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L3I NGO CHO EPSILON SO 7

Ban Bién tap Epsilon

Epsilon s 7 dudc ra ddi vao ding dip Tét Nguyén ddn, khi nim con Dé chuyén ciy giy thdi gian
cho nam con Khi. Xin dugc thay mat cho Ban Bién tap va doi ngti lam bao gui 16i chic mung
nim mdi dén toan thé cic tac gia, cong tac vién, doc gia va ting ho vién cta Epsilon. Chic tat ca
moi ngudi mot nam mdi an lanh, hanh phuc, stic khoe va thanh cong.

Quay trd vé v6i Epsilon, ta thiy, dit con vét va nhung thi thach trong nim dau tién ctia Epsilon
da dudc vuot qua, 6 s6 bao dy din vé ndi dung va ngay cang dep vé hinh thifc da dugc gii dén
quy doc gia.

Nghién ciu tiéng Nga, ta sé thdy mot diéu kha thi vi. N6i vé sb dém thi 1 (odin) 1a s6 it, nhung
2,3, 4 (dva, tri, treture) van chua phai 13 s6 nhiéu, ma mdi 12 s6 vira vira. Phai tir 5 trd 1én tiéng
Nga méi coi 1a nhiéu han.

Xét theo quan diém nhu thé thi dén sb Epsilon 7 nay, ciing c6 thé coi la Epsilon da chuyén dudc
sang trang thdi “nhiéu”. Nhung s 7 1a s6 dau tién clia nim thi hai, 1Am nim chuyén tiép tir s6 it
sang sb nhiéu vira. Va chiing dudng tiép theo 1a 3 nim nifa d€ c6 thé chuyén tir trang thdi “td bao
xuét ban dugc vai nim” sang trang thdi “td bao xuit ban dudc nhiéu nim”.

Poi chiit vé sd bdo Xuan, s6 bdo dudc chuin bi trong nim At Muii va hoan tit trong nam Binh
Than nay. Epsilon 7 vén trung thanh véi dinh huéng da dang vé ndi dung, phong cach, mic do
chuyén sau. Trong sd niy sé c6 nhiing bai viét kha chuyén siu clia cic tac gia Ly Ngoc Tué (Trd
choi vo han véi thong tin hoan hio), Ngd Quang Hung (Bét dang thiic kiu Shannon va vai ing
dung), cac bai viét vé cac van dé chuyén siu nhung bang ngdn ngit phd thong, thudng thiic ctia
Nguyén Vin Tuln (Tri s6 P ra toa), Job Bouwman (Phép bién ddi Fourier ¢6 y nghia Vit ly gi?),
cdc bai toan mang tinh hoc thuit (& mifc d6 phd thong) ctia Vo Qudc B Can (Su bang nhau cia
hai da thic va ting dung vao giai phuong trinh ham), Nguyén Vin Thé (V& mot bd dé sé hoc),
Nguyén Vin Huyén (B8 dé hoan vi), Tran Ngoc Thang (St dung hé thing du diy di trong mot
s6 bai toan dém) Lé Thi Minh Thio (Cong cu truy hdi va quy nap trong cac bai toan trod choi),
Nguyén Tién Diing (V& mot bai toan hinh hoc trong ky thi VMO 2016), Tran Quang Hung (Vé
bai hinh hoc G5 trong IMO Short list nam 2000).

VE céc chuyén muc, chuyén muc lich st toan hoc sé gép mit v6i bai Cau chuyén vé s6 hoan hao
do Tran Nam Diing tdng hop, toan thudng thiic s& gép mit v6i bai Hoi chitng Carol do thanh vién
chuyén san EXP PHKHTN Tp HCM dong gop, chuyén muc cau ndi giita todn phd thong va todn
hién dai sé c6 bai vé duong thang Simson ctia tac gia Ngé Quang Duong, muc todn gii tri sé 1a
Bai todn can tién ctia Piang Nguyén Diic Tién va muc diém sach sé c6 bai ctia nha dong sang
1ap Ti sach Sputnik Nguyén Tién Diing. Chuyén muc Bai to4n hay — Ldi gidi dep sé gi6i thiéu
nhiing chiing minh dep dé va bt ngs cho dang thitc 13 +23 +--- +n3 =1 + 2+ --- +n)?
con chuyén muc Céc van dé c6 dién va hién dai s& gidi thiéu 16i gidi va binh luin cdc bai toan vé
khdi vudng Rubik va ding dé thi mAu ctia ky thi Olympic todn danh cho hoc sinh THPT trong
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khuon khé ky thi Olympic todn sinh vién do Hdi toan hoc Viét Nam t3 chifc vao thang 4 sip
t6i. Epsilon 7 that su 12 mot su hoa quyén dep dé va diy mau sic, vita c6 su két ndi vira 6 su
tung hiing trong cac chii dé toan tro chdi, x4c suit théng ké, s6 hoc, todn thudng thiic, lich st
toan hoc...

Ban bién tip cAm on sy ing hd clia cdc tac gia va su don nhan ndng nhiét clia cac doc gia. Hay
tiép tuc chung tay st canh ciing ching toi trén con dudng day gian nan phia truéc.

Di nhiéu ngudi, ta s& di rit xa.
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BAT DANG THU'C KIEU SHANNON
VA VAI UNG DUNG

Ngbé Quang Hung
(Dat hoc Buffalo, M)

Entropy 12 khdi niém co ban ctia ly thuyét thong tin, c¢6 cuc ky nhiéu ting dung,
ca ly thuyét 1an thyc hanh. Bai nay md ta co ban khai niém entropy, cac bt dang
thuc entropy ctia Shannon, va vai ting dung cua ching. Mot thong diép cta bai 13, ta
c6 thé chitng minh nhiéu bét dang thic td hop bang cach ap dung cac bat dang thiic
cd ban cua Shannon.

Trong toan bai viét niy ta sé chi xét cac bién X trong mot mién X rdi rac. Vi du X 1a con sb clia
mit ngifa ctia con xiic sac néu ta ném bira né xudng ban, hay X 1a luong thang tinh bing cent
ctia mot ngudi My chon ngiu nhién. Entropy 12 him s6 cho ta biét “lugng thong tin” chifa trong
mot bién X nhu vay. Lam thé nao d€ dinh nghia cdi goi 1a “lugng thong tin”? Shannon [15] bat
dau bang mot sd quan sat ma ham nay phai thoa man, va di dén két luan rang ham duy nhét thoa
min céc tinh chét nay 1a ham

1

H[X] = Z PrOb[X = X] logb m

xXeX

Trong dé, b 12 mdt hang s6 > 1 nao d6. Trong todn rdi rac va todn mdy tinh thi ta thudng chon
b = 2, khi d6 ta c6 entropy nhi phan, ding dé€ do t&ng s6 “bits” thong tin clia mdt bién ngiu
nhién. Céc tinh chit ma Shannon dua ra c6 thé xem 12 mot hé “tién d&” cho ham do lugng thong
tin, va dng chitng minh rang ham entropy trén 1a ham duy nhét thoa céc tién d& nay. Khinchin [10]
dua ra mot hé thdng tién dé khac véi céc tién dé dau tién ctia Shannon, va di dén ciing két luan
ham H[X] & trén. Thay ddi co s& tif 2 dén sd b nao d6 chi c6 tac dong co dan ham Shannon
entropy v6i mot hing sb log, 2, do d6 chiing ta chi (can) xét b = 2 trong bai nay.

Thay vi chép lai cac tién dé ctia Shannon va chitng minh rang A [X] 1a lam duy nhit thod man
chiing, ta 1am diéu ngudc lai, don gian hon: ta ki€ém tra xem cdi ham H[X] dinh nghia & trén c6
thoa mén cac tinh chit mang tinh tryc quan ctia cai goi 12 “lugng thong tin” hay khong. Qua qua
trinh ki€ém ching nay ta sé thiy rang rat nhiéu tinh chit ctia entropy c6 thé suy ra dudc bang truc
quan di chua biét chitng minh. Entropy 12 mot khai niém rat dé hi€u, khong phai nhu mot sb
sach viét kh6 hon can thiét.
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H[X]

p
0 0.5 1

Hinh 2.1: Entropy ctia bién Bernoulli X trén phan bd véi tham s p.

C6 mot quan sat don gian nhung c6 thé khong truc quan 1am, 1 “lugng thong tin” nén dugc hicu
12 “tinh khé dodn” ctia bién ngiu nhién.! Vi du, néu ta ném mot dong xu ma xdc suit ra mit ngiia
(X = 1) bang 1, va xéc suit ra mit sap (X = 0) bang 0. Thi, bién X c6 “luong thong tin” bang
0. Tai vi, c6 ném ddng xu nay mot ti 1an thi ta ciing c6 kién thifc bang véi khi khong ném. Trong
truong hop nay:

1

+ Prob[X = 0,

1
= 1l]log, ————
Hogx Brobx = 1]
tai vi lim,_.o x log(1/x) = 0. Ly luan tuong tu thi khi ddng xu hoan toan coéng bang, vdi xic
suit sip ngira bang 1/2, thi “lugng thong tin” ctia X phai la cao nhit. N6i tém lai, néu xac suit
ra mit nglia 1a p, thi ham H [X] trong trudng hop nay phdi ting tif p = 0 dén p = 1/2 rdi gidm
tif p = 1/2 xubng p = 1, va phai hoan toan d6i xiing. Qua la nhu thé, néu ta vé dd thi ctia ham

1 1
H[X] = plog, — + (1 - p)log, ——
P l1—p

thi ta c6 Hinh 2.1. Ngudi ta cling viét H(p) thay vi H[X] trong biéu thic trén.

C6 cach khic dé kiém chiing gia thiét “phan bd cang déu thi cang khé doan”, nghia 12 “lugng
thong tin” cang 16n. Gia st X ¢c6 N phan td xq, ..., xy. Trong phan bd thit nhit, thi Prob[X =
x;] = pi, Vi € [N], trong d6 p; + --- + py = 1 va p; > 0,Vi € [N]. Trong phan bd thi hai,
phan bd déu, thi Prob[X = x;] = 1/N. Entropy ctia phan b déu, dé thiy, 1a log, N. Ta can
kiém chiing ring

al 1
Zp,- log— <logN.
i=1 Pi

D€ lam diéu nay, ta luu y ring ham f(x) = log, x 12 ham 16m trong khoang (0, c0). Do d6, theo
bét dang thiic Jensen

i 1 Voo
E pilog, — <log, E pi— | = log, N.
i=1 pi i-1 P

'Pay 12 mot ly do ma Shannon chon ci tén entropy, von diing bén Vit Ly d€ do do “hdn loan” ctia mot hé thong
nhiét dong.
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Hinh 2.2: Mot tap diém 2 chiéu, mot diém “ning” 1/10.

Goi gid dé” cia mot phan bd 12 tip cac diém ma phan bd d6 c6 xdc suit duong, thi ta vita chiing
minh diéu sau day

B6 dé 1. Trong cdc phdn bé c6 cung gid dé hitu han gém N diém, thi phdn bo déu coé entropy
16n nhdt, b&ng log, N.

Piéu thi hai ta can kiém chiing 12 dinh nghia ctia entropy khong lién quan dén do Idn cta X .
Vidy,thay vi X € X = {0,1}tacobién Y € Y = {—10°,10°°} thi entropy ctia bién X va
bién Y 1a gidng nhau néu Prob[X = 0] = Prob[Y = —10°]. Tuong tu nhu vay, néu ta c6 bién
Z € Z =1{3,5,7,100} sao cho

Prob[Z = 5] = Prob[X = 0]
Prob[Z = 3] Prob[X = 1]
Prob[Z = 7] 0

Prob[Z = 100] = 0.

Thi dé thiy H[X] = H[Y] = H[Z]: tinh kh6 doan khong phu thudc vao viéc ta dang doan
ngay mai mua hay nang, ho#c gia ching khoan ting hay giam, néu nhu phdn bé xdc sudt ctia
chiing giébng nhau. Trong vi du ndy thi gid d5 clia phan bd cta Z 1a tap {3, 5} mic dit mién bién
thién ctia né ¢6 nhiéu diém hon.

Bay gid ta xét trudng hop X' 1a mot tap cac vectors va X 1a mot vector ngau nhién. Nhin thodng
qua thi khong c6 gi khac biét: tap X vAn 1a mot tap cac diém rdi rac, va X 1y “gid tri” 12 mot
trong cac di€ém nay theo mdt phan bd xdc suit ndo dé. Vi du, Hinh 2.2 v& mot tip X ¢6 10 diém
ca thay, va gia st “can ning xdc suat™® ctia ching 1 ding 1/10 cho mbi diém. Do bién ngiu

2Support
3Probability mass
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nhién clia ta 12 bién hai chiéu, ta dung ky tu dam X d€ ky hiéu né, va ky tu nhat X, Y d& ky hiéu
hai chiéu ctia né. Bién ngiu nhién X = (X, Y) € X dudc tao ra bdi mot phdn bé lién két* ctia
hai bién ngiu nhién X va Y. Néu ma ta khong quan tAm gi dén cic toa do X va Y thi viéc X ¢6
nhiéu chiéu hay khong 1a viéc hoan toan khong quan trong.

