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LOI NGO

Néng thang 8 vang ruc trén nhiing con dudng, mua he da dén do chin mui. Nhiing cudc vui,
nhiing chuyén di xa dang diing dip tung bling nhit. Nhung dau dé, vao do thang tdm lung chiing,
vai con mua chot di chot dén, vai ngon gié s6m mat lanh dua dén mai vi mot mua thu tyu trudng
chang con bao xa.

Tap chi Epsilon, ra mét vao nhiing tuin 1& cudi cling ctia mua ha, ciing 14 s6 ra mat 1an thy 10,
mot con sb dep va tron ven d&€ moi ngudi cuing nhin lai mot ching duong da di qua. Ddi véi
nhitng ngudi trong ban bién tap, sd 10, coi nhu da trom trém mot chu ky, va bat ddu mot ching
dudng mdi d€ phan diu.

Chiing t6i ciing hy vong ring véi ban doc, dic biét véi nhitng ngudi gan bé véi bang den buc
giang, it nhiéu s& 10 nay ciing sé c6 y nghia vao thdi khac giao mua. D€ khi thang tidm troi
qua, thang 9 g& ctia, chiing ta lai cling bt dAu mot chiing méi trén con dudng truy tim tri thiic
ménh mong.

Di nhiéu ngudi, ban sé di rat xa ...
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BAT PANG THUC KHONG-SHANNON

Ng6 Quang Hung
LogicBlox

TOM TAT

Tiép theo bai gi6i thidu vé entropy, cac bét dang thic Shannon va vai ing dung trong
Epsilon s6 7, bai nay gidi thiéu mot bt dang thiic khong-Shannon cling v6i mot sb tinh
chit ma cac bat dang thiic ma ham entropy phai thoa man. Trong hanh trinh nho nh nay,
ta s& tinh cd gip mot mdi quan hé gitta 1y thuyét s6 va 1y thuyét thong tin, va gilta bat
déang thifc thong tin va quy hoach tuyén tinh.

Trude hét, xin tom tat lai mot s6 ky hiéu da dudc gi6i thiéu va dung trong bai trudc [5]. Ta chi
xét cdc phan bd xdc suét trén n bién rdi rac Xo, ..., X, trén cdc mién 1, ..., Y, tuong dng.
Ta ding Xs = (X;)ies d€ ky hiéu mot bo bién ngiu nhién c6 chi sb trong tip S C [n], va
xs = (#;)ies € [l e Xi d€ ky hiéu mot bd gid tri cu thé clia cdc bién nay. Entropy clia mot
phan bd cho ta mot con s6 H[Xg] v6i mbi tap con ) # S C [n]. Do d6, ta viét H(S) thay vi
H[Xg]. Entropy clia mdt phan bd cho truée 1a mot ham tap hop H : 2" — {0} — R,. Him
entropy H ciing 1a mdt vector trén khong gian Rin_l, tai vi c6 tit ca 2" — 1 tip con khéc rong
ctia [n], va mdi tap con 1a mot toa do. Vi mot phan bd khéc thi ta lai c6 entropy khdc, nghia
la mot ham tap hop khac va mot vector khac trong khong gian Rin_l. Bai trudc da chiing minh
dinh ly sau day:

Dinh ly 0.1. Xét mét phdn bo xdc sudt lién két ciia n bién tuy hi. Entropy H ciia phdn b6 nay
thod ba tinh chdt sau ddy:

e Tinh khong am: H(S) > 0,VS C [n], S # 0.

e Tinh don diéu: H(S) < H(T),¥S C T C [n].

e Tinh sub-modular: H(SUT)+ H(SNT) < H(S)+ H(T),¥S,T C [n|.
Noi cdch khdc, entropy H la m¢t polymatroid.

Tt c4 cic bat dang thiic dudc thoda man bdi moi polymatroid thi tit nhién ciing dudc thoa man
bdi moi ham entropy. Ta goi chiing 1a céc bdt ddng thiic kiéu-Shannon.
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Trong hon ntia thé ky, tit ca cac bat dang thiic entropy ma chiing ta biét thi déu la bt dang thiic
kiéu Shannon. Nam 1998, Zhang va Yeung [7] khdm pha ra mot bét dang thic khong ching
minh dudc biang cic tinh chit ctia polymatroid:

2I1(C; D) < I(A;B) + I(A;C, D) + 31(C; D|A) + I(C; D|B). (1)
Nh6 rang thong tin tuong hd 1a mot ham tuyén tinh ctia entropy:

I(X;Y) = H(X)+H(Y)- H(XY),
I(X:Y|Z2) = HXZ)+H(YZ)— H(XYZ) - H(Z),

cho nén bt dang thic (1) 1a mot bat dang thiic entropy. Bit dang thifc nay cho thiy su ton tai
ctia mot bat dang thiic ding v6i moi entropy nhung khong diing véi moi polymatroids. Lam thé
nao ma Zhang-Yeung tim ra va chiing minh dudgc rang

1. Bt dang thiic (1) khdng suy ra dudc tit cac tinh chit clia polymatroid?

2. Tét ca cac ham entropy déu phai thoa bat dang thiic (1)?

Ta di dudng vong dé tra 15i cau hdi dau tién. Néu di dudng thang thi chi can chi ra mot polyma-
troid khong thoa man bat dang thitc (1) 1a xong. Mot bat dang thiic suy ra dudc tif cdc tinh chét
ctia polymatroids néu va chi néu né dudc thod man béi tit ca cic polymatroids. Nhung néi vay
thi qua mil md, ta can mot phuong phap cé hé thdng nao dé kiém tra xem maot bit dang thiic kiéu
nhu H(AB) + H(AC) + H(BC) > 2H(ABC) ¢6 dugc thoa man bdi tat ca cac polymatroids
(trén 3 bién) hay khong.

Nh6 rang, nhu da viét & trén, mot ham tap hop h : 2" — R, ciing dugc xem nhu mot vector
h € R~ (vi o()) = 0 trong ngil canh clia ta). Ta ding cdc tap con khong rdéng cla [n] d&
danh chi sb cic toa do clia vector h. Mot ham tap hogp 12 mot polymatroid néu va chi néu né
nim trong da dién P = {Mh > 0,h > 0}, trong d6 M 13 ma trin clia cic tinh chit don diéu
va sub-modular & trén. Vi du, véi tinh chit sub-modular trén tip S, T thi sé c6 mot hang clia ma
tran M tuong dng véi bat dang thic

h(S) + h(T) — h(SUT) — h(SNT) > 0.

Hang nay ctia ma tran M c6 hai s6 1 & cdc toa dd S, T', va hai s6 —1 & cic toa d6 S U T va
SNT.

Mot bat ding thiic tuyén tinh sé c6 dang c’h > 0, trong d6 ¢ € R?"~! 1a mot vector hé s6. Vi
du, trong bt dang thiic

h(AB) + h(AC) + h(BC) — 2h(ABC) > 0
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thi vector ¢ c6 ba s6 1 & cac toa dd AB, AC, BC, va mot s6 —2 & toa d0 ABC'. Cau hoi thi
nhét & trén tuong duong véi cau hdi: “lam thé nao d€ biét 1a c’h > 0 ding véi moi h € P?”
Luu y rang vector 0 € P, tacd

c¢’h > 0,Vh € P néu va chi néu min{cTh | Mh >0,h >0} =0.

Bai toan min{c”h | Mh > 0, h > 0} 1a mot bai todn quy hoach tuyén tinh ¢ ban. Va ta ¢6 thé
gidi n6 (bang mdy tinh) dé kiém tra xem bat dang thiic ¢c”h > 0 c6 ding véi moi polymatroids
hay khong. Mot cach khac 1a ta dung tinh chit d6i ngu clia quy hoach tuyén tinh; tinh chat nay
néi riang

min{c’x | Ax > b,x > 0} = max{b’y | ATy < c,y > 0},
néu nhu mot trong hai bai todn c6 ham muc tiéu hitu han. Bai todn min{c’h | Mh > 0,h > 0}
¢6 quy hoach d6i ngiu ctia n6 viét 1a

min{c’h | Mh > 0,h > 0} = max{0’y | M’y < c,y > 0}.

Bai todn dbi ngiu c6 ham muc tiéu hitu han (bing 0) néu va chi néu n6 c6 nghiém! Nhu vy, ta
vita chiing minh dugc bd dé sau':

Bé dé 1.1. Bdt ddng thitc <" > 0 diing vdi moi polymatroid h néu va chi néu hé bdt phuong
trinh sau ddy co nghiém:
M’y <c, y > 0.

Trong d6, M la ma trdn ciia cdc bdt ding thiic sub-modularity va don diéu.

N6i cach khéc, bat dang thiic c”h > 0 diing néu ma chi néu ta tim dugc cac hé s6 y khong am
va t& hop tuyén tinh dung cac hé sb y ciia cac bat dang thiic sub-modularity va don diéu “suy
ra” ¢’h > 0 dugc. “Pbi ngiu trong quy hoach tuyén tinh” nghe c6 vé hoi vang vang, nhung né
1a mot tinh chit don gian; néu hé bt phuong trinh c6 nghiém thi ta suy ra dugc ring

c’h > (M"y)"h = y"Mh > y'0 = 0.

TAt nhién, chiing minh truc tiép chiéu ngugc lai ctia b dé trén ma khong ding quy hoach tuyén
tinh thi khé hon mot chiit; va 1am viéc nay khong can thiét 1am trong ngit canh ctia bai viét. Tom
lai, B6 Dé 1.1 cho ching ta mot thuat todn dé kiém tra xem mot bit dang thiic kiéu (1) cé phai
1a bit ding thic Shannon hay khong? Ta chi cin kiém tra xem hé bét phuong trinh tuyén tinh
tuong ng c6 nghiém hay khong; bat ky mot LP-solver nao (nhu cplex, Gurobi) déu lam dudc
diéu nay dé dang.

Bay gid ta quay lai cau hoi thit hai: 1am thé nao d€ chiing minh ring (1) 1a mot bat dang thifc ma
tAt ca cdc ham entropy trén 4 bién déu phai thoa? Day that su 1a cAu hdi mau chdt can mot phat
kién tuyét voi cia Zhang va Yeung. Pai khai, ho xdy dung mot bién ngiu nhién thi 5, goi 1a R,
va diung mot bét dang thiic ki€u Shannon cho phan b (A, B, C, D, R). Bién R ¢6 mot tinh chét

'Pay ching qua la mot dang clia b dé Farkas
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dic biét, ma nhd d6 khi ta “chiéu” bat dﬁng thic ki€u Shannon tif khong gian (A, B,C, D, R)
xudng khong gian (A, B, C, D) thi ta c6 bat dang thiic (1).

Mot céch ndm na hon, goi T 1a tap tit ca cac ham entropies H ctia n bién, va I',, 12 tap tit ca
cac ham polymatroids ctia n bién. Dinh 1y 0.1 cho ta biét I' C T',,. Ngoai ra, I',, 1a mt tap 10i,
va I'* khong phai 1a tip déng, nhung bao déng ciia né ciing 1a mot tap 16i. Mot bat ding thifc
nhu ¢c”h > 0, néu ding v6i moi polymatroid, thi chang qua 1a vi ¢’h 1a mot siéu phang nam
ngoai I',,; vector ¢ 1a mot phap tuyén ciia siéu phang nay. Mot bét dang thitc nhu (1) ding véi
I'* nhung khong ding véi I, thi phai 12 mot siéu phang nim ngoai tap I'* va cit vao trong T',,.
O trén ta da ching minh ring cdi siéu phing tuong ung véi (1) cit I'y. D chiing minh ring né
nam ngoai I'*, ta tim mot siéu phang nam ngoai I's sao cho “hinh chiéu” ctia né xudng khong
gian (A, B, C, D) chinh 12 siéu phang tuong ting véi (1).

Cu thé hon, ta ghi lai toan bd phuong phap clia Zhang-Yeung dung mot chitng minh méi hon [2].
BG dé 1.2. Goi A, B,C, D la béon bién tic mét phdn bé lién két nao do. Thi, ton tai mot bién
ngdu nhién R phdn bé lién két véi A, B, C, D, vdi cdc tinh chdt nhu sau:

(i) Phdn bé ngoai vi ciia (A, B, C) va (A, B, R) gidng hét nhau (véi C thay bang R)

(ii)) I(CD; R|AB) = 0.

Tom tit. Goi p(a, b, ¢, d) 1a ham can ning xéac suit cda phan bd lién két cta (A4, B, C, D). Goi
R 13 mdt bién ngiu nhién mdi c6 ciing mién véi C, va dinh nghia ham cn ning xac suit

pla,b,c,d) >, pla,b,r,d)
Zc,d p(a, b= G, d)

Dé thiy ring >, P'(a,b,c,d,r) = p(a,b, c,d): nghia la phan bd ngoai vi trén (4, B, C, D) clia
p' chinh 12 phan bd cii ctia (A4, B, C, D). Va tit d6 ta cling c¢6 p’ 1a mot ham can ning xdc suit
(tong bang 1). Tir day, két thiic chiing minh bd dé chi con 1a co bap. O

pl(a7 b7 C? d7 T) =

Ta viét lai bat dang thic (1) mot chiit. Trude hét, chuyén I(C; D) sang vé phai va sap xép lai,
dé thay bét dang thic (1) tuong duong v6i bit dang thiic sau day:

1(C; D)
< I(A;B)+2I(C;D|A)+1(C;D|B)+ I(A;C,D)+ I(C; D|A) — I(C; D)
= I(A;B)+2I(C;D|A)+ 1(C;D|B)+ H(A)+ H(CD) — H(ACD)
+H(AC)+ H(AD) — H(ACD) — H(A)— H(C)— H(D)+ H(CD)
= I(A;B)+2I(C;D|A)+ I(C; D|B)
+H(CD)+ H(AC) — H(ACD) — H(D)+ H(AD)+ H(CD) — H(ACD) — H(C)
= I(A;B)+2I(C;D|A)+ I(C;D|B) + I(A; D|C) + I(A; C|D).

Sau d6, ddi bién A <> C' va B <+ D thi ta c6 (1) tuong duong véi (2) dudi day.
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Pinh ly 1.3 (Zhang-Yeung). Goi A, B, C, D la cdc bién ngdu nhién tit mét phdn bo lién két bdt
ky, thi
I(A; B) <2I(A; B|C) + I(A;C|B) + I(B; C|A) + I(A; B|D) + 1(C; D). (2)

Chiing minh. Goi R la bién ngau nhién tir B6 Pé 1.2. Luu y ring thong tin tuong ho (gitta hai
bién) va thong tin tuong ho c6 diéu kién 1a cic dai luong khong am. Ta c6

I(A; B)

I(A; B)

+I(C; R|A)+ I(C; D|R) + I(AB; R|CD) + I(D; R|B)

+I(A; BIRD) + I(D; R|A) + I(R: C|B) + I(A; BICR) + I(C; R|ABD)

= 2[(A;B|C)+ I(A;C|B)+ I(B;C|A) + I(A; B|D) + 1(C; D)

IN

(=0)  +2I(CD;R|AB)

(=0) +I(A; B|R) — 1(A; B|C)
(=0) +1(4; R|B) — I(A; C|B)
(=0) +I1(B; R|A) — I(B;C|A).

Pinh nghia 2.1 (Bit dang thic thong tin). Néu bit dang thiic
c’h >0,

ding v6i moi h € ' thi n6 goi 1a mot bdt ddng thiic thong tin.

Do tét ca cac ham entropy déu 1a polymatroid, tit ca cac bit dang thiic Shannon déu 1a cac bat
dang thiic thong tin. Ngudc lai, c6 mot s6 vo han [4] cdc bat dang thic thong tin khong phai 1a
bét dang thifc Shannon. Vi du cu thé 1a bit dang thic (1). B6 D& 1.1 da cho ta biét cach (bing
mdt thudt toan) ki€m tra xem mot bt dang thiic c6 phai 1 bat dang thiic Shannon hay khong.
Tir d6 ndy ra cau hdi rat tu nhién 1a: ¢6 két qua nao cho chiing ta mot thuat toan xac minh mot
bét dang thiic thong tin khong? Tiéc rang cho dén nay chua c6 két qua nao nhu vay. Tuy nhién,
c6 mdt két qua thii vi cia Chan va Yeung [1] lién két bat dang thiic thong tin va céi goi 1a “bat
dang thifc nhom”.

Pinh nghia 2.2 (Ham dic tinh nhém). Goi h : 2" — {} — R, 1a mot ham tap hop. Ham nay
dudc goi 1a ham ddc tinh nhom? néu ton tai mot nhém hitu han G, va n nhém con G, . .., Gy,
sao cho

G
h(S) = log, %, VS C [n], S # 0.

Trong d6, Gs = (),cg G la mét nhém con cta G. Goi T, 1a tap tat ca cac ham dic tinh nhém
vua dinh nghia.

2Group-characterizable function

10
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Pinh nghia 2.3 (Bit dang thiic nhém). Néu bét ding thic ¢’h > 0 ding v6i moi h € T,,, thi
n6 dudc goi 1a mot bdt ddng thiic nhom. Cu thé hon, mot bat dang thiic nhom 1a bat dang thiic
co dang

G
Z c(9) - log, % > 0, (3)
045CIn) °

sao cho né ding vdi moi nhém hitu han G va n nhém con G,...,G,. (NhS ring Gg =
mieS Gi)

Ta da gip nhiéu bit dang thic thong tin [5], nhung chua gip bat dang thic nhém nao. Poi
héi (3) diing v6i moi nhém hitu han va n nhém con ¢6 vé rat manh. C6 ton tai bit ding thiic
nhém nao hay khong? Trude hét ta xét mdt vi du don gian:

Vi du 2.4. Goi G 1a mot nhém hitu han bat ky, va G, G 1a hai nhém con. Ta ¢6

loggﬂ—i-lo 1G] G|

— —log, ——— > 0.
Gl TG RGN Gy T

Pé€ chiing minh bit ding thic nay, ta viét né & dang khéc: |G| - |Gy N G| > |Gy| - |G2|. Pinh
nghia G1 0 Gy = {aob|a € G1,b € G5}?, thi ta c6 thé ching minh

‘Gl‘ . |G2| = |G1 X GQ’ = |G1 [¢) GQ‘ . ‘Gl mG2’ S ’G‘ . ‘Gl ﬂGQ’

Bai tap 2.5. Ching minh ring |G; x G| = |G} o Gy| - |Gy N Gy, v6i moi nhém con G, G
ctua mot nhom G hitu han.

Két qua rit dep ctia Chan va Yeung [1] 1a dinh 1y sau day:

Pinh Iy 2.6. Bdt ding thitc c"h > 0 la bdt ddng thiic théng tin néu va chi néu né la bat ding
thiic nhom.

Chitng minh. Trudc khi chiing minh, ta tho luan mot chit vé két qua nay. Thoat nhin, né hoi
c6 vé lra ddo vi n6 chi chuyén tit mot cau hdi khé vé ly thuyét thong tin sang mot cau hdi kho
trong 1y thuyét nhém. N6 khong cho chiing ta thong tin gi vé phuong phap dé xac minh xem mot
bét dang thiic c6 phai 1a bat dang thiic thong tin hay bat dang thiic nhém hay khong. Mit khéc,
lién hé nay lai rat thi vi. D€ chiing minh mdt bat dang thiic nhém mdi, ta chi can chitng minh
bét ding thic théng tin méi ma khong can biét gi vé 1y thuyét nhém. Quyén sach cia Yeung [6]
c6 mot vai vi du bt dang thiic nhém méi chiing minh dudc bang ly thuyét thong tin ma trudc
d6 cac nha dai s6 chua biét. Ngugc lai, nhd dinh ly ndy ma cac nha ly thuyét thong tin c6 thé
“cAu citu” cac nha dai sb, nhd ho chitng minh ho bit dang thic cho minh.

Bay gid ta chiing minh dinh ly. Goi ['* 1a bao déng cta tap I'7, va conv(Y,,) 1a bao déng 16i clia
tap Y,,. Ta quan sét rang
e Bitdang thic c’h > 01a bat dang thic thong tin néu vachinéu T, C {h € R*"~! | ¢"h > 0}.
Do tap {h € R?"~! | ¢Th > 0} 1a tap dong va 16i, diéu nay tuong duong véi

I[Cc{heR”"'|c"h>0}. 4)

3G 0 Gy khong nhét thiét 1a nhém con cia G.

11
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e Tuong tu nhu viy, bat dang thiic c”h > 0 12 bt dang thic nhém néu va chi néu

conv(T,) C {heR* ' |c"h >0}. 5)

D€ chiing minh ring (4) twong duong véi (5), ta ching minh I, = ¢onv(Y,,) bang hai budc.
B§ dé 2.7 chitng minh rang T, C I';; do d6 €onv(Y,,) C I vi T'; 1a mot hinh nén 16i [6]. BS
dé 2.8 chiing minh chiéu ngugc lai ¥ C conv(Y,,). O]

B4 dé2.7. Tucé Y, C ['*, nghia la moi ham dcic tinh nhom déu la ham entropy

Chiing minh. Goi h € T,, 1a mét ham dac tinh nhom, va G 1a mdt nhém httu han véi cac nhom
con GGy, ..., G, sao cho h(S) = log, % v6i moi ) # S C [n]. Xét khong gian xéc suit Q = G
véi phan bd déu p(g) = |_clz| v6i moi g € G. V6i moi i € [n], dinh nghia bién ngiu nhién
X; : Q — 2% nhu sau X;(g) = ¢gG; —1a 16p trdi* cia nhém G;. V6i mot tdp S C [n] va bd
(9:)ies bt ky, & thay

PrOb [X,L = gle,\V/’l € S} = PrOb |:gG,L = gle,\V/’l € S}
g€eQ geQ
= Prob|g € ¢,G;,Vi € 5]
geN

| ﬂies giGi|
G|

Néu ;s 9:G: # 0, lay mot phan tit a € (), 9:G; tuy y, thi ta c6
mgz’Gi = maGi = aﬂGi = alyg.
ieS ieS ieS
Vay thi ;.5 ¢:G; hodc 1a tap réng hodc 6 kich thudc bang ding |Gs|. Hon nita, 6 tdng cong

|G|/|G's| tap khong réng nhu thé. Do do,

| Nies 9:Gil _ % néu Nics 9:Gi # 0
‘G’ 0 néu mz’eS ngz = (Z)

Tir d6, dé thiy H[Xg] = log,(|G|/|Gs|) vah € I, O

B dé 2.8. Tu co T* C conv(Y,,), vdi moin > 1.

Chiing minh. Ta theo trinh bay cua Lun [3]. Goi h € I} 1a mot ham entropy tuy y, nghia la ¢6
n bién ngu nhién X, ..., X,, sao cho H(S) = h(S). D€ don gidn, ta gid st 12 mién y; cta bién
X; 1a mién hitu han, va cu thé hon 1a cdc xéc suat déu 1a s6 hitu ti. (Trong trudng hop téng quat,
ta dung mot chudi s6 hitu ti tién dén s6 vo ti.) Ta chitng minh riang ton tai mot chudi f) € T,
sao cho lim,_,, £ /r = h.

Goi ¢ 12 miu s6 chung ctia cic x4c suit Prob [X[n] = X[nﬂ .Chonr = ¢,2¢,3q, ... 1amdt bdi s6
clia ¢, va A 1a mot ma trdn n X r sa0 cho méi cot xj,,) cia A xuét hién ding r - Prob [X[n] = x[nﬂ
lan.

4Left coset
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V6i ) # S C [n], 20i Agla ma tran con clia A xdy dung bing céach 1iy cac hang sb i ctia A vdéi
i € S. Dé thay ring, mot cot xg xuat hién trong A g ding r - Prob [XS = XS] lan.

Goi G = S, la nhom hoan vi cta cac cdt cia A. Goi (&; 1a nhém cac hoan vi cac cot cia A
sao cho hang thi i ciia A khong thay d6i. Vay thi G'g 1a nhém cac hoan vi 1am cho ma tran A g
khong d6i. Dé thiy rang

Gs|= [ (r-Prob[Xs=xs])!
Xsenies Xi
Dung x4p xi Stirling, ta c6

I 11 |G|
1m — 10gy ——
e 82 |Gyl

. 1 | 7!
= 1m — 1o
e P T (r - Prob[Xs = xg))!

r—oo 1

= lim E (T log, r — Zr - Prob[Xg = xs] log, (r - Prob[Xs = xs]) + O(log, 7“))

Xs

T—00

= lim (log2 r— Z Prob[Xs = Xs} log, (7“ . Prob[Xs = Xd))

Xs

T—00

= lim <— Z Prob[Xs = XS] log, PrOb[XS = Xs}>

XS

= —) Prob[Xs = xs] log, Prob[Xs = x]
H[Xs]
h(S).

Dinh nghia ") = log, % thi ta ¢6 lim, o £ /7 = h.
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BAT PANG THUC TAM GIAC, PA GIAC VA PA DIEN

Lé Tu Qudc Thing
(School of Mathematics, Georgia Institute of Technology, Atlanta)

1. B4t dang thdc tam giac, da giac, va da dién

1.1. Khéng gian chuin d chiéu
Ky hiéu R 1a tap hop sb thuc, va R, 1a tp hop céc sb thuc duong. Xét khong gian chuin d chiéu
R? véi tich vo6 hudng

d
(x,y) = inyi, chox = (z1,...,24),y = (Y1, - -, Ya)-

i=1

Khi d = 2 day 13 mit phing, va d = 3 1a khong gian 3 chidu. Mot diém x € R? déi khi dugc
goi la mot vector.

Dinh nghia chudn ctia mot vector
1] = v/ (x,%),

va khodng cdch giita 2 vector x, y, hoic con goi 1a chiéu dai doan [x,y], 1 ||x — y||. Mot vector
dudc goi 1a vector don vi néu n6 c6 chudn bang 1.

V6i khai niém dd dai nay, ta c¢6 thé dinh nghia dién tich ciia mot da giac trong R? ciing nhu thé
tich cia mot da dién trong R3.

Hai vector x, y 12 song song néu ton tai mot sb thuc k sao cho x = ky hoic y = kx.
NéuU Cc R%, a € R% vak € R, tadinh nghia

a+U={a+x|xecU}
KU = {kx | x € U}
1.2. B4t dang thic tam giac

Nhu thong thuong, ta ddong nhat chidu dai mot canh ctia da giac véi chinh canh Ay.

Ménh dé 1.1. Trong mot tam gidc, moi canh nhé hon téng ciia hai canh con lai.
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Dung ky hiéu vector, bat dang thiic tam gidc thudng dugc phat biéu dudi dang: Néu x, y € R¢
khong song song v4i nhau, ta co

[x+yl <[x]l+yl
Bit dang thic tam gidc c6 thé chitng minh kha dé dang, truc tiép tit dinh nghia khoang cach,
bing cach st dung bit dang thiic Cauchy vé gia tri trung binh. Bt dang thifc tam gidc 12 mot

bét dang thic rit cin ban trong toan hoc. N6 1a nén tang ctia nhidu nganh todn hoc. N6 thé hién
nguyén ly duong thang la dudng cuc tiéu.

Ta ciing c6 phan d4o ctia ménh dé vé bit dang thiic tam gidc nhu sau, ma cac hoc sinh cp 2 déu
biét qua phuong phap dung hinh.

Ménh dé 1.2. Néu 3 s6 duong théa man tinh chdt méi sé nhé hon téng ciia 2 sé con lai thi
chiing la canh ciia mot tam gidc duy nhdt, tity theo cdc ddng cu (isometry) ciia khong gian.

Bit dang thifc tam gidc c6 thé dé dang tong quat hod cho da gidc.
Ménh dé 1.3. (a) Trong mot da gidc, mdi canh nhé hon téng cua cdc canh con lai.

(b) Nguoc lai, néu n > 3 sé duwong thod mdn diéu kién méi s nhé hon tong cdc sé con lai thi
chiing la canh ciia mét da gidc 16i nao do.

Bai tap 1.1. (a) Chiing minh ménh dé trén.

(b) Chiing minh riang néu n > 3 thi ta khdng c6 tinh duy nhét trong phan (b) ctia ménh dé trén.

Thay vi xét tam gidc, da gidc 1a cdc vat thé 2 chiéu, ta hdy xét da dién 12 cac vat thé 3 chiéu.

Pinh Iy 1.4 (Bit dang thic da dién). (a) Trong mot da dién, dién tich ciia mot mdt nhé hon tong
dién tich cdc mdt con lai.

(b) Nguoc lai, néu n > 4 sé dwong thod man diéu kién méi s nhé hon tong cdc sé con lai thi
chiing la dién tich ciia cdc mdt cia mét da dién 16i ndo do.

Bai tap 1.2. Chiing minh phan (a) cda dinh 1y trén. (Gdi y: Gia sit F' 12 mot miit ctia da gidc.

Hay chiéu truc giao cac mit khac xuéng mit phang chia F.)

Phén (b) ctia dinh Iy trén khé hon phén (a) nhiéu. O muc sau chiing ta sé dwa ra mot chiing minh
don gian dua vao dinh ly Minkowski vé da dién, mot dinh 1y rat hay trong hinh hoc khong gian
nhung it dugc biét dén.

Pén day doc gia c6 thé dodn rang dinh Iy trén c6 thé tong quat hod cho khong gian nhiéu chiéu.
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Gia st P 1a mot da giac. Néu F'1a mot canh ctia P, ky hiéu A(F) 1a d6 dai ctia F, va dinh nghia
vector phdp tuyén clia F, ky hiéu u(F), 1a vector don vi vudng géc véi F' va hudng ra ngoai da
giac P.

Pinh 1y 2.1 (Pinh 1y Minkowski 2 chiéu). (a) Gid si P la mét da gidc 16i véi cdc canh
Fy, ..., F,. Khidé cdc vectoru(F)), ..., u(F,) khong cing ndm trén mot duong thdng, va

%

ZA(Fz)u(Fz) = 0.

(b) Nguoc lai: Gid sit cdc vector don vi khdc nhauy, . . . ,u,, trong R? va cdc sé duong a,, . . . a,
théa man diéu kién
o uy,...,u, khong cing ndam trén mot duong thing,

—
n
L Zi:l a;u; = 0.

Khi do ton tai duy nhdt mot da gidc 16i P vdi cdc canh F, ..., F, sao cho a; = A(F}),u; =
u(F) véimoii=1,... n

Dinh ly nay khong khé chiing minh 1am, va ta sé chiing minh né trong muc 3.

Pinh ly Minkowski trong trudng hop nhiéu chiéu hoan toan tuong tu. Gia st P 12 mot da dién
16i. Néu F' 1a mot mit cda P, ky hiéu A(F) 1a dién tich ctia mit F, va dinh nghia vector phdp
tuyén cta I, ky hiéu u(F), la vector don vi vudng goc véi F' va hudng ra ngoai.

Pinh Iy 2.2 (Dinh Iy Minkowski 3 chiéu). (a) Gid sit P la mét da dién 16i véi cdc mét F, . . ., F,.

Khi do cdc vector u(F), . .., u(F,) khong cing ndm trén mét mdt phdng, va
- —
> AF)u(F) = 0. (1)
i=1
(b) Nguoc lai: Gid sit cdc vector don vi khdc nhauu,, . . . ,u, trong R? va cdc sé duong a,, . . . a,

thod man diéu kién

® cdc vector Uy, ..., u, khong cung nam trén mot mdt phang, va
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—
n
) Zi:l a;u; = 0.

Khi dé ton tai duy nhdt mot da dién 16i P vdi cdc mdt I, ..., F, sao cho a; = A(F;),u; =
u(F)vdimoii=1,...,n.

Chii y 2.3. Pinh ly Minkowksi diing trong khong gian nhiéu chiéu.

Phan (a) cta dinh ly trén khong kho 1am, va sé dudc chiing minh trong muc 3. Phan (b) khé hon
nhiéu va 1a phan thu vi nhit ctia dinh ly. Tinh duy nhét ctia phan (b) 1am dinh ly 12 mot két qua
rit hay. Néu c4c vector uy, ..., u, va cdc s6 duong ai, . .. a, thod min diéu kién cta phan (b)
trong dinh ly, ta khong dé x4c dinh sd canh ctia ciac mit cta da gidc P! Pinh Iy Minkowksi c6
nhiéu ung dung trong toan hién dai.

Chung ta sé tho luan cdc chiing minh cta dinh Iy Minkowski trong cdc muc sau. Trudc hét
chiing ta sé chiing minh phan (b) ctia Pinh Ly 1.4 (dinh ly bat dang thic da dién) bang cach s
dung dinh ly Minkowski.

Chiing minh. (a) Chting minh phan (a) dudc dua ra trong bai tap 1.2. Phan (a) ciing dé dang suy
ra ti dinh ly Minkowski nhu sau. Tu (1), ta c6

A(F)u(F) = - (Z A(E-)u(ﬂ)) .

Céc vector u(Fy), ..., u(F,) khong ciing nim trén mot dudng thang (vi néu khong thi tit ca
u(Fy),...,u(F,) sé nam trén mdt mit phang). Tu bat ding thiic tam gidc ta c6

A(F) < zn:A(Fi).

Ly luan tuong tu, ta thAy m&i mot A(F;) nhd hon téng cla céc sb con lai.

(b) Gi4 st a1, ..., a, 12 cic sd duong sao cho mdi sd nhd hon tdng cic s6 con lai. Theo dinh
ly 1.3, ton tai mot da gidc 16i Q véi cac canh c6 d6 dai ay, ..., a,. Gid st cic dinh cta Q 1a
q1,- - -, qn theo chiéu kim dong hd. Pit x; = g;¢i; (v6in+1 =1). Giast 7 : R* — R?1a

phép quay quanh dudng thing di qua ;¢ véi géc quay 90°. Pt x; = 7(x;) vax, = 7(x1). Ta
c6 x| + xb = X; + X, vi vAy néu dit x; = x; voi i > 2, tacé

& —
E x;= 0.
i=1

Cac vector X/, ...,x,, khong cung nam trén mot mat phang. Theo dinh ly Minkowski, ton tai
mdt da dién 16i P sao cho |x}| = a; 1a dién tich cta cac mat cta da dién 16i nay.

]
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Bai tap 2.1. (a) Hay tim hiéu diéu kién n > 4 dudc st dung nhu thé nao trong ching minh trén.

(b) Hay chiing minh riang néu n > 4 sb thuc duong thoa man mdi mot s6 nhd hon tdng céc s6
con lai thi ton tai vo han da gidc 16i ma dién tich cdc mit 12 cac sb da cho.

Mic dii 12 mot dinh 1y v6i phét biéu so clp, cc chiing minh dudc biét dén ctia phan (b) dinh ly
Minkowski 3 chiéu déu dung dén cong cu todn cao cap. Dinh ly Minkowski 2 chiéu va phan (a)
ctia dinh ly Minkowski 3 chiéu c6 thé dé dang chiing minh bang phuong sd cip, va ching ta sé
thao luan cac chiing minh trong muc nay.

Chiing minh 1. Gia st cac dinh ctia P theo chiéu kim dong hd 12 p1, . . ., p,. Ta 6 thé gia st F;
la canh p;p; 1. Dét v; = p;p; 1. Taco

& —
ZVZ‘: 0.
i=1

Dit 7 1a phép quay 90° ngugc chiéu kim dong hd. Ta c6 7(v;) = A(F;)u,. Vi vay néu cic vector
u(F;) nam trén mot duong thang thi da gidc P sé nim trén mot dudng thang 1a diéu khong thé

xay ra. Ta c6
i=1 i=1

O

Chitng minh 2. Mic du chitng minh nay dai hon, nhung n6 sé dé dang tdng quat hod cho trudng
hop nhiéu chiéu. Y tudng chinh Ia néu chiéu P 1én mot dudng thang, thi anh ctia né dudc phi 2
1an bdi cac diém trén chu vi ctia P, mot 1an tif huéng trén xubéng va mot 1an tit huéng dudi 1én.

Gia sit v 1a mot vector don vi bat ky. Ky hiéu v dudng thiang vudng géc véi v di qua goc
toa do, va pr, la phép chiéu truc giao 1én v*. Khi d6 X = pr (P) la mot doan thang. Dit
X = X\ pr(V), v6i V 1a tap hop cic dinh cia P. Dé dang thiy chiéu dai cta pr, (F;) dugc tinh
boi

[pry (F3)[| = A(E) [(u(F), ). 2

Ménh dé. V6i mbi = € X, ton tai duy nhit 2, € F, va duy nhit z_ € F_ sao cho pr, () =
r =pry(z_).
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Theo ménh dé trén, ta co

Yo @)=l (P)l= Y e (E)- 3)

(u(F;),v)>0 (u(F;),v)<0

T (2) va (3), tacd

Q_AFNE)v) = 3 AE)E)V)+ D AR ulF),v)

(u(F;),v)>0 (u(F;),v)<0
= [lpr, (P)[| — [[pry (P)] = 0.

Vi v 1a vector don vi bat ky, ta c6 thé két luan >, A(F;)u(F;) = 0. O

Bai tap 3.1. Chiing minh ménh dé dudc st dung trong chiing minh trén. (Ggi y: Gia st dudng
thang (pr,)~!(x) cit P theo doan thang x_x,, véi vector z_z cung phuong v6i v. Gia sit x_ €
F;. Vector tit z_ hudng dén -, 12 mot vector hudng vao trong da gidgc P. Vivay (7_z1,u;) < 0.)

Bai tap 3.2. Gia st P la da gic 16i, v6i cac dinh py, ..., v, theo chiéu kim dong hd va canh
F; = p;pi1. Chiing minh ring trén dudng tron don vi, theo chiéu kim dong hd bat dau tii u,, ta
sé lan ludt gip u, . . ., u,,.

Chiing minh. Panh sb lai cdc vector uy, . . . , u,, sao cho néu di trén dudng tron don vi theo chiéu
kim dong ho bat du tif u;, ta sé 1an ludt gip u, . . . , u,,. Gia st v; 12 dnh clia u; dudi phép quay
90° cung chiéu kim dong ho.

Chon diém p; bat ky. Lan lufc.ﬁ> dung cac di€m py, ps, ..., p, sao cho PP = a;v; voi i =
L...,n=1Vi> " a;v;= 0,tactngcéa,v, = pnpi. Pa gidc P v6i cdc dinh py, ..., pn 12

da giac thoa man céc diéu két luan ctia phan (b).

Bai tap 3.3. Chiing minh tinh duy nhét ctia phan (b) dinh Iy Minkowski 2 chiéu.

]

Chi ¥ 3.1. Ta c6 thé thiy 1a chiing minh nay khong thé md rong 1én cho trudng hop 3 chiéu.
Khic v6i trudng hop 2 chiéu, trong trudng hop 3 chiéu, ban chit ciia mot mit va ban chit cia
vector phap tuyén ctia né hoan toan khic nhau.

Phan (a) kha don gian.
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Chitng minh. Gia st v 1a mot vector don vi bat ky. Ky hiéu v mit phang vudng géc véi v di
qua gbc toa do, va pr, la phép chiéu truc giao 1én v*. Khi d6 X = pr, (P) 1a mt da giac 16i.
Pit X = X \ pr(E), vé6i E 1a hop clia céc canh cta P. Dé dang thiy ring dién tich ctia pr (F})
dudc tinh bdi

A(pry (Fi)) = A(E) [(u(F), w).

Ly luan tuong tu nhu trudng hop 2 chiéu, ta c6

Yo AW (F) = AP (P) = Y Alpr,(F)).

(u(F;),v)>0 (u(F;),v)<0
Va tu do,
> A ) Y. AFE)(u(E),v) + A(F)(u(F), v)
(u(F;),v)>0 (u(F;),v)<0
= A(pry(P)) — A(pr,(P)) =0
Vi v la vector don vi bat ky, ta c6 thé két luan >, A(F;)u(F;) = f O

Phan (a) cling c6 mot chitng minh “vat Iy" nhu sau (tlt blog ctia Pam Thanh Son). Mic di khong
dugc chit ché vé mit toan hoc, nhung chiing minh nay ciing chi ra mot sd y tudng thu vi. Ta
hay nhing da dién P vao mot chét 16ng ddng nhit. Ap luc cta chit 16ng 1én méi mit F, biang
kA(F;)u(F;), v6i k 1a mot hing s6 khac 0 khong phu thudc 7. Vi P sé ding bat dong trong chét
16ng (diéu nay khon ng giai thich todn hoc dugc), tdng tit cac luc 4p 1én né phéi bang 0. Vi vay

2 A(F)u(F) = 0.

Phan (b) 1a phan hay nhit trong dinh ly Minkowski. C4c ching minh phan (b) cta dinh ly
Minkowski vé6i s6 chiéu > 3 déu st dung todn cao cap. C6 1€ chinh vi vy ma mic di dugc phat
biéu dudi dang sd cip, dinh Iy Minkowski it dudc biét dén trong toan so cap. O day ta chi chiing
minh dinh ly Minkowski cho trudng hop n = 4, trudng hdp nay chi can st dung kién thifc cta
toan pho thong. Vi mot it kién thic vé gidi tich nhiéu bién, ban c6 thé hiéu dudc chitng minh
dinh Iy Minskowski tdng quét, xem muc 4.4.

Gia st uy, ug, us, uy; € R3 va cic s6 duong a,, as, as, a4 thod man cic diéu kién ctia phan (b)
dinh ly Minkowski 3 chiéu. Tir gia thiét, ta c6 thé thiy ring

Uy, uz, uy khong cung trén mot mat ph:?lng. 4

Bai tap 4.1. Hiy chiing minh ring uy, us, uy 12 doc 1ap tuyén tinh, tic 12 néu cdc sd thuc
k’g, k’g, k4 thoa k‘zllg + k‘gllg + k’gll4 =0thi ]{31 = k’g = k’g = 0.
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Gia st P 1a mot da dién thoa diéu kién

cac vector phap tuyén mit cia P lauy, ..., uy. 5)

Khi d6 ton tai cac sb thuc 21, 29, 23, 24 sa0 cho
P={xeR®|(x,u) <zVi=1,2 734} (6)
Cac b 21, . . . , 24 xac dinh hoan toan da dién P. Tuy nhién khong phai bat cti 4 s6 thuc 2y, . .., 24

ciing xdc dinh mot da dién theo (6), vi tap hop dinh nghia bdi vé phai ciia (6) c6 thé khong phai
la da dién, thAm chi c6 thé rong.

Bai tap 4.2. (a)Gia sit P dudc xic dinh bdi (21, .. ., z4) theo (6), vd v € R3. Chitng minh ring
v + P dudc xac dinh béi 21, . . ., 2}, dinh nghia bdi 2] = z; + (v, u;).

(b) Chiing minh rang (21, ..., 24) xac dinh mot da gidc P néu va chi néu ton tai x € R? sao cho

<X, 112‘> <z Vi= 1,2,3,4.

(c) Chung minh ri“mg 21 = 29 = 23 = 2z4 = 1 xac dinh mot da dién nao d6 thoa man (5).

Vi ta sé dong nhit P véi P + v, ta sé chon v sao cho (21, . .., z4) 1a don gian, nhu sau. Tif tinh
chit (4) dé dang suy ra ring cac mit phéng qua Fy, s, F, cit nhau tai mot diém duy nhéit. O
day F; 1a mit ctia P c6 vector phap tuyén u;. Sau mot phép tinh tién, ta ¢ thé gia st

cac mat ph‘é’mg qua Fy, F3, F) cat nhau tai gbc toa do 0. 7

Gia st P’ 1a tip hop tit ca cac da giac thoa man (5) va (7). V6i P € P, va céc sb 21, 20, 23, 24
clia (6), ta co zp = 23 = 24 = 0. Vi vy P dugc xdc dinh duy nhét bdi z; = z;(P). Ta c6 anh xa
z1: P — R.Goi P = z(P’) la anh cta P.

Bai tap 4.3. Ching minh P =R, = {x e R| z > 0}, va z; : P’ — P la song anh.
Nhu vay tip hop tit ci cdc da gidc thoa man (5) va (7) c6 thé dong nhit véi tip hop P = R,

Voi z € P =Ry, taky hiéu P(z) € P’ la da giac thod man z; = z, 2z = 23 = z, = 0. Khi do
P : P — P’ lasong anh.

Gia st Q' 1a tap hop tht ca (y1, Y2, y3,%4) € (R;)* sao cho
y1ur + YoUg + Ysus + yYsUy = 0.

Mot vector trong R? ¢6 3 thanh phan, vi vy ding thifc trén cho ra 3 phuong trinh tuyén tinh véi
4 an s6 1,12, Y3, y4. N6i chung tap hop 10i gidi sé 12 khong gian 1 chiéu. Ngoai ra ta con phai
gi6i han y; > 0.
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bit 7 : R* — R 1a phép chiéu 1én toa do thi nhét, tic 1a
(Y1, -5 Ya) = Y1
bat Q = 7(Q’), vaky hiéu o : Q" — Q 1a gi6i han cia 7 trén tap Q'.

Bai tap 4.4. (a) Chiing minh rang Q' thoA man: néux,y € @’ vak ¢ R, thix+y € Q' va
kx € Q.

(b) St dung diéu kién (4), chiing minh rﬁng « la song anh.

(b) Chiing minh ring Q = R,.

Gia stt z € P. bit A;(z) 1a dién tich mét F; cla da gidc P(z), va A : Q — R*1a anh xa
A(z) = (Ai(2), .., As(2)).

Phén (a) ctia dinh 1y Minkowski chiing minh ring A(P) C Q'. Phan (b) ctia dinh ly Minkowski
3 chiéu tuong duong v6i ménh dé sau ddy ma ta sé chiing minh.

Lemma 4.1. Anhxa A : P — Q' la song dnh.

Chitng minh. DE& dang thiy ring P(kz) = kP(z) voi moi k € R,. Tit d6 suy ra ring

A(kz) = B*A(2). )

e

batB : P — Q la composition R, =P N Q' %5 Q = R,. Pang thiic (8) chiing td ring
B(kz) = k’B(z) Vz e R, &Vk cR,.

Dé dang thiy ring bt ky anh xa B : R, — R, nao thod man diéu kién trén 1a mot song 4nh.
Vi « la song anh, ta suy ra A ciling l1a song anh. [

Ta da két thiic chiing minh dinh 1y Minkowski 3 chiéu cho trusng hop n = 4. Trudng hop n > 4
dudc chitng minh tuong tw, mic du phic tap hon, va sit dung bat dang thiic Brunn-Minkowski.
Doc gia c6 thé tham khao [1, 2].

23



Tap chi Epsilon, S6 10, 08/2016

Bing cach danh s6 lai, ta c6 thé gia sir
U,_o, U,_1, u, khong ciing trén mot mit phang. ©))

Mot da gidc P thda diéu kién

céc vector phap tuyén mit cia Plauy, ..., u, (10)
sé dudc hoan toan xac dinh bdi cac s6 thuc 21, . . ., 2, sao cho
P={xcR|(xw) <zVi=1,...,n} (11)

Tuy nhién khong phai bt ci n sb thuc 21, . . ., 2, cling xac dinh mdt da dién theo (11).

Bai tap 4.5. (b) Chiing minh ring (21, ..., 2,) Xdc dinh mot da gidc P néu va chi néu tn tai
x € R3 sao cho

(x,w;)) <z VYi=1,...,n.
(c) Ching minh r??mg z1 = -+ = z, = 1 xac dinh mot da dién nao d6 théa man (10).

Tinh chét (9) suy ra rﬁng cac mat phzzlng qua F, o, F, 1, F), cat tai mot diém duy nhét. Sau mot
phép tinh tién, ta c6 thé gia st

cdc mit phang qua F,,_», F,_1, F),, cit nhau tai gbc toa do 0. (12)

Gia st P’ 1a tAp hop tit ca cic da gidc théa man (10) va (12). Voi P € P’ tacl 2,0 = 2,1 =
2, = 0, vi vdy P dudc xdc dinh duy nhit béi 2y, ..., z,. Oday m = n — 3. Dat P C R™ la tap
hop tit ca z = (21, ..., %) sao cho (z,0,0,0) xac sinh mot da giac P € P'. Anhxa P — P/,
z — P(z) la song anh.

Bai tap 4.6. (a) Ching minh P 1a mot cone 10i, tic lanéu z,z’ € P vak € Ry thikz € P va
z+17z €P.

(b) Chiing minh P 1a m6t tap hop md, tic 1anéu z € P thi ton tai £ > 0 sao chonéu ||z’ —z|| < ¢
thiz' € P.

Gia st Q' 1a tap hop tht ca (y1,...,yn) € (Ry)" saocho 37 y;u; = 0. Pitm: R* — R™ la
phép chiéu 1én m toa do dau tién. Pit Q = 7(Q'), vaky hidu a : Q" — Q 1a gi6i han cla 7
trén tap Q'.

Bai tip 4.7. (a) Chiing minh ring Q' 12 mot cone loi.
(b) St dung diéu kién (4), chitng minh ring « la song 4nh.

(b) Chiing minh rang Q 12 mét cone 16i mé trong R™.
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V6i z € P dat A;(z) la dién tich mat F; cia da giac P(z), va A : @ — R™ la anh xa

A(z) = (Ai(2),...,A(2)).

Pit B = a o A. Phin (a) cta dinh ly Minkowski chiing minh ring A(P) C Q. Phan (b) clia
dinh 1y Minkowski 3 chiéu tuong duong véi ménh dé sau

Lemma 4.2. Anhxa B : P — Q la song dnh.

Nhu viy ta phdi chiing minh véi moi a € Q ton tai duy nhiat z € P sao cho B(z) = a. Bai
todn tim z s& duudc dua vé bai toan tim cyc tri ctia mot ham sd 16i va tron, va 18i gidi duy nhét
ctia n6 dugc khang dinh béi dinh 16i va tron ctia ham s6. em chi tiét tai [2]. Alexandrov c6 mdt
chiing minh thu vi khéc, bing céch trude hét chiing minh tinh duy nhat, rdi dung tinh chat topd
ctia mién x4c dinh va mién gid tri cia B d€ chiing minh tinh ton tai. Xem chi tiét tai [1].

[1] A. D. Alexandrov, Convex polyhedra (translation of the 1950 Russian original),
Springer, Berlin, 2005.

[2] 1. Pak, Lectures on Discrete and Polyhedral Geometry, online at
http://www.math.ucla.edu/~pak/geompol8.pdf
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TOAN HOC VA NGHE THUAT TUNG HUNG

Nguyén Hung Son

GIOI THIEU

Tung hiing la mot bo mon nghé thudt cé xua, duong nhu luén dong hanh véi lich sit ciia
nhdn loai. Nhiéu bdn vé mé td nhitng nguoi phu nit dang tung hitng dwogc tim thdy trong
mot ngéi mé cia Ai Cdp cé nién dai vao khodng thé ky thit hai muoi trudc cong nguyén.
Chi cdan mdt vai vién dd va mot chiit luyén tdp la ban da co thé tung hitng. Vi vdy khong
c6 gi ddng ngac nhién khi loai nguoi quan tam dén mén nghé thudt nay tic rdt ldu roi.

L == § Lalt ——

Tuy nhién, chi méi gan day khia canh to4n hoc ctia tung hting méi bat dau dudgc quan tam mot
cach nghiém tiic. Cac nghién citu toan hoc vé cac md hinh tung hing dudc tién hanh 1an dau
tién ciing mot lic vao nhitng nim 80 cta thé ky XX tai vai trudng dai hoc, trong d6 c6 Pai hoc
California tai Santa Cruz, Caltech va Pai hoc Cambridge. Trong bai bao nhd nay chung ta sé
liét ké mot cach ngan gon vé cic két qua ma cac nha toan hoc c6 thé gitip cac nghé si xiéc trong
viéc tao ra cac md hinh tung hiing va cdc 1di ich do sy hdp tac lién nganh nay c6 thé dem lai cho
cac nha toan hoc.
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g

Hinh 1: Nhitng hinh anh c8 nhit vé tung hing cach day khoang 4000 nim.

Budc dau tién 12 tao ra cdc mo hinh todn hoc cho cic ky thuat tung hiing d€ c6 thé néi vé chiing
mot cach chinh x4c. Trong cdc mo hinh don gian nhit, ta gia st thdi gian 12 13i rac (chinh x4c
hon, thoi gian 12 mot chudi céac thai diém 1,2, 3, .. .), va rang nghé si tung hiing c6 hai tay, mdi
tay chi c6 thé giit dugc nhiéu nhit mot vat trong mdi thoi diém. Khong mét tinh téng quat ta gia
st cdc vat dung d€ tung hiing 1a cdc quéa bong. Céc tay thay doi nhau lién tuc, c6 nghia 1a mot
tay sé luon bat (hiing) va tung bong & céc thoi diém 18: 1,3, 5, ... (ta goi d6 1a tay 1), con tay thi
hai (tay chén) thi ludn tung va hiing & céc thdi diém chin: 2, 4.6, ...

Va bay gio sé 1a vin dé thd vi hon: 1am thé nao d€ mo hinh héa cac cach tung béng khac nhau
va dong thdi cho nhiéu qua béng khic nhau? Phuong phdp thudng dung nhit la phan loai cic
cach tung béng theo thdi gian (s6 khoanh khic) ma qua bong bay trén khong. Pidu d6 c6 nghia
rang néu tai thdi diém 7 ta tung bong theo kiéu ¢ ( véi ¢t 1a mot s6 tu nhién nao do) thi bong sé
rdi (vao mot trong hai tay) vao thdi diém 7 + ¢. Luu y rang véi cach ky hiéu nay, néu béng dudc
tung theo kiéu chin bang mot trong hai tay thi né sé rdi vao diing tay d6, con theo kiéu 18 thi
bong sé roi vao tay thit hai. Ta ciing ky hiéu ki€u 0 cho trudng hop khong tung bong, tic 1a mot
trong hai tay dudc goi la tung bong theo kiéu 0 tai thoi diém i néu tay d6 khong c6 bong tai thdi
di€m nay.

Hinh 2 1a vi du cia mot day cac cach tung hing bong theo trinh tu thdi gian. Trong vi du nay
ngudi nghé si tung hiing dung ba qua béng dugc danh diu bang ba mau. Ngoai ra trén hinh vé
con c6 mot sb thong tin bs sung (vé cAu hinh) va sé dudc gii thich sau.

Hoat dong ctia ngudi nghé si tung hiing trong vi du nay c6 thé dugc md ta & dang mot diy cac
cach tung bong trong ting thdi di€ém, d6 1a (5,3,1,4,5,3,0,5,5,2,0,5,3,1,4,5,3,0). Cach ky
hiéu nay dudgc goi 1a phuong phap diy hoan d6i (tiéng Anh 1a siteswap model). Tuy nhién, trong
thuc té cic nghé si tung hiing thudng quan tim dén cic mé hinh tung hitng (tiéng Anh goi 1a
juggling pattern) hon 1a cai dy dai ding dic nhu & trén. Tt nhét 1a néu ta tim dudc cac day tuin
hoan dé mot diy con hitu han c6 thé 1ip di lip lai nhiéu 1an cho dén vo cling. Vi du: mot trong
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Thoi Kifu | Cau hinh
diém tung
1 5 XX--X
2 3 K—X¥—
3 1 HEK——
il 4 KX—-X—
5 5 X—X-¥
B 3 —XXX—
7 0 KXX——
8 5 XX——X
g 5 X——XH¥
10 2 —XXX—
11 W 0 XXX——
12 5 HH——X
13 Q 3 K-XX-—
14 1 XEX——
15 4 XX—X—
16 W | S K—X—X
17 3 —XXX—
18 B | O HHK——

Hinh 2: Vi du mdt ddy cic cach tung hiing bang hai tay

cdc mo hinh phd bién nhit ma moi ngudi thuong bat dau hoc 1a tung hing 3 qua béng theo kiéu
thdc nude. Ki€u tung hiing nay tuong duong véi day (3,3,3,3,3,3,3...).

DE tranh trung lip cac thong tin vo ich, ta thudng ky hiéu cac diy tudn hoan bang cac thong tin
trong mot chu ky ctia né. Nhu vy md hinh tung hiing kiéu thac nuéc 1a diy tuan hoan (3).

T6i day ta c6 thé thiy hang loat cic vAn dé toan hoc dugc dit ra. Phai ching tit ca cac diy hoan
d6i déu kha thi (hop thiic)? S6 qua bong dnh hudng nhu thé nao dén mod hinh? Ton tai bao nhiéu
mo hinh tung hing néu ta c6 dinh mot sd yéu t6 nhu s6 lugng qua bong hoic s6 1an tung bong?

Truéc khi tim hiéu cic cau héi trén ta hiy 1am quen v6i mdt s6 tinh chit ctia mo hinh tung hiing
& dang day hoén doi (siteswap patterns):
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DPinh nghia 1 Goi P = (to---t,_1) la ddy hodn déi véi d dai k. Day P dugc goi la day tung
hiing khi va chi khi ham sé

0:{0,...;k—1} = {0,...,k — 1} xdcdinh bdi o(i) =i +t; mod k

la mot hodn vi cua tdp {0, ..., k —1}.

Pinh nghia trén chi mubn néi rang trong day tung hitng 1a day hodn déi ctia qu4 trinh tung hiing
thuc su. Khi tung hiing, khong tay nao dudc bat hai qua béng cung mot lic, diéu d6 co nghia
rang cdc qua bong déu phai roi vio mot trong hai tay & cac thdi diém khac nhau. Dé thiy moi
day c6 do dai k = 1 déu 1a diy tung hiing va moi day tuan hoan dang (n) ciing 1a ddy tung hiing
tuong ting véi tung hiing kiéu thac nudc ding n qua bong.

BG dé 1 (vé gia tri trung binh) Trong moi diy hodn doi tung hitng tudn hoan a = (ag, ay, ..., ag_1)
c6 d¢ dai d, gid tri trung binh ciia day a = “ T g mpt 56ty nhién va bdng diing s6
qud bong dugc ding dé’tung hiing.

Xin bd qua phan chitng minh bé dé 1 va mong ban doc yéu thich todn hoc coi day 12 mot bai tap
thu vi.

B§ dé trén day c6 thé coi nhu 1a diéu kién can d€ ki€m tra diy hoan ddi c6 phai 1a ddy tung hiing
khay khong: néu gi4 tri trung binh ctia day khong phai 12 sb nguyén thi d6 khong phai 1a day
tung hing. Vi du:

e Diy (5,2,1) c6 gia tri trung binh bing 8, vi vy day khong phai 1a day tung hiing.

e Diy (3,2,1) c6 gid tri trung binh bing 2 nén c6 thé 1a diy tung hing cho 2 qua béng. Tuy
nhién o(1) = 0(2) = 0(3) = 0, vi vdy theo dinh nghia day khong phai la day tung hing.

e Cacday (4,4,1),(5,3,1), (4,4,1,3) (5,5,5,0,0) 1a cac day tung hing cho 3 qua bong;
con (6,4,5,1), (7,3,3,3), (7,1) la cac day tung hing cho 4 qua bong. Hy vong sau khi
doc xong bai viét nay, ban doc c6 thé dé dang kiém tra céc thong tin trén.

Hinh 3: Vi du clia ddy tung hiing tuan hoan (4,4, 1, 3).

Benoit Guerville da phat hién va chiing minh két qua tuyét vi lién quan dén diéu kién du xic
dinh day tung hing nhu sau:
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Dinh ly 2 (vé tai c6 cAu) Néu day sé tu nhién cé gid tri trung binh ciing la sé nguyén thi ta c6
thé’ hodn vi ddy do thanh mot ddy tung hiing.

Quay lai vi du trén Hinh 2. Tai mdi thdi diém ta hay quan sat “vi tri" cia qua béng, tiic 1 thoi
gian tif thdi di€ém d6 cho dén khi qua béng roi vao mot trong hai tay. Vi khong tay nao dudc bat
hai qui béng ciing mét ltic nén tai mot thai diém tt ca cdc qua béng phai & céc vi tri khac nhau.
Ta c6 thé néi rang bong dudc tung 1én vi tri & thay vi néi rang bong dudc tung theo kiéu k.

CAu hinh tai mot thoi diém bat ky 12 mot diy sgs;ss ... gom cdc ky hiéu x va —. Ky hiéu
s = x néu vi tri ctia mdt trong cdc qua bong bang k, con s, = — khi khong qua béng nio &
vi tri nay. Chiéu dai cta ciu hinh thuong 13 s6 ty nhién hitu han tuong Gng véi vi tri cao nhét
clia cac quéa béng. Trong vi du & Hinh 2 ciu hinh tai moi thdi di€ém déu c6 chiéu dai bang 5 (cot
cudi cling).

Vi tri dau tién (ky hiéu s¢) clia cAu hinh mo ta tinh trang ctia ban tay chii dong, tic 1a tay 18 &
thdi diém 18 hoic tay chin & thdi diém chan. Diéu d6 c6 nghia 1a néu ky hiéu dau tién ctia ciu
hinh 13 — thi ban tay tuong ting khdng c6 bong va tiép theo tay do sé tung bong theo kiéu 0.
Con néu ky hiéu diu tién 12 x thi qua béng trong tay sé phai dugc tung 1én mot trong cac vi tri
c6 ky hiéu x (vi tri con tréng). Luu y: ta ludn c6 thé tung bong 1én vi tri cao nhét (tai sao?).

Néu céu hinh tai thdi diém i 1a C; = s0s152...54—1 va 5o = — thi cAu hinh tiép theo sé 1a
Cit1 = S1S2...S4_1—. Hai cau hinh dudc noi vé6i nhau bang mii tén c6 trong so bang 0:

p— 0 J—
Cz' = —8182...8¢-1 —— CZ'+1 = 8189 ...84-1—

Con néu sy = x thi cac cAu hinh tai thdi diém tiép theo sé& dugc hinh thanh nhu sau:

1. Kéo dai ciu hinh C; thanh C} = 505155 . .. 5q_154 V6i 84 = —;
2. Néu s;, = — va quéa béng dudc tung 1én vi tri h thi ta sé d6i s, = x;
3. Xoa So tu Cz, Céll hinh tal thoi dlémZ + 1s€la Ci+1 = 8182 ...84-154d

4. Tanbi hai ciu hinh bang miii tén c6 trong sb bang h:
h
Ci——Cina

Bing cach nay ta c6 thé thiét 1ap biéu do chuyén dich giita cac cAu hinh. Hinh 4 13 vi du minh
hoa ctia biéu d6 hoan chuyén gitta cdc cAu hinh khi tung hiing 3 qua béng va vi tri cao nhét 1a 5.
Biéu dd nay, thuc chét 1a dé thi cé hudng va co trong so.

