinh 13 cich ma cic s6 diu chim dong dang binary32 va binary64 dudc
cong trit ngay bén trong CPU clia may tinh. Tuy nhién thuat ton tinh cong nay vap phai mot
van dé 13, d€ sap xép céc bit clia = va y thang hang, chiing ta c6 thé sé phai dung rit nhiéu bit.
Nhu véi trudng hop 2 va y déu 13 binary64, ching ta c6 thé phai can dén hon 2000 bits, va trd
lai diing vAn dé ban dau ctia viéc st dung diu chim tinh.

D¢ giai quyét van dé ndy, c6 hai diéu dang chu y sau c6 thé gitp ching ta giam bét s bit can

dung cho phép cong tru:

e Neu nhu 3 < fracxy < 2, chung ta chi can nhiéu nhat la [, + 3 bit d¢€ tinh tong cta phan

dinh tri sau khi d bién ddi s6 ma.

2 2 1
e Néu nhu |z| > 2 - |y| hay 1a |y| > 2 - |z|, két qua cua §max{|:7c|, lyl} < |z +y| <
3
2 max{le]. o).

Trong truong hop thit 2, két qua clia  + y sé chi ndm quanh quén s6 c6 tri tuyét d6i 16n hon
gitfta 2 va y. Gia st nhu sb ¢6 tri tuyét d6i 16n hon diy 1a 2. D€ 1am tron diing dudc két qua ctia
x + y, ngoai 1-2 bit thém vao sau x, nhitng bit nhé hon theo sau d6 chi quan trong 1a tit ca déu
bang 0, hay 12 c6 it nhit mot bit khac 0. Va vi sd bit ma y phai dich chuyén chinh 1a e; — e,
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chiing ta c6 thé tinh truc tiép dudc nhiing bit ndo ctia y sé& chuyén ra sau = hon 2 bit ma khong
can phai dich chuyén y. Sau dy khi dich chuyén y, chiing ta chi can quan tim dén t6i da 1a 2 bit
sau . Vi vdy, tong sd bit ma chiing ta can d€ thuc hién phép cdng hoic trit cic dinh tri sau khi
bién déi chi vao khoang [ + 4, nhd hon rat nhiéu so véi toan bo khodng vai nghin bit nhu trudc.

Bai tap 1. Gi st nhu ching ta mudn lam tron theo phuong phap mic dinh mot sb x, va chiing
ta c6 dugc bit cudi cling ngay vi tri cAn lam tron clia  1a g, bit ngay sau d6 la x_;, va z = 0
néu nhu nhiing bit con lai theo sau x_; déu 1a 0, néu khong thi z = 1. Xét tit ca cic trudng hop
clia g, £_; va z v tim két qua 1am tron trong tt ca céc trudng hop day.

Bai tap 2. Dung bai tip trén va doan thdo luan trudc diy d€ hoan thién thuit toan tinh tdng
x + y cho 2 s6 diu chim dong duong dang chuin z va y.

Bai tap 3. Md rong thuat todn & trén dé xét trudng hop x va y trai diu, hay néi cach khéc, tinh
tru.

Bai tap 4. Lap trinh thuit toan trén bing ngdn ngii ua thich nhét ctia ban va kiém tra thir két
qua lai véi két qua ctia CPU.

[1] ttps://fen.wikipedia.org/wiki/IEEE_754
[2] ttps://ieeexplore.ieee.org/document/4610935

[3] oldberg, David (March 1991). "What Every Computer Scientist Should Know
About Floating-Point  Arithmetic". ACM Computing Surveys. 23 (1): 5-48.
doi:10.1145/103162.103163
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PoN PO THI VO HUONG TRONG DE CHON D01
TUYEN CAcC TiNH/THANH PHO
2019 - 2020

Nguyén Tuin Anh
(Truong THPT chuyén Nguyén Quang Diéu - Dong Thép)

GIOI THIEU

Nhiing y tudng cd ban ban dau ctia ly thuyét dd thi dudc nha Todn hoc Leonhard Euler
trinh bay vao thé ky XVIII trong mdt bai bo vé bai toan Bdy chiéc cdu ¢ Konigsberg
vao niam 1973. ¢ Bén thoi diém hién tai, Ly thuyét do thi ting dung vao rit nhiéu linh vuc
khéc nhau ?, trong Todn diéu d6 cang dugc thiy rd rang hon. Nham gép phan thé hién vai
trd d6 trong bai viét niy chiing ta sé dén véi mot sd bai todn chon doi du thi VMO nim
hoc 2019 — 2020 véi 15i giai dua vao do thi (chinh xéc 1a don dd thi vo hudng). Cé hai
diéu sau xin Iuu y cling ban doc

e Trudc hét, cic khai niém lién quan dén Ly thuyét do thi s& c6 doi chiit khéc biét tlly
vao muc dich va linh vuc 4p dung. Vi viy, d€ ban doc dé theo doi ngudi viét chon
cac khai niém trong tai li€u Theory and Application of Graphs [1] va s€ khong
trinh bay lai. Ban doc can thiét c6 thé tra cifu lai.

e Vi cic bai todn dudc giai trén quan diém clia do thi nén sé c6 nhiing 15i gidi tuong
d6i khong gon va cé thé thay thé bing cach phuong phap gidi khic: Sir dung song
dnh, dém bang hai cdch, ... Nhu vy ban doc nén tim mdt 15i gidi khac, d6 cling 1a
mot con dudng hoc rét hiéu qua.

Moi déng gép cho bai viét ban doc c6 thé giii vé dia chi: anh110004@gmail . com

“Nhung mii dén gitta thé ky XIX ngudi ta méi quay lai v6i chi dé nay véi nhiing nghién ctiu
vé mang dién, vé& ciac mo hinh tinh thé va vé cdc ciu triic phin tif clia cdc chit. Su phat trién cda
logic hinh thiic da ddy dén viéc nghién ctiu cic quan hé hai ng6i dudi dang do thi. Sau d6 nhiéu
bai todn khéc ciing da dugc phat trién trén ngdn ngit dd thi.

bChinh vi diéu d6 ma trong chuong trinh d6i méi gido duc ndi dung Ly thuyét dé thi dude dua
vao giang day cip THPT.
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Vidu 1 (Khanh Hoa - 2019, ngay 1). Mgt nhom phuot co n thanh vién. Nam 2018 ho thuc hién
6 chuyén du lich ma méi chuyén co diing 5 thanh vién tham du. Biét rdang hai chuyén du lich bdt
ky co t6i da hai thanh vién chung. Tim gid tri nho nhdt cia n.
Loi giai. Goi n thanh vién tham dula X, X5,..., X, va Yy, Ys, ..., Yslasau Chuyén di phuot.
Xét d6 thi hai phe véi tap dinh 1a X U Y trong do:
X = {Xl,Xz,...,Xn}VéY = {Yl,Yz,...,YG}.

Hai dinh X;, Y; dugc ndi canh v6i nhau néu ngudi X; tham gia chuyén phugt Y.
Theo gia thiét d6 thi c6 6 x 5 = 30 canh. Goi S 1a tip cic ciip hai canh c6 cing mdt dinh thuoc
X. Tasé dém |S|.

e Dém theo dinh ctia tip Y. Theo gia thiét véi hai dinh thudc Y thi ndi canh chung tdi da 2

dinh thudc X. Do d6 |S| < 2CZ.

e Dém theo dinh thudc tap X. Goi d; = deg(X;) (khi d6 tacoé Y d; = 30). Khi d6 v6i mdi
dinh X; taco C jj céch chon ra 2 dinh! thudc Y ciing lién thuéc mot canh nao dé véi X;.

Suy ra
d? —d;
W:Z%:le-

Ap dung bt dang thic Cauchy ta c6

di +dy+ -+ dy)?
(d +d Y i tdat et dy) P d
n <Z i 1230
2 - 2 '

T d6 ta dudc n > 10. D€ khang dinh n = 10 1a gid tri nhd nhét ta can chi ra véi 10 ngudi cé
thé sip xép 6 chuyén du lich thoa gia thiét. Xem lai cach chiing minh, thiy dang thic xay ra khi
vachikhid; =3 véimoii = 1,2,...,10. Nhu vy ta chi can xdy dung mot do thi hai phe c6
30 canh, mdi dinh cia X c6 bac 1a 3, mdi dinh clia Y ¢ bac 1a 5 (xem hinh vé).

Ta quy uéc Cj =0v6id; =0,1.
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Loi giai hoan tat. O
Nhan xét 1. Cung véi y tudng xay dung do thi hai phe va dém s6 ciip hai canh chung mét dinh,

ta c6 bai todn sau (mic di vé mit dién dat chiing khac nhau).

Vidu 2 (Lao Cai- 2019, ngay 1). Trén mdt phdng cho tdp A gom n diém phdn biét (véi n la s6
nguyén duong) va B la tdp gom 14 duong thang phdn biét. Biét moi duwong thdng ciia tdp B di
qua duing 14 diém cuia tdp A.

a) Goi tdt cd cdc diém cia tap A la Py, Ps, ..., P,. Vdi méi P; goi a; la sé duong théng ciia

tdp B di qua P;. Chiing minh rdang Z a; = 196.

i=1
b) Chitng minh rdng n > 102.
Lsi gidi. Goily, la, ..., 114 1a 14 dudng thang thudc tip B. Xét dd thi hai phe véi tip dinh dudc

phan chia thanh hai tap 12 4 va B. Mot dinh P; dudc nbi canh véi /; néu va chi néu dudng thang
l; di qua diém P;.

a) Theo gia thiét bai todn do thi c6 14 x 14 = 196 canh. Tir d6 suy ra

n n
196 x 2

a; = de Pl' = = 196.

Lo gt

vi
n 14 n 14
> deg(P) =) deg(li). Y deg(P)+ Y _deg(l;) =2 x 19.
i=1 i=1 i=1 i=1

b) Goi S 1a tip cdc cip hai canh c6 chung mot dinh thudc A. Ta sé dém |S| theo hai céach:
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e Dém theo dinh clia A. Vi mdi dinh P; ¢6 C2 cich chon ra 2 dudng thang nhan n6 lam
dinh.? Do do:

n

n 2 .
|S|:anzl:zalzaz
i=1

i=1

e Dém theo dinh ctia B. Theo gia thiét ta c6 hai dinh ctia B c6 t6i da 1 dinh chung (vi néu
c6 tir hai diém chung tré 1én thi hai dudng thang sé trung nhau). Do d6 |S| < C2,.

Nhu vay ta c6 dudc bat dang thiic

Ap dung bét ding thiic Cauchy, ta cé

(@1 +ax+---+an)?

—(a1+a2+---+an) n a2_a,
n < i ! C2
2 h 2 e
i=1

Theo cau (a) thia; + az + -+ 4+ a, = 196 nén ta dugc

1962

— 196

nf < CL =091,

hay n > 102 (vi n nguyén duong). Bai toan dugc chiing minh. [

Nhan xét 2.

e Khic véi bai toan thif nhét, bai toan nay ta c6 thé nhan ra dang thiic khong thé xay ra
trong danh gid n > 102. Mot van dé dit ra 1a n nhd nhit dé ton tai n diém théa man 1a
bao nhiéu? Phan ndy mai ban doc khai khac.

e Mot cach dém don gian khac (thu dugc danh gid t6t hon): Danh ky hiéu 14 duong thang
1aly, 1, ..., 114 Khi d6 xét dudng thang /,, trén dudng thang nay can c6 14 diém.
Xét dudng thang I, dudng nay c6 tdi da mot diém chung véi /; nén ta can c6 thém 13
diém méi.
Xét tiép dudng thang I3, dudng thang nay c6 diém chung véi 2 dudng trudc d6 ti da 2
diém do d6 ta can c6 thém 14 — 3 + 1 = 12 diém mdi nita.

Tiép tuc qud trinh trén, ta can it nht 14 + 13 4 --- + 2 4+ 1 = 105 di€m dé c6 thé thda
man, tic n > 105.

e Uu diém ctia 18i gidi mot bai toan TS hop bang cach st dung dd thi (v6 hudng hoic c6
huéng) khong chi nam & chd c6 nhiéu dinh 1y, tinh chét c6 thé 4p dung ma hon hét 1a thiy
dugc hinh ddng chung ctia nhiéu bai toan dii c6 cach phat biéu bé ngoai c6 thé khic nhau.
Céc bai toan tuong tu dudi ddy sé thé hién diéu d6, mdi ban doc lam th.

2Ta quy uéc Caz,- =0v6ia; =0,1
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Bai tap 1 (Chuyén DH Vinh - 2019). C6 16 hoc sinh tham gia lam mét bai thi trdc
nghiém. Dé thi chung cho tdt cd hoc sinh va c¢é n cdu héi, méi cau héi cé 4 phuwong dn
trd 1oi. Sau khi thi xong, thdy gido nhdn thdy véi mdi cdu héi, méi hoc sinh chon diing
1 phuwong dn trd 10i va hai hoc sinh bdt ki c6 nhiéu nhdt 1 cdu héi cé phwong dn trd 10i
giong nhau.

a) Véi n = 2 hdy chi ra mét vi du vé phwong dn trd 10i cdc cdu héi ciia 16 hoc sinh.

b) Chitng minh rang n < 5.

Bai tap 2 (Can Tho - 2019, IMO Shortlist - 2004). Trong mét trung tam vdn héa tinh cé
501 hoc sinh t6 chitc cdc CLB (mot hoc sinh 6 thé tham gia nhiéu CLB). Cdc CLB phéi
hop vdi nhau dé’t6 chiic cdc hoat dong xd hdi. Biét rdang co k hoat déng xa hdi théa man
cdc diéu kién:

i) Méi cdp hoc sinh thuéc ding 1 CLB.

ii) Véi moi hoc sinh va méi hoat déng xa hoi, hoc sinh nay thuéc diing 1 CLB trong
hoat dong xa hoi tuong ving.

iii) Méi CLB c6 mét sé 1é thanh vién va néu sé thanh vién la 2m + 1 thi s6 hoat dong
xd hoi la m.

Tinh tat cd cdc gid tri co thé co cua k.

Bai tap 3 (Trung Qubc - 1996, ngay 2). C6 8 ca si tham gia mét chuong trinh vin nghé
voi m buéi hoa nhac. Trong méi budi hoa nhac, cé bén ca si tham gia va sé lan tham gia
ctia mdi cdp ca si la nhu nhau va bdng n (n la s6 nguyén duong). Tinh gid tri nhé nhdt
cua m.

Bai tap 4 (VMO - 2005). Cho bdt gidc 16i Ay A, --- Ag khong cé ba duong chéo nao dong
quy. Giao cua hai dudng chéo tity ¥ duoc goi la mot mit. Xét tdt cd cdc it gidc 16i duoc
tao thanh tir bén dinh ciia bdt gidc da cho va t gidc dwoc goi la it gidc con. Hay xdc
dinh s6 nguyén dwong n nhé nhdt sao cho cé thé' té6 mau n niit dé’ véi moi i,k phdn biét
thuéc {1,2,...,8} thi cdc sé S(i, k) bang nhau, trong do S(i, k) ky hiéu ti gidc nhdn
A;i, Ay lam dinh va giao cua hai duong chéo la mot niit dugc té mau.

Vidu 3 (PTNK - 2019). Mot truong phé thong cé n hoc sinh. Cdc hoc sinh tham gia vao nhiéu
cdu lac bo khdc nhau va co tat cd m cdu lac bd. Gid st mdi cdu lac bé co diing 4 hoc sinh va
Vvdi hai hoc sinh bdt ky thi tham gia chung vdi nhau t6i da mét cdu lac bé. Chiing minh rdang

m< n(n—l).
12

Loi gidi. Goi A 1 tap cac hoc sinh, B 1a tip cdc cau lac bd. Xét dd thi hai phe c6 tap dinh dugc

phan chia la A va B. Hai dinh 4; € A va B; € B dugc ndi canh v6i nhau néu va chi néu 4; 1a
mot hoc sinh tham gia cau lac b B; € B.

D€ chiing minh bét dang thiic bai todn, ta s& dém s6 canh ctia dd thi.
e Theo gia thiét s6 canh ctia do thi khi d6 1a 4m.
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e Ta chiing minh két qua sau:
Goi A, € A la dinh c6 ndi canh sang B vdi s6 luong canh nhiéu nhdt (néu cé nhiéu dinh
nhu vdy, ta chon mot trong sé chiing) thi so6 canh nhdn A, la dinh khéng viot qud %

That viy néu sd luong canh trén nhiéu hon “Z1. Gia st tp dinh ma A, ndi canh 1a
B’ = {By,B,,..., By} véik > "ZL va A,, A3, A4 1a ba dinh khac ciing ndi canh véi A,

dén B;. Khi d6, véi cac dinh B,, B3, ..., By thi
— Ta chi ¢6 thé ndi canh thém véi cac dinh khac véi A,, A3, A4 (vi ban thin mdi dinh
B, Bs, ..., By dandi canh véi A;). Ta goi goi A’ = A\{A1, As, A3, Ag).
— Néu mot dinh nao d6 thudc A’ ndi véi B; € B’ thi khong dudc ndi véi cac phan ti

con lai cia B’.

Do viy s6 dinh phan biét thudc A’ can dé ndi canh dén céc dinh thuoc B’ thoa gia thiét 1a

)=n-4

Diéu nay 12 khong thé vi nhu vay sb dinh ctia tip A sé 16n hon n. Chiing minh hoan tit.
n(n 1)

3(k—1)>3(”

Tt két qua trén, sb canh clia do thi khong vudt qua

Do vay m < ”(” D Bai toan dugc ching minh. N

Nhan xét 3. Bai toan trén ciing c6 thé st dung do thi va dém ciip canh theo hai cach nhu vi du
1, 2. Phan nay xin danh cho ban doc.

Vidu 4 (Pht Tho - 2019, ngay 2). Cé mdt nhom ngudi ma trong do, moi cdp khong quen nhau
c6 ding hai nguoi quen chung, con méi cdp quen nhau thi khéng cé nguoi quen chung. Chiing
minh rang so nguoi quen ciia moi ngudi la nhw nhau.

L&i gidi. Gia st nhém c6 n ngudila Ay, A,, ..., A,. Xét mot dd thi c6 tap dinh 12 tip n ngudi
trong nhém. Hai dinh dudc ndi canh véi nhau néu va chi néu hai ngudi tuong tng hai dinh d6 1a
quen nhau.

Xét hai dinh A, A, thudc dod thi. Goi N(A,), N(A,) 1a hai tp dinh lan lugt lién ké v6i A, As.
Ta s€ ching minh |[N(A;)| = |N(A)|. Ta c6 hai trudng hgp sau:

Truong hop 1: A va A, 13 hai dinh lién k&. Khi d6 N(A;)\{A4,} va N(4,)\{A,} 12 hai tap roi
nhau (hai ngudi quen nhau thi khong c6 ngudi quen chung).

e Trudng hop 1.1: Néu N(A4,)\{4,} = 0 thi N(42)\{4:} = @ vi néu ngudc lai gia st
Cy € N(A,)\{A,} thi Cy, A, la hai nguoi khong quen nhau nhung chi c6 ding A4, la
nguoi quen chung.

Diéu nay mau thuén véi gid thiét. Vay trong trudng hgp nay tacé |[N(4,)| = |[N(4z)| = 1.
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e Truong hop 1.2: Néu N(A)\{4,} # 0, gid st N(A;)\{4,} = {By, B,, ..., B;} (v6i
I € N*). Khi d6 N(A4;)\{A;} ciing khic @ (vi néu N(A4,)\{A,} = @ thi theo 1ap luan
trén N(Al)\{Az} = @), glé su N(Az)\{Al} = {Cl, Cz, ey Ck} véi k € N*.

Xét By, vi By va A, 1a khong lién ké nhau. Suy ra tOn tai hai dinh khac cung ndi canh véi
B va A, (trong d6 da c6 sing A;). Nhu vay ton tai duy nhat C; € N(A4,)\{A;} sao cho
B nbi canh v6i C;. Thuc hién tuong tu v6i cac B; khac, chu y ring khong thé ¢6 B; va B;
(V6ii # j) cung ndi sang mot dinh ciia N(A4,)\{A4;}. T dé ta dudgc |[N(4;)| < |[N(42)].

Ay A

C
By

C

By B
Cy

Ap dung céach 1ap ludn trén bang cach ddi vai tro hai tip N(A4;) va N(A») ta ciing dugc
|N(A2)| < [N(A1)|. Vay [N(A1)| = [N(A2)].

Nhu vay, trong trudng hgp nay ta dugc |[N(A,)| = |N(A4,)|.

Trudng hop 2: A; va A, khong dudc ndi canh. Khi d6 ton tai mot dinh, gia st 12 A3 ndi canh
v6i hai dinh nay. Theo trudng hop 1 s dinh lién ké v6i A, A, bang vé6i s dinh lién ké véi A5.

A1 AZ

A3

Tém lai, s6 dinh lién ké ctia hai dinh tiy y thudc do thi ludn bang nhau, hay néi cach khac hai
ngudi tiy y trong nhém c6 cling sd luong ngudi quen. 0

Nhan xét 4.
e Truong hop |[N(A;)| = [N(Az)| = 1 that sy chi xay ra khi nhém nay c¢6 ding hai ngudi

va hai ngudi nay quen nhau. Va day 1a trudng hdp nhiéu hoc sinh 14p luan bd qua, chua
dam bao tinh chat ché.

e Cich 1ap luan chiing minh [N(A4;)| = |N(A,)| ban chit 1a xay dung song 4nh gilta hai
tap hop N(41) = N(4»).
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e Trudng hop 2 c6 thé 1ap luan truc tiép nhu hinh vé sau (danh cho ban doc).

e Mot bai todn tuong tu: (APMO - 1990) Trong mdt do thi khong chita tam gidc nao va
khong cé mét dinh nao ndi canh vdi tdt cdc cdc dinh khdc. Biét rang hai dinh bdt ky A, B
néu khong lién ké nhau thi c6 mot dinh C sao cho C lién ké véi cd A va B. Chitng minh
rdng tdt cd cdc dinh déu cé bdc bdng nhau.

Vidu5 (Hung Yén - 2019, ngay 1). Cho mét tdp X khdc rong dugc chia thanh cdc tdp con doéi
mot khong giao nhau Ay, A,, ..., A, va dong thoi ciing dugc chia thanh cdc tdp con déi mot
khong giao nhau By, B,, . .., B,. Biét rang hop ciia hai tdp hop khéng giao nhau A;, Bj (voi
1 <i,j < n)cokhéng it hon n phdn ti. Chiing minh rdng sé phan tit ciia X khong it hon %

. A A 2 2 \ 2 ~ 2 A - . N 2 ~ N -
Khi so phan tit ciia X la 75 hdy chi ra mot cdch chia tdp hop théa man bai todn.

Loi giai. Giast X = {x1,X2,...,Xmvagoi A = {A1, Az, ..., Ap}. Xét mot dd thi hai phe c6
tap dinh dugc phén chia 1a X, A. M&i dinh x; € X ndi canh v6i dinh A; € A néu va chi néu
x; € Aj. D& dang nhan thiy ring s6 canh dd thi chinh bing | X | = m (dém theo dinh ctia X).
Ta sé dém sb canh nay theo dinh thudc A. Trudc hét ta c6 thé gia st hai diéu sau:

o |Bi| =min{|A,|,|As|,...,|4.|.|Bi|,|B2|,....|Bn|} (néu tip théa man trén 1a 4; ndo
do thita goi laitap A = {By, B>, ..., By}).

e |Bi| = p < %. Vinéu ngugc lai thi bai todn la hién nhién.
Khi d6 ta sé phan chia tdp A thanh hai tap dinh la:

e A’ 1a tip cic dinh ma ban than né 1 tip c6 phan ti chung véi B;. Dé thiy s dinh nhu
n
vay khong vudt qua p < 5
e A" 1a tip cac dinh ma ban than né 1a tip khong c6 phan ti chung véi B;.
Gia su
A/ = {Ail, Aiz, ey Ail} va A// = {Ail-H s All+2’ ey Ain}
voil < p <

NI
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e S6 canh ctia dd thi ¢6 dinh thudc A’ it nhat1a Ip vi

Y deg(4;) > Ip.
AjeA

e Theo gia thiét hai tip A4;, B; khong giao nhau thi c6 it nhit n phan ti. Ap dung didu nay
chod;, (v6ij =1+1,1+2,...,n)va B;.Suyradeg(4;,) > n— p. Hay n6i cach khéc
s6 canh ctia do thi c6 dinh thuoc A” it nhat1a (n — )(n — p).

Vay sb canh ctia do thi it nhit 12 (n — [)(n — p) + [ p. Nhu vay ta dudgc:

m=|X[>0n-Dn-p) +ip
>n*—n(l + p)+2p

=5 2(5-0)(5-7)
~ 2 2 2 7
n2
°7
Pang thic xay ra khi va chi khi p = 5 hodc [ = 7 (trudng hdp nay ciing kéo theo p = 5). Tom

lai dang thitc x4y ra khi va chi khi p = 5. Dua vao day ta c6 thé xay dung mot do thi hai phe
thda yéu cau con lai clia bai toan. Phan nay xin danh cho ban doc. O

Vi du 6 (Quang Binh - 2019, ngay 2). Cho s6 nguyén duong n > 2, xét 2n diém phdn biét
trong mdt phdng sao cho khong cé 3 diém ndo thing hang. Trong sé cdc diém trén ta ndi n* + 1
cdp diém lai véi nhau. Chiing minh rdng:

a) C6 it nhdt 1 tam gidc tao thanh vdi ba dinh la ba trong sé cdch dinh trén.

b) Cé it nhdt n tam gidc tao thanh vdi ba dinh la ba trong sé cdch dinh trén.
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Loi gidi. Xét mot do thi c6 2n dinh 1a 21 diém di cho. Hai dinh dugc ndi canh v6i nhau néu hai
diém d6 dudc nbi doan thang trong s6 n2 + 1 doan dudc nbi.

. . 2 2 - , X 1 A ~ P ST 2
a) Theo dinh ly Mantel, so canh to1 da cua do thi néu khong chua tam giac la [%] =n2. Do

d6 v6i n? + 1 canh thi dd thi luén chita mot tam giac.
b) Cach 1: Ta chiing minh bang quy nap.

V6i n = 2 dé dang kiém tra dugc. Gia st khiang dinh ding véi n, ta chiing minh né ding véi
n + 1. Xét d6 thi 2(n + 1) dinh véi (n + 1)? 4+ 1 canh. Theo dinh Iy Mantel ton tai mot tam
giac, gia su ba dinh cua tam giac la A, B, C. Goi N(A), N(B), N(C) la cac tap chia cac dinh
1an lugt lién ké v6i A, B, C trong tip 2n — 1 dinh con lai. Khi d6 sb tam gidc tao thanh it nhat 1a

T=|N(A)NN(B)|+|N(B)NN(C)|+|N(A) NN (C)].
Theo nguyén ly bu trur thi:

T =INM[+INB)+INO)]+[NANNB)NN(C)|=[NA)UN(B)UN (C)]
= [N (A)|+ [N (B)|+ [N (C)| =[N (A)UN (B)UN (C)]
> [N (A)|+ [N (B)|+|N(C)|—2n + 1.

Vi|N (A)UN (B)U N (C)| < 2n — 1. Ta ¢6 hai truong hgp sau:

e Trudng hop 1: Véi |N (A)| + [N (B)| + [N (C)| —2n + 1 > n thi khang dinh trén ding
v6in 4+ 1 vikhi d6tacéd T > n két hop thém ABC ciing 12 mot tam gidc ta c6 it nhét
n + 1 tam giac.
e Truong hop 2: V6i |N (A)| + [N (B)| + |N (C)| —2n + 1 < n, hay
IN (A)|+ N (B)|+|N (C)| <3n—1.
Vi vai tro cta ba s6 |N (A)|,|N (B)|,|N (C)| la binh dang. Do viy ta c6 thé gia sit
IN (A)| + |N (B)| <2n —1.Suyra [N (A)| + [N (B)| < 2n —2.

Xét dd thi con thu dudc tir dd thi ban diu bang cach bo di hai dinh A, B va cic canh nhin
A, B 1adinh (tinh ca AB, BC, CA). Khi d6 dd thi méi thu dudc c6 2n dinh véi sb canh it
nhat 1a

m+1)2+1-3—02n—-2)=n+1.
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Theo gia thiét quy nap thi do thi con nay chia it nhit n tam gidc. Suy ra do thi ban dau c6
it nhat n + 1 tam gidc.

Theo nguyén 1y quy nap ta dudc diéu phai chiing minh.

Céch 2: Ta chiing minh bang quy nap két qua téng quat hon nhu sau:

Vi mot do thi co |V| = 2n + x véin > 2 nguyénva x € {0, 1} va c6 |E| = n(n + x) + 1 thi
do thi ¢é it nhdt n tam gidc.

Trudc tién ta thiy rang trong do thi lic bay git luén c6 mdt dinh c6 bac khong vuot qua n. That
vay, néu moi dinh c6 bac tit n + 1 trg 1én thi ta c6:

n+1D@2n+x)=@m+DIV|< D deg(X) =2|E| =2n(n + x) + 2.
XeV

Diéu nay kéo theo
m+1D2n+x)<2nn+x)+2 m—-1)(x—-2)>0.
Bit dang thic trén 12 khong ding vin > 2,x < 1.
V6i mbi n > 2 1a s6 nguyén duong va x € {0, 1} ta goi P(n, x) 12 ménh dé c6 dang:
“Voi moi dé thi G(V,E) c6 |V| = 2n + x vdin > 2 nguyén va cé |E| = n(n + x) + 1 thi do

thi ¢ it nhdt n tam gidc.”

e Truong hop 1: VGi x = 1, ta gia st P(n,0) la dung. Bat X 1a dinh c6 bac khong vugt qua
n (theo nhan xét trén X 1a tn tai). Xét d6 thi G’ thu dudc tir G bang cach b di X va cac
canh lién thuoc véi X . Khi d6 d6 thi G’ ¢6 2n dinh va c6 s6 canh it nhat 1a

nn+1)+1—degg(X)>2nn+1)+1—n=nn+0)+1.
Vi P(n,0) ding nén G’ chifa it nhét n tam gic. Suy ra P(n, 1) ding.
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e Truong hgp 2: V6i x = 0, ta gia st P(n — 1, 1) dung. Bat X 1a dinh c6 bac khong vugt
qué n (theo nhan xét trén X 1a tn tai). Xét d6 thi G’ thu dudc tit G bang cach bd di X va
céc canh lién thudc véi X . Khi d6 d6 thi G’ ¢c62n —1 = 2(n — 1) + 1 dinh va c6 s6 canh

it nhat 1a:

nxn+1—-degg(X)2nxn+l—-n=mn-1)n-1+1)+1.

Vi P(n — 1, 1) ding nén d6 thi G’ chifa it nhat n — 1 tam giac.

Ta lai co:

— Trudng hop 2.1: Néu deg; (X) < n thi s canh ca G’ 12 16n han hon

(n—1)(n—141) + 1 canh.

Vi P(n —1,1) diing nén G’ chita it nhit n — 1 > 1 tam giac. Goi ABC 12 mot tam
giac nhu vay.

Xét d6 thi méi G” con ctia G’ thu dudc bang cich x6a b6t di canh AB. Khi d6 G”
van c62(n — 1) + 1 dinh va c6 it nhat (n — 1)(n — 1 + 1) + 1 canh. Do d6 G” ¢6 it
nhét n — 1 tam gidc. Hién nhién cic tam gidc nay ciing 1a tam gidc thudc do thi G'.
Két hop thém tam gidgc ABC ta dugc G’ that sy c6 it nhat 1a n tam gidc. Suy ra G
c6 it nhét n tam gidc.

— Trudong hop 2.2: Néu deg; (X) = n, ta goi N(X) la tap cdc dinh lién k& v6i X trong

G va N(X) latap n — 1 dinh con lai.

*

Néu c¢6 hai dinh nao d6 trong N(X) 1a lién ké nhau thi hai dinh d6 két hop véi
X tao thanh mot tam gidc (duong nhién tam gidc nay khong trung véi bat ky
tam gi4c nao trong n — 1 tam gidc ctia G'). Do d6 G c6 it nhit n tam gidc.
Ngudc lai, N(X) khong c6 hai dinh nao lién ké nhau. Khi d6 moi dinh ¥ €
N(X)thidegs; (Y) <n—1.

Néu c6 mot dinh Z € N(X) sao cho degg/(Z) < n — 2 thidegs(Z) <n — 1.
Khi d6 ta thay thé X cho Z. Ap dung trudng hdp 2.1 ta dudc G chifa it nhét n
tam giac.

Ngugc lai, moi dinh Y € N(X) thi degs/(Y) = n — 1. Nhu viy sd canh ctia d6
thi G’ ¢6 dinh thuoc N(X) va dinh con lai thuéc N(X) chi la

nn—1)<nmn—-1)+1.

(ta chd y thém 12 hai dinh thudc N(X) khong ndi canh nhau trong trudng hop
nay). Khi d6 ton tai mot canh nao dé ndi hai dinh ciia N(X). Canh nay két hop
tAt c4 cdc canh ndi tif cdc dinh thudc N(X) ta dugce n tam gidc.?

Toém lai P(n,0) ding.

D¢ hoan tat bai
theo hai bién):

chitng minh, ta sé két ndi lai cic budc chiing minh nhu sau (mdt kiéu quy nap

3P0 thi con thu dude tit G’ bang cich bo di tit c cdc canh c6 hai dinh thude N(X) 1a do thi hai phe Kn—1n

day da.
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P(2,0) ding P(3.0) diing P(k,0) ding P(k +1,0) ding « o

P(2,1) dung P(3,1) ding P(k, 1) ding P(K'+1,1) ding

Budc co s& ban dau tiic P(2,0) c6 ding hay khong 14 quan trong. Kiém tra truc tiép mot do thi
4 dinh va c6 it nhét 5 canh, ta thiy P(2,0) ding. Ching minh hoan tit. ]

Nhan xét 5.

e Mot bai todn vdi gia thiét tuong tu (ta cling c6 thé st dung do thi két hop vé6i quy nap).

Bai tap 5 (China TST - 1987). Cho mét do thi ¢é 2n dinh va c6 ding n* + 1 canh. Chiing
minh rdng dé thi chita it nhdt hai tam gidc ¢é chung mot canh.

e Mot danh gid khac vé sb tam gidc ¢ trong mdt dd c6 n dinh va k canh (ban doc hay
chuyén ddi bai toan vé ngdn ngit do thi dé thay diéu do)

Bai tap 6 (APMO - 1989). Cho S la tdp gom m cdp (a,b) vdi a,b la cdc sé nguyén

(m—15)

duwong théa 1 < a < b < n. Chitng minh rang cé it nhdt 4m - TT bé ba (a, b, c) sao
cho (a,b),(a,c) va (b, c) thuoc S.

Thay vi st dung dd thi va cach dinh Iy lién quan d€ giai mot bai toan T6 hop, ta con c6 thé st
dung cé4c két qua dinh ly (khong nén qua kho) ctia do thi, sau d6 dién dat theo mot cach nao dé
bai toan TS hop thu dudc s& rat hip din. Vin dé kho 1a dinh ly dudc chon tuong ddi vira phai,
chuyén doi bai toan phai tu nhién, thuc tién va dic biét phai 4n dinh ly dugc chon cang khéo 1éo
cang tot. D& két lai bai viét, ta sé dén v6i mot bai toan mang y tudng nhu vay.

Vi du 7 (Trusng déng BTB - 2019, ngay 1). Trong mot ky thi védn ddp, c6 64 thi sinh va 6 vi
gidm khdo. Méi thi sinh sé phdi trd 1i véi titng gidm khdo va sé nhdn duge mot trong hai két
qud: “dat — trugt”. Biét rang véi hai thi sinh bdt ky, luén cé mot vi gidm khdo ddnh gid thi sinh
nay dat, con thi sinh kia truot. Sau ky thi, hai thi sinh cé két qud khdc nhau ¢ diing mét gidm
khdo nao do thi sé két ban véi nhau (gid sit trudc ky thi, chiwa cé ai la ban bé ciia nhau cd).

a) Héi ¢6 tdt cd bao nhiéu cdp la ban bé ciia nhau?
b) Chiing minh rang co thé xép tdt cd cdc thi sinh ngoi lén ban tron ma hai thi sinh ngoi canh

nhau la ban bé cua nhau.

Lo gidi. Ta goi 6 vi giam khao 13 X, X5, ..., X¢ va dudc xép trén mot hang ngang cb dinh.
V6i mdi thi sinh ¥; (v6ii = 1,2,...,64) ta sé ghi két ma 6 vi giam cham cho thi sinh Y; theo
quy udc nhu sau:

e Néu gidm khéo X; chim thi sinh ¥; két qud 1a dat, ta ghi s 1.
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e Nguoc lai ta ghi s6 0.

Dé dang thay rang cac két qua clia 64 thi sinh chinh la ddy di 64 xau nhi phan cé 6 ky tu.

Goi tip cdc xau nhi phan d6 12 A = {A;, A,, ..., Aes}. Khi d6 ta xét do thi c6 tap dinh 12 A,
hai dinh A;, A; dugc ndi canh v6i nhau néu va chi néu hai xau A; va A4; sai khdc nhau ding
mot vi tri. RO rang day 12 dinh nghia clia do thi 1ap phuong Q. Mot cach téng quat, do thi 0,,*
c6 cdc tinh chat sau (ban doc tu chiing minh)

e S6 dinh1a 2",
e Sdcanh1a 2" ! x n.

e Do thi O, c6 chu trinh Hamilton.

Ap dung céc két qua trén ta dudc 16 gidi cho bai toan. U

Trong muc nay sé 1a mot s bai todn c6 thé st dung don dd thi vo hudng dé€ tim 15i gii (hién
nhién d6 khong 1a hudng tiép can duy nhit). Mot sd bai khong ghi nguodn 1a nhiing bai todn
ducc dién dat lai ctia mot sd bai todn cii ngudi viét xin khong trich ngudn, cbt yéu dé ban doc
(ddc biét 1a hoc sinh) c6 thé luyén tap.

Bai tap 7. Cho 6 duong thdng trong khéng gian sao cho khéng gian sao cho khong cé ba duong
nao la dong thing. Chiing minh rdng ton tai ba duong thing sao cho mot trong cdc diéu kién
sau xdy ra:

e Hai duong bdt ky trong ba duong trén la hai duong thdng chéo nhau.
e Ba duong thing doi mét song song.

e Ba duong thing dong quy.

Bai tap 8. Tim s nguyén duong nhé nhdt n sao cho véi mot tdp bdt ky gém n sé vo ti thi cé ba
56 V6 ti nao do ma téng ciia hai sé bdt ky trong ba sé nay ciing la sé vé ti.

Bai tAp 9. Chitng minh rang trong mét nhom cé 9 nguoi (moéi nguoi trong nhom hodc la quen
nhau hodc la khong quen nhau) luén ton tai ba nguoi quen nhau hodc ton tai 4 nguoi déi mot
khong quen nhau.

Bai tap 10. Trong moét budi khiéu vii, mot nguoi co thé khiéu vii véi mét nguoi khdc (chi mot
luot) hodc khong khiéu vii (vi Iy do sitc khée chdng han), va cd thé'khiéu vii nhiéu luot vdi nhiing
nguoi khdc nhau. Chitng minh rang véi moi nhom gom n nguoi (n € Z) ta luén cé thé’sdp xép
mot budi khiéu vii cho nhém sao cho khong cé ba nguoi nao cé ciung sé luot khiéu vil.

4MBoi dinh 12 mot xau nhi phan ¢ 7 ky tu, hai dinh dugc ndi canh v6i nhau néu hai xau nhi phan sai khac nhau
ding mot vi tri.
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Bai tap 11 (Trusng Déng TP.HCM - 2018). Sau gio hoc ciia mot truong mdu gido, 20 em nho
cho éng noi hodc 6ng ngoai ciia minh dén don. Biét rang 2 em bdt ky thi c6 chung mot nguoi
ong. Chitng minh rang cé 1 éng la éng ciia it nhdt 14 em nho.

Bai tap 12 (Vii Thé Khéi, Trusng déng BTB - 2019). Mot tdp S gom cdc xdu nhi phdn cé dé
dai n. Hai xdu nhi phén dugc goi la gan nhau néu va chi néu hai xdu chi sai khdc nhau diing
mot vi tri nao do. Gid st méi xdu thudc S gdn nhau véi diing k xdu thuéc S.

a) Chitng minh rdng |S| la mét sé chdn.
b) Chitng minh ring |S| > 2.

Bai tap 13 (Mock Test - 2019). Vdi cdc sé nguyén duwong m,n, xét bang 6 vuéng m x n dugc
phdn chia thanh cdc 6 vuong con. Gid sit c6 thé té mau trdng - den bdng nay sao cho véi méi 6
vuéng don vi thi s6 6 vuong cung mau va cé diém chung vdi no (khong tinh 6 vudng do) la so 1é.

a) Chitng minh rang mn la sé chdn.
b) Gid sit mn la s6 chdn, chitng minh rdang co thé'té mau bang théa diéu kién dé bai.

Bai tap 14 (Hai Phong - 2019). Cho X la mot bdt gidc déu tam O. Goi A la tdp tdt cd cdc dinh
ciia X va cdc giao diém cua hai duong chéo bdt ki ciia X. Goi Y la tdp 8 diém thudc A khong
trung O va gan O nhdt (hinh vé). Goi Y la tdp tdt cd cdc canh ciia X va cdc doan th(fng noi
hai diém thudc A ké nhau trén mot duong chéo bdt ki cia X . Méi diém thudc A duogc té béi mot
trong hai mau xanh hodc dé. Co tdt cd 26 diém do. Biét rang O duoc t6 do, hai trong sé nhiing
diém dé la dinh ciia X, ba trong s6 nhiing diém dé thuéc B.

NS

Cdc doan thing thujc Y duoc té mau theo quy tdc: néu doan thing cé hai ddu miit dé thi no
duoc t6 mau do, néu hai dau miit xanh thi no duoc té mau xanh, néu mét dau miit dé va mot ddu
miit xanh thi né dwoc t6 mau vang. Biét rdang co 20 doan thing trong Y mau vang. Hoi ¢é bao
nhiéu doan thdng trong Y mau xanh?