Moi thii chi trd nén thd vi khi ma X' 12 mot tip hop trén khong gian nhiéu chiéu, va cic toa do
ctia ching c6 su lién hé vé mit x4c suat v6i nhau. Vi du, X c6 thé 1a tap céac thanh nién trong
dd tudi 1ay vo, va cic “toa d§” clia cic thanh nién nay bao gdom “cao” (hay khong?), “to” (hay
khong?), “den”, “hdi”, va “gidi xac suat” hay khong. Néu chi néi vé X 1a tap cac thanh nién thi
khong thii vi 1dm. Nhung néu ta tim ra dudc rang “cao to den hoi” thi dé liy vo, va “gidi xac
suat” thi kho 14y vo, thi cudc song trd nén thud vi hon.

Van tiép tuc véi vi du trong Hinh 2.2: gia sif ta ldy mot diém X = (X, Y) bat ky tit phan b
déu, roi hoi xdc xudt X = 2 1a bao nhiéu, thi dé riy riang xdc suit nay bang 2/10, tai vi c¢6 hai
diém c6 X = 2 va mbi diém nay dudc hon véi xdc suit 1/10. Phan b ctia bién X c6 can niing
1/10,2/10,1/10,5/10, 1/10, va né dudc goi 1a phdn b ngoai bién® ctia X . Tong quat hon, khi
ta c6 mot phan bd da chiéu trén tap X céc bién. Goi Y € X 1a mot tip con cac bién, thi ta c6
phan b ngoai bién trén céac bién (hay cic toa do) Y.

Entropy ctia mot bién da chiéu dudc dinh nghia hét nhu bién mot chiéu. Vi du:

1
= y]l .
yllog, Prob[X = x,Y = y]

H(X.Y)= ) ProblX =x.Y

(x,y)

Diéu nay kh4 hién nhién, vi chiing ta c6 thé xem X 12 bién “mot chiéu” dudc chon ra tif tip cic
diém X. Sukién {X = x,Y = y} chi Ia mot cach viét khac ctia su kién X = (x, y). Trong vi
du ctia Hinh 2.2 thi H(X,Y) = log, 10. Cau héi thi vi hon 1a entropy ctia phan b6 ngoai bién
clia X, hoiic ctia Y, so v6i H(X,Y) nhu thé nao? V& mit truic quan ma néi thi c6 thém bién ngau
nhién thi tinh khé dodn phai tdng Ién, nghia la ta hy vong H[X] < H[X, Y]. Chiing minh diéu
nay tam thuong:

1
H[X] = Prob[X = x]log, —————
X] Xx: X = xllog, Prob[X = x]
1
= Prob[X = x,Y = y]1 _
ZZ [ X y] ng PrOb[X — X]
x
1
< Prob[X = x,Y = y]Il
- Zx:Xy: [ * yllog, Prob[X = x,Y = y]
— H[X.,Y]
Téng quat 1én mot cach tu nhién, goi X = (X;,..., X,) 1a mot bd cac bién ngiu nhién trong
mién n-chiéu X. T gid trd di, ta dung x dé ky hiéu mot phan ti cu thé cia X'; nghia 1a
X = (Xx1,...,Xy). Thi entropy cia X dudc dinh nghia la

H[X]:= ) Prob[X (1.1)

1
=x]log, ——.
= Prob[X = x]

“4Joint distribution
SMarginal distribution

10
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Goi S C [n] 1a mot tap chi s6 bat ky, thi Xg dung d€ ky hiéu bd (X;)ies cic bién ngiu
nhién. Tuong tu nhu vy, Xg 12 mdt bd cic gi4 tri cu thé cla cac bién d6. Vi du, X = N”, thi
X(1,3,77 = (X1, X3, X7) labd ba bién ngiu nhién, va X(1,3,73 = (X1, X3, x7) 1a mot bd ba sO tu
nhién nao do.

B& dé 2. Goi X(n] la mot bién ngdu nhién da chiéu, va S € T C [n] Thi, H[Xs] < H[X7].

Luu ¥ ring trong b dé trén thi tit c4 c4c bién déu dén tir cing mot phan bd lién két. Chi con,
néu ta cho (X, Y) dén tit mot phan bd, va X lai tif mot phan bd hoan toan khdc, thi khong c6 gi
dam bao H[X] < H[X,Y].

Tinh chat H[X] < H[X, Y] dudc goi 1a tinh don diéu® ctia ham entropy. Mot cach khac dé nghi
vé su don diéu 1a thong qua khai niém entropy c6 diéu kién’. Pai luong H[X, Y] — H[X] hiéu
ndm 12 1 “lugng thdng tin chia trong hai bién X, Y trit di lugng thong tin chia trong bién X .
Nhu vy, ta c6 thé hiéu n6 1a lugng thong tin chiia trong Y sau khi da biét thong tin vé X . Tir do,
ta dinh nghia

H[Y|X] = H[X,Y] - H[X]

1a entropy c6 diéu kién ctia Y cho biét X®. Néu ta phéi viét ra cu thé mot cong thiic cho entropy
c6 diéu kién thi tir dinh nghia entropy (1.1) ta c6

H[Y|X] (1.2)
= H[X,Y]- H[X]
1
— ;Xy:Prob[X =x,Y = y]log, ProbX = x.7 =]
1

— ; PI’Ob[X = X] 10g2 m
1
— ;Xy:Prob[X =x,Y = y]log, ProbX = x.7 =]
1
— ;;PrOb[X =x,Y =y]10g2m

B . . Prob[X = x]
= Zx:zy:Prob[X =x,Y = y]log, Prob[X = x.¥ = J]

1
= Y > Prob[X =x.Y = y]log, ProbY = 51X =1 (1.3)

x ¥

Mot s6 sach v6 vé ly thuyét thong tin diing cong thic nay dé dinh nghia entropy c6 diéu kién
con cong thiic H[Y |X] = H[X,Y]— H[X] dudc goi 1a luat chudi’ ciia entropy. Phat trién cla
chiing ta & trén tu nhién hon, it nhit 12 trong ngi canh ctia bai nay.

®Monotonicity

"Conditional entropy

8Conditional entropy of ¥ given X
°Chain rule

11
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Trong khong gian nhiéu hon hai chiéu, nhu ta ching minh & trén néu S € T C [n] thi
H[Xs] < H[Xr], va ta dung dai luong H[X7|Xs] = H[X7] — H[Xs] d€ lam dinh nghia
entropy c6 diéu kién ctia X7 cho biét Xg. Luu y rang, ta viét H [X7|Xs] chit khong phai 1a
H[X7_g|Xs]. Viét kiéu nay tién hon nhiéu cho khong gian nhiéu chiéu. Céc bién trong X7ns
khong anh hudng gi dén gid tri entropy, tai vi cac bién d6 da biét. Vidu, H[X, Y |X] = H[Y|X].
DE cho cu thé hon nita, xét trudng hop S, T C [n] bat ky, khong nhét thiét 1a S 12 tip con cta T
hay ngudc lai khong. Ta dinh nghia

H[Xs|Xr] = H[Xsur] — H[Xr].

Dé thiy dinh nghia ny dong nhit véi tit ca nhitng diéu ta da xét & trén.

Tiép tuc qua trinh “kiém chiing” c4c tinh chét ctia ham entropy, ta lai xét hai bién ngiu nhién
X va Y. O phin trudc, ta da kiém chiing dudc rang “c6 thém bién thi tinh hdn loan cang ting”:
H[X] < H[X,Y]. Thé con diéu ngudgc lai thi thé nao? Néu ta da biét X thi su hdn loan (hay
tinh khé dodn) ctia Y c6 gidm di hay khong? Truc quan bdo 12 c6, tai vi biét thém cang nhiéu thi
tinh khé doén phai cang giam. Cu thé hon, ta mudn kiém ching rang

H[Y|X] < H[Y].

Dén day thi cai cong thiic entropy c6 diéu kién (1.3) trd nén hitu dung:

H[Y|X] - H[Y]

= Zx:Xy:Prob[X =x,Y = y]log, Prob[Y :1y|X _—

_ zy:Prob[Y = y]log, m

= —Y ) Prob[X =x.Y = y]log, Prob[Y = y|X = x]

+ szyprob[y =y, X = x]log, Prob[Y = y]

- zy:zx:Prob[X = x,Y = y] (log, Prob[Y = y] —log, Prob[Y = y|X = x])]
x

= Xx: Xy: Prob[X = x,Y = y] (10g2 ProE[r;)biYyTXJ’]: x])

_ L Prob[Y = y]Prob[X = x]
_ Zx:Zy:Prob[X =x,Y =y] (10g2 Prob[Y = y, X = x]

12
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= log, (Z Prob[X = x,Y = y]- Prob[Y = y]Prob[X = x])

Prob[Y =y, X = x]

x,y
= log, (Z Prob[Y = y]Prob[X = x])
x,y
= log, (Z Prob[Y = y] > Prob[X = x])
y x
log, 1
0.

O day ta dung luat chudi clia x4c suit Prob[X = x,Y = y] = Prob[Y = y|X = x]Prob[X =
x], va bit dang thiic Jensen, do 1am log 12 ham 15m trong khoang (0, c0). Ngoai ra, mot diéu thi
vi nita 1a dang thifc x4y ra néu va chi néu

Prob[X = x,Y = y] = Prob[X = x]Prob[Y = y],Vx,y

nghia 12 néu va chi néu X va Y 12 hai bién doc 1ap. Diéu nay c6 thé “suy ra” mot cach truc quan:
H[Y|X] = H[Y]néu va chi néu biét X khong cho ta bt ky thong tin gi thém vé Y, nghia la hai
bién nay doc 1ap v6i nhau.

Dai luong H[Y] — H[Y | X] ciing c6 thé dudc viét thanh

H[Y|-H[Y|X]|=H[Y|-(H[X,Y]|-H[X]) = HIX|+H[Y]-H[X,Y]| = HIX]-H[X]|Y].

Day 1a dai luong ddi xing trén hai bién X, Y, va thudng dudc goi 12 thong tin tuong hé 1(X;Y):
I(X;Y)=H[X]|+H[Y]-H[X,Y]. (1.4)

Thé c6 thong tin tuong hd cé diéu kién khong? C6 chi! Xét ba bién X, Y, Z bat ky thi thong tin
tuong hd c6 diéu kién dudc dinh nghia mot cach rat tu nhién 1a

I(X;Y|Z)= H[X|Z] + H[Y|Z] - H[X,Y|Z]. (1.5)

(Cai goi 1a “c6 diéu kién” chang qua la ta gidi han khong gian xdc suét vao mot khong gian xac
suat “nhd” hon.)

Bai tap 1. Chiing minh rdang
I(X;Y|Z) = H[Y|Z]-HI[Y|X, Z]
I(X;Y|Z) = 0.

(Luu y rang dai luong H[Y | X, Z] chang c6 gi dic biét, né van la entropy c6 diéu kién, ctia Y,
cho biét (X, Z), trong d6 ta nghi vé (X, Z) nhu mot bién ngau nhién hai chiéu.) Chiing ta vira
chiing minh ring

B& dé 3. Thong tin fuong hé 1(X;Y) va théng tin tuong hé cé diéu kién 1(X; Y|Z) la cdc dai
lugng khong am.

Trong bd dé nay ta c6 thé thay cac bién X, Y, Z bing céc vectors clia cic bién ngiu nhién. Mot
vector bién ngiu nhién cling 1a mot bién ngau nhién thoi.

13
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Nhin dinh nghia ctia thong tin tuong hd (1.4) & trén, cau héi ty nhién 12 néu ta mé rong biéu thiic
ra mot chut, xét dai luong H[Xg] + H[X7] — H[Xsur] v6i hai tdp S, T C [n] nao d6 thi dai
lugng nay c6 khong am hay khong? Cau tra 16i 1a c6, nhung truée khi tra 16i ching ta don gian
hoa cac ky hiéu lai mdt chut.