St dung cdc chu hinh ta c6 thé d& dang ki€m tra xem mot diy hodn ddi c6 1a day tung hiing hay
khong. Dé dang nhan thiy ring méi mot day tung hiing tuong tng véi mot ddy chuyén trong
biéu d6. Hon nita diy tung hiing tuan hoan tuong dng véi mot chu trinh trong biéu dd. Cing c6
thé st dung biéu do nay d€ tao ra cic bai biéu dién tung hiing méi va ky la. Nhiéu nghé si (vi
du & cong ty Gandini Juggling) da sit dung mo hinh nay d€ thiét ké cic chuong trinh bi€u dién
cua minh.

BG dé 1 c6 thé tdng quat héa nhu sau:
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Hinh 4: Biéu dd dich chuyén giita cic cau hinh.

Pinh ly 3 (tong quat vé gia tri trung binh) Néu a = (ag, ay, as, .. .) la mot day tung hiing c6
do cao hitu han thi gioi han
> ai

lim €L
ESE

héi tu va bdng sé qud bong, ¢ ddy gidi han dwoc xdc dinh cho tdp hop tdt cd cdc khodng
I={bb+1,...,c} CZval|l| =c—b+1lasosétwnhién trong khodng I.

Pé y ring cac két qua toan hoc trong bai bdo nay khong st dung dén gi thiét vé& hai ban tay.
Céac két qua trén day van ding cho trudng hop tung hiing dung nhiéu “chi” hon, vi du: 2 chén,
2 tay, dau, nhiéu ngudi. Nghién ctiu vé cic ddy hoan chuyén van 1a van dé thdi su va dudc tdng
quat héa cho nhiéu trudng hop nhu:

e Thoi gian dong bo: nhiéu chi cling bit béng va tung bong trong cting mdt thdi diém;

e Multiplexes: mot tay c6 thé tung nhiéu qua béng trong ciing mot thdi diém.

Cic nghién ctiu co ban vé dé tai nay ciing dudc tién hanh va khd nhiéu bai bo da dugc ding,
chii yéu 1a vé cdc van dé t6 hop lién quan dén mo hinh tung hing. Mot diéu thi vi 12 mot sd
két qua lién quan dén tung hing lai c6 thé st dung trong cic nganh khic trong toan hoc. Mot
s6 nghién cifu, k& cd mot sb luan 4n tién si (vi du nhu “Combinatorial aspects of juggling” ctia
Anthony Mays) da phat hién rat nhiéu sy lién hé giita cac ddy hodn ddi (siteswap) véi mot sd
ly thuyét tién tién nhét trong to4n hoc nhu tinh todn chudi Poincare cho nhém affine ctia Weyl
A 4_1 hoidc d€ chiing minh dinh ly lién quan dén s6 ¢-Stirling. Tru6c d6, nhiéu ngusi cho ring
céc ly thuyét nay 1a cdc md hinh toan hoc tudéng tuong, khong thuc dung.
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Khong c6 ly thuyét vo dung trong todn hoc: su lién két gitta cac két qua toan hoc va cudc sdng
thudng xuét hién mot cach tinh cd trong cac linh vic ma ban than céc nha toan hoc ciing khong
nga toi.

[1] Tap chi ‘Delta’ ctia Ba lan. S6 9. 2014

[2] Beek, Peter J. & Arthur Lewbel (1995), ‘The Science of Juggling’, Scientific American,
Vol. 273, No 5, November 1995, p92-97.

[3] Beever, Ben (2002), ‘Siteswap Ben’s guide to juggling patterns’, available at:
www.jugglingdb.com/compendium/geek/notation/siteswap/bensguide.html.

[4] Buhler, Joe, David Eisenbud, Ron Graham & Colin Wright (1994), ‘Juggling drops and de-
scents’, The American Mathematical Monthly, Vol. 101, No. 6, June—July 1994, p507-519.

[5] Cardinal, Jean, Steve Kremer & Stefan Langerman (2006), ‘Juggling with pattern match-
ing’, Theory of Computing Systems, 39(3), June 2006, p425- 437.
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HE MAT MA KHOA CONG KHAI DUA TREN
PUONG CONG ELLIPTIC - MOT SO UNG DUNG

Ding Minh Tuan (Vietkey)

TOM TAT

O Epsilon s6 9, chiing toi da gidi thiéu tdng quan vé hé mat ma khéa cong khai dua
trén dudng cong Elliptic qua phan dau clia chuyén dé c6 cling tén goi clia tic gid Ping
Minh Tuén. Trong sd nay, Epsilon tran trong gidi thiéu phan tiép theo (va ciing 1a phan
két) ctia loat chuyén dé thong qua céc ing dung clia hé mat ma khéa cong khai dua trén
dudng cong Elliptic.

Dinh nghia 1.1. Bai toan Logarithm rdi rac trén duong cong Elliptic (ECDLP): Cho duong cong
E trén truong hitu han ¥, diém P € E(F,) vdi bdc n (nP = O = oco) va diém Q € E(F,), tim
56 nguyén k € [0,n — 1] sao cho Q = kP. S6 nguyén k duoc goi la Logarithm roi rac cia Q)
vdi co s P, va thuong duoc viét la k = logp Q.

Bit ky mot hé mat khéa cong khai nao ciing phai sit dung mot bai todn khé dé xay dung ham
mot chiéu. Y nghia mot chiéu & ddy c6 nghia 1a tinh thuan thi d& (thuét toan giai trong thdi gian
da thuc) va tinh ngudgc thi kho (thuat toan giai véi thoi gian khong phai 1a da thic - thuong la
ham mii hodc nita mil). Cdc tham s6 ctia Hé mat dua trén dudng cong Elliptic (ECC) can phéi
dugc Ivya chon cin than d€ tranh dudc cdc tn cong d6i véi bai toan ECDLP. Thuat todn vét can
dé€ giai bai toan ECDLP 12 1an luot tinh thit cac diém P, 2P, 3P, ... cho dén khi diém méi tinh
dudc ding bang diém Q. Trong truong hdp x4u nhét sé phai cin dén n budc thi, trung binh
thudng 1a n/2 la dat dugc di€ém @, do d6 can phai chon n di 16n d€ bai todn vét can 1a khong
kha thi (n > 2169),

Thuat toan tot nhit hién nay dé tin cong bai toan ECDLP 1a su két hop ctia thuét todn Pohlih-
Hellman va Pollard’s rho, thudt toan nay c6 thdi gian tinh 12 O(,/p), v6i p la udc sd nguyén to
16n nhét ctia n do d6 phai chon sb n sao cho né chia hét s6 nguyén 6 p 16n nhat ¢6 /p di 16n
d€ giai bai toan nay la khong kha thi.

Trong phan tiép theo, mot sd phuong phap tin cong bai todn Logarithm rdi rac sé dudc trinh
bay, da s6 cac phuong phdp nay c6 thé 4p dung dugc cho mot nhém bat ky. Chi tiét c6 thé tham
khao trong [3, 8, 21].
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Cho G la nhém céc diém trén dudng cong E. P, Q € G la cdc diém trén dudng cong F, ching
ta can giai bai todn kP = @, N 1a bac ctia G.

Phuong phép nay do Shanks dé xuét va dugc H. Cohen mo ta trong [22].

Thuét toan 1 Phuong phéap budc nhd, bude 16n

Chon m > /N va tinh mP.
Tinh va luu trit danh sach ¢P v6i 0 < i < m
Tinh Q@ — jmPv6ij=0,1,....,m—1
if 1P = () — ymP then
k =i+ jm( mod N)
end if
Quay vé budc 3

AN A o ey

Dé dang nhén thy Q = iP + jmP hay Q = (i + jm)P tt d6 k = i + jm. Diém i P dugc tinh
bing cach cong thém P vao (i — 1)P va gia tri nay dudc goi 1a budc nhd. Q — jm P dugc tinh
bing cich cong thém mP vao Q — (5 — 1)mP va gia tri nay dugdc goi 1a budc 16n.

Phuong phap nay do Pollard dé xuét trong [23].

Dinh nghia ham f : G — G mot céch ngau nhién P, = f(P;) v6i P, ciing dugc chon mot
cach ngu nhién. Béi vi G 1a tip hitu han do d6 sé c6 céc chi s6 iy < jo ma P, = Pj,, tr do ta
co:

Pigs1 = f(P) = [(Pjy) = Pjota

Tuong ty s& c6 Py, 4y = Pjy1 v6il > 0, tt d6 chudi P; 1a chudi tudn hoan véi chu ky 12 jo — .
Ham biéu dién chudi P, thuong gidng chit cai Hi Lap p va d6 1a ly do tai sao phuong phap nay
c6 tén la phuong phép p.

Ham f dudc chon nhu sau: Chia tdp G thanh s tap con khong trung nhau Sy, Sy, . .., .S c6 kich
thudc tuong duong nhau, s thudng dugc chon 1a 20, chon 2s s6 ngiu nhién a;, b; mod N. Dit:

Va dinh nghia:
flo)=9+M;, g€
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Bidu dién P; dudi dang P; = u; P + v;Q, khi P,, = P}, ta ¢6:

ujop + UjOQ = uiop + UioQ
(uio - ujo)P = (Ujo - UI‘jO)Q
k= (Ujo - Ux‘j0)1<ui0 - ujo) (mOd N)

Phuong phédp nay ciing tucng tu nhu phuong phap trén cin /N budc, tuy nhién khong gian luu
trtt s€ nho hon.

Pohlig va Hellman dé xuit phuong phap nay trong [24].

Néu c6 thé phan tich bac NV clia G thanh cac thita s6 nguyén t6 thi c6 thé viét:

Nzani

Y tudng ctia phuong phap nay 1a tim & (mod ¢f*) v6i mdi i, sau d6 ap dung dinh ly dong du
Trung Hoa d€ tinh k& (mod N). Coi ¢ 1a s6 nguyén t6 va ¢¢ 1a liy thita e clia ¢ dudc chia hét bdi
N, viét k dudi dang sau:

k=ko+kg+kd+--, 0<k<gq

Ly giai thudt toan 2 nhu sau:

N N

N N
B&i vi NP = oo va tl day c6 thé tim dudc k. Tiép theo:
Q1=Q —koP = (kyg+ ko> +---) P

N N

Q1= —(ki+kqg+--)P

q q
N N

:klEPJr(k2+k3q+---)NP:k1EP

Tur d6 tim dudc k;, tuong tu nhu vdy chung ta s€ tim dugc ko, k3 ... Thudt toan sé dung khi
e = r + 1, khi d6 N/q¢¢*! khong con 1a sb nguyén nita va ching ta khong thé nhan Q. v6i mot
s6 hitu ty.
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Thuaét toan 2 Phuong phéap Pohlig-Hellman

Tioh 7= {j (%P)}| 0<j<q-1.
Tinh %Q. D6 1a phan tir kg <%P> cuaT.
if e = 1 then

Nhdy dén budc 15.
end if
Q1+ Q —koP
Tinh %Ql. D6 1a phan tir &, (%P) caaT.
if ¢ = 2 then

Nhdy dén budc 15.
end if
. Lan luot tinh dudc cac gia tri ko, k1, ..., kr—1 VA Qo, Q1, - .., Qr_1
: Qr < Qr—l - kr—lqr_lp
: Xac dinh k, sao cho %QT =k, (%P)
: ife =r + 1 then
k=ko+kiq+ kag® + -+ + ke—1¢° ' ( mod ¢°)
Stop.
. end if
: Quay vé budc 11.

—

R A U S

—_— = =

—_
(98]

e e

Tan cong MOV la tén viét tit ctia cac tac gia Menezes, Okamoto, va Vanstone [25], st dung cip
Weil d€ chuyén doi bai toan Logarithm rdi rac trong F/(F,) thanh bai todn Logarithm 15i rac
trong F,... BSi vi giai bai todn Logarithm rdi rac trong trudng hitu han sé dé dang va nhanh hon
giai Logarithm rdi rac trong nhém cdc di€m trén dudng cong Elliptic. Chon m sao cho:

E[N] C F,

Béi vi tht ca cdc diém trong E[N] déu c6 toa do trong Fg = U;>,Fg’, nén m tdn tai. Theo dinh
nghia vé ciip Weil va cac thudc tinh clia ciip song tuyén tinh:

CQ = €N<Q>Tl) = €N(]€P, Tl) = eN(P7 Tl)k = Cf

Thuét toan 3 TAn cong MOV

1: Chon di€ém ngau nhién T € E(F m).

2: Tinh bac M cua T

3: Cho d = ged(M, N) vacho Ty = (M/d)T c6 nghia 1a T} ¢6 bac 1a d, chia hét bsi N, do
d6 Ty € E[N].

4: Tinh cdc cap Weil ¢, = en(P,T1) va (» = ex(Q, T1). Ca hai (1, (> € g € Fom.

5: Gidi bai todn Logarithm r3i rac (; = ¢} trong F5.., sé tinh dugc & (mod N).

6: Lip lai v6i diém ngiu nhién 7" cho dén khi boi s6 chung nhé nhét ctia cic s6 d 1a N, tir d6
xac dinh dugc k£ (mod N).
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Céac tham sb ctia hé mat ECC can dudc lua chon k¥ cang dé tranh cic tin cong nhu MOV, trong
qua trinh Iya chon hé ECC can phai dat dugc mot sb tiéu chi dudc mo ta trong chudn [26].

Dinh nghia 2.1. Tham s6 hé mdt D = (q, FR, S, a,b, P,n, h) la mot tdp hop gom:

1. Bdc cua truong IF, la q.

2. Phuong phdp biéu dién truong FR (field representation) duoc st dung cho cdc phan tit
cua F,.

3. S la mam duoc sit dung trong truong duong cong Elliptic duogc tao ra mot cdch ngdu
nhién.

4. Hai hé 56 a,b € F, dugc dung dé dinh nghia duong cong E trén F, (nghia la y* =
2 4+ ax +b).

5. P la mot diém c6 bdc nguyén té n va goi la diém co sé P = (zp,yp) € E(F,).

6. Dong hé s6 h = #FE(F,)/n.

Trong cdc muc con lai, chuyén dé sé dé cap dén mot sd thuat toan ing dung trong trao d6i khoa,
ma héa va ky s co ban. Chuin do cong ty Certicom xAy dung [26] md ta chi tiét viéc trién khai
ting dung ECC. Téc gia D. Hankerson [ | 8] phan tich viéc trién khai ECC bang phin mém, trong
khi d6 tac gid L. Cao [27] phan tich thuc hién cic giao thiic cd ban ctia ECC bang phan ciing.

Nim 1998, Laurie va cong su dé xuat giao thiic trao ddi khéa dua trén ECC [28]. Sau d6 giao
thiic ndy da dudc dua vao cic tiéu chudn ANSI X9.42, ANSI X9.63 va IEEE P1363.

Hai bén A va B can tao khéa phién bi mit trao ddi trong mot kénh truyén cong khai, hai bén
cung thoa thuan diém co sé P trén E. Bén A tao khéa bi mat d 4 va gti gia tri d4 P cho bén B,
ngudc lai bén B tao khoa bi mat dg nhan véi P sau d6 gui lai cho A. Khi d6 khoa phién cua bén
Aséla K4 = dadpP, vaciiabén B sé 1a Kg = dgdsP. D dang nhan thdy K4, = K3, khda
nay chi riéng hai bén A va B c6 thé tinh dugc. Xem so do duéi day:

Bén A Bén B
daP
dA > dAP
dpP
dBP < dB
Kjo=dadgP Kg =dgdsP
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Ddnh gid bdo mdt: DE tim dudc khoa chia sé K 4 hodc K, Hacker budc phéi tim dudc ca 2 khoa
bi mat d 4, d, trong khi chi c6 thé bat dugc thong tin trén dudng truyén 1a d 4 P va dg P, khi biét
P, Hacker budc phai giai bai toan Logarithm r3i rac d4 = logp(daP) va dg = logp(dgP) va
day la bai toan kho khong giai dudc trong thoi gian da thuc.

Tén day du ctia giao thiic 12 Elliptic Curve Menezes-Qu-Vanstone. Thuit toan da dudc dua vao
trong cac chuan ANSI X9.63, IEEE 1363-2000, va ISO/IEC 15946-3. Theo cdc tiéu chuin ndy
diém co sé dugc ky hiéu 1a G thay vi 1a P nhu thudng gip. Ludc do nay thuong dudc sit dung
khi cdc bén A va B c6 cip khéa cong khai va bi mat ¢d dinh, tuong tng 1a (a, aG) va (c, cG).

Bén A sinh cip sb ngiu nhién (b, bG) va bén B tuong ting sinh cip sb ngiu (d, dG), va trao ddi
2 cip nay cho nhau gid tri bG va dG. Ki hiéu ham x : E — N, 14y gia tri  clia mot diém trén
duodng cong .

Thuat toan 4 Tao khoéa bi mat chia s¢ ECMQV
INPUT: Céc tham s6 ctia hé mat (K, E, ¢, h, G), cic b a, b, aG, bG, cG va dG.
OUTPUT: Khéa bi mat chia sé Q (chia sé véi véi dbi tuong c6 khéa cong khai
c@).

n < [loga(#k)]/2.

+ (z(bG)(mod 2™) + 2.
s < b+ ua((mod q).

+ (z(dG)(mod 2™) + 2.
Q < s(dG 4+ v(c@)).
if () = oo then

Quay lai budc 1.
end if
Tra vé khoa Q.

N A - S ey

Bén B c6 thé tinh ra cling s6 Q bing cach thay (a, b, ¢, d) trong thut toan trén bing (c,d, a, b).
Bén A sé c6 cac gid tri ua, v, 54 vabén B sé c6 ug, vg, sp. D dang nhan thiy [10]:

ug = Vp
up = vy
Qa = 54(dG 4+ v4(cG)) = sa(d +vac)G

= sa(d+upc)G = saspG
Qp = sp(bG +vp(aG)) = sp(b+vpa)G
sp(b+ usa)G = spsaG

RQa=0Qp =@

Pdnh gid bdo mdt: D& hack dudc khéa chia sé, Hacker can phai tinh dudc céc gid tri a, b, c, d,
mudn vdy Hacker phai gidi cic bai todn Logarithm 18i rac a = log,(aG), b = logs(bG),
¢ = logg(cG), d = log(dG). Day la cac bai toan kho khong thé giai dugce trong thsi gian da
thic.
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Nam 1999, ECDSA (The Elliptic Curve Digital Signature Algorithm) da dugc phé duyét thanh
tiéu chudn cia ANSI (ANSI X9.62-1998 ECDSA, phién ban méi nhét 12 X9.62-2005), nim
2000 ECDSA ciing dugc IEEE va NIST phé duyét thanh tiéu chuan FIPS PUB 186-4 (DSS
- Digital Signature Standard), phién bdn méi nhét ban hanh 7-2013. ISO nim 2002 ciing ban
hanh tiéu chuan ISO/IEC 15946-2:2002 trong d6 c6 phan danh riéng vé ECDSA. M6 ta chi tiét
vé ECDSA c6 thé tim thiy trong [29].

Ngudi ky sé& chon s6 d 1am khéa bi mat va tao ra khéa cong khai 12 Q = dP, st dung ham bim
H dé tao ra gid tri tom ludc viin ban e clia vin ban m. Chit ky sb sé& 1a cip (r, s) dudc tinh theo
thuat toan 5.

Thuét toan 5 Sinh chit ky s6 ECDSA

INPUT: Tham s6 D = (¢, FR, S, a, b, P,n, h), khéa bi mat d, thong diép m.
OUTPUT: Chit ky s6 (7, s).
Chon ngau nhién k € [1,n — 1],
R <+ kP = (x1,y;) va chuyén doi 7; <+ z;.
r < 27 (mod n).
if » = 0 then

Nhdy dén budc 1:
end if
e < H(m).
s+ k7l (e+dr) (mod n).
if s = 0 then

Nhdy dén budc 1:
: end if
. Tra vé (r, s)

R e N U e

—_ = =

Ngudi xdc thuc chit ky nhan dugc vin ban m' va chit ky s6 (r, s) clia ngudi ky, sé tinh gid tri
tém lugc €’ ctia vin ban nhan dudc 1a m’ va 4p dung thuat toan 6 dé x4c dinh su phl hdp cia
chit ky s6 vdi vin ban nhan dudgc, tit d6 c6 thé khang dinh vin van c6 do ding ngudi ky ky hay
c6 su gia mao tif ngudi khac hodc vin ban c6 bi sita ddi hay bi 16i do dudng truyén hay khong.
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Thuit toan 6 Xac thuc chit ky s6 ECDSA
INPUT: Tham s6 D = (¢, FR, S, a, b, P,n, h), khéa cong khai Q = dP, thong diép nhan dugc
m/, cht ky (r, s).
OUTPUT: Chit ky hgp 1€ hodc khong hop 1€.
1: Kiém tra 7 va s ¢6 phai 1a nhiing s6 nguyén niam trong khoang [1,n — 1]. Néu khong tra vé
return(“Cht ky khong hop 1€”).
e« H(m').
w < s (mod n).
uy < €w (mod n) va uy < rw (mod n).
R+ u1 P + uQ.
if R’ = oo then
return(“Chtt ky khong hop 1€”).
end if
Chuyén déi z; cia R’ — s6 nguyén 7.
r’ < 21 (mod n).
. if v’ = r then
return(“Cht ky hop 1€”).
. else
return(“Chit ky khong hop 16”).
: end if

e RN R

—_— = e = e
AN vl

Chitng minh tinh diing ddn ciia thudt todn: can phai ching minh rang néu m’ = m hay e = ¢’
thi v’ = r. Thuc vay:
w=s"'=k(et+dr)1
R' = u1 P + usQ = (ug + upd) P = (¢ + rd)wP
= (' +rd)s'P = k(¢ +rd)(e +rd)~*P
Néue = ¢ tasé cé R = k(e +rd)(e +rd)~'P = kP = R la diéu can phai ching minh.

Pdnh gid bdo mdt: DE gid mao dudc chit ky, Hacker can phai tim dudc gid tri & va khoa bi mat
d, d€ tim dugc 2 gia tri nay Hacker budc phai gidi 2 bai toan Logarithm r6i rac k = logp R va
d = logp @) va day déu 1a 2 bai todn kho, chua giai dudc trong thi gian da thiic.

Dua trén Iude do ky s6 do EIGamal dé xuit nim 1984 [30], phién ban sia d6i da dudc dua vao
thanh chuin vé chit ky sd DSS (Digital Signature Standard) trong FIPS 186 [31].

Dinh nghia ham f nhu sau:
fEF,)—Z

C6 thé chon ham f(z,y) = z, trong d6 = 12 s6 nguyén 0 < = < ¢. Cip khéa bi mat va cong
khai ctia ngudi ky 1a (2,Y) | Y = 2P. N la bac ctia diém P thuong 1a s6 nguyén t6 16n.
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Thuit toan 7 Sinh chit ky s6 Elgamal
INPUT: Khoa bi mat x, thong di€p m.
OUTPUT: Chit ky sb (R, s).
: Chon ngau nhién k € [1,n — 1],
: R+ kP.
s=kYm —xzf(R)).
. Tra vé (R, s)

B LN =

Thuit toan 8 Xac thuc chit ky s6 Elgamal
INPUT: Khéa cong khai Y = z P, thong diép nhan dugc m’, chit ky (R, s).
OUTPUT: Chit ky hop 1€ hoac khong hgp €.

1: Tinh V; = f(R)Y + sR.

2: Tinh V5 = m/P.

3: if V; = V5 then

4:  return(“Cht ky hop 1€7).

5: else

6:  return(“Cht ky khong hop 1€”).
7: end if

Chitng minh tinh diing ddn ciia thudt todn: khi m’ = m:
Vi=f(R)Y +sR=f(R)xP+k '(m—zf(R))R=mP =m'P =V,

Ddnh gid bdo mdt: Mubn gia mao chit ky s6, Hacker budc phai tinh dugc s, d€ tinh dugc s budc
phai tinh dudc k& va khoa bi mat x, dé€ tinh dudc 2 gia tri nay Hacker budc phai gidi bai todn
Logarithm rdi rac k = logp R va x = logp Y, 1a 2 bai toan khong gidi dugdc trong thoi gian da
thic.

Massey-Omura 12 hai tac gia dé€ xuit lugc dd ma héa dugc md ti trong Patent [32] vao nim
1986. Ludc do ma héa nay it dugc st dung trong thuc té nhung né ¢ y nghia vé mit lich sg.

Bén A Bén B
Biéu dién thong diép nhu M € E(F))

Mi=maM

Chonmy Il ged(ma, N) =1 ; M,
My=mpM

M, Chon mp | ged(mp, N) =1

Mgzmleg

Tinh m ' € Zn ; Ms

M =mz'Ms
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Dé dang nhan thiy:

mp'mytmpmaM = M
Pdnh gid bdo mdt: Mudn pha khéa trong ludc dd nay, Hacker phai tim dudc gia tri m 4, mp dé
tim dugc cic gid tri nay Hacker phai 1an ludt gidi 2 bai toan Logarithm r&i rac m4 = log,, M;
vamp = log,,, M>, va ddy la 2 bai toan chua giai dudc trong thoi gian da thiic.

Trén co sé hé mat ElGamal [30], lugc dd ma héa dudc phat biéu nhu sau:

Bén A Bén B
Thong diép M € E(F,) Chon cédp khéa (zp,YR) | Yg = 2P
Chon k, tinh M, = kP
My, M
Tinh M, :M+I€YB > M17M2

M:MQ—ZL‘BMl

Chiing minh tinh diing ddn ciia lugc dé md héa:
M:MQ—ZEBM:[ :M—i-k}YB—QSBMl :M—{—k(JZBP)—.CEB(kIP) =M

Ddnh gid bdo mdt: DE gidi ma dugc vin ban M, Hacker budc phai tim dudc k va zp, do d6
Hacker can phai giai 2 bai toan Logarithm rdi rac k = logp M; va x5 = logp Y3, va day 1 2
bai toan kho.

ECIES do Bellare va Rogaway dé xuit va 13 mot bién thé ctia ma héa dung hé mat ElGamal, sau
d6 thuat toan nay da dugc dua vao cdc chuan ANSI X9.63 va ISO/IEC 15946-3, IEEE P1363a
va [26].

Tham s6 D = (¢, FR, S, a, b, P, n, h) dudc chon tuong tu nhu véi ECDSA. O déy can lua chon
thém cdc ham ma héa/giai ma ddi xding ky hiéu 1a Ey(m) va Dy (c). Trong d6 m 1a ban 16 can
ma héa, ¢ 1a ban da dudc ma. Thuit toan ma héa d6i xiing dudc chon & day dé phuc vu qua trinh
ma hoéa/giai ma dudc dé dang hon va nhanh hon so véi cdc thuit toan bat d6i xing. Ngoai ra
thay vi st dung ham bam don gian, ECIES s€ st dung hai ham bam sau:

e Message authentication code M ACk(c):

MAC : {0,1}" x {0,1}* — {0,1}"
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e Key derivation function K D(T,1):
KD:ExN— {0,1}"
[1a do dai khoa (ki ||k2). {0, 1} 1a chudi bit ¢6 gid tri 0, 1 ¢6 dd dai n hodc khong xdc dinh
().

Nguoi nhdn c6 cdp khoa cong khai/bi mat la (Y, z) trong d6 Y = zP.

Thuét toan 9 Ma hoa ECIES
INPUT: Vin ban can mi héa m, khéa cong khai Y.
OUTPUT: Van ban da dugc ma hoa (U, ¢, r).
Chonk € [1,q — 1].
U<+ kP.
T < kY.
(F1[|k2) <= KD(T.1).
Ma héa van ban, ¢ < Ej, (m).
Tinh gia tri M AC cho van ban ma héa r = M ACy, (C)
Tra vé return(U, ¢, 7).

A A o ey

Bén gidi ma sé nhan dudgc tap hop (U, ¢, ) gdm cic thanh phan sau:

e U can thiét dé tinh khéa phién Diffie-Hellman 7.
e ¢laban da dugc ma hoa.

e 1 dudc dung dé xdc thuc ma vin ban..

Thuat toan 10 Giai ma ECIES
INPUT: Van ban ma héa U, ¢, r, khoa bi mat x.
OUTPUT: Van ban da giai ma m hodac thong bao “van ban ma khong hgp
18",

T+ zU.
(k1[|k2) <= KD(T1).
Giai ma van ban, m < Dy, (c).
if r # M AC},(C) then
xuét thong bdo “vin ban ma khong hop 18”
end if
Tra vé viin ban da dudc gidi ma m.

AR A S S ey

Khéa phién T sau khi dugc tinh trong phan giai ma sé c6 gid tri giébng nhu trong phan ma hoa.
Thuc vay:
TDecryption =z2U = l‘(k‘P) - k’({L‘P) =kY = TEncryption
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Pdnh gid bdo mdt: DE pha khéa dudc Iude dd nay Hacker can phai tim dudc khéa bi mat = hoiic
gid tri k bang cach giai bai todn 2 = logp Y hoidc k = logp U, va ddy 1a 2 bai todn khé chua
giai dudc trong thdi gian da thic.

Mot s6 thuat todn va giao thiic khac st dung dudng cong Elliptic ting dung trong mat ma c6
thé xem thém trong [ 10, 21]. Tai liéu “Guide to Elliptic Curve Cryptography” [19] v6i rat nhiéu
thuat toan chi tiét c6 thé coi 1a cAm nang dé trién khai cho nhiing bai todn ting dung cu thé cia
ECC.
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VAT LY, HINH HOC VA TRAI PAT TRON

Nguyén Ai Viét
(Vién Cong nghé Thong tin, Pai hoc Qudc gia Ha Noi)

GIOI THIEU

Nhic t6i chuyén Trai DAt tron 12 ngudi ta nghi téi cac nha vat Iy N.Copernicus, G.Galilei,
G.Bruno va thudng nghi rang d6 1a mot van dé thudc vé vat ly. Thuc ra diy 1a mot van
dé ting dung hinh hoc dugc tim ra truéc d6 gan 2000 nim bdi nha bac hoc Hy Lap
Erasthonenes. Vi sao nhan loai lai bd quén mot phat kién vi dai nhu vay? Vi sao cdc nha
bac hoc Trung Qudc, van chua bao gid biét va nghi t6i viéc ndy cho dén khi bi vin minh
phuong Tay tran vao va lan at.

Thoi Hy Lap ¢8, khoa hoc khong phan biét, chuyén mon héa nhu bay gid. Mot nha bac hoc
thudng nghién ctiu cdc vin dé Triét hoc, Todn hoc, Vit Iy, Logic, Ngon ngit va cac khoa hoc
nhan vin. C4c nganh khic nhau, nhu ta biét bay gid, chi 1 cdc vin dé ma ho quan tam.

Trai v6i ngay nay, khi d6 hinh hoc gin lién véi ing dung thuc té thoi Hy Lap c6 1a viéc do dét
dai. Vat 1y 1a khoa hoc siéu hinh triru tugng chi gianh riéng cho cic nha hién triét 16n nhat giai
thich moi hién tuong xay ra trong tu nhién. Cdc van dé vat Iy ma ho ban luan hét siic xa thuc
té nhu tai sao miii tén khong c6 ngudi ddy lai bay dudc. Khi d6, hinh hoc va vt 1y 13 hai vin
dé khoa hoc song sinh, cling nghién ctiu tinh chit va quan hé ctia cdc vat thé trong khong gian
sbng clia con ngudi.

Dan dan, hinh hoc cb gang thoat ra khdi cac ndi dung ting dung cu thé, ngay cang triiu tudng
hon. Diéu d6 tét, gitp hinh hoc bt thién cin c6 thé vuon téi nhitng khai niém hién hitu nhung &
bén ngoai suy dién truc gidc clia con ngudi. Nhu thé pham vi ting dung ctia hinh hoc ngay cang
md rong.

Vat ly phat trién theo chiu ngudc lai, c6 ging thoat khdi thap nga siéu hinh hoc, tim dén véi
quan sét thuc tién, d€ giai thich cac hién tuong tu nhién cé cin ci hon. Va ciing nhu thé, vat ly
ngay cang gidp con ngudi hiéu nhiéu vé ban chit cla vi tru.

Tuy vay, do viéc chuyén mon héa qud siu, ngly nay ngudi ta, ké ca cic nha khoa hoc c6 chuyén
mén sau, ¢6 nhiéu ngd nhan. Ho cho rang, Hinh hoc 13 khoa hoc vé nhitng hinh thé khong ton
tai, chang lién quan gi t6i thuc tién. Ngudc lai, vat Iy 1a phai gan lién véi sb liéu cta cic qua
trinh cu thé. Do do, chinh cdc nha khoa hoc ciing tu bin khoin, nghién citu cdc khoa hoc nhu
hinh hoc va vit ly ly thuyét s& dem lai diéu gi.
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Ngudi ta thudng néi cac nha hién triét Trung Qudc ciing da tim ra hinh hoc riéng theo céch cia
ho. Cé ngudi con gan Kinh Dich, tim linh va cac yéu t6 siéu hinh khac véi cac ty 18 LS Ban quy
dinh cho thg mdc.

Sau hon 2000 nim, mac du phat minh ra rit nhiéu diéu kinh ngac, 1ap dudc nhiing ban do thién
vin dau tién ctia nhan loai, kién thiic hinh hoc ctia ngudi Trung Qudc van hét stic tho so, khong
tién gi dudc thém so v6i L6 Ban, & thé ky 4 trudc Cong nguyén.

N6i mot cach khdc, hinh hoc, néu ¢6 & Trung Qubc thdi ¢d, chi 12 mot dang tién than khoa hoc
hét siic s6 dang. Khi d6 viéc thd phung cing bai cac ty 1& hinh hoc ctia Lo Ban, ciing nhu viée
céc tin dd ctia Pythagoras tin rang nhd Thugng dé ho mdéi phat minh dudc ra dinh 1y vé tam gidc
vuong va phai mé t6i 100 con bo dé ta on véi hy vong rang Thugng dé sé cho ho c6 nhiéu dinh
1y khac dep d& hon. Chinh long tin mii quang va han ché véi cdc tng dung ngay trudc mat da
1am céc hiéu biét vé hinh hoc & Trung Quéc trd nén thién cin va dAm chan tai chd.

Miic dit cic tu duy so khai déu c6 thé chita dung rit nhiéu minh triét, nhung chiing vin chua
phai 1a khoa hoc. Cho dén khi vin minh phuong Ty tran vao, ngudi A Pong van tin rang Trai
DAt hinh vudng, bau trdi hinh ban ciu chup 1én mit dat nhu mot c4i 16ng ban, bdn phuong c6
bdn cot chéng troi d6 toan bo cdi 1ong ban.

Mot chid bé 16p hai ngay nay ciing c6 thé dit rit nhidu cau hoéi 1am mé hinh vi tru quan hinh hoc
nay d6 sup. Toi tin ring cdc nha hién triét Trung Hoa ciing da tiing dit ra dugc cac cau hdi nhu
thé. Nhung diéu gi khién ho khong dam tra 15i dé thay d6i vii tru quan d6? Chiing ta sé quay lai
van dé nay sau khi nhin lai cach nghi ctia cic nha bac hoc Hy Lap cd.

Nha bac hoc Hy Lap Erasthostene sdng vao thé ky 3 trudc Cong Nguyén, tic 1a sau L6 Ban hon
200 nim. Ong chi dung suy luin va dua trén mot s6 dif liéu quan sat da biét dugc Trai dit c6
hinh cau va tinh dudc chu vi ctia hinh cau d6 mot cach chinh xac. P6 méi chinh 1a khoa hoc
dich thuc.

Y tudng ciia Erasthostene kha don gian so v6i hiéu biét ctia chiing ta ngay nay: Nguoi Hy Lap,
ngudi A rap cd da biét ché tao ra cac dong hd mit troi tuong d6i chinh xdc dua trén bong cia
céc dinh thap khi c6 mit troi. Vao thoi diém gitta trua, bong clia cdc coc dong vudng goc trén
mit dat 1a ngan nhat. Néu gia thiét cac tia sang dén mit dit déu song song va mit dét 1a phéang,
céc hinh chiéu ctia céc coc cao nhu nhau phai gidng hét nhau. Tuy nhién, Erasthostene nhin
thiy hinh chiéu ctia c4c coc c6 cung do dai vao giiia trua tai Syene va Alexandria khong gidng
nhau. Piéu d6 c6 nghia 14 cic coc khong song song va lap thanh mot géc nhéat dinh véi nhau
xap xi %—g. Nhu vy, Trdi DAt phai 13 hinh cau c6 chu vi gip 50 1an khodng céch tit Syene dén
Alexandria. Bai toan trén c6 thé gidi trong trudng hop céc tia sang khong song song va déu xuat
phat tir mot diém 132 Mt Troi. Tuy nhién do khoang cach gitta Mt Trdi vao Trai DAt 1a qua 16n
so vdi cdc dit liéu trong bai toan, déng gop cla su sai 1éch nay khong dang ké.

Diéu quan trong & ddy khong phai 1a giai mot bai todn ma & phuong phap suy luin, sing tao,
tri tuéng tuong va kha ning lién tudng gitta cac khdi niém tritu tuong va thuc té. Cac nha hiéu
triét A Pong di trudc, c6 rit nhiéu vu thé, nhung thiéu di nhitng thanh phin quan trong nhit dé
tao ra sang tao khoa hoc c6 tam cd thuc su. Néu c6 ai d6 vé sin cho ho céc tia sang, coc, dudng
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day cung giita Syene va Alexandria va tAm Trai DAt, cac hoc tro ctia ho ciing c6 thé tinh toan dé
dang chu vi ctia vong tron, cho dit ho chua bao gid biét dén s6 7.

Piém quan trong trong phat kién vugt thdi gian gan 2000 nim so véi minh triét phuong Pong
ctia Erasthostene 12 ¢ tudng tudng gan lién véi cac dit lidu c6 thé quan sat dudc. Dit lidu quan
sat dudc méi gidp chiing ta "nhin" thiy nhiing su vit ma nhiing ngudi minh triét dén dau ciing
khong nhin thiy duge. Céc gido diéu, gia thiét, dinh kién c6 sin sé bit mit 1am cac nha khoa
hoc mu 1oa. N6éi mot cach khac, Erasthostene da nhin ra Trai DAt tron tif cac bong ning, diéu
ma cdc nha hién triét A Pong khong thé nao lam dugc do phuong phap nhan thic ciia minh.

Nghién citu hinh hoc khong chi bao gém viéc suy luin ra céc tinh chit ctia cic vat thé dua trén
mot sb tién dé c6 sin ma con 12 viéc nhin thdy dudc su hién hitu cia mot hinh hoc xac dinh qua
cac vat thé va hién tugng c6 trong thuc té.

Hinh hoc, xdy dung trén nhiing tién dé cd dinh, va cb gang tim ra nhiing tinh chit bt bién véi
thdi gian. V6i todn hoc, mdt tam gidc dudc gia thiét 1a dugc sinh ra cling véi vil tru va ton tai
mai mai nhu thé. Céc ciu hdi, tai sao mot vat lai c6 hinh tam gic, hinh thanh nhu thé ndo, truéc
d6 12 hinh gi va trong tuong lai s& 12 hinh gi, déu dudc cho la khong thudc pham vi nghién ciu
cua hinh hoc.

Hinh hoc nhu mét biic tranh tinh, mét lat cat dong thdi gian clia cdc su vat va dong ciing lai
chung lai d€ nghién ctiu. VAt ly, ngudi anh em song sinh ctia hinh hoc 1a khoa hoc clia van dong,
nhd dén toan hoc dé biét cac thudc tinh clia su vat tai moi thoi diém, nhung tim cic quy luat
diéu khién van dong, thay ddi cta su vat.

Thuc ra, hinh hoc ¢6 stic manh hon 1a mot trat tu tinh. Chinh cach nhin nhan, cia nha khoa hoc,
bi anh hudng khong it bdi méi trudng séng, cong luan xung quanh, tu han ché minh gidéng nhu
céc hién triét A Dong thoi cd.

Khong it cdc nha Toan hoc 16n nhu Leibnitz, Gauss, Poincaré, Hilbert, Cartan da thoat dugc
khéi nhiing tin diéu d6. Leibnitz di cliing v6i Newton phat hién ra tinh todn gii tich va xay dung
hé théng vii tru co hoc ctia Newton. Gauss, Poincaré da dit nén tang cho hé thdng vil tru véi cac
hién tugng dién tif cia Maxwell. Hilbert, Cartan di cing Einstein xiy dung md hinh thé gidi
bing céc da tap Riemann cho cac hién tugng hip dan.

Trong cic mo hinh vii tru quan nhu thé, hinh hoc trd thanh cuén phim sinh dong, md ta nhiing
vu né 16n, séng lan truyén tif nhitng khoang cach khong thdi gian t6i hang ty nim 4nh sing.
Khong c6 hang rio nao can trd su suy nghi, biét cac khai niém tritu tuong thanh chuyén gianh
riéng ctia mot s6 ngudi, ciing khong cé hiang rao ndo ngin cach hinh hoc va vat ly. Céc tin diéu
déu 1a con ngudi tudng tuong ra d& ngin cAm chinh minh.
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Ngay nay, nhan loai dang diing trudc nhiing phat kién 16n lao v6i nhitng quan sat méi vé séng
hip dan, vt chét tdi, Iuc thd nim hita hen mot cudc cach mang méi vé khoa hoc cong nghé. C6
nhiing ngudi va nhiing dan tdc s€ tré nén hiing cuong, c6 nhitng ngudi va nhiing dan toc s€ 16
chuyén tau lich st bdi khong chiu tif bd théi quen suy nghi ctia chinh minh.

Khoa hoc cdng nghé khong thé phit trién dua trén mot dong luc tng dung thién cin vao nhiing
khdi niém c6 sdn va cb dinh xung quanh ta. C6 1& dong luc tim dén cac khai niém mdi quan
trong hon chinh ban than ndi dung cac phat kién khoa hoc.

Trong khi d6, nhu mot tit yéu, mic di khong phai 1a dong luc ban dau, khoa hoc luén mang
dén nhitng cong nghé méi. Khi séng dién tir dudc tim ra tir 10i gidi clia phuong trinh Maxwell,
khong ai nghi dudc c6 mot ngay, séng vo tuyén truyén hinh, Internet, dién thoai di dong lai tran
ngap khong gian séng clia ching ta nhu ngay nay. Cong thic ning luong £ = mc? cia ly thuyét
tuong dbi dem lai ngudn ning luong khdng 16 cho nhan loai. Phuong trinh Schrodinger va cac
hé thic giao hodn ma trin ctia Heisenberg mé dau cong nghé vat liéu mdi, ban dan va cac linh
kién dién tf md ra cudc cach mang vé cong nghé thong tin.

N6i vé thanh tyu do khoa hoc dinng nghia dem lai, ching ta ciing khong bao gi quén nhiing
vit can dudng do chinh ching ta tao ra 12 hé qua ctia théi quen ¢d hi, dinh kién sai 1am, thuc
dung thién can. Ching ta da thiy bai hoc ctia khoa hoc thdi ¢ & A Pong. DE két thic toi xin
nhéc lai mot cau chuyén dé€ néi 1én cach suy nghi thuc dung thién cin cé thé giy nén mot sai
1am quyét dinh vAn ménh clia cd mot dan toc nhu thé nao.

Tru6c chién tranh thé gi6i 1an thit 2, nude Puc 12 trung tAm ctia khoa hoc thé gi6i, noi phat minh
ra Co hoc Lugng tif va Thuyét tuong dbi. Vé mit cong nghé, nudc Piic di dau va hoan toan sin
sang ché tao thanh cong bom nguyén tii. Do chinh sach ctia Hitler, rat nhiéu nha khoa hoc gidi
da roi khéi Puc, do khong mubn hop tic véi chinh quyén phat xit. Véi luc luong con lai, nudc
Duc van di kha niang lam ra bom nguyén tif truc My va Lién Xo. Tuy nhién, Hitler da ban hanh
mot chinh sach 12 moi nghién ciiu khoa hoc phai c6 két qua thuc tién trong vong 6 thang. Chinh
diéu d6 1am nudc Pic khong thé ché tao bom nguyén tii vi khong di cac nghién ciiu co ban can
thiét.

C6 thé d6 12 mot may min cho nhén loai, nhung khong hé ngau nhién. Mot su ngu dét vé chinh
sach cling chi 12 hé qua tit yéu cta cach nghi phat xit ma thoi. Poc tai, phan biét chiing toc bao
git ciing sé tu kim hdm chinh minh. Chinh vi thé ma nhan loai con ton tai.

Ban nghi sao néu L6 Ban ciing tim ra dugc Trdi Dat hinh cau nhu Erasthostene, hinh hoc Euclide
dugc tim ra va cidch mang co khi nd ra tai Trung Qudc? Vé6i cach nghi A Pong, cho dui ¢6 nhiing
kién thiic khoa hoc vi dai nhit, liéu c6 phai 12 may min hon cho nhan loai hay khong?
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SOT MAYONNAISE VA BAU CU TONG THONG MY

Nils Berglund (Pai hoc Orleans, Cong hoa Phap)
Ngudi dich: Duong Piic Lam (Pai hoc Sussex, Vuong quc Anh)

LOI NGUOI DICH

Nils Berglund 1a giao su toan hoc cua Pai hoc Orléans, Phap. Linh vuc nghién ctiu chinh
ctia ong 1a vat 1y todn, 1i thuyét hé dong luc va 1i thuyét xac suit. Ngoai chuyén mon
dng con c6 s thich trugt tuyét va niu dn. Ong cling c6 kha nhiéu bai viét phd bién khoa
hoc, mot s6 ding trén cic tap chi, website khoa hoc ctia Phdp, dién hinh 13 Images des
Mathématiques. Bai viét sau day dugc dich tir nguyén béan tiéng Phap "Mayonnaise et
élections américaines" da ding trén tap chi Dossier Pour La Science s6 91, thiang 4 - 6
nim 2016. Ban dich da dugc su cho phép ciia tac gia. Mot sb thuat ngit, do chua dugc
dich ra tiéng Viét mot cach thdng nhét, hoic dé cho doc gia c6 thé tim hiéu rd hon, chiing
t6i chu thich thém duéi dang tiéng Anh. Tét ca cac chi thich 1a ctia ngudi dich.

Chic han 1a ban da biét dén phuong trinh vi phan, nhung liéu ban c6 biét phucng trinh vi phan
dao ham riéng ngiu nhién? C6 nguodn gbc tlt nhitng vin dé séng dong quanh ta, ching rit hitu
ich cho viéc nghién ctiu cac hién tugng khac nhau trong tu nhién ciing nhu trong chinh xa hoi
loai ngudi. N6 1a linh vuc nghién ctiu trung tim dan dén gidi thudng Fields ctia mot nha toan
hoc nam 2014.

Hay bat dau vdi hai bai toan thuc té sau day. Tron 1An mot hon hdp dau dn v6i nudc, quan sét
(v6i cdc cong cu hd trg tly ¥ theo lua chon clia ban) su lang dong ctia cdc phan tif trén bé mit, va
so sanh n6 véi tro choi xép hinh Tetris'. Theo ddi su thay d6i quan diém chinh tri ctia ngudi My
trong tién trinh clia cudc bau ct tdng théng sé dién ra vao thang 11 nidm nay. That ngac nhién
1a d€ hiéu dugc nhiing hién tugng khac nhau tif nhitng ngudn gbc rat khac nhau nhu thé, chiing
ta lai can dén su ho trg clia cing mot cdng cu todn hoc. P6 1a phuong trinh dao ham riéng ngiu
nhién (dudc ki hiéu 12 SPDE?), mot cdng cu toan hoc ma da tré nén hiéu qua hon rit nhiéu nho
cdc nghién cu gan day cia Martin Hairer, Gido su Dai hoc Warwick, Vuong qudc Anh. Véi
nhting dong gop quan trong do, 6ng dudc trao tang Huy chuong Fields danh gia nam 2014. Vay
SPDE la gi?

DPiém khéc nhau cin ban giita SPDE vé6i phuong trinh vi phan thudng 1a & chd, SPDE dugc dp
dung cho cic hé md hinh toan hoc c6 chiéu vo han véi mot dai lugng dudc goi 1a tiéng on® (hay
céc nhiéu loan ngiu nhién). Nho d6 ching ta c6 thé nghién cifu cac tinh hudng phiic tap noi c6
sU tuong tac, giao thoa clia rit nhiéu yéu td, nhu cac bot dau, cic phan ti vat chit hay nhiing

Mot tro choi dién ti rat phd bién tir cudi nhitng ndm 90 cda thé ki XX
2Stochastic Partial Differential Equations
3noise
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Hinh 1: Sw phdt trién quan diém chinh tri ciia nguoi dan My c6 thé'dwoc mo td bdi phuong trinh
dao ham riéng ngdu nhién!

ngudi M§y! Chiing ta sé cting vén biic man bi mat vé cac phuong trinh nay, cling nhu khong quén
tim hiéu nhiing tién bd quan trong nao trong cic cong trinh ctia Martin Hairer da dua dén cho
ong Ay mot giai thudng tuong duong véi gidi Nobel. Nhung trude khi bat dau, hay cAm iy ngon
dudc cia ban!

D6t néng mot thanh kim loai mot cach khong dong déu, tic 1a chi dot 8 mot s6 chd nhit dinh
trén thanh. Lam thé nao d€ x4c dinh dudc nhiét do & mot vi tri nao d6 cta thanh kim loai theo
thoi gian? Chiing ta c6 thé tra 16i cAu hoi nay nhd li thuyét phuong trinh truyén nhiét (xem Phu
luc 1 & cubi bai viét), dugc gidi thiéu bdi Joseph Fourier vao nim 1811. Bién trong phuong trinh
truyén nhiét 12 ham 7'(x, t), m6 ta nhiét do tai diém = va & thdi gian t. Pay 1a mot phuong trinh
vi phan dao ham riéng, né biéu thi su phu thudc clia cc thong sd vé su bién thién theo khong
gian va theo thdi gian clia nhiét do. Ngudi ta da biét cach gidi phuong trinh nay, va do d6 du
doan, biét dugc su phan bd nhiét do tai thdi diém ban dau T'(x, 0), nhiét do tai bat ki diém nao
ciing nhu tai bat ki thdi gian nao sau do.

D6t néng thanh kim loai

Phuong trinh truyén nhiét c¢6 hai tinh chit quan trong. Tinh chét thi nhit, nguyén Ii chong chdt
nghiém*, n6i rang néu ta biét dugc cac nghiém mo ta sy phan bd nhiét d6 ctia thanh kim loai cho
béi hai ngudn nhiét khac nhau, chang han d6t néng thanh tai di€ém z hoic & diém v, thi ta ciing
biét dudc nghiém mo ta su phan bb nhiét d6 ctia n6 khi d6t néng thanh cung liic tai hai diém «
va y. Nghiém nay chi don gian 14 nhan dudc bang cach cong hai nghiém trude d6 véi nhau.

Tinh chét thi hai néi ring phuong trinh truyén nhiét c6 tinh chinh quy’. Gia st st phan bd nhiét
dd ban dau rat khac nhau, chang han, dit nta trai ctia thanh kim loai vao 10 nung & 1000 do C
(rdi bo ra), con nita phai & nhiét do phong. Thé thi gan nhu ngay 14p tiic, nhiét d6 & nia trai sé
lan truyén mot cach déu din va lién tuc ra toan bo thanh cho dén khi toan bd thanh dat dugc mot
nhiét do 6n dinh®.

“superposition principle
Sregularity, hay tinh tron
®n6i cach khic, ngay sau khi bo thanh kim loai ra khéi 10, d thi nhiét do trong thanh 1a mot ham lién tuc
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Chiing ta cling mo ta dudc su truyén nhiét trong cac d6i tuong phiic tap hon, khi thay thanh kim
loai bdi mot tim kim loai hinh chif nhat, hinh dia, hay mot khdi kim loai hinh 1ap phuong. Véi
nhiing hinh khéi téng quat hon, mic du khong phai lic nao ta ciing tim dudc nghiém mot cach
chinh xéc, nhung nguyén 1i chong chét nghiém va tinh chinh quy thi vin lu6n ding cho moi
truong hdgp.

Mot su tdng quét kha di khdc cho phuong trinh truyén nhiét 13 khi thanh kim loai dugc tiép tuc
cung cAp mot ngudn nhiét thay déi theo thdi gian, ta c6 phuong trinh truyén nhiét cudng biic’
(con goi 14 bai toan khong thuan nhét). Lic nay nghiém ctia bai toan nhan dudc nhd 4p dung
nguyén li Duhamel, néi ring nghiém & thai diém ¢ c6 thé viét nhu mot su chdng chit nghiém
clia c4c thoi di€m truée do.

C6 nhiéu phuong trinh dao ham riéng c6 dang tuong tu nhu phuong trinh truyén nhiét, nhung
chita thém mot s6 dai luong khéc 1am cho viéc nghién ctiu ching trd nén kho khin hon rét nhiéu.
Mot vi du dién hinh 1a phuong trinh Allen - Cahn, mo6 phéng hién tugng tdch pha®. Khi tron
mot hdn hop nude véi dau dn vao mot cai binh thiy tinh va lac manh, ta nhan dudc mot thé nhii:
chiing khong thé tron 14n hoan toan vao nhau, ma hinh thanh nhiing giot nhd li ti diu va nuéc
c6 thé quan sat thiy qua kinh lip.

Nguyén li tuong tu ciing xdy ra véi nuéc st mayonnaise, mot hén hop nhil tuong ctia dau dn
va ddm dudgc két dinh v6i nhau bang long dé triing ga. Thiéu thanh phan cudi cung nay (hoic
mot thanh phan c6 vai tro tuong duong), thi dii ban c6 cd gang cach miy, cac giot li ti dau dn va
gidm ciing sé tu hop dan dan thanh hai 16p khac nhau! D6 1a su tich pha. Hién tuong tuong tu
ciing dudc quan sat thiy trong mot s6 loai hop kim.

D& mo hinh héa hién tudng nay, hiy tudng tuong cé mdt chudi hat cudm dudc ndi véi nhau bdi
nhiing chiéc 10 xo. Pit ngang chudi hat 1én trén mot tAm ton Iudn séng gdm hai rinh song song
cach nhau bdi phan chém nho 1én cao & gitta (xem Hinh 2). Duéi tic dung cta trong luc, mdi
hat cudm déu c¢6 xu huéng lin xudng ddy mot trong hai ranh. Tuy nhién vi c6 sdi 10 xo, cic
hat 14n can hat d6 cling c6 xu hudng bi kéo xudng rianh theo. Céc tuong tic nay 1a mdt su md
phdng tuong tu cho hén hop nhii tuong & trén khi chiing tich thanh hai phan dau #in va dim, va
xu huéng chuyén dong ctia cdc phan ti clia hai chit 1dng bao quanh céc phan ti cung loai®.

Bay gid iy cac chudi véi sb hat cudm ting dan con 10 xo thi ngan dan'. Tai diém tSi han, chudi
hat c6 thé dudc dic trung bdi mot ham Y (z,t), cho biét su chuyén dich ngang ctia chudi tai
diém z va tai thoi gian . Gia s hai ranh tuong ting v6i Y = 1 va Y = —1, trong khi phan chém
laY = 0. Ngudi ta chitng minh dugc ring su chuyén dich ngang nay tuan theo mdt phuong

"forced

8phase separation

°Ban doc c6 thé xem mot minh hoa thi vi cho hién tugng nay & day https://www.youtube.
com/watch?v=NDQHepkSeS8

10dwong nhién kich thu6c hat sé phai bé dan
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Hinh 2: Chudi hat cuom va mayonnaise. Cdc hat gin vdi nhau béi 1o xo c6 thé chuyén dong
tw do theo phuwong y nhung bi c¢é dinh theo phuong x véi mét khodng cdch déu nhau (a). Khi
chiéu dai lo xo ngdn lai, ngdn hon khodng cdch nhé nhdt gifa cdc hat, chiing sé co xu hudng
xép thanh hang (duong nét diit). Pt chudi hat nay lén mot tam tén (b). Mdi hat cwom sé bi thu
hiit béi cdc hat ldn cdn ciia né va béi ranh tam tén. Khi sé hat ting 1én vo han, su chuyén dong
ciia chudi hat diwge mo td béi phuong trinh Allen - Cahn mét chiéu.

trinh dao ham riéng, nhan dugc bang cich thém vao phuong trinh truyén nhiét mot dai lugng
Y — Y3, biéu thi cho hiéu tng ddy cac hat vé mot trong hai ranh. Phuong trinh nay dudc dua ra
vao nim 1972 mot cach doc 1ap bdi hai nhém nghién ctiu, mot nhém gdm Nathaniel Chafee va
Ettore Infante, nhom kia la John Allen va Sam Cahn (xem Phu luc 2).

Khéc v6i phuong trinh truyén nhiét, phuong trinh Allen - Cahn khong c6 nghiém hién, ciing
khong thda man nguyén 1i chong chét nghiém. Nguyén nhan 13 bdi c¢6 su xuét hién cla dai
luong phi tuyén V2. Tuy vy, ta c6 thé xdy dung dudc mot nghiém ciia né bang phuong phap
xap xi lién tiép. Trudc hét, hdy tam quén di dai lugng Y — Y3 d€ trd vé v6i phuong trinh truyén
nhiét, va goi nghiém ctia n6 1a Y. Y tudng 1a sau d6 thay thé dai lugng Y — Y3 béi Yy — Vg’ va
nhan dudc mot phuong trinh truyén nhiét khong thuan nhit ma ta da biét cach gidi. Goi nghiém
ctia n6 12 Y7, lai thay thé dai lugng trén bdi Y7 — Y}, va cif tiép tuc nhu thé, véi hi vong ring
chiing ta s& tién mot cach tir tif dén nghiém chinh xdc ctia phuong trinh. Va diéu nay thuc té 1a
ding, that vy, phuong phdp nay chang qua 1a mot bién thé ctia phép lip Picard, né cung cip
mot con dudng d€ tim nghiém cta phuong trinh Allen - Cahn va van hoat dong rat tdt trong
truong hop s chiéu ting 1én (xem Hinh 3).

Nhéc lai rang, phép lip Picard 1a mot phuong phéap giai phuong trinh vi phan bang cac phép xap
xi lién tiép, cang nhiéu phép lip cang chinh xic. Thuc t& quy trinh nay thudng dudc st dung dé
chitng minh su ton tai nghiém ctia mot phuong trinh vi phan hay phuong trinh dao ham riéng cu
thé nao do.

Trong mo hinh tach pha, ching ta ciing c6 thé quan tAm dén su bién d6i ctia kich ¢& cdc nhém
phan ti cing loai theo thdi gian, va cac mdt phdn cdch'' gitta ching (xem Hinh 4).

Céc hién tugng tuong tu nhu su tich pha cling dudc quan sit thiy trong cdc md hinh nam chim
hay cdc md hinh vé sinh thai (chang han mé ta sy hinh thanh cc vét vin hay 16m dém trén 16ng
dong vat trong qua trinh ching 16n 1én). Thém mdt chut tudng tugng, ching ta thim chi nhin
thiy diéu tuong tu trong mot hé mo ta su phat trién cia cac quan diém ca nhan. Xét mot dat

interface
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Hinh 3: Sy tdch pha. Chiing ta c6 thé’ mé phdng hién tuong nay véi mot "thdm" hat cuom duoc
sdp xép theo mot mang ludi 6 vuong, lién két véi nhau bdi cdc 1o xo (a). Chiing cd thé chuyén
déng vudng goc véi mdt phdng. Su tién héa ciia hé nay (b) dugc cho bdi nghiém ciia phuong
trinh Allen - Cahn ngdu nhién hai chiéu, gidi thich hién tuong tdch pha. Ving mau dé va xam
lam twong 1ing vdi cdc pha nguyén chdt (ddau dn hodc dam), cdc ving mau cam, vang hodc xanh
ld cdy la cdc ving tron ldn véi ti 1€ khdc nhau gifta hai pha. Bén hinh dnh mo td trang thdi ciia
hé sau 10, 50, 100 va 300 don vi thoi gian.

nuéc c6 hai ding déi lap, vi du nuéc My. Nhiing diém xanh va nhiing diém dé tuong trung cho
mot cich tuong tng nhitng ngudi tin vao Pang Dan chd va tin vao Dang Cong hoa, nhitng diém
¢6 mau trung gian tudng trung cho nhiing ngudi chua quyét dinh sé theo bén nao, vi mot thién
huéng manh hay yéu huéng dén mot trong hai dang. Chung ta gia st & diy ring moi ngudi dan
bi anh hudng bdi nhiing ngudi hang x6m cia ho, va do d6 hinh thanh nhitng vung ma trong dé6
moi ngudi cung chia sé mot quan diém chinh tri. Vay phe nao sé chién thang trong cudc bau
chon tdng thdng sap t6i? Cau tra 15i sé ¢ vao thang 11 nay!'?!

Tinh hudng trong hé clia chiing ta sé phiic tap hon mot chiit khi thém mot dai luong ngoai luc
ngau nhién (nhiéu loan) vao phuong trinh. D6 1a két qua ctia chang han su chuyén dong nhiét
clia cac phan tit khong khi bao quanh céc hat cudm trong chudi. Khi cac phan tif khi tic dong
qua lai v6i nhau, ta c6 thé mo ta tuong tac giita chiing bang mot khai niém goi 1a tiéng on tring
thoi gian'?, ma tic dong clia né tSi hé tai nhiing thdi diém khic nhau 1a doc 1ap véi nhau.

Khi ta di dén mot gia tri t6i han ma s6 hat trén chudi tién ra vo cing, tiéng on trang khi d6 tré
thanh tiéng on trdang khong-thoi gian'*. N6 tac dong mot cach doc 1ap tai nhiing thoi diém va
vi tri khic nhau. Chung ta vi vay dang d6i mit mot SPDE, vi di thém vao mot dai lugng tuong
ting véi tiéng dn d€ mo td mot hé vo han: d6 1a phuong trinh Allen - Cahn ngiu nhién. Chiing
ta sé thy rang tiéng dn nay, hoan toan khong chinh quy" trong cac diéu kién ctia ta, da can tré
viéc tim nghiém ctia phuong trinh khi chiéu 16n hon hay béng 2.

12Mot vi du minh hoa 16 nét khic va van con néng héi 1a cudc trung cau dan y vé viéc & lai hay rdi lién minh
chau Au ctia ngudi Anh ngay 23 thang 6 vira rdi. Sau khi c6 két qua kiém phiéu véi chién thang cho phe Brexit, rit
nhiéu ngudi dan té ra hdi han vi da dé 1a phiéu cla ho bi anh huéng bdi nhiing ngudi xung quanh!