Bai tap 15. Trong mot budi hop 16p chuyén Todn c6 25 nguoi vé tham du. Mot s6 ngudi lam
cong tdc hdu can chudn bi tiéc hop mdt nén da khong bdt tay ddy dii véi ban bé cia minh (gid
Sw rang moi ngudoi néu bdt tay nhau thi chi bdt tay mot lan). Cudi budi I6p trudng nhén thdy
rang cit moi ba ban tity ¥ thi c¢6 hai ban nao do da bdt tay vdi nhau. Héi budi hop mdt do co it
nhdt bao nhiéu cdi bdt tay?
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Bai tap 16. C6 9 gido vién ddn doan tham du Olympic. Trong thoi gian cho cdc hoc sinh tham
gza ky thi ho bdt ddu tro chuyén lam quen véi nhau. Tuy nhién, thoi gian cho hoc sinh tuong doi
ngdn nén moi nguoi khong thé'lam quen hét voi nhau Néu hai nguoi nao do lam quen véi nhau
va ho cung thich mét chii dé nao do ciia Todn thi cudi budi tro chuyén ho sé trao déi email cho
nhau (dé sau nay cé thé'trao doi tai liéu chcfng han). Nguoc lai cudc tro chuyén lam quen sé két
thiic ma khong co trao doi email. Hoi can cé it nhdt bao nhiéu cudc lam quen thi mdi chdc chdn
rang luén co 3 nguoi nao doé da lam quen véi nhau va cudi budi tro chuyén hodc la cd ba nguoi
khéng ai trao doi email cho ai hodic cd ba déi mét trao doi email cho nhau.

[1] Junming Xu, Theory and Application of Graphs. Springer US, 2003.
[2] https://artofproblemsolving.com/community

[3] https://www. facebook.com/groups/vmo.tst
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gpsi lon

PANG THUC TO HOP
QUA CAC BAI TOAN OLYMPIC

Trinh Dao Chién

GIOI THIEU

Trong mdt s6 bai todn Olympic, doi khi viéc biéu dién va tinh toan lién quan dén céc s6
t6 hop dong mot vai trd quan trong dé tiép tuc hoan thién 16 giai, sau khi da c6 mot dinh
huéng diing. Nhan viéc tra 16i thic mac ctia mot s6 ban hoc sinh vé vai doan bién doi
clia cac déng thiic t& hop trong tai liéu [1] do toi gidi thiéu, bai viét nay ciing rat ty nhién
dudc hinh thanh. Noi dung chii yéu dé cap dén vai tro clia nhiing dang thiic t6 hop qua
mot s6 bai toan Olympic, nhu 1a su tiép ndi d€ chi tiét héa ndi dung ciia tai liéu néu trén
ma tdi rat thich bdi hé thdng bai toan kha phong phu vé Cong thiic ndi suy Lagrange.

1. C4c biéu dién va tinh toan lién quan dén sb6 td hop

1.1. Biéu dién mét tich qua sb t6 hop

Bai toan 1. Gid sit n la sé nguyén dwong, n > 2, xdc dinh trudc. Véi méi k € {1,2,...,n}, hday
biéu dién tich sau qua sé t6 hop

n 1
AL =
Gidi. V6 i méi k € {1,2,...,n},tacod
12[ 1 1
i k=i (k=1 (k-2).21(-1)(=2)..(-(n—k—1)).(— (n—k))
1 ek 1 ek k.n!
T k- k) (=1) =D n—k)! SR S (k— ) (n—Fk)!
1 . n! 1 n— k
= (=) kkm = —.(-1) *k.Ck

Ta ¢6 biéu dién sau
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Ping thic 1.
- 1 n—=k k

i=1,i#k

Bai toan 2. Gid sit n la s6 nguyén duong, n > 1, xdc dinh trudc. Véi méi k € {0,1,2,...,n},
hdy biéu dién tich sau qua sé t6 hop

Gidi. V6i mbi k € {0,1,2,...,n}, ta c6

-1 - 1
k=i k(=1 (k—2).21.(=1) (=2) . (— (n—k—1)) . (= (n— k)

k(=1 (n —k)! k' (n—k)!
1 n—k n' 1 n—k k
=—.(-1 =—.(— C
n!( ) k' (n —k)! n!( )
Ta c6 biéu dién sau
Ping thiic 2.
n 1 1
=0tk VT T

Bai toan 3. Gid sit n la s6 nguyén duong, n > 2, xdc dinh trudc. Vi méi k € {1,2,...,n}, hdy
biéu dién tich sau qua sé t6 hop

L n—l—l
= ggﬁk
Gidi. V6 i méi k € {1,2,...,n}, tacod
ﬁ n—l—l B nn—1)..(n—k+2).(n—k)...2.1
i1tk k=1 (k—2)..21.(=1)(=2)..(—(n—k—=1)).(— (n — k))
— (n—rllfl-%-l) _ (_1)n—k n!
(k= DI(=D)"F(n—k) (k=Dln—k)!(n—k+1)
S (1)

k=(n—k+1)!

Ta c6 biéu dién sau
Ping thitc 3.
n 1) —1 _
H (n+ ) ? — (_1)n kCS_l-
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Bai toan 4. Gid sit n la s6 nguyén duong xdc dinh trudc. Véi méi k € {0,1,2, ...,

dién tich sau qua soé t6 hop
ﬁ (n+1)—i
k—1

i=0,ik

Gidi. V6imdi k € {0,1,2,....,n}, tacod

Ton+l)—i (n+Dn..(n—k+2).(n—k)..21

H k—i  k(k—1)..1.(=1)(=2)...(— (n—k))

1=0,i#£k
n+1)!
E(=1)""F (n — k)! Kn—Fk)!'(n—k+1)
— n—k (n + 1)' o n—k ~k
= =0T (n—k+1) (=17l
Ta c6 biéu dién sau
Ping thiic 4.
“o(n + 1) e
H - (_1) kcﬁﬂ‘
1=0,i#k

1.2. Khai trién nhi thitc Newton va cac hé qua
Ta da biét dang thic khai trién nhi thiic Newton sau
Ping thiic 5.
(a+b)" Z CF.a"* b*,

k=0
V6i a = 1, ta cé hé qua sau
Ping thic 6.

SRV = (140)".

Ding thifc trén 13 co s& d€ gidi mot sd bai toan tinh tong sau
Bai toan 5. Tinh

Z CfL:Jrl bk
k=0

Gidi.
n+1

k n+1 n+1
ZCn+1 Z n+l C’n-i-l b

= (1+b)" = Z AU W
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=3 Ck 0= (140" -t
k=0
Ta c6 két qua sau

Ping thic 7.
Z Ck WP = (1 b)) — !,

Bai toan 6. Tinh .
3Gk b
k=0

Gidi.

n—+2

Z Cryz b =3 O b+ Cply 0™+ O b
k=0
b)"+? Z kb (n 4 2) b7+ 162

= Z Ck L bF = (1+0)" — ™2 — (n 4 2) b
k=0

Ta c6 ket qua sau

Ping thic 8.
Z Ck L bF = (14+0)"" =2 — (n42) b,

Bai toan 7. Tinh .
> Oyt
k=0
Giai. V6i b # 0, ta co
1 n
k1 1k k41 2k+1
chjrlb 5 z:c(njrlb+
k=0 k=0

= (Ch b+ C2 P+ O b+ O

@\»—l

1 n V2 n V3
= 2 (OR 0+ O b 4+ G2 b b O b+ G = € 1)
=3 ((Cngl b+ Chp b+ Gy b + o+ Ol bn) (Cgill-bnﬂ Chsrb ))

— 2 (;Cﬁﬂ-bk + (1.bn+1 _ 1_1)) = i ((1 S B B 1)
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= (@+p)™ -1).

@\»—t

Ta c6 két qua sau

Ping thiic 9.
1
k1l 1k _ nt1
l;cnﬂ W= (A+0)" —1).
Bai toan 8. Tinh
n+1
> Chipbh
Gidi.
n+1
DOt b = O b4 Cop b7 4+ O b+ Oy 07
k=1

=b (02+1-bo + Cl+1 b Cgﬂl T - bn)

= b ((C41 b+ O b 4 O 4 Ol 07+ O ) = Ot )
n+1
—b (Z Ch bk — 1.b"+1> =b((1+0)" =),
k=0

Ta c6 két qua sau

Ping thirc 10.
n+1
SR =0 ((1 + )" — b”“) .
k=1
Bai toan 9. Tinh
n+1
S b
k=1
Gidi.
n+1
Y Crpat = Cpip bt + CR b + o+ O b + Oy b
k=1

= (cg+2.b° +Cp b+ CEy b+ 4+ Cl b+ O 4 O bn+2)

—OME2 2 - 0 L0 = (14 )" o 1,

Ta c6 ket qua sau

Ping thic 11.
n+1

Z Ck o bF = (140" —p+2 — 1.
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Bai toan 10. Tinh

Z o b

Gidi. B6i Déng thuc 11, ta co
n+1

(L4072 =2 -1 =3 CF 0"

k=1

n

=Y Ch b+ ot = Z kbt (n 4 2) b

k=1

Z kb= (140" =2 — (n42) 0" — 1.

Ta c6 két qua sau
Ping thifc 12.
ZC,’;+2 = (140" =2 — (n42) .0 — 1.

Bai toan 11. Tinh

> (=0 hckpm).
k=0
Giai. St dung Cong thic ndi suy Lagrange cho da thic
Px)=2""—2(x—1)(x—2)...(x —n)

¢0 bac khong vugt qua n, véi cac moc ndi suy xg =0, 21 = 1, 20 = 2, ..., x,, = n, ta dugc

k=0 i=0,i#k
> (P I =)= (#" I =
k=0 i=0,ik k—i k=0 i=0,ik k—i
Hé s6 cta 2" & vé trai 1a
(n+1)
2
Hé s6 ctia 2™ & vé phai 12
i kn+1 i kn+1
T oy SFE D210 ()
i=0,i#k




Tap chi Epsilon, S6 16, 12/2019

- ; :O (G e

bong nhat hé so cua 2™ & hai ve, ta c6 ket qua sau

Ping thic 13.

n

Z ((—1)"*’?_Cs'kn+1> _ M

k=0 2

Bai toan 12. Cho sé nguyén duong n va sé thuc a. Tinh

rr=a—k,k=0,1,2,....n,
tacod

Pong nhit hé s ctia 2" & hai vé, ta ducc

n n 1
1= a—k)". _—
kz:;) (( ) igz‘[yék: — (K _2))

Suy ra

Viy, ta c6 két qua sau

Ping thic 14.
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Chéng han:
- V6in = 2, ta c6 dong nhét thifc sau

2

> ((-1".Ch(a = k)?) =2

k=0
hay
CY.a> —Cl(a—1)°+C%(a—2)° =2
Vay

a?—2a—-1"+(a—2)7=2

- V6i n = 3, ta c6 dong nhit thifc sau

3

> (-1 .Ch(a— k)?) =31

k=0
hay
C.a® = Ch(a—1°+C2.(a—2)° - C3.(a—3)* =6.
Vay

a® —3(a—1)* +3(a—2)° — (a — 3)* = 6.

Bai toan 13. Gid si: n la s6 nguyén duong xdc dinh trudc va m la sé6 nguyén tity ¥ théa mdn
1 <m < n. Dat

m

m n k
R = Z (m—k)".(-1) .C’SH.
k=0
Chitng minh rang
Rn—m—i—l = R™.

Gidi. Vi céc bi€u dién R™ va R"~™*1 kh4 phic tap, nén d€ dé hi€u ndi dung bai todn, ta thir
minh hoa n6. Chang han véim = 3, n = 4, tacd

3
R"=Ri=Y (3-k"(-1)".CE =300 —2*.C} +1*.C2 =81.1 - 16,5+ 1.10 = 11
k=0

2
Rl = R2=S"(2- k) (-1)r.CF =200 —1*.C1 = 16.1 — 1.5 = 11.
k=0
Vay
Rnferl — Rm

Bay gio, ta trd lai bai toan.
n—m-+1

Ry~ = Z (n+1-Fk)— m)n-(_l)k-OSH
k=0
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n—m-+1

= Y ((n+1=k)—m)"(-D".opt

k=0

bati=n+1—-k. V6ik=0,thit=n+1.V6ik=n—m+ 1thii =m <n -+ 1. Khi do

n+1
n—m+1 __
R =

i=m

n+1

N G —-m) (-l

n+1

==Y (= (m=))"(=)""TCh = = 3 (D) = )" ()"0,

i=m

n+1

== Z (m — i)n~<_1)2n+1_i‘cjz+1 =

i=m

=m
n+1

- Z (m — i)n-(_1>2n+1-(_1)_i-02+1

i=m

n+1

= n_z (m—4)".(=1)7".CL =Y (m—i)".(-1)".C .

Thay chi s6 4 béi chi s6 k, ta c6

n+1

=m

R = N (m— k)" (-1).CF .

k=m

Do doé

n+1

m

Ry =R Y (m— k)" .(-1)F.CF, | = > (m— )" (=DM Ch

k=m

m

&> (m— k)" (-1 .Ck, —

k=0

m

= Z (m — k)n‘(_l)k~CS+1 -

k=0

m

k=0

n+1

S (m— k)" (-1 .CE =0

k=m

n+1

Z (m — k)"-(—l)k-cfiﬂ =0

k=m

n+1

S (m—k)"(-D)"Ch + > (m— k)" (=D)MCh, =0

k=0
n+1

& ;; ((m — k)"

Ta can ching minh dang thiic trén.

That vay, véi m tuy y, 1 < m < n, ap dung Cong thiic ndi suy Lagrange cho da thic P (z) =

k=m

(=DMhek,) =o.

(m — )", v6i cac mdec ndisuy z; = j,1 < j<n+1,tacé

n+1

k=1

n+1

n m — n ZE—j
e _Z(< k)'j=g¢kk_j)'
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B&i dong nhit thic trén, cho z = 0, ta c6

n+1 n+1 —j
m' = (m —k)". — .
k=1 ( FH# k= )
V6imdil<j<mn+1,j+#ktacod
n+1
I[I C)=EDE2) (= E=1) (= (k+1)) .. (=n) (= (n+1))
j=1,j#k
G VA VI 1y (D!
B —k B k
va, bdi Dazlng thuc 1, ta cd
il 1 .
= (=) Rk
jzg?ékk—j (n+1)! ) +
Vay
fass (n+1)! 1 _
n = — k)" .(=1)" . (=) R gt
=3 (= R e e,
hay
n fans n n n+l—k k
m" =3 ((m— k)" (=1)".(=1)"" )
k=1
n+1 n+1
=3 (m=R)"(=)"""Ch) = 3 (m = k)" (=) .Cr ).
k=1 k=1
Suy ra
n+1
—m"+ > ((m = k)" (-1)*"".Chy) =0
k=1
hay
A n k+1 k
> ((m —k)".(=1) ‘Cn+1> =0
k=0

Ta c6 diéu phéi chiing minh.
Vay, véi cach xdc dinh R™ trong bai todn trén, ta c6 két qua sau

Ping thirc 15.
Rnferl — Rm
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Bai toan 14. (USA - 1975) Cho da thiic P (z) bdc n > 1, théa man

1
P (k)= s VE=1,2,.
Tinh P (n +1).
Gidi. Ap dung Cong thiic ndi suy Lagrange cho da thic P (), v6i bac n, tai n + 1 diém khac
nhau ting d6i mét zo = 0,2, = 1,...,2p, =k, ..., x,, = n, tacod

P(x):zn: (P(l‘k) ﬁ x—xi>

k=0 i=0,i2k Tk T Ti

-3 (ro0 01 50) 5 (e I

1=0,i#£k +1 i=0,i#k

Do dé, bdi Pang thiic 4, ta c6

Pln+1) :i<c Il W)

k=0 n+1 j=0,i#k
n 1 . n .
=S (Gt = S e

Vay P (n + 1) = 1 khin chinva P (n + 1) = 0 khin 1é.

Bai toan 15. Cho da thiic P () cd bdc n, théa man

véi moi k € {1,2,....n,n + 1}. Tinh gid tri ciia P (n + 2).

Gidi. St dung Cong thiic ndi suy Lagrange véi cac mbc ndi suy 21 = 1, 25 = 2, ..., &, = n,
Tni1 = n + 1, ta dugc

—1

P(x)zi(mm. 11 jj‘?)

k=1 i=1,i#k
n+1 n+1 . n+1 n+1 .
r—1 1 r—1
= Pk). T 1 => (- II .
k=1 ( i=1,ik k—1 i\ i=1,itk k—i

Do d6
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Pit N = n + 1, bsi Pang thiic 3 va Pang thiic 11, ta c6

p<n+2>_“z(;. iy <n+;>_+,1—i)_z(;.n <ka>)

1

k=1 i=1,itk k=1 i=1,i%k
al YNk okt enyg| 1ok k1
= < Oy ) =2 (k'<_1) -Cn+1>
k=1 =1

s jrhe (n+1)!
;( '(k:—l)!(n—k:+2)!>

- n—k+1 (n+1)! = nekt1 (A1)
N <(_1) k+'k(/<f—1)!(n—k+2)!>_Z<(_1> k+'k!(n—k+2)!>

k=1
sy _ 1 (n+2)! A
_ 1 n k+1' ) n k+1 k
<( ) n+2 k!(n—k—l—?)!) n+22::( C"+2)

1 n+1 = —k n+1 = k
U (Cha (D7) = g (UM X (G (1))

- i 2'(_1)n+1‘ (_(_1)n+2 . 1)

1 243 il 1 piny 1= (="
- n+2'(_(_1) - (") = n+2'(1_<_1) )= n(+2)

= 2.(—1)"“. (A=) = (=)™ —1) =

Vay
2

n+2

P(n+2)=

khi n chin va P (n + 2) = 0, khi n &,
Bai toan 16. (USAMO 1975) Cho da thiic P (x) c6 bdc n, théa mdan

Kk
E+1°

P (k) =
vdimoi k € {0,1,2,....n}. Tinh gid tri cia P (n + 1).
Gidi. St dung Cong thifc ndi suy Lagrange véi cac mbc ndisuy 21 = 0,2, = 1, ..., 2, = n, ta

ducc

n

P(m)zZ(Pm),_ﬁ kj)

k=0
L nox—1 L k o
= P (k). = — :
S (rw 157 -5 (e 1)
Do d6, bdi Pang thiic 4, ta cé

"k nop—i+1 "k (1) —i
P“””ZE)(M‘ 11 H):Z(MAH k—)

i=0,ik
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n e - n k et (n+1)!
=) (—l—l'(_l) 'CS—I—l) => (M'(_l) kl(n—k —>|- 1)!)

k=0

k
n e (n+2)! 1 " e 1
R (k'(_l) k'(k+ D (n—k+ 1)!) R (k-1 On)

k=0

o 1 - n—k k
= — 2.};} ((k+1-1).(-1)" " .Ck3)

n

- s (S (G ertaim) + 3 (o) ).

k=0

Hon nia, bi Pang thiic 7, ta c6

Ngoai ra, dit K = k + 1, bdi Pang thic 11, ta c6

n+1 n+1

> ()" tox) = Py ()" *2.00)
S ((C)FCK) = (- S (1RO,

Vay

khi n chan va

khi n 1€.
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Bai toan 17. Cho da thiic P (x) ¢d bdc n, théa man
P (k) = 2",

voi moi k € {1,2,....,n,n + 1}. Tinh gid tri cia P (n + 2).

Giai. Stt dung Cong thic ndi suy Lagrange véi cac mbc noi suyry =1, 29 =2, ...,2, =n,
Tni1 = n + 1, ta dugc
n+1 n+1 T —i
Pz)=> |P(zx). ]I P
k=1 i=1,i#k
n+1 n+1 s n+1 n+1 s
=S (rm). I = |=3"(2 I —].
=1 i=1,ik k—i k=1 i=1,ik k—i
Do do, bdi Dezlng thuc 10, ta co
n+1 n+1 o 2
Ph+2)=3 (2t T 112
k=1 i=1,itk k—i
:"H <2k n+Dn.n—k+3).(n—k+1)..2.1 )
P k=1 (k—-2).1.(=1)...(—(n—k)).(—(n—k+1))

(e32)
G-Dk—2) ol (—1)(—(n—k).(—(n—k+1))

nt1 (M)
_ Qk n—k+2
= ( (k=1 (k=2)..1.(-1)""" 1. . n—k).(n—k+ 1))

n+1 kil (n—{—l)l
- <(_1> k 'zk'(k: ") (k-2) Al . (n—k)(n—k+1)(n—k+ 2)>

k=1
n+1 _—
- +1)! B )
= —1 n k+1,2k, (TL _ 1 n k—‘rl‘ k 1'2]c
k=1 << ) (k=1 (n—k+2) 1;1( ) Ch
PR i L \ L k
= ()" (- TRO 2t = ()T Y (DR = ()" Y O (-2)
k=1 ~ 2

= (=)™ (=2) (1 =2)"" = (=2)"") = ()" (=2) ()" = (2"
= (=)™ (=)™ (=2) = (=1)"T(=2)"T (=2) = 1. (=2) — 2" (=2)
=2(2 —1).

Vay
Pn+2)=2(2""-1).

Nhén xét. Cac bai todn néu trén, tif Bai toan 14 dén Bai toan 17, ¢ cing mot dang va vi thé ¢6
cung chung mot thuat todn dé gidi, chi khac nhau vé ting gia thiét. R6 rang 13, cic bude bién
ddi tiép theo vé cac sb t& hgp déng mot vai trd quan trong trong viéc tiép tuc hoan thién 15i gidi.
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Bai toan 18. (United Kingdom) Cho sé nguyén duwong k va cdc sé nguyén doi mot phdn biét
bdt ki ay, as, ..., a,. Chitng minh rang tong

k

n

i=t I (a;i—ay)
J=Ly#
Iuén nhdn gid tri la s6 nguyén.

Gidi. Xét cac da thic P(x) = 2 va Q () = (z —a1) (v — as) ... (¥ — a,,) . Chia da thiic
P (x) cho da thiic Q (z), ta thiy ton tai cdc da thic S (z) va R (x) v6i hé sb nguyén (trong d6
0 <degR(x) < deg@ (x) = n) sao cho

P(x)=Q(x)S(z)+ R(x).
Tu day, ta ¢6 R (a;) = aF, véii=1,2,...,n.

St dung Cong thic ndi suy Lagrange cho da thic R (z) v6i cdc mbc ndi suy ay, as, ..., ay, ta
duoc

J k j
R(z)=> |R(a). ]] — => (a" ]] — |
i=1 j=12i 4 T @ i=1 j=12i G T A
Heé s6 ctia x" ! clia da thic R (x) & vé trai 1a mot s6 nguyén. Hé s6 cta 2" ! cla da thic R ()
& vé phai 1a s6
k

=1 [T (a;—ay)

J=1,j#i

Dong nhit hé s ctia 2" § céc vé, ta thu dugc két qua can chiing minh.

Chang han, véi 3 s6 nguyén d6i mot phan biét bt ki aq, as, as, thi sd sau day ciing 12 s nguyén
a 5 a 5 a 5
1 + 2 + 3 .
(a1 —az) (a1 —az)  (az —a1)(az —as) (a3 — a1) (a3 — a2)

Bai toan 19. (Viét Nam - 1977) Cho n + 1 s6 nguyén xy < 1 < ... < x,. Chiing minh rdng
trong cdc gid tri cua da thiic
P(x)=2"+a 2" ' +ar" ? + ... +ay,

n!

tai cdc diém xg, 11, ..., Ty, luon tim dugc mot so ma gid tri tuyét doi ciia no khong bé hon ;.

Gidi. Ap dung Cong thiic ndi suy Lagrange cho da thiic P (x), bac n, tai n + 1 diém khic nhau
ting doi mot xp < 1 < ... < T,, tacod

P(m):i(P(xj).l ﬁ x”)

=0 i=0,izj T3 T i

Hé so0 cua 2" & ve trai bang 1. Hé sO cua x™ § vé phai bang

n n 1
]Z% ( ’ igﬁ Lj— w’)
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Do dé

Gia st rang

Khi do, ta co

n n 1
= P(x;).
j;) ( ’ i=£[¢j L5~ xl)

Luu y rang, v6i cac s6 nguyén 2o < 2, < ... < &, ta ludn c6
‘Ij — I1| > |j — ’Ll ,Vi,j = O, 1, ., n

Khi d6, bdi Pang thic 2, ta c6

=0 i=0,i%j
1 2L 1
=— N Cl=—2"=1
2” jz:: " 2” ’

mau thuan. Ta c6 diéu phai chiing minh.
Bai toan 20. (Iran - 2011) Cho s6 nguyén n > 2 va da thiic
f(@) =2" 4+ ap_or™ 2 + ap_sz" > + ...+ a12 + ag
o cdc hé s6 déu la sé thuc. Chitng minh rang ton tai k € {1,2, ...,n} sao cho

n!

7>

Gidi. Gia st riang v6i moi k € {1,2,...,n}, tacd
n
0 < G-

Xeét da thuc
g(x)=f(z)—a" = an—zxn_Q + an_gxn_?’ + ...+ a1z + ag.

Ta c6 deg g < n — 2. St dung Cong thiic ndi suy Lagrange véi cac mdc ndi suy 1a zq = 1, 25 =
2,...,x, =Mn,tacod

:i(xkfi ) i( gﬂiig

i=1,itk Tk =1,i#k
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Trong dang thiic trén, hé s6 clia "' & vé trdi bang 0, con hé s6 clia 2"~ !  vé phdi bang

Vay

0= 3 (17 ()= 47) (-1 k)
_ ;‘ (; (f (k) .(~1)" *.k.CE) — ,i (k. (~1)" "k c,’;))

hay

S (F () (-1 Fkcp) = O
k=1
Do d6 | | n n !
n.(n+1).: n.(n+1) <3 |f(k)’]€05)<z<n}f.k05>
2 2 1 o \Cn
B n B nn+1)_n.(n+1)'
n!kzzjlkj n! 5 = 5 )

mau thuin. Ta c6 diéu phai ching minh.

Bai toan 21. Gid sit n la s6 nguyén diong cho trudc va P () la da thiic véi bédc khéng l6n hon
2n, théa man diéu kién

|P(k)| <1,Vke{-n, —(n—1),..,0,..n—1,n}.

Chitng minh rang
[P (z)] < 4™

Gidi. Ap dung Cong thic ndi suy Lagrange cho da thiic P (), véi bic khong 16n hon 2n, tai
2n + 1 diém nguyén khéc nhau tiing doi mot

Top =N, T_(n-1) = — (n — 1) y ooy L = k‘, ey Iy = N,
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ta co

n

Pr)= Y (P(xm- 11 ‘”_“7) > (P<k>. 11 zjf)-

p— i=—n,itk Tk T Ti k—— i=—n itk

Do dé

Mﬁi(WW ﬁ'$j>

k=—n i=—n,i£k

Véimdik € {-n, —(n—1),...,0,..n — 1,n}, tacod
I[I lz—il=lz=(=n).]z = (= (n—1))|...]x —n]

<fn—(=n).[n=(=(m-1)..In—(n-1)|
=2n.(2n—1)...1 = (2n)!, Vz € [-n;n].

Ngoaira, véimdi k € {-n, — (n—1),...,0,....,n — 1,n}, tacod

n

I (k—i)=(k+n)(k+n—1)..1.(=1)(=2)...(— (n— k)

i=—n,i#k
= (=) " (n+E)(n—Fk)!
Viéy, v6i moi = € [—n, n|, ta cd
- (2n)! & (2n z 2
P < — 2 n __ n
P 2 =R Zz (2n—l ZC?”

k=—n

Bai toan 22. Gid sit n la sé nguyén duong cho trudc. Xdc dinh tdt cd cdc da thiic P (z) ¢6 bdc
nhé hon n va théa man diéu kién

Gidi. Ap dung Cong thifc ndi suy Lagrange cho da thic P (z), v6i bac nhd hon n, tai n diém
nguyén khac nhau tuing d6i mét zo = 0,2, =1,...,20p, =k, ..., 2,1 =n — 1, taco

szf@mefx ) 2( ﬁijﬁ

1=0,i#k Tk — T 1=0,i#£k t

Suy ra

i=0,itk VT 0

P(n):nz:: (P(k). 1 Z”ﬁ).
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Hon nita, v6i mdi k € {0,1,...,n — 1}, béi Pang thic 4, ta c6

n—1

I 7 = (el = ek,
i=0,i#£k
Do dé -
P(n) =3 (P (k) (-1)"C)
hay
:22 (P (k).(=1)"'Ck) = P (n) = 0.

Ding thiic trén c6 thé dugc viét lai nhu sau

n—1

S (=0 HP (k) CE) + (—1)" TP (n) G =0

k=0

hay

Do d6, diéu kién cia bai toan dudc thda man.

Tém lai, cdc da thic can tim c6 dang

n—1 n=1 .
Pz)=> (P(k) H k—z’>'
k=0 i=0,i#k
trong d6 P (0), P (1),..., P (n — 1) la cac gid tri tuy y.
Bai toan 23. (IMO Shortlist - 1983) Gid su (F},),,., la ddy Fibonacci
Fi=Fy=1Fpp=Fy+F,(n>1)
va P (z) la da thiic co bdc 990, théa man
P (k) = Fy, k € {992,993, ...,1982} .
Chiing minh rang P (1983) = Figgs3 — 1.

Gidi. Chu y ring F,, c6 cong thiic tong quat 1a

Fn (an _ Bn)

1
V5
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vOi moi n nguyén duong, trong do

Déthidyringa + 3 =1, a — =5, af = —1.
Ap dung Cbng thiic noi suy Lagrange véi 991 mbc ndi suy

ap =k, k € {992,993, ..., 1982},

ta co
1982 1982
P)= > |P(z). ][] -
k=992 i=992,ik
1982 1982 - 1982 1982 :
T —1 T —1
k=992 i=992,ik k=992 i=992,i4k
1982 1982 - 1982 1982 :
k=992 <\/— ( ) i=992,ik k—i VN ( ) i=992,i#k k—i

Do do, bdi D:?lng thuc 4 va Dfmg thuc 7, ta co

P(1983) = \}5 %82 ((ak—ﬁk). 1]9§[2 19;3_—11)
k

=992 i=992,ik

=0,k VT

. = ((ak+992 B 5k+992) ‘ ﬁ 921 _‘@‘)

((ak+992 B ﬂk+992> ( 1)990 k ngl>
((ak+992 _ ﬁk+992) .<_1)990.<_1)—k.C§91)
_ \}3 Z ((ak+992 _ 5k+992> ‘<_1)fk.0591>

=0
% ((ak+992 . 5k+992) .(_1)@0591)

1 (R oo k ok R 1992 k vk
= 5( <Oé (—1) .0991) - Z (ﬁ (_1) ‘0991)>
k=0 k=0
_ 1 992 l k(_1\k ik 992 = k (_1\k ik
== (@™ (0" (=1 Gy ) = 873 (BM(-1)"Co)
k=0 k=0
1

<a992. S ((—a)*.Cly) — B2 :Zi% ((—6)’“-0591)>
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7 ( ( a)991 B (_a)991) — 592, ((1 B ,8)991 _ (_5)991»
:i (a992- ((1 — a)991 n 04991) _ 392, ((1 _ 5)991 +5991)>

5
:\}5 (a992. (5991 + 04991) o 5992' <&991 + 5991»
= \}5 ( 991 5991) ( 992 5992) _ 1 (a1983 — 2913992 | 9923991 _ 51983)

/5
(a1983 _ 51983 — (af 991 )

( 1983 51983 . (_1>991. (_\/g))

5l

_ 1 (awss _ ploss _ \/5) — (\/S,Flg&g — \/5) = Flos3 — 1.

V5

Nhin xét. Bai toan trén c6 th€ tong qudt héa nhu sau:

ﬁ

Bai toan tong quat. Gid sit (F),>1 la ddy Fibonacci
Fi=Fy=1Fpo=Fy+Fp(n>1)
va P (x) la da thiic ¢é bdc ng (ng > 1) théa man
Png+k) = Four k€ {23 im0 + 2}
Chiing minh rang P (2ng + 3) = Fy,y13 — 1.
Gidi. Ap dung Cong thiic ndi suy Lagrange v6i ng + 1 mbc nodi suy

Tno+k = No + k‘, ke {2,3, ..,No + 2},

tacod
2no+2 2no+2 T — Z
P(x)= > |(P(zw). ]I R
k=no+2 i:n0+2,i7ék

2no+2 2no+2 T — Z 2no+2 2no+2 T — Z
=Y (pw. T Y=Y (B TT

k=ng+2 i=no+2,i#k v T 1 k=ng+2 i=no+2,i%k
2no+2 1 2ng+2 . 2no+2 2ng+2 .
T —1 1 T —1
_ k k _ k k
= 2 \/E(O‘ _6) 11 k—i] 5 > (O‘ _6) 11 L—i|
k=no+2 i:n0+2,i7£k k=no+2 i:n0+2,i7£k

Do d6, bdi Pang thiic 4 va Pang thiic 7, ta c6

2n0+2 2no+2 no —
P(2ny+3) = — 3 ((ak—ﬁk). 1T <2k+_32)

k=no+2 i=’n0+2,i7ék

Z (( k4no+2 _ ﬁk+n0+2>. 1-0[ (nolj‘j)i_ @)

k=0 i=0,i#k

&\H
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(aktrots = grmt2) (1))
0
((ak+no+2 _ 6k+no+2) '(_1)%‘(_1)7]{-6’7]:04_1)

_ (_1) _ ((ak+n0+2 _ 5k+n0+2) -(_ ) Cfﬁl)

e >k.osoﬂ>>
£ )~ ”0”2(5’“ ))

:(—;%%( no+ﬁz( Ok L) — 5"0”2( O§0+l)>
)-

ﬁn0+2 ( _ )no+1_(_6)no+1>>

. (Oén0+2. (ﬁno+1 + &n0+1) _ pnot2, (ano+1 + ﬁnoJrl))

an0+1 4 Bn0+1> (ano+2 . Bno+2)

L

<Q2n0+3 o an0+15n0+2 4 ano+2ﬁn0+1 o ﬁ2n0+3>

Hﬁl\H
(@)

— (&2n0+3 o an0+1ﬁn0+2 + an0+2ﬁn0+1 o ﬁ2no+3)

B

\}5 <a2"0+3 gt _(_qymtL, (_\/5))

(\/_ Fongts — \/5> = Fopgyz — 1.

(a2no+3 _ 62no+3 _ (Oéﬁ)mﬁ_l. (5 o a))

Sl

1

]

Q2nots _ ﬁ2n0+3 \/—)

%\

- Néu ng la so 1€, thi

_\}_' (an0+2' (ﬂnO—H _ ano-i-l) _ 5no+2. (&n0+1 . 6710.:,.1))
)
1

_ _%‘ (_an0+2‘ (ano-H . Bngﬂ) _ Bno+2_ (an0+1 _ ﬂn0+1))
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) n0+2‘ no+1 _ ono+l n0+2‘ no+1 _ gno+l1
(a7#2. (@*! = rort) 4 go¥2. (ot — gt )

— \/13 (ano-i-l _ 5no+1) (an0+2 4 Bn0+2)

Sl

Sl &l

<a2n0+3 4 Oén0+1ﬁn0+2 _ ano+2ﬁn0+1 o ﬁ2n0+3>

<&2n0+3 + an0+lﬁno+2 . an0+2ﬁn0+1 o ﬁ2n0+3)

_ ;5 (a20%3 — g2mots 4 ()™ (8 — a)) = \}5 (a0t — g8 4 (=)™ " (=V5))

— \}5 (a2n0+3 _ g2not3 _ \/5) _ \}5 (\/3,F2n0+3 — \/5) = Fopors — L.

Viy, trong ca hai trudng hgp, ta ludn cé P (2ng + 3) = Foypgr3 — 1.

[1] VO Qudc B4 Can, Mot s6 bai todn iing dung cong thiic ndi suy Lagrange, Ky yéu “Gip g
Todn hoc” 1an thd 10, TP. H6 Chi Minh, 2018.

[2] Mot s6 bai toan Olympic ctia cdc nudc.
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PINH HUONG GIAT MOT SO BAT TOAN CUC TRI TO
Hop DANH CHO THCS

Nguyén Tat Thu - Pong Nai

G101 THIEU

Trong bai viét nay, ching toi trinh bay mot s& phan tich d€ tim huéng gidi bai todn cuc tri
t6 hop danh cho THCS.

Bai todn cuc tri thudng xuyén xuit hién trong céc bai todn t3 hop. D& gidi quyét bai todn cuc tri
ta can van dung nhiéu ndi dung kién thic lién quan ctia dai sd, t6 hop. Thong thudng ta gip cic
bai todn sau:

Bai toan 1. Tim s6 nguyén duong k nhd nhét (16n nhit) sao cho moi tap A ma |A| = k déu c6
tinh chat 7" nao do.

Huedng gidi: Xét mot tap A c6 tinh chét dic biét nao d6 ma |A| = m va A khong thda tinh chit
T, suy ra ky, > m + 1. Tiép theo ta chiing minh moi tdp A ma |A| = m + 1 déu c6 tinh chét
T. Vay kin = m + 1.

Dé chiing minh moi tip A ma |A| = m + 1 déu c6 tinh chit T thi ta c6 thé st dung nguyén li
Dirichlet hoic ki thuat xdy dung tip hop (xdy dung phan ti xuat phat).

Bai toan 2. Tim s6 phan ti 16n nhét (nho nhit) cia tip A gom céc phan tii c6 tinh chat 7.

Hudng gidi: Dat |A| = k, ta ching minh £ < m (k > m), sau d6 xay dung mdt tdp A’ thda
tinh chat T va |A'| = m.

Vidu 1. Xét 20 s6 nguyén duong dau tién 1, 2, 3, ..., 20. Hdy tim s6 nguyén duong k nho nhdt
co tinh chdt: Vi méi cdch ldy ra k sé phdn biét tir 20 sé trén, déu ldy duoc hai s phdn biét a
va b sao cho a + b la s6 nguyén to.

Phan tich. D€ giai bai toan ny ta thuc hién theo hai budc sau:
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1. Chi ra mot cic lay ra mot s6 phan tit 16n nhét c6 thé khong thda bai toan.
Dé chon ra cic phan tit khong thda bai toan, c6 nghia 12 ta cAn chon cac phan tir, sao cho
trong cc phan tif 1iy ra véi hai s6 bat ki a, b thi a + b 12 hgp s6. Diéu dau tién ta nghi
dén 12 ta chon cic s chén (vi khi d6 tong hai s6 14y ra ludn 1a s6 chin 16n hon 2, nén né
12 hop s6). Ta chon dudgc 10 s6 chin, do d6 k > 11.

2. Ta chiing minh rang véi moi cach lay 11 sd ta ludn chon ra dudc hai s c6 tong la sb
nguyén t6. D€ chiing minh ton tai ta c6 thé ding nguyén 1i Dirichlet. D€ thuc hién diéu
nay, ta chia cac s6 1, 2,..., 20 thanh 10 cip sao cho tdng mdi cip 1a mot sd nguyén td.
Ta c¢6 10i giai nhu sau.

Chiing minh. Xéttap hop X = {2; 4; 6; 8; 10; 12; 14; 16; 18; 20} ta thly téng clia hai phan
tl bat ki cdia tap hop nay déu khong phai 1a sd nguyén td. Do d6 k > 11, ta sé ching minh
k = 11 1a s6 nho nhit théa man yéu cau bai todn.
That vay, ta chia tap hop

A=1{1,23, ..., 20}

thanh 10 cip s6 sau:
(1,2); (3,16); (4,19); (5,6); (7,10); (8,9); (11,20); (12,17); (13,18); (14,15).

Téng clia hai s6 trong mbi cip sd trén 12 s6 nguyén td. Khi d6 mdi tap con clia A c6 11 phan ti
thi ton tai it nhit hai phan ti thudc cling vao mét trong 10 cip sb trén. Suy ra trong A ludn c6
hai phan ti phan biét c6 tong 1a mot s6 nguyén to. 0

Vi du 2. Goi A la tdp tdt cd cdc sé tw nhién 1é khong chia hét cho 5 va nhé hon 30. Tim s6 k
nhé nhdt sao cho méi tdp con cua A gom k phdn tit déu ton tai hai sé chia hét cho nhau?

Chiing minh. Ta c6 A = {1;3;7;9;11;13;17;19;21;23;27; 29} nén sb phan ti cta la |A| =
12. Xét tap
Ap = {9;11;13;17;19; 21; 23; 29} .

Dé thiy hai phan tif bat ki thudc Ay thi khong chia hét cho nhau. Tir d6 ta suy ra dugc k > 9.
Ta chiing minh k& = 9 thda dé bai.

Xét S 1a mot tap con bat ki ctia A va |S| = 9. Xét ba cdp {21;7},{27;9}, {1; 11}, ta thay mbi
cip 12 bdi ctia nhau. Néu trong 3 cip trén c6 it nhit mot cip thudc S thi bai toan dudc gidi quyét.
Gia st trong ba cdp trén khong c6 cip nao cung thudc S, do |S| = 9 nén S phai chiia mot sb
trong mdi cip va chita 6 s6 con lai. Tl d6 suy ra trong S phéai c6 cip {3; 9} hodc {3;27} va mbi
cip nay 12 bdi clia nhau. Hay ndi cach khéc trong S ludn ton tai hai s6 chia hét cho nhau.

Vﬁy kmin =9.

Luu y. Mau chét trong bai toan trén la chiing ta phat hién ra tap A, dé tit d6 ta khang dinh dudgc
k > 9 va du dodn Ky, = 9. DE tim tAp Ay, ta liét ké hét cac sb trong A ma khong c6 hai s6 nao
la boi cia nhau. Vé6i bai toan nay, viéc tim ra tap Ay kha don gian. ]

Vidu 3. Chotdp hop X = {1; 2; 3;...; 2018} gom 2018 s6 nguyén duong ddu tién. A la mot
tdp con cua tdp X thoaman: véix, y, z € A; v <y < zthix, y, z la dd dai ba canh cua mot
tam gidc. Hoi tdp hop A co nhiéu nhdt bao nhiéu phdn tit?
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Phan tich. Ta biét véi diéu kién 0 < z < y < z thi z, y, 2 l1a dd dai ba canh ctia tam giac khi
vachikhiz+vy > 2. Viz € X nén z < 2018. Do d6 ta chi can chon x, y sao cho z + 7y > 2018
thi hién nhién ta ¢c6 x + y > 2. Do d6 ta xét tap Ay = {1009, 1010,..., 2018} thi v6i moi
x, Yy, z € Agtaludn cé x + y > z. Ta du doan tdp A c6 nhiéu nhit 1010 phan ti. D€ ching
minh khang dinh nay ta c6 hai huéng d€ di.

Hudng 1: Ta chitng minh néu tip A thda yéu cau bai toan thi |A| < 1010.

Hudng 2: V6i moi tap con B clia X ma |B| > 1011 thi trong B ton tai ba s6 =, y, z khong 1a
do dai ba canh cua tam giac.

Chiing minh. Xét tap hop Ag = {1009; 1010;...; 2018}, ta c6 |ag| = 1010 va véi z, y, z €
Aomax <y < zthitacod

x +y > 1009 + 1010 = 2019 > 2018 > z,
hay z, y, z 1a d0 dai ba canh cia mot tam giac.

Cach 1: Gia st A = {ay; as;...; ap} v6ia; < ag < --- < ap. Néu a; < 2018, dit t =
2018 —ap vab, = a; +tvéii =1, 2,..., kvatdp {by; by;...; by} cing thda man bai toan va
b = 2018. Do d6 ta c6 thé gia st a;, = 2018.