Tir i trd di ta chi xét cac phan bd xac suét trén n bién X4, ..., X,,. Entropy cia mot phan b
cu thé sé cho ta mot con s& H[Xg] véi mdi tip con @ # S C [n]. Do d6, ta don gidn hod ky
hiéu va viét 1a H(S) thay vi H [Xg]. Nhu thé, entropy ctia mot phan b cho truée 1a mot ham sd
H : 2" — (@} — R, . Ngudi ta thusng goi mot ham nhu vay 1a ham tdp hop', tai vi né gan mot
gia tri cho mdi mot tip con (khic réng) clia [n]. Mot cach khac dé nghi vé H 13 né 1a mot vector
trén khong gian R2" 1, tai vi c6 tAt cd 2" — 1 tip con khéc réng cta [n], va mbi tap con 1a mot
toa do. Vi mot phan bd khac thi ta lai c¢6 entropy khac, nghia 1a mot ham tap hop khac va mot
vector khdc trong khong gian R%' 1.

Tu I(X;; X;) > 0, dung ky hiéu méi ta c6
H{i})+H{j})—H{i, j}) >0,Vi # j €[n].
Tu I(X;; X;|X7) > 0, dung ky hiéu mdi ta c6

0 = (HQ}UT)-H(T)+HE/}UT)-H(T) - (H{. j3UT) - H(T))
H(T Uiy + HT U - HGLj3UT) = H(T).

Bai tap 2. Tir bdt ding thiic
HT Ui +HTU{j)=H{, jiuT)+H(T) =0
véimoii,j € [n], T C [n], chitng minh rang
H(S)+ H(T)> H(SUT) + H(SNT) @2.1)
vdi moi tdp con S, T C [n]. (O day, ta qui wéc H(@) = 0.)

Ham tap hop thod bat dang thiic (2.1) dudc goi 1a ham submodular''. Nhu vay, ta da thu tap dudc
ba tinh chét quan trong ctia ham entropy.

Dinh Iy 2.1. Xét mot phdn bé xdc sudt lién két ciia n bién tuy hi. Entropy ciia phdn bé nay thod
ba tinh chdt sau day:

e Tinh khong am: H(S) > 0,VS C [n].
e Tinh don diéu: H(S) < H(T),VS € T < [n].

e Tinh submodular: H(SUT)+ H(SNT) < H(S)+ H(T),VS,T C [n].

10Set function
'T6i khong biét dich tiéng Viét 1a gi
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Tt c4 cac bat dang thiic ding véi moi entropy ma suy ra dudc tif ba (ho) bat dang thiic trén thi
dudc goi 1a cac bdt ddng thiic kiéu Shannon'>. Mot ham tap hop thoa man ba bit dang thic trén
dudc goi la mot polymatroid.

C6 rit nhidu vi du clia cic bat dang thic (ki€u) Shannon dugc dung phd bién trong ly thuyét
thong tin, hoc mdy, va todn t6 hop. Ta diém lai diy mot vai vi du. Ban doc ¢6 thé tu chitng minh
rang ta suy ra dudc tat ca bon chiing tir ba bat dang thiic cd ban trén:

e Biét thém mot chuit thi entropy giam: H[X|Y] < H[X].

e Thong tin tuong hd c6 diéu kién 1a dai luong khong am: I(X; Y |Z) > 0

e Luong thong tin toan bo nhd hon téng lugng thong tin tiing phan:

H[X.....X,) <) HI[Xi]. (2.2)

i=1
e Thong tin tuong hé ting néu c6 thém bién tham gia:
I(X:Y.Z) > I(X:Y).

(Luuy, I(X;Y,Z) = H(X)+ H(Y,Z)— H(X,Y, Z).) Pang thic xay ra néu va chi néu
X — Y — Z la mot chudi Markov.

e Vi ba bién ngiu nhién thi

H[X.Y,Z] < % (H[X.Y]+ H[X,Z] + H[Y, Z]) . (2.3)

C6 mot s6 vo han cac bit ding thiic nhu vy, ta chi can 1dy mot td hop tuyén tinh (khong 4m) bat
ky ciia cdc bat dang thiic co ban 12 c6 mot bt dang thiic méi. Cé nhiing bat dang thic chiing
minh khong tam thudng, nhu bét dang thifc cudi cling (2.3) & trén. C6 nhiing cai thi tam thudng,
nhu 4 bat dang thiic con lai.

Bit dang thic (2.3) & trén 1a mot bat dang thic kiéu Shannon, 1a mot trudng hop dic biét clia bét
dang thitc Shearer [5], mot bit dang thifc ki€u Shannon rét hitu dung. Trudc khi phat biéu bit
déng thitc Shearer, ching ta thit chiing minh (2.3) bang tinh polymatroid ctia ham entropy. Ta
viét:

H[X.Y,Z] = H[X.Y.Z]—-H[X.Y] + H[X,Y]|—-H[X] + H[X]— H[J]

H[X,Y] = + H[X,Y]-H[X] + H[X]- H[]]
H[Y,Z]| =  HI[Y,Z]-H[Y] + H[Y]-HI[J]
H[X,Z] = H[X,Z]-H[X] + + H[X]- H[9].

12Shannon-type inequalities
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Do tinh sub-modularity, tiing s6 hang trong cac khai trién cia H[X, Z], H[Y, Z], va H[X, Z]
déu 16n hon hoic biang s6 hang clng cot ciia khai trién ctia H[X, Y, Z]. Cu thé la:

H[Y,Z]— H[Y] > H[X.,Y,Z]- H[X,Y]
H[X,Z]|-H[X] > H[X.Y,Z]- H[X.Y]
H[Y]— H[9] > H[X.Y]— H[X].

Do d6, nhan cic khai trién cia H[X,Y], H[Y, Z], va H[X, Z] v6i cic hé s6 khong am
Ax.y.Ay.z, va Ay, z roi cong lai, ta c6

Axy H[X, Y]+ Ayz -H[Y,Z]+ Axz -H[X,Z] = H[X.Y, Z] (2.4)

mién 12 cdc hé s6 A nay thoa diéu kién

Axy +Avz > 1
Axy +Axz > 1
AY,Z + AX,Z > 1.

M&bi mot bo A thoa diéu kién trén lai cho ta mot bat dzzlng thitc ki€u Shannon (2.4) (véin = 3).
Bit dang thic (2.3) 1a do ta chon c4c A bing 1/2.

Téng quat chiing minh trén va ta c6 bt dang thiic Shearer. D& 1am diéu nay chiing ta dung ky
hiéu H(S) thay vi H[Xs], v6i S C [n]. Goi H = (V, £) 1a mot siéu dd thi véi tap dinh 1a tap
V = [n], va mdi canh ctia # 1a mot tip hop F C [n]. (Siéu dd thi chang qua 1a mot bd céc tap
hop.) Mot vector (A r) pee dudc goi 1a mot phii canh hitu ti'> ctia dd thi néu vector nay thoa man
céc diéu kién sau day

Z A > 1, YveV

FveF
A > 0, VF €&.

Dinh ly 2.2 (Bét déng thiic Shearer). Xét mot phdn bo lién két ciia n bién ngdu nhién X4, ..., X,
tuy ¥. Goi H la ham entropy cia phdn bé, H = (V = [n], £) la mét siéu do thi, va (Ar)pee la
mot phu canh hitu ti cua H. Ta co

> Ap-H[F]= H[V]. (2.5)
Fe&

Chitng minh. Ti tinh chét sub-modularity, véi moi F € £ va véi moi k € F ta c6:

H(F N [k]) — HF N[k —=1]) = H([k]) — H([k - 1]),

3Fractional edge cover
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tai vi (F N [k]) U [k — 1] = [k], va (F N [k]) N [k — 1] = F N [k — 1]. Nhan béit déng thiic nay
v6i AF va cdng tit ca bon chiing lai 12 xong:

Y apH[F] = Y > ap-(H(FN[k]) - H(F N[k —1])

Feg FefkeF
= Y > ap-(HFNk)-HF Nk-1])
k=1 Fe&keF
> YN ap- (H(K) - H(k — 1))
k=1Fe&keF

= > | X ar |- (H@ED - H(K 1)
k=1 \Fe&,keF

> ) (H(kD — H(k 1))
k=1

= H([n)).

O

Chiing minh nay 14 phat kién tuyét vdi ctia Radhakrishnan [14], ma ta sira lai hoi khdc mot chit.

Bit dang thifc don gian nhu (2.2), con goi 1a tinh sub-additive ctia ham entropy, ciing dé c6 ting
dung hay ho. N6 1a phién ban entropy ctia chdn hoi'* Ta dung né dé chiing minh mot bat dang
thiic co ban ctia cac hé s nhi thic:

2 (':) < 2fl@n, G.1)

i<an

trong d6 € [0, 1/2] 1a mot hing s6, con H («) 12 entropy ctia bién Bernoulli véi tham s6 . D&
chiing minh bét dang thiic nay, ta chon tif bd tat ca cac tap con clia [n] véi kich thudec < an mot
tap con tuy y vSi xac suit dong déu — mdi tip con nhu vy cé cling x4c suit dugc chon, bang
1/N, trong d6 N 1a vé trai cia bat ding thic trén. Ta dung mot vector (X7, ..., X,) d&€ ma hoa
tap con dudc chon: X; = 1 néu i thudc vé tap con dudc chon, va 0 néu ngudc lai. Nhu vay, bﬁng
cach chon ngu nhién mot tip con nhu trén ta ¢ mot phan bd lién két clia # bién nhi phan.

Tu B6 Pé 1 tacé H[Xy,...,X,] = log, |N|. Chi can chiing minh H[X;] < H(a), v6i moi
i € [n] nita 1a xong; vi khi d6 (2.2) suy ra (3.1). V6i moi i € [n] thi X; cling 1a mot bién
Bernoulli, nhung ta chua biét tham s6 p; = Prob[X; = 1] ctia né. Tit Hinh 2.1 ta thiy rang chi
can ching minh p; < o la dudc, via < 1/2.

14Union bound: Prob[A4 U B] < Prob[A] + Prob[B].
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Goi S 1a tap ngiu nhién dudc chon. Ta c6

pi =Probli € S] = Y Probfi € S ||S| = k]-Prob[|S| = k]

k<an

_ oy ) _
= Yy Prob[|S| = k]

k<an (Z)

= Yy ]niProb[|S| = k]

k<an

A

a Y Prob[|S| = k]

k<an
= .

Ké& dén ta xét mot bai toan khong cé vé gi lién quan dén xac suét hay entropy. Cho mot do thi
G = (V, E) (d6 thi binh thuong, khong phai siéu do thi), gdm N canh. Héi: do thi c6 nhiéu nhat
la bao nhiéu tam giac? (Mot tam giac la mot bo ba dinh khac nhau {x, y, z} sao cho xy, yz, xz
la cac canh trong tap E.

Ta nghi vé cau héi nay mdt cach hinh hoc. Ta gan cho mdi dinh trong V' mot s6 nguyén khéc
nhau. Goi R 1a mdt tip cac diém nguyén (x, y) trén mit phang (X, Y) sao cho xy € E. Tai vi
G 1a do thi vo huéng, v6i mdi canh xy € E ta sé thém hai diém (x, y) va (y, x) vao tap R.
Nhu vy R c6 tht ca 2N diém. Tuong tu nhu vy, ta tao mot tp S cac diém nguyén (y, z) trén
mit phang (Y, Z) va T cac diém nguyén (x, z) trén mit phang (X, Z). Mot bd ba {x, y, z} la
mot tam gidc néu nhu diém (x, y, z) trén khong gian ba chiéu tho diéu kién 13 hinh chiéu cia
(x, y,z) 1én ba mat phéng (X,Y), (Y, Z), va (X, Z) thudc vé cic tap R,S, va T, theo thi tu.
Mbi mot tam gidc {x, y, z} sé& suét hién 6 1an vi c¢6 3! = 6 cach hodn d6i toa do.

Nhu vy, ta thay cdu hdi bang mot cau hdi khac. Gia st ta c6 ba tip cac diém nguyén R, S, T,
trén ba mit phang nhu trén. Goi P 1a tap tit ca cac diém (x, y, z) trén khong gian ba chiéu sao
cho (x,y) € R, (y,z) € S, va (x,z) € T.Cau hdi 12 kich thudc 16n nhit ctia | P| 12 bao nhiéu
néu ta biét |R|, |S|, |T|?

Dén day ta ding mot cdi meo don gian. Gia st ta chon ngiu nhién mot diém (x, y, z) € P véi
xéac sudt 1/| P|. Thi ta c6 mdt phan b xdc suit trén khong gian ba chiéu. Phan b nay c6 gid d
1a P, va né 1a phan bd déu, do dé theo BS Pé 1 thi

H[X,Y,Z] =log, |P|.
Bay gi0 ta xét ba phan bd ngoai bién trén céc cip bién (X, Y), (Y, Z), va (X, Z) clia phan bd

nay, thi gia dd ctia cac phan bb ngoai bién 1a tap con clia cic tap R, S, va T. Do dé, ciing theo
b dé 1 thi

HIX,Y] < log,|R|
H[Y,Z] < log,|S|

—
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Vay ta ap dung bét dang thic Shearer (2.3) ta c6
1 1
log [P| = H[X.Y.Z] = S (H[X. Y] + H[Y. Z] + H[X, Z]) = 5 (logy | R| +log, [S] + log, |T).