3temporal white noise

l4spatiotemporal white noise

Shighly irregular

54



Tap chi Epsilon, S6 10, 08/2016

Hinh 4: Bai todn su tdch pha tic moé hinh cdc hat cuom ndy sinh nhiéu cdu hdi thii vi. Hinh dang,
kich thudc ciia cdc nhom hat ciing loai (tiic cdc ving cung mau) thay déi nhu thé nao theo thoi
gian? Liéu mdt phdn cdch giita cdc nhom cudi cing cé bién mdt? C6 thé' mé td duoc chuyén
dong cuia cdc bé mdt phdn cdch nay theo thoi gian? Lugc do khong-thoi gian sé cho mot cdu trd
1oi. Khong gian la bé ngang, thoi gian la bé doc tir cao xudng thdp. Cdc vi tri hat cuém duoc
ddnh ddu béi mau sdc nhu trén hinh. Tai cdc diém trén cdc phdn "mom" nhé ra sé xdy ra xung
dot giita cdc mdt phdn cdch, kéo theo sy bién mdt dan ciia chiing.

Tetris va mat phan cach

Mot vi du khic vé SPDE 1a khi ta phun cac phan ti 1én mét vat chit nén, dudc sit dung chiang
han trong cdng nghé ché tao vit liéu bang ki thuat epitaxy'® cho céc thiét bi dién tir. DE mo hinh
héa qua trinh nay, hdy bat dau ngudn cam hiing tit mot dang bién thé ctia n6 1a tro choi Tetris.
Xét trong khong gian mot chidu v6i mot vat thé 1am nén dit nim ngang cho trudc. Céc phan ti
tam coi la nhitng hinh vudng nhd, roi thang tif mot vi tri ngau nhién tit trén xudng. Quy luat 1a
khi hinh vuéng cham vao nén, hoiic cham vao mot hinh vudng khac bén canh hay bén dudi no,
n6 sé khong di chuyén dudc nita. Tuy nhién, cdc hinh vudng c6 thé, véi mot xac suat nhd, di
chuyén sang hai bén mot khi né xuat hién. Cau héi 13, 1am thé nao biét dugc mic do go ghé trén
bé miit cia cac vt liéu dudc san xuat nhu vay? (Xem Hinh 5).

Vao nim 1986, Mehran Kardar, Giorgio Parisi va Yi-Cheng Zhang da thiét 1ap dugc mot SPDE
mo ta qua trinh t6i han nhan dudc khi kich ¢& hinh vudng tién dan vé 0 (xem Phu luc 2). Phuong
trinh ndy, dugc ki hiéu 1a KPZ, tlt chif cdi dAu ctia tén ba tac gia, chia cdc dai lugng ctia phuong
trinh truyén nhiét, mo ta su chuyén dong ctia cac phén ti phun vao, cling nhu mét tiéng on tring
khong-thoi gian va mot dai lugng phi tuyén dic trung bdi hinh dang ctia bé mit nén phan cach.
That khong may, phuong trinh ndy lai khong ddt chinh!'” do tinh khong chinh quy cua dai lugng
tiéng dn, va cho dén gan day chiing ta da khong thé dua ra dudc mot 16 giai c6 y nghia todn hoc
nao cho no.

Pé hiéu dudc bai toan, chiing ta phai lugng héa tinh khong chinh quy cta cic dai lugng c6 trong
phuong trinh. Chiing ta c6 thé lién két mbi ham f v6i mot s6 » ma cang 16n khi ham cang tron.

1tam dich 12 ki thuat cdy ghép, mot ki thuat cho phép ché tao mang méng don tinh thé ¢6 do tinh khiét rat cao,
thuc hién trong mdi trudng chan khong siéu cao, dugc phat minh vao nhitng nim 60 ctia thé ki XX
17
ill-posed
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Hinh 5: Mot su don gidn héa ciia tro choi Tetris. Viéc phun cdc phdn ti [én bé mdit vdt liéu nén
¢6 thé’ mé hinh héa béi mot qud trinh tang trudng ngdu nhién. O dé cdc phan tit dugc biéu dién
bdi cdc hat hinh vuéng roi xuéng mot vi tri ngdu nhién trén mdt phdng nam ngang, tuong tu tro
choi Tetris. Moi hat sé ditng lai khi né cham vao hat khdc. Hon nita, cdc hat & trén cao co thé’
di chuyén sang hai bén véi mot xdc sudt nho. Do thé rdp ciia bé mdt tiang 1én khi xdc sudt nay
gidm xudng: bé mdt & hinh (a) thé hon hinh (b).

Néu do thi ctia ham sb c6 tiép tuyén tai moi di€m thi r 16n hon hoic bang 1. Hon nita néu tai
moi diém ciia f ta déu xac dinh dudc mdt dd cong, thi r it nhat bang 2. Néu f chinh quy béc 7,
thi cac dao ham riéng cua f chinh quy bac » — 1. M6t cach ngudc lai, nghiém cta phuong trinh
truyén nhiét cudng biic bsi f c6 bac chinh quy cao hon 7.

Phuong trinh khong dat chinh

Bac chinh quy r khong nhét thiét phai 1a mot s6 nguyén. Chang han chuyén dong Brown, md ta
quy dao hdn loan ctia mot hat phin hoa giita nhitng hat khic trong nuéc, ¢é bac chinh quy nhd
hon 1/2 mot chiit'®. Cc quy dao ctia chuyén dong Brown 1a khong kha vi (chiing khong c6 tiép
tuyén tai bat ci di€ém nao). Tuy nhién, ngudi ta c6 thé dinh nghia dao ham ctia chiing theo nghia
phan phéi.

Phan phdi'®, mot d6i tuong téng quat hon ham sb, 12 mdt 1i thuyét dudc phat trién vao nia dau
thé ki XX bdi cac nha toan hoc Jacques Hadamard, Salomon Bocher, Sergei Sobolev va Laurent
Schwartz. Thay vi xdc dinh gia tri ctia phan phdi tai mot diém cu thé, ta xac dinh gid tri trung
binh ctia né trong mot 1an cin nhé xung quanh diém né. Mot sb toan ti dai sd dudc dinh nghia

Bthyc té thi c6 thé xem né 1a mot sb tiry ¥ nhé hon va gan bing 1/2
9distribution, con goi 12 ham suy rong

56



Tap chi Epsilon, S6 10, 08/2016

trén ham phan phbi: chiing ta c6 thé chang han thuc hién phép cong va phép liy dao ham chiing.
Tuy nhién, nhin chung ta khong thé thuc hién phép nhan hai phan phéi.

Tiéng dn tring thdi gian c6 thé xem nhu dao ham theo nghia phan phdi ctia mdt quy dao Brown,
v6i bac chinh quy hoi bé hon mt chiit so véi —1/2 (ching ta sé& coi ring gid tri nay gan nhu
bing —1/2). Tiéng on tring khong-thdi gian, trong khi d6, ¢6 bac chinh quy phu thudc vao
chiéu ctia khong gian. Gia tri nay xap xi —3/2 trong khong gian mot chiéu, xip xi —2 trong
khong gian hai chiéu, va xip xi —5/2 trong khong gian ba chiéu. DAy 1a noi ching ta sé tim ra
161 giai cua bai toan.

That viy, chiing ta chiing minh dudc rang nghiém Y; clia phuong trinh truyén nhiét cudng biic
bdi mot tiéng On trang c6 bac chinh quy 16n hon 2 don vi, cu thé 1a xap xi 1/2, xép xi 0 hoic
x4p xi —1/2 tly theo sb chiéu ctia khong gian.

Qua trinh I3dp Picard 4p dung cho phuong trinh Allen - Cahn yéu cau tinh toan, & buéc thi hai,
dai lugng Y, — Y;2. Trong khong gian chiéu 1, Y; ¢6 bac chinh quy duong, van dé khong ding
ngai. Véi khong gian chiéu 2 hoic 3, Y; lic niy 1a mot phan phéi tif viéc né c6 bac chinh quy
am. Nhu ching ta da biét, khong thé thuc hién phép nhan cac phan phdi, dai lugng Yy tré nén
vO dinh, va qud trinh 1ip do d6 khong thé thuc hién dudgc. Phuong trinh KPZ, ciing vy, chifa
binh phuong dao ham ctia Y;. Pao him nay c6 bac chinh quy 4m tham chi véi chiéu khong gian
1, phép ldp Picard khong thé 4p dung cho phuong trinh KPZ.

Pén lic nay, chiing ta c6 thé tu hdi rang liéu c6 thuc su nén dam dau vao cic bai toan SPDE
khong dit chinh nhu vay? Thuc té, trong hai vi du ma ta da thao luan, ching ta da bat dau véi
mot md hinh rdi rac véi mot sd hitu han céac dbi tugng (cac hat cudm hay cac hinh vuong), chiing
duong nhién 13 hoan toan xdc dinh. VAn dé chi xuit hién khi ta chuyén qua gi6i han khi cho kich
thu6c ctia cac ddi tuong nay tién dan mot cach lién tuc vé 0.

Tuy nhién ta sé thiy rang viéc ddm diu vao né 1a khong vo ich, va li do cho nhiing viéc 1am nay
clia chiing ta dén tir khai niém vé tinh phd quit. M6 hinh r8i rac cla su phat trién clia bé mit
phan gidi 12 mot trudng hop dic biét gitta rat nhiéu mo hinh c6 thé c6. Chiing ta tuy vay biét
rang mot luong 16n cdc mo hinh nay bi diéu chinh, trong dién rong, béi phuong trinh KPZ. Pay
chinh 13 mdt dic tinh phd quat, va su hi€u biét vé né sé 1am sang té cing mdt lic toan bd cic
md hinh cung loai.

Bai to4n gidi han lién tuc da va dang xuit hién trong vat ly luong td, noi né dudc goi 1a su phan
Ki tia it ngoai*®. Thuc té, phuong trinh Allen - Cahn tuong duong mot cach hinh thiic véi mot
mo hinh cda 1i thuyét trudng, goi 1a md hinh ®*. Tir nhiing nam 1930, c4c nha vat ly da dé xuét
viéc gidi bai todn nay bing mot phucng phap goi 1a rdi chudn héa®'. Y tudng la dua vao céic
tham sb cta Ii thuyét 17 [6*> ma trén d6 hé c6 thé quan sat dugc.

20y]traviolet, con goi la tia cyc tim, hay tia UV
2lrenormalization
225caling theory
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Trong trudng hop phuong trinh Allen - Cahn, phuong phap nay 14 1am cho phan sutn giita chém
va ranh tAm ton ngay cang doc khi khoang céch giita cdc hat cudm giam dan (xem Hinh 2). Véi
su lua chon thich hop do cong ctia phan chdom, ta nhian dudc mot phuong trinh ddt chinh? tai
truong hop téi han. Piéu 1dn cAn duy nhit con lai clia quy trinh nay 1a né dudc thiét dit hoan
toan duya trén cac tinh todn hinh thic ma khong c6 mot 1ap ludn toan hoc chinh xac nao.

Tuy nhién, vio nim 1997, Lorenzo Bertini va Giambattista Giacomin, bang viéc sit dung phép
ddi bién rat khéo 1éo, da dat dudc mot két qua chiing minh sy hdi tu cia mo hinh su phat trién
cia bé mit phan cich dén mot dang tdi chuin héa cia phuong trinh KPZ. Sau dé, vao nim
2003, Giuseppe da Prato va Arnaud Debussche di c6 thé chiing minh dudc su ton tai nghiém
cho phuong trinh Allen - Cahn tdi chuidn héa hai chiéu. Chi con mot khiém khuyét duy nhét, cic
ki thuat nay khong st dung dudgc nita trong khong gian chiéu ba.

Dong gép quan trong ctia Martin Hairer 12 phat trién mot 1i thuyét cho phép xi 1i mot cach c6
hé théng mot lugng 16n SPDE c6 dién khong dit chinh. N6 khong nhiing cho phép tim lai cic
két qua da biét cho phuong trinh KPZ va phuong trinh Allen - Cahn hai chiéu, ma con ap dung
dudc cho phuong trinh Allen - Cahn ba chiéu va nhiéu phuong trinh khéc.

Khdi niém trung tAm cda ly thuyét nay 12 cdu triic chinh quy**. Cuing véi phuong phap tdi chuin
héa, né cho phép xay dung mot khong gian ma trong d6 cac phép lip Picard van hoat dong tot.
Nét dep ciing nhu siic manh ctia 1 thuyét 12 n6 cung cap mot ludge do téng quat, cho phép xi li
mot cich ¢6 hé théng cic phuong trinh thay vi tim kiém tiing 15i gidi riéng ré. Li thuyét nay 1a
mot trong nhitng budc tién quan trong huéng t6i viéc chitng minh mot s6 bai todn mé lién quan
dén tinh phd quat, va ching ta c6 thé hi vong vao nhiing tién bo manh mé hon trong tuong lai.

1 Phuong trinh truyén nhiét. Nhiét do T'(x,t) tai di€m x va thdi gian ¢ cla thanh kim loai
dugc xac dinh bdi phuong trinh 9T /0t = DO*T/dx? & d6 D la hé sd dan nhiét. Trong
phuong trinh nay, s6 hang bén trdi, dao ham riéng ctia ham nhiét do 7" d6i véi bién thoi
gian t (khi xem z nhu hang s6), mo ta toc do bién d6i clia nhiét d6. S6 hang bén phai,
dao ham riéng cp hai cia ham nhiét do d6i v6i bién khong gian, dic trung cho tinh
khong dong nhét ctia vat liu. Ham G(z,t) = e~*"/4PT /\/Ax Dt 1a mot nghiém riéng ciia
phuong trinh, v6i viéc 1i tuéng hoa thanh kim loai dai vo han.

Khi cb dinh thoi gian, G’ 1a mot dudng cong Gauss c¢6 dang hinh chudng, mot dbi tugng
déng mot vai tro nén tang trong 1i thuyét xac suit. B& rong ctia chudng, ti 1& véi v/ Dt,
ting 1én theo thoi gian, nhung bing 0 tai 0. Nghiém nay cho ta biét ring, nhiét do ban
dAu bang 0 & moi noi trir diém 0, diém ngudn noi ma thanh kim loai dugc tiép xiic ngudn
nhiét. Néu diém nguodn 1a mot diém y nao do, thi nghiém sé dugc cho bdi G(x — y, t).
Nguyén li chdng chit nghiém, mot tinh chét ciia phucng trinh truyén nhiét, chi ra rang
nghiém téng quét cla phuong trinh truyén nhiét viét dudc duéi dang T'(z,t) = [ G(x —
y, )T (y, 0)dy.

ZBwell-posed
Z4regularity structure
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Néu thay thanh kim loai bdi mot dia kim loai hai chiéu, ham nhiét do sé 1a T'(x,y,t)
v6i hai bién toa do khong gian x va y va bién thdi gian ¢. Phuong trinh lic nay c6 dang
OT /ot = DAT véi AT la tdng dao ham riéng cép hai ctia T' ddi véi x va y (todn ti
Laplace). Phuong trinh nhiét ba chiéu c6 dang tuong tu, v6i ba toa do khong gian.

Mot tinh chét khic ctia phuong trinh truyén nhiét 1a tinh chinh quy (xem Hinh 6).

Hinh 6: Sy lan truyén déu ddn ciia
nhiét do. Ban ddau, nhiét do mita trdi
thanh sdt dang ¢ miic cao (mau do),
trong khi nita phai dang o nhiét do
phong. Sai khdc nay mdt dan khi
nhiét do lan dan ra toan thanh, va
khong co budc nhdy nhiét do trong
thanh trir thoi diém ban ddu.

2 Phuong trinh Allen - Cahn va phuong trinh KPZ. Phuong trinh Allen - Cahn ngiu nhién
md ta su tach pha c6 thé viét dusi dang Y /0t = DAY +Y — Y3 +¢£. O day AY biéu thi
lién két gitta mbi hat cudm véi cac hat 1an cin véi né thong qua 10 xo. Pai luong Y — Y3
dic trung cho luc tdng hop gila trong trudng va phan luc cia tim ton, 12 nguyén nhan
1am cho hat cudm c6 xu huéng chay vé cac vi tri Y = 1 va Y = —1. Sb hang cubi cling
€ mo ta tiéng On tring khong-thdi gian, mot ngoai luc ngiu nhién ma sy tac dong ctia n6
tai cdc thoi diém va vi tri khdc nhau t6i phuong trinh 1a doc 1ap véi nhau.

Phuong trinh KPZ mo t4 su phat trién ctia mot bé mét phan céch, dic trung bdi ham cao do
ctiand h(z,t) tai di€ém z va thdi gian ¢, 6 dang Oh /Ot = DO*h/0x*+(1/2)(0h/0x)?+E.
S6 hang dau tién bén tay phai xuat hién do su hodn ddi vi tri clia cac phan tif canh nhau.
Tiéng 6n tring khong-thdi gian ¢ mo ta ngoai luc ngiu nhién tac dong 1én ching. Hang
ti cudi cing (0h/0x)? dén tir thuc té ring mit phan cach khong nhét thiét phai phat trién
theo phuong thiang ditng, ma con theo phuong vudng goc véi chinh né. Gia tri nay nhan
dudc bang cach chiéu tdc dd phat trién ctia bé mit 1én phuong thang diing, két hop véi
dinh 1i Pythagoras va mot sd phép xAp xi nhiing gid tri nhd.

3 Li thuyét cau triic chinh quy. Li thuyét pht trién bdi Martin Hairer dudc 14y cim hing tit
mot khdi niém goi 1a duong thé* do Terry Lyons dua ra vao nim 1998 va mé rong bdi
Massimiliano Gubinelli. N6 ¢6 thé xem nhu mot su tong quat héa ctia chudi Taylor, cho
phép x4p xi cdc ham dii tron bdi cic da thic. Chang han, khai trién Taylor bac hai cla
ham f tai x dugc cho béi f(y) = f(z) + c1(z)(y — ) + ca(x)(y — 2)? + r(z,y), 6 d6
phan du r(z,y) tién dén 0 khi y tién dan vé x. Cac hé s6 c¢;(x), co(z) phu thude vao f,
ching han ¢;(x) 1a dao ham ctia f tai diém 2. Kiéu khai trién nay thuong dugc st dung
dé x4c dinh nghiém ctia mot phuong trinh vi phan gan mot diém cu thé cho trudc.

Li thuyét cia Martin Hairer cho phép c6 nhiéu déi tugng tritu tugng phiic tap hon da thifc
trong khai trién Taylor ctia nghiém. Céac d6i tugng nay bao gdbm chang han nghiém Yj ctia
phuong trinh truyén nhiét cudng biic bdi tiéng on tring khong-thdi gian. Thay vi xem xét
phuong trinh gbc, chiing ta nghién cifu cic phuong trinh thda man tat ca cdc hé sb trong
khai trién Taylor.

Zrough paths

59



Tap chi Epsilon, S6 10, 08/2016

Phuong phép xp xi lién tiép Picard cho phép chiing minh su ton tai nghiém trong khong
gian clia cac hé s6 nay. Cudi cung, mot dinh 1i xdy dung lai lién két mot phan phdi véi
nghiém nay. Pinh li nay st dung li thuyét séng nhé wavelet, mot li thuyét ciing dugc ap
dung nhiéu trong Ki thuit rita 4nh, bao gém ca anh ki thuat sd.

4 Mot phién ban trudc clia bai viét nay tua d& Qu’est-ce qu'une Equation aux Dérivées Par-
tielles Stochastique ?*® (c6 mot sd diém khéc, dic biét ¢ nhiéu video minh hoa), da dudc
dang trén Images des Mathématiques (mdt tap chi toan hoc online ciia Trung tam Nghién
ctiu Khoa hoc Qudc gia Phdp - CNRS, trinh bay céc nghién ctiu toan hoc ra dai ching
bing tif ngit va hinh anh, v6i muc tiéu tdt cd bai viét duogc viét bdi cdc nha todn hoc nhung
khong cé bai viét nao dugc viét danh cho cdc nha todn hoc!), ¢6 thé doc online tai dia chi
http://images.math.cnrs.fr.

[1] M. Hairer, A theory of regularity structures, Inventiones Mathematicae, vol. 198, pp. 269-
504, 2014.

[2] G. Da Prato and A. Debussche, Strong solution to the stochastic quantization equations,
Ann. Probab., vol. 31, pp. 1900-1916, 2003.

[3] L. Bertini and G. Giacomin, Stochastic Burgers and KPZ equations from particle systems,
Comm. Math. Phys., vol. 183, pp. 571-607, 1997.

[4] M. Kardar et al., Dynamic scaling of growing interfaces, Physical Review Letters, vol. 56,
pp- 889-892, 1986.

%6do tac gia bai viét giii cho ngudi dich
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HOC CACH HOC: MOT BAI HOC QUAN TRONG
BAC NHAT PANG BI BO QUEN

Duong Trong Tén

Néu ban gap mot bai toan kho, du b gang
nhiéu ma giai mai khong xong, thi lam the
nao? Cau tra 16i phd bién nhat l1a co gang
tim ra cho sai trong lap luan roi di tlep hoac
“lam lai tir dau”. CA hai phuong an theo
kinh nghiém nay khong phu hgp véi nhung
16i khuyén ctia cac chuyén gia vé nio bd.

Theo ho, ndo by cua ching ta hoat dong
theo hai co ché khac nhau: tip trung (focused
Hinh 1: Khi gidi mot bai todn, ndo sé tdp trung véi mode) va thu gian (diffused mode). Khi ta tap
56 it cdc té bao thdn kinh. trung cao do vao giai quyét mot bai todn, nio

s& vao cudc st dung co ché tap trung véi sb it
céc té€ bao than kinh tai mdt viing tip trung clia ndo bd dudgc huy dong. Khi ta roi vao thé bi nhu
tinh hudng da dan, thi di c¢6 cb gang dén may, ciing chi c6 viing nio tap trung dudc hoat dong.
C6 nghia 1a chiing ta c6 xu huéng lip di 1ip lai cdc cach gidi quyét van dé, va khoé 1ong thoat
ra khoi bé tac. Khi d6 hanh dong ra soat lai 16i giai hay di lai tiing budc tir diu khong c6 ich gi
méiy. Nhu thién tai Albert Einstein tiing nhan xét dai y “ban khong thé’ gidi bai todn theo 1000
cdch giong nhau réi hy vong cé 1oi gidi khdc!”. Trong nhiing lic bi bach nhu thé nay, cach tt
nhét 1 tam ri xa bai toan dy, di choi, thu gidn rdi hing quay lai v6i bai toan. Pay khong phai
12 10i x1i bay vo trach nhiém. Viéc ban tam rdi bai todn d6 dé€ di bd, hong gio, hoic ngdi thién it
phiit sé& gitip ndo bd chuyén sang ché do thu gidn, lic nay cdc ving khéc ctia ndo bd dudc kich
hoat. Néu quay tré lai gii toan, ban sé c6 kha ning tim ra mot con dudng khéc, khong bé tic
nhu lic dau.

Trén day chi 12 mot trong hang ta vi du cho thiy nhiing nghién ctiu vé nio bd c6 thé gidp cai
thién dang ké céch thiic chiing ta hoc tip va lam viéc. Tuy nhién, bay lau nay chiing ta vin
khong méy khi nghi vé viéc tim hiéu cac kién thiic loai nay d€ cai thién cach hoc tip, vi chiing
ta thuong phé mic cho théi quen sai khién trong cac hoat dong ctia minh.

C6 thé din ra ddy mot théi quen tai hai khac van chiém chd trong trudng hoc ciia chiing ta: Cac
bai gidng dai. Ban c6 thé gip & bt ki trudng hoc nao cic tiét hoc kéo dai tir 45 phuit tdi vai tiéng.
Ban ciing dé dang bat gip canh tudng hang ta hoc sinh 1o dang, ngii git, hodc ngdi lam viéc
riéng trong 16p vi khong thé chd tAim vao bai gidng. Trong khi hiu hét cac gido vién dd 15i cho
cac ¢0 cau hoc tro, thi cac chuyén gia nao bd c6 mot 16i giai thich don gian cho hién tugng nay:
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Nao ching ta chi c6 kha ning chii tim suy nghi trong mot thdi gian rit ngan, chiing 10 phuit!,
sau do6 1a sé dén giai doan mat tap trung. Pay 1a cd ché phong vé hét stic tu nhién ctia ndo ngudi,
vi vay hdy phan chia céc bai giang thanh tiing phan doan ngan hon. Sau méi 10 phuit tip trung,
hay thiét ké mot hoat dong dé thu gidn va chuyén ddi sang phan doan tiép theo. Thuc ra da tit
lau ngudi ta da biét dung ki thuat phan git Pomodoro vé6i cac quy tic don gian ké trén dé gia
ting dang ké ning suit 1am viéc va hoc tap.

Mot nghién cifu ding trén Psychological Science in the Public Interest nim 20132 cho thdy,
nhiing phuong phap hoc tap dudc st dung phd bién trong nha trudng nhu “tém tdt noi dung bai
gidng”, “diung biit ddnh ddu doan vin bdn quan trong khi doc sdch”, “doc di doc lai mot chuong
sdch” hod ra lai 1a nhitng cdch khong mang lai miy hiéu qua vé ghi nhS. C6 nhiing cach khic
hitu hiéu hon nhiéu dé gitip gia ting hiéu qua hoc tip nhu: tich cuc lam cac bai luyén tap, hay
hoc tap cac kién thifc theo hinh thic luyén tap phan tan véi cac khdi kién thiic dugc chia nhd va
hoc tap qua thai gian du dai.

Nhin tif nhiing tinh huéng k€ trén, trudng hoc hién nay c6 vé dang phi pham rat nhiéu thoi gian
ctia hoc trod chi vi ua thich kinh nghiém ma it quan tdm tdi viéc tim hiéu va van dung cac kién
thiic khoa hoc vé viéc con ngudi hoc tip nhu thé nao dé tir d6 xay dung céac hoat dong gido duc
cho téi uu.

Chiing ta c6 thé lién hé viéc hoc tap nhu cAu chuyén cdi can ciu va con ca. Cich day truyén
théng phd bién hién nay 12 dang cho di con c4, trong khi néu ta trang bi niing luc tg hoc cho hoc
sinh thi tic 1 cho ho mét cdi can cau dé tu 1ap sudt doi.

Su thiéu vang nhitng bai hoc lién quan dén viéc rén luyén ki niang hoc tap sé mang lai hau qua
ma chiing ta da dugc chiing kién 1 nhitng thé hé hoc trd thu dong chi biét trong chd kién thifc va
chan ly tif gido vién va nhiing ngudi di trudc ma khong d€ chii dong ty minh xay dung tri thic
cho minh. Diéu nay cang trd nén tai hai trong bbi canh thdi dai tri thiic va s6 héa hién nay khi
ma luong thong tin mbi nim ting trudng theo cap sd mil. Kién thic ngay hom nay con ding,
ngay mai c6 thé di sai di nhiéu. Chi c6 cach 1am chi viéc hoc nhu thé nao méi gitip hoc sinh
diing viing trong thé gidi ngay nay. Thé cho nén, nhiéu nha gido hién nay da thita nhan ring tiéu
chuin x6a mu hién nay khong chi 1a biét doc biét viét ma con phai thao cach tu hoc. Nhin theo
huéng nay, chiing ta c6 thé d& dang dong tinh véi nhan dinh cia cha dé phuong phap Ban do Tu
duy Tony Buzan: “Ki ndng tw hoc la ki ndng quan trong nhdt ma mot ngudi co thé’sd hitu’”.

That may man 1a ching ta c6 thé tim thay nhiing sang kién mdi trong mot sb chuong trinh gido
duc c6 d€ y t6i viée rén luyén ning luc tu hoc trong chuong trinh gido duc. Nhu sing kién
Khung K§ ning thé ky XXI (p21.org) da xép ki ning hoc tap va sing tao thanh mot trong bon
hang muc chinh trong céc ning luc c¢bt 16i ma hoc sinh thé ki XXI nay phai thanh thuc.

Hay nhu nhém Cénh Budm chi truong xay dung chuong trinh gido duc ti€u hoc hién dai xoay
quanh tu tudng chi dao v6i mot tir duy nhét: tu hoc. Theo d6 hoc sinh dugc rén luyén phuong
phdp hoc tap tir tiu hoc. Két thiic bac ti€u hoc, tré em c6 dudc ning luc tu hoc viing vang dé
sang bic hoc cao hon cic em sé st dung ning luc 4y dé tu minh dén vdi tri thiic thay vi phu

'Medina, J. (2011). Brain Rules: 12 Principles for Surviving and Thriving at Work, Home, and School (Large
Print 16pt). ReadHowYouWant . com

’Dunlosky, J., Rawson, K. A., Marsh, E. J., Nathan, M. J., & Willingham, D. T. (2013). Improving stu-
dents’ learning with effective learning techniques promising directions from cognitive and educational psychol-
ogy.Psychological Science in the Public Interest, 14(1), 4-58
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thudc vao su truyén tai thong tin mot chiéu tif nha trudng. Nhém Canh Budm xic quyét: “Gido
duc tic la ty gido duc, tu lam ra chinh minh!”. Nhom da di xa hon viéc tuyén ngon vai budc véi
su quy trinh héa ki thuat dé tré em thuc su xay dung dudc phuong phap hoc cho minh.

Ngudi xua c6 ciu, pham phai trong tinh hudng khé ludng thi “Idy bdt bién iing van bién”. Dbi
v6i viéc hoc tap, cai bat bién 12 phuong phdp tu hoc, cdi van dong khong ngiing 12 tri thifc cla
thoi dai. Khong gi bang trang bi cho dudc cai bat bién d6 dé€ ngudi hoc clia thé ki 21 ¢6 thé
tu minh di trén d6i chan tu do khdm pha cdnh dong tri thic ctia nhan loai trong sudt cudc doi.
Thiéu ki ning thiét yéu nay thi nhitng khau hiéu rén rang vé xa hoi hoc tap, hay hoc tap sudt doi
chi cing 1am 14 nhiing 15i néi cho sang miéng. Bai hoc vé cach hoc cin phai 13 bai hoc cin co
nhit ma mbi hoc sinh can phai dudc luyén rén.
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LEONHARD EULER - NGUOI THAY VI DAI

Nguyén Diic Hung

GIOI THIEU

Euler 1a mot nha todn hoc, vat Iy hoc, thién van hoc vi dai. Ong 12 ngudi da dit nén méng
cho khong biét bao nhiéu ly thuyét sau sic gidp giai quyét cho rét rit nhidu cac bai todn
thuc té va qua that 6ng 12 mot ngudi thay vi dai clia tAt ¢4 ching ta. Bai viét ndy gidi thidu
gian ludc vé cudc sdng clia 6ng va tém tit cc cong trinh ciia dng.

Leonhard Euler sinh ngay 15/04 /1707 vala con trai ca ciia Paulus Euler va Margaretha Brucker.
Khi méi sinh Euler, cha ctia 6ng 12 Paulus khi 4y con dang 12 mot cha x tai nha tho thanh Jakob
ngoai & Basel. Miic du 12 mot cha xit nhung 6ng lai rit yéu thich Toan hoc, vi vy trong hai
nim dau dai hoc, 6ng da ding ky dé dudc hoc cac mon Todn vSi nha Toan hoc ndi tiéng Jakov
Bernuly. Sau d6, gia dinh Euler chuyén t6i Riehen, mot viing ngoai 6 ctia thanh phd Basel, tai
day cha ctia Euler da tré thanh muc su Tin Lanh cda gido xi dia phuong cho t6i cudi doi.

Niam 8 tudi Euler dudc giii t6i trudng Latin dé hoc tip, nhung trudc d6 Euler da dudc hoc Todn
va cdc kién thiic khéc tir cha ctia minh. Trong thdi gian hoc & trudng Latin, Euler séng cing véi
ba ngoai v hoc thém véi gia su Johannes Burckhardt, mot nha Than hoc tré tudi va dic biét say
mé Todn hoc. Thang 10/1720, & tudi mudi ba ! Leonhard theo hoc tai Dai hoc Basel v6i chuyén
nganh Triét hoc, dong thdi diing ky hoc phan todn so cip va dudc chinh Johann Bernoulli 2 gidng
day. Bang su dam mé va nhiét huyét cia minh trong viéc hoc tdp ma chang trai tré Leonhard
nhanh chéng dudc Bernoulli d€ y va khuyén khich Leonhard hoc tip va nghién ctiu Todn hoc.
Nim 1723, Euler tot nghiép thac si va c6 mot bai gidng dai chiing * véi chi dé “so sdnh triét
hoc Descart va triét hoc Newton™.

Nim 19 tudi, Euler da gianh dudc mot giai thudng tit Vién Han 1am Khoa hoc Paris véi ly thuyét
vé vi tri tdi uu clia canh budm trén cic con tau. Diéu dic biét 1a trong sudt quang thdi gian trudc
d6, Euler hau nhu khong thiy mot con thu ndo. Mot nim sau, khi chiéc ghé gido su vat Iy tai Pai

113 tudi Leonhard vao dai hoc khong phai 1a diéu bt thudng vao thoi diém do.

2La mot nha Todn hoc néi tiéng véi khdi niém vo han. Ong ciing 14 em trai ctia Jakob Bernoulli thiy ctia cha
Leonhard.

3Bai giang bing tiéng Latin.
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Hinh 1: Chan dung Euler, hién dudc treo 6 Bao tang My thuat Basel.

hoc Basel bi khuyét, Euler da dugc Johann Bernoulli hd trg rat nhiéu dé c6 thé ngdi vao vi tri
nay, nhung thit bai, cing dé hi€u bdi khi d6 Euler con qua tré va thiéu cac nghién cifu dudc cong
bd rong rai. Sau thit bai nay, Euler nhin 15i mdai tir Vién Han 1am Khoa hoc & St.Petersburg,
méi dudc thanh 1ap vai nim trudc d6 béi Nga Hoang Peter I (ciin nguyén ctia 10i mdi nay xuat
phat tit Johann Bernoulli va hai con trai clia 6ng bdi tit ca da ting 1am viéc tai day).

Dau nim 1727, Euler chuyén t6i St.Petersburg. Tai diy ngoai viéc nghién ctiu Toan, Euler con
tham van cho Nga vé cdc cAu héi khoa hoc va cong nghé trong bai kiém tra trong cac ky thi
danh cho thiéu sinh quan Nga.

Khéc biét v6i cac nghién ctiu vién nudc ngoai tai vién, Euler nhanh chéng thich nghi véi diéu
kién sdng khic nghiét & Bac Au va dong thsi Euler ciing nhanh chéng hoc va st dung thanh
thao tiéng Nga dé€ phuc vu cho doi sdng va cac nghién ctiu ctia minh. Trong thdi gian nay, Euler
séng cling véi Daniel Bernoulli va trd thanh ban than ctia Christian Goldbach *, thu ky ctia Vién.
Nhiing trao ddi gitta Euler va Goldbach da tré thanh nhiing ci liéu quan trong cho lich st khoa
hoc thé ky XVIIL

Khoang thdi gian & Vién 1a khoang thdi gian Euler 1am viéc hiéu qua va sang tao nhat, ong da
cho ra nhiéu két qua dic biét va chiing da mang lai cho 6ng vi tri va su ndi tiéng tai Vién va trén
toan thé gi6i sau nay.

Thang 1/1734, Euler két hon véi Katharina Gsell, con gai cia mot hoa si Thuy Si ciing dang
giang day trong Vién. Cudc sbng gia dinh ctia Euler khong hé sudn sé nhu cong viéc clia dng
tai Vién, ho c6 t6i 13 ngudi con nhung chi c6 5 trong s6 d6 1a phat trién khde manh, trong d6 c6

4Christian Goldbach nha Toan hoc ngudi Dic, 6ng ndi tiéng véi gia thuyét Goldbach ma cho téi ngay nay van
con dang 1a mot bai toan chua c6 16i dap.
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mot ngudi trd thanh mdt nha Toan hoc va la trg ly cia 6ng sau nay. Nam 1735 6ng bénh nang,
va tudng nhu khong qua khdi. Mot phép mau da gitip 6ng vudt qua né, nhung sudt ba nim sau
d6 bénh tat tiép tuc hanh ha Euler va l1an nay n6 khién 6ng mét con mat bén phai (c6 thé nhan
thiy rit rd diéu nay qua nhiing biic chan dung ctia Euler tif kho4ng thdi gian nay).

Cung vdi thdi di€m cudc khiing hoang chinh tri  Nga nim 1740, giy ra cai chét clia nit hoang
Nga Anna Ivanovna, Euler nhan dugc 15i mdi tit Qudc vuong Phd Frederick II dén Berlin dé
gitp thanh 14p Vién Han 1am Khoa hoc tai diy va 6ng da quyét dinh rdi St. Petersburg. Thém
nita, dng ciing da viét trong hdi ky ctia minh nhu sau: “... ndm 1740, khi Nha vua Phé bdt déiu
lén ndm quyén hanh, téi nhdn dugc mot 16i moi tie Berlin, va t6i nhdn 10i khong chiit ngdn ngai,
sau khi nit hoang Anne bi sdt hai va kéo theo do la sy tri tré ciia vuong triéu ...”

Théng 6/1741, Euler ciing véi v¢ va hai ngudi con ctia minh khi Ay 1a Johann Albrecht sau tudi
va Karl mé6i mot tudi rai St. Petersburg d€ t6i Berlin.

Mot khéi dau c6 vé khong thuan Igi nhu Euler nghi, vi con dang d& cudc chién & Silesia,
Frederick II chua thé tap trung cho viéc xay dung vién, vi thé maii tSi tin 1746 vién mdi chinh
thtic ra doi. Vién trudng 1a nha todn hoc Phap, con Euler phu triach nganh Todn. Trong subt thdi
gian dai chd doi, Buler da hoan thanh cudn hdi ky viét téi 200 14 thu cting nim bai luin 16n.

Tuy phai dam trach rit nhiéu cong viéc tai Vién tlif quan 1y dai thién vin, vudn bach théo, lam
viéc truc tiép v6i nhan vién, nghién ctfu vién, thim chi dim trach ca viéc ban nhiing cudn nién
giam d€ ddm bao ngudn thu cho Vién, nhung khong vi vdy ma ning suat lam Toan ctia Euler bi
suy giam.

Trong thdi gian ny Euler tham gia cudc tranh luin vé ngudn gbc cia “nguyén Iy tdc dong toi
thiéu (principle of least action)” 3. Nim 1740, nguyén Iy nay dudc phat biéu bsi Pierre - Louis
Moreau de Maupertuis, nhung Johann Samuel can cu vao biic thu cua Leibniz gui Jakob da cho
rang ngudi phat biéu nguyén ly nay dau tién la Leibniz. Euler dudc 16i vao cudc tranh ludn nham
lam s4ng té van d&, nhung do khong miy dong tinh vdi triét hoc ctia Leibniz, Euler da diing vé
phia Maupertuis va cdo budc Johann lam gia tai liéu. Cudc tranh cai ndy cang tré nén soi noi
khi Voltaire tham gia cudc tranh luin va 6ng diing vé phia Johann, Voltaire da chi trich rit gay
gat ca Euler va Maupertuis. Trudc 4p luc du luin Maupertuis da roi khoi Berlin va Euler chiu
trach nhiém moi cong viéc § Vién.

Quan hé ctia Euler véi Fredric II khong dudc “suén sé”, do su khac biét rd rét vé tinh cach ciing
nhu tu tudng. Fredric tu tin, hai huéc va quang giao con Euler khiém ton, sng kin ddo va 1a
mot tin d6 theo dao Tin Lanh. Mit khic sau khi Maupertuis roi Berlin, Euler 13 ngudi da chéo
chéng con thuyén Vién Han 1am nhung Ferderic khi d6 da phét 16 moi 18i gi6i thiéu Euler vao
vi tri vién trudng va bd qua tt ci dé roi sau d6 tuyén bd chinh minh mdi 12 Vién trudng Vién
Han 1am. Tét ca céc diéu trén cling véi viéc khong dudc su ing ho clia cac quy toc khac din téi
Euler chip nhan mot 16i mdi cia nit hoang Catherine II d€ trd vé St.Petersburg.

SNguyén ly tic dong tdi thi€u 1a mot nguyén 1y bién phan dudc ap dung rong ri trong vit ly. Ap dung nguyén
1y nay c6 thé dé dang tim ra dugc phuong trinh quy dao clia cic chuyén dong.
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St.Petersburg 1766 — 1783

Thai ky nay cudc séng cta Euler c6 nhiéu trac trd vé mit cd nhan, mat phai clia 6ng bi duc
thiy tinh thé (mat con t6t) va lam giam thi lyc rit nhiéu. Nam 1771, sau ca phau thuat, thi luc
clia mét phai clia dng suy giam nhanh chéng, va gan nhu mi han. Ciing trong nim nay, nha clia
Euler bi chay trong trong vu dai hoa hoan & St.Peterburg vao thang nam thiéu rui hon 5000 ngoi
nha, Euler dugc ctiu bdi ngudi hau ciia minh 12 Peter Grimm.

Hinh 2: Euler dugc Peter ctiu thoat tit ngdi nha ctia minh trong tran dai hoa.

Bu dép lai mot phan khé khin cta Euler, nit hoang Catherine da cho xay dung lai mot cin nha
khéc cho Euler.

Thém mot ndi dau nim 1773, vo 6ng, Katharina Gsell chét. Euler tdi hon ba nim sau d6 dé
khong phai phu thudc vao con cai cua minh.

Trong hoan cinh gip nhiéu khé khin nhu vdy nhung Euler khong hé nan chi, 6ng van 1am viéc
va say sua nghién cifu v6i su gitip dd tif nhitng ngudi khéc, dau tién 12 tif nit hoang Catherine,
sau d6 1a Niklaus Fuss, mot ngudi dong huong t6i tit Thuy S, chau ré tuong lai ctia Euler va
ngudi con trai ctia minh. Gan mot nita cac cong trinh khoa hoc, cic bai bo ctia Euler dugc viét
trong quing thdi gian & St.Petersburg 1an thif hai nay.

Leonhard Euler chét vi dot quy ngay 18/9/1783 trong khi chdi v6i mot trong nhitng dita chau
cia minh. Ciing chinh vao ngay nay, trén hai phién da 16n, 6ng da viét ra cong thic dién gii
ban chéit Toan hoc ¢6 lién quan t6i viéc chuyén dong ctia khinh khi ciu ma chuyén bay dau tién
do hai em nha Montgolfier thuc hién vao ngay 5/6/1783. D6 1a bai viét cudi cung ctia dng, va
chuin bi xuét ban bdi con trai clia 6ng 1a Johann Albrecht. Nhung viéc xuét ban cdc cong trinh
cling nhu bai viét ctia Euler van con kéo dai subt 50 nim ké tir sau ngay dong mat.
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GIATRINAOCHO1+1+1+---?+OOHAY—§?

Ly Ngoc Tué
Mathworks, Inc.

LOI GIOGI THIEU CUA BAN BIEN TAP

Tong cia ddy v han 1 + 1+ 1 + --- = oo hay —%? Hén phan 16n ban doc sé nhanh
choéng tra 16i 1a oo, nhung liéu —% cling 12 mot cau tra 18i diing? Xa hon nita, tdng vo han
1—141—1+---laoo,la0hay —%? Hén nhiéu ban doc sé con ngac nhién hon nita
khi ching ti néi ring con s6 —1—12 khong chi khong vo 1y ma két qua nay lai lién quan
dén ly thuyét day trong Vat ly!

Dé 1am 16 véAn dé thi vi ndy, chuyén muc Toan hoc Giai tri tran trong gidi thiéu dén ban
doc loat bai viét vé cac chudi vo han tir tac gia Ly Ngoc Tué.

Sau khi biét dugc céc tinh chit clia cdc phép tinh co ban nhu: cong, trit, nhan, chia véi 2 s6 thuc
va thif tu thuc hién, ching ta c6 thé md rong ra dé tinh dugc gid tri cia mot biéu thiic bao gom
hitu han c4c phép toan trén. Budc phat trién tu nhién tiép theo sé 1a tim cach gan gi4 tri cho mot
bi€u thic vé6i vo s6 (dém dudgc) cac phép tinh co ban, ma trong diy, dang biéu thic don gian
nhét chi bao gdm phép cdng hoic trir, dudc goi 1a chudi':

o0

atatazto=Y ay (1.1)

n=0
V6i ag, ai, as, ... € R 1a cac sb thuc.

Viéc gan gid tri cho nhiing chudi s6 di dudc thuc hién bdi cac nha khoa hoc tit cach diy hon
2000 nam. Cach tinh gid tri ciia nhitng chudi cip s6 nhan chiang han nhu:

iln—1+l+1+l+ =2
2) 2 4 8 -

n=0

Iseries
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da dugc biét dén trong céac ghi chép ti thoi Hy Lap cd dai. Tuy nhién, mai dén tin thé ky 17
va 18 v6i su ra doi cua giai tich, dao ham va tich phén, viéc tinh toan véi cac chudi vo han méi
trd nén phd bién. Nhiéu phuong phép bién ddi va gan gia tri cho chudi dugc dua ra, tuy nhién
cac két qua dat dugc lai thudng khong nhit quan. Mic du céc nha toan hoc 16n thdi diy nhu
Newton, Leibnitz, hay Euler dudng nhu biét dugc nhitng chudi nao 1a an toan trong tinh todn,
ho (dic biét 1a Euler) van st dung cic chudi ‘khong an toan’ dé thu dugc nhiéu két qua quan
trong. Nhitng két qua nay sau diy da dudc xac nhan lai bing cac phuong phap khac mot cich
doc lap.

Maii dén tan thé ky 19, dinh nghia chinh x4c va tdng quat vé chudi hoi tu méi dudc dua ra bdi
Cauchy [1]. Pinh nghia ctia Cauchy, ciing v6i md rong giai tich? cho dén hién nay c6 thé néi 1a
phuong phap chinh théng dudc st dung rong rai nhit trong tinh toan chudi va ham s6. Tuy nhién
khong phai cic chubi khong hoi tu theo Cauchy (goi 1a chudi phan ky) déu vo dung. C6 nhiéu
phuong phdp tinh todn c6 thé dudc dp dung cho céc chudi phan ky, goi chung 1a céc phuong
phdp tinh tong®. Ly thuyét tdng quat vé cac phudng phap tinh tdng dudc xdy dung va hoan thién
vao cubi thé ky 19, dau thé ky 20, va hién nay nhiing phuong phap nay dudc ting dung phd bién
trong ly thuyét s6 va vat Iy.

Trong phan dau cia loat bai vé chudi v han nay, chiing ta s& gidi thiéu vé 2 phuong phap lay
téng ctia Cauchy va Abel, va mot sb tinh chit mong muén cho phuong phép lay tdng.

V6i mdi diy sd vo han (ag, ay, as, ...), ngoai chudi (1.1), ching ta con quan tam dén dang chudi
lity thita véi hé sé (ag, a1, as, ...) vdi tdm & ¢ nhu sau:

> an(z—c)" =ag+ai(x—c)+ax(z— )’ + ... 2.1)

n=0

o oo
Khi chua dugc gan gid tri, cac chudi Z a, va Z a,(x — ¢)" duge tao béi day (aop, ag, ...) con
n=0 n=0
dudc goi 1a cac chudi hinh thitc* va chudi liiy thita hinh thitc®. Thong qua phép gan céac chudi /
chubi ldy thita véi day cac hé s6:

(0.0
Zan +—— (ag,aq,...),
n=0

o0
Zan(:c — )" «— (ag, ay, ...),
n=0

Zanalytic continuation
3summation methods
*formal series
formal power series
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chiing ta c6 dugc mbi tuong quan 1-1 giita khong gian cac chudi hinh thifc va khong gian cic
day vo han dém dugc®. Thong qua mdi tuong quan nay, khong gian cac chudi hinh thiic / chudi
lily thira hinh thiic c6 thé dugc thuong hudng ciu tric ctia mot khong gian véc to véi sb chiéu
12 v6 han dém dudgc, ma trong diy, cic phép cong va nhan véi mot sd thuc dude thuc hién theo
titng thanh phan:

Zan > bn=2 (antbn)
n=0 n=0
C N ap = i CQy,.
n=0 n=0

Ngoai ciu tric khong gian véc td ra, khong gian cac diy con c6 phép nhan tiing phan ti:
(ao, ay, g, ) . (bo, b17 bg, ) = (aobo, albl, &ng, ),

tuy nhién néu chiing ta dua phép nhan nay sang khong gian cc chudi, két qua thu dugc sé khong
gibng nhu md rdng cia tich cla 2 téng hitu han.

Céch mé rong tu nhién ctia phép nhan vdi 2 téng hitu han ra chudi vo han dudgc dinh nghia nhu

s (2 aﬂ) | <§% bn> = 2 (Z: “ib"‘i) |

Tuong tu nhu vay, cdc chudi lily thira hinh thiic ¢6 mot phép nhan tu nhién dugc thudng hudng
/ m& rong tu phép nhan da thuc:

(Zan x—c) > (Zb T —c) ) :Z(Zaibn—i) (x — )™
n=0 n=0 \ i=0
V6i phép nhan ndy, tap céac chudi liy thira hinh thiic trd thanh mot vanh giao hodn, thudng dudc

ky hiéu b&i R[[z — ¢]]. Vanh cdc chudi liy thita hinh thiic c6 thé dugc ky hiéu béi R[[1]].

Bai tap 1. Tim phan ti don vi Lg[z)) sao cho v6i moi Z apx"”,
n=0

L[] (Z “rﬁ””) ="
n=0 n=0
Nhic lai phan ti @ cia mot vanh giao hoan R dudc goi 1a khd nghich’ néu nhu ton tai b € R sao
choa-b=1p.

Bai tap 2. Chiing minh rang mot chudi hinh thic Z a,, 12 mot phan tif kha nghich khi va chi
n=0
khi a,, # 0 v6i moi n € N.

8¢6 thé duge xem nhu 1a khong gian cic ham s6 RY := {f : N — R}

Tinvertible
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o0

Bai tap 3. Ching minh ring mdt chudi liy thita hinh thic Z an(r — ¢)" 12 mot phan ti don
n=0

vi (kha nghich) khi va chi khi ay # 0.

Bai tap 4. Tim day (a,,) sao cho:

(Z I") . (Z ana:") = 1R
n=0 n=0

oo
V6i mdi chudi hinh thiic Z a,, ching ta c6 thé xay dung diy céc tng tiing phan (s,,) nhu sau:

n=0

So = Qo,
$1 = ap + ai,

52:a0+a1+a2,

Sp =09+ ay+ax+---+a,

DPinh nghia 5. Néu nhu diy s, hoi tu vé mot s6 thuc s, ky hiéu 12 s,, — s hodc lim s, =

n—0o0
o
lim s,, = lim s,, = s, chung ta s€ goi chudi g a,, 12 mot chudi héi tu, va gan gia tri s cho chudi
n
n=0

oo o
Z a,. Néu Z a,, dugc goi 12 mot chudi phdn ky néu nhu né khong hai tu.

[e.e]
Pay 1a cach gan gid tri cho chudi phd bién nhét, thudng dugc ky hiéu béi ) _ a,, = s. Tuy nhién,
n=0
trong loat bai nay, d€ tién cho viéc phan biét gitta chudi hinh thiic va cic cach tinh tdng khac
nhau, chiing ta sé ky hiéu cdch gan gia tri cho chudi hinh thiic nay Ia:

OS] = s = g 3
theo tén cua Cauchy.

Bai tap 6. Chiing minh ring néu nhu ) " a,, va » _ b, 1a 2 chudi hoi tu, ¢, d 1a 2 s thyc bt ky,

n=0 n=0

(C)(cZaneran) :c-(C)<Zan) +d-(C)(an>.

n=0

N

thi
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Bai tap trén cho ta thiy:

1. Tap céc chudi hoi tu 1a mot khong gian véc td con.

2. Céach gén gia tri (C) 1a mot ham tuyén tinh tif khong gian cac chudi hdi tu vao R.

Bai tap 7. Tim 2 chudi hoi tu Z a, va Z b,, sao cho chudi Z a, | - Z b, | khong hoi
n=0 n=0 n=0 _

tu.

Nhu vay tip cac chudi hinh thifc hoi tu khong phai 1a mot tap dong dbi v6i phép nhan, hay néi
mot cach khac, cach gan gia tri (C) khong tuong thich véi phep nhan cac chudi hinh thic. Tuy

viy, néu nhu a,,, b, déu 1a cic s6 khong am, va cic chudi Z a, va Z b, hoi tu thi tich cua

n=0 n=0
chiing ciing 1a mdt chudi hoi tu. Tinh chat dudc ching minh bdi Cauchy véi dinh nghia va két
qua sau:

o o
Dinh nghia 8. Chui  _ a,, dugc goi la hgi tu tuyét d6i® néu nhu chudi » "|a,| hoi tu.
n=0 n=0

Pinh1y9. (1) > ay héi ty tuyét déi =Y a, hoi tu.

n=0 n=0
o0 o0 o0 o0
(2) Y anvay by hoi tutuyét déi =5 | Y an | - | > bu | hoi tu tuyét ddi.
n=0 =0 = =

Hay noi mot cdch khdc, tdp cdc chudi hoi tu tuyét doi tao thanh mdt vanh con dong thoi ciing la
mot khéng gian tuyén tinh con (hay con goi la mét R-dai sé con) cua tdp cdc chudi hinh thiic.

Dinh nghia 10. Mot chudi lily thita hinh thifc » " a, (2 — ¢)" dugc goi 1a hoi ty tai z € R néu

oo
nhu chudi » ~ a,(z — ¢) hoi .
n=0

C6 thé dé dang thay dudgc rang cac chudi lily thita c¢6 tam tai ¢ déu hoi tu tai c. Hon nita, dinh ly
sau chi ra rang cdc chudi liiy thita chi hoi tu trong mot doan thang c6 tAm & ¢ (ban kinh c6 thé
la +o00):

8absolutely convergent
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DPinh ly 11. Véi méi chudi lity thita Z an(x — ¢)", ddt (cho phép bang +o0):
n=0

1
. 1/n”
lim sup|ay|

(o @]
(1) Vdimoi |z — a| < R, chudi liy thita Z an(x — )™ héi tu tuyét doi tai z,

n=0
(2) Véi moi |z — a| < R, chuéi liy thita Z an(x — ¢)" phdn ky tai z.
n=0
S6 R duogc dinh nghia nhu trén duoc goi la ban kinh hdi tu ciia chudi Z an(x —c)".
n=0
Negn p . Y A 4~ Q a a N N
Bai tap 12. Ching minh rang néu day ( ity pud , = ) ) hoi tu, thi
ai| |az| |as
R = lim tn

Bai tap 13. Chiing minh ring néu nhu ci 2 chudi Z an(x —c)" va Z bo(x — ¢)™ déu ¢
n=0

n=0

n=0

(Z an(x — c)”) : (Z an(x — c)”) déu c6 ban kinh hoi tu > 7.

n=0 n=0

ban kinh hoi tu > 7 > 0, thi ca 2 chudi liy thia: (Z an(z — c)”) + Z an(x — c)”) va

oo
Quan sat kj mot ti, chiing ta c6 thé thiy rang khi z — ¢ = 1, chudi ldy thira Z an(z — )" sé
n=0
o0 o0
tré thanh chudi Z a,. D€ cho don gian, ching ta xét chudi ldy thira ¢ tim & 0 Z a,z". Néu

nhu chudi liiy thita nay cé ban kinh hoi tu R > 1, va ton tai gi6i han:

thi chiing ta goi chudi i an 12 Abel-khd tong’ (hoic (A)-kha tdng), va gan gid tri clia gidi han
nay cho chuoi: " N N
(A) HZ:O Ay = xlg{{ nZ:O anx".

9 Abel summable
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Bai tap 14. Ching minh ring néu nhu Z a, va Z b, 12 2 chudi Abel-kha téng, ¢, d 12 2 sb
n=0 n=0

thuc bat ky, thi:

(A) <cZan—|—den) —c-(A) <Zan> +d-(A) (an)

Tré lai véi vi du & dau bai, xét chudi Z 1=1+1+1+.., diy cic tong tiing phan c6 thé dé
n=0
dang tinh ra dudc:

(80581, 825 «eey Sny ) = (1,2,3, ..., (n+ 1),...),
va nhu vay chudi 1 + 1 + 1 + ... 1a phan ky theo cdch gan gia tri cia Cauchy:

lim s, = lim (n+ 1) = oo.

Bai tap 15. Ching minh ring chudi 1 + 1 4 1 + ... khong phai 1a mot chudi Abel khé tong.

Vay liéu c6 ton tai md cach gan gia tri cho chudi (7) nao d6 sao cho (7)(1+ 1+ 1+ ...) la hitu
han? Diéu nay tuy thudc vao viéc ching ta mudn (7°) sé hitu thém nhiing tinh chét nao khéc
nua.

Chiing ta tam thoi liét ké mot s6 tinh chit ma (77) nén ¢6 nhu sau:

(1) 7 132 hAm tuyén tinh.

(2) Néu nhu chudi ) _ a,, hoi tu thi > a,, (7)-khé tdng.

(2*%) (T) dong y véi (C): néu nhu chudi Z a,, hoi tu thi

n=0

(T) (Z an) —(C) (Z an) .

(3) Néu nhu chudi ) _ a, 1a (7)-kha tng thi:

n=0

(T) (Z an> = (T)(ap+ar+as+...) =ag+ (T)(a1 + az + az + ...).
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Tinh chit (3) tuong duong véi viéc phuong phép tinh téng vo han (7°) khong vu thude vao mot
s6 hitu han cdc sb hang dau tién, c6 thé xem nhu 12 mot md rong ctia phép cong hitu han s6
hang. Tinh chit nay tuy c6 vé hodp 1y, nhung lai c6 thé din dén mot s6 két luan cé vé vo 1y nhu
sau:

Néu nhu (7°) gédn mot gid tri hitu han s cho téng 1 + 1 + 1 + ..., dong thdi thda man cac tinh
chit (3), thi:

s=(T)1+1+14+..)=1+(T)1+1+14+..)=1+s.

Tu do ta suy ra:
(T)1+1+1+4..)=s=+cc (M.

Nhu vay d€ gan dugc gia tri hitu han cho chudi (1+ 1+ 1+ ...), chiing ta sé mét di tinh chét (3).

Mot trong nhiing phuong phap phd bién dé gan gid tri hitu han cho chudi (1 + 1+ 1+ ...) la st
dung md rong gidi tich'® ctia chudi:

Zn‘s — 17542754375 1

n=1
Ve mit hinh thuc,
Zn*O:1U+20+30+...:1+1+1+...

n=1

Tuy nhién, chudi » ~n™" chi hoi tu tuyét dbi khi s > 1 va phan ky khi s = 1. Kh6 khin nay
n=1
dugc gidi quyét bang cich md rong ra khong gian s6 phiic C thay cho sb thuc. Khi déy, chudi
> “n7" la dai dién ciia ham gidi tich ((s) trén tap {s € C: R(s) > 1}. Ham ndy c6 mdt m&
n=1
rong gidi tich duy nhit ra C . {1}, va ching ta c6 thé gn gid tri clia ham nay tai 0 nay cho
chudi (1 4+ 1+ 1+ ...). Ching ta sé ky hiéu phuong phdp tinh tong nay béi (&):
1

(E)1+14+1+..)=((0) = —5
Trong phan sau, chiing ta sé di siu hon vao chi tiét cia mé rong giai tich, mot trong nhitng khai
niém va phuong phap rit quan trong ctia todn hoc.

[1] A. L. Cauchy, Analyse algébrique, Paris (1821).

[2] J. B. Conway, Functions of One Complex Variable, Graduate Texts of Mathematics 11,
Springer-Verlag (1973).

[3] G. H. Hardy, Divergent series, Oxford (1949).
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TIEP NOI CAU CHUYEN VE MOT TONG LUY THUA

Trinh Dao Chién
(Cao dang Su pham Gia Lai)

Gia st n va k 1a cac s6 nguyén duong. Trong [2], tac gid Tran Nam Diing da dé cap nhiing diéu
thd vi vé téng

Sp(n) =Y jF=1" 428+ ... 4t (1)
j=1
Trong [3], Nguyén Manh Linh tiép tuc d& cap mot s tinh chit clia tdng (1), bang céch tiép can
cdc da thdc Sy, (7) xdc dinh bdi cac hé thic truy hoi.

Tiép ndi mach suy nghi trén, bai viét nay dé cap dén mot sb trudng hop dic biét clia tong
n
Sh (n):ijk:xlk—i-mk%—-“—l—xnk, (2)
=1

mot dang tdng quét hoa truc tiép ctia tdng (1).

Trudc hét, ta nhic lai Df)ng nhét thic Newton, mot déng nhat thiic quan trong, lién quan dén
tong (2).

Dong nhit thifc Newton, 1an dau tién dudc nha toan hoc Newton thiét 1ap vao Thé ky 17. Tur d6
dén nay, da c6 nhiéu cach ching minh cho dong nhét thiic nay.

Vé6i n = 3, dong nhit thiic Newton dudc thiét 1ap nhu sau: Gia st z;, =9, £3 € R. Thé thi
T1, T2, r3 la nghiém cua phuong trinh

(x —z1) (& — x9) (x — x3) = 0,

hay
2% — (21 + 2o + 13) 2% + (2120 + T3 + 2371) T — T 17973 = 0.
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bat
c1 = —($1+£B2+$3)
Co = T1T9 + X223 + T3T1

C3 = —T1X2X3

Thé thi 21, x5, 23 12 nghiém ctia phuong trinh 2% + ¢;2% 4+ cox 4+ ¢35 = 0. Dt Sy, = 217 + 2% +

x3¥, k=1, 2,3, 4, ... Thé thi ta c6 dong nhit thiic sau

(S1+ ¢ =0,
Sy + Sic1 + 2¢0 = 0,
S3 4+ Saci + Sico + 3c3 =0,
Sy + S3c1 + Sacg + Sic3 =0,
Sy + Syc1 + Szce + Sacz =0,

\ Sk + Sk,101 + Sk,QCQ + Sk,303 = O, k 2 4.

Dong nhit thiic trén dudc goi 1a dong nhét thiic Newton, trong trudng hop n = 3.

T khi dudc thiét 1ap, da c6 nhiéu cach chitng minh cho dong nhét thiic Newton. Véi nhiing gia
tri dau tién clia s6 nguyén duong n, dong nhit thiic Newton c6 thé dudc ki€ém tra mot cach dé
dang. Tuy nhién, trong trudng hop n téng quat, cic cach chiing minh déu phai dung dén viéc
khai trién chudi Taylor dbi véi mot s& ham s quen thudc, trong khi khai niém chudi va viéc

khai trién nay chua c6 & pho thong.