Tacda; + az > ai va a; < az nén

2a9 > ap = 2018 = ay > 1009 = ay > 1010.
Tit day ta c6 A\ {a,} C {1010; 1011; ...; 2018}, do do
Al —1 <2018 — 1010 + 1 = 1009 = | A| < 1010.
Vay max |a| = 1010.

Cach 2: Tuong tu nhu trén ta xét tap A = {ay, as, ..., ap = 2018} v6i k > 1011 va ba phan
ti phan biét thuoc A luon la do dai ba canh cua tam giac.

Xét cac cip (i;2018 — 1) v6i i = 1, 1008. Vi 2018 thudc A nén trong mdi ciip trén c6 nhiéu nhét
mot sb thudc A, khi d6 |A] <1008 + 1+ 1 = 1010 (vo li).

Vay tp A c6 nhiéu nhat 1010 phan ti. O

Vidu 4. Tir 625 s6 tw nhién 1, 2,. .., 624, 625 ta chon ra k sé sao cho khong cé hai sé ndao co
tong bang 625. Tim k nhé nhdt sao cho trong k sé chon ra c6 it nhdt mét sé chinh phuong.

Phan tich. P& tim min &, trudc hét ta chi ra cach chon k s6 (nhiéu nhét c6 thé) sao trong khong
¢6 hai s nao c6 téng biang 625 va khong c6 s6 nao 1a sd chinh phuong.

Vi can chon ra k s6 ma hai sd c6 tdng khac 625 nén trong cdc cip (i;625 — i), i = 1,312 ta chi
chon dudc nhiéu nhat mot s6 (do d6 ta chon nhiéu nhit 312 sb), dong thdi trong k dudc chon
khong c6 s6 nao 1a sb chinh phuong, nén ta phéi loai di cac s6 i € {1%; 22; 3%;...; 17°}. Hon
nita, chi c6 7 € 152, 72 thi 4 va 625 — i déu 1a s6 chinh phuong, do d6 ta c6 thé chon tiép cac sb
625 — 32 v6ii € {1;2;...;17} vai # 7, 15. Khi d6 ta chon dugc 310 sd. Chinh vi vy, ta du
doan k = 311.
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Chitng minh. Xét cach chon ra 310 s6 gdm 2,3, 5, ..., 312 (gém céac s6 nguyén duong tir 1 dén
312 trit cac s6 chinh phuong) va cac s6 c6 dang 625 — i v6i i thudc cac s6 nguyén duong tir 1
dén 17 va bd di hai s6 7 va 15. Ta c6 tat ca 310 s6 va ro rang trong 310 s6 nay khong c6 sd nao
1a s6 chinh phuong va hai s6 bét ki c6 téng luén khac 625. Suy ra k > 311.

Ta xét cach chon ra 311 s bat ki sao cho khong c6 hai s& nao c6 tdng bang 625.

Ta chia 625 s6 tu nhién thanh 311 nhém nhu sau: 310 nhém dau, méi nhém goém hai sb c6 téng
bing 625 tiic 1a ¢6 dang {a, 625 — a} véi a # 49, a # 225. Nhém 311 gém 5 sb chinh phuong
{49, 225,400,576, 625}. Vi 311 s6 dugc chon khong c6 hai s6 nao c6 tdng bing 625 nén trong
310 nhém dau ta chon mdi nhém nhiéu nhit 1 s6. Do d6, ludn c6 it nhit mot s6 thude nhém 311
dudc chon. S6 dudc chon d6 1a mot s6 chinh phuong. Vay bai todn dudc chitng minh. [

Vidu 5. Cho cdc sé nguyén1 < a; < as < --- < a, = 100 théa man: Véi moi i > 2, luén ton
tail <p<q<r<i—1saocho

a; = ap + aq + a,.
Tim gid tri nhé nhdt va gid tri l6n nhdt ciia n?

Phan tich. Dé thay v6i n = 1, n = 2 thi bai toan khong thda man.
Xétn =3tacday = a; +a; +a; = 3a; va as ta c6 thé chon cac kha ning

as — 3(12, as = as + 2&1, as — 2(12 + ay.
Do d6 ta c6 thé chon a; = 20, ay = 60 va as = 100.

Pé& tim max n ta xét thit cdc gid tri cia a;. Pau tién, di nhién ta xét a; = 1, khi d6 as = 3a; = 3.
Tuy nhién a3 c6 nhiéu kha ning, nhung a; ludn 12 s6 18, tt d6 suy ra a; ludn 1a s6 18, diéu nay
trdi v6i a,, = 100. Tuong tu ta ciing thiy dudc a; khong thé sb 18, do d6 a, phai la s6 chén. Tiép
theo ta xét a; = 2, ta cd a3 = 6 khi d6 a; = 2 (mod 4) hay a,, = 100 = 2 (mod 4) (v6 i), do
do6 a; 1a boi cua 4. Tiép theo ta xét a; = 4, ay = 12, khi d6 a3 c6 thé nhan cac gi4 tri 36, 20, 30.
Do ta can tim gi4 tri 16n nhét ca n nén ta chon az = 20, tif day ta c6 du doan a; 4 — a; = 8.
Khi do

100 =a, = (an —an_1)+ -+ (aa—ay) +a; =8n—1)+4=n=13.
Do dé ta du doan maxn = 13.
Chitng minh. Ta thdy n # 1, 2 nénn > 3. Xét ba sd a; = 20, as = 60, ag = 100, ta c6
as = ay + a1 + ay vaaz = as + a; + a;. Do d6 minn = 3.

Ta thiy néu a; = 1 (mod 2) thi a; = 3a; = 1 (mod 2). Bing quy nap ta c6 a; = 1
(mod 2) Vi = 1,2,...,n. Dan dén a,, = 100 = 1 (mod 2) (v6 1i). Do d6 a; = 0 (mod 2) =
a; =0, 2 (mod 4).

Néu a; = 2 (mod 4) thi chiing minh tuong tu ta c6 a,, = 100 = 2 (mod 4) (vd li). Suy ra
a; =0 (mod 4) hay a; =0, 4 (mod 8).

Chiing minh tuong tu tasuyraa; =4 (mod 8) vaa; =4 (mod 8) Vi =1,2,...,n.
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Suy ra
Qg1 — ;- 8 = Qi1 — a; > 8 = a;41 > a; + 8.
Do d6
100=a,>a;+8n—1)>4+8n—1)=8n—4=n<13.
Xétcacsba; =8 —4Vi=1,2,...,13taco

i1 =a; +8=a; +ay +a.

Vay maxn = 13. [

Vi du 6 (HSG Ha N6i nam 2017). Trén ban c6 100 tdm thé duoc ddnh s6 ti 1 dén 100. Hai
nguoi A va B lan luogt méi nguoi ldy mot tdm thé trén ban sao cho néu nguoi A ldy tdm thé
ddnh s6 n thi ddm bdo nguoi B chon dwoc tdm thé ddnh sé 2n + 2. Héi nguoi A co thé'ldy dugc
nhiéu nhdt bao nhiéu tdm thé trén ban théa mdan yéu cau trén?

Phan tich. Vi B viét s6 2n + 2, nén 2n + 2 khong vuot qua 100, hay
2n+2 <100 & n < 49,

nghia 1a A chi dudc viét cac sb khong vudt qua 49. Tuy nhién A khong thé viét tit ca céc sb tir
1 dén 49, chang han A viét sb 1 thi khong thé viét s6 4 = 2 - 1 + 2. Do dé, ta chia cdc s6 tir 1
dén 49, mdi cip c6 dang n va 2n + 2. Khi d6 trong mdi ciip A chi chon dugc nhiéu nhat 1 s6.
Ta xét céc cip (1;4), (2;6), (3;8), (5:12), (7;16), (9: 20), (10;22), (11;24), (13;28), (14; 30),
(15;32), (17;36), (18;38), (19;40), (21;44), (23;46) (c6 tat ca 16 cip). Con lai cac sd chua
dugc chon 1a 25, 26, 27, 29, 31, 33, 34, 35, 37, 39, 41, 42, 43, 45, 47, 48, 49 (c6 tit ca 17 s6). Do
do, A chon dudc nhiéu nhét 16 + 17 = 33 sb.

Chitng minh. Vi B bbc thé 2n + 2 nén 2n + 2 < 100. Suy ra n < 49. Do d6, A chi dudc bbc
cac thé danh tir 1 dén 49.
Bay gid, ta chia tap {1; 2; ---; 49} thanh 33 tp con nhu sau:

{L; 4}, {3 8}, {5 12}, {23; 49}
{2: 6}, {10; 22},{14; 30}, {18; 38} (16 nhém)

(25}, {27}, {29}, - , {49}
{26}, {34}, {42}, {46} (17 nhém)

O mbi nhém, A dudc chon t6i da mot s6. Néu A chon nhiéu hon 34 sb trong céc sb tir 1 dén 49
thi theo nguyén ly Dirichlet, ton tai hai s6 thudc cing mot nhém (vo 1y). Do d6, A duge chon
khong qua 33 sb.

Mt khac, A c6 thé chon 33 s6 gdm 25 sb 18 khong vuot qua 49 va 7 sd chdn 2; 10; 14; 18; 34; 42; 48
thi théa man yéu cau dé bai.
Vay ngudi A c6 thé 14y nhiéu nhit 33 tAm thé trén ban théa mén yéu cau trén. ]

Vi du 7 (HSG Ha Tinh 2019). Cho bdng 6 vuéng (2n + 1) x (2n + 1) (n > 3), ta dién vao
cdc 6 vuéng don vi ciia bdang cdc s6 0, 1 xen ké nhau. Biét bon é vuéng 6 bon géc ciia bang déu
duogc dién sé 1. Tim s6 k nhé nhdt cdc hinh chit L (hinh vuéng 2 x 2 bé di mot 6 vuéng bdt ky)
sao cho co thé phii tdt cd cdc 6 vuong chita s6 1 béi k hinh chit L khong chong lén nhau.
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Phan tich. Trudc hét ta thit v6i n = 3, khi d6 ta c6 bang 7 x 7 nhu hinh dudi.

Ta thdy s6 1 chi ndm & cic 6 (i; ) véi i, j cing 18 hodc cung chén. S6 cic s6 1 ndm & 6 i, j
cung 1é 12 16 va cdc 6 i, j ciing chin 12 9. Hon nita mdi hinh chit L pht nhiéu nhit 1 s6 1 6 6
i, j chan. Do d6, ta thiy can it nhat 16 hinh chit L d€ phii bang. Ta c6 thé chi ra mot cach pha
hinh vudng bdi 16 hinh chit L nhu sau

Phan con lai ta 1y d6i xing. Viy n = 3 thi ta c6 dap sb 1a 16.

Xét trudng hdp tong quat, tuong ty nhu trén ta thiy c¢6 (n + 1)? s6 1 nim & cac 6 (4;5) v6i i, j
1€. Do do, 0 hinh chii L can dung it nht 1a (n+ 1)?. Phén con lai 1a chi ra cach pht béi (n+1)?
s6 hinh chit L.

Chitng minh. Ta sé chiing minh bang quy nap 1a s6 hinh chit L it nhit can dung 1a (n + 1)2.
That vay, véi bang (2n + 1) x (2n + 1) 6 vudng ta xét cac 6 vudng vi tri (¢, j) v6i i, j 1é. RO
rang cdc 6 d6 chifa s6 1 va mdi hinh chit L chi chita dudc mot 6.
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Mit khac sb céc 6 vudng vi tri (i, j) v6i i, j181a (n + 1)2. Vi vy s6 hinh chi L can dung t6i
thidu 1a (n + 1)2.

Ta sé chitng minh c6 thé ding (n + 1)? dé phii dudc theo yéu cau clia bai toan. Khi n = 3 ta dé
thiy phii dudc bang & vudng 7 x 7 bang 16 hinh chi L.

Cach vé nhu & bang bén dudi (thé hién 8 hinh chit L & phan trén, phan con dudi lam tuong tu
bing cach 14y dbi xing qua 6 & vi tri (4;4)).

Gia st v6i bang (2n + 1)(2n + 1) ¢6 thé phi dugc béi (n + 1)? hinh chit L thda man. Xét bang
(2n + 3)(2n + 3), chia bang nay thanh 4 bang con d6 la

2n+1)x (2n+1);2x2;2x 2n+1);(2n+1) x 2.

Ta thiy mdi bang (2n 4+ 1) x 2 va 2 x (2n 4 1) c6 thé phii dugc bing n + 1 hinh chit L, cu thé
nhu sau:

Ddi v6i hinh 2 x (2n + 1) chia lam 2 phan gém 1 hinh 2 x 3 va (n — 1) hinh 2 x 2. Hinh 2 x 3
pht béi 2 hinh chit L; mdi hinh 2 x 2 pht béi 1 hinh chit L, nhu vy c6 n + 1 hinh chit L phu
hét cac chit s6 1 cia hinh 2 x (2n + 1).

Tuong ty cho hinh (2n + 1) x 2.

Bang 2 x 2 ¢6 thé phi dugc bang mdt hinh chit L. Do d6 theo gia thiét quy nap thi sb hinh chit
L c6 thé dung d€ ph la

(n+1)2?+2n+1)+1=(n+2)>
Do d6 ta c6 diéu phai ching minh. Két luan k = (n + 1)2. O

0.3. Bai tap

Bai tap 1. Cho tap hop A gom 100 sb nguyén duong ti s6 1 dén s6 100. Tim s6 nguyén duong
k nhé nhét sao cho moi cach chon ra k phan ti tip hop A thi trong d6 ludn c6 ba sb 12 d6 dai ba
canh cua mdt tam giac.
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Bai tap 2. Cho tap A gdm 16 sd nguyén duong dau tién. Hiy tim sd nguyén duong k nhd nhét
c6 tinh chét: Trong mdi tip con c6 k phan ti ctia A déu ton tai hai s6 phan biét a, b sao cho
a® + b? 1a s6 nguyén t6.

Bai tap 3. Cho tap hop va M la tap hop con ciia tap X c6 tinh chit 7" néu: tich ctia 3 phan ti
phan biét bét ki trong M déu khong 1a sb chinh phuong. Tim s6 phan t 16n nhit ctia M.

Bai tap 4. Cho tap hop X = {1,2,3,...,16} va M la tap hop con clia tdp X c6 tinh chit T' néu:
M khong chifa ba phan tif nao doi mot nguyén tb cting nhau. Tim s6 phan tif 16n nhét ctia M.

Bai tap 5. Cho tap hgp M = {1,2,....,n},n > 2. Hiy tim s6 m nho nhit sao cho trong mdi
tap con chifa m phan ti ciia M déu ton tai it nhit hai sb @, b ma sb nay 12 bdi ctia sb kia.

Bai tap 6 (Ninh Binh). Tim s6 nguyén duong n nhd nhét sao cho néu ay, as,. .., a, lan sb
phén biét tlly y dudc chon tir tap X = {1; 2;...; 17} ta luén tim dudc s6 nguyén duong k sao
cho phuong trinh a; — a; = k c6 it nhat k nghiém.

Bai tap 7. Chotaphop X = {2, 3, 4,..., 2014}. Tim s6 nguyén duong nhé nhét n sao cho véi
moi cach chon n s& nguyén t6 cling nhau tif tip X thi ta ludn chon dudgc it nhit mot sé nguyén
t6.

Bai tap 8 (SP Ha N6i 2014-2015). Mot bd ba s6 nguyén duong (z; y; z) dudc goi la mot bd
ba Pythagore néu x> + y* = z2. Tim s k nhd nhét sao cho mdi tap con gébm k phan ti ctia tap
S =1{1,2,3,...,25} 1udn c6 ba phan tif tao thanh mdt bd ba Pythagore.

Bai tap 9 (Brasil 2015). Chotap S = {1,2,...,6n},n > 2. Tim s6 nguyén duong k 16n nhét
sao cho khang dinh sau ding: mdi tp con A ctia S, |A| = 4n , c6 it nhét k cip (a,b), a < b
vaalb.

Bai tap 10. Cho X la mot tap con cda tap {1,2,3,...,10000} , sao cho néu a, b ndm trong X
thi ab khong nam trong X . Tim sb phan ti 16n nhét ctia tap X.

Bai tap 11. Cho A la mot tap con cla tap hop {1;2;3;...; 100}, A c6 phan tif nhd nhét 1a 1 va
phan tif 16n nhét 13 100. Gia st A c6 tinh chét: V6i mbi phan ti « cia A, x # 1 thi 2 hodc bang
téng clia hai phan ti thudc A hoic bang hai 1An mot phan tif thudc A. Tim sd phan tif nhd nhét
c6 thé cua tap hop A.

Bai tap 12. Cho A la tap con cta tdp X = {1; 2; 3;...; 2018} sao cho vdi hai s6 a;, a; € A
ma a; # a; thi ton tai ding mdt tam gidc can c6 do dai cdc canh 12 a;, a;. HOi tdp A c6 nhiéu
nhét bao nhiéu phan tit ?

Bai tap 13. Cho A 1a tp con clia tap cdc s6 nguyén duong thdéa man: véi moi z, y € A ma
N z x A P 9, 2, A 2 A
r #ythitacd |z —y| > 2—? Tim s0 phan t 16n nhat ctia tap A?

Bai tap 14 (Ha Tinh Ngay 1-2015). Cho tap S 1a tip hop tit ca cac bod sb, mbi bd gdm 2014 x
2014 s6 thuc bat ky thudc doan [—1; 1] va c6 tdng biang 0. Xét mot bang 6 vuong kich thudc
2014 x 2014. Tim s6 duong k nhd nhét sao cho néu dién bat ky mot bo sb thudc tip S vao bang,
mdi 6 mot s thi ton tai it nhat mot hang hodc mot cot cb gid tri tuyét dbi clia tong cac sb trén
hang d6 hodc trén cdt d6 khong vudt qua k.

Bai tap 15. Gia st S 1a tap con cla tap A = {1; 2; 3;...; 14; 15} thda man: tich 3 phan ti
bat ky thudc S khong 1a s6 chinh phuong. Tim s6 phan tif 16n nhit ctia S.
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Bai tap 16. Trong mit phang cho 100 diém dudgc td bdi hai mau dd va trang sao cho, mdi diém
t6 mau do 1a tim ctia mot dudng tron di qua it nhat ba diém mau trang. Hoi sd diém trang it nht
la bao nhiéu?

Bai tap 17. Mot tap A gom céc sb nguyén duong dudc goi 1a “déu”, néu sau khi bd di mot phan
t bat ki thi ta c6 thé chia cac phan ti con lai thanh hai tip c6 tdng cic phan ti bing nhau. Tim
s6 phan ti nho nhit cia mot tap “déu”.

Bai tap 18. Cho X = {1; 2;...; 2013} va A C X, |A| = n. Tim n nhé nhét sao cho v6i moi
cach chon tap A ta ludn tim dugc a, b € A : % =3.

Bai tap 19 (China 2001). Tim s6 nguyén duong m nhd nhit sao cho v6i moi tp con A cla tap
X ={1, 2,3, ..., 2001} déu c6 hai phan tit a, b (khong nhat thiét phan biét) thoéa a + b = 2"
véi n 12 s6 nguyén duong nao do.

Bai tap 20 (P33). Hoi trén mit phang, ¢6 thé vé dugc nhidu nhit bao nhiéu tam gidc ma hai
tam gidc bat ki (trong sb d6) déu c6 ding mot dinh chung va khong c¢é diém nao la dinh chung
clia tit ca cic tam gidc.

Bai tap 21 (PTNK 2017-2018). Goi S la tap con cua tap X = {1, 2,---, 2017} sao cho S
khong chita hai phan ti ma phan ti nay chia hét cho phan ti kia va ciing khong chiia hai phan
tl nguyén td cing nhau. Tim s6 phan ti 16n nhét cia S.

Bai tdp 22. Cho mdt bang 6 vudng 2017 x 2019. Ta té6 mau cac 6 vuéng don vi cia bang bdi
mau dé. Hoi ta ¢6 thé té nhiéu nhit bao nhiéu 6 vudng sao cho mdi hinh vuong 2 x 2 ca bang
chita nhiéu nhét 2 6 dugc to mau?
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SO CHINH PHUONG
TRONG BIEU DIEN CAc SO NGUYEN

Nguyén Quang Minh
(Saint Joseph’s Institution, Singapore)

GIOI THIEU

Khong it cdc nha toan hoc ké tii thoi ctia Diophantus da bin kho#n vdi cau hdi: nhiing sd
nao c6 thé biéu dién dugc dudi dang tdng ctia hai s6 chinh phuong. Thé nhung sau khi
bai todn dudc gidi quyét, moi ngudi lai dé ra mot loat cau hdi lién quan dén biéu dién sb
qua téng cac binh phuong va bén canh cac két qua sau sic da dugc khai ph4, nhiéu gia
thuyét vin con bd ngd cho dén ngay nay. Trong bai viét nay, xin dudc cliing ban doc ludc
lai mot s6 két qué cin ban lién quan dén chi dé nay.

Qua 14 thu gtii ngay 9/12/1632, nha toan hoc ngudi Ha Lan A. Girard (1595 — 1632) tuyén b
rang, moi s6 nguyén td c6 dang 4n + 1, s6 chinh phuong, tich clia nhitng s& nguyén té nhu vy
va céc sb chinh phuong, ciing nhu hai 1an nhiing s6 nhu vy déu biéu dién dudc dudi dang tdng
hai s6 chinh phuong. It 1au sau, trong mét 14 thu khéc giti cho Mersenne vao ngay 25/12/1640,
Fermat nhin lai két qua trén va bd sung thém nhiéu nhan xét lién quan. Ong ciing tuyén bd rang
da chiing minh chit ché két qua 4y nhung lai khong ghi ra. Sau nhiéu nd luc dang ké, ching
minh dau tién thudc vé Euler va dugc cong bd vao nim 1754. Trong phan nay, sau khi lam quen
vGi mot sb bai toan va bs dé, ta sé khai phd nhén xét trén cia Girard.

Vi du 1 (Putnam Mathematical Competition 2000). Chiing minh rdng ton tai vé sé sé nguyén
n sao cho méi sé n,n + 1 van + 2 déu la tong ciia hai sé chinh phuong.

L&i gidi. Ta sé ching minh rang: v6i moi sd nguyén duong m khong phai 12 s6 chinh phuong,
ton tai vo s6 bd m + 1 s6 nguyén lién tiép ma mdi sb trong d6 1a téng ctia m sd chinh phuong.
Théat vy, do phuong trinh Pell

x> —my? =1

c6 nghiém (x,, y,) (véin > 0)nénbd s6 (x2 — 1,x2,x2 + 1,...,x2 + m — 1) c6 tinh chat
nhu dé bai v6i moi n > 0 (Iuu y rang 0 dudc tinh 12 mot s6 chinh phuong). O
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Vi du 2 (IMO Shortlist 1978). Chitng minh rang véi moi s6 nguyén duong x,y, z thod mdn
xy — z2 = 1, luén ton tai cdc s6 nguyén khong dm a, b, c, d sao cho

x=a’>+b*y=c*+d*>z=ac+bd.

Tir do chitng minh rang moi s6 nguyén t6 p = 4q + 1 luon co thé’biéu dién dudi dang tong hai
6 chinh phuong.

Lsi gidi. Xét sd nguyén duong z,. Gia st ménh dé ding véi moi bd ba s (x, y, z) (véi z < zp),
ta s€ chung minh rang no cing dung voi z = z.
Dé thiy ta chi can xét bd sb (xo, Yo, Zo) VOi zg > 1 va xo < yo. Dit

X = Xo, ¥y = Xo + Yo — 220, Z = Zo — Xo-

Khi d6 (x, y, z) 1a cac s6 nguyén duong thod man xy — z2 = 1 va z < z,. Theo gia thiét, ton
tai cac sb nguyén a,b,c,d sao cho

x=a’+b% y=c>+d?* z=ac+bd.
Tu do6 ta tinh dudc
xo=a’+b% yo=@+c)+b+d)? zo=ala+c)+bb+d).
Tiép theo, néu dit z = (2¢)! va ap dung dinh ly Wilson, ta c6

22 =Q29)!129)2q —1)...1 = C'[—(2q9 + DI[-(2¢ +2)]...(—4q)
= (-1)*?(4¢9)!' = -1 (mod p).

Viy p la uéc ctia z2 + 1, do d6 theo két qua trén thi p c6 thé dugc biéu dién dusi dang tdng hai
s6 chinh phuong. O

Nhan xét. St dung céc kién thiic lién quan dén vanh sd nguyén Gauss, ta chiing minh dudc két
qua téng quat hon nhu sau : Néu a, b, ¢, d 1a cac sd nguyén duong sao cho a? + b? = cd, khi
do6 ton tai cac s6 nguyén x, y, z, w, t thoa man

a=t(xz—yw), b=tlxw+ yz), c =t(x*+y?), d =t(z* + w?).
Tiép theo, ta sé chitng minh bd dé quan trong sau ctia nha todn hoc ngudi Na Uy, Axel Thue
(1863 — 1922).

B& dé 1 (Thue). Néu p la sé nguyén té va a la sé nguyén khong chia hét cho p thi phuong trinh
dong du
ax =y (mod p)

co nghiém xo, yo, voi 0 < |xo|, [yo| < /P-
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Loi gidi. Path = | /p] thi ta thiy ring ton tai (b + 1)> > p sb nguyén c6 dang ax — y, trong
d6 x,y €0,1,...,b. Vay ton tai hai cip (x1, y1) # (X2, y») sao cho

ax;—yp =axy—y; (mod p).
bat xo = x1 — x2, yo = y1 — y2. Khi do6
axo =Yyo (mod p),

va 0 < |xol, [yo| < /P O

B§ dé sau tdng quat hod mot trudng hop riéng c6 1€ da quen thudc véi nhiéu ban doc.

B& dé 2. Gid sit p = (2k + 1)2' + 1 la mor s6 nguyén 16, vdi t la s nguyén duong va k la sé

tw nhién. Néu x, y la cdc sé tw nhién ma x* + y* & p thi x va y déu chia hét cho p.

Loi gidi. Gid st x va y déu khong chia hét cho p. Theo dinh ly Fermat nhd, ta c6
xP7V 4+ yP71 =2 (mod p).

Mat khac,

2k+1 2k+1 . ot ol .

S (I e R P A
d4n dén mau thuin. Ta hoan tit chiing minh. O
Dinh Iy 1 (Fermat). S6 nguyén t6 p co thé biéu dién duoc dudi dang tong ciia hai sé chinh
phuong khi va chi khi p = 2 hodc p =1 (mod 4).
Loi gidi. Néu p = 2thi p = 12 + 12,

Ta thay ring, tit BS dé 2 cho trudng hop ¢ = 1, sd nguyén té p khong thé biéu dién dudi dang
tong clia hai s6 chinh phuong néu p = 3 (mod 4).

Néu p = 4k + 1 thi theo tiéu chuin Euler:

(_—1) = (D7 =1,
P

hay ton tai s6 nguyén a thoa min a®> = —1 (mod p). Mit khac, theo B& dé Thue thi ton tai cic
sO nguyén x, y, v6i 0 < |xo, |yo| < /P va

ax =y (mod p) = a’x* = —x*>=y> (mod p).

Vay 2p > (x2 + »?) i p,suyra p = x? + y2. Hoan tt chiitng minh. O
C6 nhiéu cach phan tich s6 nguyén td dang 4k + 1 thanh tdng hai binh phuong, trong d6 nha

toan hoc Gauss chi ra mdt cach xay dung don gian vao nam 1825, dya trén dinh ly sau.
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Dinh Iy 2. Néu p = 4k + 1 la s6 nguyén 16 thi p = x* + y%,v6i 0 < |xo|, |yo| < /P vad

X = %(Zkk) (mod p), y = 2k)!x (mod p).

Gauss da khong chiing minh diéu nay, va cic chiing minh ctia Cauchy va Jacobsthal sau dé déu
khong don gian.

Tiép theo, ta quan tim dén s6 cach biéu dién mot sb nguyén duong dudi dang tong hai sd chinh
phuong, va bit diu v6i dong nhit thic mang nhiéu ting dung sau.

Déng nhét thic 1. Véi xq, xo, Y1, Y2, d 14 céc sb thuc thi

(x] + dy})(x3 + dy3) = (x1x2 £ dy132)” + d (X192 F x201)°.
Dinh Iy 3. Gid st a, b la cdc sé tu nhién cho trudce, khi do khong cé qud mot cdch biéu dién sé
nguyén to p thanh dang ax* + by?, vdi x, y la cdc sé tw nhién. Truong hopa = b = 1 thi ta
bé qua tinh thit tu ciia cdc thanh phan.
Loi gidi. Gia st s6 nguyén td p c6 hai cach phan tich

p =ax*+ by? = am? + bn?,
trong d6 x, y, m,n la cac sb tu nhién. Ta nhan dudc
p? = (axm + byn)* + ab(xn — ym)* = (axm — byn)* + ab(xn + ym)>.
Ngoai ra,
(axm + byn)(xn + ym) = mn(ax® + by?) + xy(am® + bn*) = p(mn + xy).

Vi vy c6 it nhat mot thira s6 & vé trai clia dang thic trén chia hét cho p.
Néu p | (axm + byn) thitasuyraxn — ym = 0 nén p = axm + byn, dan dén

px = ax’m +byxn = m(ax* + by*) = pm = x =m, y = n.
Néu p | (xn + ym) thi tasuy raaxm —byn = 0va p? = ab(xn + ym)*>. Déthiya = b = 1
nén p =xn+ ymvaxm—yn = 0. Suyra

px=x’n+xym=n(x*+y)=pn=>x=n,y=m.

Hoan tAt chitng minh. [

B& dé 3. S6 tw nhién c6 dang 4k + 1 > 1 la s6 nguyén 16 khi va chi khi né c¢é diing mot cdch
biéu dién (khéng tinh cdc hodn vi) dudi dang téng ciia hai sé chinh phuwong nguyén té cing
nhau.

L&i giai. Theo Pinh 1y 1 va 3, diéu kién can dé dang dugc ching minh. D€ chiing minh diéu
kién di, ta chiing minh bé dé sau.
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B& dé 4. Néu hai s6 tw nhién c6 dang 4k + 1 > 1 la t6ng ciia hai sé chinh phuong thi tich cia
chiing khéng thod man cdc diéu kién ciia Bo' dé 3.
Loi gidi. Giasim = a? + b%, n = c? + d?,v6ia,b,c,d nguyén. Ta cé

mn = (ac + bd)?* + (ad — bc)* = (ac — bd)* + (ad + bc)*.

Gia st hai biéu dién nay chi sai khdc thit tu hang tii thi ac + bd = ad + bc hoic ac + bd =
lac — bd|.

Trong trudng hop dau, ta suy raa = b hoic ¢ = d, vo Iy do m,n 1é. Trong trudng hop sau,
ac+bd = ac —bd hoic ac +bd = bd —ac. C hai déu chi ra hai s6 chinh phuong c6 tdng 13
mn khong nguyén t6 cling nhau, tri v6i diéu kién trong B8 dé 3. B& dé dudc ching minh. [

Tré lai BS dé 3. Gia sti s = 4k + 1 > 1 thod min cac diéu kién trong B8 dé 3 va 1a hop sb.

Goi p la uéc nguyén t6 ctia s. Néu p c6 dang 4¢ + 3, theo Pinh Iy 1, hai s6 chinh phuong c6
tong bang s déu chia hét cho p nén khong nguyén t6 ciing nhau, trai véi gia thiét. Viy p cé dang
4t + 1 vala tong clia hai s6 chinh phuong. Két hop véi B dé 4, ta suy ra diéu mau thun vdi
gia thiét. B6 dé dudc chiing minh. O

B6 dé 5. Néu p la s6 nguyén t6 6 dang 4t + 1 thi véi k = 1,2, ... thi s6 p* c6 diing mét cdch
biéu dién thanh tong hai binh phuong cdc sé tw nhién nguyén té cing nhau.
L&i giai. Theo B& dé 3 thi bai toan ding véi k = 1.

Gia st bd dé diing dén gid tri k nao d6. Khi d6 ton tai cic sb tu nhién ¢, d nguyén t6 ciing nhau
thoa pk = ¢2 4 d2. Ciing tdn tai cic s6 tu nhién a, b nguyén t6 cung nhau ma p = a? + b2. Vi
vay

P = (ac + bd)* + (ad — be)* = (ad + be)* + (ac — bd)>.

Néu méi s6 ad — bc va ac — bd du chia hét cho p thi cd(a® — b?) : p. Do pk = ¢? + d?

va (c,d) = 1nén (c, p) = (d,p) = 1va(a®>—b?) : p,cung véi p = a®> + b*, tasuyraa,b
cung chia hét cho p, trai gia thiét.

Viy it nhat mot trong hai s6 ad — bc va ac — bd khong chia hét cho p. Gia st s6 d6 1a ad — be
thi ac + bd ciing khong chia hét cho p va chiing nguyén t6 cling nhau, cho ta cach biéu dién
can tim. Theo nguyén 1y quy nap thi bai todn ding véi moi k nguyén duong.
Bay git gia sit s6 p* nao d6 c6 hai cach biéu dién phan biét. Dit

pk=a2+b2=62+d2,
v6i (a,b) = (c,d) =1vaa>b,c>d,a>c.Taco

p** = (ac + bd)* + (ad — bc)* = (ad + be)* + (ac — bd)?,

va

(ac + bd)(ad + bc) = (ab + cd) p*.
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Do d6 c6 it nhat mot trong hai s6 ac + bd va ad + be chia hét cho p. Néu ca hai s6 déu chia
hét cho p thi tuong tu nhu trén, ta suy ra diéu mau thuin. Vay c6 ding mot trong hai s6 chia hét
cho p.

Néu (ac + bd) : p* thiad —bc = 0, ma (a,b) = (c,d) = 1 néna = ¢, vd ly. Tuong tu véi
trudng hop con lai. BS dé dudc chiing minh hoan toan. [

B& dé 6. Néum, n la cdc sé tu nhién 16 nguyén 16 cing nhau va méi sé la t16ng ciia hai sé chinh
phuwong nguyén té ciing nhau thi tich ciia chiing cd it nhdt hai cdch biéu dién thanh tong hai sé
chinh phwong nguyén t6 ciing nhau (khong tinh cdc hodn vi).

L&i gidi. Gid st m,n 1a cac sb tu nhién 1é nguyén t6 cuing nhau va a, b, ¢, d 1a cic sb tu nhién
thodman (a,b) = (c,d) =1vam=a?> +b*>, n=c>+d?* véia>b,c >d.Khidd
mn = (ac + bd)* + (ad — bc)* = (ad + be)* + (ac — bd)>.

Dé thiy céc biéu dién mn trén la phan biét. Ta can chiing minh (ac + bd,ad — bc) = 1 va
(ad + bc,ac — bd) = 1.

Gia st ac 4+ bd vaad — bc ¢6 uSc nguyén td chung p. Vay m hoic n chia hét cho p. Gia st m
chia hét cho p thi tit dang thic

(ac + bd)(ad + bc) = cdm + abn,
ta thdy a hoic b chia hét cho p. Lai c6 m = a? + b? nén a va b cung chia hét cho p, vo ly.
Tuong tu cho cac trudng hop con lai. BS dé dugc chiing minh. [
Tit cac bd dé trén, ta thu dugc dinh ly sau.
Dinh Iy 4. Sé nguyén duong n c6 thé biéu dién dudi dang q hodc 2q, véi q la tich cdc sé nguyén
16 c6 dang 4m + 1 khi va chi khi n la tong cia hai sé chinh phuwong nguyén té ciing nhau.
Céac két qua trén c6 dang téng quat nhu sau, nhung do khudn khé bai viét, cich chitng minh c6
thé dudc tham khdo tai [2].

Dinh Iy 5. Dt r(n) la sé cdch biéu dién sé tw nhién n > 1 thanh téng ciia hai sé chinh phicong
nguyén té cung nhau (khong tinh thit tw thanh phdn). Khi do

r(n) =0
néun ‘4 hodc ton tai s6 nguyén t6 p = 3 (mod 4) la wéc ciia n; néu khong thi
r(n) = 24-1,
trong do d la sé wéc nguyén té 1é phdn biét ciia n.
Dinh Iy 6. Datn = 2" [ pi' [14;, véi pi = 1 (mod 4) va q; = 3 (mod 4). S6 n c6 thé'biéu

dién duoc dudi dang téng hai sé chinh phiwong khi va chi khi t; chdn véi moi i.
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Loi gidi. Gia st n c6 thé biéu dién duéi dang tdng hai s6 chinh phuong va ton tai #; 1é sao cho
n :x2+y2 :q;ib’

v6i (b, ;) = 1. Theo BS d& 2 thi x = ¢;x1, y = ¢iXxa, dan dén x? + y? = ¢ ?b. Sau mot s6
httu han budc ldp lai, ta thu dugc

X + yi = qib,
Dan dén diéu vo ly.
bitD = {n |n e N,n = x2+ y}. Gid st ¢; chdn v6i moi i. Do 2 € D, p; € D nén theo
Dong nhit thic 1 thi ton tai s6 nguyén x, y thod man x2 + y2 = 2" [] p;’. Do t; chén v6i moi
i nén [Jq/" = h? van = (xh)*> + (yh)?, hoan tit ching minh. O

Vi du 3 (American Mathamatical Monthly). Chiing minh rdng ton tai day cdc sé nguyén lién
tiép c6 do dai I6n bdt ki sao cho khéng cé sé ndo la téng ciia hai sé chinh phuong.
Loi gidi. Do c6 vo han sb nguyén td c¢6 dang 4k + 3 nén véi n 16n bét ki, ton tai n s6 nguyén to

c6 dang 4k + 3, dit1a py, ps, ..., pn. Theo Pinh ly Thing du Trung Hoa thi ton tai x sao cho

x=p;—1 (mod p%)
X =p,—2 (mod p%)

X = p,—n (mod p,%)

Két hop vé6i Pinh ly 6, ta thu dudc mbi sb x + 1,x + 2,..., x 4+ n khong thé biéu dién dudi
dang téng ctia hai s6 chinh phuong do x + i chia hét cho p; nhung khong chia hét cho pt. O

Vi du 4 (Korean MO 2017). Tim tdt cd cdc sé nguyén to p sao cho tén tai s6 nguyén n va sé
nguyén duong k,m sao cho
(mk? +2)p — (m? + 2k?) )
=n".
mp + 2

L&i gidi. Sau mot vai bién d6i dai s6 co ban, bai todn tuong duong véi viéc tim cic s6 nguyén
td p sao cho ton tai cic s6 nguyén a,b,c vdi it nhit hai trong ba s6 nay khong am sao cho

_a? b+ c?
P= 2 +abc

Ta sé chiing minh p khong c6 dang 4k + 3. Cb dinh s6 nguyén td p, ta gia st (a, b, ¢) 12 mot
nghiém clia cia phuong trinh trén vé6i tong a + b + ¢ nhd nhat. Viét lai dudi dang phuong trinh
bac hai:

a® — (bep)a + (b> + c*> —2p) = 0.

a’+b?
2

Néu abc = 0, khong mét tinh téng quat, cho ¢ = 0 thi p =
ton tai m, k, n tuong ting) hodc p = 1 (mod 4).

,suy ra p = 2 (loai do khong
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Néu khong, gid st a > b > c. Trudng hop ¢ < 0, dé thiy 2 + abc > 0, suy ra (a,b,c) =
(1,1,—1) va p = 3. Trudng hop ¢ > 0 thi

pbc — \/(pbc)2 —4b2 —4¢% + 8p
= 2 .

a

Doa > b nén

pbc — \/(pbc)2 —4b% —4¢%2 4+ 8p > 2b,
2b% 4+ ¢? > 2p + pbc.

Do b > ¢ > 0nén
3b% >2b% + % > pbzc,

suy ra p = 2 (loai do khong ton tai m, k, n tuong ting). Viy p = 3 hodc p = 1 (mod 4).

Véi (m,k,n) = (4,1,0) thi p = 3. V6i p = 1 (mod 4) thi ton tai cic s6 nguyén duong x, y
sao cho x2 + y2 = p. Tachon (m, k,n) = (p(x? — y?), x, y). Két thic bai toan. O

Xdc dinh cdc s6 nguyén t6 c6 dang x? & ny? 1a mot vin dé thi vi va khong hé don gidn, ban
doc c6 thé doc cac nghién ciiu mot cach chi tiét tai [5]. Trong phan nay, xin chi di qua céac két
qua kinh dién véi 15i giai so cip, va md dau 1a gia thuyét cia Fermat trong mot 14 thu giii cho
Pascal vao nam 1654.

Dinh Iy 7. S6 nguyén t6 1é p co thé'biéu dién duoc dudi dang a® + 2b? vdi duy nhdt mot cdp sé
tw nhién (a, b) khiva chi khi p = 1,3 (mod 8).

Loi gidi. Néu p = a? + 2b? thi dit b’ 1a nghich dao modulo p cta b, ta c6
(ab')> = —2(bb")> = =2 (mod p),

hay —2 12 s6 chinh phuong modulo p. Ap dung céc tinh chit cta thing du binh phuong:

- (__2) - (__1) (g) = ()T ()T = ()T
p p p

Tur d6 ta suy ra dugc p = 1 (mod 8) hoac p = 3 (mod 8).

Ngudc lai, gid st p = 1,3 (mod 8). Khi d6 ton tai n € N sao chon? = —2 (mod p). Theo B&
dé Thue thi ton tai a, b nguyén véi 0 < a,b < /P saocho (nb —a) : p,suyra

(n*b*> —a?) i p = 3p > a* +2b* = pk, k € {1,2}.

Néu k = 1 thi ta ¢6 diéu can chiing minh. Néu k = 2 thi b chdn va p = a? + 2(%)2.
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Dé chiing minh tinh duy nhit ctia ciip sb (a, b), gia st ton tai a, b, ag, by € N sao cho
p =a*+2b*> =a} +2b;,
vanb —a = pw, nby —ayg = pz, v6i w, z € Z. Theo Pong nhit thic 1,
p? = (aay + 2bby)* + 2(agh — aby)?.
Vay 0 < aag + 2bby < p. Mat khac,

aag + 2bby = (nb — pw)(nby — pz) + 2bby = bbo(n* + 2) + p(pwz —nbz — wnby),

nén (aag + 2bby) : p,coénghialaaag+2bby = p vaagh —aby = 0. Tit day dé dang thu dugc
a = ag va b = by. Hoan tit ching minh. O

Nhan xét. Néu p 1a sb nguyén t6 c6 dang 8k — 1 hoic 8k —3 va (a® +2b?) : p, thia va b cung
chia hét cho p.

Tir d6 ta di dén dinh ly sau.

Dinh Iy 8. S6 nguyén duong n cé thé biéu dién duoc dudi dang a® + 2b? vdi a, b la cdc sé
nguyén khi va chi khi véi moi uéc nguyén té p ciianma p = 5,7 (mod 8), s6 mii ciia p trong
phdn tich n ra thita sé nguyén té la sé chdn.