Nghia I

|P| = VIR[-|S]-[T]. 32)
Bai tap 3. Chitng minh bdt ding thitc (3.2) ding Cauchy-Schwarz.

V6i cau héi chin s6 tam gidc dAu tién, thi ta c6 chin trén 1a 2(2N)*/2.

Bit dang thic (3.2) 1a mot trudng hop dic biét clia bat dang thiic Loomis-Whitney[ | 1] chiing
minh nim 1949. Pén nam 1995, Bollobas va Thomason [4] tong quat hod bat dang thifc Loomis-
Whitney. Bit déng thiic ctia ho dudc phat biéu trén khong gian do do. O day ching ta chi phat
bi€u dung khong gian dd do 13i rac, nhung ching minh tdng quat khong khac gi my.

Dinh 1y 3.1 (Bollob4s-Thomason). Goi P la mot tdp diém toa do nguyén trén khong gian n-
chiéu. Cdc chiéula X1, ..., X,. Goi H = (V = [n], £) la mét siéu do thi nao do. Véi méi canh
F € &, goi Rr la tdp cdc hinh chiéu ciia P lén trén khong gian con ciia cdc chiéu (X,)yer. Goi
(AF) Feg la mot phu canh hitu ti cua H. Thi

1Pl < J]IRFI*.

Fe&

Ban doc c6 thé thiy ngay ching minh dinh ly nay qua bit ding thiic Shearer. Tham chi, phat
biéu clia ta & trén con tdng quat hon phat bi€u ctia Bollobas va Thomason mdt chuit.

Tit bt déng thiic Bollobas-Thomason, thay vi cdu hoi dém tam gidc ta c6 thé chin tong s6 1an
xuat hién ctia mot siéu do thi nhé trong mot (siéu) dd thi khdng 16. Va ta s& c6 cac két clia ciia
Alon [2] va Friedgut-Kahn [8].

Trong co sé dit liéu quan hé, truy van hoi'> 1a mot cau héi cuc ky co ban. Vi du, co sé dif liéu
(CSDL) quén ly hoc sinh c6 thé c6 nhiéu bang (quan hé), vi du nhu bang Hoc sinh chifa cic
thudc tinh nhu “Ho”, “Tén”, “Ngay Sinh”, “Nam Sinh”, van van. Mbi bang nhu vay la mot tap
hop céc vectors nhiéu chiéu, mdi chiéu tuong ing véi mdt thudc tinh. Céc thuodc tinh ciia bang
Hoc sinh thudng 1a khéc vé6i cac thudc tinh ctia bang Moén Hoc, bang Thdy C6, van van. Nhung
thuong la ching cling chia sé cac thudc tinh véi nhau.

Tir mot bod cac bang nhu viy, mdt truy van hoi thudng hodi nhiing cAu hoi dai loai nhu “Tim tt
cé cdc hoc sinh da tiing hoc 16p Pai S6 Tuyén Tinh nim 2000 vé6i thdy Nam Diing”. Ta c6 thé

13Conjunctive query
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chuyén cau hdi d6 vé dang hinh hoc: tim tit ca cac diém trong khong gian n chiéu, sao cho hinh
chiéu ctia mdi diém xudng céc thudc tinh ctia bang Hoc Sinh thi bang mot hang ciia bang hoc
sinh, xudng cac thudc tinh ctia bang Thay Co6 thi ¢6 tén Tran Nam Diing, xuéng bang Mon Hoc
thi ¢6 ndm 2000. Va tit d6 bat déng thiic Shearer cho ta biét chin trén clia tong sb cau tra 13i clia
truy van hoi.

Mot vi du khéc 1a cic bai toan thoa man rang budc'® rat phd bién trong Van Tru Hoc. Mot bai
toan don gian 1a d6 6 chit. M&i 6 ta c6 thé xem 12 mot toa do. Mot tap cac 6 lién nhau 12 mot bo
cic toa do (X1, X2, X5, X7) chang han. Ta can dién ky tu vao tt ca cic 6 sao cho mdi bo cac 6
lién nhau (doc hoic ngang) 13 mot tif trong tu dién, thod min ggi y ciia bai toan. Bo cic 6 lién
nhau cling v6i gdi y 1a mot cai bang, gdm tat ca cac i trong tu dién véi chiéu dai bang s6 6, va y
nghia thoa goi y. Tir d6, ta lai chuyén vé dang clia bt dang thic Shearer & trén.

Cic bét dang thiic kiu Shannon va kiu khong Shannon c¢6 tng dung trong ca mat ma hoc
(chia sé bi mat) [7, 3]. Con rit nhiéu bai toan t& hop c6 thé giai dudc tuong dbi tu nhién bang

%
A

entropy [14]."7 VAn dé thuit todn dinh tri truy vAn hoi sao cho thdi gian chay t6i da bang vdi

chin trén do bét dang thiic Shearer 1a van dé thi vi, xem [12, 13]. Chitng minh thdi gian chay
ctia thuét toan thi ta lai phai dung bat dang thifc Holder. Ta ciing chiing minh dudc cic hé qua &
trén ciia bat dang thiic Shearer dung bat dang thiic Holder [12, 13].

C6 nhiéu dang t&ng quat hon clia bat dang thiic Shearer. Vi du, trén thuc té cac bién ngiu nhién
c6 thém cdc rang budc phu thudc ham. Ta biét X, = X 52 + X5 chﬁng han. Cau hoéi la cho trudc
mot bd cac phu thuéc ham nhu vy thi bat dang thic ctia ching ta phai nhu thé nao? Thuét toan
phai thiét ké ra sao. Pa c6 mot cau tra 18i gan dy, lién quan dén ly thuyét lattice [ 1].

Hai quyén sach ctia Cover va Thomas [6] va ctia Yeung [16] 1a cac tham khdo rat tot vé nhap
mon 1y thuyét thong tin. Quyén ctia Thomas va Cover da 1a tham khao kinh dién trong mot thoi
gian dai. Nhung cic két qua hién dai hon mot chut thi dudc thao luin trong quyén clia Yeung.
Tinh submodularity ctia entropy dudc Fujishige [9] chiing minh dau tién nim 1978. Trong hon
ntia thé ky, tit c4 cic bt dang thic vé entropy ngudi ta biét 12 cac bat dang thiic kiéu Shannon.
Nim 1998, Zhang va Yeung [17] kham ph4 ra mot bat dang thiic khong chiing minh dudc bang
céc tinh chit ctia polymatroid:

2[(X3, X4) < I(X], Xz) + I(Xl, X3, X4) + 3I(X3, X4|X1) + I(X3, X4|X2)

Tir d6 trd di c6 mot sd vb han céac bat dang thitc khong-Shannon dudc kham pha.

16Constraint satisfaction problems
7Xem thém http://arxiv.org/abs/1406.7872
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psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

TRO CHOI VO HAN VGI THONG TIN
HOAN HAO

Lg Ngoc Tué
(Dat hoc Brandeis, Massachusetts, M{)

Ly thuyét tro choi hién nay ngay cang trd nén phd bién, v6i rat nhiéu ing dung
trong cac nganh kinh té hoc, tAm 1y hoc, xa hdi hoc, khoa hoc mdy tinh, ... Nhan
dip Tét Binh Than nim nay, ching t6i xin gidi thiéu véi doc gia ctia Epsilon vé mot
nhanh it dugc biét dén cia ly thuyét trdo choi ma trong diy dbi tuong nghién ciu
chinh 1a cac tro choi vé han vdi thong tin hoan hdo.

Tro choi véi thong tin hoan hao trd choi theo ludt gdm c6 hai ngudi choi, Binh va An, va trong
déy ca hai déu biét dudc toan bo cdc thong tin sau:

(1) cac buéc da di,
(ii) cédc lua chon cho budc tiép theo ma dbi thii (hoan toan) c6 thé thuc hién.

C& vua, cd tudng, cd vay, 6 dn quan, ... 1a cic vi du phd bién vé trd choi véi thong tin hoan hio.
Con cd ¢4 ngua, ¢ ti phu, ... khong phai 12 tro choi véi thong tin hoan hio, vi x4c suét dong vai
trd chinh trong viéc quyét dinh buéc di tiép theo. Céc tro danh bai nhu poker ciing khong phai 1a
trd chdi véi thong tin hoan hio vi ngudi choi khong biét dugc bai ctia ddi thii, nén khong xéc
dinh dugc chinh x4c cic budc tiép theo ciia dbi tha.

Tuy da dudc phd bién hang ngan nim, mai dén dau thé ki 17 trd chdi vé6i thong tin hoan hdo méi
lan dau tién dudc md td dudi dang todn hoc bdi nha toan hoc ngudi Phap Claude Gaspard Bachet
de Méziriac [1] thong qua trd chdi t6 hgp nhu sau:

(i) Binh va An thay phién nhau chon mot trong céc sb tir 1 dén 10.

(i) Ngudi cubi cung thuc hién budc di sao cho téng cac sb da chon bing 100 14 ngudi chién
thang.

Céc tro choi dang nhu trén dugc goi 1a Nim trd nén rat phd bién trong thé ky 17-19, va dén dau
thé ky 20, 1y thuyét toan hoc vé nhiing tro choi Nim da dugc hoan thién bdi nha todn hoc Charles
Leonard Bouton [2]. Pén nim 1913, trong khi nghién cifu vé ¢ vua, nha todn hoc Ernst Zermelo
da chiing minh két qua tdng quat dau tién cia ly thuyét tro choi v6i thong tin hoan hio sau:

Pinh ly 1 (Dinh ly Zermelo [25]). Cdc tro choi hitu han vdi thong tin hoan hdo la xdc dinh. Noi
mot cdch khdc, néu nhw mét tro choi hitu han véi thong tin hoan hdo khéng cé hoa, thi mot trong

hai nguoi choi, Binh hodc An, sé cé chién lugc dé thdng.
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Trong nhiing nim 1920, c4c cong trinh nghién ciiu ctia Emile Borel, John von Neumann, va
Hugo Steinhaus da dit nén méng cho ly thuyét tro chdi phat trién sau nay. Dén nim 1944, khai
niém tro choi vi tri (hitu han) véi thong tin hoan hdo dudc dinh nghia chinh thiic trong tac phdm
kinh dién “Theory of games and economic behavior” [16] ctia nha toan hoc John von Neumann
va nha kinh té hoc Oskar Morgenstern.

Céc trd choi dudc xét dén trong cic cong trinh nghién ctiu & trén déu c6 s6 luot di 12 hitu han. Vi
du vé tro choi véi thong tin hoan hao c6 sb ludt di vo han xuit hién dau tién vao nim 1935, va
hién nay dudc biét dén vdéi tén goi tro choi Banach-Mazur.

Vao nhitng nim 1930, cic nha todn hoc Ba Lan ctia trudng toan Ewéw' thuong gip nhau & quan
Scottish Café dé thao luan. Tai day, vao nim 1935, nha todn hoc ndi tiéng Stefan Banach da dit
ra mOt quyén s6 day, goi 1a Scottish Book, dé€ moi ngudi ghi lai cic bai toan hay cung véi 16i giai
hoan thién hoic y tudng tiép can van dé. Bai todn thif 43 trong quyén Scottish Book dudc dua ra
bdi nha toan hoc Stanistaw Mazur 1a vé mot trd choi vo han dude mo ta nhu sau:

(i) Pau tién, Binh chon mot doan déng bi chin By = [a;, by] tiy ¥ c6 do dai khac 0.

(ii) Sau diy, An va Binh thay phién nhau chon céc doan déng c6 do dai khac 0 ndm trong doan
ma dbi thii chon trudc ddy. N6i mot cach khac, néu nhu A, va B, 1a lya chon tuong tng
cua An va Binh & lugt di thu n thi B, € A, C B,.

(iii) Tap con S C R dudgc cho trudc sé 1a tip muc tiéu ctia An. An sé thang néu nhu giao cia
tAt ca c4c doan di chon va S giao nhau:

Sm(ﬂAn) =Sm<ﬂ3n) )
n=1 n=1
con néu khong thi Binh thing.

Tap con S C R dudc goi 1a mot tap thdng cudc néu nhu An c6 chién ludc (sé dudc dinh nghia
chi tiét hon trong phan sau) d€ chic chan thang, bat ké Binh c6 di nhu thé nao. Néu Binh c6
chién ludc d€ chic chan thiang, bit ké An c6 di nhu thé nao di nita thi tip S sé dudc goi 1a mot
tap thua cudc. Con néu ca An va Binh déu khong c6 chién lugc dé thang, thi tap S sé dudc goi 1a
mot tap khong xdc dinh.