Dudi day 1a mot trong nhitng phuong phap thiét 1ap Pong nhét thiic Newton trong trudng hop

n = 3 va trudng hop n bat ki.

Ta co
(x—x1) (. — 22) (& — 23) = 2° + 2% + oz + c3.

1
Trong (3), thay x bdi —, ta c6
x

1 1 1 1 (G NE))
— — I — — T2 — — X3 :—3+—2+—+Cg,
X T xT T X X

(I1—zx) (1 —mozx) (1 —z3x) 1 ¢ ¢
3 5T 3
x 2 x

hay

Mot cach tuong duong, ta c

(1 —212) (1 — 292) (1 — 232) = 1 + 1 + co2® + a2,
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Bay gid, xét chudi liy thira “hinh thiic”
[e.9]
j{:f%xk.
k=1

Luu y ring, béi khai trién Taylor, ta c6

Suy ra ring

- 1
k
I+ Zx Cl-—=x
k=1
hay
Yoab= 5)
1—2
k=1
Do do, béi (4) va (5), tacod
Z St = (21" + 20" + 23%) 2 = Z ((:plx)k + (z2x)" + (Igl’)k>
k=1 k=1
_ S - = E Tr1x ToX xr3x
= 3711‘ +Z $21’ +Z ZL‘31’) _1—x1x+1—x2$+1—$3x
k=1 k=1 k=1
d
%((1—I‘1I)<1—$2$) (1 — z31)) ¢1 + 2002 + 3csa
T e A w) (L wer) T amter? + e

ar + 2co? + 337
14 1o + cox? + cga3’

Suy ra ring

(Z Sk.rk> (1 + e+ e + 03373) = — (cla: + 20022 + 303373) ,

hay
Z Sk + (Z Skzvk> (clx + oz + 03:103) = — (clx + 2c91% + 303:L‘3) .
k=1 k=1

Noi cach khac, ta co

Z Sk = — (Z Skxk> (clw + cox? + ch3) — (clx + 20922 + 303353) . (6)
k=1 k=1
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Vé trai cia (6) dudc khai trién nhu sau

S1x + Sox? + Sza® + Syxt + S5’ + - -

VE phai ctia (6) dudc viét lai dudi dang

—C1T— (5101 + 262) $2 — (5261 + 5'102 + 363) ZL‘S

— (5301 + SQCQ + 5103> 134 — (5401 -+ S3C2 + SQCg) 135 — e

So sanh cdc hé s6 tuong ting ctia (7) va (8), ta thu dudc

(51 = —ci,
Sy = —Sic1 — 209,
S3 = —Syc; — S1c9 — 33,
Sy = —S3¢1 — Sacp — Sies,
S5 = —Syc1 — Szco — Sacs,

\ Sk = —Sk—1€1 — Sp—2c2 — Sk_3c3, k = 4.

hay

(S1+c1 =0,
Sy + Sic1 + 2¢0 = 0,
S3 4+ Sac1 + Sico + 33 =0,
Sy + Ssc1 + Saco + Sic3 =0,
S5 + Suc1 + S3c9 + Sacz =0,

\ Sk + Sk_lCl + Sk_QCQ + Sk_gcg = O, k 2 4.

Gia st xq, xa, ..., x, lan so thuc xac dinh. Dat
(
a=—(r1+z2+-+x,)

Cy = T1T2 +T1X3+ -+ Tp_12y

c3 = — (12923 + 120Xy + - + Tp_oTp_1Ty)

L = (—1)"z1x0m3 - - - 24
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va
Sp=a" 4+ 42, k=1,2,3,....,n,n+1,n+2, ...

Ta c6 dong nhit thiic sau

(Sl—f-Cl:O,
SQ+5101+202 :O,

Sp + Sp—1c1 4+ -+ Sicp—1 + e, =0,
\Sk—i—Sk,lcl—l—---jLSlck,l :O, Vk}n—l—l

Pong nhit thiic trén dudc goi 1a ddong nhit thiic Newton.

Dua vao céch thiét 1ap dong nhét thifc Newton trong trudng hop n = 3, ta c6 cach chiing minh
sau ddy cho dong nhat thic Newton, trong trudng hop n bat ki.

Ta co

ﬁx—xl ) =a" —|—ch . 9
=1

1
Trong (9), thay x bdi —, ta c6
x

=1 =0
hay
n
[TA—z)
=1 n—i
=—+
" x" Tt
1=0

Quy dong va riit gon, ta dudc

ﬁ(l ) =14 et (10)
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Béi (10), ta co

Z Sk = Z <Z xﬁ) ah = Z ( (xzx)k> = Z (Z (xzx)k>
k=1 k=1 \i=1 k=1 \i1=1 =1 \k=1
d n n
n - — T — (1 i
B - B - (1];[1 (1—x x)) B 7 ( + ;c x )
el 11— z) 14> ¢a?
i=1 i=1
Y icat! S et

Tom lai, ta co

Suy ra ring

f: Sk (1 + z”; cixi> = — z”: icxt
k=1 i=

i=1
hay
Z Syt + (Z Skxk> (Z cm’) = — Z ic;xt.
k=1 k=1 i=1 i=1

Noi cach khac, ta co

i St = — (f: Skxk> (i c,-:v’) — Zn: icxt. (11)
k=1 k=1

i=1 =1
Tuong tu cac bude nhu trong trudng hdp n = 3, so sanh cdc hé s tuong tng & 2 vé ctia (11), ta
thu dudc dong nhit thiic Newton.

Nhiing bai todn lién quan dén tdng (2) thudng 1a nhitng bai todn khé. Duéi day 1a mot trong

nhiéu bai toan minh hoa cho nhan dinh nay, ma gia thiét da dugc "gidm nhe" di rit nhiéu.

Bai toan 1. Gid sit x1, xa, ..., Ty la n s nguyén duong tiry y, xdc dinh trudc. Dt
Sp=x"+a "+ +xlt k=1,2,3...,n,n+1,n+2, ...

Biétrang Sy, = k,véik =1, 2,3, ..., n. Tinh Sp,1.
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Loi gidgi. Kihiéu
(
0L =21 +2Xg+ ... +Zp,
09 = X1To + T1X3 + ... + Tp—1Zp,

03 = 12223 + L1X2%4 + ... + Tp—2Tp—1Tn,

L Op — X1X2X3...Tp.-

Xét da thic .
Hw—xl—av —i—Zc] =7
=1

trong do ’
C]' = (_1)30,]" j = 1,2, oy N

Theo Ddng nhét thiic Newton, ta c6
Sl+C1:O<:>1—O'1:O<:>O'1:1
va,v6imoi k = 2,3,...,n

Sk + Sk,1€1 —+ Sk,QCQ + ...+ SQC]{,Q —+ Slck,1 -+ ka =0

k—1 k—1
<:>Sk+25k ]cj—i-k:ck—0<:>k+z —J)cj+ ke, =0
Jj=1 7j=1
k—1 =
S ke = —k — (k:—j)cj(:)ck:—l—E (k—17)¢
j=1 j=1
=
<:>(—]_> E < O'j.
Vay
0'1:1
)k . 12
O’k:(—l)k+1—|—( k;) (—1)]+1(k—j)0j,k:2,3,...,n (12)
=1

Ciing theo Ddng nhét thiic Newton, ta c6

Snst + St + Sucia+ ot Satai+ Sicn= 06 Sp+ Y Suji16=0
j=1

& Spa1 + Z (n—j+ 1)(—1)j0j =0& Sy =— Z (n—Jj+ 1)(_1)j03

j=1
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Suy ra

n

Sp1 = _ (=1 (n—j + 1)o;. (13)

=1
Luu y ring, gia tri clia cdc oy, khong phu thudc vao bién z. Do dé

o = (—1)" 4 (_Tl> - S, (14)

Bai (13) va (14), ta co

n

Spi1 = z (n—j+1).(=1)"" ((_1)J'+1 + (_J,l)j 'Sj> .

J:

Suy ra
SnH:Z(n—j—i—l).(l—i),n}l, (15)
J
Véisl = 0.

Ngoai ra, (15) con dudc viét lai dudi dang

n—1 S S
Sup1 = (n—j+1). (1——?>+<1——"),n>2, (16)
Jj=1 J "
V6i51:0,52:1.

Vé6in > 2, ti (16) , 1an luct thay chi s6 n + 1 bdi n,n — 1, tacé

Sn:i(n—j)(l—%), (17)
:g(n—j—l) (1—%)+(n—(n—1)—1) (1—5”_11)

Suy ra

n—1 S
Sn_1 = —j-10.(1-=). 18
1= (n—j-1 ( j) (18)
Béi (16), (17), (18), ta c6
n=l S; S,
Sni1+Sn 1= Y. 2(n—j). (1 — f) + (1 — 7)

j=1

— : om —1
ZQZ(n—j)-(l—i)+(1—&):28n+(1—&>:H” .S,
j=1

] n
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Do d6, ta thu dugc phuong trinh sai phan tuyén tinh cip hai, v6i hé sb bién thién

2n —1
SnJrl - n S+ S = I,n>2 (19)
S;1=0,5=1.
Dé gidi phuong trinh sai phan nay, ta xét ham sinh sau
g(x) = Z Sprrz”.
n=1
Khi do, bdi (19), ta c6
2 T
(-2 @) = ——— [ gyt (20)
0
Ly dao ham, theo tiing vé clia (20), ta c6
1
—2(1—2).g(x)+(1-2)"g (z) = e (9 () —g(0), (21)
véi g(0) = 0.
Rut gon (21), ta dudc phuong trinh vi phan tuyén tinh cAp mot
1
1—2)2¢ (z)+ 2z —1).g(z) =
9(0)=0.
Giai phuong trinh vi phén (22), ta dugc nghiém
x
l—e z—1
r)=—"5—
g9 () (1— $)2
Khai trién ham nay theo Cong thiic Taylor dbi v6i chudi lily thira, ta thu dudc
n (_1 k—1
Sun =Y
k=1 '
Bai to4n da dudc giai quyét. O
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Trong phan nay, ta xét mot trudng hop dic biét ciia tdng (2), véi n 1a sd nguyén duong tlly y va
;12 ham cosin theo bién j. C6 thé tuong tu dbi véi nhitng ham lugng gidc khic. Nhiing két qua
tim dudc 12 nhitng dong nhét thiic luong gidc thudng gip trong chuong trinh toan phd thong.
Cic két qua dudi day sé gitip ta tinh dugdc téng hitu han ctia mot s6 ham cosin. Chang han, tong
sau day
n—1
X

> cos* (%T) (23)

j=1

trong d6 | x| 1a ki hiéu clia sb nguyén 16n nhit khong vuot qua z.

Trudc hét, can Ivu y mot két qua quan trong sau ma chiing minh né c6 thé xem, chang han, trong

[S].

B6 dé 1. Néu f () = ag + a17 + +asx? + ... + a,x™ + ... la hitu han hodc chudi vé han héi
tu, thi véi 0 < r < n, tong a,x" + Ay T+ ar+2nx’"+2" + ... duoc xdc dinh boi cong thiic

n—1
S rgea 9 = L7 I (), 24
=0

j=0

271

trong do z = e N la nghiém thit n cua 1.

Ta chiing minh cic két qua sau

Gid sitn va k la hai sé nguyén duong. Thé thi
n—1 k
2 . . n
o (JT) _ n k4jn
Z cos <?> =3 + 2k Z Co ™.

F

p k
Chitng minh. Ap dung cong thic (24), véir =k —n {—J va f (z) = (14 z)*.
n

|

in 1 n—-1 _j (kn \‘n|) ; ok
. GiT=-) s (1+29)7, (25)
j=0

F

Khi d6, véix = 1, tacod

k
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271

trongdéz=e 1 .

Ta co

i
3
S
—
—_
+
Q)
.
S
N——
=
CB
L
3
S
/N
D
IS
|
g
+
[
g
+
g
—
=~

Bdi tinh chat

CcoS <M) = —COS <‘E> , J = 0,172, ., n
n n

nén dinh li 1 dugc chiing minh.

Gid sitn va k la hai s6 nguyén duong sao cho n = k (mod?2). Thé thi

n—1 ﬁ
2 ‘ 1 2n
g
o (F) =g X o

’ i

c N ’ 1
trong do |x] la ki hiéu cia so nguyén gan nhat cua x, nghia la [x] = {x + —J .

k+n +jn

2

Chitng minh. Ap dung cong thiic (24) véi r =

k+n k+n
-n
2 2n

Khi do, v6i x = 1, taco

k+n

{ 2n | ) . ]<k’+n n{k+n|>
>ooarmoly s U b V)
k+n 7=0

~[]
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271

trongdéz=e 1 .
Bd&i (26), ta suy ra rang

(k+n k+n
Z_] 2 "l o

) (14 27} = Pcos* (7”> ;T <2V;2tln| _l> |

n

Khi do, ta co

k+n
[ 2n 1
Z C’:#ﬂn = % (1) cos* (‘%)
E+n 7=0
J:{ 2n }

Mat khac, ta c6

Béi (25) va (29), dinh 1i 2 dudc ching minh.
Gid sitn va k la hai s6 nguyén dwong. Thé thi
n k
bJ 27 —1 1 "
o (4] — L TN n | ~k4-jn
Z coS ( - 5) =5 + 211 Z (1)’ Cy7".
B
j:_ —
n
Chiing minh. D€ chitng minh dinh li, ta st dung cong thiic sau
o)
> sai-n-3 (Srw-Sem),
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véi f (k) = cos?k (%)

B&i dinh 1i 1 (néu thay n bdi 2n) va dinh li 2 (néu thay n va k bdi 2n va 2k, theo thit tu), ta c6
n k k:
L§J 1 1 2 on 1 2
; _ n k+2jn n k+(2j+1)n
D=V =5|5+tmn 2 |t Z Cox
' k
| |
k
2n

%)
L k+2jn E+(2j+)n) T i ~k+jn
= 2> (Cgk ok ) =g YL (AR

& F

Dinh 1i 3 dudc chiing minh. [

Gid sit n la s6 nguyén duong. Thé thi

n—1
2 gm 1 n n
2n _ n .
) —) =31 5 T e Ot

922n + 92n+1 C3,

w
]
o
QS
[}
g
N

27 —1 7T) _on no_.
Gid st n va k la hai s6 nguyén duong sao cho k < n. Thé thi
n—1

2 )
- S afdmy _ 1 oAk
]_. ]; cos (W) = —5 —f‘ WOQ]C’

2 :
I ] . 1
2. S (=1)cos” (‘7—7T> =3 vdin =k (mod2);

n

2j— 1 n n
3. Z C0S2k < —) = WC’&
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B&i dinh Ii 1, dinh 1i 2, dinh 1i 3, ta thu dugc mot sd dong nhét thiic t8 hdp sau

Gid sit k la sé nguyén duong. Thé thi

—_

k
k—j _ 1,k 2k—1.
Jj=

k

k—24 1 _
O = 1Ok 4 922,

N
. L —
NAS]
=

k
4] 1
4. Y 05V = OB + 2270 2%

k
2. s L BVE) + (3= V) 423
J=0 :

k
6

—
| S —

3k _|_22k—1 + 1
6 .

1
k—6

7=0

Gid sit k la sé nguyén duong. Thé thi

k
k—j _

j=1
k
3 B
42
2. ¥ Oyl=—a— k>1
=1 3

= (\/5_|_ 1)2k—5 _ (\/5_ 1>2k—5

B

3. 5o = — - k> 2.
F 5 5.22k=5
Gid sit k la s6 nguyén duong. Thé thi
k ki

L (—1)Co 7 = %Oglé

7=0
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,_
Do |
|

Y 1
S s R

<.
Il
o

k
3

'—
|

Y 1
3. (1) Co ™ = SO + 37,

<.
o

,_
| o
|

a1 24v2)" + (2-v2)"

4. 2 (_1)jC§k Y= §C§k + ( ) 1 ( ) ;
k

{5} s _ 1oy (6+VE) + (5- V)"

5. 2 (=1)'Cy, :502k+ = oF .

<
I
o

[1] Trinh Pao Chién, Pa thitc ndi suy Lagrange va Pong nhdt thitc Newton dudi géc nhin ciia
todn pho théng, Ky yéu hoi thdo khoa hoc “Nghién citu va Giang day Toan hoc phd thong”,
Trudng Dai hoc Khoa hoc Tu nhién Thanh phé Ho Chi Minh, 8-9/8/2014.

[2] Tran Nam Diing, Nhitng diéu thii vi vé tong P, (n) = Y. j* = 1F + 28 + ... 4 n*, Céc
=1

J_
phuong phdp giai toan qua cac ky thi Olympic, Nha xuét ban Dai hoc Qudc gia Thanh phd
Ho Chi Minh, 2013.

[3] Nguyén Manh Linh, Mot s6 vin dé xung quanh tong lity thita, Ky yéu “Gip g6 todn hoc”,
Ving Tau, 7/2015.

[4] Mircea Merca, A note on cosine power sums, Article 12.5.3 Journal of Integer Sequences,
Vol. 15 (2012).

[5] J. Riordan, Combinatorial Identities, John Wiley and Sons, 1968.

90



Tap chi online ctia cong dong
nhtng nguoi yéu toan

gpsi lon

Tap chi Epsilon, S6 10, 08/2016

VE MOT PE TOAN HAY TREN TAP CHI THTT

Tran Quang Hung, THPT chuyén KHTN, Ha Noi
Nguyén Diic Bio, THPT chuyén Phan Boi Chau, Nghé An

TOM TAT

Bai viét dua ra cich ching minh va cic phat trién cho bai toan T12/465 ctia tap chi Toan
hoc va tudi tré, dong thdi ciing tng dung cic bai todn d6 vao céc bai toan khic nhau.

1. Mot s6 bai toan mé dau

Trén bao THTT s6 465 [1] c6 bai todn T12 cta thdy Nguyén Xuin Hung nhu sau

Bai toan 1. Cho tam gidc ABC can tai A c¢6 dudng cao C'D. Goi E 1a trung diém ctia BD, M
1a trung diém C'E, phan gidc ctia ZBDC cat CF tai P. Pudng tron tam C ban kinh CD cat
AC tai Q. Goi K 1a giao diém ctia PQ va AM. Ching minh ring tam giac C K D vudng.

Hinh 1.

Bién tap: Ngbé Quang Duong
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Day 12 bai toan thi vi trén mdt md hinh khong d6i xing. Bai toan dudc giai trén THTT s6 469
[1] bdi tac gia Nguyen Pire Bao. Chung t6i sé dua ra thém cac khai thac va 16i giai trén mo
hinh cuda bai toan nay. Ta xét bai toan sau

Bai toan 2. Cho tam gidc ABC can tai A c¢6 dudng cao C'D. Goi E la trung diém ctia BD, M
1a trung diém C'E, phan gidc ciia ZBDC cat CFE tai P. Pudng tron tim C ban kinh C'D cit
AC tai Q. Goi K 1a giao diém cta PQ va AM. F 1a hinh chiéu vudng géc ctia D 1én BC.

a) Ching minh ring tam giac C K D vudng.
b) Ly S thuoc PF sao cho ES || AM. Ching minh ring CS = CD.

¢) Ching minh rang BP va ES cit nhau trén (O).

Hinh 2.

Loi giai. a) Goi 7' 1a giao ctia D P véi dudng tron tim C' béan kinh C'D. Do DT la phan giac
/CDE va BD la tiép tuyén cta dudng tron tim (C) nén /DCT = 2/DBT = 90° nén
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CT L DC. Lai c6 tam gidc C'DQ can tai C nén ta c6 bién d6i géc

£ZDCQ 90° - ZBAC  /ZBAC
2 2

do d6 QT L BC. Tam giac DEF vatam giac T'C'() c6 cac canh tuong ting song song nén DT,
FQ va CE dong quy tai P. Mit khac do EF || AC nénnéu N la dbi xting ctia F qua M thi N
thudc AC. Ap dung dinh li Menelaus cho tam gidc QF N véi M, K, A thang hang, ta c6

KQ AN MF .. KQ  AQ

. : =1lwdé — = —

KF AQ MN KF AN
Goi BQ ciat CK tai L. Ap dung dinh 1i Menelaus cho tam gidgc QBF véi L, K, C thing hang
thi

/CQT = /DQC — 45° = 90° — — 45° = 45° —

LB KQ CF _

véichiy EF || AC nén &5 = 4% va AN = AF ta thu dugc

LB KF CB AN AB AB

LQ KQ CF AQ AE AQ
Do vdy AL la phan gidc ZQAB nén LB = LC'. Theo h¢ thuc lugng trong tam giac vudng thi
CQ?=CD*=CF.CBsuyra ACQF ~ ACBQ(canh - goc - canh) nén ZFQC = LQBC =

ZLCB. Tudéo ACFQ ~ AKFC (goc - goc)suyra LZFKC = ZFCQ = £ZDBC = ZFDC,
vay KCF D 1a ti gidc ndi tiép hay ZCK D = 90°.

b) Ly R dbi xting A qua M, do EF || AC va AE || OT nén dé thiy R nam trén EF va CT.
FS FE FB
FK FR FC

Tu chiing minh trén ta c6 AKFC ~ ACFQ ~ ACQB. Do dé % = % = g—g

= SB || CK

KF* CD* CF KF

KC? (CB* (CB KS
Suyra KC? = KF.KSnén /KSC = /KCF = /CBS. Vay CS? = CF.CB = CD? nén
ta két luan C'S = CD.

¢) AM cit BC tai X. Ap dung dinh Iy Menelaus cho tam gidgc BCE véi A, M, X thing hang,
tasuy ra 22 = 48 = B¢ Goi T'G la dudng kinh cta (C, CD). D& thiy B, P, G thang hang
va tam gidc CGQ can tai C'lai c6 CG || ABnén QG || BC. BG cat CAtai Y.
YQ QG CQ CD
YC BC CA AC
:QC’:CD+AC’:YC: CD
YC AC AC  CD+ AC
Do vay % = %. Goi I 1a trung diém ciia FQ. CT cit BQ tai Z. Ap dung dinh Iy Menelaus
cho tam gidc QBF véi Z, I, C thang hang thi % = g—g. CZ cat AB tai O, 4p dung Menelaus
cho tam gidc AQB véi O, I, C thang hang thi
OB CQ ZB CD CF
OA CA ZQ AC CB
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XB YC OA BC CD CD.CF

XC’ YA OB CF AC ACCB
Nén AX, BY, C'Z ddng quy tai J. CL cit AB tai U. Dé thiy QU || BC nén BUGC la hinh
binh hanh nén BG di qua trung diém W ctia UC. Ta chi y cic tam gidc dong dang va bing
nhau ACFQ ~ ACQB = ABUC. Ma CI, BW 1a trung tuyén tuong ting ctia hai tam gidc
CFQ vaBUC nén ZICQ = LZWBC = ZWGQ = ti gidc CGQ.J ndi tiép. Cung véi

=1

/KQU = LQFC = /BQC = ZQBA+ ZQAB = /KCA + /QCG = LKCG

nén ti gisc QK CG noi tiép. Vay C, J, K, Q, G dong vién. BG cit (C,CD) tai H khac G. Ta
6 ZHSQ = ZHGQ = /SK.J. T dé HS | AM || ES nén H thuc ES.

Ban D6 Xuan Long 16p 10 Toan, THPT chuyén KHTN dé xuét mot 15 giai khic cho y ¢) nhu
sau

Qua C vé& CL || AB, khong khé dé thiy riang L thuoc BP va QL || BC. Goi QL cat KC &
T thi vi tam giac DK C vuong tai K vatacd /TKQ = ZQCB = ZCQL = ZCLQ nén K
thudc AB suy ra trung diém R ctia BL nam trén (K M F). Goi H 1a giao diém ctia BP véi (C),
ta s& chitng minh E, H, S thing hang. Vi HFCL 1a t gidc ndi tiép va chd y ring BS || CK
& day ta coi S la diém sao cho ESS || AM thi theo phan b) ta c6 S thudc (C') nén BHFES 1a
t gidc ndi tép, do viy ta quy vé chiing minh /OCBH = /DK P. St dung dinh li Pascal d4o
cho P, M, C thing hang ta c6 AK va C'H cit nhau tai .J thuoc duong tron (K RUFH), suy ra
/JKF =/JHF = /FLC = ZCBL vata c6 diéu phdi chiing minh.
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Hinh 3.

O

Nhan xét. Ca ba y ctia bai todn nay thuc chit 1a cdc bai toan ching minh cit nhau trén dudng
tron ma hai dudng thang khong xuét phat it hai diém nam trén dudng tron nay. Pay 1a mot dang
toan kho doi hoi phai dung thém cac di€ém nam trén dudng tron ma hai duong thang d6 di qua.

Nhu vay ngoai bai todn 1 1a phan a), ching ta c6 thé tich riéng cic phan b), c) thanh cic bai
toan dudi day

Bai toan 3. Cho tam gidc ABC can tai A ¢6 dudng cao C'D. Goi F la trung diém ctia BD, M
1a trung diém C'E, phan gidc cia ZBDC cit CE tai P. F' 1a hinh chiéu ctia D trén BC. Liy S
thugc PF sao cho ES || AM. Chiing minh ring C'S = CD.
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Hinh 4.

Cach phat biéu sau ctia phan c¢) ciing c6 trong [3]

Bai toan 4. Cho tam giac ABC can tai A va dudng cao C'D. E, M 1a trung di€ém ctia BD, CE.
DP 1a phan gidc cta tam gidc CDE. H thudc BP sao cho EH || AM. Chiing minh ring
CH =CD.

Trong [3] ¢6 dua ra mot cich tiép can kha don gidn cho bai todn 4 nay 1a dung phuong phap toa
do. Tuy nhién ching t6i khong dua 161 giai nay vao vi 16i giai toa do khong dep. Ciing nhu vay
véi v6i cac bai toan 1 va bai todn 3, chiing toi ciing ¢6 nhan xét ring phucng phép toa do 1a kha
hitu dung trong viéc chiing minh truc tiép cic bai toan nay. Néu so sanh chiing véi cac 16i gii
thuan tiy hinh hoc ma chiing tdi da trinh bay trong bai todn 2 thi do phtc tap cta 13i gii véi
phuong phap toa do gidm di dang ké. Nhiing vi du nay lam cho chiing ta phan nao thiy dugc
nhitng 10i thé rat 16n tit phuong phap toa do, tuy nhién vi tinh dep mat ctia 1i giai thi ching toi
van vu tién trinh bay céc cach tiép cin thuan tiy hinh hoc.
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Phan nay sé ting dung chi yéu 12 cic bai toan 1, 3, 4 va cach chiing minh tudng minh cia ba bai
toan nay da c6 trong bai toan 2.

Khi thay d6i cach phét bi€u clia bai todn 1, ta thu dudc bai todn sau

Bai toan 5. Cho tam gidac ABC vudng tai A va phan gidc AD. M, N la trung di€ém cta BC,
AC. Dung di€ém P sao cho NM = NP va MP || BN. F thuoc AB sao cho CF || NP. E
thuoc C'F sao cho CE = AC. DE cit F'M tai G. Chiing minh ring ZAGC = 90°.

Lai giai sau md phong cich lam ciia tac gia Nguyén Pite Bao.

Hinh 6.

Loi gidi 1. Liy Q dbi xting A qua B. Ta thiy tam giac QFC va MNP c6 canh tuong ting
song song nén tam giac ) F'C can tai F'. Goi T la giao cua AD véi dudng ton tdm C' ban kinh
CA. Do AT la phan gidgc ZCAB va QA 1a tiép tuyén ctia dudng tron tim (C') nén ZACT =
2/AQT = 90° nén CT L AC. Lai c6 tam gidc CAFE can tai C nén ta c6 bién déi goc

90° — LACFE ZQFC —90°

LCOET =135° — LZAEC =135° — ——— =45+

—90° — /F
: ; 90 cQ
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dodé ET 1 QC.Goi H 1a hinh chiéu ctia A 1én QC' dé thy tam gidgc BQH cannén BH || FC,
khi d6 tam gidc ABH va tam giac T'C'E ¢6 cac canh tuong ung song song nén AT, HE va C'B
dong quy tai D. Mit khac do BH || FC nén néu R la dbi xiing cia H qua M thi R thudéc FC.
Ap dung dinh li Menelaus cho tam giac EH R vé6i M, G, F thang hang, ta thu dudc

GE FR MH_1:>GE_FE

GH FE MR GH FR
Goi QF cit CG tai L. Ap dung dinh 1i Menelaus cho tam gidc EQH vé6i L, G, C thing hang
thi

LQ GE CH _
LE GH CQ
vi chi y BH || FC nén &5 = £5 va FR = F B ta thu dugc

LQ GH CQ FR FQ FQ

LE GE CH FE FB FE
Do d6 F'L la phan giac ZEF(Q nén L) = LC'. Theo hé thiic lugng trong tam gidc vudng thi
CE*=CA*=CHCQsuyra/ZHEC = /EQC = /LCQ. Tud6 ACHE ~ ANGHC(géc
- géc) suy ra ZHGC = LHCE = LZAQC = LHAC, vay GCHA 1a tii giac noi tiép hay
LOGA =90°. ]

Lai giai truc tiép sau ctia nickname PSJL st dung phép nghich dao, tham khao [2]

Hinh 7.

Lui gidi 2. Puong thang qua C song song véi BN cit AB tai X. Dé thiy AFCX ~ ANPM
do d6 FC' = FX. Goi H 1a hinh chiéu ctia A 1én CX, do BA = BX = BH nén BH || FC

suy ra,
BH BA BD

CE CA CD
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Do d6 H, D, E thang hang. Goi Y 1a giao diém ctia BN va CF, Z la giao diém ctia dudng
thang qua F song song CX véi FX. Do BH = BX = CY, BH | CY nén BHCY la
hinh binh hanh suy ra H, M, Y thing hang. Tit d6 4p dung dinh 1i Dersagues cho hai tam
gidc thAu xa HMC va EFZ ta suy ra C, G, Z thang hang. Xét phép nghich dao cuc C, ban
kinh CAnén (CA) - FX, HE — (CXFE) qua Z do d6 G — Z suy ra G thuoc (C'A) hay
LAGC = 90°. O]

Ciing tuong tu cdch 1am trén, néu phat biéu bai todn 1 theo cach khac ta c6 bai todn sau

Bai toan 6. Cho tam giac ABC vuong tai A véi duong cao AH. AD la phan gidc ctia tam giac
AH B. Trung truc C'A cat phan gidc ZABC tai M. N, P 1a trung diém AC, M N. C'P cat phan
gidc ngoai goc A tai Q. DQ cat BP tai R. Ching minh ring ZARC = 90°.

Hinh 8.

Loi gidi. Dé thdy M nam trén dudng tron ngoai tiép tam giac ABC nén ZAMC = 90°. Goi
CM cit AB tai E khi d6 tam giac BEC can tai B c¢6 dudng cao C'A va C'P di qua trung diém
F cta AE. P cing la trung diém C'F. Ap dung truc tiép bai toan 1 vao tam gidac BEC can tai
B thi ta thu dugec ZARC' = 90°. ]

Dén dy ta lai thiy ring ta hoan toan c6 thé phat biéu bai toan cho phan gidc trong géc A véi
cach chiing minh hoan toan tuong tu

Bai toan 7. Cho tam gidc ABC vudng tai A véi dudng cao AH. AD la phan giac cla tam gidc
AH B. Trung tryc C'A cét phan gidc ngoai goc ZABC tai M. N, P 1a trung diém AC, M N.
C'P cat phan gidc goc ZBAC tai Q. DQ cat BP tai R. Ching minh ring ZARC = 90°.
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Dén day viéc két hop ca hai bai todn 6, 7 ndy sé cho ta mot bai toan dong quy thd vi sau

Bai toan 8. Cho hinh chit nhat ABC'D. P dbi xing véi C qua BD. (K) 1a dudng tron dudng
kinh PC. E, F 1a trung diém cta KB, KD. CE, C'F 1an lugt cat phin gidc ngoai va phan gidc
trong ZBPC tai M, N.Poan thang AE, AF lan lugt cat dudng tron (K) tai S, 7. Chling minh
rang M S, NT va AC dong quy.

Hinh 10.

Bai todn sau c6 thé coi 1a mot ing dung dugc riit ra tlf bai toan 1, tuy nhién néu chua dudgc biét
bai toan 1 thi bai toan nay ctuing la mdt thach thic 16n

Bai toan 9. Cho tam gidc ABC nhon véi dudng cao AH sao cho trung diém ctia AH nhin BC
du6i mot goc vuong. Liy D dbi xiing H qua trung diém BC. E, F 1a trung diém ctia CA, AB.
Céc diém P, ) 1an ludt thudc doan DE, DF sao cho ZAPH = ZAQH = 90°. HK,HL 1a
phan gidc clia cac tam gidc HC A, HAB. Ching minh ring K P, LQ va AD dong quy.
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Hinh 11.

Loi gidi. Goi [ 1a trung diém AH thi ZBIC = 90°. Tt d6 goi M, N la céc diém nim trén
dudng thang BC sao cho AM || IB, AN || IC. Tit 6 tam gidc AM N vuéng tai A va B,C
lan ludt 1a trung diém HB, HC nén DN = DC +CN = BH + HC = MB + BD = DM.
Tit d6 D 1a trung di€ém M N nén céc tam gidgc DAM va DAN cén tai D. Ap dung truc tiép bai
toan 2 phan a) vao cdc tam gidc cin DAM, DAN ta thiy LQ, K P cung di qua diém R thuoc
AD théaman AR = AH. ]

Bai toan sau c6 thé dudc coi 1a mot hé qua bai todn 1 nhung dudc gidi doc 1ap nhu sau

Bai toan 10. Cho tam gidc ABC can tai A c6 dudng cao CD. Goi E, M 1a trung diém cta BD,
CE. R thuoc AB sao cho BR = C'D. CR cit AM tai K. Chting minh rang ZCK D = 90°.
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Hinh 12.

Lui giai. Ap dung dinh 1i Menelaus cho tam gidgc REC' vé6i ba diém M, K, A thing hang, ta
suy ra

MC-KR-AEzltiId()@:A—R
ME KC AR KC AFE
Ta can ching minh
AR = DR tic la ching minh DR = @
KC DC? DC? AFE

Goi H 1a chan dudng vudng géc ké tit A xudbng BC, chii y ABDC ~ ABHA (géc - gbc) ta

suy ra

2_
AR — AB — CD — Ap . BC-AH _ AB” - BC.AH

AB AB
BD BH? AB?— BH?
AE_AB_T_AB_ AB AB

Chd y dang thiic trén thu dugc do 2BH = BC. Nén ta suy ra

AR  AB? - BC.AH
AE  AB2? — BH?

Mait khac
DR* (CD-DB)* (AH - BH)?

DcC? DC? AH?

Do vay chi can chiing minh

AB? - BC.AH (AH — BH)> AH*+ BH?—2AH.BH
AB? — BH? AH? N AH?
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Diéu nay tuong duong véi ching minh (AB*—~BC.AH).AH? = (AH?*+BH?*-2AH.BH)(AB*-
BH?). Ping thic trén hién nhién ding do AB?> — BH? = AH? Vay ZCKD = 90°. O

Bai toan sau dugc xdy dung dua trén phan b) ctia bai toan 2

Bai toan 11. Cho tam gidc ABC c6 dudng cao AD. Trén tia BC, C'B lay cic diém G, H sao
cho BG = BA, CH = CA. E, F 1a trung diém ctia DG, DH. Pudng tron (A, AD) cat C A,
ABtai P, Q. M, N,Y, Z lan lugt d6i xing A qua C, B, P, Q. NE cat duong tron (A, AD) tai
K sao cho K, N khac phia dudng thang qua A vudng géc K N. M F cit dudng tron (A, AD)
tai L sao cho L, M khéc phia dudng thiang qua A vudng géc LM. Liy S, T thuoc MF, NE
sao cho Y'S || PL va ZT || QK. Chiing minh ring DS = DT.

Hinh 13.

Loi giai. Goi U, V la trung diém ctia AS, AT. Nhu vay U thuoc LP dé€ M F || CU, ap dung
bai todn 2 phan b) trén vao tam gidc cin CAH thi ZAUD = 90°. Tuong tu ZAV D = 90°. Vay
DA=DS = DT. N
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Bai toan 12. Cho tam gidc ABC vuodng tai A. Trung truc C'A cat phan gidc ngoai géc LABC
tai M. N, P la trung diém AC, M N. C'P cat phan gidc géc ZBAC tai Q. CQ cat AB tai R. K
1a hinh chiéu ctia A trén C'M. D thudc QK sao cho RD || BM. Ching minh ring CD = C'A.

Hinh 14.

Loi gidi. Goi CK cat AB tai E dé thdy tam gidac BCE céan tai B va c6 dudng cao C'A dong
thoi R, P 1a trung di€ém ctia AE va C'R. Tt d6 4p dung bai todn 3 vao tam giac can BC'E ta thu
duoc CD = CA. O

Bai toan 13. Cho tam gidc ABC vuong tai A v6i dudng cao AH. M, N la trung diém cua H B,
HC. HP, HQ 1a phan gidc cla tam gidc HAC, HAB. Trén doan BQ, C'P lay céc diém K, L
sao cho AKX = AH = AL. LN cat KM tai R. Chiing minh rang ABRC' 1a hinh chit nhit.

Hinh 15.
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Loi gidi. Goi O 1a trung diém BC thi cac tam gidc OC A, OAB can tai O va déu c6 dudng cao
AH. Goi khi d6 néu U, V 1a trung diém cta AM, AN thi theo bai todn 3 ta c6 LN || OV va
KM || OU. Tt d6 theo tinh chat phép vi tu tim A ty s6 2 thi LN, KM di qua d6i xing cta A
qua O nén R 1a dbi xting ctia A qua O. Ta d6 ABRC 1a hinh chit nhat. ]

Bai toan 14. Cho tam gidc ABC can tai A, dudng cao CD. E, M lan luct 1a trung diém BD,
CE. DP la phan giac trong cta tam giac CDFE. H thuéc BP sao cho FH || AM. Goi F' la
hinh chiéu ctia D 1én BC. R, Q 1an luot 1a giao diém cta FP v6i DH va AC. Chiing minh
rang BR, D P va dudng thang qua ( song song v6i BC ddng quy.

Bai toan 15. Cho tam gidc ABC can tai A, dudng cao C'D. E, M lan luot 1a trung diém BD,
CE. DP l1a phan gidc trong ctia tam gidc CDE. Goi F 1a dbi xiing ctia D qua BC. S thudc
PF saocho ES || AM. SP cit AC tai Q. R 1a giao ctia D.S va dudng thang qua () song song
véi BC'. Chiing minh rang RP, E'S va dudng thiang qua @ vudng goc véi BC dong quy.

Bai toan 16. Cho tam gidc ABC nhon c6 dudng cao AH sao cho trung diém AH nhin BC
du6i géc vuong. E, F 1a trung di€m CA, AB. Trén doan BC liy cic diém K, L sao cho
BK = AH — BHvaCL = AH — CH. P, () 1a hinh chiéu cia H 1én AL, AK. Chiing minh
rang £ P, QF va BC ddng quy.

[1] Tap chi toan hoc va tudi tré s6 465 va sb 469
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[2] Topic Right angle
http://artofproblemsolving.com/community/q1h1276419p6696477

[3] Topic Equal segments in isosceles triangle

http://artofproblemsolving.com/community/q1h1280275p6732257
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MOT BO PE VE PHAN GIAC

Nguyén Tran Hitu Thinh
Truong THPT chuyén Ly Tu Trong, Can Tho

TOM TAT

Bai viét xoay quanh mot bd dé hay ¢6 nhiéu mé rong véi cach giai quyét bang cc cong
cu hinh hoc phang thuan tiy.

Khi tim hi€u vé& van dé phan gidc trong tam gidc, tac gia phat hién dudc mot cAu hinh kha dep
va c6 nhiéu ting dung, cu thé ta c6 bai toan sau [ 1]

Bai toan 1. AABC néi tiép duong tron (O) c6 cdc phdn gidc trong BE, C'F cdt nhau tai I.
EF cdt (O) tai M, N. Cdc duong thang M I, NI cdt (O) lan luot tai P, Q khdc M, N. Khi do
PQ song song BC.

Bai toan trén c6 nhicu 10i giai, sau day tac gia xin néu ba cach:

Bién tip: Ngbé Quang Duong
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Loi gidi 1. Pudng phan gidc ngoai ciia géc A trong AABC cat BI, C1 theo thi tu tai L, K
nén ta c6 L, K 1an lugt 1 tam dudng tron bang tiép goc B, C cia AABC. Véi chi y ring tid
giac AICL ndi tiép, ta co:

EN-EM =FEA-EC=FEI-EL
Do dé ¢ gidc NIM L nodi tiép. Tuong tu NI M K noi tiép nén nim diém K, N, I, M, L cing
thudc mot duong tron.
Kéo dai M P, NQ cat BC lan lugt tai G, H. Ta c6:
(CK,CG) = (CA,CI)= (LA, LI) = (LK,LI) = (MK, MI)
Suy ra ti gidc K MCG noi tiép, tir do:
(GI,GH) = (KM,KI)= (NM,NI) = (PI, PQ)

Nhu vay PQ song song BC'. Ta c6 diéu phai chiing minh. O

P Q

Loi gidi 2. Ciing nhu Loi giai 1, ta c6 da gidc KLMIN ndi tiép dudng tron w. Goi d 1a tiép
tuyén tai [ cia w. Tac6 (IK,Id) = (LK,LI) = (CI,CB) nén d song song BC'. Mit khic
(QI,QP) = (MN,MI) = (IN,Id) suy ra d song song PQ. Nhu viy P(Q song song BC. Vay
bai toan da dugc giai xong. O

O Lui giai 3 tac gia xét bd dé sau:
B§ dé. (IMO 2010) AABC ndi tiép dudng tron I', P 1a mot diém nim trong dudng tron.

AP, BP, CP lan lugt cat I tai K, L, M. Tiép tuyén tai C ctia I cat AB tai D. Chiing minh
rang néu DC' = DP khi va chi khi MK = ML.
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Chiing minh b6’ dé. Do ALPM ~ ANCPB va AKPM ~ ACPA nén:

ML BC MK AC
MP _ BP Y MP T AP

Suy ra:
BC AC BC BP

BP AP T AC _ AP

MK =ML &

. CA
Do d6 P thudc duong tron Apollonius ti s0 —— dung trén doan AB. Hon nita D chinh 1a tam
cua duong tron nay nén M K = M L khi va chi khi DC' = DP. [

Quay tré lai bai toan,

Loi gidi 3. Goi Oy, Oy 1an lugt 1a tam dudng tron ngoai tiép AABI va AACT. Ta da biét Oy,
O, nam trén (O). Goi K, L 1an lugt 1a tim dudng tron bang tiép géc B, C ctia AABC. Do Oy,
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O, theo thi ty 1a trung diém cta LI, KT nén (10,0,) tiép xtic (IKL) = (IMN). Goi G 1a
giao diém ctia 0,0, va M N. Do O; N MO, noi tiép nén:

Pe 10,00 = GO - GOy = GM - GN = Pgrmn)

Tic 12 G nidm trén truc ding phuong ctia (10,0,) va (IMN), suy ra G 1a tiép tuyén chung
ctia hai duong tron nay. Mit khac G thudc O, 05 1a dudng trung truc cia AI nén GA? = GI? =
GM -GN = Pe/(0), suy ra GA la tiép tuyén cia (O). Ap dung bS dé cho AAMN véi Al
MI, N1 cét (O) theo thit tu tai D, P, Q dudc PD = QD, suy ra PB = QC, nhu vy P(Q song
song BC'.

Viy bai toan da dudc giai xong. ]

Tur Loi giai 1 ca Bai toan 1, ta c6 thé phét biéu bai toan lai nhu sau

Bai toan 2. Cho ANABC va tam duong tron néi tiép 1. Goi I, 1, lan luot la tam duong tron
bang tiép goc B, C ciia NABC. (I11,1,) cit (ABC) tai M, N. M1, NI cdt (ABC) ldn thit hai
theo thit ty tai P, Q). Chitng minh rang PQ song song BC.

Bai toan 3. Cho ANABC, duong cao AD, BE, CF dong quy tai H. (BHC) cdt (DEF) tai
M, N. MH, NH cdit (DEF) ldn thit hai theo thit tu tai P, Q. Chiing minh rang P(Q) song song
EF.

Ta c6 thé phat trién Bai toan 3 thanh bai todn sau:

Bai toan 4. Cho ANABC, truc tam H. Ldy D la mét diém ndam trén canh BC. (BHD) cdt
AB tai E. (CHD) cdt AC tai F. Puong thing HE cdt (CHD) tai G, duong thing HF cit
(BHD) tai I. (HGI) cat (DEF) tai M, N. Kéo dai M H, N H cct (DEF) ldn thit hai ldn lugt
tai P, Q. Chiing minh rang PQ song song EF.
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Chitng minh. Ap dung dinh 1y Miquel trong AABC ta dugc AEHF ndi tiép. Tit day dé dang
suy ra H 1a tam dudng tron ndi tiép ADEF. Ap dung bai toan diu cho ADEF takét luan PQ
song song F'F'. Vay bai toan da dugc giai xong. [

Hodc tir Loi giai 3 ctia Bai toan 1, bai todn c6 thé trd thanh:

Bai toan 5. Cho AABC néi tiép duong tron (O), duong phdn gidc trong AD. I la mét diém di
chuyén trén dudng thiang AD. Tiép tuyén tai A ciia (O) cdt duong trung truc ciia Al tai X. Mot
duong thang qua X cdt (O) tai M, N. Cdc tia MI, N1 theo thit ty cdit (O) tai P, Q. Chiing
minh P(Q) song song BC.

Sau day ta xét mot s6 md rong va ing dung ctia bai todn nay.

Bai todn gbc 12 mdt ciu hinh dep va ¢ nhiéu tinh chét thd vi. Bai toan sau 1a mot két qua vé
viéc chia doi doan thang.

Bai toan 6. Cho AABC ndi tiép duong tron (O) c6 cdc phdn gidc BE, CF cdt nhau tai I.
EF cdt (O) tai M, N. Cdc duong thang M1, NI cdt (O) ldn luot tai P, Q. Khi dé PQ chia
doi BI va C'1.

Tinh chit nay dugc phat hién khi tac gia tim thém nhiing 16i gii khac cho Bai toan 1. Chia doi
doan thang ciing 12 mot ki€u bai todn dang phd bién hién nay, 15i gidi sau dudc dé xuit bdi anh
Nguyeén Lé Phudc.

Chitng minh. Goi X, Y, Z lan lugt 1a tam dudng tron bang tiép goc A, B, C cia AABC. Kéo
dai I P, IQ cat BC theo thi tu tai L, K. Goi D 1a giao diém cta AI véi (O).

Nhu da chiing minh & tinh chét 1, ta ¢6 tif gidac ZMCL noi tiép, két hop véi viéc bon diém A,
C, X, Z cing ndm trén mot dudng tron, tacé IL - IM =17 -1C = TA - TX. Do d6 ti giac
AM X L ndi tiép, suyra (LI, LX) = (AM, AI) = (PI, PD). Nhu vay PD song song LX. Ma
D 1a trung diém cta I X nén P la trung diém cta /L. Tuong tu () 1a trung diém cta /K hay
PQ la duong trung binh cua AT LK. Tu d6 ta suy ra P() chia doi IB va IC.
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Vay bai toan da dugc giai xong. O

Chia d6i doan thang 12 mot tinh chit hay, thim chi ta c6 thé md rong bai toan thanh chia doan
thang theo ti s6 k, sau day ta c6 mot khai thac nhiéu bai todn kh4 dep nhu sau:

Bai toan 7. Cho ANABC néi tiép duong tron (O) c6 cdc phdn gidc BE, CF cdt nhau tai I.
EF cdt (O) tai M, N. Cdc duong thiang M1, NI cdt (O) ldn luot tai P, Q. Goi X, Y, Z ldn
luot la tam duong tron bang tiép géc A, B, C ciia NABC. 1P, IQ theo thit tu cdt duong thing
BC tai L, K. Chitng minh r[ing nimdiéem X, Y, Z, L, K cung ndm trén mot duong tron.

N e 2 <A N e 2 N 2yt 2 A . . N 2 X 1 . A
Bai toan 7 dudc suy ra truc tiép tu Bai toan 6 cung vé6i tinh chat: Phep vi tu tam I t so 3 bien
(XY Z) thanh (ABC).
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Bai toan 8. Cho AABC néi tiép duong tron (O) ¢ cdc phdn gidc BE, CF cdt nhau tai I.
EF cdt (O) tai M, N. Cdc duong thang M1, NI cdt (O) lan luot tai P, Q. Goi X, Y, Z ldn
luot la tam duong tron bang tiép géc A, B, C ciia NABC. 1P, IQ theo thit tu cdt duong thing
BC tai L, K. Chiing minh rang tit gidic M N LK noi tiép duong tron tam X.

Chitng minh. Nhu ta thiy, d& chitng minh mot diém 13 tam ctia tf gidc thi hai huéng thudng gip
nhét 12 bién d6i géc hoic bién ddi canh, & day tdc gia sit dung phuong phap bién ddi canh thong
qua viéc chiing minh AN va AK la hai dudng dang gidc, vi d€ ching minh LX = NX =
MX = KX thi dau tién ta c6 thé ching minh KX = NX va LX = MX sau d6 két hop viéc
LX = KX da chiing minh & hé qua trén ta suy ra bon canh bang nhau. Tir d6 ta nghi dén viéc
chitng minh céc tam gidc cin thong qua viéc bién ddi géc, chii y do ti gidc NAK X noi tiép
nén (AN, AX) = (KN,KX) va (NX,NK) = (AX, AK). Néu tam gidc NKX can tai X
thi (KN, KX) = (NX, NK), do d6 ta phai ching minh (AN, AX) = (AX, AK) hay AN va
AK 1a hai dudng dang giac cia AABC.

Chu y ti gidc AN X K noi tiép nén, ma (AN, AX) = (AX, AK) nén XN = X K. Hoan toan
tuong tu, XM = X L. Vitutam [ ti s6 2 bién D, P, Q thanh X, L, K nén XL = XK. Viy K,
L M, N thudc duong tron tam X. [

Bai toan 9. Cho AABC ndi tiép duong tron (O) c6 cdc phdn gidc BE, C'F cdt nhau tai I.
EF cdt (O) tai M, N. Cdc duong thiang M1, NI cdt (O) ldn lugt tai P, Q. Goi X, Y, Z ldn
luot la tam duong tron bang tiép goc A, B, C ciia NABC. Tia I P, IQ theo thit ty cdt duong
thing BC tai L, K. Goi S la diém doi xvng ciia K qua XY, T la diém ddi xiing ciia L qua
X Z. Chitng minh rdng cdc bé ba diém (Z,T, K), (A, T, B), (A, S,C), (Y, L, S) thing hang.
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Chiing minh. Tacé (ZB,ZT) = (ZL,ZB) = (ZB,ZK) nén Z, T, K thang hang.
Tacé (BZ,BT) = (BL,BZ) = (BC,BX) = (BZ, BA) nén A, T, B thang hang.
Tuong tu A, S, C vaY, S, L thang hang. O

Bai todn sau 1a mot tinh chit thd vi vé hai dudng thang cit nhau trén dudng tron:

Bai toan 10. Cho AABC noi tiép duong tron (O) cé cdc phdn gidc BE, CF cdt nhau tai I.
EF cdt (O) tai M, N. Cdc dwong thing M1, NI cdt duong thing BC' theo thit tu tai L, K.
LN, KM cdat (O) lan thi hai tai T. Chitng minh rang T la diém chinh gitta cung BAC.

Lai giai sau dugc phat hién khi tac gia c¢b suy nghi tim méot @ing dung cho dinh ly Brokard:

-\ e\
)

> </
J L B C K
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Chiing minh. Goi X, Y, Z 1an lugt 1a tim dudng tron bang tiép géc A, B, C cia AABC. Goi
J 1a giao diém clia dudng thang Y Z va BC. Theo bai todn gbc ¢6 Y MIN Z ndi tiép dudng
tron w va Y ZBC noi tiép. Theo bai todn 8 con c¢6 K LN M ndi tiép nén truc dang phuong clia
céc cip trong ba dudng tron (O), (KLMN), (Y ZM N) dong quy nén M N di qua J.

Ta dé dang chiitng minh JLN A va JK M A ndi tiép nén A 1a diém Miquel ctia bo bon dudng
thang (M N, LK, MK,LN). Mit khiac T 1a giao diém ctia MK va LN nén A ciing thudc
(TMN) hay T thuoc (AMN) = (O). Ap dung dinh ly Brokard cho ti gidc M N LK noi tiép
(X)tadugc IA=IX L JT.MalA 1 YZ = JZY nénT nim trén dudng thang Y Z. Viy
bai todn da dudc giai quyét. ]

Tir bai toan gbc ban dau ta da thu dudc nhiéu két qua dep, phan tiép theo tac gid sé md rong bai
toan gbc ra tdng quat hon.

Bai toan gbc 1a mot két qua rat dep ciia hinh hoc phing vé van dé phan giac. Loi gidi 2 ta chi
st dung tinh chét clia dudng phan gidc & géc A ctia AABC. Loi gidi 3 lai lién quan dén van dé
tiép tuyén tai diém A ctia (ABC) nén & céac bai toan tiép theo ta sé c6 nhitng mé rong cho Bai
toan 1.

Bai toan 11. AABC ngi tiép duong tron (O), duong phdn gidc trong AD. I la mot diém di
chuyén trén AD sao cho I, A ciing ndm trén mét mdt phdng bo BC. Goi E, F la giao diém ciia
BI véi AC, C1 véi AB. EF cdt (O) tai M, N. M I, NI theo thi tu cdt (O) tai P, Q. Chiing
minh rang PQ song song BC.

Trudng hop nay ta thiy khi vé dudng phan gidc ngoai ctia goc A cat BI, C1 thi cho hai diém
khong con dic biét nita. Nhung dé y thiy BI, CT cit 1an lugt cac dudng tron (ACT) va (ABI)
thi quan hé gitia cac goc sé ro rang hon.
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Chiing minh. Goi S, T 1an lugt 1a giao diém cta BI va (ACT), CI va (ABI), tu day:

FI-FT=FA-FB=FN -FM
Nén i gidc NTMT noi tiép. Tuong tu ti gidc NIM.S ndi tiép.
Ta co:
(TB,TC) = (TB,TI)=(AB, AI) = (AI, AC) = (S1,5C) = (SB, SC)
Do d6 tif gidc TBC'S néi tiép.
Goi d 1a tiép tuyén tai I ctia dudng tron di qua cac di€ém N, I, M, S, T, ta co:
(BC,BI)=(TI,TS) = (Id,IS)
Suy ra d song song BC. Mat khéc:
(PI,PQ)=(NM,NI)= (IM,Id)

Suy ra d song song PQ. Do d6 ta két luan P() song song BC.
Viy bai toan da dudc giai xong. ]

Nhan xét. Loi gidi trén van st dung ky thuit bién ddi géc cliing v6i phuong tich. Tuy nhién rd
rang trong bai toan md rong né da dudc dung khéo 1éo dé van dung hét cac dit kién mé cla bai
toan.

Bai toan tiép theo 1a mot mé rong clia bai toan trén khi khai thac dif kién hai dudng tron ngoai
tiép AABI va NACT:

Bai toan 12. Cho AABC, diém D nam trén phdn gidc trong d ciia goc A. Trong NABC, goi
dy, dy la hai dwong thing di qua A déi xing nhau qua d sao cho dy ndm trén mdt phdng chita
B bo d. Qua D ké dwong thdng song song véi BC cdt dy, dy lan luot tai X, Y. BX cdt AC tai
E, CY cdt AB tai F. Puong thang EF cdt (ABC) tai M, N. Tia MY, NX cdt (ABC) ldn
thit hai tai P, Q). Chiing minh P(Q) song song BC.
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Chitng minh. Kéo dai BE cit (AXC) tai H, CF cit (ABY) tai G. Khi d6 do:
(GB,GC) = (AB,AY) = (AX, AC) = (HB, HC)

Nén tif giac GHCB noi tiép. Tir day suy ra GHY X noi tiép. Mit khac do:

FG-FY =FA-FB=FN-FM

Nén GNY M noi tiép, tuong tu HM XN ndi tiép. Do d6 sdu diém G, N, X, Y, M, H ciung
thuoc mot dudng tron. Tu diéu nay ta co:

(XY, XQ) = (MP,MN) = (QP,QX)

Nhu thé XY song song PQ. Ma XY song song BC nén P() song song BC.
Viy bai toan da dudc giai xong. ]

Ngoai ra, Bai toan 12 con mot khai thac vé dudng thiang song song v6i BC nita & bai toan sau:

Bai toan 13. Cho AABC, diém D nam trén phdn gidc trong d ciia goc A. Trong NABC, goi
dv, dy la hai duong thing di qua A doi xitng nhau qua d sao cho dy ndm trén mdt phdng chiia
B bo d. Qua D ké duong thdng song song véi BC cdt dy, dsy lan luot tai X, Y. BX cdt AC tai
E, CY cdt AB tai F. Puong thing EF cdt (ABC) tai M, N. Tia M D, ND cdit (ABC) ldn
thit hai tai P, (). Chitng minh P() song song BC.

Trong Bai toan 11, ta lan lugt c6 B, I, E va C, I, F thang hang va ta d€ y thdy duong ndi
tam cta (ABI) va (ACIT), dudng thang EF, tiép tuyén tai A ciia (ABC) ddng quy. Vay trong
trudng hop B, I, E va C, I, F khong con thang hang nhung van giit nguyén tinh chit ba dudng
thang 4y dong quy thi nhu thé nao? Ta cé bai todn thd vi nhu sau:

Bai toan 14. Cho AABC néi tiép duong tron (O), duong phdn gidc trong AD. I la mot diém
di chuyén trén dudng thang AD. Goi Oy, Oy ldn luot la tam ciia (ABI) va (ACI). Tiép tuyén
tai A ciia (O) cdt duong thing 0,0, tai X. Mot duong thing qua X cdt (O) tai M, N. Cdc tia
M1, NI theo thit ty cdt (O) tai P, Q. Chitng minh PQ song song BC.

O bai todn nay ta thiy rd rang khong thé st dung viéc kéo dai BI, C'I dugc nita vi M, N di
chuyén tily y nén khé dinh huéng dugc viéc xai phuong tich, nhung véi bd dé da dugce néu & Loi
gidi 3 clia bai todn gdc thi bai todn trd nén rd rang hon.

Chitng minh. Khong mit tinh tdng quat, gia st N nam giita X va M. Ta cé X nam trén dudng
trung truc ctia AI nén XA = XI. Ap dung B6 dé ctia Bai toan 1 cho tam gidgc AMN véi Al
MI, NT cit (ABC) 1an lugt tai Y, P, Q vachi y BY = CY.
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dugc PY = QY suyra PB = QC. Tu day dé dang suy ra PQ song song BC'.
Vay bai toan da dudgc giai xong. O

Cudi cling, tic gia xin dua ra mot s6 bai tip dé€ ban doc rén luyén thém vé cic tinh chét thid vi
nay:

Bai toan 15. Cho ANABC ngi tiép duong tron (O). I la mét diém di chuyén trén phdn gidc
trong ( ciia géc A sao cho I, A cimg ndm trén mot mdt phdng bo BC. Goi E, F la giao diém
ciia BI véi AC, CI vdi AB. EF cdt (O) tai M, N. M1, NI theo thit tw cit (O) tai P, Q, cat
duong thing BC tai L, K.

a) Goi Y, Z lan luot la giao diém ciia BI va (ACT), CI va (ABI). Chiing minh rdng bon diém
L, K, Y, Z cing ndm trén duwong tron tam X.

b) Goi D la giao diém cua { va (O). Chiing minh rdang khi P, Q ldn luot chia I L, [ K theo ciing
t1 56 k thi D ciing chia I X theo ti 56 k.

Tur Bai toan 15 ta ¢c6 mot khai thac nhu sau:

Bai toan 16. Cho ANABC, duong phdn gidc trong AD ciia géc A (D thuéc BC). I la mét diém
di chuyén trén canh AD vdi I khdc A va D. BI cdt AC tai E, C1I cdt AB tai F. Puong thdng
EF cit (ABC) tai M, N. M1, NI cdt duong thing BC' lan luot tai L, K. Chitng minh rdng
cdc duong thing MK, N L giao nhau tai mét diém cé dinh khi I thay déi.

Bai toan 17. Cho AABC, dudng phdn gidc trong BE, CF. EF cat (O) tai M, N. Chitng
minh rang M, N la tiép diém ciia hai tiép tuyén chung ciia (ABC') va duong tron bang tiép goc
A ciua NABC.

Bai toan 18. Cho AABC, hai tiép tuyén chung ngoai (1, {5 ciia (ABC) va duong tron bang
tiép goc A. Puong thing BC cdt (1, U ldn luot tai D, E. Chitng minh rdng AD, AE la hai
dwong ddng gidc ciia NABC.

Bai toan 17 va Bai toan 18 c6 thé tham khdo & [3].
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[1] Two parallels
http://www.artofproblemsolving.com/community/c6h550786

[2] Two parallels generalization problem.
http://www.artofproblemsolving.com/community/c6h1147664p5418246

[3] Common tangents problem.
http://www.artofproblemsolving.com/community/c6h385175p3753324

[4] Bisects segment problem.
https://www.facebook.com/groups/Loicenter/permalink/982284725178035
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S 10, 08/2016

CAC PUOGNG TRON CO HAL 1)11?5124 CHUNG
TRONG TU GIAC NOI TIEP

Tran Minh Ngoc, TP.HCM

1. GiGi thiéu

Trong qua trinh day doi tuyén truong THPT chuyén Ha Long, toi da phat hién bai todn sau:

Bai toan 1. Cho tii gidic ABCD noi tiép (O). Mot duong thang d lan luot cit AC, BD, AB,
CD, AD, BC tai M, N, P, Q, R, S. Chiing minh rang vdi moi diém X nam trén (O) thi
(XMN), (XPQ), (XRS), (O) cé mét diém chung khdc X.