Loi gidi. Pat n = s2m véi m khong c¢é ude chinh phuong. Gia st v6i moi udc nguyén td
p = 5,7 (mod 8) clia n, s6 mil ciia p trong phan tich n ra thita s6 nguyén t6 13 s6 chin. Theo
Dinh 1y 7, moi udc nguyén t6 clia m déu c6 dang x2 + 22, nén theo Pdng nhit thiic 1 thi ta c6
diéu can ching minh.

Giastin = x2 4+ 2y2 véi (x, y) = d. Xét uéc nguyén td p ctian thoa p = 5,7 (mod 8). Pit
vp(n) = ¢ vav,(d) = r. Ta sé chiing minh ¢ = 2r 1a s6 chan.

Ditx = da, y = db. Khi d6 n = d*(a® + 2b?) = d?t,tasuy rav,(t) = ¢ — 2r. Gia s ring

¢ > 2r. Néu p 1a uSc ctia ab thi tit (a? + 2b?) : p, tasuy ra (a,b) > p, mau thuin. Vay p
khong la uéc cua ab.

bitu = ab?~2 thi

P2W?+2) = (ab? )Y +2b* =a>+2b>=0 (mod p).

Vay (u? +2) i p hay —2 la s6 chinh phuong modulo p, vo1y do p = 5,7 (mod 8). Ta hoan tat
ching minh. [

Dinh Iy 9. 86 nguyén t6 1é p c6 thé'biéu dién duoc dudi dang £p = a® — 2b? vdi vo s6 cdp s6
nguyén (a, b) khiva chi khi p = 1,7 (mod 8).
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Loi gidi. Néu £p = a?> —2b% va p = 3,5 (mod 8) thi do a 18 nén b?> = 2,3 (mod 4), vo ly.
Tiép tuc, d€ y rang p = 1,7 (mod 8) tuong duong véi 2 1a sd chinh phuong modulo p, tuong
tu nhu cach chiing minh Pinh ly 7, ta suy ra dudc p = 2b? — a?. Mit khac,

p =2b*—a? = (a + 2b)* — 2(a + b).

Tiép theo, ta sit dung hai day s6 ctia Theon Thanh Smyrna (thé ki I-IT), dugc biét dén 1a hai day
s6 canh va dudng chéo

si1=dy =1, syr1 =8, +dn, dyy1 =25, +d,, Vn € N.
Bing quy nap, ta ¢6 d? — 252 = (—1)". Do d6
p = (d3, —253,)(x* = 2y%) = (danx — 252n)" — 2(dany + $20X)°.
Viy c6 vo sb cach biéu dién sd nguyén td p dudi mdi dang trén. O
Nhan xét. Néu p 12 s6 nguyén t6 c6 dang 8k — 3 hoic 8k + 3 va (a? —2b?) : p,thia va b cling
chia hét cho p.

Dinh Iy 10. Chitng minh rang sé nguyén té p co thé biéu dién dudi dang p = x? + 3y?, vdi
x, y la cdc s6 nguyén khi va chi khi p = 3 hodc p = 1 (mod 3).

Loi giai. DE thiy rang néu p = x2 + 3y2 thi p = 3 hoic p = 1 (mod 3).

Nguoc lai, gia st p = 3 hoic 1a s6 nguyén t6 c6 dang 3k + 1. D€ y ring 3 = 0% 4+ 3 - 12. Miit
khéc, khi p 12 s6 nguyén t6 c6 dang 3k + 1, ton tai s6 nguyén a sao cho a? = —3 (mod p). Mit
khéc, 4p dung BS dé Thue thi ton tai x, y nguyén thod man 0 < x,y < /p va p | (a*y? —x?).
T dé suyradp > x? + 3y? = hp, véi h € {1,2,3}.

Néu /i = 1 thi ta suy ra diéu phai ching minh. Néu & = 2 thi x2 4 3y2 = 2p = 2 (mod 3), vd
Iy. Néu i = 3 thi x chia hét cho 3 va p = y2 + 3(%)%. N

Bing kién thifc toan cao cip, cdc nha toan hoc da chiing minh dudc dinh Iy sau.

Dinh Iy 11. S6 nguyén dwong n cé thé biéu dién dudi dang n = x? + 3y?, vdi x, y nguyén khi
va chi khi moi wéc nguyén té dang 3k — 1 ciia n déu cé sé mii chdn.

Ap dung Dinh 1y 6, ta suy ra dugc dinh 1y sau.

Dinh Iy 12. S6 nguyén t6 p c6 thé biéu dién duoc dudi dang x* + 4y?, véi x, y la cdc sé tu
nhién khi va chi khi p =1 (mod 4).

Mot s6 két qua lién quan : V6i x, y 1a cac s6 nguyén duong va p, g 1a sb nguyén td thi:

p=x>-3y> & p=1 (mod12)

p=3x*-y* & p=11 (mod 12)
p=x*+52 & p=19 (mod 20)
p=x*-5% & p=1,4 (mod5)
p=x>+6y> & p=1,7 (mod24)
p=x>4+7?% & p=12,4 (mod?7)
p=x*+15?% & p=1,4 (modl5)
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va p,q = 3,7 (mod 20) = pg = x> + 5y2.

Vi du 5 (Korea TST 2014). Cho p > 5 la sé nguyén to. Gid sit tén tai s6 nguyén k sao cho
k? + 5 chia hét cho p. Chitng minh rdang ton tai cdc sé nguyén m,n sao cho p?> = m? + 5n2.

L&i giai. Ta sé ching minh rang ton tai s6 nguyén 4 thoa man (h% + 5)  p2. Theo gia thiét, ton
tai sO nguyén a sao cho k2 = ap — 5. Dith = k + pt,véit € Z. Do

h*> =ap — 5+ 2kpt + p*t?,

dé (h? 4+ 5) ¢ p?, taxdc dinh ¢ sao cho (a + 2kt) : p. D& thiy ¢ ton tai do (2k, p) = 1.
Xét tap hop
S=1{x+yh|0<x<|[V5p),0<y < [V5p) x.y €.

Do |S| > p? nén tuong tu cach chitng minh BS dé Thue, ton tai cic sd nguyén m, n sao cho

m = nh (mod p?), két hop v6i (h? + 5) i p?, ta thu dudc 5p% > m? + 5n? : p2.

Bing cach xét modulo 5, ta c6 m? 4 5n% # 2p2,3p>. Néu m? + 5n? = p? hoic 4p? thi lan

lugt cédc cdp s6 (m, n) va (%, %) thod man. O

Diophantus néu 1én gia thuyét rang, moi sb nguyén c6 dang 8m + 7 déu khong 1a téng ctia ba
s6 chinh phuong, va diéu nay dugc chiing minh bdi Descartes vao nim 1638. Fermat 12 ngudi
dau tién néu 1én ring mot sd nguyén duong cé thé biéu dién dugc dudi dang téng clia ba s6
chinh phuong khi va chi khi né khong c¢6 dang 4" (8m + 7). Legendre chiing minh diéu nay vao
ndm 1798, va Gauss 1am gon lai vio nam 1801. Ngoai ra, trong quyén Disquisitiones clia minh,
Gauss di xa hon bing cach dém s6 cach biéu dién nhu vay clia mot sé nguyén bat ki. Ciing ddng
chi y ring, vio nim 1957, st dung dinh ly Minkowski, Ankerny chiing minh lai dinh ly sau
theo cach don gian hon.

Dinh 1y 13 (Gauss). Mot s6 nguyén duong co thé'biéu dién dugc dudi dang tong ciia ba sé chinh
phuong khi va chi khi no khéng co dang 4" (8m + 7).

Vi du 6. Chitng minh rdang sé tw nhién la tong ba binh phuong cdc sé hitu ti khi va chi khi né la
tong ba binh phuong cdc sé nguyén.

L&i giai. Gid st s6 tu nhién 7 12 tdng ba binh phuong cac s6 hitu ti thi quy dong céac sb hitu ti
do, ta c6 thé viét m?n = a® + b2 + ¢2, v6i a, b, ¢, m 1a cic s6 nguyén. Néu n = 4 (8k + 7).
v6i k, [ 1a cac s6 nguyén khong am thi m?n = 47 (8¢ + 7) véi r, t 1a cdc s6 nguyén khong am.
Nhung theo Pinh ly 13 thi diéu nay v6 ly. Viy n khong c6 dang 4/ (8k + 7) va la tong ctia ba s
chinh phuong. Piéu kién trong bai ciing 1a diéu kién du. [

Dinh Iy 14. Mot s6 nguyén duong c6 dang a*> + b* + 2¢? vdi a, b, ¢ nguyén khi va chi khi no
khong cé dang 4% (16n + 14), vdi k,n la cdc sé tu nhién.
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Loi gidi. Gid st ¢ 1a s6 nguyén khong 4m tuy y thi theo Pinh ly 13, ton tai x, y, z nguyén sao
cho 4t +2 = x? + y? 4 z2. Dé thiy trong céc s6 x, y, z, c6 ding hai s6 18 vA mot s6 chén, gia
st x, y 1€ va z chan. Khi d6

2
x+y X —y\2 Z\2
2+1=(=2) +( 2(5)”
+ ( 2 )+ 2 )+ 2)

Viy moi s6 1é déu c6 dang a® 4 b2 + 2¢2. Néum # 4%(8m + 7) thi m = x* + y? + z2 theo
Dinh ly 13. Vi vay

2m = (x + y)* + (x — y)* + 222
Con néum = 4%(16n + 14) = x2 + y? + 222 thi x, y cung tinh chin 1é va
4@n+7) = (x+ )"+ (x =) + 2%

diéu nay vo ly. [

Ta cung c6 hai dinh ly tuong tu sau.

Dinh Iy 15. Mot s6 nguyén duong co dang a* + 2b* 4 2¢2, vdi a, b, ¢ nguyén khi va chi khi né
khong cé dang 4%(8n + 7), vdi k, n la cdc sé tw nhién.

Dinh Iy 16. Mot sé nguyén duong cé dang a?® + 2b* + 4c?, véi a, b, ¢ nguyén khi va chi khi no
khong cé dang 4°(16n + 14), véi k,n la cdc sé tw nhién.

Tht ca cac bd sd nguyén duong (a, b, c), véi a < b < ¢ sao cho moi s 1é déu c6 thé biéu dién
dudi dang ax? + by? 4+ cz%1a (1,1,2), (1,2,3) va (1,2, 4). Hon nita,

Dinh Iy 17. Khong ton tai cdc s6 nguyén dwong (a, b, c), véia < b < ¢ sao cho moi s6 nguyén
dwong déu cé thé biéu dién dudi dang ax?* + by? + cz?, trong dé x, y, z la cdc sé nguyén.

L&i giai. That vy, d€ biéu dién dudc sd 1 nhu yéu cau thi a = 1, dé biéu dién sb 2 thi phai c6
b = 1hoic b = 2. Lai thdy, x2 4+ y2 4 cz? khiac 7 néu ¢ = 1, khic 14 néu ¢ = 2, khic 6 néu
¢ = 3 vakhac 3 néu ¢ > 3. Hon nita, x2 4+ 2y? + cz? khac 7 néu ¢ = 2, khac 10 néuc = 3
hoic 5, khic 14 néu ¢ = 4 va khic 5 néu ¢ > 5. Hoan tat ching minh. O]

Trong phan con lai ctia chuyén muc, xin dudc gi6i thiéu téi ban doc hai phuong phap vo cling
hitu dung dé biét xem mot bd sb (a, b, ¢) c6 thé biéu dién nhiing sd nguyén nio.

B6 dé 7. Cho k la s6 nguyén duong. Bdt ay, ..., ax la cdc s6 nguyén duong véi ay < a <
... < ag. Xet
q:=aixj+...+axg, q1 =0,
vavoii =2,...,k thi
qi \= ale +...+ a,-_lxl-z_l.
Néu dang q biéu dién sé nguyén duong n nhung ton taii € {1,2,...,k} sao cho q; khong biéu

dién duoc so n thi a; < n.
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L&i giai. Ton tai cac s6 nguyén yy, ..., yx sao cho
2 2
n=ayy+...+agyy.

Xét chi s6 i va sd nguyén duong n sao cho dang g biéu dién s6 n nhung g; thi khong. Theo gia
thiét bai todn thi (y;, ... &) # (0.....0), do d6

n=ay .. tayizay? . dayi a4+ ¥ >a.
B§ dé dudc chiing minh. O

Dinh Iy 18. Néu vdi mét bo ba sé nguyén dwong (a, b, c), cdc s6 1,3,5 va 15 co6 thé biéu dién
duéi dang ax?® + by? + cz?, trong dé x, y, z la cdc sé nguyén thi moi sé 1é ciing co thé biéu
dién dudi dang nay.

Loi gidi. Xét cac sd nguyén duong a, b, ¢, v6ia < b < ¢ sao cho dang ax? + by? + cz? biéu
dién cac s6 1,3,5 va 15. Do 1 ¢6 dang trén nén theo B6 ¢ 7,a = 1.

Lai do 3 ¢6 dang x% + by? + cz? nén theo B6 d¢ 7, 1 < b < 3. Khi b = 1, do 3 c6 dang
x2+y2 4+ cz?néntheo B6dé 7,1 < ¢ < 3.Khi b = 2, do 5 c6 dang x? + 2y2 + cz? nén
theo B6 dé 7,2 < ¢ < 5.Khi b = 3 thi 5 ¢6 dang c¢6 dang x2 + 3y2 + cz? nén theo B3 dé 7,
3 < ¢ < 5. Vay ta thu duge 10 bd s6 (a, b, c), loai bd cac khong biéu dién du ca bénsd 1,3,5
va 15, ta con lai ba dang

x% + y2 + 222, x2 + 2y2 + 322, x% + 2y2 + 422,

Nhung theo nhan xét trén thi ta suy ra diéu phai chiing minh. O

Bing phuong phép tuong tu, ta ciing c¢6 dinh ly sau.

Dinh Iy 19. Néu vdi mét bo ba sé nguyén dwong (a, b, c), cdc s6 2,6, 10, 14 va 30 co thé biéu
dién dudi dang ax* + by? + cz?, trong do x, y, z la cdc sé nguyén thi moi sé tw nhién chia 4
du 2 ciing co thé biéu dién dudi dang nay.

Sau day, ta quan tdm dén mot trudng hop dic biét clia biéu dién sé qua cac binh phuong. Ta
goi mot s6 nguyén duong d 1a dic biét néu moi sd nguyén déu c6 thé biéu dién dudi dang
m = a® + b? — dc?, trong d6 a, b, ¢ 1a cic s6 nguyén duong.

B& dé 8. Moi sé dec biét déu khéng chia hét cho 4.

Loi gidi. Gid st d 12 mot s6 dic biét chia hét cho 4. Khi d6 ton tai cdc sd nguyén duong a, b, ¢
sao cho a? + b?> — dc? = 3, suyraa® + b? = 3 (mod 4), trdi v6i Pinh 1y 6. O

B& dé 9. Moi sé dc biét déu la téng ciia hai sé chinh phiong.
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Loi gidi. Xét sd diic biét d. Ton tai cdc sd nguyén duong a, b, ¢ sao cho
a’> +b*>=d(*+1).

DEy rang d(c? + 1) va ¢? + 1 déu la tdng cla hai s6 chinh phuong, nén suy ra tit Dinh ly 6, d
ciing 12 tdng ctia hai s6 chinh phuong. [

B& dé 10. Moi sé ddc biét déu khéng co wdc nguyén té dang 4k + 3.
Loi gidi. Giast p = 4k + 3 12 uéc nguyén td ctia sd diic biét d. Do d 1a téng clia hai s6 chinh
phuong theo B6 dé 9, d : p2. Lai ton tai cic s6 nguyén duong a, b, ¢ sao cho

a2+b2—d62=p,

nén suy ra (a> + b?) : p2. Do d6 p : p?, vo ly. Vay diéu gia st 12 sai, d khong c6 udc nguyén
t6 dang 4k + 3. ]

Dua vio céc bd dé trén, ta da chiing minh rang : néu mot sd nguyén la dic biét thi né 1a 1, hoic
tich clia cac s6 nguyén t6 dang 4m + 1, hodc 1a hai 1an nhiing s6 nhu vay. Ta sé& chiing minh
chiéu ngugc lai ciing diing, tiic 1a : néu d c6 dang g hoic 24, trong d6 ¢ = 1 hoic ¢ 1a tich ctia
céc s6 nguyén t6 dang 4m + 1 thi d 1a s6 dic biét.

That vy, ta cé d = 112 s6 dic biét dua vao hai dong nhit thic sau:
2k—1= Q)2+ Q2—k)’ -2 —k + 1),

2= (22 —2 k) + 2t —1)*— Q22 =2 —k + 1)’

Xétd > 118. Theo Pinh Iy 4 thi d = x? + y2, v6i (x,y) = 1. PDita = xk +a, b =
yk + B, ¢ =k, trong d6 «, B 1a céc s6 nguyén. Ta c6

a? + b* —dc? = 2(xa + yB)k + o? + B2
Xét cap nghiém (o, B) cia phuong trinh
xa+yB =1.
Phuong trinh trén ¢c6 mot nghiém nguyén (g, Bo). Ta dat oy = g + y va B; = Po — x, thi
(o1, B1) 1a mot nghiém khéc. Ta lai ching minh duge o + B2 # «f + B7 (mod 2). Xét hai
dong nhét thic
(xk +)” + (vk + Bi)* — (x* + y))k* = 2k +of + B,

trong d6 i = 0,1, biéu dién moi sd nguyén chin 14n 1é, nén moi sd nguyén déu cé dang
a? 4 b% —dc?, véi a, b, c nguyén. D€ tranh trudng hop a, b hoic ¢ bang 0, ta dit o, = a9 +ny

va B, = Bo — nx dé tao ra nhiéu dong nhit thifc. Véi n dud 16n thi nhiing gia tri m khong thoa
min c6 thé dudc biéu dién véi cac dong nhét thiic méi nay.
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Bay gid xét d chdn. Lai theo Dinh 1y 4 thi d = x? + y2, véi (x,y) = 1 va x, y 1é. Tuong tu
truong hop trudc, néu xa + yB = 1 thi @ + B2 18 va moi s6 1& déu c6 thé biéu dién dugc. Xét
phuong trinh tuyén tinh

xa + yp = 2.

Chon mot cap nghiém (o, Bo) va xdy dung cap nghiém (o, B;) theo cach tuong tu, ta ching
minh dugc
af + B =af+ s +2 (mod4).

Ta c6 hai dong nhét thic
(xk + ;) + (vk + Bi)* — (x® + yH)k? = 2k + a? + B2,

trong d6i = 0, 1, biéu dién moi sd nguyén c6 dang 4m va 4m + 2, nén moi s6 nguyén déu c6
dang a? + b? — dc?, véi a, b, ¢ nguyén. Céc trudng hop ngoai 1& c6 thé dugc gidi quyét tuong
tu nhu khi d = q.

Két hop céc két qua trén, ta di dén két luan sau.

Dinh Iy 20. Mot s6 nguyén la ddc biét khi va chi khi né cé dang q hodc 2q, trong do q = 1
hodc q la tich ciia cdc s6 nguyén té dang 4m + 1.

Bachet vao nim 1621 lan dau tién néu gia thuyét ring moi sd tu nhién déu 1a tong ctia bdn s
chinh phuong, va kiém tra diéu nay dén s6 325. Mudi lim nim sau, Fermat tuyén b ring 6ng
da tim ra cach chiing minh, nhung nhu thudng 1€, khong dua ra bat ki chi tiét nao. Phai dén nim
1772, Lagrange chiing minh mt cach day dd gia thuyét trén, dong thdi thita nhan 6ng c6 dudc
y tudng tir Buler, ngudi da danh 40 nim vat 16n vdi bai todn. Mot nim sau d6, Euler cong bd
cach chiing minh don gian hon. Trudc hét, ta hdy cung dén véi mot s6 két qua can thiét sau.

Déng nhét thic 2. Vdi x, y,z,u,a,b,c,d 1acac sb thuc thi
(x2+y2+22+w2)(a2+b2+cz+d2)=r2+s2+t2+u2,

trong do
r=xa+ yb+zc+ud,
s =xb—ya+ zd —uc,
t =xc—yd—za+ ub,
u=xd+ yc—zb—ua.

Thuc ra, trong mdt bai viét vao ngay 4/5/1748, Euler chi ra nhiéu dong nhat thic nhu vay, véi
Pdng nhét thifc 2 chi 1a mot trudng hop dic biét. Vao nam 1751, Euler tiép tuc véi chiing minh
bd dé sau.

B6 dé 11. Vdi p la s6 nguyén 16, luén ton tai x, y € Z sao cho p la wdc ciia x> + y* + 1.
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L&i gidi. Xéthaitiphop A = {x2 |x =0,1,.... 2 vaB = {—y?—1|x =0,1,..., 51}
Dé thidy mbi phan tii trong cing mot tap hdp déu phan biét theo modulo p, ma |A|+|B| = p+1
nén ton tai x,y € {0,1,..., 21} saocho x2 + y2 + 1 = 0 (mod p). O

Dinh Iy 21. Moi s6 nguyén té p déu co thébiéu dién dudi dang téng ciia 4 sé chinh phuong.
Loi gidi. V6i nhan xét rang 2 = 02 4+ 02 + 12 4 12, ta chi can xét khi p 18. Dit k 1a s6 nguyén
duong nhd nhét sao cho kp 1a téng ctia bbn s6 chinh phuong, gia st

kp =x*+y>+ 2% + w?
Theo cach chiitng minh BS dé 11, ta suy ra dugc k < p. Taséchirak = 1.
Néu k 1a sb chan thi ra ¢6 thé sép xép lai cac s x, ¥, z,w sao cho

x=y (mod2), z=w (mod?2).

= () () (5 (B5Y)

mau thuan véi cach chon k.

Ta thiy

Gia st k 12 56 18 16n hon 1. Khi d6 ta chon céc s6 nguyén a, b, ¢, d sao cho
a=x (modk),b=y (modk),c=z (modk) d=w (modk),
valal, |b], |c|,]d] < %. Khi d6
a? + b? + ¢? + d? = nk,
v6i n 1 s6 nguyén khong am. Ta c6
K\ 2
0<nk=a2+b2+c2+d2<4(§) = k2.
Ta khong thé c6n = 0 vinéun = 0 thi x, y, z, w 12 boi s6 ctia k, suy ra p chia hét cho k, v
ly. T d6 suy ra 0 < n < k. Két hop hai dang thiic
k2np = (x* + y* + 22 + w)(@® + b* + 2 +d?) = r* + 5% + 12 +u?,
véi
r=xa+ yb+zc+ wd,
s =xb—ya+ zd —wc,
t =xc—yd—za+ wb,
u=xd+yc—zb—wa.

Ta théy rﬁng r,s,t,u déu chia hét cho k va

r\2 5\ 2 1\’ u\2
w=(5) + () + (z) ()
mau thuin véi cach chon k. Tir d6 suy ra k = 1, hoan tit ching minh. O
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Tu Pinh 1y 21 va Dong nhit thiic 2, ta thu dudc két qua s hoc kinh dién sau.

Dinh Iy 22 (Legendre). Moi s6 nguyén duong déu co thé biéu dién dudi dang tong ciia 4 sé
chinh phuong.

Dinh Iy 23. Moi s6 tw nhién déu cé dang x* + y? + z? 4+ 412, vdi x, y, z, t nguyén.
L&i gidi. Ta chi can ching minh dinh Iy vé6i cdc s6 nguyén duong n khong chia hét cho 4. Theo

Dinh 1y 22 thi ton tai x, y, z, w sao cho n = x2 + y2 + z2 + w?. D& thiy ton tai mot s6 chin
trong cic s6 x, y, z, w va suy ra diéu can ching minh. [

Dinh Iy 24. Moi s6 tw nhién déu c6 dang x* + 2y* + 222 + 412, vdi x, y, z, t nguyén.

L&i gidi. D& thiy Dinh ly ding vé6i cac sb 0, 1,2. Ta chi can ching minh dinh Iy vé6i cac sb
nguyéntd p > 2. Lin lugt xét z = t = 0 va y = z = 0, ta thiy rang moi s6 nguyén t6 chia 8
du 1, 3,5 déu c6 dang trén theo Pinh 1y 7 va Pinh 1y 12. Xét p = 7 (mod 8). Theo Pinh 1y 22
thi tdn tai x, y, z, t nguyén sao cho

p=x>+y>+z2+1%

Ta c6 thé gia st y, z 18 va ¢ chin, khi d6

—x2+2(u)2+2 yTt: 2_|_4 t ’
P= 2 2 2]

Hoan tit ching minh. [

Dinh Iy 25. Moi s6 tw nhién déu cé dang x* + 2y? + 322 4 612, Vi x, y, z, t nguyén.

L&i gidi. Gia s n 12 s6 tu nhién thi theo Dinh ly 22, tOn tai cac sb nguyén a, b, c,d ma
n=a*+b*>+c*+d>

Bing phép ddi dau thich hop, ta c6 thé gid st a + b + ¢ = 3z chia hét cho 3. Lai gia st trong
basda,b,cthia + b = 2k 1a sd chan. Ta ¢

2 2., .2 2 a+b : a—b\’
3a " +b " +c)=@+b+c)y +2 T—c +6 2 ,
Talai c6 k — ¢ = 3¢ chiahét cho 3 vadita — b = 2y. Viét lai ta dugc
a2+b2+62:322—|—6t2+2y2,

nénn = d? + 2y? + 3z2 + 612 O

Hai nha todn hoc Ramanujan va Dickson xdc dinh dudc c6 tit cd 54 bo sd nguyén duong
(a,b, c,d) sao cho moi s6 tu nhién déu c6 dang ax?+by?+cz?4dt?. Ngoai cic bo sd dugc gisi
thiéu & trén, mot vai bo sbkhac 1a (1, 1,2,2), (1,1,3,3), (1,2,4,8), (1,2,5,10), (1,1,2,8),...
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Ta n6i mot s6 c6 tinh chit S,, néu né 1a tdng binh phuong cta m sb nguyén duong. St dung
Dinh ly 13, ta chiing minh dugc dinh ly sau.

Dinh Iy 26. Sé nguyén dwong n cé tinh chdt S, khi va chi khi n khéng thudc day cdc so
1,3,5,9,11,17,29,41,2-4",6-4" 14 . 4",

voih =0,1,2,...

Do khuoén khé bai viét nén ban doc c6 thé tham khéo 15i giai tai [6]. Tiép theo, chi y ring

3,9,11,17,29,41,,6 - 4" 14 - 4" déu c6 c6 tinh chit S5 con 1,5 vacacsé 2", véin = 1,2,. ..
thi khong.

Dinh Iy 27. 86 nguyén duong n c6 tinh chdt Ss hay S4 khi va chi khi né khéng phdi la s6 1,5
va2-4" véih =0,1,2,...

Dinh Iy 28. Tdt cd cdc s6 tw nhién khong cé tinh chdt Ss la

1,2,3,4,5,6,7,8,9,10,12,15, 18, 33.

L&i gidi. T Dinh ly 26 thi moi sb 1é 16n hon 41 déu c6 tinh chét S4. Viy moi s6 chin 16n hon
42 va moi s6 18 16n hon 45 déu c6 tinh chit Ss. Ta ciing c6 cac s6 4,7,10,12,15,16,18, 19,
20,21,22,23,25,26,27,28, 30,31, 33, 34, 35,36, 37, 38, 39, 40, 42, 43, 44 déu c6 tinh chét S,.
Do d6 cong thém 1 hodic 4 vao céc sd d6 ta nhan dudc cac sb Ss. Ta kiém tra cic s6 con lai,
1,2,3,4,6,7,9,10, 12,15, 18, 33 khong c6 tinh chét Ss. O

Ta két thiic phan ly thuyét ctia bai viét bang két qua sau.
Dinh Iy 29. Néum > 6 la s tw nhién thi tdt cd cdc sé nguyén duong khong co tinh chdt S,, la

1,2,3,.. m—1m+1m+2,m+4m+5m+7,m+ 10,m + 13.

Loi gidi. Xét s6 nguyén duong n < m + 13. Gia st ton tai cic s6 nguyén duong a; > a, >
e.. 2= Ay VA
n=ai+a;+...+a.

Doa%—l—(m—l) <n<m+13néna,; <3.Néua, = 1thim = n. Gia si a; = 2 thi chi

c6 nhiéu nhét ba trong cic sd a,, as, ..., a, bang 2 vin < m + 13. Tu d6 tim dudc tuong ting
n=m+3 m+6 m+9, m+12. Bay gio xéta; = 3 thia, <2.Néua, = 1thin =m+38.
Néua, =2thias=as=...=a, =1vam=n+ 11.

Xét s6 nguyén duong n > m + 13. Néun = m + 28 thin = 2-324+4-2%2 + (m —6) - 12 nén c6
tinh chat S,,. Néu khong thi n — (m — 5) > 18 va khéc 33. Theo Dinh ly 28 thi s6 nay c6 tinh
chit Ssnénn = [n — (m — 5)] + (m — 5) - 12 ¢6 tinh chét S,,. Ta hoan tt chiing minh. O
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Bai tap 1. Vi n 1a s6 nguyén duong bét ki, chiing minh rang néu do thi clia phuong trinh dudng
tron x2 4+ y2 = n di qua mot diém hitu ti thi né di qua mot diém nguyén va vo s diém hitu ti
khac.

Bai tip 2. Ching minh ring véi moi sb nguyén td p va sb6 nguyén k., ton tai sé nguyén n = k
(mod p) sao cho n 1a tdng clia hai sd chinh phuong.

Bai tap 3. Cho p > 5 1a mot s6 nguyén td va a 13 sd nguyén duong khong chia hét cho p.

Chiing minh riang mot trong cac sb sau c6 thé biéu dién dudi dang tdng hai s6 chinh phuong

-3
p+a,2p+a, 3p+a,...,pT-p—|—a.

Bai tap 4 (Iran MO 2013, vong 3). Cho p > 3 1a s nguyén td. Chiing minh ring ton tai cic
s6 nguyén X,y sao cho
p =2x>+3y?

khi va chi khi p = 5,11 (mod 24).

Bai tap 5 (Iran TST 2019). Cho sb nguyén duong 7, dinh nghia tp hop S, gdm céc sd nguyén
nhu sau
S, ={x*4+ny?|x,y e Z}.

Tim tit c4 cac s6 nguyén duong n sao cho tdn tai mot phan i ctia S,, khong thudc bét ki tap hop
nao trong cac tap hop Sy, Sa, ..., Su—1.

Bai tap 6. Hai c6 thé c6 nhiéu nhit bao nhiéu s tu nhién lién tiép ma mdi sb déu bicu dién
dugc dudi dang téng clia ba s6 chinh phuong?

Bai tap 7. Chiing minh ring mot sd nguyén duong c¢6 dang x2 +2y2 + 922, véi x, y, z nguyén,
néu né chia 8 du 4.

[1] Hardy, Wright, An Introduction to the Theory of Numbers, Oxford, 1954.

[2] Richard A. Mollin, Fundamental Number Theory with Applications, Chapman and
Hall/CRC, 2008

[3] Dorin Andrica, Ion Cucurezeanu, Titu Andreescu, An Introduction to Diophantine Equa-
tions: A Problem-Based Approach, Springer, 2010.

[4] Peter D. Schumer, Introduction to Number Theory, Brooks - Cole Publishing Co., 1995.
[5] David A. Cox, Primes of the Form x* + ny?, Wiley — Interscience, 1997.

[6] W. Sierpinski, Elementary theory of numbers, Polish Scientific Publishers, 1988.
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[7] Peter Cho-Ho Lam, Representation of Integers Using a® + b?> — dc?, Journal of Integer
Sequences, Vol. 18, 2015.

[8] Kenneth S. Williams, A “Four Integers” Theorem and a “Five Integers” Theorem, Ameri-
can Mathematical Monthly, 2015.

[9] L. E. Dickson, Integers represented by positive ternary quadratic forms, Bulletin of the
American Mathematical Society, 1927.

[10] Trang web Art of Problem Solving: https://artofproblemsolving.com/
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NHUNG BAI TOAN SO CAP TRONG Ki THI IMC

Ng6 Hoang Anh
(Sinh vién Ecole Polytechnique, Phap)

GIG0I THIEU

Nhic dén nhitng ki thi Olympic Toan hoc danh cho Sinh vién trén toan thé gi6i, chiing ta
khong thé khong ké dén ki thi IMC (Intcernational Mathematics Competition for Univer-
sity Students), mot ki thi 16n quy tu hoc sinh dén tif nhiéu qudc gia va ving lanh thé, trai
rong trén khap céc chau luc. Mic du 1a mot ki thi Olympic toan danh cho Sinh vién, c6
rit nhiéu bai toan ctia IMC dudc phat biéu don gian, nhe nhang, nhung y tudng an chiia
dang sau lai rit sdu sic va khong can dung qua nhiéu cdc cong cu toan hoc cao cép. Trong
khuon khd bai viét ndy, chiing ta cing nghién ctiu, dao sau va md rong mot s6 bai todn,
st dung thuan tuy nhiing kién thiic Toan hoc so cip. Pong thdi, trong qud trinh nay, tic
gia sé& gi6i thidu mot s6 khai niém, dinh ly hoic huéng di méi, c6 ich trong viée tiép can
nhiing bai todn so cp khac.

Do gidi han ctia khudn khd bai viét khong cho phép, tic gid khong thé nio cung cip hét
nhiing kién thiic lién quan, chiing minh hay ting dung ctia mot vai phuong phap dudc st
dung trong cdc bai toan. Chinh vi vay, nhitng ban doc c6 hiing thii c6 thé tham khéo phan
Tai liéu d€ nam rd hon v& phucng phap va ting dung cia no.

Miic d da trdi qua qud trinh bién tap rit ki ludng, tuy nhién, sai s6t 12 khong thé tranh
khoi. Tic gia rit mong nhan dudc nhiing déng gép ciia ban doc d€ bai viét thém phan
hoan thién.

Néu ban doc c6 bt ki cau hoi hay y kién dong gop lién quan dén bai viét, xin vui long
lién hé véi tac gia thdong qua email: hoang-anh.ngo @polytechnique.edu.

Ki thi Olympic Toan Sinh vién Qudc té (International Mathematics Competition for University
Students - IMC) 1a mot ki thi Toan hoc thudng nién danh cho tit ca cac Sinh vién Dai hoc. Cic
thi sinh khi tham gia Ki thi sé khong dudc qua 23 tudi. IMC 1a mot ki thi danh cho ¢4 nhan, va
céc truong Pai hoc thudng sé ctt mot dén hai doi, cing v6i Trudng doan (Team leader). Thong
thuong, Trudng doan sé gitt mot vai trd nhét dinh trong Khoa ctia trudng cii dai dién. Tuy nhién,
céc hoc sinh tham gia doc 1ap va khong c6 Trudng doan di cung ciing dudc chao dén ndng nhiét.

Ki thi IMC dudc t§ chiic 1an dau tién vao nim 1994 tai Plovdiv, Bulgaria véi 49 thi sinh, cha
yéu 1a céc thi sinh Bulgaria, va dién ra tai Dai hoc Plovdiv "Paisii Hilendarski". Tt nim 1996
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dén nim 1999, IMC 1a mot trong cic hoat dong ctia Dy 4n Structural Joint European Union
TEMPUS véi tiéu dé 1a "Modular Education in Mathematics and Informatics". Pay 1a dau tau
ctia du 4n TEMPUS tai Bulgaria vao thdi di€ém d6, v6i mong mudn dua chuong trinh Pai hoc
mon Todn va Tin hoc clia Bulgaria sanh vai véi cdc trudng Pai hoc trong khbi Lién minh Chau
Au, nhidm chudn bi cho su gia nhap ctia Bulgaria vao t& chic nay. Trudng University College
London 12 "nha thau" cta du 4an nay, va Giao Su John E. Jayne, Gido su Khoa Toan cuia truong,
chinh 13 ngudi ding du cla dy 4n, dong thdi cling 12 Chi tich cda ki thi tif nim 1994,

Pén niam 1998, ki thi IMC lan thd nim dugc chuyén dén Blagoevgrad, Bulgaria va dudc dong
td chiic béi Trudng Pai hoc Ty Nam "Neofit Rilski" & Blagoevgrad va Trudng Pai hoc My tai
Bulgaria (American University in Bulgaria), v6i su tham du ctia 80 thi sinh dén tir 9 quéc gia.

T ndm 1999 dén 2009, ki thi IMC dudc t& chic tai nhiéu trudng Dai hoc va nhiéu Qubc
gia khac nhau, chfmg han nhu Hungary, Anh, Cong hoa Sec, Ba Lan, Romania, Macedonia,
Ukraine, Budapest. Pén nim 2010, Ki thi dudc cb dinh sé td chiic tai American University in
Bulgaria, v6i su hd tr¢ ctia Trudng Pai hoc Tay Nam "Neofit Rilski". Tinh dén thsi diém hién
tai, da c6 hon 200 trudng Pai hoc dén tir 50 Qudc gia di tham gia vao Ki thi IMC, ké tir 1an dau
tién. Ki IMC gan nhét (1an thi 25, 2018), di c6 351 thi sinh tham gia dén tit 70 ddi tuyén khic
nhau. Trong Ki thi ndy, c6 nhiéu gidi thuéng khic nhau da dudc trao, bao gdm Gidi ca nhan, Gidi
dong doi, Gii Fairplay va Gidi Trudng doan hiéu qua nhit (danh cho trudng doan ciia cac doan
¢6 diém ting cao nhat sau khiéu nai).

Ki thi IMC sé dudc dién ra trong vong 5 hodc 6 ngay, trong d6 cac thi sinh sé tham gia tranh tai
vao hai ngay, mdi ngay bao gdbm mot bai thi 5 tiéng véi 5 cAu hdi khac nhau. Nhiing ciu hoi sé
dudc chon bdi cac dai dién dén tif nhiing trudng Pai hoc tham gia tranh tai. Cac bai toan sé nam
trong céc linh vuc Pai s6, Giai tich (Thuc va Ao), T6 hop va Ly thuyét sd.

Céc hoc sinh khi tham gia Ki thi déu sé dudc cung cap chd & trong khu sinh hoat chung, va dudc
yéu ciu & tai chd & trong subt qua trinh dién ra ki thi. Muc dich cda viéc nay la nham tao ra
mdt mdi trudng than thién, thodi mai va an toan cho cic sinh vién Todn trén toan thé gidi cling
thudng thic Toan hoc bén canh nhiing ngudi ban trén toan thé gidi, cing md rong tim nhin va
dugc truyén cam hing d€ dit ra nhitng muc tiéu cho ban than ma trude gid cé thé ho chua tiing
nghi dén. Pang chi y, vio nim 2018, mot nha Toan hoc da ting tham gia ki thi IMC nim 2000
dugc t8 chic tai University College London da dudc trao giai thudng danh gia nhit trong lang
Toan hoc thé gidi, Gidi thuéng Fields.

Bai todn 1 (IMC 2016, Day 1, Problem 4). Cho n > k la cdc sé nguyén duong, va cho F la
ho cdc tdp hitu han vdi nhitng tinh chdt sau:

1. F ¢ chita it nhdt (}) + 1 tdp phdn biét vdi diing k phan ni.
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2. V6i hai tdp A, B bdt ki thuoc F, hop A\ B ciia chiing ciing thujc F
Chitng minh rang F c6 chita it nhdt 3 tdp cé it nhdt n phan tit.

Loi gigi 1. Néu n = k, chiing ta c6 it nhét hai tdp phan biét trong ho véi it nhit n phan ti va
hop clia hai tap d6, chiing ta c6 diéu phai chiitng minh. K& tif bay gid, chiing ta sé gia st rang
n>k.

C6 dinh (Z) + 1 tap c6 s6 phan tif 1 k trong F va goi chiing 12 cac "tap ngudn". Goi V € F 1a
hop ctia cac "tdp ngudn”. BSi vi V c6 it nhat (Z) + 1 tap con c6 k phan tt, ching ta c6 |V| > n.

Goi mot phan ti v € V 1a "chuin" néu v thudc it nhat (Z:i) tap ngudn. Khi dé, ton tai it nhat
(?) +1—(521) = (*.") + 1 "tap ngudn" khong chia phan ti v. Hop clia chiing ¢6 it nhét n

phan ti¥, va hop nay khong chifa phan tit v.

Bay gid, chiing ta ching minh rang, trong bt ki n phan tl x;, x5, ..., X, nao ctia V, ton tai mot
phan ti "chudn". Xét tt ca cic cip (G, x;) sao cho G 1a mdt "tap ngudn" va x; € G.Mdi "tap
ngudn" ¢6 ding k phan tit, nén s6 cap toi da s& Ia ((}) + 1) x k. Néu mot phan tit x; nao do
khong "chudn", x; s& ndm trong it nhat n x ((};_;) + 1) tap ngudn. Tuy nhién, nx ((;_}) + 1) >
((Z:i) + 1) x k, nén diéu né}y khong thé xdy ra; chinh vi viy, it nhit mot trong cac phan ti
X1, X2, ..., X, phai la mot phan ti "chuan".

Vi |V| > n, tap V chita mot phan tif chuidn v; nao d6. Goi U, € F 1a giao clia tit ci céc tap
ngudn" khong chiia phan ti vy. Khi d6, |U4;| > n va v, ¢ U,. Bay gio, ching ta 1iy mot phan ti
"chudn" v, tlf I} va goi U, € F 1a giao ciia tit ca cac "tdp ngudn" khdng chifa phan ti v,. Khi
do, U, > n, va bay gio, chiing ta s€ c6 ba tap V, U, vald, thudc F véi it nhét n phﬁn ta: YV #£ U
bdi vi vy € V vav; ¢ Uy, vald, khac V valdy bdi vi v, € V,U; nhung v, ¢ Us. O

Loi gidi 2. Ching ta sé giai bai todn nay bang quy nap theo k, nén ching ta c6 thé gia st rang
phat biéu ctia dé bai 1 ding v6i nhitng gia tri k nho. Chiing ta sé chiing minh bang phan ching,
bing cach gia st ring F c¢6 it hon 3 tap vdi it nhit n phan i, tic 1a sd cac tap c6 tinh chit nhu
viy s& chi c6 thé 1a 0, 1 hoic 2. Khong mét tinh tdng quat, chiing ta c6 thé gia sit ring F chia
ding N = (Z) + 1 tap phan biét v6i k phan ti va tit ca cac hop giiia cac tap hop d6. Pit cac
tdp c6 k phan tu la Sy, S, .. ..

Xétmot tap tdida I € {1,..., N} saocho A = | J;c; Si ¢6 s6 phan tit nho hon n, hay |4| < n.
Diéu nay c6 nghia rang, néu thém mot tap S; bat ki (j € I) s& lam cho s phan td clia n6 16n
hon hogc bang n, hay |S; | J A| > n. Diu tién, ching ta s& ching minh ring ton tai mot s6 j
nhu vay. Gia st ngudc lai; khi d6, tit ca cac tap S; sé déu dugc chiia trong A. Tuy nhién, chi c6
(4l) < (";") < N tap con c6 k phan ti phan biét clia A, diéu nay tri v6i gia thiét ban dau.
Chinh vi vy, s& ton tai it nhat mot sb j sao cho |S; | J A| > n.