Mot quan sat don gian 1a néu nhu tip S khong tri mat®, nghia la tdn tai mot doan mé (a, b)
khong giao véi S: (a,b) N S = @, thi Binh c6 thé ludn ludn thang bang cach chon By C (a, b).

o0

M6 rong quan st trén, néu nhu S = U S, 12 mot hop dém dudc cac tp khong dau trii mat®
n=1

S,,, thi Binh ludn c6 thé chon cic doan B; 2 B,,2 B3 O ... saocho B, N S, = @. V&i chién

lugc nay, Binh sé chién thing vi:

o0 o0 o o o0 o0
Sm(ﬂBn)z(USm)m< B,,):U(SmmﬂBn)gU(SmmBm):er.
n=1 m=1 n=1 m=1 n=1 m=1
'hién nay 12 Lviv, Ukraine.

2dense
3nowhere dense
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Nhiing tip S nhu & trén con dudc goi 1a thudc pham triv thit nhdt. Lap luan tuong tu nhu trén,
néu nhu phan bu cia S thudc pham tru thd nhét trong R thi S sé 1a mot tap thang cudc. Mazur
da nhan ra méi lién hé nay gitta tinh chét thing cudc va pham tru Baire, va 6ng da phong doan
rang diéu kién dd cho tip S 1a tap thang cudc nay ciing dong thdi 1a diéu kién can. Van dé nay la
bai toan thi 43 dugc ghi lai trong quyén Scottish Book, va né da duge chiing minh bdi chinh
Banach (vi thé nén c6 tén goi tro choi Banach-Mazur):

Dinh ly 2 (Banach 1935). (i) S la tdp thdng cudc khi va chi khi S c¢6 phdn bi thuéc pham
tri thit nhat trong R.

(ii) S la tdp thua cudc khi va chi khi ton tai mot doan mé I C R sao cho S N I thuéc pham
triv thit nhdt trén 1.

Dua vao dinh ly trén, néu nhu v6i moi doanmdé I € R, cad S N1 va I ~ S déu khong thudc
pham trii thi nhét thi cd An va Binh déu khong c6 chién ludc d€ chic chan thang; néi mot cach
khéc, S 12 mot tap khong x4c dinh. V4i Tién dé Chon, ta c6 thé xay dung dudc cac tip S khong
xdc dinh, v6i 2 vi du tiéu biéu sau:

(i) Tdp Vitali: tap V bao gdm mdt va chi mot dai dién ctia mdi phan ti ciia R/Q. Luu y rang
V c6 thé khong tri mat, khi diy Binh ludn ludn c6 thé thang. Néu nhu V' trii mat thi trd
choi Banach Mazur v6i S = V s€ la khong xac dinh. Mat khac, S = R ~ V lu6n ludn
khong xac dinh.

(ii) Tdp Bernstein: tip B sao cho ca B va phan bu ctia B déu giao véi moi tip dong khong
dém dugc.

Ban doc c6 thé tham khao ching minh ddy di ctia Dinh Iy 2 trong sach ctia Oxtoby [17] (chuong
6).

Tt sau thé chién thi 2, khodng nhitng nim 1950 cho dén nay, c6 rit nhiéu bién thé cia tro choi
Banach-Mazur (thung dudc goi chung 1a céc tro chdi topo *) dugc gi6i thidu va ting dung vao
viéc mo ta va phan loai céc tinh chit ctia tap hop trong 1y thuyét topo tdng quat, 1y thuyét mo ta
tap hop, ly thuyét tinh to4n, ...

Maii gan 20 nim sau khi tro choi Banach-Mazur dugc phat hién, co s& ctia ly thuyét trd chdi vo
han véi thong tin hoan hao méi dugc xay dung mot cach doc 1ap bdi Gale va Stewart [8] vao nam
1953 § My, va bdi Mycielski va Zigba [15] vao nam 1955 § Ba Lan.

Trong trd chdi vo han tdng quat ctia Gale va Stewart (goi 1a tro choi Gale-Stewart), An va Binh
sé choi trén mot tp khong rong E, goi 1a tdp cdc vi tri, cling véi topo rdi rac trén E. Tap hop
cac day hitu han va vo han trong E sé dudc ky hiéu 1an lugt 1a E* va EY. Cac phan ti cia
E* U EN s& dudc goi 1a cac vdn ddu. Do dai ctia mdi van ddu w € E* U EN sé dugc ky hién la
lw| (|| = co néuw € EM).

Dé€ cho tién, ching t6i sé sit dung ky hiéu E° = {wy}, v6i wy € E, cho vi tri bat diu ciia trd choi
(chang han nhu ban c& trdng trong c¢d vdy, hay vi tri du tién ctia ban c& vua). Tét ca cic van du
déu bat diu bang w,, nén ta cé thé bd qua wy khi ghi lai vi tri cia mot van dau nao dé.

*topological games
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Luét chdi ctia tro choi Gale-Stewart khi ddy dugc xac dinh bang mot ham:

r:-J]e"" - PE).

neN

v6i P*(E) 1a ho cac tap con khong rong’ ctia E. Mot van diu w € E* U EN dudc goi 1a hop 1¢
néu nhu:
wy € (w1, ..., Wp—1) V6i moi n < |w|.

Tép céc van du hop 1¢ sé duge ky hidu 1a Ef U ET.
Cho trudc mot tip cac van dau hop 1é c6 @6 dai vohan S € E 1151 lam tap muc ti€u cia An, tro
choi Gale-Stewart (E, T, S) giita An va Binh c6 thé dugc md ta nhu sau:

(i) An va Binh thay phién nhau chon cic phan ti ctia £: Binh chon w;, w3, ws, ... va An chon
w2, W4, We, ... MmOt cach hop 1&: (w1, ..., w,) € Ef v6imoin € N.

(ii) An sé thang néu nhu két qua @ = (wy, s, ...) € S, néu khong thi Binh thang.

Chién ludc choi ctia An c6 thé dugce hiéu ndm na 1a mot cach cb dinh chon buée di hop 18 tiép
theo & mdi lugt dua trén cac buée di da dudc thuc hién trude diy. Ap dung ky hiéu nhu & trén,
chiing ta c6 thé dinh nghia mot chién lugc ciia An 1a mot ham:

o0
04" ]_[ EZ™! — E sao cho o4(w) € I'(w) v6i moi w € ]_[ EZTL
neN n=0
Tuong tu nhu vy, mot chién lugc ciia Binh 13 mot ham
o o0
OB : ]_[ EZ" — E sao cho op(w) € T'(w) v6i moi w € ]_[ EZ".
n=0 n=0

Néu nhu An chon chién lugc o4 va Binh chon chién lugc o'g, chiing ta sé c6 dudc mot van du
vo han tuong ung, ky hi€u 1a (04, 03p):

(04,08) = (08(wo), 04(08(w0)), 08(08(w0), 04(08(00))), ...) € EF.

Véi khi hiéu nhu trén, tap S sé 12 mot tap thang cudc khi va chi khi tdn tai mot chién luge o4 cla
An sao cho v6i moi chién lugc o ctia Binh, (04,08) € S:

Ry, = {(OA, og) : op 12 mdt chién ludc ctia Binh} CS.

Tuong tu nhu vdy, S sé& 1a mot tip thua cudc khi va chi khi ton tai mot chién luge op ctia Binh
sao cho véi moi chién ludc o4 ctia An, (04,08) ¢ S:

Ry, := {(04.08) : 0.4 1a mot chién lugc clia An} C Ep N S,
va tro chai (E, T, S) sé 1a khong xdc dinh néu nhu khong ton tai o4 hay o nhu trén.

Trang bi tap E™ véi topo tich, va E 1151 véi topo khong gian con thita hudng tit EY, Gale va Stewart
da chiing minh dinh ly t6ng quat dau tién vé tinh x4c dinh cta trd choi Gale-Stewart nhu sau:

5@ dam bao An va Binh ludn c6 Iwra chon cho budc di tiép theo
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Dinh ly 3 (Gale-Stewart [8]). Néu nhu S < EE la mot tdp md hodc tdp dong, thi tro choi
(G, T, S) la xdc dinh, hay néi mét cdch khdc, khi ddy An hodc Binh cé chién lugc dé thdng.

DPinh 1y 3 ¢6 thé dudc xem 1a md& rong cta Pinh ly 1 thdong qua cach hinh dung trd choi
Gale-Stewart (£, I', §) nhu mot cay vo han nhu sau:

(i) Vi tri bat dau ctia tro chdi w, tuong dng véi gbc clia cay.
(ii) Céc phan ti cia E}. tuong tng véi céc dinh ma khodng cich t6i wg bing n.

(iii) V6i mdi dinh hitu han ctia cdy tuong ng véi w, phan tii e € I'(w) tuong ing v6i canh nbi
o € E{f‘)l dén (w,e) € EIL“’HI.

(iv) Céc phan ti clia EL s& tuong tng v6i cac dudng di dai vo han khong 1p lai dinh bat diu
tur .

Tuong tu nhu vdy, mdi tro choi hitu han véi thong tin hoan hdo c6 thé xem nhu mot ciy hitu han
(mic du c6 thé 1a rit 16n), va ta c6 thé mS rong cay hitu han nay ra thanh vo han bang cach kéo
dai tAt ca c4c 14 ra thanh dai vo han (chang han nhu budc di tiép theo duy nhit ciia ca An va Binh
khi mot ban co vua da két thiic 12 gilf cic quan cd & nguyén vi tri).

V6i mbi cdy vo han nhu vay, tip tit ca cac nhanh con dai v han ctia mot dinh 13 mot tip vira
déng vita md trong Ex, va ho cdc tip nhu vy tao thanh mdt co s clia topo trén EL. Khi ta md
rong mot trd chdi hitu han ra thanh vo han nhu & trén, ta c6 thé thiy rang cd sé ciia topo nay bao
gdm céc tap chita 1 diém® cta E 1131. No6i mot cach khac, topo trén E{ﬁ la topo rdi rac, moi tap con
clia Ep déu la tap md, va Pinh Iy 3 ctia Gale-Stewart suy ra Dinh ly 1 ctia Zermelo.

Ciing trong bai bdo [8], Gale va Stewart dit ra cau héi vé tinh xac dinh clia céc tip hop cao hon
trong phan cip Borel, hay tdng quat hon, tit ca cic tip con Borel clia EY. Cau hdi nay da trd
thanh mot trong nhitng van dé trung tam ctia 1y thuyét tro choi vo han véi thong tin hoan hao
trong hon 20 nam sau d6. Chi trong vong 2 nam, Pinh ly 3 da dugc mé rong ra cho cac tap F, va
Gs mot cach doc 1ap béi Wolfe [24] (1955) va Mycielski—Swierczkowski—Zigba [14] (1956). Tuy
nhién, tinh x4c dinh cla cac phan cip Borel cao hon tré nén phiic tap hon rat nhiéu. Mai gan
10 nam sau, tinh xac dinh cua cac tip F,s va Gs, mdi dudc chiing minh béi Davis [5] vao nam
1964, va sau day 1a cac tap Fys4, Gsos vao nim 1972 béi Paris [18]. Cudi cung, dén nim 1975,
ap dung Tién dé Chon, Donald A. Martin [10] da chitng minh dudc tinh x4c dinh cta céc tap
Borel, gidi quyét tron ven cau héi ctia Gale va Stewart. Két qua nay ctia Martin thudng dudc goi
1a Pinh Iy xdc dinh Borel:

Pinh ly 4 (Martin [10]). Néu nhu S C Ellﬁ la mét tap Borel, thi tro choi (G, T, S) la xdc dinh.

Trd lai cau hdi vé su ton tai ctia tip muc tiéu S C E IN khong xac dinh, Pinh ly 1 cho thiy ring
khong phai tat cé céc tro choi Gale-Stewart déu ton tai mot tap S nhu vay. Néu nhu E, T khong
qua “suy bién”, chang han nhu & mdi budc ctia tro chdi, ca An va Binh déu c6 it nhét 2 lua chon,
thi véi Tién d& Chon, chiing ta c6 thé xdy dung dudc tip S sao cho (E, T, S) 1a khong xic dinh.
Tong quat hon mot ti, tro choi Gale-Stewart (E, T') dudc goi 1a khong suy bién® néu nhu véi moi
day vohanw € E 1151 , ton tai it nhAt mot chién ludc o4 ciia An va mdt chién ludc o5 cia Binh sao
cho:
o ¢ Ry, va ¢ Ry,

hay n6i mot cach khac, ca An va Binh déu c¢6 chién lugc d€ tranh w.

bsingleton
"Borel Determinacy Theorem
$non-degenerate
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Dinh ly 5 (Gale-Stewart [8]). Néu nhu (E,T) la khong suy bién thi vdi Tién dé Chon, ton tai
tap S C EY sao cho tro choi (E, T, S) la khéng xdc dinh. Hay cu thé'hon, khi tdp S la mét tdp
Bernstein ciia Ey.