Trong bai viét ndy, toi sé giSi thiéu ba 18i gii bai todn va mot sb tinh chat khic trong cAu hinh
ctia n6. Trong phan cubi cling, tdi s& gidi thiéu vé ing dung ctia nhiing tinh chét vira tim dugc
trong viéc giai nhitng bai toan khac.

2. Ldi giai

2.1. L&i giai 1

Ta phat bi€u va ching minh bd dé sau:

BG dé 1. Cho duong tron (O) va duong thing d. Trén (O) ldy X, trén d ldy A, B, C, D réi ldn
luot cho X A, X B, XC, XD cdt (O) tai diém thit hai la A', B', C', D'. Khi dé A'B’, C'D', d
déng quy khi va chi khi (X AB), (XCD), (O) c6 mét diém chung khdc X.

Bién tap: Ngd Quang Duong
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Hinh 1. B6'dé 1

Chiing minh. Ching minh hai chiéu.

e Chiéu thuan. Gia st A'B’, C'D’, d ddng quy tai Z. Ap dung dinh Iy Miquel cho tif gidc
toan phan tao bdi bén dudng thang AA’, BB', AB, A’'B', ta dudc (XAB), (XA'B') =
(0), (ZAA"), (ZBB') dong quy tai mot diém Y. Do /DZY = /BZY = /BB'Y =
/DD'Y nén ti gidc DD'ZY ndi tiép. Suyra /Y DZ = /Y D'Z = ZCXY . Do d6 theo
dinh 1y Miquel, t& gidgc CDY X noi tiép.

Vay (X AB), (XCD), (O) ¢6 chung diém Y # X.

e Chiéu nghich. Gid st (X AB), (XCD), (O) c¢6 chung diém Y # X. Goi Z la giao diém
cua A'B, d.
D 1a giao di€m thtt hai ctia ZC’, (O).
D, 1a giao diém ctia X Dy, d.
Theo chiéu thuéan, (X AB), (XCD), (O) dong quy. Suyra Dy = D, D; = D',
Vay A'B’, C'D', d ddng quy tai Z.

0
B dé 2. Cho i gidc ABCD néi tiép duong tron (O). Mot duong thing d ldn luot cdt AC,

BD, AB, CD, AD, BC tai M, N, P, Q, R, S. Trén (O) ldy X roi ldan luot cho X M, XN,
XP, XQ, XR, XS cdt (0) tai M', N, P', ), R', S'. Khi d6 M'N", P'QY, R'S', d déng quy.
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Hinh 2. Bé' dé 2

Chiing minh. Ap dung dinh 1y Pascal cho luc gidc CABM'X P, ta dugc CAN M'X = M,
ABNXP = P, BM'NCP' = T thang hang, hay T’ € d . Ching minh tuong tu BQ'NCN’ =
Ued.

Ap dung dinh 1y Pascal cho luc gidgc M'N'C'P'Q'B’, ta dudc M'N'NP'Q' =V, N'CNQ'B =
U,CP' N BM' = T thang hang, hay V € d , hay M'N’, P'()’, d ddng quy. Chting minh tuong
tu M'N’, R'S’, d dong quy.

Vay M'N', P'Q', R'S', d dong quy. ]

Trd lai bai toan.

Hinh 3
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Véi M', N, P', ), R', S’ dinh nghia nhu trong b dé 2.
Theo bs dé 2: M'N’, P'Q’, R'S’, d dong quy.
Theo bd dé 1: (XM N), (X PQ), (XRS), (O) ¢c6 mot diém chung khic X.

Ta phat bi€u va chiing minh bd dé sau:

N . . AM DN
Bo deé 3. Cho tit giac ABCD. Trén AB, CD lan luot lay M, N sao cho =5 = D:C Goi £
la giao diém ciia AB, CD. Khi dé (EAD), (EBC), (EMN) cé mét diém chung khdc E.

Hinh 4. Bé' dé 3

Chitng minh. Goi F' 1a giao di€ém tht hai cta (FAD) va (EBC).

Do /FAB =180° — LFAE = 180° — LZFDE = ZFDC, ZFBA = ZFCD nén AFAB ~
FA AB AM )

AFDC. Suy ra FD =50~ DN Do d6 AFAM ~ AWFDN. Suwyra /EMF = /ENF

nén EN M F noi tiép. Vay (EAD), (EBC), (EMN) c6 diém chung khic E. N

Tré lai bai toan.
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Hinh 5

XM, XN 1an lugt c&t (X PQ), (O) tai diém thit hai 1a My, M, Ny, No.

/ L o T Al PM BN
Ap dung dinh ly lz/gli\rflelagj\;ho ANIMN véi A, P, B thang hang, ta dugc T Px BI —
T . . = 1. Do dé

u’dngtuDN oM CI o do

Al PM BN DI QN CM
AM PX BI DN QM CI

Pang thiic nay tuong duong :

PM-QM CI PN-QN DI

AM-CM BI DN-BN Al

cI DI PM-QM  PN-QN MM,
Ma =~ = 22 (do ACBI ~ ADAI. Né _ 'S -
S 57 = ag @ ) Nen “r o~ DN-BN W R
MM,-MX NN,-NX NN o ML NN o
_ _ . Theo hinh vé, ta dud _ . Theo bé d& 2.3, t
MM, X - NN, NX NN, eo hinh V&, ta 'CMM2 N eo bo dé a

dude (XMN), (XM, N)) = (XPQ), (XMyNy) = (O) c6 di€m chung khic X. Chiing minh
tugng tu (XM N), (XRS), (O) ¢6 diém chung khéc X.
Vay (XMN), (XMN), (XRS), (O) ¢6 di€ém chung khéc X.

Ta phat bi€u va chiing minh bd dé sau:
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B& dé 4. Cho it gidc ABC D noi tiép duong tron (O). Mot duong thing lan luot cdt AC, BD,
AB, CD tai M, N, P, Q. Khi do tén tai duy nhdt diém T sao cho TM. TN = TP.TQ =
Pry o).

Hinh 6. B6 dé 4

Chiing minh. Goi T 1a diém ma TM. TN = Pr(0), U la diém ma TP.TU = Py (o) . Khi d6
T, U la duy nhat.

V la giao diém ctia BN, CU. E, F lan lugt 1a giao diém thi hai cia TB, TC v6i (O).

Do TMTN = TP.TU = Prio) = TB.TE = TC.TF nén cac ti gidc BEMN, CFPU
ndi tiép. Hon nita, néu goi G 1a giao diém ctia EM, FP va ap dung dinh 1y Pascal dao cho
luc gisdc BACFGE véi BANFG = P, ACNGE = M, CF N EB = T thang hang va
A B,C,E,F € (0), tadudc G € (O). Tit d6, ta c6 bién ddi géc sau:

/BVC =180° — (/VNU + ZVUN) = 180° — (/GEB + /GFC)

360°—GB-GC  BC
B 2 2

SuyraV € (0).Dod6 V = D, U = Q. Vdy ton tai duy nhat di€m 7" sao cho TM.T
TP.TQ = Prj0)-

o

Trd lai bai toan.

125



Tap chi Epsilon, S6 10, 08/2016

Hinh 7

Goi Y la giao diém thi hai ctia TX va (O). Theo bd dé 2.4, ton tai duy nhét di€ém T sao cho
TM.TN =TPTQ = Prjoy = TX.TY . Suy ra cic ti gidc MNY X, PQXY ndi tiép. Do
d6 (XMN), (XPQ), (O) dong truc. Chiing minh tuong tu (XM N), (XRS), (O) c6 diém
chung khac X.

Vay (XMN), (XPQ), (XRS), (O) c¢6 di€ém chung khéac X.

Goi Y 1a di€ém chung khdc X cia (XMN), (X PQ), (XRS), (O).

Tinh chéat 1. Goi I la giao diém ciia AC, BD. (IMN) ldn lugt cdt (IAB), (ICD), (IAD),
(IBC)tai E, F, G, H.Khido (XEF), ( XGH) qua Y.
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Hinh 8. Tinh chdt 1

Chitng minh. Phép nghich ddo cuc I , phuong tich k # 0 bién A, B, C, D, M, N, E, F, X
thanh A, B, C", D', M', N', E', F', X' . Khi @ AC, BD, (IAB), (ICD), (IMN) bién
thanh A'C’, B'D', A'B', C"D’, M'N'. Suy ra M'N' 1an luct cit A'C’, B'D’, A'B’, C'D' tai M,
N, E',F' .Ma A, B, C’, D', X’ ddng vién. Nén theo bai toan 1, (4A’B'C'D'"), (X'M'N’),
(X'E'F") ¢6 di€ém chung khéc X'. Do d6 (O), (XM N), (XEF) c¢6 diém chung khac X , hay
(XEF)quaY .Ching minh tuong tu (XGH) qua Y. O

Chi y 1. Ta c6 két qud tuong tw véi J, K lan luot la giao diém ciia AB va CD, AD va BC.
Khi d qua mot trong ba diém 1, J, K , két qud chi con diing véi hai diém con lai.

Tinh chat 2. Gid sit d qua I va ldn lugt cdt tiép tuyén tai A, C, B, D cia (O) tai T, U, V, W.
Khi dé duong tron qua X va tiép xiic d tai I, (XTU), (XVW) qua Y.
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Hinh 9. Tinh chdt 2

Chiing minh. Pudng tron qua X va tiép xidc d tai I qua Y chi 1a truong hgp dic biét cla
(XMN) qua Y. That vay, khi d qua I thi M = N = I, (XM N) suy bién thanh dudng tron
qua X va tiép xiic d tai I . Ta chi ching minh (XTU), (XVW) qua Y.

Ki hiéu ZZ 1a tip tuyén tai Z ctia (O)

Goi I, Ty, Uy lan ludt 1a giao diém thd hai ctia X1, XT, XU véi (O).

Ap dung dinh Iy Pascal cho luc gidgc U; X1,CCA ndi tiép (O), ta dugec U; X N CC = U,
XILNCA=1,I,0NU,A = U’ thang hang, hay U’ € d. Chiing minh tuong tu ;AN T,C =
T" e d.

Ap dung dinh ly Pascal cho luc gidgc U, AL I;CT) ndi tiép (O), ta dusc U, AN I,C = U,
A[l N OTl = T,, 11[1 N U1T1 =L th.’?lng héll’lg, hay L e U/T/ = d. Do dé 11]1, U1T1, d dél’lg
quy tai L. Tt d6, ép dung b6 dé 1 cho X € (O)vaT, U, I, I € d, ta dugc dudng tron qua X
va tiép xic d tai I, (XTU), (O) c6 diém chung khac X, hay (X7TU) qua Y. Ching minh tucng
tu (XVW)quaV. O

Chu y 2. Ta c6 két qud tuong tu véi J, K.

Tinh chit 2 dugc md rong cho luc gidc nhu sau.

Tinh chét 3. Cho luc gidic ABC DEF néi tiép (O) c6 AD, BE, CF dong quy tai I. Mot duong
thcfng d qua I, lan luot cit AB, DE, BC, EF, CD, FAtai M, N, P, Q, R, S. Khi dé vdi moi
diém X ndm trén (O), duong tron qua X tiép xiic véi d tai I, (XM N), (X PQ), (XRS), (O)
c6 mot diém chung khdc X.
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Hinh 10. Tinh chdt 3

Chiing minh. Ap dung dinh ly Pascal cho luc gidgc M; X1, BAD, ta dugc M, X N AB = M,
XI,NAD = I, I;,BN DM, = M’ thang hang, hay M’ € d. Ching minh tuong ty, ta dugc
LDNBN; =N €d.

Ap dung dinh ly Pascal cho luc giac BI;1; DM, Ny, tadugec Bl "N DM, = M', [, [y N M{N; =
L, ;DN NB = N',hay L € M'N' = d. Do d6 M, Ny, I,1,, d dong quy tai L. Tu d6, ap
dung b6 dé 1 cho X € (O)va M, N, I, I € d, ta dudc dudng tron qua X va tiép xuc d tai I,
(XMN), (O) c¢6 diém chung khac X. Chiing minh tuong tu dudng tron qua X va tiép xic d tai
I, (XPQ), (XRS), (O) c6 diém chung khic X. Ta di dén két luan bai toan! O

Chu y 3. Tinh chdt 2 c6 thé' dugc md rong cho 2n—gidc noi tiép dwong tron co cdc duong chéo
dong quy theo cdch tuong tu.

Bai toan 2. Cho ngii gidc ABCDE noi tiép (O). Mot duong thing d cit AC, BD, AB, CD
tai M, N, P, Q. (EMN) ldn luot cit AC, BD tai diém thit hai la M, N'. (EPQ) ldn luot céit
AB, CD tai diém thit hai la P', Q'. Chiing minh rang M', N, P', Q' thdng hang.
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Hinh 11. Bai todn 2

Chitng minh. Ap dung bai toan 1 cho tif gidc ABC'D noi tiép (O) va dudng thiang d 1an lugt
cat AC, BD, AB, CD tai M, N, P, Q, ta dugc (EMN), (EPQ), (O) c6 diém chung khac
F+E.

Ap dung bai todn 1 cho tit gidgc M N N'M’ noi tiép va dudng thang AB 1an lugt cit MM, NN,
MN, M'N" tai A, B, P, Py, ta dudc (EAB) = (0,), (EPP)), (MNN'M") ¢6 diém chung
khic E. Suyra F € (EPP;). Do d6 P, = P la giao diém thi hai cta AB, (PEF), hay M’,
N’, P’ thing hang. Chiing minh tuong tu M’, N’, Q' thang hang. Vay M’, N’, P’, (' thang
hang. U

Bai toan 3. Cho AABC néi tiép (O). Mot duong tron (O ) ldn lugt tiép xiic véi AB, AC tai
D, E va tiép xiic trong vdi (O) tai F. DE ldn lugt cit BC va tiép tuyén tai A ciia (O) tai G,
H. Chiing minh rang (FGH) tiép xiic vdi (O), BC va tiép tuyén tai A ciia (O).
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Hinh 12. Bai todn 3

Chitng minh. Ap dung bai toan 1 cho ti gidc AABC ndi tiép (O) va dudng thing DE lan
luot cit AB, AC, BC, AAtai D, E, G, H , ta dugc v6i moi diém X nim trén (O), (XDE),
(XGH), (O) c6 diém chung Y, X.

Khi (X DE) tiép xtic v6i (O) tai F'thi X =Y = F. Suy ra (FGH) tiép xtic v6i (O) tai F.
Ap dung bai todn 2 cho ti gidc AABC ndi tiép (O) va duong thang d 1an lugt cat AB, AC,
BC, AA ta1 Dl, El, Gl, Hl, ta dlIQC DQ, EQ, G2, H2 thél’lg héll’lg, tI'Ol’lg do DQ, EQ, GQ, H2 lé\\ll'l
lugt 1a giao diém thit hai cia (F D, E,) véi AB, AC; (FG1H,) véi BC, AA.

Khi (F D, E;) 1an luct tiép xtic véi AB, AC tai D, Ethi D, = D, = D, E, = F, = E, = E.
SuyraGy, = Gy, =G, Hy = Hy = H. Do d6 (FGH) lan lugt tiép xic véi BC, AA tai G,
H. O

Bai toan 4. Cho ti gidic ABCD ndi tiép (O). Mét duong tron (O ) lan luot tiép xiic véi AC,
BD tai E, F va tiép xic trong vdi (O) tai G. Goi I la giao diém ciia AC, BD. (IEF) lan
luot cat (IAB), (ICD) tai diém thit hai la H, K. Ching minh rang (GHK) tiép xiic vdi (O),
(IAB), (ICD).

Chitng minh. Ta phat biéu va ching minh bé dé sau.

B& dé 5. Cho ngii gidc ABCDE néi tiép (0). Goi I la giao diém ciia AC, BD. Trén AC, BD
ldn lugt ldy M, N réi vé duong tron (IMN) ldn luot cdt (IAB), (ICD) tai P, Q. (EMN) lan
lugt cit AC, BD tai diém thit hai la M', N'. (EPQ) ldn lugt cit (IAB), (ICD) tai diém thit
haila P', Q'. Khido M', N', P, Q' dong vién.

Chiing minh b& dé: Qua phép nghich d4o cuc I, phuong tich & # 0, ta nhan dudc cAu hinh bai
toan 2.
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Hinh 13. Bai todn 4

Tré lai bai toan.

Ap dung tinh chit 1 cho tif gidc ABC'D ndi tiép (O) va dudng thang EF 1an lugt cat AC, BD
tai B, F va (IEF) lin luct cit (IAB), (IC'D) tai diém th hai 1a H, K, ta dudc véi moi diém
X ndm trén (0), (XEF), (XHK), (O) ¢6 diém chung Y # X.

Khi (X M N) tiép xtic v6i (O) tai G thi X =Y = G. Suy ra (GHK) tiép xic vé6i (O) tai G.
Ap dung bé dé cho tif gisc ABC'D ndi tiép (O) va duvng thiang £, Fy 1an lugt cat AC, BD tai
E,, Fy, va (IE, F}) 1an ludt cit (IAB), (ICD) tai diém thi hai 1a H,, K, ta dudc By, Fy, Ho,
K, dong vién, trong d6 Es, Fy, Hy, Ko 1an lugt 1a giao diém thi hai ctia (GE, F}) véi AC, BD;
(GH,K4) v6i AB, CD.

Khi (GE F) lan luot tiép xic v6i AC, BD tai E, F'thi Fy, = Ey = E, Fy = F, = F. Suy
raH, = Hy,=H, K, = K, = K.Do dé (GHK) lan lugt tiép xiic véi (IAB), (ICD) tai H,
K. O

Bai toan 5. Cho it gidic ABC D ngi tiép (O). Goi I la giao diém ciia AC, BD. Mét duong
thang d qua I ldn luot cdt (IAB), (ICD) tai E, F. Chitng minh ring ddy cung XY ciia (O)
song song vdi d khi va chi khi tit gidc XY FE noi tiép.
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Hinh 14. Bai todn 5

Chiing minh. Phép nghich dao cuc I, phuong tich k& # 0, bién A, B, C, D, E, F, X, Y thanh
A, B,C', D,E, F', X', Y' Khidé AC, BD, (IAB), (ICD), d, XY lan lugt bién thanh
A'C', B'D', AB,C'D,d,(IX'Y")va A", B',C', D', X', Y’ dong vién.

Chiéu thuan. Gia sit day cung XY cta (O) song song véi d. Suy ra (IX'Y") tiép xic vdi d tai
1.

Ap dung tinh chit 2 cho tit gidc A’B’'C’"D’ ndi tiép va dudng thing d qua I, 1an luot cit A'B’,
C'D' tai E', I, ta dugc dudng tron qua X' va tiép xic véi d tai I, (X'E'F’), (A'B'C'D’) ¢6
di€ém chung khac X'. Suyra Y’ € (X'E'F’). Do d6 XY F'E ndi tiép.

Chiéu nghich. Gia st XY F'E ndi tiép.

Vé day cung XZ || d.Theo chiéu thuan, X ZF E noi tiép. Suyra Z =Y ,hay XY || d. O

Bai toan 6. Cho luc giic ABCDEF néi tiép (O) c6 AD, BE, CF déng quy tai I. Mét duong
thang d qua I, ldn luot cdt tiép tuyén tai A, D, B, E, C, F ciia (O) tai M, N, P, Q, R, S. Khi
do véi moi diém X ndm trén (O) thi (XMN), (XPQ), (XRS), (O) cé mét diém chung khdc
X.
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Hinh 15. Bai todn 6

Chiing minh. Ap dung tinh chit 2 cho ti gidic ACDF va dudng thang d qua I cat AA, DD
tai M, N, ta dugc dudng tron qua X va tiép xuc d tai I, (XMN), (O) c6 diém chung khac
X. Chitng minh tuong ty dudng tron qua X va tiép xic d tai I, (X PQ), (XRS), (O) c6 diém
chung khac X. Ta di dén két luan bai toan ! O

Téng quat ctia bai todn 1 d6 1a bd dé Poncelet mé rong (tham khao [1]). St dung b3 dé 4, ta c6
mot 18i gidi cho né. Ta ciing c6 thé téng quat tinh chit 1, 2, 3 va bai todn 1, 5 theo cich tuong
tu. Mot khia canh khdc, cdc bai toan 2, 3, 4 déu c6 15i giai ng?in gon hon, tac gia xin danh cho
ban doc. Nhung véi céch tiép can thong qua bai toan 1 va mot sd tinh chét khic trong ciu hinh
clia n6, ta thay dudc mdi lién quan giita cic bai toan trén.

[1] Tran Minh Ngoc, B8 dé Poncelet m3 rong va ing dung, Geometry Blog
https://tranminhngocctlhp.wordpress.com/

[2] Nguyén Vin Linh, Ung dung ciia ti s6 phuong tich, Euclidean Geometry Blog
https://nguyenvanlinh.wordpress.com/

[3] Lachlan, "Coaxal Circles", Ch. 13 in An Elementary Treatise on Modern Pure Geometry.

London: Macmillian, pp. 199-217, 1893

Email: tranminhngoc.ctlhp@gmail.com
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DINH LY CAUCHY - DAVENPORT VA UNG DUNG

Tran Minh Hién
(Truong THPT chuyén Quang Trung, Binh Phudc)

GIOI THIEU

Noi dung ctia chuyén d& nay trinh by mot s6 cach chitng minh dinh ly Cauchy - Daven-
port va néu mot s6 ting dung ctia nd. PE c¢6 dudc su so sanh sy khac nhau giita cac két
qua trén Z va trén Z p (tap cdc sb du theo modulo p, p nguyén t), trong phan 1 trinh bay
mot sd két qua kha quen thudc clia céc tap tong trén Z. Ban doc quan tim dén cac két qua
sau hon vé noi dung ndy c6 thé tham khdo tai liéu [3]. Vé cdc két qua hay trén Z, ban
doc c6 thé tham khéo céac két qua trong [1], [2]. Trong toan bd chuyén dé nay, théng nhét
ky hiéu
A+ A={a+blac A,be B}, c-A={c-ala e A}.

Loi gidi cia mot sd bai tap c6 thé tuong dbi dai, nhung trong d6 chita nhiéu gii thich
quan trong dé ban doc hiéu r6 hon vé y tudng.

Dinh Iy 1. Cho A la mét tdp gom k sé nguyén. Khi do |2A| > 2k — 1. Néu A la mot tap gom k
s6 nguyén va néu |2A| = 2k — 1 thi A phdi la mét cdp sé cong.

Loi gidai. Pat A = {ag,ay,...,ax-1} véiag < ay; <a < -+- < ax—1. Khi do tdp 24 sé chita k
sénguyén2a,-,véii =0,1,2,...,k—lvék—lsénguyénai—1+ai,véii =1,2,...,k—1.

Do
2a;_1 < aj—1+a; <2a;, Vi=1,2,...,2k—1.

Tu day suy ra |24| > 2k — 1.
Néu |24| = 2k — 1, khi d6 moi phan tit ctia 24 hoic ¢6 dang 2a; hoéc a;_, + a;. Do
ai-1+a; <aj—1+ajy1 <a;+ai+1, ai—1+a; <2a; <aij+ajy;, Vi=12,...k—1
nén suy ra

2a; = aj—1 + aj+1 = a; —aj—1 = aj+1—a;, Vi =1,2,..., k — 1.

Diéu nay chiing t& A 12 mot cAp s cong. Dinh ly dudc chiing minh. O
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Tong quat hon, ta c6 dénh gia sau day.
Dinh Iy 2. Chon = 2va Ay, A», ..., Ay la cdc tdp hop hitu han sé nguyén. Khi do
Ad] 4 1A o A = (0= D) < Ay + Ag oot Ay < A [As] -] A,
Loi gidi. Bat dang thiic [A; + Ay + -+~ + A,| < |A1] - |A2]...|A,| 12 hién nhién, do sb biéu
diendang a; +as + --- + ay(a; € A;) la|Aq| - |Az|...|A4l.
Ta chiing minh bét dang thiic con lai bang quy nap. Véin = 2, dit
Ay ={ag.ay,....ag1}, Az =1bo,....bi1}

Viag < ay < -+ < ag—1,bg < by < --- < bj_1.Giast |A,| = k <[ = |A,|. Khi d6 tap
Ay + A, chita 2k — 1 + (I — k) céc phan tif phan biét sau
a0+b0<a0+b1<a1+b1<a1—|—b2<---
<a;+bi <ai+bitv1 <a@jt1+Dbit1 <---
<ag—1+biky <ar +bp <ax—1 +brg1 < <ag1+big.
Do d6
A1+ A2 =2 Ck— 1) + (1 —k) = |A1] + |A2] — 1.
Vay n = 2 dinh ly diing. Gi4 st két luan diing cho moi < n — 1 tip hitu han cic s6 s6. Khi d6
v6i n tap thi
|A1| + [A2] + -+ + [An| = [(A1 + A2 + -+ + Au—1) + An|
>|A1+A2+"'+An—1|+|An|_l
2 |Ar| + [Ao] + -+ [Apa| = (1 = 2) + |4n] — 1
= A1 + [A2| + -+ |An| = (n = 1).

Chiing td két luan diing véi n. Theo phuong phdp quy nap thi bai toan diing cho véi moi n tap
hitu han céc sd nguyén. [

B6 dé 1. Cho A, B la hai tap hop hitu han cdc sé nguyén va |A| = |B| = k. Néu |A + B| =
|A| 4+ |B| — 1 thi A va B la hai cdp sé cong cé ciing cong sai.
L&i glél DétA = {ao,al,az,...,ak_l} va B = {bo,bl,bz,...,bk_l} véi aAg < a; < -+ <

ax_1,bo < by < --- < by_1. Khi d6 A + B chiia mot diy gom 2k — 1 s6 nguyén ting dan sau

a0+b0<ao+b1<a1+b1<a1+bz<”'
<ai1+b<ai+b;<ai+biy1+ai1+big <--
< e < dp—1 + br—1.

Do |A| + |B| = 2k — 1, suy ra ddy sb nguyén trén chifa toan bo cdc phan ti ctia tip A + B. Do
a;—1 +bi < a; +bi < a; +bi+1

va
aji—+bi <aj—y+bit1 <a; +biy
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dan dén
a;—1 +bi+1 = da; —I—bl = da; —aj—1 = bi+1 —bi,Vi = 1,2,...,k—2 (1)

Tuong tu, bat dang thiic
aj—1 +bi_y <ai—1+b; <a; + b,

va
a;—1 —+ bi—l < a; + bi—l < a; + bi

din dén
a—1+bi=a; +bj_1=a;—aj_1=b;,—b;_1,YVi=1,2,....k—1 (2).
Tu (1) va (2), dat g = a; — ao thi
a;—aj—1 =bj—bi_1 =¢q,YVi=1,2,...,k—1.
Chiing t6 A, B 12 hai cip s cong c6 cling cong sai g. [
Téng quat hon ta c6 két qui sau. Ban doc quan tim chiing minh ctia n6 tham khio bd dé 1.3,
trang 10, tai liéu tham khao [3].

Dinh Iy 3. Cho A, B la hai tdp hitu han cdc sé nguyén, véi |A| = k > 2,|B| =1 > 2. Néu
|A+ B| =k + 1 —1thi A, B la hai cdp s6 cong cé ciung cong sai.

Trong phan nay, néu khong chu thich gi thém thi tit ca cic tap hop dudgc iy 1a cic tip con trong
trudng Z,, tap chiia hé thing du day dd modulo p.

Dinh Iy 4 (Dinh Iy Cauchy - Davenport). Cho p la sé nguyén té va A, B la hai tdp con clia
7. Khi do
|A + B| = min{p, [A] + [B| —1}.

Cho B latipconctiaZ,,|0 € B,|B| >2va A+ B # Z,|. Khi d6 ta c6 mot s6 nhan xét sau:

e | A+ B latap con thyc su ciia A + 2B|. That vy, v6i x € 4 + B, khi do

x=a+blacAbeB)=x=_a + b + 0 €A+42B.

€A €B €B

Viy A+ B C A+2B.Mitkhicnéud+ B = A+ 2B thitasc6 A+ 2B = A+ 3B.
That vay:
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ox€A+2Bthix =a+ by + by(a € A,by,b, € B) nén

x=\af_/+ bl =+ bz + 0 € A+ 3B.
€A €B €B €B

Dodox e A+3Bnén A+ 2B C A+ 3B.
o x € A+3Bthix = a+b1+b2+b3(a € A,bl,bz,b3 € B).DOCl+b1+b2 € A+2B
ma A+ 2B = A+ B nénxayra
a+b +b,=a +b'(a € A b € B).

Khidéx =a+b,+b,+b35= a + b + by € A+ 2B.Dodd

€A €B eB
A+3B CA+2B.

Va hoan toan tuong tutacO A+ B = A+2B = A+3B = ---. Nhungkhidé véia € A
va0 #£ b e B(btontaido |B| > 2)thia +nb € A+ B,Vn = 0,1,2,.... Diéu nay
phai xdy ra A + B = Z,, tréi véi gia thiét.

o Dit X = (A + 2B)\(4 + B), khi d6 X # 0. Pt

B>={beBlx—beA+ B}, By,=B\B’|

Khi do tap B, dugc goi la bién ddi Davenport cua tap B.

o Khidéng’B;#@.Thatvay,néu()eB;thix—0€A+BhayxeA+B,mﬁu
thuan do x € X. Ngoaira B # @ vi véi x € X, khi d6

X= a b b
a_+ b+ 02,
€A €B €B

do do
x—b1 :a+b2€A+B:>b1 EB;

o Tac60 € B, C B,va(A+ By)U(x—B}) C A+ B (1) (tinh chat nay hién nhién
do dinh nghia cla hai tdp By, B}). Ngoairatac6 (A+ By) N (x —B) =0 (2).
That vay, gia st ¢

a+ by =x— bl =>x—-by=_a + b €A+ B

N—— g N——
€Bx €B* € €B*CB

Do d6 x — by € A+ B = b, € B (theo dinh nghia ciia BY), miu thuan véi
b, € B,.

o Tu (1) va(2)taco
|A+ B| > |A+ Byx| + |x — B}|.

Vi|x — Bf| = |B}| = |B| — | Bx| nén ta dugc

|A+B| 2 |A+Bx|+|B|_|Bx| (*)
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Chiing minh dinh Iy 2.1. Gi4 st dinh ly khong ding, khi d6 ton tai hai tip con A4, B cla Z, ma
A+B#Z, (3)va
|A+ B| < |Al+|B|—2 (4).

Két qua (3), va (4) sé khong thay ddi néu thay B bdi —b + B (v6i b € B tuy y) (Thdt viy, (3)
suy ra cdc phdn tit ciia A + B khong ldp thanh mot hé théng dw modulo p, khi do cdc phdn tie
ciia tdp A + (—b + B) chdng qua la cdc phdn tit ciia tdp A + B tinh tién sang trdi —b don vi
nén ciing khong thé'ldp thanh mot hé thing dw ddy dii modulo p. Con tinh chdt (4) hién nhién
khi thay B bdi —b + B vi | — b + B| = |B)).
Do d6, ta c6 thé gia sit 0 € B. Trong tit ca cic ciip A, B thda min (3), (4) ta chon cip A, B ma
| B| nhé nhat. Khi d6 |B| > 2 (vinéu |B| < 1, khi dé |A+B| = |Al, con|A|+|B|-2 < |A|—1
thi (4) khong xdy ra.) Vay tadi c6 0 € B,|B| > 2, A+ B # Z,. Do d6 ton tai phép bién ddi
Davenport By ctia B d€ (*) xdy ra. Do 1 < |By| < |B|.Do By C Bnén A+ B, C A+ B, suy
ra|A+ By| <|A+ B| < p. Kéthop (*) va (4) ta cé

|A+ Bx| < |A+ B|—|B| + |Bx| < |A| + |Bx| - 2,

tic (4) lai ding cho B,, ma B, C B, méau thun vdi tinh nhd nhit cta | B|. Vay diéu phan chiing

la sai. Pinh ly dugc chiing minh hoan toan. [
B& dé 2. Cho da thiic P(X1,X2,...,X,) la mot da thitc n bién hé sé thuc véi bdc ciia P theo
bién x; lonnhdtlat;, 1 <i < n.Goi S1,S,,...,S, lacdctdp conciiaRva|S;| = t; +1,Vi =

1,2,...,n. Néu P(s1,52,...,8,) = 0vdi moi (s1,82,...,5,) €S1 XSy x---x8, thi P =0.

L&i gidi. Ta ching minh bang quy nap theo 7, sb cac bién ctia da thic P. V6in = 1, P(x;) 1a
da thiic mot bién x1, cé bac1a#;. Vi P(x;) = 0tai |S;| = #; + 1 di€m, nén theo tinh chit cia
da thiic mot bién thi P = 0. Vay b8 dé diing cho n = 1. Gia st b dé ding cho moi da thiic
n — 1 bién, n > 2. Xét da thuc P(x1,x5,...,x,) la da thic n bién. Ta viét la da thiic nay nhu
1a da thic mét bién x,,:

tn
P,(xp,) = P(X1,Xx2,...,X,) = Z Qi(xX1,...,Xp-1)X,,.
i=0

Vi da thic P, 1a da thiic mot bién x,,, c6 bac , va bang 0 tai #, + 1 diém trong S,. Do d6 lai
theo tinh chét da thic mot bién ta dudc

P,=0= Qi(xl,xz,...,x,,_l) =0,Vi=0,1,...,t,.

(dén ddy mdi chitng té duoc cdc da thicc n — 1 bién Q;(i = 1,2,...,t,) bang 0 tai cdc diém
ctia S; X Sy X --- x S,_1. Tiép theo phdi chitng minh cdc da thiic nay dong nhdt 0) Nhung véi
moéii =0,1,...,1, thi

Qi(x1,x2,...,Xp—1) =0, V(x1,X2,...,Xp—1) € ST XSy X+ x 8,1

nén theo gia thiét quy nap thi Q; = 0,Vi = 0,1,...,t,. T d6 ching t6 P = 0. Két luan bai
toan ding vdi n. Theo phuong phéap quy nap, thi bd dé ding cho moi da thiic 7 bién.

]
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Dinh Iy 5. Cho da thitc P(x1, X2, ..., X,) la mot da thitc n bién hé sé thuc. Goi S1, Sa, ..., S,
la cdc tdp con cua R. Dinh nghia da thiic

Qi(xi) =[] (xi—9).
sES;
Néu P(s1,52,...,5,) = 0vdi moi (S1,52,...,8,) €Sy X Sy X+ X Sy, thi ton tai cdc da thiic

Ri,...,R, € R[xyq,...,x,] vdideg R; < deg P — deg Q; sao cho
P =Ri01+ R02+--+ Ry On.

Loi gidi. Dats; = |S;|—1. Ta xét thuit todn sau day: "Néu c6 mot don thiic cxyt .. XX trong
m;i—(i+1).Q; (xi)n

P mam; > t;, v6i mot chi s6 i ndo do, thi ta thay thé dai lugng x;"’ bdi x| — X

e Dodeg Q; = t; + 1 va Q; la da thiic monic, khi d6 don thic x{"' .. . Xp X' s€ dugc

thay thé bdi mét s6 don thitc khéc, nhurng tat ca cac don thitc d6 déu cé bac nhé hon
my+my+ -+ my.

e Do d6, sau mbi bude clia thudt toan nay, thi tdng cac bic clia tit ca cac don thic trong P
sé giam thue su. Nhung do t8ng ban dau 1a hitu han, nén thuat todn nay sé két thic sau
mot s hitu han 1an thuc hién.

Goi P la da thifc cudi ciing nhan dudc sau mdi 1an thuc hién thudt toan trén. Khi d6 phép bién
doi
m

mi i
C‘xl ...xi s XpX

mp
n

m;

> exyl (xz _x;ni_(iﬂ)Qi(Xi)) ey
tuong ing la mdt phép trix ctia da thic P cho mot da thic ¢6 dang R..Q;, voi

/_ ml---
R; = cx; X; C Xy

va
degR; =my+---+my—(t; + 1) < deg P —deg Q.
Do d6 qua trinh nay thuc hién cho tit ca cac don thiic trong P, khi d6
?:P—Rl‘Ql‘F""{‘Rn'Qn

(d ddy R; la téng cia cdc da thiic R, & trén (méi don thiic trong P c6 m; > t; ta déu c6 mot
R.. Thitc hién thudt todn cho tdt cd cdc don thiic nay, ta sé€ dugc cdc R, khdc nhau). Vi R! cé
bdc déu < deg P — deg Q; nén) ta c6

deg R; < deg P —deg Q;.

Vi P nhin dudc cudi cung cia that toan trén, nén moi bién x; trong P c6 lily thira cao nhét
las. Vi
Qi(x;) =0,Vx; €;

nén suy ra
P(51,51,...,8) = P(S1,52,....82), V(S1,82,...,85,) € S1 X S X+ x§,.
Theo bd dé 2.2 thi P = 0, do d6
P=Ri01+ R02+--+ RyOn.
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Dinh Iy 6 (Combinatorial Nullstellensatz). Cho da thitic P(xy,...,x,) € R[xq,...,X,] co
bdc deg P = t| + -+ + t,, vdi t; la cdc s6 nguyén khong dm va hé sé ciia don thitc X' - -+ x'n
khdc 0. Néu Sy, ..., S, la cdc tdp con ciia R théa |S;| > t;, khi do ton tai mot bo (sq, ..., S,) €

S1x 83 x---x S, sao cho

‘P(sl,sz,...,sn);éO‘.

L&i gidi. Ta chi cAn chiing minh két luan bai todn trong trudng hop |S;| = # + 1 (vi néu
|S;| > #; + 1 thi hién nhién két luan bai toan diing, néu ta ching minh dudc khang dinh véi
|S;| = t; + 1). Gia st két luan bai toan khéng diing, tic 1a

P(s1,82,...,8,) =0,Y(s1,...,85,) € S1 XS x---xS,.
Khi do, theo dinh 1y 2.3 thi
P=R-Q1+Ry-Q2+--+ Ry O

véi deg R; < deg P —deg Q;,Vi = 1,2,...,n. Theo gia thiét, hé s6 ctia x{' --- x» & vé& phai
khéac 0. Tuy nhién, do deg R; - Q; < deg P va mot don thuc trong R; - Q; macobact; +---+1,
khi va chi khi (theo cach xay dung trong 2.3), ching ta 14y R; nhan véi x;i + trong khai trién
Qi(xi) = [[(r—s) =x/"*" + N

S€Si cac thira sO con lai ¢6 bac < f;

Tir ddy suy ra moi don thic trong R,.Q, + --- + R, Q, ma c6 tong bic bang t; + --- + 1,
déu phai chia hét cho x/ ', véi mot chisé i € {1,2,...,n}. Do d6 don thic x!' --- x’ nim
trong Ry - Q1 + -+ + R, Q, c6 tong bac bang t; + - - - + t,, cling phai chia hét cho x;"H. biéu
nay chi x4y ra dugc khi hé sb cla x' --- x» bang 0. Diéu nay tri v6i gia thiét. Vay diéu phéan
chuing la sai. Binh ly dudc ching minh. O

Chui y: Cac dinh 1y trén ding cho da thic trén trudng R, nd ciing van dung trén trudng Z .
Trudc khi dp dung dinh Iy 2.4 dé chitng minh dinh 1y 2.1 ta sé thdy mot vng dung dep ciia no
trong bai todn khd noéi tiép sau: IMO 2007.

Vidu 1 (IMO 2007). Cho n la mét sé6 nguyén duong. Pt
S={(x,y,2)|x,y,z€{0,1,....,n},x+y+z >0}

la mét tdp chita (n + 1)® — 1 diém trong khong gian ba chiéu. Xdc dinh sé mdt phdng it nhdt,
sao cho hop cua ching chita S, nhung khong chita diém (0, 0, 0).

Loi giai. DE dang nhan thiy 37 mit phang ¢6 phuong trinh x + y +z =i,Vi = 1,2,...,3n
la dat dudc yéu cau bai toan. Ta chiing minh 3z chinh 12 s6 mit phang nhé nhét can tim. Gia st
ngudc lai, ton tai cic mit phang Py, Ps, ..., Pr(k < 3n — 1) ma hdp cta chiing phi hét tap S
va khong chiia diém (0, 0, 0). Mbi mit phang P; xac dinh bdi mot phuong trinh

aix +b;y+ciz+d; =0.
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Nhan thiy d; # 0 do (0,0,0) & P;. Hop ctia cic mit phang P; phii hét cac diém ctia S néu va

chi néu
k

P(x,y,z)= n(a,-x +b;y+cz+d)=0,VY(x,y,z) €S.
i=1

ViO ¢ P; nén P(0,0,0) # 0.Dit S; = S, = S5 = {0,1,2,...,n}. Khi d6
S U {(0,0,0)} = S1 X Sz X S3.
Xét da thiic

k
Q(x,y,2) = P(x,y,2) —c. [ [« =)y =)z =),
i=1

P(0,0,0)
(=13 (n!)3

e Nhin thiy O(x,y,z) =0,VY(x,y,2) € S x S x S35 ().

v6i ¢ 1a hang so va bang ¢ =

e Laidok < 3nnéndeg Q = 3n. Hé s6 clia x y"z" trong Q 12 —c # 0. Theo dinh 1y 2.4,
ton tai mot diém (xg, yo, zg) € S; x Sy x S3 d€ O(xo, Yo, z9) # 0, mau thuin véi (*).

Tt d6 chiing té diéu phan chiing sai. Bai todn dudc chiing minh. O

Chiing minh dinh Iy 2.1 bang dinh Iy 2.4. Néu |A| + |B| —1 > p.Khid6 A + B = Z,. That
vy, do |A| + |B| > pnénvéimoix € Z, thitip AN (x — B) #@ (vinfu AN (x — B) =@
thi A,e — B déulatipconcliiaZ, nén p > |A| + |x — B| = |A| + |B| > p, vo ly). Ti d6 moi
phan tif x € Z, déu c6 thé viét dudi dang x = a + b,a € A,b € B hay x € A + B. Ching t6
Z, C A+ B,suyra A+ B = Z,, dinh ly dung trong trudng hdp nay.

Néu |A| + | B| < p. Gia st két luan bai todn khong ding, tiic 1a |4 + B| < |A| + |B| — 2. it
Clatdphgpsaocho A + B C C va|C| = |A| 4+ |B| — 2. Xét da thic

Pix.y)=]]x+y-0

ceC
thideg P = |A|+ |B|—2.ViA+ B C C nén
P(a,b) =0,V(a,b) € Ax B. (%)

Mit khac, hé s cta x!4I=1yBl=1 trong P 1a (lA\||Z||f|1_2). Vi |A| + |B| — 2 < p nén hé s6 nay
khéc trong trong Z,. Do d6 theo dinh ly 2.4 ton tai (a,b) € A x B sao cho P(a,b) = 0,
mau thuin véi (*). Vay diéu phan chiing khong ding. Ching t3 két luan ding trong trudng hop
nay. 0
Dinh Iy 7. Cho p la s6 nguyén t6, A, B la hai tdp con khdc rong ciia Z,. Pinh nghia

A® B ={a+blac A,b e B,a # b}.
Khi do

|A & B| > min{p, |A| + |B|—3}. (1)
Néu |A| # | B| thi ta cé két qud manh hon

|A @ B| > min{p, |[A| + [B] =2}. (2)
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Loi giai. e Néu |A| = 1 hoic |B| = 1, khi d6 bit dang thiic (2) hién nhién. Xét |A|, |B| >
2. Trong trudng hop |A = |B|, khi d6 ta lay tap B’ = B\{b}, v6i b 1a mot phan ti bat ky
ctia B. Khi d6 dp dung (2) cho hai tip A va B’ ta dugc bit dang thiic (1).

e Tir d6 ta chi cAn chitng minh (2).

— Trudng hop |A| + |B| —2 > p. Néu p > 2 hién nhién. Xét p > 2 thi p 18. Ta sé
ching minh A+ B = Z,. That vy, xét g € Z, lamot phan tii tuy y. Pt C = g— B,
thi |C| = |B|. Khid6 |A| + |C| = |A| + |B| = p + 2. Theo cong thic

I XUY|+|XNY|=|X|+|Y|
ta cod
Zp| +1ANC| 2 |[AUC|+|ANC|=|A|+|C| > p+2=|ANC| >2.

Goi x, y 12 hai phan t& phan biét cia A N C. Vi C = g — B, nén ton tai hai phan ti
by, by € B sao cho
X+br=y+b,=g.

Ta s€ ¢6 dugc két luan bai toan néu chi ra dude x # b, hoiic y # b, (khi d6
g € A® B). Gi sti ca hai diéu trén déu khong xdy ra, khidé x +x = y + y =
g = 2(x —y) =0.Suyra2ip, voly do p nguyén td Ié.

— Xét truong hop |A| + |B| — 2 < p. Gia st két luan cla dinh 1y khong diing, tiic 1a
|A® B| < |A| + |B| — 2. Goi C 1a mdt tap hop trong Z, c6 |A| + |B| — 3 phén ti
va A+ @B C C. Xét da thuc

Px.y)=(x-y]]ex+y-o.

ceC

Nhan thiy rang v6i moi a € A,b € B thi P(a,b) = 0. Mit khic, ta c6 deg P =
|C|+1=|A| +|B|—2.Do |A| # |B|, nén hé sb ciia x4=1y!B=1 trong P Ia

<m+n—3)_<m+n—3) (m+n—23)! (m+n—3)!

m—2 m—1 | = m—2n—1)! (m—1D)n—2)
_ (m+n-3)!
= Dl

12 khac O (theo modulo p)dom 4+ n —3 < p vam # n. Do d6 theo dinh ly 2.4 ton
tai (a,b) € A x B sao cho P(a,b) # 0, mau thuan. Viy diéu gia st 1a sai. Trudng
hop nay da dudc ching minh.

Viay dinh ly dugc chiing minh hoan toan. [

Dinh ly 8 (Dinh ly Cauchy - Davenport téng quat). Gid si p la sé nguyéntéva Ay, As, ..., Ay,
la cdc tdp con ciia Z, (n > 2). Khi do

A1 + Az + -+ Ay| > min{p, |A1| + |Az] + -+ |An]| — (n — D)}.
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L5i gidi. Ta ching minh bidng phuong phap quy nap. Véi n = 2, thi két qua trén 1a dinh ly 2.1.
Gia st dinh ly ding v6i n — 1. Khi d6, v6in tap Ay, ..., A, thi

A1 + Az + -+ Aul = [(Ar + ...+ Apy) + Ay)]
> min{p, |A1 + ...+ An—1| + |44| — 1} (ap dung cho n = 2 tap)
> min{p, min{p, |Ai| + |A2| + ... + |Apn_1| — (n = 2)} + |A,| — 1} (gid thiét quy nap cho n — 1 tdp).

-Néumin{p, |A;| + |A2| + -+ + |Au_1]| — (n — 2)} = p(%), khi d6
min{p, min{p, [A;|+|Az|+ -+ |An—1|=(1=2)}+|An|—1} = min{p, p+|An|—1} = p(1)(do [4x] = 1).
Mat khac tu (*) thi [A| + |[A2| + -+ |Ap—1] = (n —2) = p nén

|A1| + [A2] + -+ [Ap—a| + [An| —(n = 1) = p+ [An| =1 = p

= min{p, [A1| + [Az| + -+ [Ap| —=(n =D} = p. (2)
Tu (1) va (2) suy ra

min{p, min{p, [Ay|+[Az]+- - +|Ap-1|=(n=2)}+[An| -1} = min{p, |41 [+]Az|+- - -+|Ap|=(n—1)}(3).
-Neumin{p, [A1| +[Aa2| + - + [Ani| = (1 =2)} = | A1] + [Az] + -+ + [Ap—a| = (n = 2) thi

min{p, min{p, [Ar| + [Az| + -+ + |Ap1| = (0 = 2)} + [4,] = 1}
= min{p, [Ay| 4+ Az + - + [Apa| + [An] = (n = D)} (4)

Trong c4 hai trudng hop (3) va (4) ta déu c6
|A1 + Az + -+ Au| > min{p, [Ai] + |Az| + -+ [An| — (n = 1)}
ttic dinh ly diing cho n. Theo phuong phap quy nap ta c6 diéu phai chiing minh. [

Dinh Iy 9 (Dinh Iy Vosper). Cho p la 56 nguyén té va A, B la hai tdp con ciia Z, sao cho
|A|,|B| =2 2va|A+ B| < p—2. Khido|A+ B| =|A| + |B| — 1 khi va chi khi A, B la hai
cdp s6 cong co ciing cong sai.

Chii y: Ban doc can tim hiéu chiing minh dinh 1y nay, c6 thé tham khao mot chiing minh kha
s0 cap trong dinh ly 3.2 tai liéu tham khao [4]. Ngoai ra trong tai liéu ndy, dinh ly 3.1 ciing
cung cip thém mot cach chiing minh so cip bang quy nap, theo qua phép bién ddi e. Chinh cach
ching minh nay cho ta mot 16i giai cho bai tap 4.11.

Vi du 2 (Poland 2003). Ching minh rdang véi moi s6 nguyén té p > 3, ton tai cdc sé nguyén
x,y,k saocho0 <2k < pvax?+y?>=kp+3.
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Loi gidi. Két qua ctia bai toan khong thay ddi néu thay x, y bdi p — x, p — y. Do d6 ta sé& chi
ra cac s x, y trong mién 0 < x, y < g thdéa man diéu kién bai toan. Khi x, y nam trong mién
nay thi hién nhién phan thuong k sé thoéa 2k < p, vi

» »
4 2

2
24y < +pT:

Dit S 1a tap chifa tt cd binh phwong theo modulo p. Chiy x? = (p — x)? (mod p),Vx €
1
{1,2, o [g]} Do d6 |S| = %. Theo dinh 1y 2.1 thi

1
IS + S| >min{p,2|S|—1}=min{p,2.%—l} =p=|S+S|=p.

Diéu nay chiing t6 moi thing du modulo p déu c6 thé viét dugc thanh téng clia hai sb chinh
phuong. Va bai todn 1a trudng hop dic biét véi két qua bang 3. U
Vi du 3. Cho p la s6 nguyén té. Cho trudc p — 1 s6 nguyén sao cho khéng cé sé nao chia hét
cho p. Chitng minh rdng ta cé thé doi ddu mét vai sé trong chiing dé’tong ciia cdc sé thu duoc
chia hét cho p.
Lsi gidi. Goi p — 1s6nguyénlaay,az,...,ap—. V6imdii =1,2,...,p—1,dit
Ai ={ai,—a;} (mod p).

Khid6 |4;| =2,Vi =1,2,...,p—1via; # —a; (mod p). Ap dung dinh Iy 2.6 ta c6

|Ar + Az + -+ Apa| Z min{p, [Ay[ + -+ Apy — (p = 2)} = min{p, p} = p.

Tu day suy ra

|Ay + A+ -+ Apa|l=p
hay tdp Ay + A + -+ + A,—; chia mdt hé thing du diy di modulo p. Dy chinh la két ludn
cta bai toan. N
Vi du 4. Gid st p > 2 la s6 nguyén té va cho p — 1 sé nguyén ay,as,...,a,— théa man

ay--+ap—y fpvaa;+as+ -+ ap— [ p. Chitng minh rang cé thé chia tép nay thanh hai
nhom roi nhau dé’tong cdc phdn t ciia hai nhom dong du véi nhau theo modulo p.

Loi giai. bat A; = {0,a;} (mod p). Thidoa; /p,Vi =1,2,...,p—1nén |A;| =2,Vi =
1,2,..., p — 1. Theo dinh Iy 2.6 thi

|A1+ A2+ -+ Ap—1| 2 min{p, [A1[+--+|Ap—1[—(p—2)} = min{p,2(p—1)—(p—2)} = p.
Dod6 Ay + Ay +++++ Ap—y =Z,. Khidé ton tai b; € 4;,i = 1,2,..., p — 1 sao cho

ay+ax+---+ap
2

by +by+--+bp 1= (mod p).
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Vi mdi phan ti b; € A; thi b; hoic bing 0, hoic biang a;. Tuy nhiéndo a; +as +-+-+a,—; # 0

(mod p) nén ton tai mot s6 phan td b; khéc 0. Goi cic phan ti d6 la a;j,, ..., aj,, thi thay vao
ta co gt
ay+a,+---+a,_

aj, +--t+aj = 1 : 5 P (mod p)
hay

Z(Cljl +---+ajk) =a;+--+ap,—1 (mod p)
hay

aj, +--+aj =@ +--+ap-1)—(aj +--+a;) (modp)

bai toan dudc chiing minh. [

Vi du 5 (USAMO 2009). Cho n la s6 nguyén duong. Xdc dinh tdp con A I6n nhdt cia tdp
{—n,—n+1,...,n — 1,n} sao cho trong A khéng ton tai ba phdn tit a, b, ¢ (khéng nhdt thiét
phdn biét)maa + b + c = 0.

Phdn tich va huong ddn gidi. Nhan xét0 ¢ A (vinéu 0 € A thi 0 = 0 + 0 + 0, mau thuin véi
tinh chét cta tap A). Dit
At =4An{1,2,....n}, A =AN{-n,—n+1,...,—1}.
e Nhin xét AT + A~ vd —A 1 hai tip con roi nhau ctia {—n,—n + 1,...,n — 1,n}. That
vy, néu (AT + A7) N (—A) # @, khi d6 ton tai sd ¢ ma
c=i+j=—k (@(e{l,2,....n}NA, je{-n,—n+1,...,—1}NA, ke A) =i+j+k =0,
mau thuan véi dinh nghia cta tap A.
e Vi AT + A~ va —A 1a hai tap con rdi nhau cia tap {—n,—n + 1,...,n — 1,n} (tdp nay
c62n + 1 phan ti) nén
AT+ A7 |+ | —A|<2n+1=2n+1>|AT + A7+ A
~——
=|4]
Ngoai ra theo dinh ly 1.2 thi
AT+ A7 2 AT+ |47 - L.
Do do
2n4+ 1> AT+ A7 | =14+ |A| =2]|A| -1 = |A| <n + 1.
~———
=|4]

Dén ddy du dodn tdp A l6n nhdt cé n + 1 phan tit. Viéc tiép theo cdn chi ra mot tdp A cén + 1
phadn tir. Pé théa mdn bai todn, ta chi cdn ldy tdp A cdc phdn tit 6n nhdt va nhé nhdt ciia tdp
dé bai. Po la tdp

n n
A=1d_n— 1,...,—[—]—1,[—
n,—nm + > >

phdn ém phan dwong

]+1,...,n
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Ldy ba phdn tir a, b, ¢ tiy ¥ ciia tdp A nay. Néu cd ba phan tit cung thuéc phan dm, hodc phdn
duwong cua tdp A thi hién nhién a + b + ¢ # 0. Néu hai s6 thudc phan duong, gid sit a, b, va
mot sé ¢ thudc phcfn am, khi do ¢ > —n va

n n n n
at+b>[S]er4[S]r1=2([5+1])>2:5=nzcsa+bre>0
2 2 2 2

Tuwong tu kiém tra néu hai sé thudc phan dm, mot sé thudc phan duong thi tdp A nay théa man
dé bai. Trd ngai duy nhdt con lai la tdp A nay cé n + 1 phdn tit chi khi n 1é. Con néu n chdn,
thi tdp A nay chi cé n phan tic, khong dat dugc téi n + 1 phdn tir. Tuy nhién ta sé chi ra néu
n chdn thi tép A khong thé'co n + 1 phdn ti dugc nhu dudi déy. That vay, gid st |A| = n + 1
van ding v6i n chin. Do A~ C {—n,...,—1}va AT C {1,2,...,n} nén

At 4+ A" C{n+1,-n+2,....n—-2,n—1}.
Lai vi AT 4+ A~ vi —A 1a hai tap hop roi nhau cta tip 2n + 1 phan ti {—n, —n+1,...,n—1,n}

nén2n +1 = |A" + A7| + | — A| chi c6 thé xdy ra khi —n,n € —A, tic1a —n,n € A. Vi
—n € A, theo cAu triic tap A va dinh nghia tip AT, thi trong mdi ciip phan tif sau ddy (n chin)

n n n
Ln=1} @a-2, .. fS-1s+1f {0
{ 5o h > 5T >
A £ X o R. o A s R 14 n
chi c6 nhiéu nhat mét phan tr trong moi cap thudc vao A™. Dan dén |A|T < > tuong tu
n
47 < 5. Do d6
n o n
Al= AT+ 1A <242 =y
Al = [A7] + |47 )
mau thuin véi |A| = n + 1. Vay bai todn dudc chitng minh hoan toan. O

Vi du 6 (Viet Nam TST 2012). Cho s6 nguyén t6 p > 17. Chiing minh rang t = 3 la sé
nguyén dwong lon nhdt théa man diéu kién: Voi cdc sé nguyén bdt ky a, b, ¢, d sao cho sé abc

khong chia hét cho p va a + b + ¢ chia hét cho p thi tén tai cdc sé nguyén x,y, z thudc tdp

{0,1,2,...[%]—1} sao choax + by +cz +d:p.

L&i gidi. Nhan xét Néu {u;,...,uz} chita mot hé thing du diy di modulo p thi tip d +
{u1,...,ur} ciing chita mot hé thing du day di modulo p.
Pit k = [?] _1,vaAd={0,1,2,... k). it

S={ax+by+czl0<x,y,z<k} =aA+bA+cA (mod p).

e VGit = 3, theo yéu cau bai todn va nhan xét & trén thi bai toan tuwong duong véi viéc
chiing minh néu 7 = 3 thi S chita mét hé thing du dy di modulo p, tic can ching
minh |S| = p.PatC = {ax+by+cz|-1<x,y,z< 1}.Doa+b+c =0 (mod p)
nén véi mdi bo (x, y,z € A) thi

ax +by +cz=alx—k)+b(y—k)+c(z—k) (mod p).
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Tic 1a mbi bd (x, y, z) € A tuong tng v6i bd (x —k, y — k, z — k), nén ta thuc hién déi

’ 2 A 3 ~ v k N -
xung tap A de su dung tap C, bang cach dit L = [5] va xét tap

S"={ax+by+cz|-L<x,y,z<L}

thi
|S| > |S’| (d4u bang xay ra khi va chi khi k chin).

Khi dé tap S’ viét dudc dudi dang

S'=C+C+-+C.

L lan
Theo dinh ly 2.6 ta c6
|S"] = min{p, L.|C| = (L —=1)}. ()
Dé c6 dugc két luan bai todn 12 |S| = p, ta can chira |S'| = p, do d6 theo (¥) ta sé& can

ching minh
LIC|=(L=1) = p (x%).

Véi chii y a, b, ¢ khong chia hét cho p nén tap {0,a,b,c,—a,—b,—c,a—b,b—c,c —a}
gdm 10 phan ti doi mot phan biét theo modulo p nam trong tap C. Do d6 |C| > 10. Vay
dé c6 (**) ta sé chiing minh

IOL—(L-1)2049L+12>2p. (x*xx%)
Vi p nguyén tb, nén xét hai trudng hop

—pdangp=6a+1.Dop>17néna>3.Khidék=[%]—1=2a—1,nén

1
L= [%] = |:a — 5] = a — 1. Do d6 (***) tuong duong

99a—-1)4+1>26a+1=a>3 (diung).

— pdang p = 6a+5.Dop > 17néna > 2. Khidé k = [%]—1 = 2a, nén

L = [%4] = a. Do d6 (***) tuong duong
4
Ya)+1>26a+5<a> 3 = a > 2 (ding, do a nguyén).

Viy trong moi trudng hop clia p thi (¥**) déu diing. Vay bai todn dugc chiing minh trong
truong hop t = 3.

—1
Ta chiing minh t = 4 khong théa man. That vay,chona = b = 1,¢c = —2vad = pT
Khi d6 véix, y,z € A=1{0,1,2,....[£] — 1} thi
_2([2]_1)+p_—1<x+y_22+p_—1<2<[£]_1>+p_—1
4 2 2 4 2
x=y=0,z=[%]—1 X=y=[%]_1,2=0
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hay

<xty_2z4 Pl 0

< x —2z4——< p—=.
Y 2 P75

[\SROV)

3 5 . . R
Trong khoang gia tri (E p— 5) khong cé sO nao chia het cho p, tic khong ton tai

X, y, z thdéa man.

Bai toan dudgc ching minh. [

Vi du 7 (IMO Shortlist 2007). Cho X la tdp hop gém 10000 sé nguyén, khéng cé sé nao
trong chiing chia hét cho 47. Chitng minh rdng tén tai mét tdp con Y cia X gom 2007 phdn tir

saochoa —b+c—d +e /47,Va,b,c,d,e €Y.
Phdn tich va hudng dén gidi. e Mot tip M gdm cic sb nguyén duce goi 1a tot néu 47 /
| a—b+c—d+e,Va,b,c,e,d e M.

e Nhan thdy tap J = {-9,—7,—5,-3,—1,1,3,5,7,9} 1a mot tap t6t. That viy, véi moi
phantia,b,c,d,e € Jthisba—b+c—d +elas61& va

—45=(-9)-9+(-9)—-94+ (-9 <a—-b+c—d+e<9—-(-9)+9-(-9)+9=45
nhung khong c6 s6 nguyén 1é nao chia hét cho 47 niim trong tap {—45,—43,...,43,45}.

e V6imdik = 1,2,...,46, thiciactdp hop Ay = {x € X|3j € J : kx = j (mod 47)}
déu 1a tap tot. That vay, gia sl ton tai mot tip Ay khong tot (k € {1,2,...,46}). Khi d6
ton tai 5 phan t x;, X, X3, X4, X5 € Ax sao cho

X1—X2+X3—X4+x5 =0 (mod 47) = k(x; —x2+x3—x4+x5) =0 (mod 47).

Dan dén kx| — kx, + kx3 — kx4 + kxs = 0 (mod 47). Theo dinh nghia clia x, .. ., Xs,
thiton tai jj,..., js € J sao cho

J1—Jj2+ j3—ja+ js=kxi —kxy +kxs—kxs+kxs =0 (mod 47)
chiing té J 1 tap khong t6t, mau thuin.

e MJdiphantix € X thudc diing 10 tAp Ay. That vy, vi47 1asd nguyén tb, tap {1,2, ..., 46}
1ap thanh mot hé thang du thu gon modulo 47, do x € X nén (x,47) = 1, do do
{x,2x,...,46x} cing lap thanh mot hé thang du thu gon modulo 47. Do d6 véi j € J
(gdm c6 10 gid tri j) thi tuong ting sé ton tai 10 chi sd k € {1,2,...,46} (cic j khac
nhau thi k ciing khac nhau) dé€ kx = j (mod 47). Do d6 x sé thudc vao diing 10 tap
Ar(k € {1,2,...,47}).

e Do do

4
> 6]4k| = 10]X] = 100000.
k=1

Theo nguyén Iy trung binh, ton tai mot chi sé k sao cho

100000

|Ax| > > 2173 > 2007,
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ttic tAp Ay nay chinh 12 tap can tim.