Xét tt ca cac tap c6 dang S; | J A v6i j ¢ I. Mdi tap sé c6 it nhét n phan ti, nén sb tap dang
nay sé chi c6 thé 12 1 hoic 2. Néu c6 hai tap dang ndy, chiing ta tam goi ching 1a B va C, khi
d6 B C C hoic C C B, bdi vi néu khong, hop ciia hai tdp B va C sé khic cd B va C, khi
d6 ching ta s& c6 ba tap B, C va B J C c6 it nhit n phan ti. Chiing ta thiy ring, trong bt ki
trudng hop nao, ciing phai ton tai mot phan ti x ¢ A sao cho x € S; v6i moi j ¢ I. Xét cic
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tap S = S; X v6i j ¢ I. Trong cic tap nay, moi tap s& c6 k — 1 phan ti. S6 céc tap nhu vy it

nhét sé la
n—1 n—1
N — = 1

Theo gia thiét quy nap, chiing ta c6 thé 1ap 3 tap, mdi tip cé it nhat n — 1 phan ti bang cach lay
hgp cta cdc tap S’ v6i j ¢ I. Thém x vao cdc tap nay, chung ta sé thiy c4c hop tuong ting clia
cdc tap S s& c6 it nht n phan tt. Dén ddy, ching ta da hoan thanh budc quy nap.

Céc budc 1y luan & trén cho phép ching ta c6 thé giam k xudng dén k = 0, nén cong viéc con
lai ctia chiing ta s& 1 ki€m tra phat biéu ctia dé bai v6i trudng hop k = 0. Dé bai gia st ring
ching ta ¢6 it nhét () + 1 = 2 tdp c6 0 phan t&. Diéu nay khong thé xdy ra, bdi vi chi ¢6 duy
nhat mot tap réng. Chinh vi vy, phét biéu ctia dé bai van ding véi trudng hop k = 0. O

Bai todn 2 (IMC 2018, Day 2, Problem 8). Cho Q = {(x,y,z) € Z>:y+1>x>y >z >
0}. Mot con coc di chuyén giita cdc diém trong Q bang nhiing budc nhdy vdi dé dai 1. Vi mi
s6 nguyén duong n, hdy tinh sé6 duong di ma con coc cé thé di dé’dén diém (n,n,n) ti diém
(0,0, 0) vai ding 3n budc nhay.

(Dé xudt bdi Fedor Petrov va Anatoly Vershik, Pai hoc Bang St. Petersburg)

Loi gidi. Pat ¥ = {(u,v) € Z? : v > 0,u > 2v}. Ching ta chi y rang 4nh xa: 7 :  —
U, (x,y,z) = (x + y,z) 1a mot song 4nh giita hai tip hop; ngoai ra,  chiéu tit ca nhiing
dudng di ma con coc c6 thé di thanh nhiing dudng di gitta cac diém trong tip W, st dung budc
nhay 14 budc nhay don vi. Chinh vi thé, by gid, ching ta sé quan tim dén s6 dudng di tir diém
7(0,0,0) = (0,0) dén diém n(n,n,n) = (2n,n), st dung budc nhdy 1a nhitng budc nhay
(1,0) va (0, 1).

V6i mdi diém (v, v) bat ki trong tap W, dit f(u, v) 1a sb dudng di c6 thé di tir diém (0, 0) dén
di€ém (u, v) trong W véi ding u + v budc nhdy. RO rang, chuing ta cé f(0,0) = 1. Md rong dinh
nghia nay véi cac diém véi nhiing trudng hop v = 1 va 2v = u + 1, chiing ta c6:

fu,—1)=0, fQv—1,v) =0 (1)

Dé di dén mot diém bét ki (1, v) trong W ngoai trit diém gdc (0, 0), chiing ta c6 thé di chuyén
tf diém (v — 1, v) hodc di€ém (u, v — 1), hay

fu,v) = fu—1,v)+ f(u,v—1) véi (u,v) € P {(0,0)} (2)

Néu ching ta khong xét dén diéu kién tai bién nhu (S1), s& c6 mot 16p rat nhiéu ham sb thoa
min phuong trinh ham (S2). Chang han nhu, v6i mdi s6 nguyén ¢, (u,v) (';IZ) s€ la mot
ham s6 thod man diéu kién trén, néu nhu ching ta chi thich thém rang ham sd nay sé bang 0
néu v 4+ ¢ 4m hoic 16n hon u + v.

V6i didu kién 2v = u + 1, ching tacé (*7%) = (**;") =2(3*7)) = 2(“*?). Chinh vi thé, ham
Sé):

f*(u,v)z (u+v)_2<u+v)
v v—1
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sé thoa man céc diéu kién (3), (4) va dong thdi £(0,0) = 1. Nhiing diéu kién nay dic trung cho
ham sd f, chinh vi vay, f = f*.

Pén day, ching ta da c6 thé tinh sb dudng di ma con céc c6 thé di tit diém (0,0, 0) dén (n,n, n)

la:
) () _
Sl n,mm) = f@n.m) = () ‘2<n_1) = o1

]

Bai todn 3 (IMC 2014, Day 2, Problem 5). Vdi méi sé nguyén duong n, goi D, la sé hodn vi
(X1,...,xp) cua (1,2,...,n) sao cho xj # jvoimoil > j >n. Vil > k > %, dat A(n, k)
la 56 hodn vi (x1,...,x,) cia (1,2,...,n)sao cho x; =k +ivéimoi 1l <i <kvax; #j
véi moi 1 < j < n. Chitng minh rdng:

k—1
k =1\ Dt~k
An. k) = ZA D=t
(n, k) Z( i )n—(k—i—i)

i=0
(Pé xudt bdi Combinatorics; Ferdowski University of Mashhad, Iran; Mirzavaziri)

Loi gidi. Pita, € {iy,...,ix} N{ay,...,ax}. Khi d6, a, = is; v6i mot s6 s # r nao d6. Liic
nay, sé c6 hai truong hgp xay ra:

e Truong hop 1: a; € {iy,...,ix}. Pat ag; = i;. Trong trudng hgp nay, mot phép doi
chd x = (xi,...,X,) thod man diéu kién x;, = a; khi va chi khi phép doi ché x" =
(X7 + v s X 15 X; 415 Xp) cUa tdp [n] \ {i;} thod min diéu kién x{j = a; véimoi j # 1.
Bay gio, chiing ta c6 mot mdi quan hé mot - mot gitta cac phép ddi chd x = (x1,...,X,)
cla [n] v8i x;, = a; v6i hai tp cho san {iy,... i} va{ai, ... ar} c6 ! phan ti trong
giao cla hai tap hgp do, véi cdc phép ddi chd x’ = (], ..., X[ X[, Xy,) cua [n] \ {i;}
v6i x;; = a’; v6i hai tap cho san {i1,....ic} \ {ir} va{al....,a}}\ {a,} c6 1 —1 phan tit
trong giao cua hai tap hgp do.

o Trudng hop 2: as ¢ {iy,...,ix}. Trong trudng hdp nay, mot phép ddi chd x = (x1,...,X,)
thoa man diéu kién X;; = aj khi va chi khi phép doi chd x’' = (X7s ey Xa—1s x;SH , Xn)
cia tap [n] \ {as} thod man diéu kién xlfj = a; v6i moi j # s. Bay gio, ching ta c6 mot
mdi quan hé mot - mot gilta cac phép doi chd x = (xy, ..., X,) cla [1n] v6i x;;, = a; véi
hai tap cho sén {iy,...,ix} v {ai,...,ax} c6 [ phan ti trong giao ctia hai tap hop do, véi
cdc phép dvi cho X' = (x{,...,x] 1, X] ,1,%,) cta [n] \ {as} v6i x;; = a; véi hai tap
cho sén {iy,...,ix} \ iy va{ay,...,a;} \ {as} c6 1 — 1 phan ti trong giao clia hai tap
hgp do.

Nhiing 1y luan trén cho chiing ta thdy ring A(n,k,1) = A(n — 1,k — 1,1 — 1). Lap di lip lai
qua trinh nay, chung ta dudc:

A(n,k, 1) = A(n — 1,k —1,0)
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Pén day, chiing ta c6 thé gia st rang / = 0. Chiing ta sé xac dinh A(n, k, 0), v6i 2k # n. Véi
k = 0, chung ta ro rang c6 dugc A(n,0,0) = D,. V6i k > 1, chung ta c6:

A, k,0) = A — 1,k —1,0) + A(n — 2.k —1,0)
V6i méi phép doi ch6 x = (xy, ..., X,) thod man x;, = a;, c6 hai trudng hop xay ra: x,, = iy

hodc x4, # 1.

Néu trudng hop dau tién xdy ra, ching ta phai x4c dinh sb phép doi chd cla tap [n] {i1,a;} véi
hai tip cho sén {i»,....ix} va {as,...,ax} v6i O phan ti trong giao clia hai tdp hop. S6 phép
doichd la A(n — 2,k —1,0).

Néu truong hop thit hai xay ra, ching ta phai xdc dinh s6 phép doi chd cta tap [n] {a;} v6i hai
tap cho san {i,...,ix} va {as,...,ax} v6i O phan td trong giao ctia hai tap hop. S6 phép doi
ché1a A(n — 1,k —1,0).

Chiing ta dung quy tap theo k dé chiing minh ring:

< (k= 1\ Do 1y—e—sy
- n+1)—(k—i
Amkm:ZXj %:@:H@<%<"

Véi k = 1, ching ta c6:
Dy

A(n.1,0) = A( = 1,0.0) + A( = 2.0.0) = Dyy + Dyy = —
n_

Chiing ta gia st rang két qua & trén ding v6i k — 1. Chiing ta c6 thé viét:
An,k,0) =An—-1,k—1,00+ A(n -2,k —1, O)

=I§ k—2 Dy (k—1+1) +Z Do-n-tk-1+i)

2\ Jo=n—w-1+0 N
Sy (k-2 M+Z K72)_ Dagerion

Z\ i -Gk TEi-)a-D)—(k+i-1

D(n+1) i k =2\ Dmt1)—k+i)

+;( n—(k+i)
k—2

Dn op k—2 Dn — i
f 2erboekey | 5 (K72 Dty

n—(2k—1) i—1)n=(k+1i)

i=1

_ D1y« . ki% k—2 4 k =2\ | Dentiy—e+i) n Dy1)—k-1)
n—k i i—1 n—(k+1i) n—Q2k—1)

i=1

k_
Dpnt1)—k n i k =1\ Dusi—k+i) n Dy 1y—k—1)
n—k i n—(k+1i) n—Q2k-—1)

i=1

_ kzl — 1) Duyny—Ge+i)
n—(k+1)

i=0
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Nhan xét. Nhu 1a mot hé qué tat yéu clia bai toan trén, ditn = 2k,i; = j vaa; = k + j véi

Jj = 1,..,k. Khi d6, mot phép ddi chd x = (xy,...,x,) thod man diéu kién x;; = a; khi va
chi khi X’ = (Xg41,...,X,) 12 mot phép chuyén vi ctia [k]. S& phép chuyén vi x’ nhu vy chinh

la k!. Nhu vay, chung ta co:

k_
i k —1\ Dryi—i _
A

Pay 12 mot két qua truc tiép dudc st dung d€ giai bai toan dau tién trong ngay thi thi hai ctia ki
thi cing nam.

Ngoai 16i gidi chinh thifc, tdc gid mudn gidi thiéu mot 16i gidi méi, du c6 doi chiit cong kénh
vé mit tinh toan nhung 12 mot 18i gidi c6 phan tu nhién, truc quan ma khong phai xét qua nhiéu
trudng hgp xay ra.

Lai gidi phu. Dit A(n, k, j) 1a sé phép chuyén vi trong S, saocho x; = k +i v6i 1 <i <k
va ¢6 chinh xéc j di€m cb dinh (tic 1a x; = j). Khi d6, A(n,k) = A(n, k,0) vard rang rang,

> Ak j) = (n—k)!
J
Mait khéc, chung ta ciing c6
—2k
Ak, j) = (" , ) x A — k)
J

Tir d6, chiing ta cé dugc dang thifc sau:
— 2k
Z(” . )A(n—j,k)z(n—k)! 3)
- J
J

D€ y rang néu chon n = 2k, sau dé n = 2k + 1, v.v, chiing ta c6 thé tinh dudc A(n, k) mot
cach dé quy chi bang phuong trinh nay, nén phuong trinh & trén (diing v6i moi phép chon n, k)
cho ching ta mot cach xdc dinh A(n, k) mot cach duy nhat. Dén day, ching ta chi can chiing

minh rang:

n—2k k—1 Dn—k—i—j—l

T — (n— k)

Z( j )Z( i )n—k—i—j (=il
J i

Tuy nhién, st dung cong thic Vandermonde nhu sau:

()2 0)0)

chiing ta c6 thé viét lai vé trai nhu sau:

Dn—k—s—l n—2k k—1 . Dn—k—s—l n—k—1 . D'+2 n—k—1
Zn—k—s Z( i )( i )_Xs:n—k—s< s )_;jii-l( Jj

s it+j=s J
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va dén day, cong viéc cia ching ta chi con la phai chiing minh

Dj+2 m .

hay tuong duong voi

ZDHI m =m X m!

() -()- ()

nén ching ta chi can chiing minh

Ngoai ra,

zo ()

Piéu nay hién nhién ding néu ching ta dé y ring (']") D, —; 1a 50 phép chuyén vi trong S, v6i
ding j diém cb dinh, hodc don gidn hon biang cich cho k = 0 vio phuong trinh (S3) va dé y
rang A(n,0) = D,. Dén day, bai toan dudc giai quyét hoan toan. O

Bai toan 4 (IMC 2009, Day 1, Problem 3). Trong mt thi trdn, néu hai cu ddan khong la ban
ctia nhau, ho sé cé mot ban chung, va khong cé ai la ban vdi tdt cd nhitng nguoi con lai. Chiing
ta ddnh sé ddn cw cia thi trdn nay tic 1 dén n va ddt a; la sé ban cia déan cu thit i. Gid sit rang
i, a? =n*—n. Btk la s6 ddn cu nhd nhdt (it nhdt la 3) 6 thé'ngdi vao mét ban tron sao
cho hai nguoi ngoi canh nhau la ban cia nhau. Xdc dinh tdt cd cdc gid tri co thé'co ciia k.

Loi gidi. Ching ta dinh nghia mot do thi don gian, khong dinh huéng G sao cho tit ca cac
dinh ctia G 12 céc cu dan cta thi trAn va cdc canh clia G thé hién tinh ban gitta cdc cu dan. Dit
V(G) = {vy,v,,...,v,} la cac dinh cua G, a; 1a bac cua v; v6i moi i. Pat E(G) la cac canh
ctia G. Véi cac thuat ngit nhu trén, dé bai dang yéu cau chiing ta miéu ta do dai k ctia chu trinh
ngin nhit cta G.

Ching ta dém céc budc di v6i do dai 2 trén G, tic 12 tim cdc bd ba cac dinh c6 thi ty (v;, v}, v;)
v6i v;v;,v;v; € E(G) (trudng hop i = [ ¢6 thé xdy ra). V4i mdi j cho trude, sd bo ba nhu vy
hién nhién 1a a3, nén tong cac bo ba nhu vay sé la 3/, a7 = n> —n.

Bay gid, ching ta chiing minh rang ton tai mot anh xa £ ti tap cac cip dinh riéng biét dén tap cac
budc di. V6i v;v; ¢ E(G), dat f(v;,v;) = (vi,v7,v;) v6il tuy y sao cho v;v;, vv; € E(G).
Véiviv; € E(G), dat f(vi,vj) = (v;,vj,v;). f lamdtanh xabdi vivéii # [, (vi, v}, v7) chi
c6 thé 1a anh cta (v;, v;) va v6ii = [, n6 khong thé 1a énh cta (v;, v;).

Vi sb céc cdp dinh 6 thi ty 1a n? —n, Y ', a? > n* — n. Dang thic xay ra khi va chi khi f
toan 4nh, tdc 13, khi va chi khi chi ¢6 duy nhat mot / véi v;vy, vjv; € E(G) v6i mbi i, j sao cho
v;v; ¢ E(G) va khong tOn tai [ v6i bat ki i, j nao sao cho v;v; € E(G). N6i mot cach khac,
khi va chi khi G khong chita C3 hoidc Cy4 (céc chu trinh véi do dai 3 hoidc 4), tic 13, G chi c6 thé
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1a mot ring (forest) (mot do thi khong c6 chu trinh), hoidc 14 d6 dai ngan nhit ctia chu trinh sé
las.

D& dang kiém tra rang néu méi hai dinh ctia mot "riing" dudc lién két bsi mot duong di c6 do
dai 16n nhit 1a 2, thi "ring" Iic ndy sé& 1a mot "sao" (tic 1a mdt do thi cé mot dinh lién két véi
tAt ca cac dinh con lai bang mot canh). Nhung, G cé n dinh, va khong c6 dinh nao c6 bac n — 1.
Chinh vi vay, G khong thé 1a mot "riing", tiic 1 n6 c¢6 chu trinh. Mit khac, néu do dai tbi thiéu
ctia mot chu trinh C ctia G 1a 6, sé ¢6 hai dinh sao cho c4 hai cung ctia C nbi gitta hai dinh d6
sé khong dai hon 2. Chinh vi vdy, sé c6 mot dudng di giita ching va ngan hon do6 dai ciia c4 hai
cung. Thay thé mot trong hai cung bang dudng di d6, ching ta c6 mot dudng di khép kin ngan
hon c. Chinh vi vay, d dai ctia chu trinh ngan nhét phai 1a 5.

Cudi cling, chiing ta chd ¥ ring s& c6 it nhat mot G véi nhiing tinh chit da cho, tifc 12 ban than
chu trinh Cs thoi man cac diéu kién clia dé bai. Khi do, 5 s& 1a gid tri duy nhét c6 thé cia k. [

Nhan xét. Pay 1a mdt trong nhiing bai st dung nhiing dinh nghia va ting dung don gidn nhét
ctia ly thuyét do thi. Tiép theo, chiing ta s& dén v6i mdt bai toan c6 nhiéu ting dung hon, do phiic
tap trong tinh toan cao hon.

Bai toan 5 (IMC 2011, Day 2, Problem 2). Mt téc nguoi ngoai hanh tinh cé ba gidi tinh:
male, female va emale. Mot "bo ba cudi nhau" bao gom ba nguoi, méi nguoi cé mot gidi tinh
khdc nhau, va ho déu thich nhau. Mot nguoi chi duoc cho phép ndm trong tdi da mot "bo ba
cudi nhau". Mot ddc diém ddc biét ciia téc nguoi nay la cam xiic luén luén xudt phdt tiv cd hai
- titc la néu x thich y, y sé thich x.

Toc nguoi nay dang giti mot doan tham hiém dén xdam liuge mot hanh tinh no. Doan thdm hiém
ndy gom cé n male, n female va n emale. Biét rang méi thanh vién trong doan thdm hiém thich
it nhdt k nguoi ciia moi gidi tinh con lai. Vdn dé hién tai la tao ra cang nhiéu "bé ba cudi nhau"
cang tot dé’tao ra nhitng con chdu khoé manh dé thudc dia co thé phdt trién va tré nén thinh
vuong.

o Chiing minh rang néu n 1é va k = 5, chiing ta khong thé' nao tao ra dit chi mét "bo ba
cudi nhau'.

o Chiing minh rang néu k > %’, Iuén luén cé cdach dé’tao ran "bé ba cudi nhau" phdn biét,

tic la tdt cd moi nguoi trong doan tham hiém déu duoc "tdc hop'.

(Dé xudt bdi Fedor Duzhin va Nick Gravin, Singapore)
Loi giai.

e Dit M la tap nhiing ngudi c¢6 gidi tinh male, F la tip nhiitng ngudi c6 gidi tinh female,
va E 1a tap nhiing ngudi c6 gidi tinh emale. Xét mot do thi tripartite G vé6i cac dinh
M U F U E va céc canh thé hién nhitng mdi quan hé thich nhau. Mot chu trinh d6 dai 3,
Iic nay, sé& 12 mot "bd ba cudi nhau". Chiing ta sé goi G 14 d6 thi ctia mdi quan hé thich
nhau.

Pau tién, dit k = 5. Khi do, n phai 1a mot s6 chdn, va ching ta can xay dung mot dd thi
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ctia mbi quan hé thich nhau ma khong c6 chu trinh ¢6 do dai 3 ndo. Ching ta sé thuc hién
nhu sau: chia mdi tip M, F va E ra thanh hai phan bing nhau va vé tit ca cdc canh gitta
hai phan nhu sau:

RO rang, do thi nay khong c6 chu trinh c6 do dai 3 nao ca.

e Dau tién, chiing ta chia doan tham hiém ra thanh nhiing bo ba male - female - emale tuy
y. Goi do "khong hanh phic" ctia mdt phép chia nhu vay 1a sd ciip ngudi ngoai hanh tinh
thudc cting mot bo ba, nhung khong thich nhau. Chiing ta sé chiing minh ring, néu do
khong hanh phiic 12 mot sé duong thi d6 khong hanh phiic d6 c6 thé dudc giam di bang
mot phép bién d6i don gian. Tt d6, sau nhiéu budc bién d6i, do "khong hanh phiic" sé
giam vé 0, tic 12 tt cd cac bd ba lic nay sé la nhiing "bo ba cudi nhau", tao ra mot dam
cué6i hanh phic cho tit cA moi ngudi!

Gia st rang ching ta c6 mot emale khong thich it nhit mot thanh vién trong bd ba clia n6
(nhiing trudng hop khac, chiing ta sé thao tdc tuong tu). Chiing ta thuc hién phép bién déi
sau: ching ta ddi emale nay véi mot emale khac, sao cho mdi emale trong sb hai ngudi
nay s€ thich nhiing thanh vién cia b ba méi. Khi d6, do "khong hanh phic" lién quan
dén nhitng emale nay sé gidm xubng, va nhiing cip khéc lién quan dén do "khong hanh
phic" ciia cach sip xép d6 sé khong thay ddi, nén nhin chung, do "khong hanh phiic” sé
giam xudng.

Vi vy, viéc con lai ctia chiing ta 1a chitng minh rang mot phép bién ddi nhu vy luén ludn
c6 thé xay ra. Banh ) nhiing bd ba tr 1,2, ...,n va goi E;, F;, M; tuong ting la emale,
female va emale ctia bd ba thi . Khong mit tinh tdng quat, ching ta c6 thé gia st rang
E, khong thich hoidc Fj, hodc M, hoic ca hai. Ching ta phai tim mot s6 i > 1 sao cho
E; thich cdp doi Fy, M, va E; thich cip doi F;, M;; khi d6, chiing ta c6 thé hodn d6i vi
tri E; va E;.

C6 t6i da % chi 86 i sao cho E; khong thich F; va toi da % chi s6 i sao cho E; khong
thich M;, nén sé khong qua 7 chi s6 i sao cho E; khong thich mot ai d6 trong cip M;, F;,
va tip céc chi sd khong phit hop d6 da bao gdm 1. Tuong tu, c6 toi da 5 chi s6 i sao cho
hoidic M, hoic F, sé khong thich E;. Vi ca hai tp cic chi s6 i khong thod man déu chi
chita tdi da % phan ti va déu c6 chia 1, ching ta ¢6 mot chi s6 i nao d6 thod man tat ci
cac diéu kién da dé ra. Chinh vi thé, chiing ta luén c6 cach d€ thuc hién mot phép bién
ddi dé€ 1am giam do "khong hanh phiic".
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]

Loi gidi 2. Gia st rang k > %’ va chiing minh rang chiing ta c6 thé "tac hop" cho tit ca cac
thanh vién ctia doan tham hiém. Pau tién, ching ta chiing minh rang tdn tai mot cach "tac hop"
hoan héo gitta M va F. Ching ta cin kiém tra diéu kién ctia Pinh ly ddm cudi (hay con dudc
biét dén v6i tén goi Dinh ly Hall). N6i cach khic, véi A C M, dit B C F 1a tap tt ca cac dinh
ctia F k& véi it nhat mot dinh ctia A. Khi d6, chiing ta can chiing minh rang | 4| < |B|. Chiing ta
gia st nguoc lai, tic 1a |[A| > |B|. Rd rang, |B| > k néu A khong phai 1a mot tip rong. Chiing
taxét f € F\ B batki. Khi do, f sé khong ké véi bat ki dinh ndo clia A, tiic 1a f ¢6 bic trong
M khong I6n honn — [A] <n — |B| < n —k < %, méu thuan.

Bay gio, ching ta sé xay dung mot do thi bipartile, goi 1a H. Tap cic dinh cianéséla P U E,
vG6i P la tap cac cap male - female ti cac cap "tac hgp" hoan hao ching ta vita tim dugc. Chung
ta s& c6 mot canh tit (m, f) = p € P dén e € E v6i mdi chu trinh d dai 3 (m, f,e) ctia dd
thi G, vé6i (m, f) € P vae € E. Chid y rang, bic ctia mdi dinh ctia P trong H tbi thiu sé 1a
2k —n.

Phan con lai, ching ta chiing minh H thod man diéu kién ctia Dinh ly ddm cuéi (hay Dinh
ly Hall) va khi d6, c6 mot phép "tac hop" hoan hdo. Gia st ngudc lai, diéu sau day xdy ra:
Tontai A € P va B € E sao cho |A| = [, |B| < p, va B 1a tip tit ca cic dinh cta E ké
v6i it nhat mot dinh cta A. Vi bac cia mdi dinh ctia B tdi thiéu sé 12 2k — n, chuing ta ¢
2k —n < |B| < [.Mitkhéc, dite € E \ B. Khi d6, v6i mdi cip (m, f) = p € P, tbi da mot
trong cac cip (e, m) va (m, f) sé dugc nbi bang mot canh va khi d6, bac clia e trong G t6i da
séla|M \ A + |F \ A| + |A| = 2(n — 1) + [ = 2n — [. Tuy nhién, bac ctia bét ki dinh nao
trong G clng la 2k va chung ta ¢c6 2k < 2n — [, hay [ < 2k — 2n.

Cudi cing, 2k —n < [ < 2n — 2k, ticla k < 2 (méau thudn). Piéu mu thudn nay dua ching
ta dén diéu phai chiing minh. ]

Nhan xét. Trong 16i giai trén, ching ta da st dung cac thuat ngit vé do thi bipartile va tripartile.
Nham gidp ban doc dé dang theo déi hon, chiing ta tién hanh dinh nghia mot do thi k-partile
nhu sau:

Dinh nghia 1 (DS thi k-partile). D6 thi k-partile la dé thi c6 cdc dinh dang hodc cé thé phdn
hoac ra thanh k tdp déc ldp riéng biét. Hay ndi cdch khdc, do thi nay co thé dwoc to bang k
mau, sao cho khéng cé hai dau ndao ciia mot dinh cia chung mét mau. Khi k = 2, chiing ta goi
do thi nay la do thi bipartile, va khi k = 3, chiing ta goi do thi nay la do thi tripartile.

Chiing ta con c6 mot dinh nghia khéc vé do thi k-partile hoan chinh nhu sau:

Dinh nghia 2 (Dé thi k-partile hoan chinh). Mot dé thi k-partile hoan chinh la mot do thi k-
partile sao cho luén luén cé mét canh ndi hai dinh thudc cdc tip déc ldp khdc nhau. Nhitng do
thi nay dwoc ki hiéu bang mot chit cdi K va mot ddy cdc kich thudc ciia cdc tdp trong cdch chia.
Vidu, K> la mot dé thi tripartile hoan chinh c6 dang mot luc gidc déu, cé thé’ chia thanh ba
tdp doc ldp, méi tap gom hai dinh doi nhau.

Sau khi da dé cap dén dinh nghia ctia do thi k-partile, chiing ta phat biéu mot dinh ly ndi tiéng
vé dd thi bipartile, Pinh ly Hall (hay con dugc biét dén véi tén goi Pinh ly dam cudi). Trong
khuon khé bai viét, tac gia khong thé dé cip hét chiing minh cling nhu tng dung cia dinh 1y
ndy. Ban doc c6 thé tham khio thém vé Dinh ly nay & phan Tai liéu & cubi bai viét.
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Dinh Iy 1 (Dinh ly Hall). Cho dé thi bipartile gém hai tdp déc ldp phdn biét X, Y. V6i méi tdp
con A thuéc X, goi G(A) la tdp cdc dinh thudc Y ké véi mot dinh nao do thuéc A. Khi do, diéu
kién cdn va du dé’ton tai mot don dnh f : X — Y sao cho x ké f(x) la

G(A)| > [A[vA # 0,4 C X

Bai todn 6 (IMC 2018, Day 2, Problem 7). Cho (a,)*®® la mét day cdc s thuc vdi ag = 0 va
ai_,_l =a’-8.

Chitng minh rang ddy sé sau hdi tu:
o0
Z |an+1 — anl.
n=0

(Dé xudt bdi Orif Ibrogimov, Pai hoc Qubc gia Uzbekistan)

Loi gidi chinh thitc. Chiing ta sé du doan ti s6 gilta cac s6 hang |a, 12 — dpi1| V2 [ant1 — anl.
Trudc d6, ching ta gidi han sb hang a,, bang cach chiing minh rang:
—2<a, <—V4, Vn>1

Chin dudi c6 thé dudc suy ra thang tit quy luat cia day sb:

a, = vJa® , —8> -8 = -2.

n—1

Chiing ta ciing c6 thé chiing minh chin trén bang cach sit dung quy nap: Ching ta ¢6 a; =
—2 < /4, va bét cti khi nao —2 < a, < 0, chung ta déu cé

dp4+1 = ,31a,%—8<v3 22 — :—\3/1

Bay gid, chiing ta sé so sanh |a,4+2 — dn41| Va |@ns1 — an|. Bang cach ap dung nhiing hing dang
thiic nhu x3 — y3 = (x — y)(x2 + xy + y?), x> — y2 = (x — y)(x + y) va quy luat cta day
s, chung ta c6:
2 2 3 3
(Apio + Ani2ani1 + ay 1) X |ant2 — ans1| = la, 5 — a, 44|
2 2

= |(an+1 - 8) — (an —8)|

= lan+1 + an| X |an+1 — an|.
O vé trai, chiing ta c6:

appn + Angalner +ap ., >3 x 423

va & vé phai:

lan+1 + an| < 4.
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Chinh vi vy,
Vi

lany1 —an| < WMM-{—I —ay| = T|an+l — Qanl.

Bing quy nap, chiing ta hién nhién c6:

-1
Y2\
lant1 —an| < (T laz — ay].

Dén day, ching ta c6 thé két ludn dugc ring Y 2 ; 6 thé dugde 1am trdi bdi mot ddy cap sb nhan
3 X N P . ™ ~ N A
vGi cong boi %Z < 1, diéu nay chiing minh rang day nay hdi tu. [

Loi gidi ctia tdc gid. Dau tién, thong qua phuong phap tuong tu nhu & Loi giai chinh thic,
chuing ta suy ra dugc
—2<a, <—V4 Vn>1

Ching ta xét ham s6 sau ddy: f : R — R, f(x) = +/x2 — 8. D& dang nhan théy, ddy chinh la
ham sb dic trung ctia day sb (a,)> trong dé bai. Pao ham ctia ham s6 nay sé 1a:
2x

J )= 3G

Tiép theo, chiing ta thita nhan khong chiing minh dinh Iy sau:

Dinh Iy 2 (Mean Value Theorem). Cho a va b la hai sé thuc sao cho a < b. Biét rang ham sé
f :la,b] — R la mot ham lién tuc. Gid sit rang f c6 dao ham trén doan [a, b]. Khi do, ton tai
mot sé thuc ¢ € (a,b) sao cho:

f(b) - f(a)

S =1

Dinh 1y nay c6 thé dé dang chiing minh bang cach xét ham s6 i(x) = f(x) — (W) X.

St dung dinh 1y nay véi x, y bat ki thuoc khoang [—2, 0), ton tai mot sb thuc ¢ € (x, y) sao

cho:
fO) - f) 2 2

FO=" _33w2—&2:3(3%—8f

c3

Do f'(c) > 0Vc € (=2,0), ching ta c6 thé két luan rang, véi moi x, y € [-2,0),x < y, ludn
ton tai mot sé thuc ¢ sao cho:

. 2
)
c 3

Bay gio, ching ta sé xét ham s g(x) = 1 — 8x3 dé du doan gid tri ctia f'(c). Pao ham cia
ham s6 nay sé 1a g’'(x) = —24x? < OVx € R, ttic 12 ham sb g(x) s& 16n nhat khi x dat gid tri

fle) =

‘f(y)—f(X)
y—Xx
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nhé nhit. Trong trudng hop nay, vi ¢ € (=2, 0), chiing ta c6 % > —%, hay % — C% s€ dat gia tri
cuc dai tai % = —%, hay ¢ = —2. Khi do,

f(c) < <1

Thay a,41 vaa, vao x va y tuy y, ching ta co:
|ans2 = ani1|l = f/(Olant1 — anl < lant1 —an| vi f'(c) < 1¥c € [-2,0)
Dén day, ching ta da c6 thé két luan day Y 07 |an+1 — an| hoi tu. O

Bai toan 7 (IMC 2012, Day 1, Problem 4). Cho ham sé f : R — R la mét ham sé lién
tuc va co dao ham thod man diéu kién f'(t) > f(f(t)) véi moi t € R. Ching minh rang

fUf(f(2) <O0vdimoit > 0.

(Dé xudt bi Tomas Bdrta, Pai hoc Charles, Prague)

Loi gidi. Ching ta phat biéu va chiing minh nhiing bé dé sau:
B& dé 1. Hodc 1im;— 4 o0 f(t) khong ton tai, hodc lim,_, 4o f(t) # +oo.

Gia su rﬁng gi6i han ctia n6 12 +o00. Khi d6, ton tai 7; > 0 sao cho v6i moi ¢t > T, ching
ta c6 f(t) > 2. Sau d6, ton tai T» > 0 sao cho f(t) > T, véi moi t > T,. Vi vay,
fl(tt) > f(f()) > 2Vt > T».

Liic nay, sé ton tai mot sd T3 sao cho f(t) > tVt > Ts. Vay nén, f'(t) > f(f(t)) >
f(1), % > 1. LAy tich phan hai vé, ching ta c6 In( f(z)) — In(T3) > t — t3, hay f(t) >
Tse'~T3Vt > Ti. LAy tich phan mot 1an nita ti 75 dén ¢, ching ta sé c6 e/ (T3) — ¢~/ >
(t — T5)Tse~T3. Vé phai tién dén vo cung, nhung vé trai bi chin trén, vo ly. Chiing ta thu dudc
két qua nhu BS dé 1.

B6 dé 2. Vdimoit > 0, chiing ta cé f(t) < t.

Theo B6 dé 1, s& c6 mdt s s6 thuc ¢ sao cho f(¢) < t. Chinh vi vy, néu diéu ching ta gia st
12 sai, s& ton tai mot s6 79 > 0 nao d6 sao cho f(ty) = to.

e Truong hop 1: Ton tai mot s6 sd ¢ > g sao cho f(1) < to. Pat T = inf{t >ty : f(t) <
to}. Vitinh lién tuc cta f, chingtacéd f(T) = to. Khido, f(T) > f(f(T)) = f(ty) =
to > 0. Piéu nay c6 nghiarang f > f(T) = to & lan can bén phai, trdi ngudc véi dinh
nghia cua 7.

e Trudng hop 2: f(t) > OVt > ty. Khi d6, ching ta cé f'(t) > f(f(t)) > to > 0. Vi
vay, f” sé c6 mot chiin dudi duong trén khoang (fy, +00), diéu nay trai ngudgc véi BS dé
1 ching ta da ching minh phia trén.

B& dé 3. Bo dé nay gom hai phdt biéu nhuw sau:
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(a) Néu f(s1) > 0va f(s2) = s, khi do f(s) > s1Vs > s».

(b) Trong truong hop cu thé hon, néu s; < 0va f(s1) > 0, khi do f(s) > s1Vs > s1.

Gia st rang c6 mot sb gid tri s > 5, sao cho f(s) < s; vadit S = inf{s > 5, : f(s) < 51}
Vi tinh lién tuc ctia ham sd , ching ta c6 f(S) = s;. Tuong tu véi B dé 2, chiing ta ¢
£'(S) > f(f(S)) = f(s1) > 0.Néu S > s,, khi d6, & 1an cin bén trdi cia S ching ta sé c6
f < s1, trdi ngudc vé6i dinh nghia ca S. Néu khong, trong truong hop S = s,, ching ta c6
f > s trong 1an cin bén phai cia s», lai 12 mot diéu trai ngudc nita.

Phan (b) 1a mdt hé qua tat yéu, néu nhu chiing ta dit s, = ;.

Tré lai bai toan, v6i su hd trg cia nhitng BS dé trén, ching ta sé chiing minh phat biéu cia dé
bai nhu sau.

Gia st ngudc lai, ton tai mot sd 79 > 0 sao cho f(f(f(t))) > 0. Diatt; = f(to). 1 = f(t1)
vaty = f(t,) > 0. Chiing ta chiing minh rang 0 < 13 < t, < #; < to. Theo b dé hai, ching ta
c6t; vat, duong. Néut; <0, f(¢1) <0 (néu f(¢;) > 0, chon s = #; § Bd dé 3(b) chiing ta s&
ducc f(to) > ti, mau thuin). Néu t; = 0, ching ta c6 f(;) < 0 theo bS dé 2 va tinh lién tuc
ctia ham f. Chinh vi vay, néu #; < 0,1, < 0.Néut, = 0, (1) < 0 theo BS dé 2 va tinh lién
tuc cia ham s6 f (mau thuln, vi f(t,) = t3 > 0). Néu 1, < 0, theo B dé 3(b), f(ty) > t», nén
t1 > t,. Ap dung B dé 3(a), ching ta c6 f(t;) > t, (mau thuin). Dén day, ching ta da chiing
minh ducc 0 < 13 <1, < 11 < Ip.

Theo BS dé 3(a), (f(t1) > 0, f(to) = t1), ching ta c6 f(t) > t; v6i moi t > ¢y, va tuong tu,
f(t) > t, v6i moi t > t;. Ti day, chung ta cling c6 v6i t > to, f'(t) > f(f(t) > t, > 0. Vi
vay, lim;_, 4 oo = 400, mau thuin. Piéu mau thuin nay cho ching ta két qua f(f(f(?))) <
0Vt > 0. V6i t = 0, két qua nay van diing nhd vao tinh lién tuc ctia ham f. [

Bai toan 8 (IMC 2014, Day 1, Problem 3). Cho n la mét s6 nguyén duwong. Chiing minh rdng
ton tai nhiting 50 thuc duong ag,a, . . .,a, sao cho véi méi cdch chon ddu cua da thiie

+a,x" + +a,_1x" '+ ... taix + ag

co n nghiém thuc phdn biét.

(Pé xudt bdi Stephan Neupert, TUM, Munchen)

Loi gidi. Ching ta ching minh bang quy nap theo n. Phat biéu ctia dé bai sé hién nhién ding
v6i trudng hop n = 1. Khi d6, gia st riang chiing ta c6 mot s6 s6 ay, . . ., ao thoa man diéu kién
dé bai véi mot sb n nao d6. Bay gid, ching ta xét da thiic:

ﬁ(x) = ta,x"" ' +a, 1 x"+ ... ax%+apx
Theo gia thiét quy nap va diéu kién agy # 0, mbi da thiic trong s niy sé c6 n + 1 nghiém phan

biét, bao gdm n nghiém khac 0 cta £a,x" £ a,_1x" ' & ... £ a,x £ ay. Dic biét, khong ¢
da thifc ndo c6 nghiém 1a mot "cuc tiéu dia phuong" (local extremum). Vi thé, chiing ta c6 thé
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chon mot s6 € > 0 nao d6 sao cho véi mdi da thic P (x) vamdi cuc tri dia phuong x clia ching,
chiing ta ¢6 | P (x)| > €. Chiing ta c6, mdi da thiic trong sb nhiing da thc:

P(x) = ta,x""' £a, 1 x"+...+ax* tapx e

cliing c¢6 dung n+ 1 nghiém phan biét. Vi Pcon+1 nghiém phan biét, n6 nhan n diém cuc tri dia
phuong. Goi cdc diém cuc tri dia phuong ndy 1a —00 = 59 < 51 < §2 < ... < Sy < Sp41 = OO.
Vi vdy, v6i mbi gid trii € {0,1,...,n}, cic gid tri P(s;) va P (si+1) ngudc diu (véi quy udc &
rang tai vo cuc). Bang cach chon e, diéu nay van diing cho P(s;) va P(s;1). Chinh vi vay, ton
tai it nhit mot nghiém thuc ctia P(x) trong khoang (s;, s;41), hay P(x) c6 it nhat (ddong nghia
véi viée sé c6 chinh x4c) n + 1 nghiém thuc. Pidu nay cho thiy ring ching ta da tim thiy tap
céc s0 thuc duong al, ., = dn,d, = ap_1,...,a} = ag,ay = € thod man cdc tinh chit cla dé
bai. 0
Bai todn 9 (IMC 2006, Day 1, Problem 4). Biét rang f la mot ham hitu ti (tiic la thuong ciia
hai da thitc hé sé thuc), va gid sit rang f(n) la mét s6 nguyén véi vé han cdc sé nguyén n.
Chitng minh rang f la mét da thiic.

Loi gidi. Dat S 12 mot tap vo han céc sd nguyén sao cho ham hitu ti f(x) c6 thé ldy tich phan
véimoi x € S.
Gia st ring
p(x)
f(x)="——
q(x)

v6i p la da thuc bac k va g la da thic bac n. Khi do, p, g sé la nghiém cia hé phuong trinh

p(x) =q(x) f(x)
véi moi x € S khf)r{g 1a nghiém ctia ¢. DAy 1a hé phuong trinh tuyén tinh véi hé sb cta p, ¢ 1a
cac da thic v6i hé so hitu ti. Béi vi ching ¢6 nghiém, ching sé c6 nghiém hitu ti.
Khi d6, sé& c6 cac da thiic p’, ¢’ v6i hé sb hitu ti sao cho

p'(x) =4q'(x) f(x)

v6i moi x € S khong la nghiém cua ¢. Nhan phuong trinh nay v6i phuong trinh & trén, ching
ta dudc

p'(x)g(x) f(x) = p(x)q'(x) f(x)
v6i moi x € S khong la nghiém ciia ¢. Néu x khong phai 1a nghiém ctia p hoic ¢, f(x) # 0,
va khi do,

p'(x)q(x) = p(x)q'(x)

v6i moi x € S, trit hitu han cdc nghiém ctia p va g. Vi viy, hai da thic p’g va pg’ bing nhau
v6i vO han cach chon cac gia tri cia x. Chinh vi vay,

p'(x)g(x) = p(x)q'(x).
Chia hai vé cho g(x)q’(x), ching ta thiy ring

P pe)
TSR S A
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Chiing ta két luan rang f(x) c6 thé viét dudc dudi dang thuong clia hai da thiic v6i hé s hitu
ti. Nhan ca hai da thiic v6i mot vai s6 nguyén, chung ta két luan £ (x) c6 thé viét dugc duéi dai
thuong cta hai da thiic v6i hé s6 nguyén.