Vao nim 1962, Mycielski va Steinhaus [13] dit ra mot tién dé méi goi 1a Tién d& Xac dinh (AD?)
nhu sau:

Tién dé Xac dinh (AD). Xét tro choi Gale-Stewart v6i An va Binh chon cac s6 tu nhién bat ky:
E =N, T'(w) = N v6i moi w € E*. Moi tap muc tiéu S NV déu la tap xéc dinh.

Theo nhu Dinh 1y 5 thi Tién dé Xac dinh mau thuin véi Tién dé Chon, tuy nhién Mycielski
va Steinhaus chiing minh riang Tién dé Xac dinh khong mau thun véi cac tién dé tap hon ctia
Zermelo-Fraenkel, va mo hinh Iy thuyét tap hop (ZF+AD) tré thanh mot nhanh nghién ctiu thi vi
trong 1y thuyét mo ta tp hop'®. Mot sb hé qua thd vi ctia Tién dé Xac dinh:

(i) Tién d&& Chon dém dugc'', mot phién ban yéu hon ciia Tién dé Chon.

(i) Moi tép con cua tap s6 thuc R déu (Lebesgue) do dudc (Solovay [21]).
(iii) Tap Vitali (hay 1a R/Q) c6 luc lugng 16n hon luc lugng ciia tap s thuc R.
(iv) Moi tap con khong dém dudc ctia R déu chita mot tap hoan hio.

(v) Moi tap con ctia R déu c6 tinh chét Baire.

Ban doc c6 thé tham khao thém vé Tién dé Xac dinh va cac phién ban khac ctia né trong sach
cua Moschovakis [12] hoac Kechris [9].

Vao nam 1966, W. M. Schmidt [19] gi6i thi€u mdt bién thé cta tro choi Banach-Mazur va ap
dung né vao trong x4p xi Diophantine. Hon 40 nim sau, trd chdi ctia Schmidt va cc bién thé
clia né da trd thanh mot trong nhitng cong cu manh nhét ctia ly thuyét x4p xi Diophantine va
dugc ing dung trong dong hoc thuan nhit '?, hinh hoc hyperbolic, khong gian moduli, ...

Goi (X, d) 1a mot khong gian metric day dd. Cho trude 2 s thuc o va B v6i 0 < a, B < 1. An
va Binh choi trd choi («, B) clia Schmidt trén X véi tap dbi tugng S C X ciia An, ky hiéu 1a
(o, B, S) nhu sau:

(i) Binh chon mét qua bong (déng) bAt ky By c¢6 ban kinh r(B;) > 0.

(ii) O budc thit n ciia An, An chon qua béng bat ky A, nim trong qua béng B, trudc dy cta
Binh véi ban kinh r(A4,) = ar(B,).

(iii) O budc thi n + 1 cia Binh, Binh chon qua béng bit ky B,4; nam trong qua béng A,
trudc ddy ctia An véi ban kinh 7 (B,41) = Br(4,).

? Axiom of Determinacy
Descriptive Set Theory
" Axiom of Countable Choice
2homogeneous dynamics
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(iv) Vi (X,d) 1a mot khong gian metric day dd, va cdc qua béng da dudc chon 16ng nhau
By D Ay D B, D A, D ... v6i ban kinh tién vé 0, két qua ctia mot van dAu gilta An véi
Binh 12 mot diém duy nhit:

{Xoo} =) B = (") 4n-
n=1 n=1

(v) An tha”ing néu nhu x., € S, va ngudc lai, Binh th:fmg néu nhu xo, ¢ S.

Luu y rang, khi X khong phai 1a mot khong gian Banach, thi chiing ta dung cac qud bong hinh
thitc™® (cdc phan tii cia X x R.¢ cuing v6i mdt phép thuc hién topo 7 : X x R.g — P(X) nhu
sau:
I(x,p) :=={y € X :d(x,y) < p}.
Khi diy, qua béng (hinh thiic) A = (cy4, p4) dudc goi 1a nam trong B = (cp, pp), ky hiéu la
A =< B khi va chi khi:
d(ca,cp) < pp — pa.
Hién nhién A < B suy ra I(A) C I(B), nhung chiéu ngudc lai c6 thé sai khi X khong phai 1a
mot khong gian Banach. Khi X 13 mot khong gian Banach thi 2 quan hé nim trong nay 13 tuong
duong nhau.
bat ham tam va ban kinh ctia cac qua bong hinh thiicc : X xR — X, 7 : X xR.g — Ry
nhu sau:
c(x,p)=x va r(x,p)=np.

V6i ky hiéu nhu trén, ching ta cé thé xay dung mdt tro choi Gale-Stewart (E, T, $*) di kém véi
tro chai (o, f) cia Schmidt trén X nhu sau:

(i) E =X xR.y.
(ii)) I'(wo) = E.
(i) T'(wy,...,03p—1) ={A € E : A X wyp—1 var(A) = ar(way—1)}, véin € N.
(iv) I'(wy,...,w2,) ={B € E : B < wy, var(B) = Br(wz,)}, véin € N.
o0
V) S*=JweEr: SN () (wn) # 0.
n=1

Khi diy ta c6 thé thiy ring An (Binh) c6 chién lugc d€ thing trong tro choi («, B, S) clia Schmidt
khi va chi khi An (Binh) c6 chién lugc d€ thang trong trd choi Gale-Stewart (E, ', $*).

Vay tinh xéc dinh cda tro choi (o, B, S) clia Schmidt nhu thé nao? C6 2 trudng hgp don gidn nhu
sau:

(i) Khi 1 4+ af < 2« thi dia An c6 di nhu thé nao, Binh van ludn ludn c6 thé ¢ dinh tim ctia
cic qua béng B,. Nhu vdy, néu nhu S # X, thi Binh ludn ludn thiang, va ngudc lai, thi
duong nhién An ludn thing.

Bformal balls
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(ii) Tuong tu nhu vay, khi 1 + o < 2 thi du Binh c6 di nhu thé nao, An van ludn ludn c6
thé ¢ dinh tAm ctia cac qua bong A,. Nhu vdy, néu nhu S tri mét trong X thi An luén
ludn thang, va néu khong thi Binh luon thang.

Tuy nhién, ngoai 2 trudng hop hién nhién trén, thi viéc phan loai hoan toan céc tap thang cudc va
thua cudc ciia tro choi (a, B) ctia Schmidt van 12 mot vin dé mé cho dén nay.

Y tuéng dic biét nhit khi Schmidt nghi ra tro choi (a, f) 12 4p dung né vao trong xp xi
Diophantine thong qua nhting dinh nghia sau:

(i) S dudc goi la mot tap (e, B)-thdng cudc néu nhu An c6 chién luge dé thiang trong trd choi

(a. B.S).

(i) S dudc goi la mot tap a-thdng cudc néu nhu S 1a mot tap («, B)-thang cudc véi moi
0<pB<l.

(iii) S dudc goi la mot tap thdng cudc néu nhu S 1a mot tip a-thang cude véi mot 0 < o < 1
bat ky.

Schmidt [19] da chiing minh ring cic tip thing cudc s hitu nhitng tinh chit dic biét sau:

Dinh ly 6 (Schmidt [19]). (i) Néu nhu X la mot tdp con md ciia mot khong gian Banach, va
S la mot tdp a-thdng cudc, thi S co cung sé chiéu Hausdorff vdi X .
o0

(ii) Néu nhu Sy, S,, ... la cdc tdp a-thdng cudc, thi giao cua chiing ﬂ S, ciing la mot tdp

n=1
a-thang cudc.

(iii) Néu nhu f la mot phép bién doi affine khd nghich trén R", va S la mot tdp a-thdng cudc,
thi £(S) ciing la mot tdp a-thdng cudc.

o0
(iv) Néu nhu f1, f>, ... : R = R la cdc vi phéi'*, va S la mét tdp thing cudc, thi ﬂ fn(S)
n=1
ciing la mot tdp thdng cudc.

Vi du dau tién vé ting dung cta tro choi ctia Schmidt trong s6 hoc metric nhu sau: Mot sd thuc
x dudc goi la chudn trong co sé b" néu nhu khi viét s6 x dudi dang md rong theo co sb b:
X=ap,h" +a,_1b" '+ .. +ag+a_ b7 +a_,b™*+ .. cicchitsda,,a,_, ... dudc phan
phdi déu:

#H—-N <i<n:a, =k} 1

lim — v6ik=0,1,...b—1.
N—o0 N +n b

Chiing ta c¢6 thé chiing minh dudc rang hiu hét (theo dd do Lebesgue) cac s6 thuc la chuin trong
moi cd s& b. Nhu vy, tip cac sd khong chuin trong mot co s6 b nao d6 c6 do do Lebesgue bing
0. Ap dung Pinh ly 6, Schmidt da chiing minh rang tip cic s6 thuc khong chudn trong moi cd s6
b'® (ky hiéu 1a NN) c6 chiéu Hausdorff bing 1:

Pinh ly 7 (Schmidt [19]). Vdi moi co s6 b, tdp cdc sé khong chudn theo co sé b la mét téip
1/2-thing cudc. Va vi thé, tdp NN cdc s6 khong chudn theo moi co sé la mét tdp thdng cudc.

14 diffeomorphism
Snormal in base b
16normal to no base
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Mot ing dung khac ctia trd choi Schmidt trong bai bao [19] 1a tap BA cia cic s6 xap xi kém.
Nhic lai ring mot s6 vo ti x € R ~ Q dudc goi 12 xdp xi kém néu nhu ton tai mot hang s6 ¢ > 0

(tiy thudc vao x) sao cho v6i moi s hitu ti L € Q,

Theo nhu Pinh ly Khintchine trong x4p xi Diophantine, tap BA c6 do do Lebesgue bang 0. Hon
thé nita, tap BA con 12 mot tip thudc pham tru thi nhit, bdi vi ta ¢ thé phan tich tip BA thanh
ra nhu sau:

vGi cac tap khong dau tru mat:

BA, := R~ U[ﬁ—i £+i]
q

Theo nhu DPinh ly 2, BA 1a mdt tap thua cudc trong tro chosi Banach-Mazur. Nhu vay xét theo 2
tiéu chi do dai (d6 do Lebesgue) va pham tru Baire, BA 1a mot tap nho. V6i mét tap nho nhu vay,
néu nhu ta xé dich BA di mot ti, chua chic BA 4-c c6 giao v6i BA. Tuy nhién, Schmidt da chiing
minh rang BA 1a mot tip («, B)-thang cudc véi moi o, B khong hién nhién, din dén mot hé qua
thd vi sau vé tap BA:

Dinh ly 8 (Schmidt [19]). Néu nhu f1, fa, ... la cdc bién doi affine khd nghich, hay tong qudt
hon nita la cdc vi phéi trén R, thi giao cia dnh ciia BA dudi f, co chiéu Hausdorff bing 1:

dimy(ﬁ f,,(BA)) = 1.

n=1

Hon thé nita, Fishman con dp dung tro choi ctia Schmidt d& chiing minh ring, néu nhu K 1a mot
fractal “t6t” trén R, chang han nhu tip Cantor, thi giao ctia BA va K ciing van 1a mot tip thing
cudc, va c6 chiéu Hausdorff bang véi chiéu Hausdorff ctia K:

Pinh ly 9 (Fishman [6]). Néu nhu K la mét fractal “tét”, va fi, fa, ... la cdc vi phéi trén R, thi:

dimpy <1< N f (BA)) = dimg K

n=1

Céc két qua trén da dudc md rong ra cho khong gian céc véc to R” va khong gian cidc ma trin
M,, ,(R) bdi Schmidt [20], Fishman va cac tac gid khéc [7, 3, 4] stt dung cac bién thé cua tro
choi Schmidt. Trong phan 4 ctia loat bai vé 1y thuyét x4p xi Diophantine, ching ta sé& chting minh
chi tiét nhitng két qua nay cho tap cac véc to xip xi kém trén R”, 4p dung mot bién thé cda tro
choi Schmidt dugc gidi thiéu trong [3].
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

TRI SO P RA TOA

Nguyén Van Tuan
(Dai hoc New South Wales va Dai hoc Cong nghé Sydney, Uc)'!