Ta c6 diéu phéi chiing minh. O

Trong loi gidi trén, ta khong thdy sit dung dinh ly Cauchy - Davenport. Hay nhin ky 1oi gidi trén,
thi budc dau tién chi ra tdp J la quan trong nhdt. Tap J la tdp tot c6 ding 10 phdn tit. Thuc su
thi tdp chita cdc sé du khdc nhau khi chia cho 47 ma la tdp tot thi chi chita tbi da 10 phdan
tir. That vay, néu |J| > 11, thi theo dinh Iy 2.6 thi, do 5|J | —4 > 5 x 11 —4 = 51 > 47

[J+J+J+(T)+ (=J)| > min{5|J| — 4,47} = 47

do do sé ton tai a,b,c,d,e € J saochoa —b +c —d + e : 47, suy ra tdp J khong tot. Viy
|J| < 10. BE'|J| = 10 thi theo dinh Iy 2.7, J phdi la mét cdp sé cong.

Vi du 8 (Dinh ly Erdos - Ginzburg - Ziv). Chon > 1 vaag,as, . ..,azn—> la mot day gom
2n — 1 56 nguyén (khong nhdt thiét phdn biét). Chitng minh rang ton tai mot ddy con gom n sé
ai,...,ai, sao cho

aj, +ap, +---+a;,, =0 (mod n).

Phdn tich va hudng dadn gidi. e Trudc tién ta chiing minh két luan bai toan trong trudng hop
n = plaso nguyén t6. Goi a} € Z,0 < a; < p saocho a; = a} (mod p) (thic hién ldy
modulo cdc phdn tit ciia ddy). Ta c¢6 thé danh lai chi sb cho cdc s6 a; dé&

0<ay<ay<...<ay, ,<p-1

i+ p—1 VOi mot chi s6i € [1, p — 1] thi theo thif ty trén xay ra

- Neéua; =a
/ / — /
a; =0 = =05y, (mod p)

dan dén
ai +ait1+--+aitp-1 = pa; =0 (mod p).

- Néud) = aj,,—y véimoii € [1, p — 1]. Khi d6 dat| A; = {a;,a;, ,_} |thi [4;] =
2,Vi =1,2,...,p—1. Ap dung dinh ly 2.6 ta c6

|A1+Ax+-4+Ap—1| = min{p, |A;|+--+|Ap—1|—(p—2)} = min{p,2(p—1)—(p—2)} = p.

Tu day suy ra
Al +A2+"'+Ap_1 = Zp.

Tﬁd()tf)ntaim@tlépcécdéngdua’ji €eA;,i=1,2,...,p—1,v6i j; € {i,i+p—1}
sao cho
—ap=d}; +ad}, +---+ad;  (mod p).

Suy ra
aj, +a;, +---+aj,_, +ao=0 (mod p).

Vay bai todn diing trong trudng hop n nguyén to.
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e Ta chitng minh két luan bai todn trong trudng hdp tdng quat bang phuong phap quy nap.
Néu n = 1, bai toan hién nhién ding. Gia st v6i n > 1 va két ludn bai todn diing cho moi
s6 nguyén duwong nhé hon n. Ta s& chiing minh bai todn ding v6i n. Néu n nguyén t6, bai
toan diing theo y trén. Néu n hop s, dit

n=uv (1<u<v<n).
Khi d6 theo gia thiét quy nap, bai todn ding cho u va v.

— T ddy s ag, ..., azp—» c6 d0 dai 2n — 1 = 2uv — 1, theo gia thiét quy nap, ludn
ton tai mot day con ay ;. ..,ay;, sao cho

ayi, +---+ay;, =0 (modv).

— Khidéconlai2n — 1 —v = (2Qu — 1)v — 1 s6 nguyén nam trong day ban dau,
nhung khong thudc vao day con 6 trén. Do 2u — 1 > 2, lai 4p dung gia thiét quy
nap, tit day do dai Qu — I)v — 1 > 2v — 1 s6 nguyén, luén ton tai mot diy con
azi,-..,0d2,;, sao cho

ari + - +az;, =0 (modv).
— Khi d6 conlai 2n — 1 —2v = (2u — 2)v — 1 s6 nguyén trong diy va khong thudc
vao hai day con & trén. Cu tiép tuc qua trinh trén, v6i j = 1,2,...,2u — 1, tanhan

dudc 2u — 1 cac day con doi mot roi nhaua;; ,...,a;; do daiv saocho

aj,il + coe + ajz,lu = O (mOd U).

Khi d6
aji +---+aj, =ij(bj €eZ), Vj=12,...,2u—1.
— Do gi4 thiét ding cho u, nén tit mot day by, by, . .., bay_1 d0 dai 2u — 1 s& c6 mot
day con bj,,...,b;, sao cho
bj, +bj,+---+b;,=0 (mod u),
tuc la
bjl -|-bj2 ++bju =Ccu (C GZ)
Khi d6
u v u
ZZajr,is = ijrv =cuv=cn =0 (mod n).
r=1s=1 r=1
Dinh ly dudc chiing minh hoan toan. [

Vi du 9 (China TST 2016). Cho m,n la cdc so nguyén duong théa minn > m > 1va S la
mot tdp hop gom cé n sé ty nhién. Chitng minh rang S chita it nhdt 2" =™ tdp con phdn biét,
ma moi tdp do co tong cdc phdan ti chia hét cho m (tdp rong xem nhu la tdp con théa man).
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Trude khi chiing minh, ta can sit dung mot s6 két qua quen thudc cho bdi cac nhan xét sau:

Nhén xét 1: Trong n s6 nguyén tily ¥, ludn ton tai mot sd hodc mot vai s6 ma tdng ciia chiing
chia hét cho n. DAy 12 mét tinh chét quen thudc chiing minh biang Dirichlet.

Nhan xét 2: Cho p 1a s6 nguyén t6 va Q = {a;,as,...,a,—1} 12 tap hgp chia cdc sd nguyén
khong chia hét cho p. Khi d6 tap

R={S(4) =) x|AcC 0}

xeA
chita mot hé thing du diy di modulo p. O day S(9) = 0.

Chiing minh. Ta c6 thé 14y cac phan ti ctia Q theo modulo p ma khong 1am thay ddi bai todn.
Xét cac tap
Al ={O,a1}, A2={0,a2},...,AP_1 :{O,Clp_l}

thidoa; /p,Vi =1,2,...,p—1nén|A4;| =2,i =1,2,..., p— 1. Theo dinh 1y 2.6 thi

|A1+Az+- -+ Ap—1| Z min{p, [A;[+---+[Ap-1|—(p—2)} = min{p,2(p—1)—(p-2)} = p.
Chingté Ay +---+ A,—1 = Z,. Matkhac, cac phan i trong A, +A,+---+ A, lacac phan
ti trong R (phan tG 0 + 0+ --- 4+ 0 trong Ay + -+ + A,_; Ung v6i viéc chon tap 4 = @ C Q).

Loi giai. Y tudng ciia bai todn la ta sé chia tdp S thanh hai tdp A, B. Méi tdp con A’ trong A
déu tim duoc mot tdp con B’ trong B ma tong cdc so ciia hai tdp con nay chia hét cho m. Pong
nghia voi viéc S(A’) = —S(B’) (mod m).

e Trudc tién ta chiing minh néu m = p nguyén t6, bai toan hién nhién ding. That vay:

— Néu trong S c6itnhit p—1 s6 nguyén khong chia hét chom. Goi Q = {ay,as,...,ap—1}
1a tAp chida p — 1 s6 nguyén khong chia hét cho p. Khi d6

S =0 U(S\0).

Tap S\Q c6n—(p—1) =n — p + 1 phan t nén c6 2" P! tap con. Mdi tap con
A C (S\Q), do nhan xét 2, ton tai mot tip con B C Q sao cho

S(A)=-S(B) (mod p) = S(A)+S(B)=0 (mod p) = S(AUB) =0 (mod p).

Vay ctt mot tip con A C (S\Q), ludn tim dudc mdt tdp dang A U B C S dé
S(AU B): p. Mac6 2" P*1 tap A nén tuong dng c6 2"~ P*1! tap con trong S thda
min dé bai.

— Néu trong S c6 < p — 1 sb6 nguyén khong chia hét cho m. Dan dén trong S c6
> n — p + 1 sb chia hét cho m. Trong trudng hgp nay hién nhién moi tap con ciia
tap chia n — p + 1 sd nay déu chia hét cho p, tiic 1a ciing c6 it nhat 2" ~P*1 tap thoa
man bai toan.
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e Trong trudng hop m tity y. Ta chitng minh khang dinh bai todn biang quy nap. Véi m = 1
bai toan hi€n nhién ding. Gia st bai toan ding cho moi gid tri nguyén duong < m. Xét
v6i s6 nguyén duong m. Pitm = p.k, v6i p nguyéntdb vak > 1. Mot tap A C S dudc
goi 12 tap “gan tot tdi thiéu” néu S(A) : k nhung S(A) /m va |A| nhd nhit. Khi d6 theo
nhan xét 1 thi mot tip A 12 gdn 6t téi thiéu thi |A| < k.

— Néu trong tap S chi cé tdi da 1 < p — 1 tap gin tdt i thi€u. Goi céc tap ndy la
S1,...,S;. Khi d6 xét phan hoach cia S
Vi mbi tap |S;| chi c6 tbi da k phan ti. Nén tap N c6
IN|Zn—tp>n—(p—1Dk=n—-m+k>k.
Ap dung gia thiét quy nap, thi tip N chiia
9INI=k+1 > on—m+1

tap con phan biét chia hét cho k. Tuy nhién vi c6 tot da ¢ tap gan tét t6i thiéu, do dé
27=m+1 tap con ndy mic du chia hét cho k, khong khong thé 1a tap gdn tot t6i thiéu,
tic mbi tip con nay cé tdng chia chét cho m. Két luin bai toan dudc ching minh
trong truong hop nay.

— Néu trong tip S c6 > p — 1 tap gan 16t toi thiéu. Chon ra p — 1 tap gan 16t toi thiéu
phén biét, ky hiéu la By, ..., B,—;. Khi d6 xét phan hoach cua S

S=BUBU---UB, ;UM (M =S8\(S{USU---US))).
Vi mbi tap |S;| chi c6 tbi da k phan ti. Nén tap M c6
M| >2n—(p—Dk=n—-m+k >k.
Ap dung gia thiét quy nap, thi tip M chita
IMI—k+1 5 pn=—m+1
tap con phén biét chia hét cho k. Do dinh nghia cta By, ..., B,_, dit
S(By) =rk, SBy)=rs .... SBp)=rpk (neZ"i=12,.. p-1)

vacacr; /p,Vi=1,2,...,p—1.Ddt Q = {ry,...,tp_1}, theo nhan xét 2, tap
R ={S(A)|A C 0}

chida mot hé thing du day di modulo p. Do d6 tap S(By + By + --- + Bp_1) sé
chita hé thing du {k, 2k, ..., pk} (mod m). Do d6 lay bat ky mot tip con A C M

(khi d6 S(A) k), ludn tOn tai mot tap con B C By + -+ + B,_1 sao cho
S(B)=-S(4) (modm)= S(AUB)=0 (mod m),

tiic tip AU B théa man. Vicé > 2"+t tap A C M ma S(A) :k,néncé > 2" +!

tap théa man yéu cau bai toan.

Téng hop cac két qua trén, bai todn dudc chiing minh hoan toan. [

Loi gidi cho trudng hdp m = p 12 mot trudng hop riéng cho 16i gidi m t6ng quat. Tuy nhién tic
gia van trinh by & diy, d€ cho thy cach 1am véi m téng quat, dua vao ciach lam v6i m = p
nguyén to.
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Bai tap 1 (Bosnia and herzegovina TST 2012). Chiing minh ring véi moi s& nguyén t6 p
18, ludn ton tai sd nguyén duong m < p va cic sd nguyén x;, X», X3 sao cho

2 2 2 _
X; + x5 + x5 = mp.

Bai tap 2. Cho k,n 1a cic sb nguyén duong va p 1a s6 nguyén t6. Chiing minh ring ton tai cic
) nguyén ay, ..., aj sao cho

a]f—l—a]2‘+---—|—a],§5n (mod p).

Bai tap 3 (Belarus MO). Cho s nguyén t6 p va goi x,y,z € {0,1,2,..., p — 1} thda man
x2 + y2 4+ 22 p. Goi S(p) 1a s6 bd ba (x, y, z) thda man diéu kién trén. Chiing minh ring
S(p) =22p—1

Bai tap 4 (Ukrainian TST 2007). Tim tAt ca cac s6 nguyén tb p, sao cho ton tai s6 nguyén
n, d€ phuong trinh sau v nghiém nguyén x> + y3 = n (mod p).

Bai tap 5 (Tuymaada 2008). Cho 250 s6 nguyén duong khong vudt qua 501. Chiing minh
rang vi moi s6 nguyén duong 7, ton tai bén sb nguyén a;, a», as, as trong 250 sb da cho ma
ai +a2+a3—|—a4—t523.

Bai tap 6. Cho p > 3 1a sd nguyén t6. Tap {1,2,..., p — 1} dugc phan hoach thanh 3 tap
con 10i nhau A, B, C. Chiing minh riang ton tai x, y, z 1an lugt thudc ba tap A, B, C sao cho
X+y—z:p.

Bai tap 7 (APMO 2014). Tim tit c4 céc sb nguyén duong n sao cho véi moi sd nguyén k, ton

tai s6 nguyén a sao choa® +a —k in.

) k(k +1
Bai tap 8 (Crux 2013, Vol 39, CC9). Cho k > 3 laso nguyén. batn = kk+ 1) va S la

tap con ctia Z,. Chiing minh rang S + S # Z,.
Bai tap 9 (IMO 2003 (general)). Cho n la s6 nguyén duong > 2. Cho A 1a mdt tip con chiia
n+1phinticiatap S = {1,2,...,n3}. Chilng minh rang ton tai n phan ti ¢1, 15, . . . , t, trong
S sao cho cac tap

Aj={x+tj|lxe A},Vj =1,2,....n
do6i mot roi nhau.
Bai tap 10 (USA TSTST 2013). Cho p la s6 nguyén t. Cho graph G day dd 1000p dinh.

Trén mdi canh ctia graph ta gdn mot sd nguyén. Chiing minh riang trong G ton tai mot chu trinh
ma tdng cic s6 dugc danh trén cdc canh nam trong chu trinh d6 chia hét cho p.

Bai tdp 11 (Tomanian TST 2010). Cho X, Y la cdc tap con hitu han cta nta khoang [0, 1)
saocho 0 € X NY vakhong ton tai x € X,y € Y sao cho x + y = 1. Chiing minh ring tip
{(x+y—[x+y]l:xe€ X,y €Y}coitnhit |X| + |Y|— 1 phan ti.
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SU DUNG MODULO TRONG PHUONG TRINH
NGHIEM NGUYEN VA BAI TOAN CHIA HET

L€ Anh Dung
(Truong THPT chuyén Huynh Man Dat - Kién Giang)

Lua chon modulo 1a mdt trong cac ki nang hay dung trong viéc giai phuong trinh
nghiém nguyén va bai todn chia hét. Chon modulo nao, c¢d sé nao dé chon modulo?
Bai viét cung cip mot s co s6 1y thuyét va cac ki ning nhd trong viéc suy lun tim
modulo.

1. Céac kién thic co s& st dung

1.1. Ham CARMICHAEL

Theo dinh ly Euler thi a*™ = 1 (mod n) v6i moi s6 nguyén duong a nguyén t6 cing nhau véi
n. Tuy nhién, ¢(n) khong phai 1a s6 nguyén duong nhé nhit nhé nhét thda a’ = 1 (mod n).

Dinh nghia 1. Cho s6 nguyén dwong n (n > 2). A(n) la sé nguyén duong nhé nhdt théa
man a*™ = 1 (mod n) vdi moi s6 nguyén duong a ma (a,n) = 1. Ham A(n) goi la ham
Carmichael theo n.

Dinh Iy 1. (Tinh chdt ciia ham Carmichael)

i) Vdi moi sé nguyén duong a, b, ta cé AM(a.b) = [A(a), A(b)].
i) A(2) = 1;1(4) = 2; A(2%) = 2¥"2 vdi moi k > 3.
A(p*) = p*Y(p — 1) véi moi s6 nguyén té p, p > 3.
Néun = pi'.p32...p5m thi A(n) = [A(p]"), A(p3?). ... A(pim)]
Nhan xét. Trong giai toan ta thudng dung cac nhan xét sau:
e Néu ¢?> = 1(mod p*) thi hoic @ = 1(mod p*) hoic @ = —1(mod p*) v6i p 1a sd
nguyén t6 16n hon 2.
e Néu a? = 1(mod 2p®) thi hoic a = 1(mod 2p*) hoidc a = —1(mod 2p*) v6i p 1a sb
nguyén t6 16n hon 2.

T nhan xét trén, ta c6 cac modulo hay dung p*,2p?®, 4p°
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Dinh nghia 2. Cho p la s6 nguyén to, a la sé ty nhién. a s6 mii ding ciia a theo p, ki hiéu la
vp(a) néu va chi néu p*|ava p*+! khéng la udc ciia a.

Dinh Iy 2. Ta ¢6 cdc tinh chdt sau

1. vy(ab) = vy(a) + vy(b)
2. vp(a™) = nvy(a)
3. vp(a +b) > min {vp(a), vp(b)} ddng thitc xdy ra khi v,(a) # v, (b).
4. Véi s6 nguyén duong n, sé nguyén té p thi
o Néup #2va p|(x—y)thi
vp(x" = y") = vp(x — ) + vp(n).
o Néup=2va4|(x—y)th
V2 (x" = y") = va(x — y) + va(n).
o Néup =2va?2|(x—y),nlasochdn thi
va(x" = y") = v2(x? = y?) + v (n) — 1.
o Néu p|(x + y) van la sé nguyén duong 1€ thi
vp(x™ + ") = vp(x +y) +v,p(n).

Dinh nghia 3. Cho sé nguyén duong n > 1 va sé nguyén a nguyén té cung nhau vdi n, sé
k duogc goi la cdp cia a modulo n (ki hiéu la ord,a) néu k la sé nguyén dwong nhé nhdt dé
ak = 1 (modn).

Dinh Iy 3. Ta co cdc tinh chdt sau
i) ordya|A(n)
ii) Néua" = 1 (modn) thi ord,a|h
iii) a® = a’(mod n) < ordyal(x — y) hay x = t.ord,a + y vdi (a,n) = 1.

. s _  ordpa
iv) ord,a® = ordrss)

v) Néu x = 3(mod 8) hodc x = 5(mod 8) thi ordycx = 2572 véi moi k > 3.
vi) Cho k la s6 nguyén duong, va p la mot so nguyén té 16. Xét tdp S = {ak| a # 0} C Zp.
Khi do |S| = 525

vii) Cho p la sé nguyén té va d| (p —1). Khi dé phuong trinh x¢ = 1(mod p) ¢é diing ¢(d)
nghiém trong Z .
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Dinh nghia 4. Gid sit m la s6 nguyén duong va a la s6 nguyén théa (a, m) = 1. Néu phuong
trinh déng du x*> = a (mod m) c6 nghiém thi ta néi a la thing dw binh phuong ciia m. Nguogc
lai, ta noi a la khéng thdang du binh phuong cia m.

Néu p 1a sb nguyén t6 18 thi trong ddy 1, 2, ..., p — 1 c¢6 ding P thing du binh phuong.

Ta thuong st dung ki hi€u Legendre nhu sau:
Cho p 12 s6 nguyén t6 18 va sd nguyén a khong chia hét cho p. Ta ki hiéu

[a] B {1 néu a 12 thing du binh phuong
o] =

—1 néu ngudc lai

Dinh Iy 4. Ta c6 cdc tinh chdt sau

i) (Tiéu chudn Euler) Gid sit p la s6 nguyén t6 1é va khong la wdc ciia s6 nguyén a. Khi do:
p—1
a

|:—:| =q 2 (mod p).
p

ii) Néu p la sé nguyén té 1é va a va b khong chia hét cho p thi

+) a = b (modp) = E] B [ﬂ
2 [5]- GG
o[-

< £ £ [—1 ] =
+) Néu p la so nguyén to lé thi ] = { I kni p =1 (mod 4)

| —1 khi p = —1 (mod 4)
- pP—1
+) Néu p la sé nguyén té 1€ thi —] =(-1) 38

2 ) 2 .
+) [—] = 1, néu p = £1(mod8); [—i| = —1, néu p = £3(modS8)
P p

iii) (Ludt thudn nghich binh phuong) Néu p, q la cdc sé nguyén t6 1é khdc nhau thi

p—1qg—1
[2}_[2]:(_1) 2 2 .
q p
Do do, |:£ = |:2i|, néup = 1vq = 1(mod4) va |:£] = [zi|, néup =q =
q p q p
3(mod4).
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Bai toan 1. (IMO Shortlist 2002) Tim sé nguyén dwong t nhé nhdt sao cho ton tai cdc sé
nguyén xi, Xa, ..., X; thoa
X7 4+ x5+ .+ x] = 20022902,

Phan tich va 10i giai. Ta thiy

1 1 1 1 1

d6 1a cac modulo dau tién ta xét téi.

Theo nhén xét trén, trudc hét ta khao sat cac modulo 9 clia x3,20022002,
Néu 3| x thi x3 = 0(mod9).

Néu (x, 3) = 1 thi x3 dong du 1 hoiic —1 modulo 9.

Nhu vay, x3 + x3 + ... + x> dong du tir —¢ dén ¢ modulo 9.

200279 = 42092 = 4938 4* = 4* =4 (mod 9).
Nhu vay, néu ¢ < 3 thi x3 + x3 + ... + x> khong dong du 4 modulo 9 nén déng thic sau
X3 4 x5 + ..+ x} = 20022002

khong xay ra.
V6i t = 4, ta tht tim 1 nghiém cta phuong trinh

X3 4 x5+ x3 + x2 = 20022902,
PE y 20022992 = (2002667)3.2002, nhu vay ta chi cAn thi xay dung cic nghiém dang

x; = m;2002%¢7 | véi
m3 + m3 + m; + my = 2002,

Ta chon m; = m, = 10;m3 = m4 = 1 thda yéu cau nay.
Bai toan 2. (USAMO) Xdc dinh tdt cd nghiém khoéng ém (x1, Xa, ..., X14) cua phuong trinh

X7+ x5+ .+ x7, = 15999,

Phan tich va giai. Liy thita 4, goi cho ta xét modulo nao? A(n) = 4 =22 —n = 16.
Ta c6 x* dong du 0 hodic 1 modulo 16.

Do d6 x{ + x3 + ... + x{, dong du 1, 2, ..., 14 modulo 16.

Ma 15999 = —1(mod 16) (mau thuan).

Vay phuong trinh trén v6 nghiém.

Bai toan 3. (USAMO 2005) Chiing minh rdang hé phuong trinh

xS+ x3+x3y +y =147
X3+X3y+y2+y+29:157147

khong co ngiém nguyén x, y, z.
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Phan tich va l6i giai. Cong hai phuong trinh ta dudc
4y + 1)+ = 1477 4 157 1.
(x4

Péi véi liiy thira 9, ta xét modulo nao? PE y

1 1 1 1
= —18 = —A(19) = —A(27) = =A(54
9= 318 = 2A(19) = 2A(27) = JA(54).

nén ta c6 thé xét theo ciac modulo nay trudc tién.
Liy thita 2, ta xét cdc modulo 3, 4, 5, 8; st dung thiing du binh phuong dé ki€ém tra nghiém.
Ta bt dau v6i modulo p = 19. Tacé

22 =0, £1 (mod 19)
147157 = (_5)18-8+13 =53 =2 (mod 19)
157147 = (5)18'8+3 =53=11 (mod 19).

Suy ra
B4+ y+1D)2=1477 4+ 157" +1-2° =13, 14, 15 (mod 19).

Ap dung tinh chit ta tinh dudc
13 14 15
— =L |=|=-1L|=|=-1
19 19 19

Bai toan 4. (USAJMO 2013) Tim tdt cd cdc sé nguyén a, b sao cho a®b + 3 va ab® + 3 déu la
ldp phuong ciia mot sé nguyén.

nén dieu nay khong xay ra.

Phan tich va loi giai. Gia st

a’b +3 = x3
ab® +3=y3
v6i x, y € N. Suy ra
(ab)® = (a°b)(ab®) = (x* =3)(»* = 3). ()

Liy thira 6, 3 gdi y cho ta xét cdc modunlo 9 va 18. A(9) = 6 nén (ab)® = 0, 1 (mod 9).
x3, 93 =0, £1 (mod 9). Két hop (¥) tacé

x>=0 (mod9) 3| x
y3’=0 (mod9) = { 3|y
(ab)* =0 (mod 9) 3| ab

Néu 3|a thitit a®b + 3 = x3 ta dugc diéu vo Iy vi 27| x3; 27|a>h.
Néu 3| b thi tit ab® 4+ 3 = y3 ta dudc diéu vo ly vi 27| y3; 27| ab’.
Vay khong ton tai cdc sd nguyén a, b thoa diéu kién bai toan.

Bai toan 5. (MOP 2002) Chitng minh rdng phuong trinh x® = y> + 24 khong cé nghiém
nguyén.
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Phan tich va 10i gidi. Ta tim mot modulo chung cho hai lily thita 5, 6. V6i mong mubn s6 dong
du hai vé 1a t6i thi€u. Nhu vay, 5.6| (p — 1), p = 31 la trudng hop dau tién ta xét.

x0col+ —(6?20) = 6 dong du; y> c6 1+ .30 7 dong du, nhu vy kha ning cic dong du
ctia hai vé khong bang nhau

¥° ¢ céc déng du0, 1, 5, 6, 25, 26, 30 theo modulo 31.

Suy ra y° + 24 c6 céc d6ng du 24, 25, 29, 30, 18, 19, 23 theo modulo 31.

x% c6 cac dong du 0, 1, 2, 4, 8, 16 theo modulo 31.

Vay phuong trinh trén khong c6 nghiém nguyén. Tiép theo, ta phan tich mot sd ki niang chon
modulo véi cdc phuong trinh dang liiy thira chita bién trén mii.

Bai toan 6. Tim cdc nghiém nguyén duong ciua phuong trinh

2% + 3V = 5%,

Phan tich va loi giai.

+ Du doan nghiém phuong trinh (x; y; z) = (1; 1; 1), (4; 2; 2).

+ Ddi v6i iy thita c¢6 co sd di xac dinh, thudng phuong 4n diu tién ta thi phan tich nhan ti vé
dang A.B = a*, xét uéc chung ctia A, B d€ dua vé hé. D€ phan tich nhan tt, thudng ta quan
tam dén cdc hang dang thifc ciing sb ma.

+ Cac modulo thudng dung trude hét dé xét Ity thita 13 ¢ +1v6i n 1a nghiém 16n nhét ctia phuong
trinh, cac modulo co déng du 1.

+PEy5=1 (mod 2)%;3 = —1 (mod 2)2,3%2 = 1 (mod 2)3. Do dé, ta c6 thé xét cac modulo
4, 8. D¢ xét cac modulo nay ta chia thanh 2 trudng hop.

TH1: x = 1, phuong trinh tr§ thanh
2437 =5%

Phuong trinh cé nghiém (1; 1; 1).
Xétz > 2,suyra3” =5 —2 = -2 (mod 25).

r | 3 (mod 25) r | 3" (mod 25)
1 3 9 11
2 9 10 8
3 2 11 24
4 6 12 22
5 18 13 16
6 4 14 -2
7 12 15 -6
8 11 16 21

A(25) =20 do d6 ord;25|20, suy ra ord;25 = 20.

3¥ = —2 = 3!3 (mod 25), theo tinh chit cip phan ti suy ra y = 13 + 20k .

37 = 313+20k — 313 (32°)k ta xét modulo nao? Modulo 11 1a modulo xét trudc d€ cb dinh sd
dong du cia 37,

1+2k

55 =2+ (3'9) 3*=7 (mod 11).
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z | 5% (mod 11)
1 5
2 3
3 4
4 9
5 1

Do d6 khong c6 gia tri nao clia z dé

5 =7 (mod 11).

TH2. x = 2, phuong trinh tr§ thanh
4+37 =57,
suyraz > 2. Suyra
3 =5"—4=21=3"% (mod25) =y =16+ 20k.

Khi dé
1+2k

5=4+(3")""3°=7 (mod 11) Vol

TH3: x > 3. Khi do
17— (-1 =5 -3"=2"=0(mod 4) = y = 2n.
Nén
52=3"42"=9"=1 (mod 8),

ma ordg5 = 2 suy raz = 2m. Suy ra

Suy ra
5m—3" =12°
{ 5m + 3 — or
hay
2.5M =2" 425
23" =2" —2¢

voir >s,r+s=x.Néns = 1,tacod

5m=2"141
3n :2r—1_1

vas5™ —3" =2,
Phuong trinh c¢6 nghiém m = n = 1 (da giai 6 TH1).
Vay phuong trinh da cho chi ¢6 2 nghiém (x; y; z)la(1; 1; 1) va (4; 2; 2).
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Bai toan 7. Tim nghiém nguyén duong cua phuong trinh

2 4+3=11"

Phan tich va loi giai.
Phuong trinh c6 nghiém (x; y) = (3; 1).
Trong phuong trinh modulo dau tién ta ¢6 thé st dung 1a modulo 11.
Vi2®> =32 = -1 (mod 11) nén ord,11 = 10.
23 = -3 (mod 11) nén 2* = —3 = 23 (mod 11). Suyrax = 3 + 10n.
Diéu nay chua st dung dugc.
Vé6i x > 4,
11”=2*4+3=3 (mod2%).

va 11 = 3(mod 8) nén ord,s11 = 22 = 4 ; 11? = 3(mod2*) do d6 y = 4k + 3, dang
modulo nay nho sé dé “tring 1ip dong du”.

Ta ting modulo 1én 2°.

Ta chiing minh phuong trinh khong c¢6 nghiém x > 5 bing cach lua chon modulo theo so dd
nhu bai trén.

Budc 1: St dung modulo 2° tim dang cua y:

11’ =2 +3=3 (mod 32).

Tt ord,s11 =252 =8;11" =3 (mod 32); 117 = 117 (mod 32) suyra y = 8k + 7.
Phuong trinh tr§ thanh

2* = 1177 -3 = (118)".117 - 3.
Budce 2: Tim s6 nguyén t6 p sao cho hai vé khong cling dong du, mudbn vay cach dé nhat 1a chon
modulo p sao cho 118 = +1 (mod p) va ord,p 1a nho.

1

Chuy 8 = 5(17 —1)va2* =16 = —1 (mod 17), ta xét mod 17.
2% c6 4.2 = 8 ddng du; vé phai c6 2 dong du, vay kha ning khong trung 12 16n.
11> = 62 = 2(mod 17) ; 11* = 4(mod 17) ; 11 = —1(mod 17) ; 117 = 3(mod 17)
Suy ra 2* = (11%)”.117 = 3 = 0(mod 17) hoic 2* = (11%)”.117 — 3 = —6(mod 17).
Ta khao sét cac dong du modulo 17 ctia 2*véi x = 3 + 10n.

x | 2¥ (mod 17)
1 2

3 8

5 -2

7 -8

Vay hai vé khong cuing dong du v6i modulo 17.
Bai todn 8. (fin Do) Tim nghiém nguyén duong cua phuong trinh

7* =3 14,
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Phan tich va loi giai.

Phuong trinh c6 nghiém (1; 1) va y = 2 khong thda phuong trinh.

Tac63” =7 —4=3 (mod 7)ma 33 = —1(mod 7),0rd;3 =6nény = 1+ 6t.
Ta chiing minh y > 3, khong thoa.

Budc 1: Tu phuong trinh suy ra
7% = 3Y + 4 = 4(mod 3%).

Trudc hét ta xdc dinh ordsn7. Pt ords7 = 3' .k véi (k,3) = 1,i <n —1.
Ta co _ .
V3 (731"‘— 1) =v3(7T-1D)+v;(3k)=i+1=n.

Suyrai >2n—1néni =n— 1.
Vay ordsn7 = 3""1, do d6 ordss7 = 9.
Laic6 78 = 4 = 7° (mod 27),suyrax = 9¢g + 8.
Phuong trinh tr§ thanh
(7°)7.7% —4 =37,

Budce 2: Tim s6 nguyén t6 p sao cho 7° = +1(mod p) va ord,3 1anhd. Vi
7 —1=T=-DT+7+1).(7° - 1).3.37.1063

nén ta chon p = 37.
Ta co:

72 =12 (mod 37); 7* = 12> = —4 (mod 37); 7 =16 (mod 37).

Vay (7°)%.78 — 4 = 12 (mod 37).
Ta khdo sit cic dong du modulo 37 ctia 3”7 véi y = 1 + 6¢

y | 37 (mod 37)
1 3
7 4
13 30
19 25
25 21
31 28

Vay hai vé khong cuing dong du v6i modulo 37.

Péi véi cdc phuong trinh lity thita ¢ biéu thitc a* + 1 thi cdc b6 dé LTE va kién thiic vé cdp la
thuc sw hitu dung. Ta xét cdc vi du sau day.

Bai toan 9. (1995 Czech — Slovak Match) Gidi phuong trinh nghiém nguyén duong p* —y? =
1 vdi p la s6 nguyén to Ié.
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Phan tich va loi giai.
Phuong trinh dugc viét lai p* = y? + 1, suyra p|(y + 1).
Ap dung bd dé LTE ta c6

x=v, P+ D) =v,y+D+v,(p)=1+v,(y+1).

P+
Suyray—l—lsz_lvéy + = p.
y+1
Ta co
3 2 .3 2 _ 2
yV+H1-O+ D) =y’ =y =2y =y(p"—y—-2)>0Vy >3.
Hay

3 p
y+1<y -l—lgy +1'
y+1 y+1
véi moi y > 3.
x=2
p=3
Vay phuong trinh c6 nghiém x =2, y =2, p = 3.

Vay taphdicé y =2,suyra p* ! =3 &

Bai toan 10. (IMO lan 31) Gidi phuong trinh nghiém nguyén duong

2¥ + 1 =x?%y.

Phan tich va loi giai.

Phuong trinh ¢6 nghiém (x; y) = (1; 3), (3; 1).

Xét x > 3, tif phuong trinh suy ra x, y 1a cac s6 18.

Phuong trinh ¢6 lily thita c6 a¥ % 1 c6 thé st dung cAp dé xét. Mot trong cidc modulo hay ding
12 u6c nguyén t ctia nhan ti.

Ta thtt xét theo modulo p, véi p 1a udc cia x. 2 = x2y — 1 = —1 (mod p) nén 22 = 1
(mod p) .

bitu = ord,2 > 1,tacé u| (p —1). Suy ra u|2x.

Viy p chon nhu thé nao?

+ Néu p = 3 thi hai diéu nay 1 nhu nhau. VAy ta phai xét t6i s6 mii chinh xdc ctia 3 trong x 1a
bao nhiéu ?

+Néu p > 3, thi chon p nhu thé nao trong s6 cic udc clia x, d€ cic udc khong tring nhau, ta
sé chon p 1a uéc nguyén t6 nhd nhét khic 3 cia x.

v3(x?y) = 032" + 17) = 032 + 1) + v3(x).

Suy ra 2v3(x) + v3(y) = 1 + v3(x) tu day ta dudc v3(x) + v3(y) = 1.

Pit x = 3K.d v6i k = 0 hoic 1; (d,3) = 1. Ta sé ching minh d = 1.

Vi2¥ = x2y —1 = —1 (mod x), goi ta c6 thé st dung dinh Iy vé cip clia 2.

Néu d > 1, goi p la u6c nguyén t6 nhd nhét clia d, ciing 1a uSc nguyén td khac 3 nhd nhét cia
x.Do (d,3) = 1nén p > 5.

Pitu = ord,2 > 1, u|(p—1).2* = x2y — 1 = 3%*4%y — 1 = —1 (mod p) nén 22* = 1
(mod p). Suy ra u| 2x.

Vi p 1a u6c nguyén t6 khac 3 nho nhét ctia x va (x, p — 1) = 1 nénu € {2;3;6}.

Ma p|2¥ —1nén p =17.

Suyra2* +1 =0 (mod 7) diéu nay mau thun vi bang dong du sau.
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x | 2* (mod 7)
1 2
2 4
3 1

Bai toan 11. (Trung Quéc 2009) Tim tdt cd cdc cdp sé nguyén té p, q théa

pq| 5?7 + 59.

Phan tich va loi giai.
Céc lily thita cling co s6 ¢6 thé tao dang a* £ 1 :

a+a"=ad" (@ " x1).

Néu p = ¢, taduge p?|2.57, suyra p = q = 5.

Néu trong hai sb p, ¢ c6 1 s6 bang 5, gia st p = 5 # g, suy ra q| 5° + 59.

Theo Fermat 57 = 5 (mod ¢), suyra0 = 5° + 57 = 5° + 5 (mod g), suy ra ¢|5° + 5 nén
q = 2 hoac 313.

Néu trong hai sb p, ¢ c6 1 s6 bing 2, gid st p = 2 # ¢, suy ra q| 5% + 59.

Theo Fermat 57 = 5(mod q), suy ra 0 = 5% + 59 = 52 + 5 (mod q), suy ra ¢g|5% + 5 nén

q = 3 hoac 5.
Néu p # g va p, g khac 5, khac 2. Tac6 0 = 52 + 59 = 54+ 59 (mod p), suy ra 59~ = —1
(mod p).
Tuong tu 577! = —1 (mod ¢). Suy ra
52772 =1 (mod q) ordg5|2p —2
52472 =1 (mod p) = ordp5| 2q —2°

Mit khdc 577! = —1 # 1 (mod ¢) nén ord,5 khong 1a udc cta p — 1.
Suy ra va(ordy5) = v2(2p —2) =14+ va(p — 1).
Tuong tu

V2(0ordp5) = v2(2g —2) =1+ va(qg — 1).

Mat khac tu
q—1

p—1’

ordy5
ordy5

suy ra
v2(ord,5) < va(g — 1)
va(ord,S) < va(p—1)°

Két hop diéu trén suy ra

I+v(g—1) <va(p—1)
Bai toan 12. (Bulgaria) Tim tdt cd cdc s6 nguyén to p, q théa mdan

pql (57 —=27) (57 = 2%).

166



Tap chi Epsilon, S6 10, 08/2016

Phan tich va loi giai.

Ta tao dang a* & 1 nhu thé nao ? Hai liiy thita cling s6 mii, thudng ta nhan phan ti nghich dio.
5P =27 (mod q), ta nhan vao hai vé phan tif nghich ddo ctia 2 sé tao ra dang a* + 1. RS rang,
p. q £42.5}.

* Neu p| 5?7 — 27, theo Fermat ta co

5/ -2 =5-2=3 (mod p),

suy ra p = 3. Luc nay ( , 3)
3¢q| (57 —2°) (57 —29)

hay
q]39(57 —29),

tuong tu nhu trén suy ra ¢ = 3 hoac g = 13.
* Néu ¢| 57 — 29, ta ciing dudc p = 3 hoic ¢ = 13.
P CRLISH
plst—or P47
Do (2,g) = 1 nén ton tai m, n sao cho 2m +ng = 1 hay 2m = 1 (mod q).
Suy ra (5.m)? = 2m)? =1 (mod ), do d6 ord,(5m) € {1, p} va ordy(5m)| p — 1.
Néu ord,(5m) = 1, hay 5m = 1 (mod g). Suyra2 = 2(5m) = 5.2m = 5 (mod ¢), do d6
¢ = 3 (mau thuan).
Vay ord,(5m) = p,suyra p|q — 1 (¥).
Tuong tu ciing tif 57 = 29 (mod p), tacé ¢| p — 1 diéu nay mau thuin véi (*).
Vay (p, q¢) = (3; 3), (3; 13), (13; 3).

Bai toan 13. (USA TST 2003) Tim tdt cd cdc s6 nguyén to p, q, r sao cho

plg" +1,q|r? +1,r| p? + 1. (*)

Phan tich va loi giai.
Néu p, g, r déu khac 2. Tt (*) suy ra

plg? —1 ordyq € {1,2,r}
glr*? —1, dodo {ordyr € {1,2, p}.
r| p? —1 ord,p €{1,2,q}

+Néuord,q, ord,r, ord,p € {1,2} thi

g*>=1 (mod p) g==+1 (mod p)
p’=1 (modr) = {p==%1 (modr).

r2=1 (mod q) r==41 (modq)
gqxt1=2p
Suyrayp+1=>2r ,diéunéyvélivip,q,r>3.
r+ > 2q

+ Vay trong 3 sb ord ,q, ord,r, ord, p phdi c6 it nhat mot s6 16n hon 2, gid stt ord ,q = 2r.
Suyra2r|p—1,dodé p =1 (mod r), p? +1 =2 (mod r) trdi gia thiét.
* Vay trong 3 s6 p, ¢, r phi c6 it nhit mot s6 biang 2. Gia sit p = 2. Suy ra ¢, r 1a céc sb
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nguyén t6 18, do d6 tuong tu chiing minh trén ta ciing c6 ord,2 € {2, 2q}.

Néuord,2 =2thir =3vaq|3?>+1néng = 5.

Néu ord,2 = 2q suy ra 2¢q|r —1,do dé r = 1 (mod 1), vi vy r2 + 1 = 2 (mod ¢g) mau
thuén gia thiét).

Vay (p, ¢, r) = (2, 3, 5) va cac hoan vi cta no.

Cdc bai tdp sau ta phdn tich mot sé ki ndng chon modulo “khéng co sdn”. Cdc modulo thuong
la cdc nhdn tit nguyén té nao do.

Bai toan 14. Cho p > 5 la s6 nguyén té, n la sé nguyén dwong sao cho cdc s6 p—1, pn,n + 1
doéi mét khong c6 chung wdc 1on hon 2. Chitng minh rang phwong trinh sau khong cé nghiém
nguyén duong x, y

24 x4 x2 4. 4 xPT =yt

Phan tich va loi giai.
Gia st ton tai cac s6 nguyén duong x, y théa phuong trinh

24 x4+ x4 4 xPh =yt

Viét lai (1) :
l+x+x2+ . +xP =yttt

Néu x = 1, tacéd
p=y""1—1=0-DO0"+y"+ .. +y+1),

suyray —1 =1vap=2"t1—1.
Ditord,2 =u,u >3, u|(p—1)Ma2""! =1 (mod p) nén u|(n + 1).
Viy (n + 1, p — 1) > u > 2 mau thuan gia thiét.
ex =2 tacd
-1 -2 x? —1 n+1
xP70 4 x? +...+x—|—l=x_1=y -1
=0 -DO"+y" T+ +y+1).

p
5 e 2 P A A o XU T 1
Ta khao sat cac udc nguyén to cua .

x? —1

x—1

Xét g 12 mot uSc nguyén td bat ki cia
Néu x =1 (mod q) thi

x? —1

0= =1l4+x+x*>+..+x?'=p (modq)

x—1
suyra p = ¢.
Néux # 1 (mod q), tt x? =1 (mod ¢) va p la sb nguyén t0 thi p = ord,x.
Mit khac x4 =1 (mod ¢) suyra p| (g — 1).
p_

. . 1
Viy tat ca cac udc nguyén to ¢ cua 7 thig = phoaicg =1 (mod p).

Dan t6i hai s6 y — 1 va y" 4+ "~ 4+ ... 4+ y + 1 hoiic chia hét cho p hoiic c6 s6 du 1a 1 khi chia
cho p. (¥)
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TH1: y —1 =0 (mod p) & y =1 (mod p), suy ra
Y4yl +y+1=n+1 (mod p).

Theo (*) suyran + 1 = 1 (mod p) hodc p|(n + 1) diéu nay mau thuin gidi thiét cac sd
p—1, pn, n + 1 d6i mot khong c6 chung ude 16n hon 2.

TH2: y —1 =1 (mod p) <& y =2 (mod p). Khi do
Y4yl 4y +1=2""1—1 (mod p).
Theo (*) suy ra hodc
2"t _1=0 (mod p) (1)

hoac
2"l _1=1 (mod p).

Ma2"t! —1 =1 (mod p)chota2"™ —2 =0 (mod p), suy ra
2" =1 (mod p). (2)

bitord,2 =u,u >3, u|(p —1).

Tu (1) suy ra u| (n + 1); u| (p — 1) mau thuin gia thiét.

Tur (2) suy ra u|n; u| (p — 1) mau thuin gia thiét.

Tém lai trong céc trudng hop ta déu c6 diéu gia st ban dau la sai. Bai toan dudc chiing minh.

Bai toan 15. (Turkey TST 2013) Ki hiéu ¢(n) la phi ham Euler cua n. Gidi phuong trinh

nghiém nguyén duong (n > 2) sau

2"+ (n—epm)—1)!=n"+1.

Phan tich va loi giai.
Ta co:
2" —1=n"—m—@mHn)—1).

Ta chon s nguyén t6 udc cia n, d€ ddm bdo p|(n — ¢(n) — 1)! ta phai xét xem khi nao
n—gn)—12=p.
batn = pi'...pls ,v6i p1 < p2 < ... < ps, xét p = py.

n—gm)—1=pl'.pr—n=ppr " [pr.ps— (p1—1)...(ps — D] — 1.
Néu s > 2 thi
Pi.ps— (p1—1D.(ps—1) > p1..ps — p1p2...ps—1(ps — 1) > p1
dodon —emn)—12= p.

Néuszl’”—w(ﬂ)—l=p"1(p—1)—1<pkhi[ o

r=2,p=2
TH1:n = plasbnguyéntd,2” +1=p™ +1suyrap =2,m = 2.

TH2: n =22, suyra2*+1=4" + 1suyram = 2.
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TH3: n khong phai 13 s6 nguyén td van > 4.
Goi p 1a u6c nguyén t6 nhd nhét ciia n, goi lai chiing minh trén ta dudc n — @(n) — 1 > p , suy
ra
pl(n =) - D!
2"=n"+1—-(n—pmn)—1)!'=1 (mod p).

Ditord,2 = u,u > 2, u|(p — 1), ma 2" = 1(mop p) nén u|n diéu nay vo ly vi p la uéc
nguyén td nhé nhét cia n.
Vay phuong trinh ¢6 2 nghi€ém (n,m) = (2;2), (4;2).

Bai toan 16. (IMO SL 2012) Cho x, y la cdc sé nguyén duong. Chiing minh rang néu x*' — 1
chia hét cho 2"y + 1 vdi moi s6 nguyén duong n thi x = 1.

Phan tich va loi giai.
Néu x # 1 va p 1amot uSc nguyén t6 ctia 2"y +1 thi p| x2" —1.Suyra ordpx} UCLNQ2", p—
1).
MaUCLN (2", p—1) xac dinh trong trudng hgp dac biét p = 4h+3vaUCLN(2", p—1) = 2.
Luc nay
x2—=1=0 (mod p)
Nhu viy, ta sé& di khao sat cac uéc nguyén t6 dang 44 + 3 ctia 2"y + 1. Khi n thay d6i, liéu c6
v0 56 s6 p dang 4h + 3 khong ?
Ta chiing minh véi m 1a s6 18, ¢6 vo s6 sd udc nguyén t6 dang 4h + 3ctia 2"m + 1 v6i n nao doé.
Vi2zm +1=2Q2s+ 1)+ 1= 4s + 3 dodé2m + 1 c6 udc nguyén tb dang 4h + 3.
Gia st chi ¢6 hitu han sb nguyén té py, pa, ..., px dang 4h 4+ 3 ma p;|2"m + 1, trong d6
D1, P2, ...ps 12 tht ca cac uéc nguyén tb dang 44 + 3 ctia 2m + 1.
bat
2m + 1= p{' p?...prqf"...q".
Tt céc s& 2"m + 1, ta c6 thé tao dang lily thita quen thudc 2° — 1 biang phép hiéu dé dit nhan ti
chung:
"m4+1—0Cm+1)=2mQ2" ' -1,

dé chia hét s6 w, ta chi cin chonn — 1 = ¢(w), viy w 14 sb nao?
Ta co
w|2"m+1-0Cm+1)2"m+1=2m+1 (mod w),

nhu vy trong w néu c6 nhan t& pgq,...px thi psiq, ... px khong 1a uéc cia 2"m + 1, do d6
2"m + 1 chi ¢6 cdc udc nguyén t6 dang 4h + 1 va p;,q;, (1 <i < s). Vay ta chon

w=02m+1).p1ps...ps.Ps+1---Pk-4192..-q: > 2m + 1.
Xétw = 2m + 1).ps41...px van = ¢(w) + 1. Suy ra
2"m+1=2m+1 (mod 2m + 1).p1ps...ps.Ps+1---Pk-4192---qz) (%)

Suy ra pg1, ... prkhong 1a udc ctia 2"m + 1, do d6 2"m + 1 chi c6 cac nhan tif nguyén t6 dang
4h +1vap;,q;, (1 <i <s).
Ciing tif (*) suy ra 2".m + 1 = (2m + 1)M, trong d6 M chi gébm c4c nhan ti nguyén t6 dang
4h + 1. Suy ra

2"m+1=2m+1=3 (mod4) (v0ly).
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Viy ¢6 vo s sb nguyén td p dang 4h + 3 ma p 1a udc ctia 2"m + 1 v6i n nao do.
Néu y chin ta ciing c6 dudc diéu nay bang cach dit y = 2%.m.
Vay ¢6 vo s sb nguyén tb p dé€ p| x> —1,do d6 x = 1.

Bai toan 17. Tim tdt cd cdc s6 nguyén diwong n sao cho véi moi s6 nguyén duwong k déu ton tai
mot s6 nguyén duong a sao cho a® + a — k chia hét cho n.

Phan tich va giai.

V6i n = 1 hién nhién théa yéu cau dé bai.

Néun > 1, goi p 1a mdt uéc nguyén t6 ctia n. Khi d6, cho k chay tir 0 dén p — 1 ta dudc
{a3+a‘0<agp—l}

12 hé thing du day di modulo p (¥).
Do a® + a la sd chdnnén p > 2.
Néu p = 3,thi

a>+a=a+a=2a (mod?3)
nén

{a3+a|0<a <2}

12 hé thing du day di modulo p.
Xét p > 3. Do (*) nén phuong trinh

a>+a=0"+0 (mod p)

khong c6 nghiém a # 0 (mod p), hay phuong trinh

2

x“=-1 (mod p)
vo nghiém. Vay tap { 2| }
—x“|I1<x<p—-1

1a tap tt ca cac khong thing du bac hai modulo p.
Do (*) nén phuong trinh
a®>+a = (ka)’> +ka (mod p)

vO nghiém véi moi 1 < a,k < p — 1 hay phuong trinh

a>(k*+k+1)+1=0 (mod p). (1)
Hay

K4+k+1=-1@"’ (mod p).
Vay phuong trinh

k> 4+k+1=—c* (mod p)

vo nghiém (k, c). Suy ra k? + k + 1 1a thiang du bac hai véi moi k.
Xét tap
A= o<x< 2t
- f(.X) modp{ SERY )
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v6i f(x) = x2+ x + 1.
Vifx)—fO)=x—-y)x+y+1,vax+y+1<pvéiOo<x,y<
S ) mod p Z (V) mod p-
vay |4 = 22

V6imdib = z2 € A,do p1énén tdn tai w sao choz = 2w+1 (mod p). Vay 4w?+4w+1 € A.
Tacob +3 = 4(w? + w + 1) = 22(w? + w + 1) 1a thing du binh phucng nén b + 3 € A.
Vay A c6 tinh chét

p—1
2

,X # y nén

, suy ra A 12 tip tat c4 thing du bac hai modulo p va 0.

Vbbe A= b+3cA.

p+1
vo li.

2
Do 0, 1 € Anén |A| >§(p—1)>
Viy p =3,dodon = 3".
*Voin = 37, ta ching minh
{a®>+al0<a <3}

12 hé thing du day di modulo 3.
V6i0<ab<3 —1,a#btaco
(@ +a)—B>+b)=(a—-b)(a*>+b*>+ab+1)
4@’ +ab+b*+1)=Qa+b)>+3b>+4=Q2a+b)*>+1#0 (mod 3).
Vay
(@ +a)— B>+ b) = (a—b)(a*+ b*>+ab + 1) # 0(mod 3").

Suy ra
{a3—|—a|0<a <3r}

1a hé thing du day di modulo 37.
VAy gid tri cAn tim n 1a n = 3”. Cubi cling chiing t6i dua ra mot s6 bai tap dé ban doc luyén tap.

Bai tip 1. (Bosnhia TST 2015) Chiing minh ring c6 vd sd sd nguyén duong n, n khong 1a s6
nguyén td sao cho
nl 3}1—1 _ 2n—1'

Bai tap 2. (Bosnhia TST 2014) Tim tit ca cac sb nguyén khong am x, y sao cho 7% — 2.5Y =
—1.

Bai tap 3. (Phap TST 2012) Cho p la s6 nguyén t6. Tim tit ca cdc sb nguyén duong a, b, ¢
thoa
a? + b? = p°.

Bai tap 4. (Pite TST 2010) Tim tét ca cac sd nguyén duong m, n thda
3" =7 =2.

Bai tap 5. (Iran TST 2012) Tim tAt c4 cic s6 nguyén duong a, b, ¢ sao cho a? + b? + ¢? chia
hét cho 2013(ab + bc + ca).

Bai tip 6. (Romanian Master in Mathematics 2012) Ching minh ring ton tai vo s6 s6 nguyén
duong n sao cho 22"+ 4+ 1 chia hét cho n, nhung 2" + 1 khong chia hét cho n.
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[1] Olympiad Number Theory, Justin Stevens.

[2] http://www.artofproblemsolving.com
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S 10, 08/2016

gpsi lon

CHUNG MINH BAT DANG THUC BANG
PHUONG PHAP PHAN TICH BINH PHUONG VOI
SU TRO GIUP CUA MAY VI TINH

Nguyén Qubc Anh
(Thanh phé HO6 Chi Minh)

G101 THIEU

V6i kha niing hién nay, mdy tinh da gitp ta giai dudc rat nhidu bai toan khé ma trudc
kia thudng bé tay. Mic du vdy, van con mot s6 16n céc bai todn rat thd vi nhung chua
c6 "thuat gidi" hop ly d€ giai ching. Trong s6 d6, bai todn phan tich vé dang téng binh
phuong trong chiing minh bét dang thiic 12 bai todn thudng xuyén gip phai. Trong bai
viét ndy, tic gia sé gidi thiéu vé viéc ting dung cic lénh c6 sin trong phan mém Maple ¢
(http://www.maplesoft .com/, motcong cu da kha quen thudc v6i moi ngudi, dé
Xt 1y mot s bai bt dang thiic; trén co s3 d6, xdy dung mot chuong trinh diing Maple dé
giai quyét mot sb bai toan phic tap hon. ?

“Maple, cling v6i cac ngon ngit 1ap trinh khac nhu Mathematica, Mathlab, ... thudc thé hé thi
tu (Fourth-generation Programming Language) v6i cidc ham buildin v6 cling manh mé c6 thé hd
trg, gidi quyét hau hét cac tinh todn can thiét, tir don gidn cho dén phiic tap.

PEmail cla téc gid: bdtilove@live.com)

1. Bai todn md& dau.

Ta sé bat diu vdi bai toan sau dy. Cho cic sb thuc a, b chiing minh rang:

a’ + b > 2ab.
Ta c6 ngay: a® + b* — 2ab = (a — b)* > 0.
Xuét phat tir bat dang thiic hién nhién ding: 22 > 0, 16i giai nay 1a vo cung dé hiéu véi moi
ngudi. Tuy nhién, viéc quy mdt da thic nhiéu bién bat ky vé dang tdng binh phuong khong phai
1a diéu dé dang chiit ndo, k& ca v6i mot da thic dbi xiing thuan nhit ba bién.

174



Tap chi Epsilon, S6 10, 08/2016

D& hiéu 16 vai trd ctia mdy vi tinh trong viéc phan tich cic bat dang thiic vé dang binh phuong
ta sé bit diu vdi cdc bai toan bat ding thiic hai bién s6, ndi mdy tinh mang mét siic manh "4p
d4o" gan nhu tuyét doi.

Vidul Cho a,b la cdc sé thuc duong. Chitng minh rdng:

1 1 4 32(a2 + b?)

b) = — + — _ >
f(a.b) a2+62+a2+62 (a+b)* 20

Loi gidi. Chi vé6i 1énh factor don gian M aple cho ta phan tich nhu sau:

(a* +8a%b + 6.a%* + 8ab® + b*) (a — b)*

a,b) = >0
flab) a2b? (a2 + b?) (a + b)*
Vidu2 Cho a,b la cdc sé thuc duong va ab > 1. Chiing minh rdng:
1 1 2
b) = - >0
b = e T e " Trw =
Loi gidi. Bang 1énh factor ta thu dudc két qua sau:
ab—1)(a —b)?
flah) = — ( 2) (a —b)
(@®>+1) (b2 +1) (ab+1)
Déy v6i ab < 1 ta co:
1 1 2
b) = — <0
f(a,) 1+a2+1+b2 1+ab—
Vidu3 Cho a,b la cdc sé thuc duong. Chitng minh rdang:
6 2 1
b) — _ _ >0
fa.b) (a+0b)?2 a2+ b2 (a+0)* ~
ab + ———
4
Loi gidi. Ta co:
b(a—b)’
fla,b) =12. abla —b)

(a+b)* (a2 4+ b2) (a2 4+ 6ab+ b?) ~
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Vidu 4 Cho cdc sé thuc duong a,b. Chitng minh rang:

a’b 2 a?>+2ab

) e A R R s e )
N = T T3 s r =

Loi gidi. Ta c6 phan tich nhu sau:

(a+b)(a— b)4
(2a% 4+ b3) (2a2 + b?)

f(CL?b):g'

Vidu 5 Cho cdc sé thuc a,b théa mdn a + b = 1. Chitng minh rdng:

5v10 — 14

ab(a* +b*) < 57

Loi gidi. Néu giit nguyén nhu thé, ta sé khong thé nao phan tich dugc, ta s& c6 mot bude chuyén
nho nho 13 dong bac héa d€ c6 thé phan tich bai todn, sit dung diéu kién dau bai a + b = 1 ta ¢
phép ddng bac va phan tich nhu sau:

%{M) (a+b)° —ab (a* +b")

(5v/10 — 14) [2a2 + (6 — V/10) ab+ 2] [a? — (V10 + 2) ab + ?]”
54

f(a,b) =

Trong phan tiép theo, ta quy udc ky hiéu > f(a, b, ¢) 1a tdng ddi xidng tinh theo bién a, b, c d6i
v6i ham sb f.

Nhu da thiy & muc trén, mdy tinh c6 stic manh 4p ddo dbi véi 16p cac bai toan hai bién sb.
Nhung vé6i 16p cac bai toan ba bién sb thi sao?

V6i mot s6 bai toan tuong ddi don gian ta c6 thé phan tich bang ham factor nhu dbi véi cac bai
to4n hai bién sb & trén.

Vidu 6 Cho cdc sé thuc a,b, c. Chitng minh rdng:
Za4 —I—Zagb—i- Zab3 > SZazbc
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Loi gidi. Ta c6 thé chitng minh dé dang bang bit dang thiic AM — GM, tuy nhién & day la cac
bién thuc. Véi su trg gitip ctia Maple ta c6 phan tich nhu sau:

Za4+2a36+2ab3—32a2bc: (a> + %+ —ab—be—ca) (a+b+c)* >0

Diéng thiic xdy rakhia = b = choica + b+ c = 0.

Vidu7 Cho cdc sé thyc a,b, c théa man a + b + ¢ > 0. Chitng minh rang:
Z a’h? + Z a’h’ > Z a’be + Z a’b’c

Loi gidi. Lai 12 mot bai todn véi cac bién thuc "kho chiu" khién ta khong thé ap dung AM —GM
nhu thuong 1€. Ta c6 phan tich nhu sau véi sy trg gitp cua Maple:

Z:a?’b2 + Za2b3 - Zcf’bc—i— ZaQbQC = (Z a’b* — Za%c) (a+b+c)>0

Pang thic xay rakhia = b = choic a + b+ ¢ = 0.
Tuy nhién ta sé khong ban nhiu vé cac bat dang thic dang nay.

Néu cif st dung mdt ham factor va cé ngay két qua sé gy nham chan va trén thuc té khi chiing
minh mot bét dang thitc khong bao gid don gian nhu nhitng bai toan trén.

Vidu 8 Cho cdc s6 thic khong ém .y, » théa man x + y + z = 32. Tim gid tri I6n nhdt clia
biéu thiic sau:

f(x,y,2) =2y +y°2 + 2

Phdn tich. Cho x = 24,y = 8,z = 0 tacd f(z,y,2z) = 110592 ta s€ ching minh day la gia tri
16n nhit ctia f(x,y, 2). Tuy nhién néu ct d€ nguyén va cb chiing minh thi rat kho, ta sé c6 mot
budc chuyén nho nhd 1a dong bac héa bat dang thiic nay thanh:

27
%(a:+y+z)42x3y+ygz+23x

T6i day, liéu ban di c6 ¥ tudng hé md? Ro rang cach phan tich truc tiép sé& khong hiéu qua véi
bai toan c6 diu bang léch tai bién nhu thé nay. Nhung hay dé y lai diu ding thiic = 3y, z = 0.
Tit dy goi cho ta phan tich bai toan vé dang:

(x —3y)*" g(z,y,2) + zh(z,y,2) > 0.
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Loi gidi va thao tdc mdy tinh.
Khong mét tinh téng quat gid st 2 = max{xz,y, 2}
> £:=27 (z +y+2)" — 256 (%y + yP2 + 252);

f =27z +y+2)"—256(2y +v°2 + 2°x)
DE dé thao tac vdi bat dang thiic nay ta sé khai trién hoan toan bt dang thiic véi 1énh expand.