Gia su .

p"(x)

q"(x)

v6i p"(x) va ¢"(x) déu cé cac hé sb nguyén. Khi dé, bang thuat toan chia da thic ctia Euler, ton
tai cdc da thic s va r, ca hai déu c6 cac hé sb hitu ti sao cho

f(x) =

p"(x) =q"(x)s(x) +r(x)
v6i bac clia # nhd hon bic cla ¢". Chia hai vé véi ¢"(x), ching ta dudc

£) = s(x) + 2L
q"(x)

Liic nay, ton tai mot s nguyén N sao cho Ns(x) cé hé s6 duong. Khi d6, Nf(x) — Ns(x) l1a
mdt s6 nguyén véi moi x € S. Tuy nhién, ham s6 nay lai bang ham hitu ti ];’ ,,r((;)) , ham s6 ¢6 bac
clia mAu cao hon bic cda tlt, nén ham nay sé tién dén 0 khi x tién dén +oo. Vi vdy, véi x € S

du 16n, ching ta co

Nf(x)— Ns(x) =0,
hay r(x) = 0. Nhu viy, r c6 vo han nghiém, tic la da thic nay s€ trung véi da thic 0. Luc nay
f(x) = s(x), hay ching ta két luan dugc f 1a da thic. ]

Bai toan 10 (IMC 2015, Day 2, Question 8). Cho n la mot s6 nguyén duong, va goi p(n) la
mot da thitc bdc n voi hé sé nguyén. Chitng minh rang:

1
max |[p(x)| > —
mmax [p(x)] > =

(Dé xudt bdi Géza Kos, Pai hoc Eotvos, Budapest)

Loi giai. Dit
M = max |p(x)|

XS

V6i mdi s6 nguyén duong k, dit
1
szwuwwx
0

RG rang, 0 < Ji < M?* 1lamot sd hitu ti. Néu (p(x)) = Yot agix’, Jp = Yivg & Liy
1

lem(1,2,....2kn+1) "

miu chung nho nhét, ching ta c6 thé thiy ring J; >

Mot bién thé ctia BS dé vé s6 nguyén td cho chiing ta biét rang log /em(1,2,...,N) ~ N néu
N — oo. Khi diy, v6i mbi € > 0 va k di 16n, chiing ta c6:

lem(1,2,..,2kn + 1) < e +9@kn+1)
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va khi d6
1 1
lem(1,2,..,2nk + 1) > e(1+6)2kn+1)
1

M* > J. >

Pua k — 400 valdy € — +0, chiing ta c6:

1
M>—
en

Vi e 1a mot s6 siéu viét, dau bang hoan toan c6 thé xdy ra. 0

Nhan xét. Hang sb % ~ khong phai 12 mot udc lugng chit. Hang s6 udc lugng chit nhat cho
biéu thiic nay titng dudc biét dén nam trong khoang tir 0.4213 dén 0.4232. (1. E. Prisker, The
Gelfond-Schnirelman method in prime number theory, Canad. J. Math, 57 (2005), 1080-1101.)

Ngoai ra, trong ching minh trén, chiing ta da st dung mot két qua ndi tiéng trong Ly thuyét
s6, d6 chinh 1a B3 dé vé sb nguyén t6 (Prime number theory - PNT). BS dé nay cu thé hod y
tudng rang cac s6 nguyén td xuat hién thua din khi ching tién dén vo cuing bang cach udc lugng
tdc do cha su cham di nay. DA c6 hai phép chiing minh dudc cong bd doc 1ap bdi hai nha toan
hoc, Jacques Hadamard va Charles Jean de la Vallée Poussin vao nam 198, stt dung y tudng cua
Barnhard Riemann, cu thé 13 ham Riemann Zeta. BS dé d6 dudc phat biéu cu thé nhu sau:

Dinh Iy 3 (Prime number theory - PNT). Goi 7(x) la ham dém cdc s6 nguyén t6, cho két qud
la s6 cdc s6 nguyén té nhé hon hodc bang x véi moi sé thiee x. Vi du, w(10) = 4, vi ¢é 4 sé
nguyén té (2,3, 5,7) nhé hon hodc bdng 10. Dinh Iy vé s6 nguyén té phdt biéu rdang bg% la mot
wdc luong tot ciia w(x), véi y nghia rdang thuwong sé ciia hai ham sé w(x) va log% khi x tang vo
han la 1:

(x)

lim =1,

X—>400 X
log(x)

biéu thitc nay dwgc xem nhw mét uéc lwgng ciia ham phdn phdi cdc s6 nguyén to.

St dung d4u x4p xi, ching ta c6 thé viét lai biéu thic trén nhu sau:
x
log(x)

w(x) ~

B& dé vé sd nguyén t6 tuong duong véi phat biéu rang s6 nguyén tb thi n, p, thod man:

Pn ~ nlog(n)

Déu x4p xi, mdt 14n nita, cho ching ta biét rang sai s6 tuong dbi ctia wéc lugng nay tién vé 0 khi
n tang vo han.

BG dé vé s6 nguyén td tuong ducng vé6i biéu thiic sau:
¥ (x)

lim —— lim y () =

x—00 X x—>o00 X

1,
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trong d6 ¥ va ¥ tuong ting 1a cac ham Chebyshev thid nhét va thif hai.

Ham Chebyshev thif nhét ¥ (x) hay (x), dudc cho bdi cong thiic:

$(x) =) log(p)

p<x
véi téng ph trén tit ca nhitng s6 nguyén td p nhd hon hoic bang x.
Ham Chebyshev thi hai, ¥ (x) dudc dinh nghia tuong tu, v6i tdng trai dai trén luy thita ctia sd

nguyén t6 khong vugt qua x:

Y(x) = ) log(p) => A(n) =) |log,x|logp

ph<x n<x DX

v6i A la ham von Mangoldt. Cac ham Chebyshev, dic biét la ham Chebyshev thi hai, thuong
dugc dung trong cic chiing minh lién quan dén sd nguyén to.

Bay gid, chiing ta sé xét vé quan hé gitta hai hAim s6 Chebyshev, va giita ham Chebyshev véi cic
ham co ban. Ham sd Chebyshev thit hai ¢ thé dugc lién hé dén ham s6 thd nhét thong qua viéc
viét n6 dudi dang

Y (x) =Y klog(p)

p<x

véi k 1a sb nguyén duy nhit sao cho p* < x < pF+'. Mot mdi tuong quan truc tiép hon nita
gitta hai ham c6 thé thiy dudc thong qua cach biéu dién sau:

400
1
Yo =0 (xH)
n=1
Chii y rang tdng nay chi c6 mot s6 hitu hang cc hang tii khong bi tiéu bién, bdi vi

log(x)
log(2)

Ham Chebyshev thif hai 12 log ctia boi chung nhd nhét ctia cac s6 nguyén tir 1 dén n:

v (x%) =0vlin > logr,x =

lem(1,2,...,n) = e?™
Pén day, chiing ta da c6 thé suy ra dudc quan hé st dung trong 15i giai & trén.

Bai toan 11 (IMC 2015, Day 2, Problem 7). Tinh:

) 1[4
lim — Axdx.
1

A—+o00 A

(Dé xudt bdi Jan Sustek, Pai hoc Ostrava)
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Loi gidi 1.. Chiing ta ching minh rang:
S O St
lim — Axdx = 1.
A—+o00 A 1

V6i A = 1, ham lay tich phan ctia chiing ta sé 16n hon 1. Khi d6,

14, 1[4 1 1
| Ax > — ldx=—(A—-1)=1— —.
a/l >A/1 x=7U=D A

Dé c6 thé tim dugc mot chiin trén chit, chiing ta c¢b dinh hai sb thuc, § > 0 va K > 0, va chia
khoang thanh 3 phin tai cic diém 148 va K log A. D€y rang v6i A di 16n (vidu, A > Ay(8, K)
v6i mot s6 Ag(8, K) > 1 nao d6), chiingtacé 14+ 8 < KlogA < A. V6i A > 1, ham lay tich
phan ctia chiing ta dang giam, nén ching ta c6 thé uéc lugng né bing nhitng gid tri clia nd tai
nhiing diém bién ctia khoang:

1A1 1 1+8 KlogA A
(L)
Al Al 146 Klog A

1
= Z(5><A+(1<1ogA—1—5)Aﬁ +(A—K10gA)A#gA)
< l((SA+1<Ali«slog,4+A><Am‘w) -

A
=8+KA_$logA+e%

Vi vay, v6i A > Ay(6, K), chung ta co:
1 14 _5 1
l——<— Axdx <8+ KA ™3 log A + e¥
A AJ);
Liy gi6i han A — 400, ching ta cé:
1< 1 'fI/AA‘d < i 1/AA'<5+}<
< lim inf— xdx < lim sup — < ex.
A—>+o0 A 1 A—>+o0 pA 1
Bay gig, tu § — +0 va K — oo, ching ta c6:
TS B . |
1< lim inf— Axdx < lim sup — Ax <1,
A>+o00 A J; A—>+o00 A Jy
Khi do,
. . 1 4 1 . 1 A 1
lim inf — Axdx = lim sup— Ax =1
va ching ta két luan dudc

) 1[4
lim — Axdx = 1.
A—+o0 A 1
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Lai gidi 2.. Mot phuong an tiép can khac kha hitu ich cho bai toan nay chinh 1a nguyén tic
L’Hospital. Cé nhiéu cach giai st dung nguyén tic ny, tic gia sé gi6i thiéu cach st dung don
gian va truc quan nhét, bao gdm cic phép bién d6i thuan tuy.

Chung ta co6:

1 4 1 1 4 A%_1
lim —/ Axdx = lim A4 —|—/ dx =
1 1

A—oo A A—00 X
1[4 Ax
=1+ lim —/ dx =
Ax 4 g3
+ A1—>H;o A + /1 x?2 dx
1[4 Ax
=1+ lim —[ dx =
A—00 1 x2
1 A—Ax
=1+ lim —- =
A—-oco A In A
=1
O]
Loi giai 3. Dat f(x) = Ax, chiing ta c6, véi mdi sd nguyén duong n:
n+1
f(n+1)</ f(x)dx < f(n)
n
Khi do,
(4] [4] [4]+1 [A]
1 1 1
sz(l)< / A)lcdx<—/Adx<— Aa’x<Z 1 /O
[A]+1  [Al+1/; AJy [A] [A]
Ap dung Pinh 1y kep Shtolz - Chezaro, chiing ta c6:
(4]
Al +1
lim iz SO o SAAIED
A—>+o0 [A]  A—too [A + 1] —[A]
va "
Al +1
N S O B (| I
A to+oo [A] " A—too [A + 1] — [A]
Theo nguyén ly kep, chung ta co:
: 1[4
lim — Ax dx =
A—+oo A 1
O]
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Bai toan 12 (IMC 2012, Day 2, Problem 3). 86 cdc s6 nguyén duong n sao cho n! + 1 chia hét
(2012n)! la hitu han hay vé han ?

(Dé xudt béi Fedor Petrov, Pai hoc bang St. Petersburg)

Loi gidgi 1. Xét mot sd thuc duong n sao cho n! + 1|(2012n)!.

Chiing ta biét mot diéu hién nhién ring véi cac s6 nguyén khong am tuy y ay, ..., ax, (a1 +
. A A 2, ~ A P2 2, A A N |
...+ ag)! chiahétchoa;!...ax!. (SO cic day so cOchttaa; sO1,...,ax sok la %

Cu thé hon, dén day, ching ta c6 (n!)2012 chia hét (2012n)!.

B&i vi n! + 1 nguyén td ciing nhau véi (n!)2°12, tich ctia chiing (n! + 1)(n!)?°1? ciing sé chia
hét (2012n)!, va khi dé:
(n! + 1) x (n")*°12 < (2012n)!

St dung bit dang thiic ndi tiéng sau:

chung ta co

2013n
(E) < ()P < (n! + D (n)*°"? < (2012n)! < (2012n)>°2"
e

n< 2012201262013
Nhu vay, chiing ta chi ¢6 hitu han sb tu nhién n thod man diéu kién dé bai. O

Nhéan xét. Thay vi sit dung ude lugng (%1)" < n!, chiing ta sit dung hé s clia hodn vi c6 lip:

N!
N = kl k1
X1+ ...+x)" = Z mxl .t
ki+...+k;=N
Ap dung cong thiic trén véi N = 2012n,1 = 2012 vax; = ... = x; = 1, chiing ta c6:

2012n)!
((ny)#’g < (14 1+4...4 1)2012n = 301220127

(20127)! 2012n

O vé phai, chiing ta c6 mot cip sb nhan, va di nhién cip sb nhan nay sé ting cham hon so vdi
ham giai thita & vé trai. Chinh vi thé, bat dang thiic nay chi ding v6i mot s gid tri n nhét dinh.
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Loi gidi 2. Gia st rang n > 2012 1a mot s6 nguyén sao cho n! 4+ 1[(2012n)!. D€ y ring tit ca
cac u6c nguyén td ctia n! + 1 déu 16n hon n, va tit ca cc udc nguyén tb ctia (20121)! déu nhd
hon 2012n.

p
2012 s6 chia hét cho p; vi p? > n? > 2012n, sé khong c6 sd nao chia hét cho p2. Chinh vi vay,
luy thita ctia p trong khai trién ra thita sd nguyén t6 ctia (2012n)! cao nhit sé 1a 2011. Khi do,

Xét mot sd nguyén td p sao chon < p < 2012n. Trong cac s6 1,2, ...,2012n, c6 [2012"] <

nl+1=gedn! + 1,020 <[] p*"

n<p<2012p
Ap dung bét dang thic [T,y p < 4%, chiing ta c6:
2011
nl < 1—[ P21 ( 1—[ p) < (4201212011 _ (4201252011
n<p<2012p p<2012n

Mot 1an nita, ching ta lai c6 mot ham luy thita & vé trdi va mot cip s6 nhan & vé phai. ]

Loi gidgi 3. Vi (n")?°12|(2012n)!, vavi gcd(n!,n!+1) = 1, chiing ta cé (n!)2°134(n!)2°12|(2012n)!.
Ngoai ra:

Dr+1
(n + 1)2‘“2% > (2012n + 2012)(2012n + 2011) ... (20121 + 1)
n!
_ (2012n)! (20121 + 2012)! _
& fn) = (n1)2013 4 (n1)2012 > ((n 4+ 1)1)2013 4 ((n + 1)1)2012 =fln+1D
Chung ta thiy % > n, trong khi

(20127 4+2012)(20121+2011) ... (20127 4+ 1) < (20121 +2012)%°12 = 20122°12 (5 4-1)2°12,

Chinh vi thé, bat ding thifc & trén sé ding v6i mot gid tri n di 16n. Chinh vi thé, dén mot gia tri
n i 16n, ham s6 f(n) s& 1a mot ham gidm ngit. Gia sit rang ton tai vo han sb nguyén n sao cho
f(n) 1a mot sb nguyén, ching ta goi ching laa; < a, < ..., khi d6, d&n mot lic ndo do, diy sb

nguyén nay sé trd thanh day hing, tic 1a 3k, f(ax) = f(ak+1) = .... Vi f 1a mdt ham giam,
ching ta ¢6 f(ax) = f(ak+1) = fazy» = --.. Chinh vi vdy, v6i moi ¢ > aj, ching ta déu co:
(2012¢)! B (20127 + 2012)!

(“)2013 + ([!)2012 o ((l + 1)!)2013 + (([ + 1)!)2012

hay

2012 Ct+Dr+1
'+ 1

Ap dung 1y luan tuong tu bén trén, ching ta sé thiy ring, dang thic nay sé khong con ding véi

mot s6 ¢ di 16n (vi khi d6, vé trdi sé ting nhanh va 16n hon vé& phai). Chiing ta c6 diéu phai

ching minh. O

(t+1 = (20127 4 2012)(2012¢ + 2011)... (20127 + 1)
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Bai todn 13 (IMC 2013, Day 2, Problem 4). Cé ton tai hay khong mét tép vo han M gom
nhitng sé nguyén dwong sao cho véi hai s6 a,b € M bdt ki, a < b, chiing ta cé tong a + b la
mot s6 phi-binh-phuong ?

(Pinh nghia: Mét s6 nguyén duong dugc xem la phi-binh-phuong khi khong cé bdt ki mot sé
chinh phwong nao lén hon 1 chia hét né.)

(Dé xudt bdi Fedor Petrov, Dai hoc Bang St. Petersburg)

Loi gidi. Cau tra 16i 1a c¢6. Ching ta xdy dung mot day vohan 1 = n; <2 =n, <nz < ...
sao cho n; + n; 1a mot s phi-binh-phuong v6i moi i < j. Gia st ring ching ta da c6 mot sb
s6 nx > ... < ng(k > 2) thod man diéu kién do, va ching ta di tim mot sb hang ny thich
hop dé€ 1am sb hang tiép theo cia day do.

Chung ta sé chon nyg, dudidang ng g = 1+ Mx,v6i M = ((ny + ...+ ng + 2k)!)? va mot
) nguyén duong x nao d6. V6ii = 1,2,...,k,chingtacon; +ngy1 =1+ Mx +n; =
(1 4+ n;)m;, v6i m; va M nguyén td cing nhau, nén bét cii sé6 chinh phuong nao chia hét
1 + M x + n; cling s& nguyén t6 cing nhau v6i M.

Dé c6 thé tim dudc mot sb x thich hop, chon mot s6 N di 16n va xét cac giatrix = 1,2,..., N.
Néu mot gia tri 1 > x < N khong phu hdp, didu nay c6 nghia rang sé ton tai mot chi sd
1 > i > k vamot s6 nguyén t p nao d6 sao cho p?|1 + Mx + n;. Véi p < 2k, diéu nay 1a
khong thé xay ra bdi vi p|M . Hon niia, chiing ta con ¢6 p?> < 1+ Mx +n; < M(N + 1), nén

2% < p < JM(N +1).

V6ii va p cb dinh, cac gid tri cia x sao cho p?|1 + Mx + n; 1a mot cip sb cong v6i cong sai
p?. Chinh vi vy, sé c6 tbi da % + 1 céc gid tri nhu vay. Tong két lai, s6 nhiing s6 x khong phu
hop s€ la

)SID SN (L) YY) SRR S

i=12k<p</M(N+1) P p>2k P p<M(N+1

<kN )~ (ﬁ—%) +kM(N + 1) <g+k\/M(N+ 1)

p>2k

Néu N du 16n, s6 nay sé nho hon N ; va khi do, chac chén ton tai mot s6 x thich hagp. O

Nhan xét. Pay 1a mot trong nhitng bai toan vé s6 hoc dep nhat trong nhiing ki thi Toan hoc
nhiing nim gan diy, tinh ca nhiing ki thi qudc té cho hoc sinh va sinh vién. Diém mau chét &
day lanéu ay, ..., ay 1a nhitng sb nguyén duong sao cho aj, . .., a; khong thé bao phi hét cic
s6 du trong phép chia cho p2, véi p 12 mdt s6 nguyén td, chiing ta c6 thé tim vo han sé n > 1
sao cho n + a; phi-binh-phudng v6i moi 7.

Nhan xét nay cho phép chiing ta xiy dung mot diy ai, a,, ... bang cach xay dung cich thém

mot phan t méi tif mot ddy cac phan ti ¢6 san. Chd y thém nita rang, néu ay, ds, . . ., ax khong
thé bao phi hét cic sb du trong phép chia cho p? v6i moi p, thi néu ching ta thém mot phan
th a4 sao cho ax4q + ay,...,ax+1 + ax 1a cic sd phi-binh-phuong, thi a;, ..., ax4+; cling

khong thé bao phi hét cic sb du trong phép chia cho p? véi moi p.
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Bai todn 14 (IMC 2016, Day 2, Problem 3). Cho n la mét s6 nguyén duong, va goi Z, la vanh
cdc nhom sé nguyén modulo n. Gid sit rang ton tai mot ham sé f : Z, — Z, thod man ba tinh
chadt sau:

(i) f(x)#x
(i) f(f(x))=x
(iii) f(f(f(x+1)+1)+1)=xvdimoix € Zy,

Chitng minh rdang n = 2(mod4).

Loi gidgi. Tu gia thiét (ii), ching ta c6 thé thdy rang f toan anh, vi viy f sé 1a mot phép hodn
vi clia cdc phan tif trong Z,, va bic ctia hodn vi nly cao nhit sé 12 2. Chinh vi vay, phép hoén vi
f sé la tich ctia cac phép chuyén vi ¢6 dang (x, f(x)).

Tir gia thiét (i), ching ta c6 phép hoan vi nay sé khong c6 mot diém cb dinh nao ca, tic 1a sé
khong ton tai mot phan ti x ndo sao cho f(x) = x, nén n phai chin, va s6 phép chuyén vi sé
ding bang 7.

Xét phép hodn vi g(x) = f(x + 1). Néu g l1a hodn vi 18, g o g o g ciing s& 12 mot hoan vi 18.
Tuy nhién, gia thiét (iii.) da xdc nhan ring g o g o g 1a mot hodn vi chin, vi né 12 mot hoan vi
bién x thanh chinh né. Vi vdy, g khong thé 12 mot hoan vi 18; g phai 12 mot hoan vi chin. Phép
hodn vi vong quanh s (x) = x — 1 ¢6 bac n, v6i n 1a mot s6 chdn, nén £ 12 mot hodn vi 18. Khi
do, f(x) = goh sé&lamothodn vi chin. Vi f 1a tich cia 2 phép chuyén vi, diéu nay cho ching
ta biét ring 2 1&, hay n = 2(mod4) O

Nhan xét. O trén, chiing ta da st dung céc khdi niém hodn vi chan va hodn vi 18. D€ 1am ro hai
thuat ngii nay, diu tién, ching ta dinh nghia lai nghich thé.

B6 dé 4 (Nghich thé). Vdi méi phép hodn vi o, ta goi (xi,x;) la mot nghich thé cia o néu
X; < xj nhung o(x;) > o(x;)
Dén day, chiing ta di c6 thé dinh nghia c4c hoan vi chin va 18, dua vao sb lugng ctia phép nghich
thé trong phép hodn vi dé.
B6 dé 5 (Tinh chin 1& cha hoan vi). Tinh chdn Ié ciia mot hodn vi o 1a tinh chdn 1€ ciia sé
nghich thé ciia o.

o Néu sé cdp nghich thé ciia mét phép hodn vi o la mot sé chdn thi o dwoc goi la mét phép

hodn vi chdn

o Néu s6 cdp nghich thé ciia mot phép hodn vi o la mot s6 1é thi o dugc goi la mot phép
hodn vi le
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V6i mdi n = 2(mod4), chiing ta déu c6 thé xay dung mot ham s6 véi cdc tinh chit thoa man ca
3 tinh chit cia dé bai.

V6i n = 2, ching ta chon f véi f(1) = 2, £(2) = 1. O day, ching ta sé xdy dung mot cach
xdy dung ham f v6in > 6.

Dit n = 4k + 2, xét mot da gidc déu v6i k + 2 canh, va chia n6 thanh k tam giac v6i k — 1
dudng chéo. VE mot hinh tron sao cho né cat mdi canh va moi dudng chéo hai lan; tong cong
chiing ta s& c6 4k + 2 giao diém. Panh s6 céc giao diém theo chiéu kim dong hd xung quanh
hinh tron. Véi mdi canh hoidc dudng chéo, ching ta c6 2 giao diém; ching ta sé xay dung f
bién di€ém nay thanh diém kia, va ngugc lai.

Ham f ching ta vira xdy dung ro rang sé thod man nhiing tinh chit (i) va (ii). V6i méi x chiing
ta sé c6, hodc f(x + 1) = x, hodc cong 1 vao va 14y ham f 3 lan doc theo 3 canh ciia tam gidc,
nén ham sb nay sé thoa man tinh chét (iii) ctia dé bai.

Sau day 1a bi€u dién hinh hoc clia ham f chung ta vita xay dung.

*—e
139 n

Bai toan 15. Cho k la mét s6 nguyén duong. Véi méi sé nguyén khong dm n, goi f(n) la sé bo
(X1, X2, ..., Xp) € Z¥ thod man bdt ding thitc |x,| + |x2| + ... + |xk| < n. Chitng minh ring
véi méin # 1, ching tacé f(n—1)f(n +1) < ((f(n))?.

(Dé xudt bdi Esteban Arreaga, renan Finder va José Madrid, IMPA, Rio de Janeiro)

Loi gigi 1. Chiing ta chiing minh bang quy nap theo k. Néu k = 1, chiing ta c6 f(n) = 2n + 1
va phat biéu ctia dé bai ding, theo bat dang thiic AM - GM.

Gia st rang k > 2 va phat biéu ctia dé bai diing véi k — 1. Goi g(m) 1as6 bo (x1, ..., xx_1) thoa
min bit dang thifc |x;| + |x2| + ... + |xx—1| < m; theo gia thiét quy nap, g(m — 1)g(m + 1) <
(g(m))?; chiing ta c6 thé viét gia thiét nay duéi dang
1 2
g(0)<g()<g()<_”
gl) g2 " gB)

V6i mdi hing sb nguyén ¢, bat dang thic [xq] + ... + |Xx—1| < |n] 6 g(n — |c|) bd nghiém
nguyén. Chinh vi vdy, ching ta c6 quan hé sau:

n

fy=Y gn—lc)) = gm) +2g(n—1) + ... +2¢(0).

c=—n

125



Tap chi Epsilon, S6 16, 12/2019

Diéu nay din dén
fn=1)  ghn—-1)+2¢g(n—2)+...+2g(0)
f(n) gn)+2g(n—1)+...4+2g(1) 4+ 2g(0)
- gm)+gmn—1)+(gn—1)+...4+2g(0) 4+ 2.0) _ f(n)
gm+1)+2gn)+ (gn) + ... +2g() +2g0) f(n+1)
Bit dang thiic trén tuong duong véi diéu phai chiing minh. O

Loi gidi 2. Dau tién, ching ta tinh ham sinh ctia hAm s6 f(n):

k
= = X1 x2|+...+|xi |+ X 1 (1+ )k
’;: Z qu |4+ 2 etk [ +e (qu |) _ (l—q;lk‘H

1 —
(x1,%2,...,x;)€ZK ¢=0 X€Z 1

Véimdia =0,1,...g0i g,(n)(n =0,1,2,...)1a cic hé sb trong khai trién sau:

1+9* ;
0= q)qk+1 Z(:)ga(n)q

RG rang rang, g,41(n) = g.(n) + ga (n — 1)(n 1), g4(0) = 1. Chiing ta goi mot diy céc sb
nguyén duong g(0), g(1), g(2), ... 1a "tét" néu g(” 1 )(n = 1,2, ...) 1amdt ddy ting. Ching ta

kiém tra rang ddy go 1a mot day "tét":

2o(n) = (k—l—n)’go(n—l) __n

k go(n) k+n

Néu g 1a mot day t6t, mot ddy méi g’ dudce dinh nghia bang g’(0) = g(0),g'(n) = g(n) +
g(n —1)(n > 1) ciing 12 mot day tot:
(n—2)
gin—1) _gn-D+gn-2) 1+

g'(n) g +gn—1) 14 0

néu quy dinh g(—1) = 0. Nhu vy, chiing ta thiy ring mdi diy g,, g2,....gx = f déula mot
day t6t. Chiing ta c6 bét dang thic can phai chiing minh. O

Nhan xét. O Lai giai 2, chung ta c6 st dung mot khai niém mdéi, d6 chinh la ham sinh, hay cu
thé hon 12 ham sinh thuong. Ham sinh 12 mot trong nhiing sang tao mang nhiéu ng dung vé
toan rdi rac. St dung ham sinh, chiing ta c6 thé chuyén nhiing bai toan vé day sb thanh nhiing
bai todn vé ham s6, va xét bai todn dly trén quan diém thuan tuy vé ham s6. Khi 4p dung ham
sinh, chiing ta c6 thé 1am cho bai toan gon gang va dé giai quyét hon.

Vi gidi han cia bai viét, tc gia s& khong ban siu vé nhiing ing dung ctia ham sinh, ma chi gidi
thiéu qua dinh nghia va mot vai ting dung co ban ctia ham. Céc ban c6 thé tim doc thém vé ham
s6 thi vi nay & phan trich dan.

Dinh nghia 3. Ham sinh thuong (Ordinary Generating Function) ciia ddy sé vé han (an)n>o la
chudi luy thita hinh thiic:

G(x) =ag + a1x + ax*> + ... + a,x"
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Ta goi ham sinh 1a chudi luy thira hinh thic bdi vi thong thudng, ta sé chi coi x 1a mot ki hiéu
thay thé thay vi mot sb. Chi trong vai trudng hop, ta sé cho x nhén céc gid tri thuc; vi vay, chiing
ta gan nhu khong bao gio dé y dén su hdi tu ctia chudi. C6 nhiéu dang ham sinh khac nhau,
nhung & day, chung ta chi néu dinh nghia va st dung ham sinh thuong.

Y tudng sit dung ham sinh thuong kha don gian nhu sau: Gia st ta phai tinh mot diy cac sd
S(n) phu thudc vao n, véi n chay tir 0 dén vo cuing, dudgc cho bdi mot quy tac truy hdi hoic t&
hop. Khi do, ta viét

F(x) =) Sm)x"

Thay vi tinh S(n) véi tiing gia tri ctia n, ta tinh xem ham F(x) 12 ham gi. Néu tinh dudc F(x),
ta chi can 14y cac dao ham cta n6 tai diém 0, tir d6 suy ra dudc cac s6 S(n).

Trong phuong phap nay, F(x) chinh la ham sinh thudng.

Ngay sau diy 1a mot vi du ap dung cua ham sinh thuong.

Baitoan 16 (IMC 2016, Day 1, Problem 5). Goi S, la tdp cdc phdp hodn vi cua day (1,2, ..., n).
Vi moi phép hodn vi w = (71, 7, ..., m,) € Sy, chiing ta goi inv(m) lasé cdp 1 <i < j <n
Vvdi 7t; > 7 ;; tiic la, s6 nghich thé trong w. Goi f(n) la s6 phép hodn vi &t € S, sao cho inv(r)
chia hét chon + 1.

Chitng minh rdng c6 vé han sé nguyén té6 p sao cho f(p — 1) > @, va ¢é vé han sé sé

nguyén té p sao cho f(p —1) < _(P;l)!_

(Pé xudt bdi Fedor Petrov, Dai hoc Bang St. Petersburg)

Loi giai. Chung ta st dung cong thiic ham sinh nhu sau:

D™ = Ix (4 x)x(+x+x)x.x(I+x+...+x"

TES;,

Cong thic ham sinh nay c6 thé dudc ching minh bing quy nap theo n. Trudng hop n = 1,2
kha r6 rang. Tt mdi hoan vi cta (1,2,...,n — 1), ching ta ¢6 mot hoén vi cta (1,2,...,n)
bing cach thém phan ti n vao n Vi tri trudc, gilta, hodic sau cac s6 1,2, ...,n — 1; s6 nghich thé
sé tang tuong ing lan — 1,n —2,...,1,0.

Béy gio, chung ta dat

Gn(X) — Z xinv(n)

Tes,
< ae 2xi e . ~ A o ~ 2 . A o~ . 4 LR A
va dat ¢ = en+T. Tong cac hé so cua nhiing so hang c6 so mu chia hét cho n 4 1 c6 thé viet

thanh mot tong ludng giac nhu sau:

1 1 e n! 1 = i
f(n)_—lkgan(e)—n +n+1kX=;Gn(8)

n-+ +1
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O day, chiing ta chi y dén diu cta

n! k=1

— G, ("
n+1 n—1 (&)

f(n) =

véin = p — 1, trong d6 p 12 mot s6 nguyén 18, dui 16n.

V6i mdi k cb dinh, 1 < k < p — 1, chiing ta c6:

p—1 r—1 ik k 2k (p—1Dk
. 1—¢&/ (11— —e)--- (1 —&P7k)
ky _ ko 2k o G=Dky _ _
Gp1(F) = H(l—i—s +e2 ot ) | | — =
j=1 j=1
Chii y rang, cac hang tii trong tt s6 1a (1 —¢), (1 —€2), ..., (1 — &P~ 1), chi c6 bic ctia chiing 1a

thay d6i. Vi thé, st dung dang thiic (z —e)(z —€X) ...z —e?P D) =14z 4+ ... + 277,

ky P _ P
Gp—l(g ) = (1 — Ek)p_l - (1 2km‘)p_1
—e r

Khido, f(p—1) — @ s& c6 cung dau véi:

p—1 1—
okmi \ 1—P k(1—p)ri . 7wk r
l—e » = E e 7 —2i sin —
k—1

p—1

k=1 p

p=1
18 k(p—1 k\'"?
— 2.2l P ()T ZCOSM (sin ”_)
=1 p p

Véi nhitng s6 nguyén t& p 16n, cdc hang ti véi k = 1 ting theo luy thita nhanh hon tht c4 nhiing
hang tit khic, nén cac hang tif ndy sé quyét dinh diu clia c4 tong. D€ y riang @ hoi tu vé —1.

Chinh vi thé, tong nay sé& duong néu p — 118 va am néu p — 1 chén. Chinh vi viy, V6i nhiing s6

—1)!
nguyén du 16n, f(p—l)—(n )

sé duong néu p = 3(mod 4) vidamnéu p = 1(mod4). O

Bai toan 17 (IMC 2017, Problem 6, Day 2). Cho p(x) la mét da thitc vdi hé sé thuc khdc da
thitc hdng. Vdi moi s6 nguyén dwong n, dit

gn(x) = (x + )" p(x) + x"p(x + 1)
Chitng minh rang chi c¢6 hitu han cdc sé n sao cho tdt cd cdc nghiém ciia q,(x) la thuc.
(Pé xudt bdi Alexandr Bolbot, Pai hoc Bang Novosibirsk)
Loi gidi chinh thitc. Pau tién, ching ta phat biéu va chiing minh bd dé sau:
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B6 dé 6. Néu f(X) = amx™+...+a,x +ag la da thitc véi a,, # 0, va tdt cd cdc nghiém ciia

f déu la sé thuc, thi
2

Ay —20mam— =0

bat cac nghiém cua f 1a wy, w,, ..., w,. Theo cong thuc Viete, chung ta c6:
m
Am—1 Am—2
E w; = — p y E wWiw; = P
i=1 moi<j m

“ 2 - ’ Am—1 2 am—2 ayzn_l - 2amam—Z
0< w; = w; | —2 w;wW; = -2 =
! ! t a a a
m m m

i=0 i=0 i<j

Khi 4p dung b3 dé, chiing ta chi quan tim dén tinh chét ctia ba hé sb dau tién cla nhiing
hang tii trong ¢ (x) c6 bic cao nhét, ma khong can phai quan tim dén cac hang tir con lai. Dit
p(x) = ax® + bx*1 4 exk2 4 vag,(x) = AR 4 Bx Rl 4 Cux T2 4 khi
do:

gn(x) = (x + D" p(x) + x"p(x + 1) =

nn + l)x”_z
2

k(k —1
+ x" (a (xk + kxkt 4 %xk_z) +b (xk_l + (k= 1)x*F2 4+ .. ) + ¢ (xk_2>)

=2a x x"* 4+ ((n + k)a + 2b)x" k1

N (n(n — 1)—;—k(k— 1)

= (x” +nx" 4 +.. ) (ax® +bx* 1 pex®2 4. )

a+(n+k—1)b+2c)x"+k—2+...,
Khi d6,

nn—1)+k(k—-1)
2

A, =2a,B, = (n+k)a+2b,C, = a+mn+k—-1)b+2c

Khin — +o0,
2 2 n’a 2
B; —24,C, = (na+ O(1))" —2x2a TN +O0m) | =—-an”+ O(n) > —
Lic nay, B2 — 2A4,C, sé am, tic la g, sé khong thé chi c6 cdc nghiém thyc. O

Chiing ta ciing c6 thé giai bai toan nay chi bang cach xét hai hé sb dau tién ctia hai hang ti¥ c6
bac cao nhit, ddng thoi 4p dung Bét dang thiic AM - GM nhu sau:

Loi gidi phu. Dit p(x) = x* +ax*=' + ... vadit M > 0sao cho p(x) > OVx > M.Khi
do,
gn(x) = 2x" % 4 Qa +n + k)x" T 4
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Néu tit ca cac nghiém cia g, (x) déu la cac sb thuc, ta dit ching 1a x;, X5, ..., X,4x. Khi d6,
theo Dinh ly Viete, chung ta co:

2a +n+k ( n—i—k)
- = = a+

ar+ ... tantk = — 2 >

Theo bt dang thiic AM - GM, chiing ta lai c6:

M +1)"p(M) < qn(M) =2(M —a))(M —az)...(M — ani)

L (P HOM — (@1 +ar+ ... +ani) ntk
n+k

_, M+1+ a n+k
N 2 n+k

N

Chinh vi vy,

n+k
(M+%+nik)+

(M + 1)

biéu nay vo ly, vi khi n tién dén + o0, ve phai s€ tien ve 0.

|[P(M)] <2

Chiing ta két luan ring ¢, (x) khong thé cé tit ca cac nghiém thuc v6i v han cic s6 nguyén
duong n. 0

Bai todn 18 (IMC 2015, Day 1, Problem 2). V&i méi sé nguyén duong n, déit f(n) la s6 sau
khi viét n thanh hé nhi phdn va thay méi sé 0 bang sé 1 va ngugc lai. Vi du, n = 23 sé tré thanh
10111 trong hé nhi phdn, vi thé f(n) sé la 1000 trong hé nhi phdn, khi dé f(23) = 8. Chiing
minh rang:

D Sk <

4
k=1

Pdng thitc xdy ra khi nao?

(Dé xudt bdi Stephan Wagner, Dai hoc Stellenbosch)

Loi gidi. Néu r va k 1a nhiing s6 nguyén duong sao cho 2" 7! < k < 27, k s& ¢6 r chit s6 trong
hé nhi phan, nén k 4+ f(k) = 11...1 = 2" — 1 (Biéu dién nhi phan c6 r chit s6 1.)
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Gia st rang 2571 < n < 2° — 1. Khi d¢é:

et Z £y =3k + £(0)

k=1
s—1

=3 N Gkt fUlN+ D (k+ flk) =
r=12r—-1gk<2r 25—1<k<n

s—1

=Y STIXx@ =D+ -2 x (2 -1) =
r=1
s—1 s—1

— Zzzr—l . er—l + (l’l _ 951 + 1)(2s _ 1) —

r=1 r=1

2
= 3(45—1 — -2 ')+ —Dn-2"T43x25 -1 =

1 2
— (2 - D8 25—
@ n - 42
va khi do
n? 1 2 nn+1)
n_ =" _(@-tn—ts g T
Zf() - (@ gy 3T
3, 3 1 2
-2 s _ 2 45 _ 9 c
4" ( 2)”+3 T3
3( »-2 2541 4
—_— n—— n—— .
=)0 5)

D€ y rang hiéu ctia hai nhan tit cudi cing nhé hon 1, va mot trong sb chiing sé 1a sb nguyén:
% 12 s6 nguyén néu s chin, va % 12 s6 nguyén néu s 18. Chinh vi thé, mot trong s
chiing phai bang 0, dan dén tich bang 0, hoic ca hai nhan tir déu phai cing diu, dan dén tich
lu6n ludn duong. Didu nay giai quyét bai todn va cho thdy ring déng thic xay ra khin = 2.2

3
25t1—4
3

(néu s 18) hoiic n = (néu s chin). O

Bai tap 1 (IMC 2016, Day 1, Problem 1). Cho f : [a,b] — R la mdt ham lién tuc va c6 dao
ham trén [a, b]. Gia st rang f c6 vo han nghiém, nhung khong ton tai s6 thuc x € (a, b) nao

sao cho f(x) = f'(x) = 0.

1. Chitng minh rang f(a) f(b) = 0.

2. Hay cho vi du mot ham nhu vay trén [0, 1].
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(Dé xuét béi Alexandr Bolbot, Pai hoc Bang Novosibirsk)

Bai tap 2 (IMC 2012, Day 2, Problem 2). Dinh nghia diy sb (a,) tdng quét nhu sau, vé6i
dog = 1,a1 = %,Vé
2

na;

1+ (n+ a,
Ching minh riang day Y 72, % héi tu va tim gidi han do.

an+1 =

(Pé xuat bsi Christophe Debry, KU Leuven, Bi)

Bai tap 3 (IMC 2016, Day 2, Problem 2). Hém nay, Gio su Ivan lai thich nhiing ham s6 lién
tuc f :[0,1] — R thod man diéu kién f(x) + f(y) > |x — y| véi moi cip x, y € [0, 1]. Hay
tim Gia tri nho nhit ctia tich phan [01 f ctia nhitng ham thoa man.

(Pé xuit bsi Fedor Petrov, Pai hoc Bang St. Petersburg)

Bai tap 4 (IMC 2017, Problem 2, Day 1). Cho f : R — (0, 00) la mdt ham c6 dao ham, va
gia st rang ton tai mot hang s6 L > 0 sao cho

/') = f' DI < Lix =yl
véi moi x, y. Chiing minh rang:
(f'(x))* <2Lf(x)

ding véi moi x.

(bé xuét bdi Jan Sustek, Pai hoc Ostrava)
Bai téap 5 (IMC 2017, Day 2, Problem 6). Cho f : [0; +00) — R la mot ham lién tuc sao cho

lim, 4 o0 f(x) = L ton tai (n6 c6 thé vo han hoic hitu han). Chiing minh rang:

lim /1 f(nx)dx = L
0

n—+o00o

(Pé xuit bsi Alexandr Bolbot, Pai hoc bang Novosibirsk)

Bai tap 6 (IMC 2017, Day 2, Problem 9). Dinh nghia day fi, f,...: [0, 1) — R nhitng ham
lién tuc va c6 dao ham bang cong thiic truy hoi sau:

SO =1 f 1= fafusr trén (0, 1), va f,41(0) =1
Chiing minh rang lim, s f,(x) ton tai v6i mdi x € [0, 1) va xac dinh ham gidi han véi mdi
gid tri x do.
(Dé xuat bdi Tomas Barta, Pai hoc Charles, Prague)
Bai tap 7. Xét day sb sau:
(@n)yey =(1,1,2,1,2,3,1,2,3,4,1,2,3,4,5,1,...)
Zz=1ak — IB

Tim tit ca céc cip s thuc duong (a, B) sao cho lim, o e

(Dé xuét béi Tomas Barta, Pai hoc Charles, Prague)
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Bai tap 8 (IMC 2015, Problem 3, Day 1). Cho F(0) =0, F(1) = 3,va F(n) = 2F(n—1) —

F(n —2) v6in > 2. Xéac dinh xem tong Y .-, ﬁ c6 phai 1a mot sb hitu ti hay khong.