Trong lich st khoa hoc hién dai, hiém thiy mot tri s6 nao c6 anh hudng sau rong
dén hoat dong khoa hoc va ddi séng nhu tri s6 P, thudng viét hoa va nghiéng. P
1a viét tat chit Probability — xéc suit. Tri s6 P dudc st dung nhu 12 mot thude do
chiing cti khoa hoc. Vi tinh chit chiing ¢, nén méi day tri s6 nay phai ra toa vé mot
loai thudc tri cdm ctiim. Nhung rat it ngudi hiéu ro y nghia ctia tri s6 P 1a gi. Nhan
dip tri s& P ra hau toa bén Mi, c6 1& ching ta nén tim hiéu y nghia cda tri s6 nay va
anh hudng ctia n6 trong cudc song kinh té — xa hoi.

Cau chuyén bt dau tir mot phién toa lién quan dén thube Zicam?. Zicam 1a mot loai kém dudc
bao ché d€ diéu tri bénh cam ciim. Nha san xuit Zicam 12 cong ti dugc Matrixx. Thubc ban kha
chay trén thi trudng. Nhung tir 1999 vé sau, nhiéu bénh nhin va béc si d€ y thiy thubc c6 vai
phén ng phu déng ké nhu cam gidc néng bing, c6 khi mit khitu gidc. Céc béc si va bénh nhan
bdo cho Matrixx biét, nhung cong ti khong tra 15i va c6 vé 19 di.

Mt béc si biic xtic truée thdi do clia cong ti va xuat hién trén chuong trinh truyén hinh Good
Morning America néi vé nhitng phan ting ctia thudc Zicam. Sau d6 ¢ phan ctia Matrixx bi
giam tram trong. Thé 1 cdc nha dau tu kién Matrixx ra toa’, vi ho cho ring Matrixx da khong
thanh that bdo cdo vé phan ting phu clia thudc, va viéc gidu giém lam cho ho ... méit tién. Phia
cong ti Matrixx, ho i giai ring nhiing phan ing phu d6 khong cd ¥ nghia thong ké (statistically
non-significant). Va, theo 1i gidi ctia Matrixx, vi khong c6 y nghia thong ké, nén khong thé két
ludn rang thube 1a nguyén nhan gy nén nhiing phan tng do.

Tuy nhién, khi ra tod, véi mot nhan chiing 12 mot nha kinh té va ciing 12 mot chuyén gia thong
ké, toa phan rang khong thé bién minh ring c6 y nghia thdng ké 1a diéu kién d€ suy luin nhan
qué dugc. Matrixx thua kién va phai boi thudng rat nhiéu tién cho bénh nhan va cdc nha dau tu.

Vay tri s6 P 1a gi ma dugc tda 4n quan tim nhu thé? C6 thé néi ring tri sé6 P (hay P value) 1a
mot tri sb rit phd bién trong khoa hoc. P 1a viét tat chit probability trong ngit vung tiéng Anh,
c6 nghia 12 xdc sudt. Bét ci ai tiing hoc dai hoc, bét cif nganh nao, tif khoa hoc tu nhién dén kinh
té hoc va khoa hoc nhan vin, déu phai hoc qua tri s6 P. Tuy dudc hoc nhiéu nhu thé, nhung s
ngudi that su hiéu y nghia clia n6 thi khong nhiéu. Trong mdt cudc diéu tra trén 100 bac si trén
15 nim kinh nghiém va mot s6 gido su dai hoc (nhiing ngudi da tiing c6 cong bd quéc té), chi c6
15% hiéu ding tri s P, phan con lai déu hiéu sai!

!Gido su Nguyén Vin Tuin hién tai 1a gido su y khoa, Dai hoc New South Wales; Gido su Y khoa Tién lugng,
DPai hoc Cong nghé Sydney (University of Technology, Sydney).

2Tt ca céc lién két dén cic trang Web déu 1a b sung ctia Ban Bién tap. Chiing ti tham khio cic lién két nay
vao thang 12 nim 2015. Tét ca chd thich trong bai nay déu ctia Ban Bién tap.

*Ban doc c6 thé xem thém thong tin & day.

35


http://en.wikipedia.org/wiki/Zicam
http://en.wikipedia.org/wiki/Good_Morning_America
http://en.wikipedia.org/wiki/Good_Morning_America
http://www.sciencebasedmedicine.org/fda-zicam-warning/

Tap chi Epsilon, S6 07, 2/2016

Qui trinh ma khoa hoc st dung d€ kiém dinh mot gia thuyét rat giébng véi qui trinh ctia bdi thim
doan trong toa an. Nhung trude khi gidi thich phat biéu d6, ¢6 1& can phai 1am quen véi khai niém
gid thuyét vo hiéu (null hypothesis) qua mot vi du. Ban 13 nha kinh t& hoc va ¢6 mot nghi ngo
rang c6 su ki thi gi6i tinh trong bd nhiém gidm dbc diéu hanh doanh nghiép. Nhung 13 nha khoa
hoc, ban khong chi “nghi ngd” ma phai phat biéu thanh mot gia thuyét cu thé: trong gidi gidm
dbc doanh nghiép ti 1é nit gidi thdp hon nam gidi.

Nhung theo Karl Popper (mot triét gia khoa hoc 16n) thi chiing ta khong thé chiing minh gia
thuyét, ma chi bac bd mot gia thuyét. D& bac bd gia thuyét, ban can dén mot gia thuyét vo hiéu.
Gia thuyét vo hiéu, nhu tén goi 12 mot phat biéu ngudc lai v6i gia thuyét chinh. Trong vi du trén,
gia thuyét vo hiéu sé phat biéu 1a: trong gidi gidm déc doanh nghiép ti 1é nit gidi bang vdi nam
gioi.

Sau d6, ban sé& thu thap dif liéu, c6 thé 1a dit liéu so sanh ti 1& nit gidm ddc trong cdc doanh nghiép
Vv6i ti 1& ngoai cong dong hay mot nganh nghé khac. Van dé dit ra 12 hai ti 1 c6 that su khéc
nhau, va d€ tra 18i cAu hdi nay, ban phai tinh tri s6 P. Néu tri s6 P qua nho, ban c6 thé bac bd
gia thuyét binh dang (tic gia thuyét vo hiéu). Hau hét cac phuong phap thuyét théng ké dudc
phat trién d€ bac bo gia thuyét vo hiéu.

Qui trinh bac bd gia thuyét vo hiéu ciing gidéng nhu qui trinh suy luan ctia bdi thim doan trong
toa an. C6 thé 14y vi du song song vé toa 4n va anh hudng ctia thudc Zicam nhu sau:

e Bdi thim doan bat dau véi gia dinh rang nguyén don vé 6i. Tuong tu, nha khoa hoc bat
dau vdi gia thuyét vo hiéu riang thube Zicam khong c6 tac dong phu;

e Toa 4n can chiing cit. Nha khoa hoc can di liéu (data). Nha khoa hoc 1am thi nghiém
(nghién ctiu) dé thu thap dit liéu;

e Toa 4n va bodi tham doan phéi xi 1i ching cd. Nha khoa hoc ciing xt 1i dif liéu bang phan
tich théng ké dé di dén quyét dinh, va két qua xt 1i dif liéu thudng 1a tri s6 P. Tri s6 P dugc
xem la thuéc do vé chiing ci.

e Boi thim doan sé quyét dinh nguyén don c6 toi néu chiing ci khong phit hop véi gia dinh
vo toi. Tuong tu, néu dit liéu nghién ctiu khong nhit quan vé6i gia thuyét vo hiéu, nha khoa
hoc sé bac bo gia thuyét vo hiéu va tuyén bd chip nhan gia thuyét chinh.

Qui trinh kiém dinh gia thuyét vita mo6 td 1a mot phuong phdp trong triét 1i phan nghiém
(falsificationism) rt phd bién va trd thanh mot mo hinh d€ giai thich su tién bo ctia khoa hoc.
Chiu anh hudng béi triét 1i ny, Ronald A. Fisher (1890 — 1962), mdt nha di truyén hoc ngudi
Anh va ciing 1a “cha dé” ctia nén théng ké hoc hién dai, dé xuit mot phuong phap dinh lugng
dé€ phan nghiém mot gia thuyét khoa hoc. Ong goi phuong phap nay 1a “Test of Significance”
(t61 tam dich 1a: phwong phdp kiém dinh ¥ nghia thong ké). Fisher quan niém rang thong ké 1a
mot bd phan quan trong cia phudng phap suy luan theo phép qui nap (inductive inference), tic
12 phuong phdp suy luin dua vao quan sat tif cic mau (sample) va khai quat cho mot quan thé
(population). Theo Fisher, qui trinh phan nghiém c6 thé tém ludc nhu sau:

e D¢ ra mot gia thuyét vo hiéu, goi 1a Ho;
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Ronald A. Fisher, “cha d¢” ctia khoa hoc théng ké hién dai.

e Tién hanh thi nghiém d€ thu thap dit liéu, goi dit liéu 1a D;
e Tinh xdc suit quan sat D néu H, 1a ding, tic tinh P(D|H,). Pay la tri sb P.

Ong d& nghi liy P = 0.05 nhu 1a mot ngudng dé€ quyét dinh bac bd hay chip nhan gia thuyét vo
hiéu.

Do dé, tiéu chuin dé€ bac bé gia thuyét vo hiéu la tri s6 P < 0.05. Khi két qua c6 P < 0.05,
c6 thé két luan ring moi tuong quan gita Zicam va tac dong phu cd y nghia thong ké (tic
statistically significance). Mot mdi tuong quan cé y nghia thong ké c6 nghia 12 mot mbi tuong
quan ddng chi y, chi khdng phai 1a hién tugng ngiu nhién. Néu mot thude c6 anh hudng 1am
sang c6 y nghia théng ké dudc hiéu ring d6 12 hiéu qua that, chi khong phai 1 ngiu nhién.

Ngugc lai néu P > 0.05, thi mdi tuong quan khéng c6 y nghia thong ké, va ching ta chip nhan
gia thuyét vo hiéu, tiic khong c6 khac biét. Pay ciing chinh 1a cach i gidi ctia clia cong ti Matrixx:
vi P > 0.05, nén khong thé néi riang thudc gy tac hai hay phan ting phu. Pa gin mot thé ki nay,
chiing ta dugc day nhu thé, va chip nhan cich dién gii dé.

Ronald Fisher (ngudi Anh), mot nha di truyén hoc, nhung ciing 1a mét “dai thu”, ciing c6 thé
xem la cha dé cua khoa hoc théng ké hién dai. Céc z test, r-to-z test, F'— test, v.v. ma chung ta
dung ngay nay la sang kién ctia dng Fisher (mau tu F trong F—test la viét tit ctia chit Fisher).
Ong nay cuc ki thong minh (di nhién), nhung cling cuc ki khé tinh va c6 khi hep hoi. Ong tiing
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lam cb vén cho cong ti thudc 14 va ding kha ning thong ké ciia 6ng d€ bién minh rang hit thube
14 chang gy ung thu phdi! Vé khoan nay (thudc 14 va ung thu phdi) thi dng sai hoan toan.

Nhung tri s6 P rat dé bi hiéu lam. Mot trong nhiing hiéu 1dm phd bién nhit 12 tri s6 P phan 4nh
xéc suit cia mot gia thuyét. Trong vi du trén vi gia thuyét 1a khong c6 anh hudng cla thudc, nén
néu P = 0.03 thi dudc hiéu 1a x4c suit clia gia thuyét khong c6 anh hudng 1a 3% (hoic xac suét
ctia gia thuyét c6 anh hudng 1a 97%). Nhung cach hiéu d6 sai.

Néu xem xét ki qui trinh trén, ching ta d& dang thiy rang tri s6 P phan anh xdc sudt ciia dit liéu
néu gia thuyét vo hiéu 1a ding (chi khong hé phan anh xdc sudt cia gid thuyét vé hiéu). Néu
goi dit liéu 1a D, va gia thuyét vo hiéu 1a H, tri s6 P chinh 1a (chd y du | ¢6 nghia la “véi diéu
kién”, va P 1a x4c suét):

P(D|H)

Chu khong phai:
P(H)

P(H) la x4c suat khong c6 diéu kién, con xdc suat P(D|H) la x4c suét c6 diéu kién. Tri s6 P
khong phéila P(H), mala P(D|H). Né6i cach khdc, tri s P 1a mot xdc suit ¢6 diéu kién. Do
do, tri s6 P c6 y nghia kha ... 1at 1éo0. Trong thuc té, chiing ta mudn biét “véi dit liéu c6 dugc thi
x4c suat thudc gay anh hudng 13 bao nhiéu” (ciing gidng nhu néu két qua xét nghiém 1a duong
tinh, thi xdc sut toi that sy mic bénh 1a bao nhidu). Ching ta khong cin biét “néu gia thuyét
khong anh hudng 1a ding thi kha nang dit liéu xdy ra 1a bao nhiéu” (néu toi méic bénh thi xac
suat tdi c6 két qua duong tinh 12 bao nhiéu). Ay thé ma tri s6 P tra 15i cau héi thit hai. Do dé, tri
s6 P cung cip cho ching ta mot thong tin ching ta khong can biét!