> g:=expand (f);

g :=272% — 148 23y + 108 232 + 162 2%y? + 324 2%y2 + 162 2222 + 108 zy® + 324 xy%2 +
324 xy2? — 148 232 + 27 y* — 148 332 + 1629222 + 108 y23 + 27 2*

Nhu trong bai ta da biét dang thiic xay ra khi z = 0, thay z = 0 vao g bang l1énh subs.
> h:=subs (z=0,9g);

h:=27z% — 148 23y + 162 2%y + 108 % 4 27 y*
> hl:=factor (h);
hl:= (272 + 142y + 39%) (=3y + z)°

Vay 1a du dodn ctia chiing ta da ding dugc mot nita. Ta sé tiép tuc v6i nita con lai.
> gl:=g-h;

gl =108 23z + 324 2%yz + 162 2222 + 324 2?2 + 324 xy2? — 148 230 — 148 132 +
1629222 + 108 y23 + 27 24

> factor (gl);

2 (108 23 + 324 2%y + 162 2%z + 324 vy + 324 wyz — 148 w2? — 148 y3 + 162 y?z + 108 22 + 27 23)

Dé thiy bit dang thiic nay luon ding. That vay do:
3242%y > 148y° va 1622222 > 14825,

Ta c6 thé viét lai 15i gidi ngan gon nhu sau:
Khong mat tinh téng quét gia st z = max{x,y, 2}, ta co:
f=27(x +y+ 2)* = 256(a’y + y°z + 2°7)
= (272° + 14y + 3y%) (-3y + z)? +
+ 2[1082® + 1762y + 142”2z + 1762y” + 324xyz + (148272 — 148x2")+
+ (148zy” — 148y”) + 162y*z + 108y2> + 272°] > 0

Ping do = max{x,y, z}. Dang thiic x4y rakhi z = 24,y = 8, z = 0.
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Vidu 9 Cho cdc sé thuc duong x,y, z. Chiing minh rdang:

[ (% + 9>+ 27) (:1:+y+z)~|—3:1:yz}2
>2[ +y+ 2+ (w+y+2)°] [Py + P+ e ayz (@ 4y + 2)]

Loi gidi. Viéc phan tich cum da thifc cong kénh nay thanh téng cdc binh phuong tuong d6i khé
vi st xuat hién ctia cum dai lugng 23y + 1%z + 23z trong vé phai khién khién viéc phan tich tré
nén khé khin va gan nhu "pha san". Tuy nhién véi mot chiit khéo 1éo ta c6 phan tich nhu sau:

[(22 4+ 32+ 22) (¢ +y + 2) + 3ayz]”
—2[m2+y2—|—22+(x+y—|—z)2] [x3y+y32+z3:v+a:yz(x+y—l—z)}
= (x?’—x2y+x22—xy2+xyz+m22—y?’—yQZ—yZQ—i—z?’)z—i—
+4(@—y)(y—2)(y+2)z(@®+ay+az+y*+yz+2°) >0

Vi y 12 s6 nam gitta  va z. Con vé 1am sao phan tich dugc, xin danh lai cho ban doc nhu mot
bai tap ren luyén.

Qua hai vi du minh hoa & trén, han ban sé& c6 chiit khé chiu vi khong c6 diém chung giita hai
bai toan trén?

Trong phan nay ta sé n6i khai quat vé phuong phap S.0.S. C6 thé xem 1a mot tiéu chuén "chung”
cho viéc phan tich cac bit dang thic vé dang tdng cac binh phuong.

VE co ban khi diing trudc mot bat dang thiic bat ki ctia ba bién a, b, ¢ ta sé tim cach dua chiing
vé dang téng clia cdc binh phuong (a — b)2, (b — ¢)?, (¢ — a)? ki hiéu:

Se(a —b)? + Su(b—¢)* + Sp(c—a)* >0

Phin dua vé dang chinh tic trén 12 budc dau tién trong cach sit dung phuong phap S.0.S. Néu
may man c6 dudc S,, S, va S, déu duong thi bai toan dugc ching minh. Tuy nhién khong phai
lic nao ta cling may man nhu thé.
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Xét biéu thuc:
S = f(aa bv C) = Sa(b - 0)2 + Sb(c - CL)2 + Sc(a - b)Qa

Trong d6 S,,, Sy, S, 1a cac ham so cua a, b, ¢, khi d6

1. Néu S,, Sy, S. > 0thi S > 0.

2. Nbua>b>cvaSy, Sp+S., Sp+ S, >0thi S > 0.
3.Néua>b>cvas,, S, S, + 2S5, S.+ 25, thi S > 0.
4. Néua>b>cvaSy, S. >0, a’Sy, +b2S, > 0thi S > 0.

5. NéuS,+Sp+S.>0vaS, Sy +55.+5.5,>0thiS>0

Tiép theo, tdc gia xin gidi thiéu mot sd bai toan kha thd vi, cé két hop ding chuong trinh Asos
ma tac gia da ty xay dung trén nén Maple d€ gidi quyét. Y tudng thuc hién va cach van hanh cia
no s€ gidi thiéu § muc sau.

Bai toan 1 Cho cdc s6 thuc a,b, c khéng dm sao cho ab + bc + ca > 0. Chitng minh rang:

a® + be b + ca A +ab
> 16
\/l72+60+02+ 02~|—ca+a?+ a2—|—ab+b2_\/_

Loi gidi. Dit

a? + be b’ + ca ¢® + ab
A = —+ + ,
b% + be + 2 2+ ca+ a? a? + ab + b2
B = (a* + bc)*(b* + bc + c*)(2a + b+ ¢)® + (b* + ca)(c* + ca + a*)(2b + ¢ + a)®
+ (* + ab)(a® + ab+ b*)(2c + a + b)?
Ap dung bét ding thiic Holder ta cé
A2B > [(a® +be)(2a+ b+ ¢) + (B + ca)(2b + ¢+ a) + (& + ab) 2¢ + a + b)]°
Do d6 ta chi can chiing minh

[Z(cﬂ +bc)(2a + b+ c)]3 > 6 Z(a2 +bc)*(b* + be + ) (2a + b+ ¢)?
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Dén day bac clia bat dang thic kha cao va kha kho xit 1i, va mot 1an nita mdy tinh lai ching té
dudc siic manh. St dung chuong trinh hsos, ta c6 thé phan tich bt dang thic trén thanh dang
S.0.S nhu sau:
So(a—b)* + Sy(c —a)* + Sa(b—c)* >0

Trong do
Se=2(a" +b") + 9c(a® + b°) + Tab(a® + b°) 4 36abc(a* + b*) + (9a°b® + 27abc?) (a® + %)

+ 60a’b*c(a® + b%) + 3a’b’ (a + b) + 72a°b*c*(a + b) + T2a°b*c + 6a°b*c?
Tuong tu véi S,, Sp.

My tinh dua ra phan tich nay trong 1.484s', mit khac dé thay S,, Sy, S, > 0doa, b, ¢ > 0.
Chiing minh hoan tit. Pang thic xy rakhia = b = c.

Bai toan 2 Cho cdc sé thuc duong a, b, ¢ hdy chitng minh bdt ddng thiic sau luon diing:

fla,b,c) =a®*+b* 4+ +3abc—ab(a+b) —bc(b+c)—ca(c+a) >0

Loi gidi. St dung phin mém hsos dudc viét trén nén Maple ta thu dugc phan tich nhu sau:
fla,b,e) = (a+b—c)(a—b)>+b+c—a)(b—c)’+(ct+a—b)(c—a)

Mady tinh dua ra phan tich nay trong 0.188s, mat khac khong phai S,, Sy, S. luén duong.
Khong mét tinh téng quat gid stta > b > ¢, ta co

S,=a+c—b>0vaS,+S.=2a>0vaS,+S5,=2c>0

nén bit dang thiic nay ding theo tiéu chuin 2.
Pang thiic xay ra khi a = b = c hoic a = b, ¢ = 0 ciing cac hoan vi tuong ing.

Trong muc nay ta sé tim hiéu so ludc vé chuong trinh hsos va y tudng thuit todn van hanh né
nhu thé nao.

Chuong trinh hsos dudc viét bang ngdn ngit 1ap trinh Maple bdi tac gia va mot s6 "ddng nghiép”
ngudi Trung Qudc vao nam 2009. Phién ban 1.0 ctia chuong trinh chi hoat dong dbi vé6i cac bat
dang thifc dang da thic, dén phién ban 2.0 méi hoat dong dudc véi cic bét dang thitc dang phan
thic. Phién ban hoan chinh 3.0 hoan chinh vao nim 2011. Hién chuong trinh van con trong giai
doan phat trién, phién ban tiép theo tap trung vao viéc phat trién thuat todn cho cac bai toan
dang cin. Tuy nhién, vin con trong giai doan kiém thi nén tac gia chua thé cong bd rong rii.

I'TAt ca céc tinh todn c6 lién quan dén thdi gian déu dudc thuc hién trén cling mot mdy tinh st dung bo xi ly
Intel(R) Core(TM) i7-4510U 2.00GHz, bé nhé Ram 8Gb.
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Bu6c mot: Kiém tra diéu kién can va dui caa f(a, b, ¢):

+ Diéu kién can: f(a,a,a) = 0.
+ Diéu kién di: f(a, b, c) 1a da thic dong bac va dbi xing.
Néu thda man ca hai diéu kién ta di dén budc hai. Néu khong két thiic.
Budc hai: Khai sinh da thiic c6 bac n — 2, v6i n 12 bac cia da thic f(a, b, ¢) cAn phan tich gin

kém véi hé sb tu do.
Budc ba: Giai hé tu do, sau d6 dua ra két qua néu hé tu do c6 nghiém.

Vi du. Hay thuc hién phép phén tich S.O.S cho cac da thic sau day:

1. a®+0* + & — (a®b + b*c + ¢*b)
2. a2+ b3+t —ab—a?b—d’c

3. A+ 0P+ A — a?b— bPe— Pa
Phdn tich.

1. Budc mot: Pa thiic khong c6 dang hodn vi vong quanh. Phan tich két thiic.
2. Bu6c mot: Pa thifc khong c6 dang hodn vi vong quanh. Phan tich két thiic.

3. Budc mot: Pa thiic ndy théa man ca diéu kién cin va dd, nén ta sé thuc hién phan tich
S.0.S cho no:

Budc hai: Sinh da thic tu do f(a,b,c)cobicn =3 —-2=11a
fi(a,b,¢) = mya + mab + msc
Tir day ta c6 dang S.0.S can tim la:

fsos = (amy 4+ bmg + cm3) (a — b)2 + (ams + bmy + cmy) (b — 6)2 +

(amy + bmg + cmy) (¢ — a)?

Giai phuong trinh f(a, b, c) = fsos ta cé nghiém (mq, me, m3) = (2, 1,0).
Viy ta dudc

B+ +E—atb—bPe—cta= (2a+b) (a—b)>+(2b+¢) (b—c)*+(2c+a) (¢ — a)’
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Ban cam thiy c6 chit chan nan vé cac phép phan tich binh phuong nay? Chiing déu mo hd va
rit kho d€ nam bat, tham chi v6i phuong phap S.0.S ta van phai chiing minh nhiing bat dang
thic trung gian cuc ky phic tap di da giam di hai bac so vdi ban dau. Nhung van khong thé phi
nhan su hip dan cta phép phan tich binh phuong trong chiing minh bit dang thitc. Pep, hoan
hdo, trong sang va dé hiéu. Bai todn phan tich vé cic dang tdng binh phuong bai todn thi 17
trong s6 23 bai toan cta Hilbert:

Cho mét da thitc nhiéu bién ludn nhan gia tri khong Am trén trudng sé thuc, liéu né cé
thé duoc biéu dién dudi dang tong cac binh phuong ciia cac ham hiru ti?

Loi gidi khang dinh da dudc ching minh nim 1927 béi Emil Artin. Sau d6 Charles Delzell da
tim ra mot thudt toan cho bai toan nay. Tuy nhién 15i giai lai st dung céc kién thifc vé toan cao
cép, khong tién trinh bay trong bai b4o nay. Bu lai ta sé nghién citu mot "giai thuat" khac don
gian hon nhung déu hiéu qua. Phan nay cia bai bdo xin trinh bay so ludc vé cdng trinh nghién
clfu ctia gigo su SUI Zhen-lin tinh 2 cho viéc phan tich mot da thic bat ki vé dang tdng cic binh
phuong dua trén thuét todn "sinh da thic t6 hop".

Chuong trinh [psos do gido su SUI Zhen-lin tu xdy dung thuit todn va viét trén nén ngodn ngit
1ap trinh Maple, con sosany do tac gia xay dung lai dua trén thuat toan cua gido su SUI Zhen-lin
cung cép. Tuy hai chuong trinh déu dugc viét trén nén ngdn ngit 1ap trinh Mapple tuy nhién hiéu
nang tinh toan va do hi€u qua cua hai chuong trinh 1a khac nhau do "trinh d6" va k¥ nang "lap
trinh" cta hai tac gia la khac nhau.

Bai toan 1 Cho cdc sé thuc .y, z chitng minh rang:

=)'+ =)+ =)+ S psly = 2P 2 0

Loi gidi. Ta c6 phan tich sau:

S g5 ey =2 = 5 (=2 g+ (=) 2oy =2 g (2o -y —2)* 20

Hién dang giang day tai Cao déng ddu mé nang cao Shengli, Pong Dinh, Son Pong.
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Chuong trinh Ipsos cho ra két qua sau 3.812s.
Chuong trinh sosany cho ra két qua sau 6.12s.

Bai toan 2 Cho cdc s6 thuc duong a, b, ¢ chiing minh rang:

b 11(a® + 12 + 2
9+E+§+12\/ @+ +c) g

b ab + be + ca

Loi gidi. Ta c¢6 phan tich nhu sau:

(g+b c )2_11(a2+b2+02)

S+l ~5
b c+aJr ab + ca + be

_ 1 ]a(12ac+ 3b? + 4bc) (b — ¢)? N b(12ab + dac + 3¢2) (¢ — a) 4 ° (3a% 4 4ab 4 12bc) (a — b)®
! be? (ab + ac + be) ca? (ab + ac + bc) ab? (ab + ac + bc)

>0

be? (ab+ ac+bc)  ca? (ab+ac+be)  ab?(ab+ac+be) | —

N 1 [a (2ac — b* — be)®  b(2ab—ac — 2)*  ¢(—a® — ab + 2bc)’
4

Chuong trinh Ipsos cho ra két qué sau 4.344s.
Chuong trinh sosany cho ra két qua sau 12.364s.

Bai toan 3 Cho cdc sé thuc duong .7, z, chitng minh rdng:

4
(®+2241) (¥P+22+1) (2*+2y+1) 2%.(x+y+z)(a:y+zx~l—yz)

Loi gidi. Ta c¢6 phan tich nhu sau:

(22 +2241) (v’ + 22+ 1) (22—|—2y—|—1)—%.(m+y—l—z)(my+zx+yz)
=22 (2+1) (x -1 +2y(a? +1) (y—1)* +22 (¥ + 1) (z — 1)*+
4 .z(9y+2)(m—y)2+g.x(92+2)(y—z)2+g.y(9x+2)(2—x)2+
+(zyz =1 43wy +az+yz—ax—y—2)°+
=) =)+ -1 -2+ (2= 1) (x—y) 20

Chuong trinh Ipsos cho ra két qua sau 0.75s.
Chuong trinh sosany cho ra két qua sau 2.422s.
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Bai toan 4 Cho cdc sé thuc duong a., b, c théa mdn a + b + ¢ = 3. Ching minh rdng:

[ a /) [ ¢
<
2+b+ 2+c+ 2+a_\/§

Loi gidi. St dung bat dang thiic Cauchy-Schwarz ta co:

(C\5h) <X X

Tir day ta sé cb gang chiing minh:

1+a
Zl+a 22+b -
That vay ta co:
a 1+a
3_Zl+a'z2+b B
S la(7¢? + 3¢+ 2)(ab — 1)* + (be + 2a + 4)(a — 1)%(b — ¢)?]
2 [+a) [2+a) 20

Chuong trinh Ipsos cho ra két qua sau 2.01s.

Chuong trinh sosany cho ra két qua sau 3.12s.

Bai toan 5 Cho cdc sé thuc .y, z > 0. Chiing minh rdang:

Z< (z+2)(x+y) S 18

y+2)(3a?+4yz) ~ T(x+y+2)

Loi gidi. Ta c6 phan tich sau:

> (z+2)(z+y) 18 _

(y+2)B22 +4yz) T(x+y+=2)
1 1

126 100823y + 11912%y? + 1922
126ty 0 s g) TTE2 1 ays) > 008+ 1101y 4 10a%e
1

+%'

1
3 2(420222% + 254223 + 19y*) (z — y)*(x — 22)?

(x4+y+2)[][(x+y) - ]] (B2 + 4yz)

e
1 63
2.2 3 2 2
(x—i—y%—z)H(:I:‘—l-y)-]_[(?>31:'2+4yz)Zz(lgﬂj +420y°2" + 254y2°) (2 — y)*(y — 22)° 2
0

Chuong trinh Ipsos cho ra két qua sau Ss.

Chuong trinh sosany cho ra két qua sau 842.12s.

Trudc khi chuyén qua phan tiép theo ctia bai viét 1a phan tich k§ hon vé cach xt ly dang sau cac
dong bién ddi & trén, lidu ban c6 chiit 4n tugng gi v6i cic bai todn va 13i giai trinh bay & trén?
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Vé co ban ma néi thuit toan ctia SUI gom c6 5 budc co ban:

1. Buéc 1: Phong doan da thuc.

2. Buéc 2: Khai sinh tap bién.

3. Budc 3: Tao nhan t.

4. Bu6c 4: T6 hop nhéan tif va gin hé sb.
5. Budc 5: Gidi hé va dua ra két qua.

Khéc v6i thuat todn clia hsos von chi ap dung cho cic da thic dbi xing thuan nhét, thuit toan
SUI 4p dung cho mot da thic bat ki nén khong can diéu kién can va dd nhu hsos.

Dé cho dé hiéu ta sé& thao tc truc tiép trén mot bai todn cu thé, xét da thic:

Floy ) = (o =) + (g = 2 + (2 = )+ Syely — 2

Buéc 1: Day 1a mot da thifc bac 4 néu mudn phan tich bai toan nay vé dang tdng céc binh phuong
khong am ta c6 thé dé dang phong dodn dugc dang clia phan tich ma ta cin huéng dén c6 dang:

D Falaye2) + D (inlr,,2)) (kal2,y,2))°

Buéc 2: Khai sinh tap bién:
Nhu da thu dudc & budc 1, tong binh phuong cuia da thic nay 1a tich cta céc dai lugng bac mot
tao nén, cho nén tap bién clia ching ta s& don gian chi gdom:

L, Y,%

Budc 3: D& thiy dang thiic x4y ra khi va chi khi # = y = 2. Ta u6c lugng nhan ti ctia phép
phén tich c6 kha nang sé chita cac dai lugng sau:

r,Yy,z, ¥ =Y,y — 2,2~
Budc 4: T6 hop va tao cac nhan tii, vdi su trd gitp cia Maple ta c6 t6 hop sau day:

tOhOp = [x7y727_x7_ya_Za_2x+y7_2x+27_l’_ya_x—'—yv_x_z:x_y7x+yax_
z,x+ 2,20 —y,2x—z,2y+x, 2y+z2,—-y—2,—y+z2,y—2,y+z,2y —x,2y—z,—2z+
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r, =224y, z—x,22 —x,2z2 -y, 20 +y+z,—xr—-—y+z,—r+y—z,—cr+2y—z21—
Ytz x—y+z,xty—z20—y—z,—y+r—z,—y+2z—x,y—2z+z,y+z— x|
V6i vai dong code don gian Maple cho ta mot da thic duge tao nén tur tohop nhu sau:

M55((y+z—x))2(x+y)2+M56((y+z—x))2(x—z)2+M57((y+z—x))2(x+z)2
+ Mss((y+2 =) 2o =y + Mag((y+2—2))" @z —2)° +---

+M79((—y—|—x—z))g(—y—l—Qz—56)2+Mgo((—y+x—z))2(y—2z—|—x)2
+M81((—y+x—z))Q(y+z—x)2+-~~
+ Mio((y))* (=204 2)° + My () ) (—2 — p)°

Buéc 5: Bang viée giai hé trén va chon két qua phu hop ta dua ra duge két qua nhu sau:

S —9)' 4 ey =2 = gy =2+ + Sy — 2V 2r —y— 2+ 2y =) 20

Nhu cdc ban da thdy & trén da thiic dugc tao ra c6 (422 — 42)/2 = 861 phan ti khac nhau, néi
ndm na ta phai gidi mot hé c6 861 bién sd khac nhau. Mot con s khiing khiép, tuy nhién néi di
thi cling phéi néi lai, bién sb tuy nhiéu nhung chi Ia hé bic nhit thuan nhit - "mot manh dat" da
duoc khai thac triét dé.

St dung mot it kién thiic Toan hoc cd ban va tan dung 1oi thé s6 mot clia mdy tinh 1a kha niing
tinh to4n nhanh va chinh xdc, ta da c6 thé gidi quyét dudc mot bai todn kho, d6 1a phan tich mot
da thiic khong am trén trudng thuc vé cic dang tdng binh phuong khong Am.

Ngoai mdy tinh thi cdc phan mém todn hoc ciing déng vai tro cuc ki quan trong. K& tif sau khi
céc thé hé mdy tinh c4 nhan ra doi, rdi dén hé thng World Wide Web thi viéc ra ddi ctia bd phan
mém: Maple, Mathematica, Matlab va cac phan mém tinh todn tuong tu da anh hudng khong hé
nhd dén viéc hoc va 1am todn trén toan thé gidi. V6i thu vién cac ham todn hoc phong phi va
khong ngiing phat trién qua tiing nim, cic phan mém néi trén ngly cang hoan thién hon khong
chi ing dung trong todn hoc ma con 1a cdng cu dac luc cho cac nha khoa hoc thudc nhiéu linh
vuc khac nhau nhu vt ly, héa hoc, dién...

V6i chiing, ta c6 thé tiét kiém rat nhiéu thdi gian vi khong phai viét cac ham riéng cho minh nita
ma c6 thé 4p dung truc tiép thuat todn theo y ctia minh. TAt nhién, né vin doi hdi phai c6 mot

kién thic tuong dbi vé 14p trinh.

187



Tap chi Epsilon, S6 10, 08/2016

DU ¢6 toc dd tinh todn nhanh va chinh xac, tuy nhién néu "thuét toan" khong tdi vu van khong
thé tan dung ducc hét siic manh ctia mdy tinh. Mt khic, cdc phan mém todn hoc déu dudc phat
trién dua trén mot ngon ngit 14p trinh trung gian nhu Java, nén téc do thuc thi vin con cham.

Khi bai todn nay dudc giai quyét thi mot bai toan khdc lai ra doi, gio ta c6 thé viét duge mot da
thiic khong am trén trudng thuc vé cdc dang tong binh phuong, nhung 1am sao ta biét dudc liéu
da thic d6 c6 ludn duong trén trudng thuc d& ma viét? That may mén, bai toan nay da dudgc giai
quyét hoan toan bdi Wen-Tsun Wu va cic dong nghiép. Gido su Yang Lu va cdc dong nghiép
clia minh da dua trén "gii thuat" cia Wu va viét nén chuong trinh botterna2009” ciing 1a phan
mém hoat dong trén nén Maple. Tuy nhién do viét trén nén Maple cii chuong trinh khong tuong
thich trén cc phién ban Maple m&i hién nay do c6 su thay d6i vé cu phép 1ap trinh & cic phién
ban. Pén nim 2014 thi dugc chinh tic gia viét lai toan bd ma ngudn va hoat dong trén tat ca cac
phién ban ctia Maple®. Tuy nhién do khudn khé bai bdo c6 han, tic gia sé trinh bay vé chuong
trinh nay trong mot bai bao khac.

Mot trong nhitng han ché khac nita chinh 12 Bung nd t6 hop* nhu da thiy & trén mot da thifc bac
bdn ta da phai 1am viéc véi 861 bién tu do. Bai todn s6 5 ¢6 bac 9 ngdn clia mdy tinh tan 14p30
méi cho ra két qua. RO rang trong tuong lai ta cAn cai thién thuat toan nhiéu hon nita. Téng hop
céc khuyét diém & trén ta thiy chuong trinh c6 su cham tré dén tit ba ngudn khac nhau:

Do tré = Time(Thuat todn chua t6i vu) + Time(Ngon ngit trung gian) + Time(Bung nd t3 hop)

Néu khic phuc dudc nhitng 15i nay trong tuong lai chuong trinh sé hiéu qua va hoat dong nhanh
hon rét nhiéu.

Miit khac xuyén subt bai bao ta chi lam viéc v6i cac bit dang thiic dang da thic va phén thic,
chi c6 mot vi du dang cin, nhung ching ta da xi ly theo hudng binh phuong dé ph4 cin. Viéc
phat trién thuét todn cho bat dang thiic dang cin 1a vo cung phiic tap, tuy nhién trong tucng lai
s& c6 nhitng thuat todn cho vin dé nay.

Vi 1y do dd néu & trén nén tdc gia chua thé gi6i thiéu ma nguodn cia chuong trinh hsos. Thay
vao do, tac gia xin gidi thiéu ma ngudn clia chuong trinh ciing loai (ciing viét trén nén Maple)
do tic gia xay dung d€ giai quyét cac bai vé cac bat dang thiic da thic bac bdn ba bién:

3Phién ban Maple méi nhét cho dén khi bai bdo dugc viét 1a 2016.1
“Bung nd t6 hop 1a thuat ngit ding d€ mo ta su ting nhanh va dot bién clia mot ham sb do phai tinh todn hét
céc truong hop t6 hop khac nhau.
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print ("==================================================") ;

print ("proved");

print ("Chuong trinh duoc viet boi Nguyen Quoc Anh");

print ("Day la mot chuong trinh ma nguon mo. (Open source code.)");
print ("bdtilove@live.com");

print ("[[[[3.0]111");

print ("Copyright (C) 2013-2016");

print (" [xproved, yproved]");

print ("==================================================") ;

FHEH AR H AR H AR H AR
sgm:=proc (expr)
local rap,ex2,ex3,ex:
rap:={a=b,b=c,c=a}:
ex2:=subs (rap, expr) :
ex3:=subs (rap, ex2) :
ex:=expr+ex2+ex3:
RETURN (ex)
end:
FHASHH A A H AR H AR AR A A AR AR
pro:=proc (expr)
local rap,ex2,ex3,ex:
rap:={a=b,b=c,c=a}:
ex2:=subs (rap, expr) :
ex3:=subs (rap, ex2) :
ex:=expr*ex2*¥ex3:
RETURN (ex)
end:
S i o i
proved :=proc (ineq)
local exp,i,sj,ff,tt,£ffl,qg,f:
if whattype(ineqg)= ‘=" then print("This is not an inequality!")
else
g:=rhs (ineq) —lhs (ineq) : f:=convert (g, ‘+') :sj:=time () rexp:={}:tt:=0:
ffl:=unapply(f,a,b,c):

for i from 2 to nops ([op(expand (numer (f£)))]) do

if degree ([op (expand (numer (f)))][i]/subs (a=1,b=1,c=1,

[op (expand (numer (f)))1[1])) <>degree ([op (expand (numer (f))) ] [1]
/subs (a=1,b=1, c=1, [op (expand (numer (£)))]1[1])) then tt:=tt+l:fi:od:

if tt>0 then print ("ERROR, this polynomial is not
homonegeous!") :

elif tt=0 and nops(expand({ffl(a,b,c),ffl(a,c,b)
,ffl1(b,c,a),ffl(c,a,b),ffl(c,b,a),ffl(b,a,c)}))>2 then
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print ("ERROR, This form is not circle symmetric!")
elif tt=0 and
nops (expand ({ffl(a,b,c),ffl(b,c,a),ffl(c,a,b)}))=1 then if
type (f, symmfunc (a,b,c)) then print ("This is a symmetric
polynomial!") :checkl (ineq) :else print ("This is a cyclic
symmetric polynomial!") :check2 (ineq) :fi:fi:fi:
end:
S i i i i
solveOl:=proc (f£f1l)
local m,n,p,g9,99:
m:=coeff (subs({a=a,b=1,c=1},ffl),a"4);
n:=coeff (subs({a=a,b=1,c=0},£ffl),a"2);
p:=coeff (subs({a=a,b=1,c=0}, £ffl)
g:=coeff (subs({a=a,b=0,c=1},£ffl),a
if subs({a=a,b=a,c=a},ffl)=0 and 3*m* (m+n)-p*2-p*g-g*2>=0 and m>0
and p"2+p*g+g”2<>0 then
gg:=sgm( (3*m* (a”"2-b"2)+ (p—g) *a*b- (2*p+g) *b*c+ (p+2*g) *c*a) "2/ (18*m))
tsgm ((3*m* (m+n) -p"2-p*g-g”"2) * ((p-g) *a*b- (2*p+g) *b*c
+(pt2*g) *c*a) "2/ (18*m* (p"2+p*g+g"2))) :

else print ("Cant give a solution.") :fi;

14 a 4

/\3)
/\3)

14

end:
S i i i i
solve(O2:=proc (ff1l)
local k,1,0,ff7,ff6,Mm,1i, j,gg:
ff7:=sgm((k*a+l*b+o*c) "4);
Mm:=solve (subs (a=1,b=1, c=1,
{op(collect (f£f1-£f£f7, [a,b,c],distributed))}), {k,1,0});
gg:=remove (hastype, {Mm}, {And(complexcons, Not (realcons)),
specfunc (anything, RootOf) });
if gg<>{} then subs(ggl[l], ff7) else print("Cant give a
solution.") :fi
end:
S Rk
solve(03:=proc (ff2)

local ml,m2,m3,m4,m5,deg2,g,amud4, amu3b, amu3c, amul2bmu?, amu2bc, gg:

ml := simplify(coeff(subs({a = a, b =1, ¢ =1}, ff2), a™4));

m2 := simplify(coeff(subs({a = a, b =1, ¢ = 0}, ff2), a*2));

m3 := simplify(coeff(subs({a = a, b =1, ¢ = 0}, ff2), a*3));

m4 := simplify(coeff(subs({a = a, b =0, ¢ =1}, ff2), a*3));

mb5 := simplify(coeff(subs({a = a, b =1, ¢ =1}, £f2), a*2)-2*m2);
amu4d ::=(x"2+y"2+z"2);

amu3b :=2* (x*m+z*p+y*n);

amu3c :=2* (x*p+z*n+y*m) ;
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amu2bmu? = (2* x*y+2*yFz+2* 2 x+mN2+n"2+p"2) ;
amu2bc := 2* (x*n+m*pt+zFfmtnFpt+y*p+m*Fn) ;
g := sgm((x*a”2+y*b"2+z*c*2+m*a*b+n*b*c+tp*c*a) ~2);
deg2 := solve({x=1,amu2bc = m5, amu3b = m3, amu3c = m4, amud4 = ml,
amuZ2bmu?2 = m2}, {m, n, P, X, vV, 2Z});
gg:=remove (hastype, {deg2}, {And(complexcons, Not (realcons)),
specfunc (anything, RootOf) });
if gg<>{} then subs(ggl[l], g) else print ("Cant give a
solution.™) :fi:
end:
FHAFHH A H A A A A AR H RS H AR H A A AR F AR H
solve(04:=proc (ff)
local k,1,ff7,£f£5,Mm, gg:
ff7:=k* (sgm(a”2)-1l*sgm(a*b))"2;
Mm:=solve (subs (a=1,b=1,c=1,
{op(collect (ff-ff7, [a,b,c],distributed)) }), {k,1});
gg:=remove (hastype, {Mm}, {And(complexcons, Not (realcons)),
specfunc (anything, RootOf) });
if gg<>{} then subs(ggl[l], ff7) else print ("Cant give a
solution.") :fi:
end:
S o i i
checkl:=proc (ineq)
local ff1;
ffl:=convert (rhs(ineq)-lhs (ineq), ‘+%);
if solve (subs (b=1,c=1,ffl)>=0,a)=a and
solve (subs (b=0,c=0, ffl)>=0,a)=a then print ("This inequality is
true! Try to solving:
") :solveOl (£ffl),solve02 (ffl), solve03 (ffl), solve04 (££f1);
else print ("This inequality is false!"™) :fi:
end:
g ttdd s tdda it tdd i AR EE AL
check?2:=proc (ineq)
local m,r,p,q,s,ff2, ffl:
ffl:=convert (rhs (ineq)-1lhs (ineq), ‘+%);
m:=coeff (subs({a=a,b=1,c=1},ffl),a"4);
ff2:=expand (ffl1/m);
r:=coeff (subs ({a=a,b=1,c=0}, £ff2),a"2);
p:=—-coeff (subs({a=a,b=1,c=0},£f£f2),a"3);
g:=-coeff (subs({a=a,b=0,c=1},£f£f2),a"3);
s := simplify(coeff(subs({a = a, b =1, ¢ =1}, ff2), a”2)-2*r);
if s>=p+g-r-1 and s<=2* (r+l)+p+g-p"2-p*g-g*2 then print ("This
inequality is true! Try to solving:
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") :solveOl (ffl),solve02 (ffl), solve03 (ffl), solve04 (f£f1);
else print ("This inequality is false!"™) :fi:
end:

Cudi ciing tac gia xin gti 18i cAm on siu sic dén gido su SUI-Zhen Lin vi di cung cip thuat gidi
dé tac gia viét bai bdo nay. Cam on em Lé Hoang Long, THPT V6 Nguyén Giap, Quing Binh vi
da chinh sita Latex cho bai bdo nay. Cam on anh Hoang Ngoc Thé va anh Nguyén Ngoc Giang
cung cdc anh, em & Dién dan Todn hoc VMF da danh thdi gian doc va gép y cho bai bdo hoan
thién hon.

[1] Yang Lu, Recent advances in automated theorem proving on inequalities, Journal of
Computer Science and Technology, September 1999, Volume 14, Issue 5, pp 434-446.

[2] SHUI-Zhen Lin, Squares polynomial decomposition., Shengli Oilfield Advanced Training
College,Dongying,Shandong,257000,P.R.China

[3] http://diendantoanhoc.net/topic/157829-ch%E1%$BB%A9ng-minh-c%
C3%A1c-b%C4%91t-%C4%91a-th%E1%$BB%A9Cc—b%E1%BA%SADCc—4-ba-bi%E1l%
BA$BFNn-th%E1%BB%Blc—-tr%C3%AAN-m$C3%A1y-t%C3%ADnh

[4] Trang web http://mathlinks.ro.

192



Tap chi online ctia cng dong
nhtng nguoi yéu toan

gpsi lon

Tap chi Epsilon, S6 10, 08/2016

MOT VAI PIEM DAC BIET CUA PHONG TRAO
OLYMPIC TOAN CUA MY

Gary Antonick, ngudi dich Nguyén Vi Duy Linh

Trong gidi IMO, tif vai chuc nim nay, vi tri s6 1 ctia doi tuyén Trung Qudc tai cic ky IMO gan
nhu khong con phai ban cai. Tham chi c6 ngudi con néi nia dua, nia that “Néu Trung Qudc
dem theo 40 hoc sinh thi ho ciing dugc 40 huy chuong vang”. Vi vy, nhiing ndm nao ma Trung
Qudc khong xép thi nhit thi doi tuyén chiém vi tri ctia ho ludn c6 duge mot su quan tim dic
biét. Vi du nhu Bulgaria vao nim 2003, Nga vao nim 2007, Han Qudc vao nim 2012 hay My
vao nim 2015. Cac chuyén gia déu tim mot cach nao d6 dé giai thich két qua dot bién ctia doi da
soan ngdi Trung Qudc. Thé nhung, tai IMO 2016, khi doan My 1an thi hai lién tiép doat ngdi
quan quan tai IMO, ngudi ta bt diu phai suy nghi mot cich nghiém tiic: Dudng nhu ddi tuyén
My khong xép thi nhit do dot bién. Chiing ta cling theo doi cudc trd chuyén giita nha biao Gary
Antonick v6i TS Po-Shen-Loh, trudng doan My tai IMO 2015 va IMO 2016.

Hinh 1: Ddi tuyén IMO My: Ankan Bhattacharya, Allen Liu, Ashwin Sah, Michael Kural, Yuan Yao,
Junyao Peng, va huin luyén vién Po-Shen Loh - Anh ctia dai hoc Carnegie Mellon.

MY da gianh thing lgi tai ky thi Olympic Toan Hoc Quéc Té (IMO) lan thit 57, cudc tranh tai
gidi todn uy tin nhat thé gidi danh cho hoc sinh trung hoc.

Cudc thi dudc t8 chiic tif ngay 6 dén ngay 16 thang 7 tai Hong Kong, bao gom céc doan du thi
ctia hon 100 nuéc tham gia. Poan My gianh thang 16i v6i s6 diém 214 trén diém t6i da 1a 252
vugt qua Han Qudc (207) va Trung Qudc (204). Ba doan trén cung véi Singapore (196), Dai
Loan (175), Bac Triéu Tién (168), Lién bang Nga (165), Anh (165), Hong Kong (161) va Nhat
Ban (156) 12 mudi doan dan dau.

Chuc mung doan M§: Céc sinh vién Ankan Bhattacharya, Michael Kural, Allen Liu, Junyao
Peng, Ashwin Sah, and Yuan Yao, huin luyén vién trudng Po-Shen Loh, va huin luyén vién phé
Razvan Gelca.
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Tuan nay ching ta sé di€ém qua hai bai todn dic sac trong sd sau bai ctia nim nay. Cudc thao
luan cua chiing ta sé dudc dan dat bdi chinh Po-Shen Loh.

Day 1a hai bai toan — thit thach tuan nay ctia chiing ta.
Thach db thd nhét 1a Bai 2 ctia IMO 2016:

Tim tdt cd s6 nguyén duong n sao cho méi é ciia mét bdng n x n cé thé duoc dién bdang mot
trong ba chit cdi I, M va O theo cdch sau dady:

o Trén moi hang va moi cot, mét phdan ba cdc 6 la I, mot phan ba la M va mét phdn ba la O.

o Trén méi duong chéo, néu sé é trén duong chéo la bi sé ciia ba thi mot phdn ba la I, mot
phan ba la M va mét phdn ba la O.

Thit thach thit hai clia chiing ta khé mot chiit. DAy 13 phan binh luan cta tién si Loh:

Piém dic siac cia IMO nim nay la s6 lugng 16n cic bai toan khong chuin muc két hop nhiéu
1anh vuc ctia todn hoc vao trong cling mdt van dé. Bai toan khé nhit héa ra 1a bai s6 3, mot bai
két hop gilta dai s6, hinh hoc va ly thuyét s6. Vé bai nay, Hoa Ky dat dugc s6 diém tdng cong
cao nhét so v6i cac nuéc khac, gép phan quyét dinh trong chién thang cudi cung, hai lan lién
tiép doat ngodi quan quan (2015 va 2016), chAm diit 21 nim khong doat gidi nhat k€ tir 1an cubi
doat gidi nhét vao nim 1994. Va day 1a 1an dau tién doi tuyén My doat gidi nhat 2 nim lién tiép.

Chung ta hdy thii xem qua bai nay. Pay 1a bai s6 3 ctia IMO 2016:

Cho P = AyA, -+ Ay la mot da gidc 16i trén mqit phcfng. Cdc dinh Ay, A,, ..., A co toa do
nguyén va ndam trén mét duong tron.Goi S la dién tich ciia P. Binh phuwong do dai cdc canh clia
P chia hét cho n (n la mot s6 nguyén duong 16). Chitng minh rdang 28 la mot sé6 nguyén chia hét
cho n.

D6 1a cac thach thiic cho tuan nay. Néu mudn, ban c6 thé thif siic v6i bdn bai con lai clia cude
thi IMO niam nay. (D€ thi, 15i gidi va binh luan c6 thé xem & bai ciia Nguyén Tién Diing & sd
bdo nay, TS). D€ dat diém cao, ban phai tra 15i ding mdi cau hoi va dong thdi ching minh cau
tra 16i cua minh la dung.

Toi c6 may man hién dién tai Hong Kong tuan rdi nhan cudc thi IMO, va dudc gip huin luyén
vién doan My sau su kién nay. Sau ddy 1a trich dan tif cudc hoi thoai clia ching toi:

Gary Antonick (G.A): Chic miing chién thing clia anh. Anh c6 bt ngo khi gianh chién thing?

Po-Shen Loh (P-S.L): Chién thing 12 mot bat ngd va gi day né c6 nghia 12 Hoa Ky sé manh
hon trong tuong lai. Mot vai diéu thd vi da xay ra trong nim nay: Cac hoc sinh theo hoc chuong
trinh bdi dudng ctia My dudc danh gid kha ning gianh thing i tai cudc thi IMO. Panh gia ctia
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ho 12 40%. Dbi véi tdi, con s6 d6 rat 16n. Néu anh danh gia kha ning nay ba nim trudc day, anh
sé khong dudc con s phan trim cao dén nhu vay. C6 rit nhiéu d6i manh tai cic cudc thi nay.
Piéu ddng néi 12 chién thing nim ngodi da mang lai mot tac dong tu tin rat 16n.

Anh hoan tAt mot diéu gi d6 nhu thé nao khong chi 12 mot ham sb clia cai ma anh biét ma 1a anh
tham gia mot hoat dong manh mé nhu thé nao. Niam nay, doan My di thi v6i mot thdi do ndng
nhiét CHUNG TA SE LAM DPUOC PIEU PO. Hoa Ky da thing trudc d6, do d6 gianh chién
thang 1a diéu c6 thé.

Nim nay diing 14 nim tdi kién thiét cho Hoa Ky - ca b6n thanh vién ctia doan déu khong phai 1a
hoc sinh nim cudi ctia trudng — nhung ho van c6 thé chién thing.

Hinh 2: N6i chuyén véi huin luyén vién doan My Po-Shen Loh tai Hong Kong sau cudc thi Olympic
Toan Hoc Qubc Té 2016.

G.A: C6 vé nhu bai thi nim nay mang nhiéu tinh sang tao hon nhiing niim trudc. Theo anh cic
bai thi sang tao thé nao?

P-S.L: Cic bai thi nim nay — diic biét 1a bai s6 3 ma ching tdi chia sé & trén — két hop nhiéu
lanh vyc khac nhau mdt cich sang tao. Bt cii noi nao ma chiing ta c6 su két hdp, nhu la trong
nha bép, thi noi d6 c6 su sang tao.

G.A: DPoan My dudc chon loc va bdi dudng nhu thé nao?

P-S.L: Cic hoc sinh dudgc chon tif vai trim ngan hoc sinh thong qua mot chudi nhiing bai ki€ém
tra chon loc do Hiép Hoi Toan Hoc My (MAA), t6 chiic chinh thiic ciia My tham gia IMO, chiu
trach nhiém. Poi gdom sau hoc sinh dugc tap hop lai truée ky thi IMO dé€ dudc bdi dudng trong
ba tuan rudi tai dai hoc Carnegie Mellon, ciing do chinh MAA & chic.

Tham gia vao trai boi dudng 12 sau em thi nim nay ciing v6i nim muoi bdn hoc sinh khic c6
thé tham du vao cic nim sau. Nim nay, chiing ta ciing boi dudng nhitng hoc sinh quéc té - hoc
sinh trong cdc doan IMO clia cac qudc gia khdc. Ching ta tra chi phi mdy bay, khach san, in
udng va hoc hanh cho ho.

G.A: Xem nao, cic anh di boi dudng hoc sinh ctia cac doan IMO khac?

P-S.L: Musi trong s6 ho, bao gdm mot vai hoc sinh doat huy chuong vang. Chéng han nhu hai
trong s6 bén huy chuong vang ctia doi Singapore dudc boi dudng ciing v6i doan My. Mot trong
s6 ho binh luan ring mot trong s6 nhing ky thuit anh ta dung d€ giai cac bai thi nim nay 12 hoc
tir 16p bdi dudng. Thanh cong 16n 13 nim sau chiing tdi s& mdi 30 hoc sinh qudc té.
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G.A: Nhiing nudc khac c6 lam nhu vay khong?

P-S.L: Khong véi mifc d6 nhu vay. Diéu nay 12 khac thudng. Thi nhét, cho nhiing hoc sinh quéc
té vao hoc mang dén cho nhiing hoc sinh diing diu ctia My nhitng ngudi ban bang vai phai vé.
Ngudi ta ludn ludn néi véi anh ring — néu anh 12 ngudi tai ba nhét trong 16p hoc thi anh dang
hoc nham 16p. Nén chiing t6i mang dén nhitng ngudi ngang mic véi sdu em din dau.

Thi hai, khi nhiing hoc sinh dén dy thi IMO, ho sé khong bi sé¢ vé viin héa. Bét thinh linh anh
dap xudng va anh nhin chung quanh - lay chua t6i. D6 1a doan Han Quéc. D6 1a doan Trung
Qudc. D6 1a doan Singapore. Bon ho phai rit la lung.

Téi nhé lai khi tdi tham du IMO, d6 chinh 1a cdm gidc ma toi da trdi qua. Nhung néu anh boi
dudng chung vé6i nhau, anh s& c6 cai kinh nghiém quéc té d6 ba tuan rudi.

G.A: Ai da nghi ra céi y tudng boi dudng nhiéu thanh vién ctia nhiéu doan khac nhau?
P-S.L: Y tudng ctia toi. Toi nghi ra mot vai diéu kha ky la.
G.A: Viéc boi dudng thi IMO trong nhu thé nao?

P-S.L: Chiing t6i c6 16p toan tif 8 : 30 sang dén 3 : 00 chiéu, tinh ludn gid in trua. Sau d6 chiing
toi ¢6 seminar vao lic 7 : 30 PM khoang mot gid.

Cit cach mot ngay, ching toi lai 1am viéc dén 6 : 00 vi chiing t6i c6 mot bai kiém tra.

Pay 12 mot video vé khéa bdi dudng nay: An Inside Look at the MAA’s Mathematical Olympiad
Summer Program.

Tai su kién ma chiing t6i t6 chiic — d6 1a mot bau khong khi khac han. Anh & d6 khong phai dé
d4nh mot ai d6. C4c anh chi 1am viéc véi nhau trong 3 tuan rudi.

G.A: Chuong trinh bdi dudng ctia doan My khdc véi nhitng chuong trinh khac nhu thé nao?

P-S.L: Chuong trinh bdi dudng ctia doan My khong chi trong dén nhiing k¥ thuat. Piéu that
st 1am vai ngudi lo lang 1a — néu ban dén vé6i chuong trinh bdi dudng ciia doan My, ban c6 thé
khong dugc huin luyén day du.

G.A: Diéu gi tich biét giita nhiing em gidi nhat ctia IMO so vdi nhitng em con lai?

P-S.L: To6i khong mudn néi d6 1a di truyén. Rat nhiéu ngudi néi rang anh phai sinh ra véi mot
cai gi do6 rat dic biét. Trong mot lic nao d6, ban c6 thé thdy mot diéu gi nhu vdy. Nhung moi
ngudi cin ban ma néi déu nhu nhau.

Pay 1a mét vi du. Gia st toi bao ban nhé cau sau day: First of all, what is gravity?

Bay gio, v6i cau tiép theo. Ban c6 thé nhd va viét lai y chang nhu viy? Khong thé dugc.

FATHS, FETFHAE ?
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Nhung diéu nay khong c6 gi 1a khong thé dudc. Tat cd moi ngudi & Bangladesh c6 thé 1am dudc.
Diéu ma t6i mudn néi 1a — ban c6 vai khai niém trong bd éc ctia ban goi 1a chif cdi va tir. Khi
ban nhin & phién ban Anh vin cta cau héi nay vé hap din, bo nido ctia ban khong nhd nhiing
dudng ngoan ngoéo & dau. Bo ndo clia ban da sin sang v6i cdc khdi niém va sau d6 nén thong
tin lai. P6i véi ban, khong c6 van dé gi dang ké.

Vay thi dau 1a chd khdc biét gilta nhiing em giéi nhit v nhiing em con lai? Néu ban xem lai
toan hoc — néu ban xay dung cAu tric khai niém, khi ban ly gidi vin dé, ban dang ly luan véi
nhiing khdi niém 16n. Ban 1am viéc v6i nhitng khai niém 16n va sap dit ching véi nhau.

D6 khong phéi 1a diéu ky diéu. D6 1a liéu bo ndo ctia anh phan chia ban d6 khai niém, va anh ¢
thé 1am viéc vé6i toan bd cac khdi niém nhu nhitng d6i s6 nguyén thiy nhu thé 4p dit 1am viéce
véi tung chit cai nho bé trong tiing luc.

G.A: Cam on anh, Po.

D€ gi6i thiéu nhitng khdi niém cta ky thi IMO nim nay, Huin Luyén Vién Qudc Gia Po-Shen
Loh nhan manh mot vai cAu db vui ctia anh tudn nay trén Expii, xem tai day.

Quan tam dén ky thi Olympic To4n nim sau? Mbi tuan, Po-Shen Loh cho ding nim cau hoi trén
Expii, v6i miic do tir dé t6i khé. Cong tic v6i bo phim gan day The Man Who Knew Infinity vé
thién tai toan hoc Srinivasa Ramanujan, ngudi da vu¢t qua tinh 1ap di khong thé ngd dudc dé
thay ddi tuong lai clia toan hoc, ho da lung suc thé gidi tim kiém nhiing tai ning todn hoc chua
dugc phat hién, trong Spirit of Ramanujan Talent Search.

Tuan nay nhu vay dén day 12 hét. Nhu thuong 1&, mot khi ban c6 thé doc binh luin cho nhiing bai
ding nay, hay st dung Gary Hewitt’s Enhancer dé xem cong thic va hinh 4nh mot cach diing
din nhat va gdi dén céc cAu db ctia ban dén: gary.antonick@NY Times.com.

Xem binh luin ctia ddc gia vao thif sau vé 16i giai va tém tit ciia Po-Shen Loh.

197



psilon

Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 10, 08/2016

BINH LUAN PE THI OLYMPIC TOAN QUOC TE
(IMO) 2016

Nguyén Tién Diing
(Pai hoc Toulouse, Phap)

Dé thi ngay thi nhit c6 3 bai: Bai 1 1 hinh phang, bai 2 dang t hdp va bai 3 1a hinh t& hop.
Nhu vay trong mot ngay ma c6 dén 2 bai lién quan dén t§ hop, 1a ki€u toan “viia dé vita kho”
khong can kién thiic gi nhiéu, nhung can nhan dinh va tim chién ludc gidi cho tot.

Bai 1 dudc danh gid 1a tuong d6i dé, néi chung hoc sinh nao ctia Viét Nam ciing phai gidi dudc.

Bai toan 1. Cho tam gidc BCF vuong tai B. Goi A la diém ndm trén duong thing CF sao
cho FA = FB va F ndam giitta A va C. Ldy diém D sao cho DA = DC va AC la phdn gidc
ciia ZDAB. Ldy diém E sao cho EA = ED va AD la phdn gidc ciia Z/EAC. Goi M la trung
diém cua CF. Goi X la diém sao cho AMXE la hinh binh hanh (AM//EX va AE//MX).
Chiing minh rdng cdc duong thing BD, FX va ME dong qui.

L5i gidi. D& thiy E, D, X thing hang va /CDA = 180° — 2, /CBA = 90° + a suy ra D Ia
tam noi tiép tam giac ABC.
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Do dé
DB =DC = DA = /DBF = /DFA=o0a = D € (BCF) = ZCDF = 90°.

Suyra ZDFA = 90° + a ma ZDEA = 180° — 2« nén E 1a tAm noi tiép tam gidc DFA. Do
d6 E + EA nén tam gidc EFA can tai E suyra /ZEFA = /EAF = 20 = CFB. Cho nén ba
diém B, E, F thing hang. Tit d6 dé dang chiing minh dugc BM E A 1 hinh thang can, suy ra
EB = MA+ EX va

FB=FA=MA—-MF =EX—-MB=EX—-FEA=EX—-ED =DX
két hop v6i MB = EA = M X ta suy ra diéu phdi ching minh. [

Bai toan 2. Cho mot bdng 6 vuéng n x n. Nguoi ta mudn dién cdc chit cdi I, M, O vao cdc
6 cia bdng (mdi 6 mét chit cdi) sao cho trong méi hang, méi cot thi sé luong ciia moi chit cdi
diing bdng % tong so, va trong moi duong chéo co do dai chia hét cho 3 thi ciing nhuw vdy. Hoi
Vvdi nhitng sé n nao thi cé thé lam dugc viéc do?

(Puong chéo hiéu theo nghia nhw nhitng duong chéo ciia ban co).

Bai nay 15i giai khong dai, nhung tim dudc 15i gidi khong dé 1am. Nhan xét hién nhién dau tién
1a n phai chia hét cho 3, thi méi ¢6 3 ciia n 1a s6 nguyén. Ngoai ra con nhitng diéu kién gi?
Thit xét trudng hop don gian nhit n = 3 thiy khong thé dudc.

Trudng hop n = 6 thi sao? Sau khi thit xép nhiéu 1an khong dudgc, thi ta dua ra gia thuyét 1a
n = 6 khong dudc va sé thi ching minh.

Trudng hop n = 9 thi sao? Khi d6 n chia hét cho 9. Va c6 thé xép dudc, tham chi chiing minh
dudc 1a véi moi s6 n = 9k chia hét cho 9 déu xép duoc.

Mot cach xép nhu sau: Thay vi viét I, M, O tasé viét 0, 1, —1 (modulo 3) cho tién. P4nh sb cac
o bang cip s6 (i, j) dé chi hang i, cot j (i, j ditir 1 dén n).

S6viét 60 (i, j) lasd [£] + j modulo 3 (6 ddy [x] Ia ky hiéu chi phan nguyén).

Quay lai céc trudng hop n chia hét cho 3 nhung khong chia hét cho 9. Mubn chiing minh ring
khong thé xép duoc.

Tuong ty nhu trudng hop n chia hét cho 9, ta mudn dung dong du theo 3 d€ chiing minh. Ky
hi€u cac chti thanh 0, 1, —1 nhu luc nay.

Gia st xép dudc, thé thi tong tat ca cac s6 bang 0 (thuc su bang 0, chid khong chi dong du vé6i 0

~ s P Y S PP s A . . LR A n\2
modulo 3). Bay gio chq y tat ca cac 6 véi chi s0 co dang (35 + 2,3j 4+ 2). C6 tong cdng (3)
cac 0 nhu vay, va con so nay la mot so nguyén khong chia hét cho 3.

Qua bét ky mot 6 nao khdc thi ¢ ding 1 dudng hoic 1a chéo véi d6 dai chia hét cho 3 hoic 1a
ngang hoic 12 doc ma sé di qua mot trong céc 6 trén. Tong cic s trén cac dudng do, c6 tinh ca
lip bang 0 (trén mdi dudng déu biang 0) dong thdi né bang tong tit ca cc sb clia bang vudng
cong thém 3 1an tSng tit ca cdc s6 trén cic 6 dugc danh diu phia trén. Suy ra tdng cac sb trén
cac 6 dudc danh dau bang 0.

199



Tap chi Epsilon, S6 10, 08/2016

Cho dén day thi moi thd OK. Nhung mau thuin nim & chd nay: Bay git chd nao ghi 0 thi thay
bang 1, chd nao ghi 1 thi thay biang —1, chd nao ghi —1 thi thay bing 0 (hodn vi tuin hoan). Khi
d6 bang mdi van thda mian cic diéu kién néu ra, va nhu vay tdng cic s6 clia cdc & dudc danh
déu trén bang mdi ciing phai bang 0.

Miit khdc, khi 1am nhu vy thi méi s6 dugc thay di +1 modulo 3, va nhu vdy téng theo modulo
3 phai thanh (%)2 modulo 3, va khic 0. Mau thuin nay cho thiy khong ton tai cach xép khi n
khong chia hét cho 9.

Bai todn 3. Cho da gidc 16i noi tiép duong tron vdi cdc dinh déu la diém nguyén va do dai binh
phuong clia cdc canh déu chia hét cho mot sé tu nhién 1é N nao do. Chitng minh rang 2 ldn
dién tich ciia da gidc ciing chia hét cho N.

Bai nay dudc coi 1a khé nhit clia ngay 1. Thuc ra 16i gidi cling khong dai néu tim dugc ding
huéng (vé nguyén tac chung, khong cé bai thi nao doi héi 16i giai qua dai, vi néu qué dai thi hoc
sinh khong lam néi trong thdi gian thi).

Dé gidi, dau tién 1am trudng hop tam gidc. Trong trudng hop nay cé thé chiing minh truc tiép
bing cdch van dung mot cong thiic nao d6 dé tinh dién tich tam giac khi biét toa do cach dinh
(diéu kién noi tiép dudng tron 12 tu thdéa man va khong c6 tac dung gi ddi véi tam giac).

Trudng hop da gidc: Tim cach quy vé trudng hop tam gidc bang quy nap. Tidc 1 tim céach chia
da gidc thanh nhiéu tam gic, va 1am sao van dung dudc diéu kién ndi tiép.

C6 15i gidi rit hay va ngin gon ctia Pham Ngoc Mai nhu sau

Vé6in =3tacd
1652 = 2(a?b? + b*c* + c%a®) —a* — b* — c*.

Tt binh phuong cia a, b, ¢ déu chia hét cho n ta suy ra 1652 i n cho nén 2S :n (25 nguyén).
Xét k > 4. RO rang ta chi cAn xét trudng hop n = p™ (m > 1) v6i p 1a mot sd nguyén t6 18.
Ta chiing minh khang dinh sau: “Ton tai mét duong chéo cé binh phiong chia hét cho p.”

Lay dudng chéo e chia da gidc da cho thanh hai da gidc c6 vo s6 canh nho hon k. Goi a, b 1 hai
canh lién tiép tai ddu miit ctia e (xem hinh vé)
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Theo dinh ly Ptolemy, ta c6

ey

— 2q? — b242 2
)

2 12
ac+bd = ef = (abcd)* = (e /

Tit cach chon e nén ta c6 ¢2, d? déu chia hét cho p® do d6 vé tréi ctia (1) chia hét cho p?m+2%,
Suy ra e? 2 — c2a® — b%d? chia hét cho p™*®. Theo gia thiét ta c6 a2, b? chia hét cho p™.
Vi viy ta nhan dudc e? £2 chia hét cho p™*. Suy ra f2 chia hét cho p™. Nhu vy khang dinh
dugc chiing minh.

Ap dung ménh dé nay bing cach sit dung phucng phap quy nap theo s6 canh k ciia da gidc ta
dé dang suy ra két luan ctia bai todn.

Bai toan 4. Ddt P(n) = n? + n + 1. Tim s6 tw nhién b > 1 nhé nhdt sao cho toén tai day so
lién tiép vdi b phan tit P(a + 1), P(a +2), ..., P(a + b) (a la s6 tu nhién) sao cho bdt ky sé
nao trong ddy do ciing cé mét udc sé chung khdc 1 véi mot sé khdc trong day.

Loi gidi. Loi gidi bai nay thudc loai “bd clii”, tuong ddi d& nhung c6 kha nhiéu trudng hop can
phai xét.
Trudc hét, d€ y rang v6i moi n thi P(n) 1as6 18, va P(n) va P(n + 1) nguyén td cung nhau

gedm®> +n+1,n+ D>+ +1)+1)=gcdn®>+n+1,2n+2)
=ged(n*+n+1,n+1)
=ged(n®,n+1)=1.
Tir d6 suy ra b khong thé bang 2, b ciing khong thé bang 3, vi néu day 3 sb thi sb & giita sé
nguyén t cung nhau vé6i 2 sb con lai. Vay b = 4 dudc khong?
Néu b = 4 thi sb thi 3 phai c6 uéc chung khéc 1 vé6i s6 thi 1, sd thit 2 phéi ¢ udc chung khic
1 véi s6 thid 4. Nhu vay can xét gcd(P (n), P(n + 2)). Lam tuong tu nhu trén thi tinh ra (thuét
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toan Euclid) udc chung 16n nhit 12 1 hodic 7, va 1a 7 khi va chi khi n dong du vé6i 2 modulo 7.
Nhung khong thé cd a + 1 va a + 3 déu dong du v6i 7 modulo 7, nén b = 4 ciing khong dudc.

DPé xem b = 5 c6 dugc khong, phai xét dén gcd(P(n), P(n + 3)) n6 khac 0 khi va chi khi n
dong du 1 modulo 3. Tir d6, lam tuong tu nhu trén, suy ra ciing khong dudc.

DPén b = 6 thi dugc. Khi d6 a s& phai thdéa man cac diéu kién sau:

e a + 1 dong du v6i 1 modulo 3 (dé€ cho P(a + 1), P(a + 4) déu chia hét cho 3).
e a + 2 dong du v6i 7 modulo 19 (d€ cho P(a + 2) va P(a + 6) déu chia hét cho 19).

e a + 3 dong du v6i 2 modulo 7 (d€ cho P(a + 3) va P(a + 5) déu chia hét cho 7).

Theo dinh ly thing du thi ton tai @ nhu viy. [
Bai toan 5. Cho dong nhdt thitc
x—Dx—=2)---(x—2016) = (x = 1)(x —2)--- (x — 2016).

Xoa di N nhdn tit bdc nhdt tir hai bén ciia dong nhdt thitc nay, dé sao cho méi bén con it nhdt 1
nhdn t, va duoc mot phuong trinh khéng coé nghiém thuc. Hoi sé6 N nhé nhdt dé’lam duoc nhu
vay la bao nhiéu?

Li gidi. DEé thiy 1a N > 2016, vi néu chang han d€ lai x — 1 & bén trai thi phai x6a né di & bén
phéi, néu khong sé c6 nghiém x = 1.

Phin khé hon 1a chiing minh ring chi can x6a diing 2016 nhan ti 1a dd. C4ch x6a c6 vé khong
duy nhét. Mot cich x6a d€ lai hai bén P(x) va Q(x) nhu sau

Px)=(x-2)(x=3)(x—6)(x —7)---(x —2014)(x — 2015),
Ox)=(x—-Dx—4)(x -5 (x—8)---(x —2013)(x — 2016).
C6 thé chitng minh P(x) > Q(x) v6i moi sd thuc x.

That vay, trudng hop P(x) > 0 va Q(x) < 0 (vi du nhu 3 < x < 4) thi hién nhién P(x) >
Q(x). Trong trudng hop ma P(x) va Q(x) déu duong (vi du nhu 1a 4 < x < 5), thi ta ¢6 cic
bét dang thiic

x—2)x=3)>x—-1)(x—4)>0,

x—6)(x—=7)>x-=5(x—-8 >0,

Nhan vao véi nhau ta duge P(x) > Q(x).
Trudng hop ma cd P(x) va Q(x) déu am, vi du 2 < x < 3, khi d6 nhém lai theo ki€u khac
(x—4)(x—=5>(x—-3)(x—06) >0,

x=8)x—=9)>(x—-T7)(x—10) > 0,
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(x —2012)(x — 2013) > (x — 2011)(x — 2014) > 0,
(x —1)(2016 — x) > (x —2)(2015 —x) > 0.