(Pé xuit bdi Gerhard Woeginger, Hoc vién Cong nghé Eindhoven)

Bai tap 9 (IMC 2017, Problem 3, Day 1). V&i mbi s6 nguyén duong m, dit P(n) 1a tich cla
céc uSc duong ctia m (vi du, P(6) = 36). V6i mbi sd nguyén duong n, chiing ta dinh nghia mot
ddy s nhu sau:

ay(n) =n,ar+1(n) = Plax(n))(k =1,2,...,2016)

Hay xét xem phat biéu sau diing hay sai: V6i méi tap S C {1,2,...,2017}, ton tai mot sd
nguyén duong n sao cho diéu kién sau dudc thod man:

V6i mdi k sao cho 1 > k > 2017, s6 ax(n) 12 mot sé chinh phuong khi va chi khi k € S.

(Dé xuét béi Matko Ljulj, Pai hoc Zagreb)

Baitap 10 (IMC 2014, day 1, Problem 4). Chon > 6 1amot s6 hoan hdo, vaditn = pi' .. D
1a phép phén tich ra thira sé nguyén td v6i 1 < p; < ... < pi. Chiing minh ring e; 12 mot sb
chan. Biét rang, mot s6 n dudc goi 1a hoan hio néu s(n) = 2n, v6i s(n) 1a tdng cc udc clia n.

(bé xuit béi Javier Rodrigo, Universidad Pontificia Comillas)

Bai tap 11 (IMC 2017, Day 1, Problem 4). C6 n cu dan trong mot thanh phd, va mdi ngudi
trong s6 ho c6 ding 1000 ngudi ban (biét rang tinh ban ludn ludn d6i xiing). Ching minh ring
c6 thé chon ra mdt nhém ngudi S sao cho it nhét 3077 NEUTi trong S c6 ding hai ngudi ban
trong S.
(Pé xuét bdi Rooholah Majdodin va Fedor Petrov, Pai hoc Bang St. Petersburg)
Bai tap 12 (IMC 2012, Day 2, Problem 1). Xét da thiic
F(x) = x4 aznx®® + ...+ aix +ao

Albert Einstein va Homer Simpson dang choi tro choi nhu sau. Mdi ludt, ho chon mdt trong céc
hé sb ao, ..., a»11 va cho né mot gid tri thuc. Albert di nuéc dau tién. Mot khi mot gia tri da
dugc gan cho mot hé sb nao d6, né khong thé thay ddi dugc nita. Tro choi két thiic sau khi tit ca
céc hé sd déu da c6 gid tri cia no.

Muc tiéu ctia Homer 14 1am cho f(x) chia hét cho mot da thic c6 dinh m(x) ndo d6 va muc tiéu
ctia Albert 12 ngin diéu nay xdy ra.

e Ailangudi c6 chién thuat thing néu m(x) = x — 2012?

e Aila ngudi cé chién thuat thing néu m(X) = x2 + 1?2
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Bai tap 13 (IMC 2016, Day 2, Problem 1). Cho (x1, X, .. .) 1a mot day céc s6 thuc duong thoa
man diéu kién sau:

Chitng minh rang:

(Dé xuét bdi Gerhard J. Woeginger, Ha Lan)

Bai téap 14 (IMC 2016, Day 1, Problem 3). Cho n la mot s6 thuc duong. Ngoai ra, ching ta
ditay,as,...,a, va by, by, ..., b, 12 nhiing s6 thuc sao choa; +b; > 0véii = 1,2,...,n.
Chiing minh ring

i a;b; — b} < Doim1 @i X )iy bi — (Z?:l bi)2
a; + b; = Z?=1(ai + bz)

i=1

(Dé xuét bdi Daniel Strzelecki, Pai hoc Nicolas Copernicus & Torun, Ba Lan)

Bai tap 1.

1. Chon mot day cac nghiém hdi tu (z,) va dat ¢ = lim(z,) € [a, b]. Theo tinh lién tuc cua
£, ching tacé f(c) = 0. Ching ta mudn chiing mih rang hoic ¢ = a hoic ¢ = b, vi thé
f(a) = 0hoic f(b) = 0, tit d6 ching ta c6 dudc diéu phai ching minh.

2. Mot vi du cua ham so thoa man yéu cau dé bai s€ la:

Flo) = xsin(3) néu0 <x <1

Onfux =0

Bai tap 2. Chiing minh dang thic sau:

kap = 2N Lk + Dags Yk > 1
ag
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Pong thdi, chiing ta c6 thé chiing minh, bang quy nap, ring a, < 2C—,, véi mot hang s6 duong C
nao dé. Khi d6, chiing ta sé két luan dudc rang

oo
Z Ak+1 1
ak

k=0

Bai tap 3. Ap dung diéu kién ctia d& bai v6i 0 < x < 2.¥ = x + 1, ching ta co:

f(x)-l—f(x-l—%))

Bing cach 14y tich phén,

1

/Olf(x)dx=[02(f(x)—l—f(%))dx}/jdx:%

Pén day, chiing ta chiing minh thém ring ton tai mot ham sd f(x) sao cho fol f(x)dx = 4.
Chiing ta tién hanh xét ham sb sau day:

7w =|x =]

Bai tap 4. Pau tién, ching ta biét rang f sé lay dugc tich phan cuc bo (tic 1a 14y tich phan dugc

trén bét ki tip compact nio thudc mién xac dinh).
2

< ) S d
V6i moi x bat ki, dat d = f’(x), ching ta sé can chiing minh f(x) > 2L Xét cac truong hop
nhu sau:

e d = 0, phat biéu ctia dé bai hién nhién dung.

e d > 0, diéu kién ctia dé cho chiing ta biét f'(x —t) > d — Lt, dong thdi u6c luong nay

duong v6i moi ¢ sao choo <t < %.

e d > 0, diéu kién clia dé cho chiing ta biét f'(x + 1) > d + Lt = —|d| + Lt, va lip lai
tuong tu véi trudng hop d > 0.

Bai tap 5. Céch don gian nhat d€ gidi quyét bai todn nay chinh la dit F(x) = [;° f va st dung

nguyén ly [’ Hospital.

Bai tap 6. Giai phuong trinh vi phan trong cong thic truy hdi clia dé bai, ching ta dudgc:
Furr(x) = el Jr0

Khi d6, dung quy nap, chiing ta chiing minh dudc rang véi mdi s6 x cb dinh trong khoang [0, 1),
fn(x) 1a mot day ting va:
1
Ju(x) < —

x—1
Hon nifa, stt dung b3 dé sau:

x2 x
et Tt > x4 X244+ X" (4)
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v6i mbi x cb dinh trong khoang [0, 1), chiing ta c6:
1 1 "

—X
—— 2 fulx) >
1 —x 1 —x

bang cach st dung quy nap. Cubi cung, ching ta két luan dugc rang

) 1
ngffoo Ja(x) = T—x

Nhan xét. Loi giai 6 phia trén khong phai 1a 161 giai chinh thic cua ki thi, nhung day 1a cach véi
y tudng don gian va so cAp nhét dé tiép can bai toan nay, v6i nhiing kién thic Giai tich thuan
tuy trong chuong trinh THPT. Pong thai, trong 10i giai trén, chiing ta da sit dung bd dé (S3), va
chiing ta tién hanh chiing minh bd dé d6 nhu sau:

PR <L x4 n+1
e’ 2 no=e""2 + 0"

— e—log(l—X) + O(xn-l-l)

1
=+ 0(xn+l)
I—x

=1l4+x+x24+.. . +x"+0x"

Nhu vy, hidu ctia vé trai va vé phai 1a mot day cac luy thita v6i s6 mil 16n hon hoic bang n + 1,
nhung tt ca cic hé s & vé trdi (ddy luy thira cia x) déu duong. Chiing ta c6 diéu can phai chiing
minh.

Baitap 7. Pat N = ("}") (khi d6, ay, s&1a lin xuét hién dau tién cta sb ty nhién 7 trong day)
va xét giéi han cta day sau:

b :ZI]cvilak _ Sial+.o kg (1+2)(1+5)

Ny o = ] a
N (") (3)"n (1+3)
Chiing ta c6 thé thiy ring lim, o by, duong va hitu han khi va chi khi ¢ = % Trong trudng
hop d6, gidi han ctia ddy nay sé bang f = */75 Vi vy, chi ¢6 duy nhit mot cip (o, B) = (% */TE)

c6 kha niing 13 dap s6 cho bai todn nay.

Gia st N nam trong khoang [N, + 1, Ny41], hay N = N, + m v6i 1 < m < n + 1, cling véi
viéc ap dung DPinh 1y kep, chiing ta c¢6 thé suy ra dudc gidi han clia diy by, dong thdi suy ra
dugc gia tri cua B.

Bai tap 8. PAu tién, ching ta sé can phai chiing minh rang F(n) = 2" — 27", Sau d6, ching ta
s& c6 hai céach tiép can khac nhau véi bai todn nhu sau:

1. Chitng minh dang thiic sau:

11 1
FQr)y 22 —1 227"
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2. Pau tién, ching ta chiing minh dudc F(n) = 2" —27". Khi d6,

00 1 00 1 [l e) 1 2" (2k+1) 00 1 m
el ari(y)  =x(3) =

n=0

O day, ching ta thira nhan ring mdi s6 nguyén duong m c6 mot cach biéu dién duy nhét
m = 2"(2k + 1) véi cc sd nguyén khong am n va k).

Dén day, chiing ta két luan ring day s6 nay hdi tu vé 1.

Bai tap 9. Chiing ta sé di chiing minh riang phat biéu trén la ding, ring v6i mdi tap S C
{1,2,...,2017}, ton tai mot sd n thoa man. Cu thé hon, 7 ¢6 thé 1a mot luy thita cia 2, n = 2¥1
v6i mot sd nguyén khdng Am w; ndo d6. Chiing ta sé st dung bd dé sau dé€ chiing minh:

Bo dé 7. Gid su rdang cdc ddy sé (by,b,,...) va (ci,ca,...) thod man cdc diéu kién sau:

br(bx + 1 cr(cr +1 .
brsy = k(kT) conr = FETD ks Lvaer = by + 27 Khi d6, voi méi

k =1,2,..,m, ching ta co cx = by + 2" *T1(mod2"*+2),
Mot hé qua theo ngay sau bé dé nay chinh 1a by = cx(mod2) véi 1 < k < m va by, =
Cm+1 + 1(mod2)
Bai tap 10. Ching ta chiing minh bing phan chiing, bat dau bang viéc gia st e; 18.
St dung cong thic sau:
k
Sp = 1_[(1 +pi+pi .. P =2n=2p7" ... pi*
i=1
chiing ta chitng minh dudc ring 6|n.

s e M R M oS 1 1s s e a1 a A
Khi do,n,i,g,gvallacac udc phan biét cua n, vi vay:

Wen+ot+ il iicmy1s2
smy>n+ -+ -+ — =2n n
27376

mau thuan véi diéu kién clia dé bai.

Nhan xét. Chiing ta c6 mot bd dé ndi tiéng nhu sau: Tat ca cac sd hoan hdo déu cé dang
n = 2P71(27 —1) sao cho p va2? —1 déu 1a cic s6 nguyén tb. vi vay, néu e, 18 thik = 2, p; =
2,pp=2P—1l,e; =p—1vae;,=1.Néun > 6thi p>2,khidé plévae, = p—1phdila
s6 chan.

Bai tap 11. Pidtd = 1000 va 0 < p < 1. Chon ngau nhién tip hop S sao cho mdi ngusi déu
dugc chon véi xdc suit p, va doc 1ap véi nhitng ngudi con lai.
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Khi d6, xdc suit d€ mot ngudi ndo d6 dugc chon vao tip S va biét chinh xdc hai thanh vién
trong tap S do la:
d _
q= (2)193(1 -p??

3 .
Chon p = 751 (bdi vi day la gid tri cia p sao cho ¢ dat gia tri 16n nhat, tu d6 ching ta sé
chitng minh dugc phat biéu ctia dé bai la ding.
Bai tap 12.
Pé y rang Homer 12 ngudi di cudi, va chi nudc di cubi méi 1a nudc di quyét dinh. Homer thang
khi va chi khi £(2012) = 0.
Dinh nghia céc da thic nhu sau:

g(y) =ao +azy +asy*> + ...+ axioy'®” + y'°%

h(y) = a1 +azy +asy* + ...+ a1y

Khi d6, f(x) = g(x?) + h(x?) x x.

Liic nay, Homer thang khi va chi khi g(y) va h(y) déu chia hét cho y + 1, hay g(—1) =
h(—-1) = 0.

Bai tap 13. Bing cach thay ddi tdng

va ching ta con co:
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[1] Trang web chinh thic cua Ki thi: https://www. imc-math.org.uk/

[2] Dién dan todn hoc Art of Problem Solving: https://www.artofproblemsolving.
com

[3] Lé Nhat Hoang, Tran Phan Quéc Bdo, Pinh Iy Hall va iing dung, https://www.
diendantoanhoc.net

[4] Truong Thi Nhung, Ling Thuy Nga, Pham Thi Lan Phuong, Mai Thi Ngoan, Chuyén dé
Pai 56 so cdp - Phuong phdp sit dung ham sinh, Trusng DH Su pham Ha Noi, 2010

[5] Ivan Martel, MAA102 - Analysis I, Bachelor 2018 - 2019, Ecole Polytechnique.

[6] Nguyén Tién Diing, Phuong phdp ham sinh, https://www.zung.zetamu.net /
2014/12/generating—function/

[7] Weisstein, Eric W., Prime Number Theorem, from MathWorld—A Wolfram Web Resource.
http://mathworld.wolfram.com/PrimeNumberTheorem.html
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MOT SO BAT PANG THUC DIEN TicH
TRONG TAM GIAC

Tran Quang Hung, Ha Noi

TOM TAT

Trong bai viét nay chiing t6i sé thiét 1ap nhiing bét dang thiic vé dién tich trong tam gidc.
Céc bai toan nay chd yéu thudc vé phan cac hé thiic lugng trong tam gidc. Tuy nhién
chiing tdi lai giai quyét cdc bai toan nay dua trén mot sb kién thic bat dang thic dai s6
don gian hoic cic kién thifc vé hinh hoc thuan tdy, phit hop véi chuong trinh hinh hoc
cip THCS & Viét Nam.

Bai toan 1. Cho tam gidc ABC va XY, Z la cdc diém bat ky trén doan BC, C A, AB. Chiing
minh ring
1 1 1 3
+ > .
Savz  Spzx  Scxy — Sxvz

B X C
Hinh 1.

Loi giai. Dét%:x,%:y,ﬁ—g:z,SABC:SthiO<x,y,z< 1. Tacod

SAYZ . SBZX . SCXY
S - Z(l y)7 S - $(1 2)7 S

=yl —a).

Do d6 SXYZ =5 - SAYZ — SBZX _\SCXY =5 — S(Z(l — y) + {lf(l — Z) + y(l — {E)) =
S(zyz — (x — 1)(y — 1)(x — 1)). Ta can ching minh
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1 1 1 3
Sayz + Spzx + Scxy = Sxvyz
S S S 35
Sy Ts Tine 2 mra o0 wi )

zy Yz 2Zx 3
iy T s T 2 et

xYyz

bit 1= = ¢ > 0, 1;—3’ =b> 0,12 = ¢ > 0 ta dua vé ching minh bét déng thiic dai s

T

1 N 1 n 1 S 3
(a+1)b  (b+1)ec (c+1)a ~ 1+ abe

That vay ta co

1 1 1
<1 + CLbC) (b(1+a) + c(1+b) + a(1+c)) +3

__ 14+abct+b+adb + 1+abc+c+be + 14+abcta+ca
- b+ab c+be atca

— 1+b 4_&4_ 1+a + a(c+1) + b(a+1) + c(b+1)

ab+b be+-c ca+a a+1 b+1 c+1
3 3
> Vate + 3V abec > 6.
Do d6 (ajl)b + (b+11)c + (CJrll)a > H‘Zbc. Ta c6 diéu phéi chiing minh. H
Nhan xét. Bit ding thiic dai s6
1 1 1 3

>
@+ )b e exa” 1+abe

stt dung trong bai toan trén ciing 1a mot bat dang thifc dai s6 kinh dién & trong thap nién trudc.
N6 di xuét hién trong cudc thi Balkan 2006 va tap chi Crux, xem [|]. Bt dang thiic hinh hoc
trong bai toan trén 1a mot thé hién hinh hoc dic sic clia bat dang thic dai sd nay.

Bai toan tiép theo dudi day 1a mot bai todn cuc tri hinh hoc dep mit, ting dung bat ding thiic
dién tich trén.

Bai toan 2. Cho tam gidc ABC, gia st ¢6 cc di€ém X, Y, Z thudc doan BC, C A, AB sao cho
cac tam gidc AY Z, BZX,CXY c6 dién tich bang nhau. Tim vi tri X, Y, Z sao cho dién tich
tam gidc XY Z bé nhit.

Lbi giéi. Dﬁt SAYZ = SBZX = SCXY = Sz thi SXYZ = SABC - 3Sz Mé.t khac theo bai trudc
thi

1 1 1 3
>

Savz  Spzx Scxy — Sxyz

Nén & > Sx3yz suy ra Sxyz > S, = 24BC2EXYZ 4o d6 Sxyz > 2S4pc. Diu bing xdy ra khi
x

X,Y, Z latrung diém BC,CA, AB. O
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Nhan xét. Mac du bai toan nay 16i giai don gian vi stt dung bai toan 1, nhung ro rang day la
mot bai todn cuc tri hay néi cach khdc 1a t6i uu trong hinh hoc rat thd vi. Tic gia bai viét rat
quan tam tdi 161 giai nao cho bai toan nay ma khong st dung bai toan 1.

Mot hé qué ciing rat quan trong khic ctia bai todn 1 1a bai todn da xuat hién trong ky thi IMO
nam 1966 & duéi day, cac ban hay lam né nhu mot bai luyén tap.

Bai toan 3 (IMO 1966, P6 [5]). Cho ABC' la mot tam giac. Léy P, Q, R 1a ba diém lan luot
nam trong cic canh BC, CA, AB ciia tam giac nay. Chiing minh ring it nhit mot trong cic
tam giac AQR, BRP, C PQ c6 dién tich bé hon hoic bang mot phan tu dién tich clia tam gidc
ABC.

Bai toan 4. Cho tam giac ABC c6 dién tich S va cdc s6 thuc duong z, y, z. Dat BC' = a, CA =
b,AB = c.

a) Chiing minh rang za® + yb® + 2c? > 4/zy + yz + 225.

b) Chiing minh ring , /Ea? + %62 +E? > 4T+ y+ 28

Hinh 2.
Loi gidi. a) Tam giac ABC phai c6 it nhét hai géc nhon. Gia st d6 1a B, C, vé dudng cao AH
thi H nam gitta B, C. Ta c6
ra? + yb* + 2c?

=za’ +y(HA? + HB?) + z(HA? + HC?)

2 2
=xa®+ (y + 2)HA? + If/'; + ff/cz

2 9 | (HB+HC)?
>zxa®+ (y+2)HA® + yomyiom

=a*(z + ?%) + (y + 2)H A?
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y+z
=4/yz + zx + zyS.
b) Ta sit dung phép thé bién = — /=,y — iz = /Tthizy +yz + 2z > 2 +y+ 2 do
d6 ap dung cdu a) thi \/Za® + %62—1— VEE > 4T +y+ 28 O

> 2\/wa2.(y + z)H A?

Nhan xét. Bai todn 4 phan a) 1a mot bit dang thiic hinh hoc két hop véi dai sb rat kinh dién cia
hé thic lugng trong tam gidc. Chiing ta da gidi quyét dudc né bang phap hinh hoc, 15i gii nay
rit c6 y nghia trong thuc hanh gidng day.

Bai toan 5. Cho tam gidc ABC ¢6 cdc diém X, Y, Z thudc doan BC,C A, AB sao cho Sxy, =
AllSABC- biat S, = Sayz, Sy, = Sgzx,S. = Scxy,BC = a,CA = b,AB = c. Tim vi tri
XY, Z dé bidu thic

Saa? 4+ Spb? + S.c?

VSaSbSe

dat gid tri bé nhat.

Loi giai. Theo bai toan 1 thi &~ + -+ S—C > styz = SABC Ap dung ciu b) bai todn 4 ta cé
a 2 C

- jsibgbisc Y st a’+ Sb bQ+ s S 55 > 4\/ +3 + SABC >4 SABC -

8v3SaBc.

Déu bang xay ra khi XY, Z 1a trung diém BC, CA, AB. O

Nhén xét. Bai toan trén 12 mot sang tao nhé khi ghép nbi cic két qué clia bai toan 1 va bai toan
4. R& rang khi cling 1a cc bit dang thiic vé dién tich thi cc bai toan 1 va bai toan 4 khi ghép
ndi lai v6i nhau sé tao ra mot ting dung thi vi.

Bai toan 6. Cho tam gidc ABC c6 dién tich S va cic sb thuc duong z, y, z. Dit BO' = a, CA =
b, AB = c. Ching minh ring
VI P W Tyt e

1652.
Y z 3

Lui giai. Ap dung bai todn 4 caub) tacé 3(L a'+EDIH ) > (Bl [EY 4 /T ?)? >
16(z +y + 2)5% Tir dé La' + 220! + “2ct > %1652. O

Bai toan 7. Cho tam giac ABC ¢6 dién tich S va BC = a,CA=b,AB = c.

a) Chiing minh ring a* 4 b* + ¢* > 1652
b) Ching minh ring b>c? + c2a® + a®b® > 1652

¢) Chiing minh ring abc > S3.

8
Y2t
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Loi giai. a) Ap dung bai todn 6 cho z = y = z suy ra a* + b* + ¢* > 1652

b) Ap dung bai todn 4 cdu b) cho z = a*,y = b',c = 2* ta c¢6 b’ + *a® + a®b® >

da* + b+ AS > 1652

¢) Ap dung bai toan 4 ciu a) khi = y = 2 thi a® 4+ b + ¢ > 44/3S. Tit d6 ap dung bai toan 6
cho x = a?,y = b?, 2 = 2 thi 3a®b*c? > %1652 > %. Tu d6 abe > %\/53. l
Bai toan 8. Cho tam gidic ABC va diém P nim trong tam gidc. PA, PB, PC lan ludt cat
BC,CA, AB tai D, E, F. Hay tim gid tri 16n nhét cta dién tich tam gidc DEF.

Loi giéi. bat Spge =S4, Spca = Sy, Spap = Se, Sapc = 5. Ta dé théy

AE . _S.  AF _ Sy Ty dg Sape — AE AF __ ScS,
AC = SotS.' AB T Sut+Sy” S = AC"AB ~ (54%5¢)(SatSs)"
SBrFD __ Sa.Se Scpe __ Sp.Sa
Tuong W =552 = 5556357 5 = (5ot 5 (555"
N d6 5 Sapr+Sprp+Scpe _ Se.Sp Sq.Se Sp-Sa > 3
Tir do ta ¢6 S = (5at5)(5a15) | (o52)(59750) T (5o¥5)(5.45a) = 4°

Ma Suapr + Sgrp + Scpe = S — Sper suy ra Sppr < 15, diu bang xdy ra khi P 1a trong
tam tam giac ABC. ]

Bai toan 9. Cho tam gidc ABC c6 dién tich S va cdc s6 thuc duong z, y, z. it BC' = a, CA =
b,AB = c.

a) Chiing minh ring

2 2 2 _ 2 _
a? + b+ > 438 + (x V2 Y A E xycz).
rT+y+z T Y z

b) Chiing minh ring a® + b* + ¢ > 4v/35 + (b — ¢)?> + (¢ — a)® + (a — b)?. (Bét dang thiic
Hadwiger-Finsler)
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Loi giai. a) T bai todn 4 ciu a), ta thé bién 2 — zyz(x + y + 2) — 2yz(2? — y2),y —
vyz(x +y+2) = 2z(y? — 22), 2 — vyz(z +y+ 2) — 22vy(2% — xy). Tathdy 2y +yz + 22 —
3(x?y?2?)(x + y + 2)%. T do ta ¢6

(ryz(x +y+2) —2yz(2? —y2))a® + (zyz(z +y+2) — 222(y? — 22))b* + (xyz(x +y + 2) —
20y(2% — wy))® > 4V/3Bayz(x +y + 2)S.

Riit gon bat dang thic tuong duong
2 P —yz , yr—zx 2

a4+ b+ > 4v38 + ( a” + b2+z _ch2).
r+y+=z T Y z

b)Choz = a,y = b,z = ¢, chiy a®+b*+c*—3abc = L(a+b+c)((b—c)*+(c—a)?+(a—b)?).
Ta thu dugc a® + b% + 2 > 44/3S + (b — ¢)? + (c — a)? + (a — b)2. O
Nhan xét. Bai toan 9 ciu a) la mot mé rong cho bai toan 9 cau b). Bai toan 9 cau b) c6 tén goi la
bét ding thic Hadwiger-Finsler, ddy 12 mot bat ding thic vo cling quan trong va ndi tiéng trong
hé théng cac bat dang thiic hinh hoc. Bit dang thiic nay da cé qua nhidu mé rong, tuy nhién mé
rong theo cach ciu a) 1a mot md rong thd vi vi d6 1a mot bit dang thic c6 t6i sdu bién, xem

(2, 3].

Cubi cung ta di t6i mot ing dung hinh hoc dep cho mot bit dang thic hinh hoc da xay dung.

Bai toan 10. Cho tam giac ABC, dung ra ngoai cac hinh vaéng BCM N,CAPQ, ABRS. Goi
SM cit PN tai X, PN cat RQ tai Y, RQ cat SM tai Z. Ching minh ring

Sxyz < (2— \/g)SABC.

P

A!

Hinh 4.
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Loi giai. Piat BC = a,CA = b, AB = c. Goi H, K 1a hinh chiéu cta A 1én BN, CM. Ta dé
thiy cac tam gidc BC'A’ va BAN dong dang, tam giac CA’B’ va C M A dong dang ty s6 7
do do

SBC’A’ + SCA’B’ = %(SBAN + SC’AM) - %(%AHBN + %AKCM) - %IBCQ

Ching minh tuong td Scarp + Sapcr = CTA2, Sapc + Sporar = ATBZ Do dé ta thu dudgc

AB? + BC? + C A?
2 .

Sapcr + Sporar + Scap =

Theo bai todn 4 ciu a) khi z = y = 2 thi AB? + BC? + CA? > 4v/3Sapc do d6 Supcr +
Sporar + Scarp > \/7§SABC-

Lai c6 Saprcr = Sape + Sapcr + Sporar + Scarp > (1 + ?)SABC hay Si‘,f,cc, < L=
4 —24/3.

Dé thy tam gidc XY Z va A’B'C" ¢6 cic canh tuong dng song song nén dong dang. Ta dit

YZ _ ZX _ XY __ s Sxvz 1.2 4
BC — OC'A — AB k thi Sapren =k*. Tacod

H
+
oIS

(1=k*)(Sarpcr) = Swpcor—Sxyz = (Sapx+Sxpy)+(Spoy+Sycrz)+(Scrarz+Szax)

Chu y rang Sycrz + Spoy = 2d(C',YZ).Y Z + 1d(Y, B'C").B'C' = 1d(A, B'C").kB'C' +
Ld(A,B'C").B'C" = (1 + k)Sapcr. Tuong tu

Sapx + Sxpy = (1 + k’)SC’A’BHSC’A’Z + Szax = (1 + k)SAB’C”- Tu do

(1= k*)Sapc =14+ Ek)(Sapc + Sperar + Scan) = (1 + k) (Sapc — Sapc)

Hay (1 — k)Sapc = Swpc — Sape suy 1a Sape = kSaper = (/222 Syper do d6
A'B'C’

2 2
Sasc = Sxyz-Sypcr-

Tu dé Sxyz = Sasc.

Sapc_ < (4 — 2/3)Sapc. Ta c6 diéu phai chitng minh. O

SA/ B/C/

Nhan xét. Bit ding thiic trén 1a mot ting dung hinh hoc dep mat ctia bat dang thifc
a?+0v: 42> 44/38.

BAt déng thic nay c6 tén goi qudc té 1a bat dang thitc Weitzenbock [3]. Trong cac ky thi Olympic,
bét dang thiic Weitzenbock da xuat hién rit sém, d6 1a bai todn 2 trong ky thi IMO nim 1961
(ky thi toan qubc té thd 3 trén thé gidi), xem [4]. Bt dang thiic Weitzenbock c6 thé dudc coi
la hé qua clia bai toan 4 cau a) va ciing c6 thé dudc coi 1a hé qua truc tiép ciia bt dang thiic
Hadwiger-Finsler trong bai todn 9. Pay 1a mot danh gia tuong quan gitta dién tich va tong binh
phuong cic canh tam gidc. Ta chi y rang dién tich tam gidc c6 thd nguyén 1a 2 nén viéc ddnh
gid no vdi tong binh phuong cach canh 1a dinh gia quan trong thay vi ddnh gid né véi cic dai
lugng khac. Cac bai todn 4, bai toan 9 méi 1a hai md rong trong s6 rit nhiéu cac bai toan xoay
quanh bit dang thiic hinh hoc kinh dién nay. Xung quanh né 1a v6 van cac kham pha thud vi khac
dang cho cac ban.
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Loi cam on. Tic gia bai viét chan thanh cdm on ban Lé Bich Ngoc, ngudi hoc tro nit xuét
sac clia tac gia & khoa chuyén toan K46 THPT chuyén KHTN. Thai gian qua di, diing trén buc
giang, t6i dudc chiing kién nhiéu bién chuyén trong hinh hoc so cap. Néu toi thiy dudc rang co
nhitng ban hoc sinh diing todn v6i nhitng muc dich khac nhau thi riéng Bich Ngoe da goi nhac
cho t6i rang, toi van con nhiéu hoc tro thuc su ¢6 niém say mé toan va hinh hoc. Néu toan khong
thé cling chung ta di mai, nhung trong mot thdi diém, c6 nhiing lic chiing ta da chdy hét minh
V@i toan, thi d6 la nhitng gidy phut vo cung dang tran trong.

[1] Balkan MO 2006, Problem 1; Crux 1998,
https://artofproblemsolving.com/community/c6h161059p1205.

[2] Hojoo Lee, Tom Lovering, and Cosmin Pohoata, Infinity, The first edition (Oct. 2008) on
internet.

[3] Claudi Alsina and Roger B. Nelsen, Geometric Proofs of the Weitzenbock and Hadwiger-
Finsler Inequalities, Mathematics Magazine, Vol. 81, No. 3 (Jun., 2008), pp. 216-219.

[4] IMO 1961, Problem 2,
https://artofproblemsolving.com/community/c6h14388p101840.

[5] IMO 1966, Problem 6,
https://artofproblemsolving.com/community/c6h5179p16477.
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MOT SO VAN PE VE CAC PUONG TRON
MIXTILLINEAR VA THEBAULT

Lé Xuan Hoang

TOM TAT

Sau day 12 mot s6 van dé phat trién trén cAu hinh cdc dudng tron Mixtillinear va Thébault.
DAy 12 mot ciu hinh thd vi va ¢6 nhiéu ting dung trong gidi todn.

Bai todn 1 (L& Xuan Hoang). Cho AABC ndi tiép (O), ngoai tiép ().

X 1a mot diém bit ky trén dudng thang BC. Pudng thang qua I vudng géc 1 X cat tiép tuyén
song song BC' cta (/) tai Y.

AY cit (O) tai Z khac A. Chiing minh ring X Z di qua tiép diém ctia dudng tron A—Mixtilinear
noi tiép cia AABC véi (O)

Chiing minh. Goi R 1a giao di€ém cta AY, BC.

D, E, F 1an lugt 1a tiép diém cda (I) v6i BC, CA, AB. D' dbi xing D qua I.
T la tiép diém cta A—Mixtilinear ndi tiép cia AABC véi (O).

Tiép tuyén tai D’ ctia (1) giao C'A, AB lan lugt tai K, L.
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Theo tinh chit ctia dudng tron mixtilinear, TA, T'D dang gidc trong géc ZBTC. St dung

cac cdp tam giac dong dang (AILD' ~ ABID, AIKD' ~ ACID, AIYD' ~ AXID)
TB AB BD . . X
va hé thic TC ~ oD AC ta c6 thé chung minh X, 7', Z thang hang bang cach chi ra

XB TB 7B
xXc TC ZC
véi viéc thuc hién bién doi tuong duong:

ZB RB AC
ZC RC AB
YL AC LD -YD AC
YK AB YD + KD AB

r? B r? XB

_BD xpD AC _Xxp.Bp AC
r? r?  AB XC AB
XD " CD XD-CD

_XB CD AC XB TC
 XC BD AB XC TB

Nhu vy ta c6 dugc diéu phai chitng minh. O

Nhén xét. Bai toan 1 & trén 1a mot bai toan dic trung cho phuong phap bién ddi ti s6 trong giai
toan hinh hoc phang. Bai toan tuy phat biéu kha don gian nhung c6 mot s6 hé qua th vi.

Ta sé ciing dén v6i mot két qua kha hay trén md hinh ctia dudng tron Thébault - dang tng quat
cua dudng tron Mixtillinear.

Bai toan 2 (Tran Quan). Cho AABC c6 tam ngoai tiép O. (K) 1a mot dudng tron di qua B, C.
(J) 1a dudng tron tiép xic AB, AC va tiép xuc trong v6i (K). D la diém chinh gitia cung BC.
clia K sao cho A, D khdc phia so v6i BC'. Ly diém E trén AO sao cho DE vudng goc v6i AJ.
Ching minh ring (AE) tiép xtc (J).
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Chiing minh. Goi tiép diém cta (J) va (K) 1a R. I 1a tam noi tiép AABC. (J) tiép xic véi
CA, AB lan lugt tai G, F.

GF cat AJ tai N, DE cat AJ tai H, DE cat AB tai L.

M 1a diém chinh gitta cung BC khong chia A cda (O). U dbi xting véi D qua K.

Ta co:

/ZBLD =90° — ZBAH
=90° — %ZBAC’
=/BMO = 180° — £ZBM D

Diéu nay din dén cic diém B, L, D, M dong vién va ZBLM = /BDM. Ma theo dinh ly
Protasov va ching minh, tacé R, I, U thé“lng hangva B, R, I, F’ d6ng vién. Do d6 Z/BLM =
ZBDM = /BRI = ZAFI nén LM song song v6i F'I. Theo dinh ly Thales:

AN AF Al o Al AM
AH AL  AM =~ AN AH
Nhu vay phép vi tu tim A bién (O) thanh AE sé bién M thanh H, bién I thanh N — tic 1a

dudng tron (J) 1 anh clia dudng tron A—Mixtillinear ndi tiép qua phép vi tu nay, do vy (AE)
tiép xuc (J). O
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Tir bai toan 2 ta sé chiing minh mdt dinh ly ndi tiéng ctia hinh hoc phang.

Bai toan 3 (Feuerbach). Trong mot tam gidc, dudng tron chin diém tiép xiic trong véi dudng
tron ndi tiép.

Chuing minh. Chiing minh duéi day phu thudc vao hinh vé.

Goi H 1a tryc tam AABC. (J) tiép xtic C A, AB va tiép xtic (BHC). M, N lan lugt 1a diém
chinh gitta cac cung BC' khong chia A va cung BC' khong chia A caa (O).

E, F 1an lugt 1a dbi xing cta M, N qua BC.

I 1a tam ndi tiép ctia AABC. NI citlai (O) tai T khac N. Puong thiang qua F’ vuong géc Al
cit AI, AO lan lugt tai K, G. L 12 hinh chiéu ctia G 1én AT, dudng tron noi tiép (1) tiép xic
BC tai D va goi D' dbi xing D qua NI. Khi d6 ta sé chi ra nhiing diéu sau:

TL
[ ] ﬂ - COS(AA)

TD A
e D' thudc AT va — = (cos(£L=)?) = D'L = D'A.

TA 2
e Theo bai todn 2, ta ¢6 (ALG) tiép xtic (J) suy ra (J) 1a &nh cta (1) qua phép vi ty tim A
ti s6 2.
Tir d6 ta thu dudc diéu phai chiing minh. ]

Sau day sé 1a mot sd két qua hay trén cAu hinh vé cic dudng tron Thébault va mixtillinear ma
tac gia sang tac va suu tam. Hy vong cdc ban sé tim ra thém nhiing két qua dep hon nita trén ciu
hinh m&i mé va thu vi nay.
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Bai toan 4. Cho AABC cb dinh ndi tiép (O), ngoai tiép (I). P batki trén (O). Hai tiép tuyén
tir P t6i (I) cit tiép tuyén song song BC cda (1) 1an lugt tai X, Y.Chiing minh ring (PXY)
tiép xdc v6i mot dudng tron ¢d dinh khi P di chuyén trén (O).

(Ban hay tim mé rong cho bai toan nay!)

Bai toan 5. (Yetti): Cho AABC C6 dinh noi tiép (O),ngoai tiép (1) va P bat ki trén mit phang
sao cho P khong nam trong (I). AP cét (O) tai K khéac A. Tiép tuyén tai P ctia (I) cit BC lan
luot tai X, Y.Chiing minh ring (K XY) di qua mot diém cb dinh khi P di chuyén.

Bai toan 6 (Lé Xuan Hoang). Cho AABC. E bat ki trén C'A. Goi (J) la dudng tron tiép xuc
véi hai canh C'A, AB va tiép xic trong véi (BEC') tai T. Mot dudng tron (K) bat ki di qua B,
C va (L) 1a duong tron tiép xiic v6i hai canh C'A, AB va tiép xuc trong vé6i (K) tai R. Tiép
tuyén tai R cta (K) cat BC tai S. ST cat (BEC) tai X khac T. Chiing minh ring BT, AR,
X E ddng quy.

Bai toan 7 (Tong quat hod bs d&é Sawayama). Cho AABC, (K) bt ky di qua B, C vad A nam
ngoai (K). (K) cit AB & F khac B. (O,) tiép xtic ngoai (K) va tiép xic cic canh CA, AB 1an
lugt & X, Y. d 1a mot dudng thang bit ky qua B. (O) tiép xtic C A va d (nhu hinh vé&) va tiép
xtc trong (K) & T. Phan gidc ngoai ctia /BT F cit XY & J.

Chiing minh riang J ndm trén phan gidc clia géc gitta AB va d.

(Khi (d) trung BC ta s& c6 mot trong céc trudng hop clia bd dé Sawayama).
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MOT MG RONG CUA PUONG THANG SIMSON
Nguyén Minh Ha va Lé Viét An

GIOI THIEU

Trong bai viét nay, chiing t6i sé gidi thiéu dén ban doc mot mé rong méi vé duong thing
Simson va mot tinh chét lién quan dén dudng thang Simson md rong nay

Trong hinh hoc, dinh Iy vé duong thang Simson dugc phét biéu nhu sau.
Dinh Iy 1. Cho tam gidc ABC va mot diém P ndm trén duong tron ngoai tiép ciia tam gidc.

. 3 . N X 2 [N A . 2 .. 2 <
Khi do, cdc hinh chieu cua diém P trén cdc canh cua tam gidc thang hang.

Puong thang di qua cic hinh chiéu d6 dudc goi 12 Pudng thzzlng Simson cta diém P d6i v6i
tam giac ABC. Pudng thang nay dudc dit theo tén ctia nha toan hoc Robert Simson, [1]. Tuy
nhién, khdi niém nay dugc xuét ban l1an dau bsi William Wallace, [2].

Piéu ngudc lai ctia dinh ly 1 ciing diing, cu thé 1a:

Dinh Iy 2. Néu hinh chiéu ciia mét diém P trén cdc canh ciia mot tam gidc thing hang thi diém
P nam trén dwong tron ngoai tiép ciia tam gidc do.

Pa c6 rit nhiéu md rong cho dinh ly 1. Tuy nhién, & ddy chiing t6i sé dua ra mot md rong mdi
cho dinh ly 1 nhu sau

Dinh Iy 3. Cho tam gidc ABC ¢6 truc tam H. Xét diém P thuéc mdt phdng tam gidc. Mot
dwong tron (1) di qua H va P cdt AH, BH,CH theo thit ty tai A', B’,C’. Diém Q bdt ki
thuéc (I). Cdc duong thing di qua P song song vdi QA’, QB’, QC’ va cit BC,CA, AB theo
thi ty tai Ay, Bo, Co. Khi do:

a/ Cdc diém Ag, By, Cy thdng hang khi va chi khi P thudc duong tron ngoai tiép tam gidc
ABC.

b/ Trong truong hop Ao, By, Cy thdng hang thi giao diém ciia hai dwong thing AgBoCo va
P Q (néu cd) thi thupc trung truc cia PH.

R rang khi Q tring v6i H thi ta dugc dudng thang Simson-Wallace.
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a/ (Xem hinh vé 1). Ta c6

(PAg, PBy) = (QA',OB’) = (HA', HB') = (CB,CA) = (CAy, CBy)(mod)
Suyra P,C, Ay, By df)ng vién.

- ,\\ BO
5 - N
’ ~
b \
Vs \
- ‘\\A/ \
0
- C
/ /) \
/ 1] 1 \
C i \
0 i
\ 1 \
\ | ! 1
\ 1R/ |
\ [}
\\5_— \ ]
P I
\ ; /I
\
\ A /
\ /
\ /
\ /
\ /
\ /
N\ 4
\\ ,/
r'd
\\\\ ”/
Hinh 1

Tuong tu cic diém P, B, Cy, Ao dong vién va céc diém P, A, By, Cy ciing dong vién.
Vay

(A0Co, AgBo) = (A0Co, AgP) — (A9 By, Ag P)

(mod )
= (BCy, BP) — (CBy,CP) (mod )
= (BA,BP)— (CA,CP) (mod)
=0 (mod).
. Do d6 Ay, By, Cy thang hang.
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b/ Theo céu a, rd rang thi ta c6 dudng thang. Ta xét hai trudng hdp sau day:
— Truong hop 1 : P 1a giao diém ctia ©(ABC) véi hodc AH, hoic BH hoic CH.
Trudng hop nay thi két qua hién nhién.

— Truong hop 2: P khong la giao diém cia ©(ABC) va cic dudng cao clia tam giac
ABC . Khi d6, trung truc ctia HP sé cat cac dudng thangBC, CA, AB (hinh vé 2).

Q
By
Cl —_B~/\\\ / Cl
B,l A 1‘/‘ "Al / \ \ C
% 174l
\
G0’ ,
N\ I/
P By
A/

Hinh 2

Goi AH,BH,CH ciat BC,CA, AB thi tu tai H,, Hy, H. va D,, Dy, D, 1a dbi
xing cia H tha tv qua BC,CA, AB thi D, Dy, D, € ©(ABC). Butng trung truc
cia HP thi tycat PQ, PH, BC,CA, AB tai M, N, A:, By, C;.

155



Tap chi Epsilon, S6 16, 12/2019

Ta co
(PA],PCl)E(Hcl,HAl) (mOdT[)

=(HC{,HN)+ (HN,HA,) (modm)
= (H.C,,H.N)+ (H,N,H,A,) (modm)

= (AB,D.P)+ (D,P,BC) (mod)
= (AB,BC) + (D,P,D.P) (modm)
= (BA,BC)+ (D,B,D.B) (mod )
= (BA,BD.) + (BD,, BC) (mod)
= (BH,BA) + (BC,BH) (modm)
= (BC, BA) (mod)
= (BC;, BA;) (mod).