Nhan vao v6i nhau ta dugec —Q(x) > —P(x), tic la P(x) > Q(x) (khong cé trudng hdp nao
ma P(x) < 0 < Q(x) vi cac “doan 4m” ctia P (x) nam tron trong cac “doan 4m” ctia Q(x)).

Xin moi tht ki€m tra véi hai da thifc khac
P(x) = (x —506)(x —507)(x —508)--- (x —5113),
Q(x) = tich cua cac nhan ti con lai.

Bai nay thudc dién “khé vira phai”, nhiéu ban gidi dudc. O

Bai todn con éch (bai sb 6) dugc coi 1a bai khé nhit clia ngay thit hai, va 12 bai “chém” ddi tuyén
Viét Nam. Néu nhu phan 16n cdc ban trong doan giai dugc hai bai s6 4 va sb 5, thi bai s6 6
khong ban nao gidi dugc: Chi c6 mot ban dudc 3 diém trén 7, va cic ban con lai déu 0 diém.

Bai todn 6. C6 N doan thdng cdt nhau ting doi mot trén mdt phdng sao cho khéng cé 3 doan
nao dong quy. Nhu vy trén méi doan c6 N — 1 diém niit cdt va hai nit dau dudi. Thay Minh
(Nguyén Khdc Minh) choi tro sau: Bdt N con éch vao N ddu ciia N doan thdng dé (méi doan
1 con). Roi thdy vé tay N ldn. Cit méi lan thdy vé tay thi con éch nhdy tir mét niit dén niit tiép
theo trén doan thdng ciia né (theo huéng cé dinh tir ddu ddt éch dén dau kia). Chitng minh ring

i) Néu N 1€ thi luén co thé ddt éch sao cho khi nhdy nhuw vay, khéng cé lan nao ma 2 con
éch déu nhdy cung vao 1 niit.

ii) Néu N chdn thi ddt éch kiéu gi ciing c6 liic hai con éch nhdy cing vao 1 niit & mét lan vé
tay nao do.

Bai nay kho6 & chd né la, va hoc sinh clia ta chi gidi gidi cdc bai thudc nhiing dang quen thudc
da “cay di bua lai” con gip bai la n6i chung 1a ngo ngac khong biét phai lam thé nao. Néu c6
dudc chién lugc tot d&€ dbi mic véi cac bai toan la nhu bai nay, thi chiing sé khong con phic tap
qué nita (néu qua phiic tap ngudi ta da khong chon lam bai thi). Loi gii thuc ra ciing kha ngan
gon, tham chi ¢6 khi con ngin hon nhiing bai khéc ctia dé thi. Mot 15i giai nhu sau:

L&i gidi. Gom c6 4 buéc:

Budc 1: LAy 1 vong tron di to dé chia tit ca cac diém cat nhau ctia cic doan thang bén trong.
Kéo dai cac doan thing sao cho cic di€ém diu dudi ctia ching nam trén vong tron. Sau khi lam
thé ta c6 thé danh sb thi tu cac di€ém diu dudi nay theo vong tron (chang han theo chiéu kim
dong hd): Ta danh sb ky hiéu ching tit A; dén A,y . DE thiy 1a cic diém A; va Ay, 14 cling
thudc vé mot doan thang véi moi i (didu nay suy ra tif tinh chét cac doan thang déu cat nhau).

Budc 2: Quan st rang néu éch dit & A; va A;4; (hai diém sat nhau trén vong tron) thi thé nao
chiing ciing cung dau nhau sau mot s6 budc nhay, vi so niit tinh tif hai dau d6 dén giao diém cuia
hai duong thif i va thi i 4 1 13 bang nhau. Pay 1a quan sit then chét ctia bai toan.
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Budc 3: Gia st ta mudn xép éch sao cho ching khong bi nhay vao nhau va khong mét tinh téng
quat, gia stra con déu tién xép & A;. Khi d6 khong dudc xép & A,, suy ra phai xép & A, cho
duong thi 2, suy ra khong dudc xép & A, 3, suy ra phii xép & A3 cho dudng thu 3. Tiic 1a ct
phéi xép cich mot diém 1 — 3 — 5 — ---

Néu N =2k lasbchinthil -3 —5— ... — 2k + 1 = N + 1, tic la thanh ra xép 2 con
& 2 dau doan thing thd nhit, vo ly. Suy ra 12 khong thé xép éch sao cho ching khong nhay vao
nhau trong truong hgp nay.

Budc 4: N = 2k + 118 thi sao? C6 mbi 1 cach xép nhu trén
1,3,....2k+1=N,N+2,N+2,..., N+2k =2N —1.

Can chiing minh ring cich nay OK. D& chiing minh, ta ding tinh chin 1é. D€ ¥ ring s6 diém
dau - dudi giita hai con éch bat ky theo cich xép nay 12 mot s6 18. Tir d6 suy ra néu sb budc di tir
mdt con éch dén mot nit nao d6 12 sb chan thi sd bude di tir con éch & dudng con lai dén nit d6
1a s6 18 va ngudc lai. Do d6 ching khong thé nao nhay dén nit cit tai cing mot thdi diém. [

Nhan xét. Lam sao tim dugc 16i giai?

Can c6 nhiing chién luge chung d€ 4p dung véi nhiing bai todn la nhu thé nay, gdm nhiing budc nhu:

e Tao ra cdi gi d6 d€ ma bAu viu vao (nhu trong budc 1, xép thif tu cdc dudng dé€ ma biu viu vao thi
tu d6, phan tich trd nén dé hon).

e Xét cdc trudng hop riéng don gian dé tim quy luat chung (xét véi 3, 4,5, 6 con).

e Tao ra cic gia thuyét trung gian va tim cach chiing minh céc gia thuyét d6. Vi du, dé chiing minh
c6 thé xép dugc éch khi N 18, tao gia thuyét vé chin - 18, tic 1a xép sao cho tinh chin 1é ctia hai con
dén 1 dau muit 12 khac nhau. Gia thuyét nay thuc ra c6 thé ching minh truc tiép dugc ma khong
can dén budc 2 quan sét phia trén.

C6 mot gia thuyét khic ciing kha thi vi (d€ chiing minh 1a khi N chin thi khong xép dudc): Ton
tai mot diém miit ma sé budc tir d6 dén ci 4 diém dau dudi ctia 2 doan cit tai n6 déu bang %
Néu gia thuyét nay ding, thi c6 nghia la sau % budc sé c6 2 con dung dau. Rét tiéc 1a gia thuyét
nay thuc ra khong ding, c6 phan vi du khi N = 6. B&i vay khi c6 céc gia thuyét, thi ciing can thir
ki€m tra (v6i N nhd) xem c6 diing khong néu khong ching minh dude cho N tdng quat.

e Quan sit d€ tim quy luat. Nhu 13 bude 2 phia trén 13 mot buée méau chét, 1am cho bai toan trd nén
don gian han.

-

e Quy nap ddi véi cac bai t6 hop trong d6 c6 “N” ty y. Trong bai toan con éch nay, néu quy nap
theo s6 doan thang, bang cich mdi lan bd bét di 1 hay 2 doan, thi rit khé khin, vi céc s6 budc
nhay dén tir diém dau duoi dén diém muit thay ddi kha phic tap mdi khi thém 1 doan. Tuy nhién
cdc diéu néu trong budc 2 va bude 3 phia trén, dé viét ra mot cach ti mi, thi déu c6 thé viét bang
quy nap.
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BAI TOAN HAY LOI GIAI BEP

Tran Nam Diing
(Pai hoc Khoa hoc Tu nhién - PHQG TP.HCM)

GIOI THIEU

Chuyén muc nay dudc 14y cdm hiing tir bai viét ctia thay Nguyén Duy Lién vé bai todn sd
6 trong ky thi IMO 2001 v6i 5 cach giai khac nhau. Muc nay sé d€ danh viét vé nhiing
bai toan hay, 16i giai dep va nhitng cau chuyén thu vi xung quanh nhiing bai toan va 16i
giai do.

Tén ctia chuyén muc dugc mugn ti té€n cia mot nhdm nhitng ngudi yéu toan trén Facebook
do anh Nguyén Vin Ldi sang 1ap “Bai todn hay — Loi gidi dep — Pam mé todn hoc”.
Chuyén muc ghi nhan cc dé cl ctia ban doc va sé chon ding méi ky 1, 2 bai todn.

S6 nay ching t6i gidi thiéu budi tro chuyén ctia TS Tran Nam Diing tai Trai he Phuong
Nam nim 2016 nhan mot bai toan kha dé ctia ky thi nay, bai sb 1.

Bai toan 1 (Olympic Trai he Phuong Nam 2016). Gidi phuong trinh

13(1 — 2x? 9(1 + 2x?
(1-2¢) | 901+2) _

Ao | JTie o

Bai todn nay rt don gian, vi nhin k¥, n6 chi 12 mot phuong trinh bic ba ctia x2, va phuong trinh
d6 lai c6 nghiém dic biét. Nhiéu ban hoc sinh da gidi dudc bai nay, va diy 1 15i gidi ma dai da
s6 hoc sinh da tim ra:

Diéu kién |x| < 1. Ta thuc hién bién d6i tuong duong

132x2—1) 901 + 2x?) - 2x2—120
V1 —x2 1+ x2 169(2X2 _ 1)2(1 + x2) — 81(1 + 2X2)2(1 . X2)

242 —1>0 2x2—1>0
= =4
1000x6 — 750x2 + 88 = 0 2(5x2 — 4)(100x* + 80x2 — 11) = 0

Ta thiy trong diéu kién 2x2 — 1 > 0 thi 100x* 4+ 80x% — 11 > 0 nén tir day suy ra phai c6

2 _ P N _ 2 1
5x —4-0,tdc1ax—:|:ﬁ.

'Khi dugc gi6i thiéu bai nay, ban Vo Qudc Ba Can ciing c6 dé xuit thém 16i gidi sau day:
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Cau chuyén c6 1& da ding lai vi cling khong c6 gi d€ binh luan. Mot phuong trinh vo ty binh
thudng dudc giai bang mot phuong phap binh thudng khong cé gi dic biét. Thé nhung tdi (Tran
Nam Diing) dat cau hoi.

“Bai todn dudc gidi xong roi. Nhung bay gio méi 1a cau hoi khé: Bai todn nay lién quan dén mot
bai toan quen thudc nao?”

Do cdc em hoc sinh khong doan dudc (qua khé dé doan), tdi da goi y: D6 1a bai toan bat dang
thidc trong dé thi Olympic 30/4 nam 1996, khéi 16p 10.

Bai toan 2 (Olympic 30/4, 1996, khbi 16p 10). Cho 0 < x < 1. Chiing minh réing

x<13«/1—x2—|—9\/1+x2) < 16. )

Toi dit cau hoi: “Biét 12 lién quan rdi d6, nhung lién quan thé nao?”

Sau vai gidy, mot ban hoc sinh tra 15i “Da thua thay, néu goi vé trai clia bat dang thic 1a f(x)
thi phuong trinh f’(x) = 0 chinh la phuong trinh & bai toan cta ching ta a”.

Diing 12 nhu vay. D& chitng minh (2), ta chi can chiing minh gi4 tri 16n nhit cia ham s & vé tréi
bing 16. Néu biét dao ham, diéu nay sé quy vé viéc gidi phuong trinh f'(x) = 0 rdi xét diu
f'(x) d€ tim cuc tiéu. So dd giai quen thudc niy néu lén y nghia quan trong clia dao ham va
cling giai thich cdc phuong trinh xuAt hién tir diu va vi sao ta phai hoc giai phuong trinh.

Toi lai dit tiép cau hdi “Giai bang dao ham thi don gian rdi, nhung déy 12 bai toan cho khéi 16p
10. Vay 1am sao cé4c ban 4y giai dudc. Tai sao BTC lai chon bai toan nay? Toi xin bat mi cho cac
ban 12 bai todn dudgc chon do 16i giai chi c6 1 dong, va khong can dung dén dao ham. Cac ban
da biét diém roi tai x = %, cac ban ¢6 thé phuc dung lai 16i giai 1 dong cta dap an khong?”.

Sau vai phiit, c6 mot ban hoc sinh da 1én trinh bay 16i giai sau: Theo bét dang thic AM-GM,
13 13, )
1BeVT—x? = = (x - 2vT=27) < —[* + 401 - x7)
3 3
9x\/1+x2=§(3x-2 1+x2)<1[9x2+4(1+x2)]

Cong tac bat dang thifc trén lai, ta c¢6 diéu phai chiing minh. DAu bang xay ra khi va chi khi

x>0, x2 =4(1 —x?) va9x? = 4(1 + x?) tiic 1a khi x = %

Ta bién d6i phuong trinh vé dang

13(2x2—1)_9 1—x2<:>131 2 _9/ 2 :
2x2+1 1+ x2 1+2x2) 1+x2

2

Dén day, chi cin d€ y rang vé trdi 1a ham lién tuc va ting theo an x2, con vé phai 12 ham lién tuc va giam theo x2,

ta ching minh dugc x? phai bing %.
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Toi néi rang d6 chinh 12 161 gidi ciia ddp 4n, chi khac 1a dap 4n viét gdp lai nén chiing minh
chinh chi ¢6 mot dong!

Co6 1€ vi loi giai ngfin gon d6 ma bai toan di dudc chon, lai dugc xép vao vi tri bai toan. .. dé.
Su that dién ra cho thy d6 12 mot nhan dinh sai 1am: chi c6 duy nhat mot thi sinh ctia ky thi giai

dudc bai nay, d6 1a em Vi Puc Phi. Em da giai biang bat dang thitic Cauchy-Schwarz.

Loi giai d6 nhu sau: Ta c6

(13¢1 —x2+9V1+ x2)2 < (13+27) [13(1 — x%) + 3(1 + x*)] = 80(8 — 5x?).

Tur d6 suy ra

2
x? (13«/1 —xX24+9V1+ x2) < 80x%(8 — 5x?) < 4(5x% + 8 — 5x?)% = 256.
LAy ciin bac hai hai vé, ta dé c6 diéu phai chiing minh.

Trong khi d6 3 hoc tro cung cla toi 1a L& Quang Nam, Nguyén Lé Luc, Luu Minh Duc da bo
tay. Nam con néi “Em da thit dung dao ham ma ciing khong dugc”. Chic cau Ay tinh sai, chd
néu tinh ding s& din dén phuong trinh (1) va da gidi dudc roi.

Quay trd lai véi hai 10i gidi trén, mot ban hoc sinh lai thic mac: C6 dudc cac 16i giai nay la do

ta biét diém roi x = \/ig va tim cdch can bang hé sb thich hop khi ap dung AM-GM. Nhung gi

tri ndy dau dé dodn ra. Vay phai 1am thé nao?

To6i n6i: Pay chinh 13 ciu hdi ma tdi mudn nghe. Loi giai 1 dong & dap an tuy dep va ding
ngudng md, c6 thé vo tay nhung ta chua hoc nhiéu dudc & d6, vi cac hang s6 khi ap dung AM-
GM van 1a bi 4n. Lam sao d€ tim ra cic hing s& nay véi diéu kién chua biét diém roi. Pay 1a
cau tra 15i: ta dung phuong phap hé sb bat dinh. Véi hai s6 duong o, 8 bat ky, ta c6

13 13
13xv/1 —x2%2 = —(ax~v1—x2> < 2—(a2x2+1—x2),
o

o
9 9
IxvV1+x2= B (,Bx -1 +x2) < ﬁ(ﬁzx2 + 1+ x?).
Cong cdc bit dang thifc vé theo vé, ta dudgc

13 9
13xv1 —x2 4 9xy/1 + x2 < 2—(a2x2 +1—x%)+ ﬁ(ﬁzxz + 1+ x?). (3)
o

Déu bang xay ra khi va chi khi a?x? = 1 — x2, f2x% =1 + x2.
Dé tim gid tri 16n nhat ctia vé trdi, ta can chon o, B sao cho

i) V& phai cia (3) khong phu thudc vao x;

ii) Ton tai x sao cho a?x? =1 —x2, B2x2 =1+ x2.
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Tt day ta dé dang tim dudc diéu kién ddi véi «, B 12 hé phuong trinh
9

2p

a?+1=p8%2-1

@) (B D=0
07

Giai hé nay ra, ta dudc (cling 1a mot phuong trinh bac ba cua o) @ = %, B = % T d6 ma cé
16 gidi nhu trén. Chu y hé phuong trinh rt gidng hay chinh x4c hon 1a tuong duong véi phuong
trinh (1). Mot 1an nita ly do dé ta phai hoc gidi phudng trinh, hé phuong trinh dudc gidi thich.

Cubi cung, tdi d& nghi cic ban hoc sinh 4p dung cic phuong phép tuong tu dé gidi quyét bai
toan 3 cua ky thi:

Bai todn 3 (Olympic Trai he Phuong Nam 2016). Mot nha dia chdt dang & vi tri A trong sa
mac, cdch con duwong thiang 10 km (AN = 10 km). Trén con duong thi xe ciia nha dia chdt cé
thé’ chay vdi van téc 50 km/h nhung trén sa mac thi né chi chay dwgc véi vén téc 30 km/h. Nha
dia chdt dang rdt khdt nudc va 6ng biét rang cé moét tram xdang P & vi tri xudi theo duong 25
km (NP = 25 km) va J do co xd xi Chuong Duong udp lanh.

a) Nha dia chdt tén bao nhiéu phiit dé’di tic A dén P theo dwong sa mac?

b) Néu nha dia chdt di tic A dén N, sau do si dung con duong dé’dén P thi c6 nhanh hon di
tir A dén P theo duong sa mac khong?

c) Hdy tim mot cdch di nhanh hon cho nha dia chdt. Cdch ciia ban da la nhanh nhdt chua?

Céc ban hoc sinh & Tién Giang da gidi quyét rat tot bai toan (y néi cau cudi — tim phuong 4n tdi
vu) ma khong ding dén dao ham. Con céc ban thi sao?
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L.OI GIAI PE THI TOAN QUOC TE
FORMULA OF UNITY - THE THIRD MILLENNIUM
(TIEP THEO)

Ban bién tap Epsilon

Tiép theo Epsilon s6 9, Ban bién tap xin gidi thiéu v6i ban doc 15i giai ctia dé thi ctia ky thi Formula of
Unity. Phan 2 gdm céc dé ctia khdi 16p 9, 10, 11.

1. Dé thi danh cho Khéi 16p R9

Bai 1 Cdc dinh cia mét da gidc déu 12 canh duoc té mau xanh va dé. Biét rang trong 3 dinh
bdt ki tao thanh mét tam gidc déu, cé it nhdt 2 dinh mau dé. Chiing minh rdng ta co thé chon 4
dinh tao thanh mét hinh vuéng vdi it nhdt 3 dinh de.

Li gidi.
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Ta thdy c6 tit ca 4 tam gidc déu rdi nhau va 3 hinh vudng rdi nhau trong da gidc da cho.

Gia st rang khong ton tai hinh vudng nao théa man dé bai thi véi mdi hinh vudng, c6 khong
qua 2 dinh do. Do d6, tong cong c6 khong qua 6 dinh do.

Trong khi d6, méi tam gidc déu déng gop it nhit 2 dinh dé nén sé c6 tdng cong it nhit 8 dinh
dd. Piéu mau thuin nay cho ta dpcm.

Bai 2 Ta noi mot sé nguyén dwong la dep néu no la tich cdc giai thita ciia cdc s6 nguyén to
(khéng nhdt thiét phdi phdn biét). Ta goi mét s6 hitu ti dwong la tot néu né la ti sé giita hai s6
nguyén duong dep. Ching minh rdng tdt cd cdc s6 hitu ti duong déu tot.

Loi gidi. Truéc hét, ta thiy rang néu mot s6 hitu ti duong 1a tot thi tich va thuong cia chiing
ciing déu tot.

Ngoai ra, mdi s6 nguyén duong n déu c6 thé viét thanh —(nf!l)!.

Tir d6, ta dua bai todn vé chitng minh moi s6 nguyén duong déu tdt va ta sé thuc hién diéu nay
bing quy nap.

Véin=1,tacé 1= 2 lasd tdt.
Véin =2, tacé 2 = 22 ciing 1a s6 tot.
Véin =3, tacé 3 = 2 cing 1a sb tot.

Khi d6, v6i n > 4, néu né 1a hop s, ta c¢6 thé viét n6 thanh tich cla cac s6 nguyén td nhd hon
va theo gia thiét quy nap, n6 ciing 1a sd tot.
n!

Néu n > 4 1a s6 nguyén t6, ta viét n = (= van — 112 hop sb, khi d6 né ciing 1a sb t6t nén

suy ra n la so tot.

Theo nguyén 1y quy nap thi nhan xét dudc chitng minh. Bai todn dugc gidi quyét.

: _ sl _ 5l _ 5 _ 5 _ 5
Changhan 5 = § = 537 = 555 = @y7g = @z

Bai 3 Co 27 con gidn tham gia mét cudc chay dua. Trong moi vong sé c¢é ba con gidn chay.
Moi con gidn chay vdi téc do cob dinh, khéng doi giita cdc vong dua, va toc do cia cdc con gidn
la doi mot khdc nhau. Sau méi vong, nguoi ta ghi lai thit ty vé dich ciia cdc con gidn tham gia
vong dua doé. Héi 14 vong dua c6 dii dé xdc dinh chinh xdc theo thii ty hai con gidn chay nhanh
nhdt khong?
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Li gidi. Cau tra 18 1a khing dinh.

Ta diing 9 vong dau loai 9 con chim nhét. 3 vong tiép theo chon ra con nhanh nhét trong 9 con
nhanh nhét va loai 3 con chim nhét. Vong 13 chon ra con nhanh nhét (vd dich) trong 3 con
nhanh nhét. Lic nay chi con 3 con c¢6 thé diing nhi la con diing nhi & vong 13, con diing nhi
trong cudc dua véi con vo dich & vong 3 tran va con diung nhi 6 cudc dua véi con vo dich 6 9
vong dau. Diing tran 14 dé tim ra con thd nhi tif 3 con nay.

Bai 4 Cho tam gidc ABC véi /B = 30°, ZC = 105° va D la trung diém doan thing BC. Tim
goc LBAD?

Loi giai. Ha CH vuong géc véi AB thi suy ra CHD 1a tam giac déu va AHC' 1a tam gidc
vuong can tai H. Tu day suy ra tam giac AH D can tai H va
/ZBAD = /ZHAD = 15°.

Bai 5 John c6 12 que gé véi do dai méi que la mét sé nguyén duong khong vieot qud 56. Chiing

minh rdang John c6 3 que cé thé'tao thanh mot tam gidc.
Loi gidi. Gia st ngudc lai, khong c6 3 que tao thanh tam gidc. Xép thu tu chiéu dai cic que gb
a1 < as < ... < ay, thi tir gia thiét, ta sé suy ra a9 > Gy + a,. T ddy 1an ludt suy ra

az > az+a; > 2,a4 > az+az > 3,a5 > ag +az > 5.

Ct nhu thé
Qe 2 8,@7 Z 137a8 Z 21,@9 Z 347 @10 Z 557a11 Z 89.

Diéu nay mau thuén, suy sé John s& ludn tao dudc tam gidc.

Bai 6 Hdy tim mot s6 nguyén duong sao cho tich cdc wdc ty nhién ciia né la 10%%

Loi giai. Ta tim s6 dudi dang 2™5". Céc uéc ctia s6 nay c6 dang
2. 5°v6i0 < a<m,0<b<n.

NP p o 1Y mn(m+1)(ntl) A
Tur do tich cac udc bang 10 1 nén ta dua vé

mn(m + 1)(n + 1) = 360.

Chon m = 3,n = 5 thi ta dugc mot s6 théa man yéu cau bai toan 1a 22 - 5° = 25000.
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Bai 7 Tit cd chiing ta déu biét 3% + 4> = 5°. Bén canh do, khéng phdi ai ciing biét rdang
10% 4+ 112 + 122 = 132 + 142. Liéu c6 ton tai hay khéng 2015 sé nguyén dwong lién tiép sao cho
téng binh phuong ciia 1008 sé dau tién bang tong binh phuong ciia 1007 s6 sau do?

Loi giai. Cau tra 16i 1a khang dinh, khi thay 1007, 1008 bdi céc sb lién tiép tuy ¥.

Gia st s6 dau tién ctia day 1a n + 1. Ta c6:

1008 1008 1008
D (n+14)?=1008n +2n ) i+ Y i’va
i=1 i=1 i=1
2015 2015 2015
Y (n+i)’ =10070+2n > it Y it
i=1009 i=1009  =1009
1008 2015
Pécoding thic S (n+1i)>= Y (n+1i)°, tacin xét phuong trinh:
i=1 i=1009
1008 1008 2015 2015

1008n% +2n ) i+ Y 2 =100 +2n Y i+ » i
=1 =1

1=1009 1=1009

1008 2015 1008 2015
< n?+2n §ji-§ i +§ i? — § i?=0
=1 1=1009 =1 1=1009

2015 1008 2015 1008
=n? -2 (Zz —22@) - <ZZ2 — 22z2> =0
=1 =1 =1 =1
Thay 1008 = a, ta co

2015 1008

24 — 1)2a — 2a(a + 1
Zi—2Zz’:<a )a2 At _ a2
=1 =1
2015 1008
20 — 1)2a(4a — 1) — 2a(a +1)(2a + 1
3ot Az Ve ) e T DY) o, g

i=1 i—1
Do d6, ta c6 phuong trinh n? — a(2a — 4)n — a?(2a — 3) = 0. Phuong trinh nay c6 2 nghiém cd
dinh 1A n = —a,n = 2a® — 3a. Vay ta tim dugc nghiém duong 1a n = 2029104.

Bai 1 Hai chii thé Bugs va Roger cd cugc xem ai nhanh hon. D€ xdc dinh nguoi chién thdng,
hai ban quyét dinh t6 chitc mét cudc thi. Méi ban thé sé nhdy 50 mét theo mot hudng va sau do
quay lai dé’nhdy nguoc lai. Biét rang, do dai méi budc nhdy ciia Bugs la 50 cm va ciia Roger ld
60cm, nhung tho Bugs nhdy dugc 6 budc trong khi Roger chi nhdy duoc b budc. Hoi ai sé gianh
dugc chién thing?
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Loi giai. Gia st rang thoi gian nhay mot budc ciia thd Bugs 1a 5 thi theo gi thiét, thdi gian dé
nhay dugc mot buée cia thd Roger 1a 6.

Dé nhay dudc hét 50 x 2 = 100 mét (d6i ra 1a 10000 cm) trong hai ludt, Bugs can thdi gian la:
10000 : 50 x 5 = 1000.

10000

Trong khi d6, thé Roger can phi thuc hién { —‘ = 168 budc (vi 10000 khong chia hét cho

60 nén tho can nhay thém 1 budc). Thai gian thd Roger can dung 1a 168 x 6 = 1008.

Do d6, thd Bugs chién thing.

Bai 2 Vdi nhitng gid tri nao cuan thi ta cé thé"chia mét hinh vuéng thanh n hinh chit nhdt dong
dang sao cho cd it nhdt hai trong sé chiing la khong bdng nhau?

Loi giai. R6 rang n = 2 khong thda man. Ta sé chiing minh rang moi n > 3 déu théa man.

Trude hét, ta chia hinh vudng thanh 2 phan, mot phan hinh chit nhat 16n bén phai va phan con
lai chia thanh n — 1 hinh chit nhat nhé dong dang véi nhau.

Ty 1€ canh ciia hinh chit nhit mau vang 1a ©¥, ty 1& canh ctia hinh chit nhat mau xanh la (Tffly)y.

D& cac hinh chit nhat dong dang thi phai c6

Tty Tty
r  (n—1)y

s x=(n—1)y.
Ty 1& nay chon dudc nén ludn ton tai cach chia thda man dé bai.
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Bai 3 Co ton tai hay khong cdc so nguyén duong a va b sao cho
lem(a,b) = lem(a + 2015, b + 2016)7

O day, lem(a, b) dugc ki hiéu cho béi chung nhé nhdt ciia hai s6 a va b.

Loi gidi. Cau tra 10i 1a khang dinh. Chang han, ta chon a = 2015 thi can tim b sao cho
lem(2015,b) = lem(4030, b 4 2016)

Ta thiy rang 2015 = 5- 13- 31 va 2016 = 2° - 32 - 7 nén c6 thé chon b 1a udc ctia 2016 véi dang
22357 @€ 6 téng b + 2016 cling chi c6 uéc nguyén té thude {5,13,31,2,3,7}.

Ta chon dudc b = 168. Khi d6 bdi chung nhé nhit ctia ¢4 hai cip s6 déu 1a 338520.

Bai 4 Cho tam gidc ABC véi /B = 30°, ZC = 105° va D la trung diém doan thing BC. Tim
goc /BAD?

Loi giai. Xem 16i gidi 6 phan trudc.

Bai 5 Nguoi ta dién vao cdc 6 ciia bang vuéng 10 x 10 cdc sé nguyén dwong phdn biét sao cho
tong cdc sé trén moi hang, moi cdt la bang nhau va nhé nhdt co thé. Biét rdng, cdc s6 1,2, ... ,9
va 2015 da duwoc dién trudc trén mot duong chéo. Héi tong do co thé nhé nhdt la bao nhiéu?

Loi giai. Ta xét m6 hinh sau:

ai | as | as | as | as | ag | a7 | ag | ag | 2015
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Dit céc s6 6 hang cubi (trt 2015) 1a ay, as, . . . , ag va céc s6 & cdt cudi (trt 2015) 12 by, by, . . . , by.
Ta can c6

Chd ¥ ring
9 9
ZamLZbiZ 104+ 11+ 12 + -+ - 4 27 = 333.
=1 =1

Tuy nhién, t6ng nay phai chin nén ta c6 thé chon

9 9
i=1 =1

va
9

9
i=1

i=1
9
Ta xdy dung dugc truong hop > a; = 10+ 11+ 12+ 13 +24 + 25 + 26 + 28 + 18 = 167 con
i=1

9
Zbi:14+15+16+17+19+20+21+22+23:167.

i=1
Téng ctia hang cudi va cot cudi 1a 167 + 2015 = 2182 . Khi do, ta c6 thé khong qua kho khin
dé€ dién thém vao cic 6 con lai cic s6 16n hon 28 va thda méan diéu kién bai todn.

Vay tdng nho nhit 1a 2182.

Bai 6 Puong tron néi tiép tam gidc ABC tiép xiic vdi cdc canh AB, BC va AC tai cdc diém
C1, Ay va By twong iing. Chitng minh rang

AC CB BA

A
A8, T, TBC T

Loi giai.

bit BC = a,CA = b,AB = cthi AB; = 2&2 CA; = “b=¢ BC; = <= Ta can ching
minh ring

2b 2a 2¢
+ + >4
b+c—a a+b—c c+a-—0>
N )
b+c—a a+b—c c+a-—0>b
Theo BDT Cauchy-Schwarz thi
b? a? c? S (a+b+c)

b(b—l—c—a)+a(a—|—b—c)+c(c+a—b) T a4+
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A
B,
C
(©]
B A, C
Ta can ¢é 2

b
% > 2 2(ab+ be + ca) > a” + b7 + %,
a C

BDT cubi ding vi c6 thé viét thanh a(b+ ¢ — a) + b(c +a —b) + c(a+ b —c) > 0.

Bai 7 Tdt cd chiing ta déu biét 3° + 4> = 5°. Bén canh do, khong phdi ai ciing biét rang
10% + 112 + 122 = 132 + 142. Khdng dinh sau diing hay sai: Vi moi sé nguyén duong k. cé
2k + 1 56 nguyén duong lién tiép sao cho tong binh phuong ciia k + 1 s6 ddu tién bdng tong
binh phuong ciia k s6 con lai?

Loi giai. Xem 16i gidi 6 phan trudc.

Bai 1 Hai chii thé Bugs va Roger cd cugc xem ai nhanh hon. D€ xdc dinh nguoi chién thdng,
hai ban quyét dinh t6 chitc mét cudc thi. Méi ban thé sé nhdy 50 mét theo mot hudng va sau do
quay lai dé’nhdy nguoc lai. Biét rang, do dai méi budc nhdy ciia Bugs la 50 cm va cia Roger la
60cm, nhung tho Bugs nhdy dugc 6 budc trong khi Roger chi nhdy duoc b budc. Hoi ai sé gianh
dugc chién thing?

Loi giai. Xem 16i gidi 6 phan trudc.

Bai 2 Vi nhitng gid tri nao cua n thi ta co thé'chia mot hinh vuéng thanh n hinh chit nhét dong
dang sao cho cd it nhdt hai trong sé chiing la khong bdang nhau?

216



Tap chi Epsilon, S6 10, 08/2016

Loi gidi. Xem 16i gii & phan trudc.

Bai 3 C6 t6n tai hay khong cdc sé nguyén duong a va b sao cho
lem(a,b) = lem(a + 2015,b + 2016)7

O day, lem(a, b) dugc ki hiéu cho boi chung nhé nhdt ciia hai s6 a va b.
Loi giai. Xem 16i gidi 6 phan trudc.

Bai 4 Cho tam gidc ABC véi /B = 30°, ZC = 105° va D la trung diém doan thing BC. Tim
goc LBAD?

Loi giai. Xem 16i gidi 6 phan trudc.

Bai 5 Tai méi diém co toa do nguyén trén mdt phdng toa dé trong mét cdy véi duong kinh 1076,
Mot bdc tiéu phu dén cay tai gbc toa do (0,0) va dung trén goc cdy. Hoi phan mdit phdng ma
anh ta nhin thdy ¢é bi gidi han hay khéng? O dady, cdc cdy dioc coi nhu la mot cot hinh tru vo
han vdi cdc truc chita cdc diém nguyén ciia mit phcfng toa do.

Loi gidi. Gia st anh tiu phu nhin theo huéng ctia dudng thang A : y = ma véi m € (0; +00)
(truong hgp con lai ching minh tuong tu).
Khoéng céch tit mot diém K (a, b) v6i a,b € ZT thi

|b — mal
V12 4+m?

. Do d6, néu nhu huéng nhin bi che bsi gbc ciy tai K thi

d(K,A) =

|b — mal 1 1 4+ m?

V1I+mz  10°

Ta c6 b3 dé sau: V&i moi sd vo ty duong m va véi s6 € > 0 nho tity ¥, ludn ton tai hai sé nguyén
duong a, b sao cho |b — mal < e.

Do d6, néu m 12 s vo ty thi sé ludn ton tai diém K che huéng nhin & trén.

Xét m 1a s6 hitu ty va dit m = § véi p,q € Z*, (p,q) = 1. Khi d6 dudng thang nay s& di qua
diém K (q, p), cting khong thoa.

Viy phan mit phang ma anh ta nhin thiy ludn bi gidi han.
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Bai 6 Hdy chi ra mét bo 4 s6 duong khong thé'la bdn kinh ciia bon hinh cdu déi mot tiép xiic.

Lai giai. Goi R, Ry, R3, R4 1a ban kinh cta cac hinh cau. Tru6c hét,tachon Ry = Ry = Ry =1
thi cac hinh cau déu phai doi mot tiép xiic ngoai.

Miit phang di qua cdc tdm ctia 3 hinh cau cit chiing tao thanh mo hinh nhu bén dudi:

Hinh cau thi 4 mubn tiép xic dudc vé6i cac hinh cau di c6 thi chi ¢ hai kha niing 1a tiép xtic vé
bén ngoai hoic tiép xiic phia trong. Ta sé chon R, dii nhd dé n6 khong thé tiép xiic trong.

2V/3

Dé dang tinh dudc ty sb gitta ban kinh dudng tron nhd so véi cac dudng tron 16n 1a 3 1~

1
0.155. Ta chon R, = 1 thi bd (Ry, Ry, R3, R4) thda man bai toan.

Bai 7 Tit cd chiing ta déu biét 3% + 4> = 5°. Bén canh do, khong phdi ai ciing biét rdang
10% + 112 4 122 = 132 + 142%. Khdng dinh sau diing hay sai: Vi moi sé nguyén duong k. cé
2k + 1 s6 nguyén duong lién tiép sao cho tong binh phuong ciia k + 1 s6 ddu tién bing tong
binh phuong ciia k sé con lai?

Loi gidi. Xem 15i giai & phan trudc.
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CAC VAN DE CO PIEN VA HIEN DAI

Ban bién tap

GIOI THIEU

Chuyén muc nay danh cho céc vin dé cd dién va hién dai dudc trinh bay dudi dang céc
bai todn xau chudi. D6 c6 thé 1a chudi cac bai d€ gii bai toan dang chu, chiing minh ding
thiic Euler ky diéu 1 + 2% + 3% +-= %2, mot chudi bai toan van tru ... Céch trinh bay
xuét phat tif nhitng vin dé don gian, dé hiéu, nhitng khai niém mdi sé dudc dinh nghia
ludn trong bai dé c6 thé doc tuong d6i doc 1ap. Va mbi mot chudi bai sé néu ra nhitng van
dé nhét dinh, c6 thé 1a giai quyét mot bai todn kinh dién hay néu ra nhiing gia thuyét méi,
nhiing vin d& méi. Loi gii va thdo luan vé céc bai toan sé dudc ding 6 s6 N + 3.
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GIOI THIEU CUOC THI HOC THUAT
“ENTROPY — KHAI PHA DU LIEU”

Lan I, Nam 2016

V6i muc tiéu khai phd tiém ning tri thiic ctia thé hé tré Viét Nam vé linh vuc khoa hoc dit liéu
(Data Science), vién John von Neumann (JVN), dai dién kh6i PHQG Tp. HCM t8 chiic cudc
thi Entropy 1an 1 nim 2016 nham tao co hoi cho céac ban sinh vién, hoc vién cao hoc dudc phat
huy nang lyc chuyén moén va tu duy sang tao. Pay la mot san chai hoc thuat chuyén nghiép, gitp
céc ban sinh vién, hoc vién cao hoc ¢6 co hoi thuc hanh, phét trién kha ning nghién ctu ciing
nhu tich luy thém kinh nghiém trong chuyén nganh vé linh vic khoa hoc mdy tinh va phan tich
du liéu.

Bén canh d6, cudc thi Entropy 1an dau tién t3 chic tai Viét Nam sé 1a co hdi dé cic ban tré yéu
khoa hoc dudc biét dén linh vuic khoa hoc dit liéu dang rat “néng” tai cac nudc trén thé gidi. Tu
d6, cudc thi tim kiém va mang dén nhitng nguén nhén luc tiém ning cho nén kinh té xa hoi Viét
Nam trong tuong lai. Py ciing chinh 12 co hdi d€ vién JVN gi6i thiéu vé moéi trudng hoc tap,
nghién cidu cling cac co hoi vé& hoc béng du hoc tai cic trudng danh tiéng trén thé gidi.

Péi tuong tham gia cudc thi 1a c4c sinh vién, hoc vién cao hoc tif tit ca cdc trudng dai hoc tai
Viét Nam véi do tudi tir 20 — 35 tudi. Cude thi dugc chia la hai bang: Bang A danh cho dbi tuong
12 céc sinh vién nim cubi va bang B danh cho cac hoc vién cao hoc. Cdc thi sinh tham du ¢
thé ding ky truc tiép tai vién JVN hoic ding ky truc tiép thong qua website ctia vién trong thdi
gian tif ngay 08/03/2016 dén ngay 31/05/2016.

Thai gian t& chiic cudc thi 12 tif ngdy 02/04/2016 dén ngay 03/07/2016 va trii qua ba vong: Vong
loai (04/06/2016), vong bdn két (18/06/2016) va vong chung két (02/07/2016 va 03/07/2016).
Nhiing thi sinh xuit sic nhit sé c6 co hoi nhin dudc phin thudng la cic hoc bdng toan phan
tai vién JVN va tai cdc truong dai hoc danh tiéng trén thé gidi (ParisTech, France va Trinity
College, Dublin, Ireland).

Chinh thuc dudc phat dong vao thang 03 nam 2016. Cudc thi da thu hut trén 250 thi sinh (ca
bang A va bang B) tuif cac truong Pai hoc trén ca nuée va ca thi sinh dang hoc tap va nghién ciu
tai nuGc ngoai.
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a) Vong s¢ loai: Dudc dién ra vao ngy 04/06/2016
Hinh thuc thi: Online.
Téng sb bai thi nhan dudc qua hé théng : 173 bai lam.
Sau khi nhan dudc két qua Ban TS chic chon ra 150 thi sinh dé€ tiép tuc vao vong ban két.
b) Vong ban két: Vong ban két ctia cudc thi duge t6 chic tai Vién John von Neumann
Thai gian: 18/06/2016
Hinh thiic thi: Gom c¢6 2 phan thi.
e Phin 1 : Thi sinh 1am bai tf\li trén gidly bang cach tra 15i nhitng cau trac nghiém gidi todn
va cau hoi Story Telling nham danh gia kha nang phan tich va suy luan cua thi sinh.
e Phin 2 : Phﬁn’ thi Coding, nham kiém tra céac kién thiic co ban vé 1ap trinh ciing nhu kha
nang giai quyet van de.
Sau vong thi ]/Sén két Ban TG chiic chon ra 10 thi sinh bang A va 6 thi sinh bang B tranh tai tai
vong chung ket.
¢) Vong thi chung két:
Thoi gian : 02 va 03/07/2016
Hinh thic thi: Trinh bay trudc hdi dong Ban gidm khao va bao vé dé tai.

Céc thi sinh vao vong chung két dudc nhan mot bo dit liéu va c6 01 tuan d€ tién hanh phan tich
va gidi quyét cic yéu cau theo dé bai dua ra dua trén bo dit liéu dudc cung cap.

Céc thi sinh c6 30 phut (bang A) va 40 phiit (Bang B) d€ trinh bay ciing nhu tra 15i cac cau hoi
dua ra tu cac thanh vién Ban Giam khao.

Bang A
Gidi nhdt: Ly Qubc The“ing — bai hoc Khoa hoc Tu nhién (PHQG TP.HCM).
Giai nhi: L& Ta Pang Khoa — Dai hoc FPT.

Gidi ba:

e L& Van Duyét — bai hoc Cong nghé Thong tin (PHQG TP.HCM).

e Phan Truong Btiu — Pai hoc Quéc té (PHQG TP.HCM).
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e Nguyén Diic Tri — Pai hoc Bach khoa (DHQG TP.HCM).
Gidi khuyét khich:

e Pham Thugng Hai — Pai hoc Khoa hoc Tu nhién (PHQG TP.HCM).

Nguyén Nhat Nam — Dai hoc Bach khoa (DPHQG TP.HCM).

Pham Minh Chau — Pai hoc Bach khoa (PHQG TP.HCM).

e Pham Thi Thu Phuong — Vién John von Neumann.

Pho Ngoc Pang Khoa — Pai hoc Khoa hoc Tu nhién (PHQG TP.HCM).

Bang B

Gidi nhdt: Lé Vil Hoang — Vién John von Neumann.

Gidi nhi: Hoang Nhu Thinh — Pai hoc Kinh t&¢ TP.HCM.

Gidi ba: Nguyén Ngoc Tuin — Pai hoc Bach khoa (PHQG TP.HCM).

Gidi khuyén khich:

e Hoang Thanh Tung — Pai hoc Cong nghé - PHQG HN.
e D4 Phic Hao — Pai hoc Bich Khoa Pa Ning.

e Tran Anh Duy — DPai hoc Khoa hoc Tu nhién (PHQG TP.HCM).

Mot cong ty A hoat dong trong linh vuc nghién ciu thi trudng da tién hanh thu thap dif lidu tix
céc trang bdo dién tit Viét Nam dé khao sat xem thi hiéu ctia ngudi dan vé cac chi dé xa hoi va
doi song nhu thé nao. Tir d6 hd trg cho cc cong ty ban hang 1am chién lugc marketing hiéu qua
hon. Dit lidu dugc 14y vé, luu trén mot co s& dif liéu dudi dinh dang file viin ban (.txt) ma chua
qua bat ky khau x 1y ndo. Do trong qua trinh lay di liéu, cac k¥ thudt vién clia cong ty A da so
suat quén ghi nhé chii dé cho tiing bai viét khi dugc tai vé. Nhiing gi cong ty A hién c6 1a mot
thu muc chita hon 28.000 file vin ban (text), mdi file vin ban 12 noi dung mot bai viét trén mot
trang bao nao do.
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Cau héi: V6i sbd luong bai viét 16n nhu vy (hon 28.000 bai viét), ban hdy tim cach nao d6 dé
nhém céc bai viét theo nhitng chii dé khac nhau. Ban hay dé xuit mot phuong phap dé c6 thé
dit tén cho ting chi @& mot cach hop ly nhit. Két qua cong ty A mong doi sé 1a mot file dang
csv gom 2 cdt: Cot 1 1a tén bai bdo, cot 2 1a tén chii dé tuong ting.

File dit liéu dugc gui kem (Tén file: phanl.zip).

Cong ty QK 12 mot cong ty chuyén san xuét céc loai thuc pham & My, trong d6 c¢6 san pham thit
tron. San pham thit tron dudc déng géi trong mot 16p gidy bac chia bi 1on gion kém bot va cic
gia vi khac nhau. Ngudi mua c6 thé tron 1an cdc thanh phan nhu triing va thit bo d€ tao ra phan
thit tron. Su trdn 14n ndy c6 tac dung lam ting huong vi ctia san pham.

QK 1a mdt thuong hiéu c6 uy tin, mac du doanh thu cua cong ty khong qua 16n nhung cong ty
ludn c6 1gi nhuin &n dinh. Gid st ban 13 gidm dbc thuong mai ctia QK, va phai xem xét lai ké
hoach san xuét mit hang thit tron. Nhiém vu dau tién ctia ban 12 chuan bi du doan doanh thu ban
hang, va kinh phi cho khuyén mai va quang cdo cho nim sau. Ban c6 dif liéu lich st ctia cong
ty. Dit liéu nay bao gdm doanh s ban hang ciing nhu 1 céc chi phi danh cho phan khuyén mai
va quang cdo trong 24 quy vita qua (don vi mot ngan USD). Ngoai ra, dit liéu cling bao gdm
chi s6 index kinh té trong thi trudng ban thit tron. Gia tri chi sd nly cao thé hién thdi ki kinh té
t6t. San pham thit tron dugc ban thong qua cac dai 1y thuc phiam tai Texas, Ohio, Utah, va New
York. Chi phi quang cdo thudng dugc ding dé tra céc tap chi vé thuc phdm va siic khée. Chi phi
khuyén mai thi tip trung chi tra cho cac dai ly phan phdi va cic quan ly ctfa hang. Céc chi phi
nay bao gém cac khuyén maii dic biét, vi du nhu mua bén ting mdt, ting hoa hong cho dai ly
v6i doanh thu cao hay cdc cudc thi ban hang giita cac dai ly véi giai thuéng 1a mot chuyén di du
lich 6 Hawaii.

Ban sé& xem xét dif liéu lich sif va c6 thé thiy nhiing bién ddi 16n trong doanh sé ban hang gitta
céc quy, va su khac nhau cho cdc chi phi quang cdo va khuyén mai. Trong mot cudc hop, phé
cht tich ban hang gidi thich rang trudc day c6 mot chinh sach chung 14 chi nén chi tra cho quang
cdo hoidc khuyén mai. Tuy nhién, di c6 mot tranh cii lau dai trong cong ty vé hiéu qua tuong
tac gitta khuyén mai va quang cdo ddi v6i doanh s6 thit tron. Ngudi tién nhiém da cd gang thi
nhiéu phuong phap so sanh khic nhau nhung chua thé x4c dinh dudc quang cdo hay khuyén mai
1a t6t hon.

Mot s6 y kién hoai nghi rang viéc danh chi tiéu cho khuyén mai va quang cdo la lang phi bdi
vi chiing khong anh huéng 1am dén véc ban hang. Mot s6 ngudi khac lai cam thiy rang viéc
khuyén mai c6 tidc dong 1am giam doanh sb ban hang trong tuong lai. Nghia 13, ho cam thiy cic
dai ly v quan ly ctia hang mua rit nhiéu trong thdi gian khuyén mai va sau d6 khong dit hang &
céc giai doan tiép theo cho dén khi ho can. Tic dong clia quang cdo ciing khong rd rét, vi doanh
s6 ban hang thuong thay d6i rit nhiéu trong cic giai doan ma chi phi quing c4o nhu nhau. Vi
du, trong hai quy 23 va 24 (xem béang dif liéu), chi phi quang c4o gan bing nhau (36,000 USD
va 39, 000 USD) nhung doanh thu tuong tng la 648, 000 USD va 343,000 USD.
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Ngoai ra, mot chuyén vién thudc phong tai chinh nhin manh rﬁng thi truong thit tron la thi
truong “phan chu ky” (counter-cyclical) kinh t, nghia 12 san phdm bén t6t hon trong thdi ky
kinh té di xubng, va ngudc lai. Anh ta cho ring thit tron ré tién hon cic loai thuc phdm khéc,
cho nén ngudi ta thusng mua nhiéu hon trong thdi ky khé khin. Hon nita, anh ta cho rang doanh
thu ban hang c6 tinh chit mua vu, v6i nhiéu sdn pham ban dugc trong nhiing thang lanh hon 1a
nhiing thang néng nhu mua he. Mua lanh 6 My 1a Quy 4 va Quy 1, mua néng rdi vao Quy 2 va
Quy 3.

Obs Sales | Prom | Adyv. | Index
504.72 | 15.6 30 100
406.59 | 22.2 36 102
398.55 | 0.0 45 104
587.76 | 0.0 57 104
598.92 | 0.0 39 104
703.62 | 31.8 21 100
387.24 | 21.3 12 98
365.67 | 3.9 6 96
388.71 | 0.0 6 98
37296 | 8.4 30 103
603.30 | 45.3 30 105
614.73 | 50.1 33 107
484.38 | 39.6 6 107
22776 | 4.2 33 107
329.13 | 0.0 6 108
308.25 | 0.0 3 105
433.86 | 0.0 45 103
51498 | 13.8 48 108
404.70 | 17.7 0 110

b [ [ |t |t | | | | | et
@oo\]o\m_th_OGOO\lO\UIAUJNH

20 24543 | 0.0 15 112
21 43320 | 174 9 113
22 | 627.24 | 37.8 54 112
23 647.61 | 42.3 36 113
24 | 34281 | 114 39 114

Mean | 455.51 | 16.0 | 26.6 | 105.5

Chu thich

e Obs (Observation) 1a dit lidu thu thap tiing quy, bit dau tir Quy 1.

Sales 1a doanh s6 ban hang ctia thit tron theo quy ctia QK (ngan USD).

Prom 12 chi tiéu dung trong cdc hoat dong khuyén mii trong tiing quy (ngan USD).

Adv la chi tiéu dung trong viéc quang cdo trong tiing quy (ngan USD).

Index 1a chi s6 kinh té clia thi trudng.
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1. D& xuAt mot md hinh hdi quy tuyén tinh (linear regression) dé du doan doanh sb ban thit tron
cho QK.

2. Néu ban c6 $1.000 dé& danh cho mot trong hai viéc quang cdo va khuyén mai, thi ban nén
chon c4i nao va tai sao? C6 nhiing tac dong nhu thé ndo dén viéc st dung $1.000 trong mbi viéc
quang c4o hodc khuyén mai?

3. Ban c6 dong y v6i ¥ kién clia chuyén vién phong tai chinh ring thi trudng thit tron c¢6 tinh
chét “phan chu ky” (counter-cyclical) so véi chi s6 kinh t&? Tai sao?

4. Ban c6 nghi ring c6 tinh chit miia vu trong doanh s ban hang hay khong? Tai sao?

Gdi ¥ tra 16i cAu hoéi: Cic ban thit can nhic céc yéu t6 sau day:

- Mua néng tuong tng vdi quy 2 va 3, mua lanh tuong ting véi quy 1 va 4.
- Diéu kién kinh té thay ddi nhu thé nao.

- Anh hudng ctia Khuyén mai va Quang céo c6 kéo dai hay khong.

Mot cong ty A hoat dong trong linh vuc nghién ciu thi trudng da tién hanh thu thap dit lidu tir
céc trang bdo dién ti Viét Nam dé khao sat xem thi hiéu ctia ngudi dan vé cac chii dé xa hoi va
doi séng nhu thé nao. Tir d6 hd tro cho cédc cong ty ban hang 1am chién lugc marketing hiéu qua
hon. Dit liéu dugc 14y vé, Iuu trén mot co s dif liéu dudi dinh dang file viin ban (.txt) ma chua
qua bét ky khau xi 1y nao. Do trong qud trinh 1ay dit liéu, cac k¥ thuét vién clia cong ty A da so
suAt quén ghi nhé chii dé cho tiing bai viét khi dugc tai vé. Nhiing gi cong ty A hién c6 1a mot
thu muc chita hon 28.000 file vin ban (text), mdi file vin ban 12 n6i dung mot bai viét trén mot
trang bao nao do.

Cau héi:

1. V6i sb luong bai viét 16n nhu vay (hon 28.000 bai viét), ban hay tim cach nao d6 d€ nhém
cdc bai viét theo nhiing chi dé khac nhau. Ban hay dé xuit mot phuong phap dé c6 thé dit tén
cho tliing chii dé mdt cach hop 1y nhat. Két qua cong ty A mong ddi sé 1a mot file dang csv gom
2 cot: Cot 1 12 tén bai bdo, cdt 2 1a tén chii dé tuong ting.

2. Ngoai ra, cong ty A mudbn ban chon ra mot chii dé nao d6 va nhd ban dé xuit mot phuong
phap tu dong dé€ danh gid mot bai bdo bat ki trong chi dé dé theo ba miic dd khac nhau (tich
cuc, tidu cuc va trung hoa). Ban sé& 1am mot chuong trinh hoan chinh dé gidp cong ty gidi quyét
vén dé nay. Két qua cong ty A mong doi sé 1a mot file dang csv gdm 2 cot: Cot 1 1a tén bai bdo,
cOt 2 la danh gia tuong ung véi bai bao do.
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Gdi y: Cac ban xem xét st dung k¥ thuat “Sentiment Analysis” d€ gidi quyét vin dé nay.

File di liéu dugc gui kem (Tén file: phanl.zip).

Cong ty QK 12 mot cong ty chuyén san xuét céc loai thuc pham & My, trong d6 c¢6 san pham thit
tron. San pham thit tron dugc dong géi trong mot 16p gidy bac chifa bi lgn gion kém bot va cac
gia vi khdc nhau. Ngudi mua c6 thé tron 1an cdc thanh phan nhu tring va thit bo dé tao ra phan
thit tron. Su trdn 14n nay c6 tac dung lam ting huong vi clia sdn pham.

QK 1a mdt thuong hiéu c6 uy tin, mac du doanh thu cua cong ty khong qua 16n nhung cong ty
ludn c6 1¢i nhuan &n dinh. Gid st ban 13 gidm dbc thuong mai ctia QK, va phai xem xét lai ké
hoach san xuAt mit hang thit tron. Nhiém vu dau tién ctia ban 12 chun bi du doan doanh thu ban
hang, va kinh phi cho khuyén mii va quing cdo cho nim sau. Ban c6 dit liéu lich st clia cong
ty. Dii liéu nay bao gdm doanh s ban hang ciing nhu 14 c4c chi phi danh cho phan khuyén mai
va quang cdo trong 24 quy vita qua (don vi mot ngan USD). Ngoai ra, dif liéu ciing bao gdbm
chi s6 index kinh té trong thi trudng ban thit tron. Gid tri chi sd nay cao thé hién thdi ki kinh té
tot. San pham thit tron dugc ban thong qua cac dai 1y thuc pham tai Texas, Ohio, Utah, va New
York. Chi phi quang cdo thudng dudc dung dé tra cac tap chi vé thuc pham va stic khoe. Chi phi
khuyén mii thi tip trung chi tra cho cac dai ly phan phdi va cic quan ly ctia hang. Cac chi phi
nay bao gdm cac khuyén mai dic biét, vi du nhu mua bdn ting mdt, ting hoa hong cho dai ly
v6i doanh thu cao hay cdc cudc thi ban hang gitta cic dai ly véi gidi thudng 1a mot chuyén di du
lich 6 Hawaii.

Ban sé& xem xét dif liéu lich st va c6 thé thiy nhiing bién ddi 16n trong doanh s ban hang gitta
céc quy, va su khac nhau cho cdc chi phi quang cdo va khuyén mai. Trong mot cudc hop, phé
chii tich ban hang giai thich ring trudc diy c6 mot chinh sach chung 1a chi nén chi tra cho quang
c4o hoic khuyén mai. Tuy nhién, da c6 mot tranh cii lau dai trong cong ty vé hiéu qui tuong
tac gitta khuyén mai va quang cdo d6i véi doanh sb thit tron. Ngudi tién nhiém da cb gang thi
nhiéu phuong phap so sanh khic nhau nhung chua thé x4c dinh dudc quang cdo hay khuyén mai
1a t6t hon.

Mot sb y kién hoai nghi rang viéc danh chi tiéu cho khuyen mai va quang céo la lang phi bdi
vi chiing khong anh huéng 1am dén véc ban hang. Mot sb ngudi khac lai cam thiy rang viéc
khuyén mai c6 tidc dong 1am gidm doanh sb ban hang trong tuong lai. Nghia 13, ho cdm thiy cic
dai ly v quan ly ctta hang mua rit nhiéu trong thdi gian khuyén mai va sau d6 khong dit hang &
céc giai doan tiép theo cho dén khi ho can. Tic dong ciia quang céo ciing khong 1o rét, vi doanh
s6 ban hang thudng thay d6i rit nhiéu trong cac giai doan ma chi phi quang cdo nhu nhau. Vi
du, trong hai quy 23 va 24 (xem bang dii liéu), chi phi quang c4o gin bang nhau (36,000 USD
va 39, 000 USD) nhung doanh thu tuong tng la 648, 000 USD va 343, 000 USD.

Ngoai ra, mot chuyén vién thudc phong tai chinh nhin manh rang thi trudng thit tron 1a thi
truong “phan chu ky” (counter-cyclical) kinh té, nghia 12 sin phdm bén t6t hon trong thdi ky
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kinh té di xudng, va ngudc lai. Anh ta cho rang thit tron ré tién hon céc loai thuc phim khéc,
cho nén ngudi ta thusng mua nhiéu hon trong thdi ky khé khin. Hon nita, anh ta cho rang doanh
thu ban hang c6 tinh chit mia vy, v6i nhiéu san pham ban dudc trong nhiing thang lanh hon 1a
nhiing thang nong nhu mua he. Mua lanh 6 My 1a Quy 4 va Quy 1, mua néng rdi vao Quy 2 va
Quy 3.

Obs Sales | Prom | Adyv. | Index
504.72 | 15.6 30 100
406.59 | 22.2 36 102
398.55 | 0.0 45 104
587.76 | 0.0 57 104
598.92 | 0.0 39 104
703.62 | 31.8 21 100
387.24 | 21.3 12 98
365.67 | 3.9 6 96
388.71 | 0.0 6 98
37296 | 8.4 30 103
603.30 | 45.3 30 105
614.73 | 50.1 33 107
484.38 | 39.6 6 107
22776 | 4.2 33 107
329.13 | 0.0 6 108
308.25 | 0.0 3 105
43386 | 0.0 45 103
514.98 | 13.8 48 108
404.70 | 17.7 0 110

| |t [ | [ | |t |t [
©O| ool ||| K| W] —| | RN B W —

20 24543 | 0.0 15 112
21 43320 | 17.4 9 113
22 162724 | 378 54 112
23 647.61 | 42.3 36 113
24 134281 | 114 39 114

Mean | 455.51 | 16.0 | 26.6 | 105.5

Chu thich

e Obs (Observation) la dif liéu thu thap ting quy, bat dau tit Quy 1.

Sales 1a doanh s6 ban hang cta thit tron theo quy ctia QK (ngan USD).

Prom 12 chi tiéu dung trong cdc hoat dong khuyén mai trong tiing quy (ngan USD).

Adv la chi tiéu dung trong viéc quang cdo trong ting quy (ngan USD).

Index 1a chi s6 kinh té cta thi trudng.
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1. Pé xuit mot mod hinh hdi quy tuyén tinh (linear regression) dé du dodn doanh sb bén thit tron
cho QK.

2. Néu ban c6 $1.000 dé danh cho mot trong hai viéc quang cdo va khuyén mai, thi ban nén
chon c4i nao va tai sao? C6 nhiing tac dong nhu thé nao dén viéc si dung $1.000 trong mdi viéc
quang cdo hodc khuyén mai?

3. Ban c6 dong y véi ¥ kién ctia chuyén vién phong tai chinh riang thi trudng thit tron c6 tinh
chit “phan chu ky” (counter-cyclical) so véi chi s6 kinh t&? Tai sao?

4. Ban c6 nghi ring c6 tinh chit muia vu trong doanh s ban hang hay khong? Tai sao?

Gdi ¥ tra 16i cAu héi: Cic ban thit can nhic céc yéu t6 sau day:

- Mua néng tuong ting v6i quy 2 va 3, mua lanh tuong ing véi quy 1 va 4.
- Diéu kién kinh té thay ddi nhu thé nao.

- Anh hudng ctia Khuyén mai va Quang céo c6 kéo dai hay khong.

1. Phan I danh gid vé kha niing chuyén mén trong linh vuc khoa hoc dit liéu va kha niing trinh
bay bdo cdo. Phan II danh danh gid ci vé kha ning chuyén mon trong linh vuc khoa hoc dit
liéu, kha ning sng tao, kha ning trinh bay (bang powerpoint) va kha ning phan bién truéc Ban
Giam khao.

2. Phan I va II: Thi sinh 1am va viét b4o cdo dang word (ho#c chuyén thanh file dang pdf) gti
vé BTC Cudc thi d&€ chAm ning Ivc chuyén moén va trinh bay, giii vé BTC trude 17 gid ngay
30/6/2016 qua email TS.Nguyén Minh Trung — trung.nguyenminh @jvn.edu.vn.

3. Phan II: Thi sinh chudn bi bdo cdo nay trén file dang powerpoint dé trinh bay va tra 15i cau
héi ctia Ban Giam khao trong ngay thi chung két. Bang A thi ngay 02/07/2016. Bang B thi
ngay 03/07/2016.
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