Suy ra bén diém P, B, C;, A, dong vién.
Tuong tu, cic diém P, C, Ay, B, df)ng viénva P, A, B;, C; déng vién.
Lai c6

(CoCy, MCy) = (H.C,NCy) (modm)

=(H.H,NH) (modm)

= (C'H,PH) (modn)

=(C'Q,PQ) (modm)

= (CoP,MP) (modm).
Suy ra cac diém P, M, Cy, C; dong vién.

Tuong tu, ta ciing c6 cac diém P, M, By, B, dong vién va P, M, Ay, A, dong vién.
Tt cac bd bdn diém dong vién vita chiing minh trén, ta c6

(MA(),MCO)E(MP,MCO)—(MP,MA) (modn)
= (C1P, C]CO) — (A1P,A1A0) (modrr)
E(C1P,CIB)—(A1P,AIB) (modn).

Suy ra ba diém M, Cy, A, thang hang.
Do d6 M € AyByCy . Ta c6 diéu phai chiing minh.

Dinh Iy 4. Cho tam gidc ABC, (O) la duong tron ngoai tiép, H la truc tam. (1) la duong tron
bdt ki di qua H va cdt (O) tai Py, P, va theo thit tw cat HA, HB, HC tai Ao, By, Cy. Diém 0
thugc (I). Cdc bé hai diém {A. Ay}, {B1; By}, {Cy; Cy} theo thit tw thuéc BC,CA, AB sao cho
PiAy || P2Ay || QAo; PiBy || P2By || OBo; PiCy || P2Ca || QCo. Chiing minh rang

1) Cdc b6 ba diém {A,, By, C1} va {A,, By, Cy} thcfng hang, ki hiéu Ay, A\, theo thi tu la
cdc duong thing chita cdc bo ba diém nay.

2) 2(Ay, A,) = (OP,, OPy)(mod2r).
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Loi giai. (Xem hinh vé 3).

1) Céc bd ba diém {A,, By, C,} va {A,, B,, C,} th'fing hang theo dinh ly 3.

Hinh 3

2) Taco
(A1, Az) = (A1C1, A2Bs) (mod)

= (A1C1,A1B) + (A,C, A2By)  (modm)
= (P,Cy, P\B) + (P,C, P,B;) (modm)
E(HC,PlB)—I-(PzC,PlB) (modn)

= (AB, AC) + (P,C, P{B) (mod)
= (AB, P1B) + (P,C, AC) (mod )
= (AB, P1B) + (P,B, AB) (mod)
= (P,B, P, B) (modm)
- %(61?1,51?2) (mod ).
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Tai liéu

[1] Gibson History 7 - Robert Simson.

http://www—groups.dcs.st—-and.ac.uk/~history/Extras/Gibson_
history_7.html

[2] Simson line.

http://www.cut-the-knot.org/Curriculum/Geometry/Simpson.
shtml

[3] Puong thing Simson, https://vi.wikipedia.org/wiki/.
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MA VA CAc KY THI OLYMPIC TOAN (II)

S.B.Gashkov

Tiép theo ky tru6c, xem phin mé dau va cidc muc 1, 2, 3 & Epsilon s 15

Cdn lam moi thit tré nén don gidn nhdt cé thé, nhung khéng don gidn hon

Albert Einstein

Claude Shannon?V dua ra y tuéng ma stia sai. Ta xét vi du vé ma stia dudc mot 13i (trudng hop
riéng don gian nhit ciia ma Hamming). Gid st ta phai truyén tif nhi phan (x;, x5, X3, X4) tabd
sung cdc ky tu kiém tra xs = x; + X3 + X4, X¢ = X1 + X2 + X4, X7 = X1 + X2 + X3 (dau +
G day la phép cong theo modulo 2, cac ky tu xq, X, X3, x4 dudc goi la ky tu thong tin). Quy
trinh tinh theo cac ky tu thong tin ra cac ky tu ki€ém tra va thiét 14ap tit ma (ban tin dudc ma héa)
dudc goi 12 ma héa (va chinh 4nh xa tlf ban tin ban dau thanh tif ma ciing dudc goi 12 ma héa).

Trén ngdn ngit ma trin trong vi du dang xét viéc ma héa quy vé viéc nhan ma trin M véi ma
trn chuyén vi (xy, x5, X3, x4)T, tdc 1a vector cot

(1 00 O\ (xl\

0100 X

001 of (™ X3

000 1|[™=]x

1o1 1" Xs

110 1]\ X6

\1 1 1 0/ \x7)
Ta truyén ban tin ma héa ¢ = (x, X»,..., x7) va thu dudc ban tin nhiéu r = ¢ + e véi
e = (e1, e, ..., e7) lavector 18i. Trong trudng hdp ciia chiing ta né cé trong bang 1, vi theo gia

thiét, 18i chi x4y ra (néu thuc su ¢6 18i) & mot vi tri. Gid sit, c6 thélae = e3 = (0,0, 1,0, 0,0, 0).

Khi do

r=c+e=(ccz,c3+1,c4,c5,¢6,¢7) = (C1,C2,C3,C4,C5,C6,C7),

trong d6 0 = 1, 1 = 0. Trong trudng hop dang xét, s6 3 dudc goi 1a vi tri 15i. DE xdc dinh vi tri

13, 6 thé tinh céc tdng ki€m tra

S1
Sz
S3

r+r3+r4+rs,
ri+ry+rq+re,
ry+ry+r3+rg.
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AN
\/

Mot céch truc quan, tit ca cac téng nay dudc minh hoa trén hinh 1.

MJdi mdt tong dudc chita trong vong tron clia minh. Trén ngdn ngli ma tran, qua trinh nay tuong
duong véi viéc nhan ma tran cho vector

(1)

r
1 01 1100 73 St
1 101010 ra =195
1 110001/ ]|rs S

I'e

\r7/

Ma tran H dudc chi ra & trén dudc goi 1a ma tran kiém tra ctia ma. Trong cach viét gon, phép
nhan ma tran H cho vector r7 dugc viét1a S = HrT, trong d6 S 1a vector cot (S, S», S3)7.

Chii y rang ma trin H dudc chon sao cho HcT = 0 (trong d6 0 1a vector 0 dang cot) véi moi
vector ma c. Piéu nay c6 thé kiém tra truc tiép (va ciing khong can phai sit dung ngdn ngit
ma tran, chi can trong céc téng S; & trén thay xs, xe, X7 bdi cic gid tri clia chiing tinh qua
(x1, X2, X3, X4)). Trén ngdn ngif ma tran diéu nay ciing kiém chiing dé dang. Chi y ring ma

. E
trAn M dugc viét dudi dang Nk trong d6 E 1a ma tran don vi?? kich thuéc 4 x 4 va 4 1a ma

tran kich thuéc 3 x 4. Ma tran H ctng dudc tao thanh tu ma trdn con A va ma tran don vi kich
thuée 3 x 3, vi vay

HeT = A-(x1, %2, x3,x4)T + E - (x5, %6, x7)T = A (x1, %2, %3, x4)7 + (x5, %6, x7)7 =07,
Vi tif dang thic
M - (x1, X2, X3, X4)T = (X1, X2, X3, X4, X5, X, X7)

ta co
A-(x1,X2,%3,x4)7 = (x5, x6, x7) .

St dung cdc tinh chit dé kiém tra ctia phép nhan va cong ma tran, ta dudc
S=HrT = H(cT +e¢7)=He! = H,;
trong d6 e 1a vector v6i mot s& 1 duy nhét & vi tri thi 7, H; 1a cot thi i ctia ma tran H (dang

thiic nay c6 thé kiém tra tryc tiép, thay r; trong cdc tng Si bdi ¢; + e¢; = x; + ¢;). By gio
chi y 12 tit c4 cdc cot cia ma tran H déu khac nhau va khac 0%%. Do d6 theo cot H; ta c6 thé
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x4c dinh mot cach chinh xdc sb thi tu ctia né, va c6 nghia 12 vi tri 15i. Néu nhu khong c6 16i, thi
hién nhién1a § = HrT = HcT = 0, va dang thic nay c6 thé kiém tra bang cach so sanh S
v6i vector 0 dang cdt (néu nhu S khdc 0 thi tit nhién 12 da xay ra 161). D€ xac dinh vi tri 15i theo
vector S da tinh dudc (dudc goi la hoi chiing) ta c6 thé 1ap bang c6 chia vi tri 161, vi du dudi
cach viét nhi phan. Bang nay bao gom 8 dong, d4nh sb bdi cac bd sé nhi phan do dai 3. Néu
nhu khong c6 16i thi sb thi tu ctia n6 c6 thé cho 1a bang 0. Néu nhu ma tran kiém tra c6 dang

I 1
11
1 0

—_— O
—_— O

0
0].
1

S O =
S = O

thi bang nay khong can thiét, bdi vi hoi chitng S trong trudng hop ndy triing vdéi thi tu nhi phan
ctia vi tri 18i. Di nhién, ma tran M ciing phai dugc thay ddi.

Ma vita dugc xay dung Ia trudng hop riéng ctia ma Hamming, s& dudc néi dén & cic phan tiép
theo. Trong trudng hop chidu dai tif ma bang 31, y tudng xdy dung ma rit gan véi bai todn 5,
dugc dé xuit bdi nha toan hoc Phap Lucas ngay tii thé ky XIX (diéu nay sé trd nén ro rang sau
khi doc phan 5). Va 3 bai toan dudi diy ciing rat gan véi bai todn do.

Bai toan 23. (T co sd dit liéu cdc bai todn cua Olympic todn Matxcova). Trong mét tdp hop n
phdn tit ta chon 5n tdp con phdn biét gom 2 phdn tit. Chitng minh rang bdng cdch hop chiing
lai déi mot, ta co théthu dugc khong it hon 45n tdp con 3 phdn tit.

Bai toan 24. Hdy tim ra dong tién gid tix 63 dong tién, sit dung chi 6 ldn cdn, biét rdng dong
tién gid nhe hon dong tién thdt. M6i mot ldn cdn co thé can nhiéu dong tién mét liic. Ké hoach
cdn phdi duwoc thiét ldp tir trudc.

Bai toan 25 (MMO 1990, 8.5). Bdng dién bao gom 64 béng den, duoc diéu khién bdi 64 chiéc
cong tdc, moi bong den bdi cong tdc cia minh. Moi mét lan thuc hién co thé’ dong thoi nhdn
mot bo cong tdc bdt ky va ghi lai nhitng bong nao sdng. Hoi can bao nhiéu lan thuc hién dé’co
thé biét vé tdt cd cdc bong dén ciia bdng: Bong dén nao duwoc diéu khién bdi cong tdc nao?

Luu y mot s6 tinh chét ctia ma duge xay dung & trén. N6 ¢6 2* = 16 tit md, tdng hai tf ma
bét ky theo modulo 2 lai 13 tif ma (ttic 12 ma nay tuyén tinh), khoang cach ma bang 3. Khoang
cach nay khong thé nhé hon 3, vi néu khong thi n6 khong thé sira 161, nhung ta c6 thé tinh tudng
minh khodng cach nay véi chi y rang d(a,b) = d(a + b,0). Vi ma chifa tif ma c6 trong 0 (it
0) va khoang cach ma bing 3 nén trong ma khdng c6 tit c6 trong 1 hay 2. Vi mdi tif ma ta xét
hinh cau ban kinh 1 véi tAm tai tif ndy. Hinh cau nay chia, ngoai tAm ra con 7 bd nhi phan (dinh
ctia lap phuong nhi phan 7 chiéu), thu dudc bang cach thay trong bd trung tim ding mot trong
7 ky tu thanh ky tu dbi.

Céc hinh cau nay vé6i tim tai cdc tif ma khong giao nhau?* (khdng c6 dinh chung) va do dé
trong tong thé chita 2* - 8 = 27 dinh khic nhau ctia hinh 1ap phuong, tiic 12 tit ca cc dinh cia
n6 (hinh cau 7 chiéu c6 27 dinh). Nhiing phép phu ding hinh 1ap phuong nhiéu chiéu bdi cic
hinh cau nhu thé dudc goi 12 hoan hdo, va ma tuong tng dudc goi 12 ma hoan hao.

Trong [4], xuat phat tli tinh chat hoan hao ctia ma da xét da giai thich cach x4c dinh sd dinh ma
trén 16p thif ba ctia hinh 1ap phuong 7 chiéu, xem hinh 2.
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Hinh 2: Hinh ldp phuong 7 chiéu

O d6 da tim dudc phd trong lucng clia nd, chinh 1a sb luong tit ctia mdi trong lugng da cho. N6
co dang

ag = 1,611 = O,az = 0,a3 = 7,6!4 = 7,615 = 0,(16 = 0,(17 =1.
O d6 cang da giai thich rang cdc tit ma trong ludng 3 xdc dinh mot ciu hinh t6 hop thd vi -
hé thdng bo ba Steiner?®, va chiing té riang hé théng bd ba nay dang ciu v6i cau hinh 7 dudng
thang di qua 3 di€ém trong mit phang xa anh trén 7 diém — goi 12 mit phang Fano?” (hinh 3).
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Hinh 3: Mdt phdng Fano

Cac ma ma dinh ctia chiing nam trén mot 16p ctia hinh 1ap phuong, dudc goi 1a ma dong trong.
Nhu viy, ma cuc dai trong lugng 3 véi do dai khéi bang 7 ciing c6 luc lugng 1a 7. Cac tif ma
trong luong 4 ciing tao thanh mdt cAu hinh t6 hop thi vi. M6i mot mot tir khéa cho ta mot tap
con 4 phan tif cta tap hop {1, 2, 3, 4, 5, 6, 7} 1a cac s6 thii tu vi tri cia 1 trong tif nay. Hé thong
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7 bd 4 nay tao thanh mot vi du ctia so d6 khoi, ma trong d6 mbi mot ciip phan ti thudc ding hai
b0 4%%).

Céc cau hinh néi trén (so dd khdi) ctia cic 16p thi ba va thif tu con c6 mdt tinh chét thi vi nita.
Chung d6i ngau v6i nhau, cu thé 1a: Bo 4 ctia so d6 khdi thit hai 1a phan bu ctia cac bd ba cia
sd do khdi thit nhat trong tap hop {1, 2, 3, 4, 5, 6, 7}.

Ghi chu:
21) Claude Elwood Shannon (1916 — 2001) nha toan hoc va ky su ngudi My, cha dé cua ly
thuyét thong tin.

22) Ma tran vudng dudgc goi 1a don vi, néu trén dudng chéo chinh 1a cic sd 1, con & nhiing vi
tri khac 12 0. Pudng chéo chinh 1a dudng chéo di tir goc trén bén trdi xubng géc dudi bén
phai. Khi nhan ma tran don vi v6i mot vector thi két qua thu dudc 1a chinh vector do.

23) Diéu nay xay ra 12 vi c6 8 cdt nhi phan khic nhau c6 chiéu cao 3.

24) Néu nhu cdc mit cau véi tam a, b c¢6 diém chung ¢ thi d(a,b) < d(a,c) +d(c,b) < 2,
1a diéu khong thé xay ra.

25) L6p k cia hinh 1ap phuong bao gdm cic dinh c6 trong lugng k va hién nhiéu bao gdm

7(Th
i inh.

26) Jakov Steiner (1796 — 1863) nha hinh hoc ndi tiéng ngudi Thuy Si.
27) Gino Fano (1871 — 1951) nha toan hoc ndi tiéng ngudi Y.

28) Vé cac sd do khdi xem trong [4, 14, 16].

Hai ngay nghi lién toi dén phong mdy va nhdn ra rdng tdt cd cdc dit liéu da duoc tdi 1én nhung
khong co diéu gi duoc thue hién. Toi gidn tim ngudi vi toi cdn cdu trd 15i, va hai ngay nghi da
tréi qua mét cdch vé ich. Khi do téi néi vai bdn thén: “Quy thdt, néu nhu mdy tinh c6 thé'co thé’
phdt hién ra 16i thi diéu gi ngdn cdn né xdc dinh 16i xdy ra & ché nao va sia né?”

Richard Hamming theo John MacCormick

“Chin thudt todn thay doi thé gici”

Chiing ta bat diu tif ma nhi phan Hamming. Ma nay c6 thé xiy dung nhu sau. Xétn = 2" — 1,

k = n —m, va gid st x1, X»,..., X 12 vector thong tin ma chiing ta cAn ma héa. Ta sé bd
sung vao vector ndy cac ky tu kiém tra xg4q,..., X, ma dé tinh ching, ta nhan vector cot
X = (x1, x2...,x;)T v6i ma tran bac (m, k) M, (v6i m hang va k cot) ma cc cdt clia n6 1a

tAt ca cdc bo do dai n gdm cacs6 0 va 1, c6 chiaitnhat2sd 1 (cotatca2™ —1—-m =n—m =k
bd nhu vay). Ta bd sung vao ma tran nay thém m cot, mbi cdt chita ding mot s6 1 (c6 thé coi 1a
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chiing tao thanh ma trin vudng véi cdc phan tit trén dudng chéo chinh bang 1), va thu dudc ma
tran bac (m, n) H,, c6 cac cot 12 tht ca cac bo dd dai n, khac 0 gdm céc s6 0 va 1. Ciing nhu &
phan 4, ta c6 thé ki€m tra dudc ring véi moi tf ma x = (x1, X, ..., X,)! dang thic ma trin
sau day dudc thda man H,xT = 0.

Ma trin H (tiép theo ta s& bd chi sd n di) dugc goi 1a ma tran kiém tra cia ma nay. Ma trin nay
cho phép chiing ta khong chi ki€m tra dudc tir ¢ da cho c6 phéi la tir ma khong, ma né con cho
phép tim dudc 16i, néu chi c6 mot 1i xay ra.

That vay, ciing nhu 6 4, tacé S = HrT = H(cT +eT) = HeT = H;, trong d6 e 1a vector
161, c6 mot s6 1 & vi tri thi 7, con H; 1a cdt cia ma train H vé6i s thi tu i. Vi tit ca cac cot cia
H 12 khéc nhau va khac 0 nén theo vector hoi chiing S ta c6 thé tim dudc mot cich chinh xéc
vi tri 10i.

Ciing nhu & 4, ta xét mot s6 tinh chat ctia ma da dudc xdy dung. Ma nay c6 2% phan ti, né tuyén
tinh, sb chiéu ctia né nhu mot khong gian vector trén truong hai phan tif biang k (bdi vi néu co
s& ctia khong gian gém k vector, thi khong gian sé bao gom tét ca cic tong clia chiing, tiic 1a 2%
tong (tinh ca tdng rong tuong ting véi 0 theo dinh nghia)), khoiang cich ma bang 3 (khoang cich
nay khong thé nhd hon 3, vi néu thé thi né khong thé stia 16i). Vi ma chifa tif ma c6 trong 0 (tit
0) va khoang cich ma bang 3 nén trong ma khong c6 ti ¢6 trong 1 hay 2. V6i mdi tif ma ta xét
hinh cau ban kinh 1 vé6i tAm tai tif nay. Hinh cau nay chifa, ngoai tAm ra con n bd nhi phan (dinh
ctia 1ap phuong nhi phan 7 chiéu). C4c hinh cAu nay véi tAm tai cac tif ma khong giao nhau va
do do6 trong tong thé chiia 2% - (n 4 1) = 2K+™ = 2" dinh khac nhau ctia hinh 1ap phuong, tic
12 tAt ca c4c dinh ctia né. Vi vdy ma Hamming 13 hoan hio (va cé thé xép kin). Ciing hién nhién
12 moi ma cuc dai v6i khodng cach 3 sé c6 cac tham sb gidng véi ma Hamming.

That vay, néu nhu cin ctia danh gid m(n,3) < % dat dudc thi n + 1 = 2™ (néu khong thi
phan s6 da cho khong phai 12 s6 nguyén), tir d6 m(n, 3) = 2"~™. Nhu vay bai toan 3 dudc gidi
quyét hoan toan, va bay gid thi ta dé dang gidi dudc bai toan dudi day

Bai toan 26. Héi co thé tim dugc mot sé tie 1 dén 2048 vdi 15 cdu héi dang (co/khong) hay
khong, néu ta cé quyén trd loi sai ¢ mot cdu héi nao do? Cdc cdu hdi phdi duoc chon trudc.

Va mot bai todn nita theo chi dé nay:

Bai toan 27 (19, trang 120). Ba nha théng thdi cé nhiing chiéc mii mau den hodic mau trdng.
Nguwoi ddn chuong trinh sé ddi cho cdc nha thong thdi nhitng chiéc mi, sao cho méi nguoi sé
nhin thdy mii cvia hai nguoi kia nhung khong nhin thdy mii ciia minh va khong biét mau mii ciia
minh. Theo hiéu lénh, cdc nha théng thdi sé dong loat dodn mau mii. Moi mot nha théng thdi sé
du dodn mau mii dva vao cdc mau mii ma éng ta nhin thdy ¢ hai nguoi con lai, nhung ho duoc
quyén bé qua, nghia la tiv chdi khong dodn. Cdc nha thong thdi sé thing néu nhu it nhdt mot
nguoi trong ho dodn diing mau mii dong thoi khong cé ai trong ho dodn sai. Trude khi cudc choi
dién ra cdc nha thong thdi da duoc thong bdo ludt choi va cho phép ho thdo ludn trudc chién
thudt choi. Chién thudt toi wu la chién thudt ma vdi tdt cd cdch sdp xép mii cé thé cho nhiéu
truong hop chién thdng nhdt.

a) Hdy dé xudt chién thudt ciia cdc nha thong thdi sao cho ho chién thdng trong nhiéu hon
mot nuta truong hop.

b) Hdy dé xudt chién thudt toi uu va chitng minh la chién thudt do la toi uu.
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T6i la cé gdi toi nghiép, rdt kém vé sé hoc!
Lon hon 2 doi véi t6i da la todn cao cdp roi
Dmitry Emetz, “Tanhia Grotter”

Trong mot s6 trudng hop ciing ton tai ¢ ma q-phan hoan hao. Can Hamming c6 thé dat dugc
chang han khi 1 + (g — 1)n = ¢™. Khi d6 s6 phan tit ciia ma sé bang ¢" ™, trong d6 n 1a do
dai khéi. Cac ma nhu viy c6 thé xdy dung trong trudng hdp ton tai trudng hitu han ¢ phan ti2%).

Trudng 1a moi tp hop ma trén d6 c6 thé dinh nghia hai phép toan cong va nhan sao cho cic
phép toan nay thda man céc tinh chit y nhu phép tinh cong va nhan cdo s6 hitu ty, cu thé 12 tinh
giaohodn:a+b =b+a, a-b = b-a, tinhkéthop: (a+b)+c =a+ (b+c), (ab)c = a(bc),
tinh phan phdi: a(b + ¢) = ab + ac va thda man cic hang dang thica +0 =a,a-1 = a,
va c6 thé dinh nghia mot cach duy nhit cic phép toan ngudc 1a phép trit @ — b va phép chiaa/b
théa man tinh chit (@ — b) + a = a, (a/b)b = a.

Tir dai s6 ta biét rang sd phan tif ¢ ctia moi trudng hitu han phai 12 1dy thita ctia mot s6 nguyén
tb p,q = p", hon nita véi moi sd ¢ nhu vay ton tai duy nhit mot truong>? bac g, goi 1a trudng
Galois?? va ky hiéu 1a GF(g). Vidu GF(2) = ({0, 1}, ®,).

Ta xay dung trén truong G F'(¢) ma, 1a mé rong cia ma Hamming. V6i moi vector v khac 0 do dai
m trén truong G F(q) ta xét tap hgp cac vector song song véi né Av, trong d6 A € GF(q) \ {0}.
Tap hop nay tao thanh mot duong thang trong khong gian GF (¢)", di qua gbc toa dd. Ta chon
trén mbi mot dudng thang nhu vy (sb dudng thang bang n = (¢ —1)/(g — 1), vi chiing chi ¢6
mot diém chung 13 gbc toa do) mot diém bat ky khac véi gbe toa do, vi du c6 thé chon diém ma
toa do cudi cung bang 1. Piéu nay ludn cé thé thuc hién ngoai trir trudng hop tit ca cic diém
ctia dudng thang c6 toa do cubi cung bang 0. Trong trudng hdp nay cé thé chon diém ma toa do
gan cudi bang 1. Néu lai khong c6 diém nao nhu vy va toa do gan cudi bang O thi ta lai chon
diém c6 toa do thit ba ké tir cudi bang 1, . .. Diém nhu thé trén dudng thang (va vector ban kinh
tuong ting) sé dugc xac dinh mot cach duy nhit. Tit ca cac vector khac sé thu dudc bang cach
nhén cdc vector dudc chon cho cc phan tif cia trudng (khi nhan vé6i 0 ta dudc vector 0). Hién
nhién 1a moi vector khac 0 ctia khong gian GF (g)" sé thu dudc tir mot trong cac vector da cho

V1, Uo,..., Uy bﬁng cach nhan v6i mot phén tr khac 0 cta trudng, hon nita bi€u dién nhu vy 1a
duy nhét.
Xét ma tran (m,n) H, trén truong GF(q), c6 coOt la cac vector vy, v,,..., v, da cho. Pinh

nghia mi 12 tap hop cac vector ¢, sao cho Hel = 0 (tiic 12 khong gian 0 clia ma trin di cho).
Khi d6 H, 12 ma tran kiém tra ctia ma da cho. M4 nay stta mot 1, bdi vi, cling nhu & phan 4,
ta co

S=HrT = H(T +el)= Hel =¢;H;,

trong do e 1a vector 161, c6 diing mot ky tu khac 0, e; & vi tri thi i, con H; 1a cot thii i ciia ma
tran H. B&i vi tit ca cac cot déu khac nhau va khéc cot 0, va tich cia ching véi cac phan ti
khdc 0 ctia trudng ciing khac nhau nén theo vector S c6 thé xac dinh mot cach duy nhét ca vi tri
i ctia 161, ca gid tri e; ctia n6. Vi ma tran H,, (sau khi déi chd céc cot mot cach thich hop) chita
ma trin con don vi bic (m, m), chiéu ctia ma (chiéu ctia khong gian con 0) bang n — m, va c6
nghia 1a s6 phan tif ctia ma bang g™~ (tip hop tat ca céc t& hop tuyén tinh cac vector cd s6 trén
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trudng G F(q) c6 luc Iugng ¢"~™), nghia 12 ma nam chinh x4c & can clia sap xép ciu va do dé
12 ma hoan hao. Nhu vy phan d) ctia bai toan 4 da dudc giai quyét. Lai gidi phan b) doc gia c6
thé xem & [2, trang 165 — 166].

Ghi chu:
29) C6 gia thuyét cho ring v6i ¢ khong phai 1a Iy thira ctia s6 nguyén t6, ciac ma hoan hao
nhu véy sé khong ton tai.
30) Chinh x4c dén dang ciu trudng.

31) Evarist Galois (1811 — 1832) nha toan hoc vi dai ngudi Phap.

[1] Bepaexamm D. P. Anrebpamndeckas teopust Kojupoarus. M.: Mup, 1971.
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KY THI TOAN BALTIC WAY 2019

Nguyén Hung Son

TOM TAT

Xin gidi thiéu dén ban doc ky thi todn mang tén Baltic Way. T4c gia bai bo c¢6 vinh du
dugc giao trong trach 1am chd tich hoi dong ra dé va chim thi cudc thi Baltic Way 2019.
Bai bdo nay ciing chia sé cic bai thi cing mot s6 quan sét trong qud trinh chon dé bai va
chim thi.

Baltic Way 12 cudc thi toan dong ddi dudc S chifc 1an dau tién vao nim 1990 véi su tham gia
cua 3 nude cong hoa X6 Viét cii 1a Litva, Latvia va Estonia.

Tén goi cudc thi c6 xuht xit tir su kién mang tén “Con dudng Baltic” (Baltic Way) dién ra vao
ngay 23 thang 8 nim 1989 khi x4p xi hai triéu ngudi cing nim tay tao thanh mot chudi dai hon
sau tram cdy so trai qua ba nudc vung Baltic 1a Latvia, Litva va Estonia dé doi doc lap.

Ké tif nam 1992, khi tinh hinh chinh tri  chau Au da thay ddi, cudc thi dugc md rong diing
theo y nghia tén goi ctia né véi su tham gia clia cac nude cdng hdoa xung quanh bién Baltic nhu
Ba Lan, Pan Mach, Diic (c4c tinh phia bac), Na Uy, Phan Lan, Thuy Pién. Ngoai ra con c6 su
tham gia ctia Ai-xd-len, vi Ai-xo-len (Iceland) 13 nuc dau tién cong nhan doc 1ap cia 3 nuée
Latvia, Litva va Estonia, va doi tuyén cla thanh phd Saint Petersburg (Lién bang Nga). D€ thay
d6i khong khi, thinh thoang ban t& chiic clia nude chi nha c6 thé moi thém mot qubc gia ngoai
vung Baltic tham gia cudc thi.

Cudc thi Baltic Way la cudc thi dong doi dugc t6 chiic vao gitia thang 11 hang nim. Mbi quéc
gia cti mot doi tuyén 5 ngudi gdm céc thi sinh 1 hoc sinh chua t6t nghiép phd thong trung hoc
trong thoi diém dién ra cudc thi. Céc thanh vién ctia mdi ddi c6 thoi gian 1a 4 gic 30 phit dé
giai 20 bai toan (gom 5 bai dai s6, 5 bai hinh, 5 bai t6 hop va 5 bai ly thuyét s6). Diém s6 ctia
mdi bai déu 1a 5 di€ém nén cic doi c6 thé dat tdi da 12 100 diém. Trong lich st cudc thi, chi duy
nhét c6 mdt 1an c6 doi dat dugc ky tich tdi da 100/100 diém 1a doi tuyén khéch Israel, tai cudc
thi Baltic Way t6 chiic vao nam 2001 6 Hamburg (Puc).

Vi thoi diém dién ra cudc thi 1 thdng 11 nén doi tuyén Ba lan thudng ducc chon dua trén két
qué ctia ky thi Olympic toan hoc ctia ndim hoc trudc. Thudng thi ddy 1a doi tuyén tré ctia Ba lan
gdm cic hoc sinh 16p 10 hoic 16p 11 c6 thanh tich cao nhat nhung chua di dé dugc chon vao
doi tuyén di thi IMO va MEMO.
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Dai vo dich cudc thi sé dudc gitt clip luan Iuu va sé phai trao lai cho ddi vo dich lan thi nim sau.
Ban gidm khéo ciing c6 thé trao giai dic biét cho nhiing 15i giai sang tao.

Baltic Way lan thif 30 di dudc tS chiic tai thanh phd Szczecin, Balan tif 15 dén 19 thang 11 nim
2019. T4c gia vinh du dudc Uy ban Olympic Toan Ba lan dé cif lam trudng ban ra dé (chair of
jury). Ciing nhu nhiéu ky thi quéc té khéc, cac nuéc tham gia da giii dé dén cho trudng ban ra
dé dé€ chuin bi shortlist, tiic 1a danh sach céc bai c6 kha ning dugc chon 1am dé thi. Khi dén du
thi, truGc ngay thi 2 ngay, trudng va phé cac doan da nhan dudc shortlist d€ chuan bi cho qua
trinh chon bai. Ngay 17/11, ban ra dé gdm trudng ban ra dé va céc truéng doan hop dé chon bai
bang cach biéu quyét.

Ky thi dong doi nén ban ra dé phai chon ra 20 bai thi thudc 4 linh vuc: Pai s6, S6 hoc, Hinh hoc
va T6 hop. Trong qua trinh chon dé, chi cic trudng doan dugc quyén biéu quyét. Trudng ban
ra dé chi c6 chiic ning diéu khién cudc hop, phan tich, ddnh gi4, so sdnh céc lua chon nhung
khong c6 quyén dua ra Iva chon. Ky thi nim nay c¢6 11 nudc tham gia nén chi c6 11 trudng doan
dugc quyén biéu quyét. Vi 11 1a sb nguyén t6 nén rat may man la khong xay ra trudng hdp cac
lua chon déu c6 s6 phiéu bang nhau. Ciing can luu ¥ rang lic chon bai, cdc trudng doan khong
biét c4c bai todn trong shortlist 12 do nudc nao dé cit. Trong qud trinh chuin bi shortlist, trudng
ban ra dé thiy cac bai dé nghi & linh vuc sb hoc va t6 hop hoi yéu nén da muon thém 3 bai trong
ngan hang dé bai ctia Olympic Todn Ba Lan va rit tinh c¢ 12 ca 3 bai d6 déu dudc chon vao danh
sach 20 bai thi chinh thic cia cudc thi.

Sau khi da chon ra dudc 20 bai thi, ban ra dé lai tiép tuc hop dé dua ra phuong 4n hoan chinh
ctia phién ban tiéng Anh. Thoi gian nay kéo dai khoidng hon 2 tiéng dong hd va thinh thoang
cling c6 nhitng tranh luan kha quyét liét. Sau dé, céc trudng doan phai dich bo dé bai tiéng Anh
sang tiéng clia nudc minh. Nim nay toan bo qua trinh tif chon bai dén liic in 4n dé bai xong kéo
dai tr 10:00 sang dén 22:30. Pay khong phai 1a cudc hop kéo dai nhit ctia ban ra dé. C6 nhiing
niam cudc hop nay kéo dai dén 2 gid sang.

Trong thdi gian ban ra dé chinh stia dé bai thi ban chdm thi ciing bat dau chinh sta 15i giai va 1én
thang diém (marking schemes). Ban chim thi hoan thién marking schemes trudc khi cudc thi két
thic 2 tiéng dong hd va dua cho cac trudng doan. Cudc thi chinh thiic dién ra hom 18/11/2019
va cdc thi sinh 1am bai thi tif 9:30 dén 15:00. Sau d6 céc bai thi dudc cic trudng doan chim
trudc, sau d6 sé cuing ban gidm khao phdi hop cho diém. Toan bd qud trinh coordination két
thuc lac 22:00 cung ngay.

Két qua, giai nhat cudc thi Baltic Way 2019 thudc vé doi Saint Peterburg véi két qua 90 diém
(trén tdng s6 20 x 5 = 100 diém), gidi nhi 12 doi Ba Lan (83 diém) va gidi ba thudc vé doi
Estonia (70 di€ém).
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Tap chi Epsilon, S6 16, 12/2019

Day 1a 1an dau tién tac gia bai viét dudc thi sat cudc thi Baltic Way v6i danh nghia 1a mot ngudi
trong Ban t& chiic. Phai thu thuc ring toi thiy c6 rat nhiéu diéu ngac nhién va tdi mubn chia sé
nhiing diéu tai nghe mat thiy véi cic thay cd gido ciing nhu cic ban doc ngudi Viét.

Cong viéc t6 chiic dudc giao cho mot S& Gido duc cia thanh phd nao d6 va S& sé chon ra mot
truong cap 3 1am don vi ding cai. Nam 2019, cudc thi dudc t6 chic tai trudng phé thong trung
hoc s& XIII tai thanh phd Szczecin va phu trach toan bd cudc thi 1a 2 thay c6 gido cla trudng.

Day ciing 1a cudc thi duy nhét tit trudc t6i nay ma nhiing ngudi biét dé khong bi cach ly khoi
cac thi sinh.

Trong qua trinh chon bai, khi dugc héi c6 ai c6 y kién gi khong thi mot s6 trudng doan diing 1én
xin phét biéu:

e Thua quy vi, toi xin thong bdo 1a cich day 1 tuan, t6i vita day hoc sinh cda toi 1 bai c6
cAu triic hinh hoc tuong d6i giéng trong 15i giai bai G9. Néu chon bai nay thi 1di cho hoc
sinh cua toi qua.

Hoac

e Bai A6 hoi gibng 1 bai todn kha quen thudc dbi véi hoc sinh Phan lan.

Su trung thuc clia cdc ban nay that ddng kham phuc. Tuy nhién sau khi nghe trinh bay cu thé,
céc trudng doan khéc cho riang Igi thé 12 khong déng ké.

Sau khi chon xong, cic trudng doan phai dich toan bd dé bai sang tiéng clia nudc minh. Sau khi
in 4n dé bai xong da 13 22:30, chiing tdi vé nghi & khach san. Céc thi sinh ciing nghi & cing mot
khach san véi cac trudng doan ciia minh. Sdng hom sau, cac trudng doan, cac thi sinh cling nhu
ban giam khdo cling #n sdng va cuing 1én xe d€ dén noi thi. Pén noi, trudng doan di vao 1 phong
riéng, ban chim thi di vao phong khac con céc thi sinh thi di vao phong thi.

Néu mubn gian 14n thi c¢6 rat nhiéu cach dé€ cac thi sinh biét dé tru6c khi thi. Tuy vy toi quan
sat trong 5 nim trg lai ddy, chua bao git nudc chi nha dat giai nhat cudc thi.

bung 1a 1 ngay hoi cta cac em hoc sinh tham gia ky thi.

Mi ban doc thi siic v6i dé thi Baltic Way 2019. Xin chia sé thém rﬁng 3 bai khé nhét cudc thi
1a cdc bai s6 4, s6 14 va s6 18. Hai bai dé nhit 12 bai sb 6 va bai sb 7.
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Baltic Way 2019

v Szczecin, Poland NovEMBER 171H, 2019
VERSION: ENGLISH

TIME ALLOWED: 4.5 HOURS.
DURING THE FIRST 30 MINUTES, QUESTIONS MAY BE ASKED.
ToOOLS FOR WRITING AND DRAWING ARE THE ONLY ONES ALLOWED.

Problem 1. For all non-negative real numbers x, y, z with x > y, prove the inequality

Py +72+1

g > (x = y) Vxyz.

Problem 2. Let (F),) be the sequence defined recursively by F; = Fp = 1 and Fj41 = F,, + F,—1 for n > 2. Find
all pairs of positive integers (x,y) such that

5F,—3F, =1.

Problem 3. Find all functions f : R — R such that

FEfO) =y =+ Df(x—y)
holds for all x,y € R.

Problem 4. Determine all integers n for which there exist an integer k > 2 and positive integers xp, x, . .., Xx SO
that
X1Xo+Xox3+ ...+ x_1xx=n and x; +x +...+ x =2019.

Problem 5. The 2m numbers
1-2,2-3,3-4, ..., 2mQ2m+ 1)

are written on a blackboard, where m > 2 is an integer. A move consists of choosing three numbers a, b, c,
erasing them from the board and writing the single number

abc
ab+bc+ca

After m — 1 such moves, only two numbers will remain on the blackboard. Supposing one of these is %, show
that the other is larger than 4.

Problem 6. Alice and Bob play the following game. They write the expressions x + y, x — y, x> + xy + y* and
x? — xy + y* each on a separate card. The four cards are shuffled and placed face down on a table. One of the
cards is turned over, revealing the expression written on it, after which Alice chooses any two of the four cards,
and gives the other two to Bob. All cards are then revealed. Now Alice picks one of the variables x and y, assigns
a real value to it, and tells Bob what value she assigned and to which variable. Then Bob assigns a real value to
the other variable.

Finally, they both evaluate the product of the expressions on their two cards. Whoever gets the larger result,

wins. Which player, if any, has a winning strategy?

Problem 7. Find the smallest integer k > 2 such that for every partition of the set {2, 3, ..., k} into two parts, at
least one of these parts contains (not necessarily distinct) numbers a, b and ¢ with ab = c.

Problem 8. There are 2019 cities in the country of Balticwayland. Some pairs of cities are connected by
non-intersecting bidirectional roads, each road connecting exactly 2 cities. It is known that for every pair of
cities A and B it is possible to drive from A to B using at most 2 roads. There are 62 cops trying to catch a robber.
The cops and robber all know each others’ locations at all times. Each night, the robber can choose to stay in her
current city or move to a neighbouring city via a direct road. Each day, each cop has the same choice of staying
or moving, and they coordinate their actions. The robber is caught if she is in the same city as a cop at any time.
Prove that the cops can always catch the robber.



Baltic Way 2019

v Szczecin, Poland NovEMBER 171H, 2019
VERSION: ENGLISH

Problem 9. For a positive integer n, consider all nonincreasing functions f: {1,...,n} — {1,...,n}. Some of
them have a fixed point (i.e. a ¢ such that f(c) = ¢), some do not. Determine the difference between the sizes of
the two sets of functions.

Remark. A function f is nonincreasing if f(x) > f(y) holds for all x < y.

Problem 10. There are 2019 points given in the plane. A child wants to draw k (closed) discs in such a manner,
that for any two distinct points there exists a disc that contains exactly one of these two points. What is the
minimal k, such that for any initial configuration of points it is possible to draw k discs with the above property?

Problem 11. Let ABC be a triangle with AB = AC. Let M be the midpoint of BC. Let the circles with diameters
AC and BM intersect at points M and P. Let MP intersect AB at Q. Let R be a point on AP such that QR || BP.
Prove that CP bisects /RCB.

Problem 12. Let ABC be a triangle and H its orthocenter. Let D be a point lying on the segment AC and let E
be the point on the line BC such that BC L DE. Prove that EH L BD if and only if BD bisects AE.

Problem 13. Let ABCDEF be a convex hexagon in which AB = AF, BC = CD, DE = EF and /ABC =
/EFA =90°. Prove that AD 1 CE.

Problem 14. Let ABC be a triangle with ZABC = 90°, and let H be the foot of the altitude from B. The points
M and N are the midpoints of the segments AH and CH, respectively. Let P and Q be the second points of
intersection of the circumcircle of the triangle ABC with the lines BM and BN, respectively. The segments AQ
and CP intersect at the point R. Prove that the line BR passes through the midpoint of the segment MN.

Problem 15. Let n > 4, and consider a (not necessarily convex) polygon PP ... P, in the plane. Suppose that,
for each Py, there is a unique vertex Qy # Py among Py, ..., P, that lies closest to it. The polygon is then said to
be hostile if Q. # Py for all k (where Py = P,, P,+1 = P1).

(a) Prove that no hostile polygon is convex.
(b) Find all n > 4 for which there exists a hostile n-gon.

Problem 16. For a positive integer N, let f(N) be the number of ordered pairs of positive integers (a, b) such

that the number
ab

a+b
is a divisor of N. Prove that f(N) is always a perfect square.

Problem 17. Let p be an odd prime. Show that for every integer c, there exists an integer a such that

Pl prl
a?z +(a+c)2 =c (mod p).

Problem 18. Let a, b, and ¢ be odd positive integers such that a is not a perfect square and
A +a+1=30>+b+ 1) +c+1).

Prove that at least one of the numbers b> + b + 1 and ¢ + ¢ + 1 is composite.
Problem 19. Prove that the equation 7* = 1 + y? + z? has no solutions over positive integers.

Problem 20. Let us consider a polynomial P(x) with integer coefficients satisfying
P(-1)=-4, P(-3)=-40, and P(-5)=-156.
What is the largest possible number of integers x satisfying

P(P(x)) = x*?
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