Do d6, cach 1i gidi ctia Matrixx (vi du: vi P > 0.05 nén khong thé néi ring thudc c6 anh hudng)
1a khong ding. Gia du nhu P = 0.10, thi Matrixx khong thé néi rang kha ning thudc khong c6
anh hudng phu 1a 10%, bdi vi ¥ nghia that c6 né la: néu khong c6 dnh hudng phu thi x4c suit ma
du liéu xay ra la 10%.

C6 1& néi khong ngoa rang tri s6 P 1a mot con sb phd bién nhit trong khoa hoc tit khoang 100
nim qua. Hau hét cac bai bao khoa hoc déu trinh bay tri s6 P nhu ham y nang cao tinh khoa hoc
va dd tin cdy cta bai bdo. Tuy nhién, ngay tif lic méi “ra ddi”, tri s6 P da bi phé binh di doi.
Mot trong nhitng phé binh 1a tri s6 P khong phan anh gid tri ma ching ta cn biét (trong trudng
hgp Matrixx, chiing ta can biét thudc c6 tac dong phu hay khong). Ngoai ra, rat dé c6 mot két
qua c6 y nghia thdng k& (P < 0.05) néu nha nghién citu chiu khé ting s6 ¢d mau hay 1am thi
nghiém rat nhiéu 1an. Cach chon ngudng 0.05 ciing 12 mot cach 1am tuy tién, va din dén nhiéu
hé qua bt 1gi cho khoa hoc, ké ca gian ddi trong phan tich dif liéu.

Rt nhiéu 1an di du hoi nghi khoa hoc bén Viét Nam (va nhiéu noi khac & A chau) tdi thdy
“rau” khi dién gia t6 ra “no 1&” véi tri s6 P. Ho thudng nham 14n rang hé két qua nao ¢ tri s6
P < 0.051a “c6 y nghia” hay “c6 anh huéng”, con P > 0.05 — tham chi 0.051 — ho suy luan
rang “khong c6 anh hudng”. Suy luin nay dan dan tré thanh quan tinh, né lam cho ngudi ta ludi
suy nghi, khong xem xét gi dén gia thuyét khoa hoc va céc chiing cif khac. Nhung mudn thay
mot vin hod tri s P khong phai dé chit nao. Mdi 1an néi chuyén véi cdc ban trong nudc 13 mdi
1an phai thuyét phuc ho rang tri s6 P khong quan trong nhu ho tudng, nhung ho néi cic thy co
day P < 0.051a “c6 y nghia”, cai nao P > 0.05 la bo qua (c6 ngudi con khong chiu trinh bay
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két qua véi P > 0.05), lam t6i rit ngac nhién va bt ngd. Can phai thay ddi cach day nhu thé,
nhét 12 trong thé gidi y hoc.

Cic tap san khoa hoc ciing bat dau “mét” véi tri s6 P. Trude déy, khi tap san Epidemiology (rét
ndi tiéng mot thdi) co téng bién tap mdi 1a K. Rothman, viéc dau tién dng nay 1am 13 tdy chay tri
s6 P. Bai bao nao bdo céo tri s6 P 1a bi dng 4y bac bé hay bat phan tich / trinh bay lai. Sau mot
nim thyc hién “luat Rothman” thi s ban thio dé trinh cho tip san gidm ro rét. Két qua 1a 6ng
Rothman bi yéu cu nghi truéc nhiém ki! Méi day*, khi t6i dugc bau vao Publication Committee
cua ASBMR, t6i dudc giao nhi€ém vu soan thao ban guidelines cho tap san Journal of Bone and
Mineral Research. Co hdi t6i tay, nén tdi viét rd rang néu tac gia nao 1é thudc vao tri s6 P thi bai
béo sé bi tir chdi, rang tap san sé khong chio dén nhiing bai bao chi dua vao tri s6 P dé két luan.
Chua biét sap t6i tdi sé bi cho ra khéi Committee hay 1 sao, nhung phéi thir mdt phen cho biét.

C6 ngudi cho riang viéc ung dung tri s6 P trong suy luin khoa hoc 12 mot budc lui, 1a mot su
thodi héa ctia khoa hoc, nén dé nghi khong st dung tri s6 ndy trong nghién ctiu khoa hoc. Nhung
dui chiu nhiéu chi trich va phé binh, ing dung phuong phap kiém dinh gia thuyét va tri s6 P vin
con phd bién trong khoa hoc va toa 4n, don gidn vi ching ta chua c6 mot phuong phap khac tot
hon, hay hop 1i hon, hay don gian hon. VAn dé khong phai 12 x6a bé tri s P khdi khoa hoc va
tda an (vi chuyén nay khé xay ra), nhung can phai dién gidi tri s6 P ding theo y nghia that ciia
n6 ciing nhu nhitng han ché vé logic.

“Bai nay dugc gido su Nguyén Vin Tuin soan thio vao khoang dau nim 2014.
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Tap chi online cua cong dong
nhiing nguoi yéu todn

PHEP BIEN DOI FOURIER
CO Y NGHIA VAT LY GI?
Job Bouwman

(Tran Nam Diing dich, Dang Nguyén Ddc Tién hiéu dinh)

Ung dung ctia bién ddi Fourier xuét hién rit nhiéu trong ddi séng hing ngay ctia
ching ta. Ban ling nghe mot ban nhac qua itunes, xem mot doan video trén youtube,
hay chinh viéc dang doc tap chi Epsilon déu it nhiéu c6 lién quan dén bién d6i
Fourier!

Vay bién ddi Fourier 1a gi? Trong bai viét nay, Epsilon gi6i thiéu véi doc gia mot
tiép can mdi la thong qua bai viét ding trén quora.com cuia tic gia Job Bouwman:
Phép bién ddi Fourier c6 y nghia vat 1y gi?
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Khi Joseph Fourier tiét 16 lam thé nao cdc ham sé co thé dugc phadn tich ra thanh chudi vé han
cdc ham sin (sinusoid function) ', ong khong hé biét ring ong dd phdt minh lai chiéc bdnh xe.

Hon mét ngan ndm trude do, vua Arthur va 12 hiép si ciia 6ng ta da phdt trién phép bién doi
Fourier co hoc.

Bdng cdch két hop mét két cdu tai tinh véi mot phuong phdp xudt chiing, ho dd cé thé' lam todn
ma khong can ding dén todn. Cdu chuyén nay nhu sau.

Ngay xtra ngly xua, viong qudc Anh dudc cai tri bdi dic vua huyén thoai Arthur, ngudi da di
tru6e thoi dai ca vé tu duy phan tich 1an phuong thiic quan 1y t§ chifc. Vi mong mudn ngin chin
tham nhiing trong hé théng thué Hoang gia ctia minh, Arthur da phan mudi hai thdng trong nim
cho mudi hai hiép si, mi ngudi ddm nhan viéc thu thué trong thidng ma ho dugc phan cong. Ong
ciing quyét dinh sé thudng cho hiép si nao ddm bao dudc khoan déng gép 16n nhit cho ngan khd
ctia Hoang gia. Tuy nhién, trong nim dau tién, diéu nay da chAm ngdi mot cudc tranh cii niy
lia.

Lancelot

August

June

- $ Galahad

- Q ‘ @ eptember

January ‘ ‘

Parseval  pecember

November

Hinh 5.1: Hé thong thué hoang gia. Mudi hai hiép si dugc phan déu theo 12 thang trén mot chiée
ban hinh vudng.

Mic dii 16 rang 14 Lancelot (thang Sdu) da thu thap nhiéu vang nhit trong thang ctia minh nhung
Parseval (thang Giéng) tranh cii rang Lancelot da dugc nhu vdy vi c6 nhiéu thuén Igi hon do vao
mua he thi ngay dai va thdi tiét dé chiu (xem hinh 5.1). Hau hét cac hiép si déu dong y hiéu ting
nay can phai dugc tinh dén dé c6 su so sanh cong bang, nén Arthur da phai dau dau d€ tim ra
mot két cau tai tinh? cho phép ho do dudc mic dd anh hudng ctia *hiéu ing mua he’.

Khong cham tré, Arthur triéu tp cac thd mdc cia hoang gia va ra 1énh cho ho got bét cac goc
ctia chiéc ban vuong ndi tiéng ctia minh. Tiép theo d6, cac thg rén dudc ra Iénh treo chiéc ban

'Ping § *Théorie analytique de la chaleur’, 1822.
2Chiing t6i dich tit Ingenious construction. Do bai viét dang dé cap dén mot hé thong vat Iy, va hé thdng nay bao
gdm nhiéu thanh phan nén chiing t6i chon dich construction 1a két ciu nhu kiéu két cAu trong xay dung.
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tron 1én tran clia cung dién bang mot soi xich dai. Cudi cung, 6ng ra 1énh cho dau bép hoang gia
mang chiéc can 16n nhat 16n nht tir tri phong ctia hoang gia:

Hinh 5.2: Két cAu ding dé do anh hudng ctia ‘hiéu ting mua he’.

Do téng trong luong: dung dé dbi chiéu

Trudc khi ¢6 thé x4c dinh mic do anh hudng ctia hiéu ing mua he, dau tién 6ng di can tong
luong vang dé c6 dudc thong tin tham khao. D€ thuc hién diéu nay, tit ca cac tii vang dudc gom
vé vi tri ctia Lancelot, trong khi chiéc can 16n ding d€ giit cho chiéc ban can bang. Con s6 ghi
trén can sé cho ta biét tdng doanh thu clia nim do.

Hinh 5.3: Dit tit ca vang vé mot bén ctia ban mang thong tin tham khao: téng khdi luong cia tat
ca cac tui.
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Sau khi 14y thong tin nay [tng trong ludng]®, 6ng da c6 thé xac dinh hiéu ting mua he nhu sau.
Ong ra 1énh cho céc hiép si dit tii cia minh theo mua xung quanh ban. Ong yéu cau ho dé that
chinh xdc & céc vi tri déu nhau xung quanh ban, khoang cach giita cic tdi bang nhau, giéng nhu
nhiing con s6 trén dong ho.

Nhu viy, thang Nam sé dat tdi cia minh 6 phia bén phai cua tdi Lancelot [thang Sau], trong khi
thang Bay sé dit tii vao bén tréi tii ctia Lancelot va tt ca cac hiép si khac tiép tuc quy tic nay.
Nhu du dodn, diéu nay 1am cho ban nghiéng vé phia cic tii mua he. Bing cach thi nghiém can
than, Arthur sau d6 tim ra chinh xdc diém trén chu vi cia ban ma 6ng phai giit biang chiéc can dé
ban van thing bang.

Summer

Winterc D

Hinh 5.4: Arthur dat doanh thu ciia nam thanh mét vong xung quanh ban, cac thang cach nhau
véi mot khoang cach bang nhau. Diéu nay da 1am ban nghiéng vé phia niia ban ctia Lancelot, tiét
16 thdi gian t6t nhit trong nim d€ thu thué. V6i chiéc can, Arthur di c6 thé do dugc thong sb vé
st bién dong chinh ctia nim nay, va so sanh né vdi tdng khéi luong do truée do.

DE c6 dugc su can bang hoan hao nay, 6ng da phai dit cai méc can bén phai tii ctia Lancelot
mot chiit. Tir d6 dng c6 thé xac dinh dudc ring thoi gian t6t nhét trong nim dé thu thué 1a trong
ntia dau tién ctia thang Sdu. Quan trong hon, két qua 6ng thu dugc khong phai 1a do doanh thu
thuén 10i tif riéng thdng nay: tit ca cic tii da gop phan vao vi tri va siic manh clia hiéu tng nay.

Arthur Ivu y riang chiéc can lic nay chi mot con s c6 gia tri bang khoang hai phan nam gia tri
ma né da thé hién khi can doanh thu ci nim. Tuy nhién, véi thong tin nay, khong ai biét 1am thé
nao c6 thé st dung gia tri ndy dé bu dip cho hiéu ting mua he.

Tir quan diém ctia ngay hom nay ching ta c6 thé thiy rang Arthur chi lugng héa cac ham sin véi
tan s6 co ban clia mot ndm. V4i cong cu toan hoc hién dai, chang han nhu ludng gidc va giai tich,
chiing ta c6 thé tu vAn cho dng cach tinh céc gid tri ctia ham sin ny cho mdi thang, va sau d6 trit
di cac gia tri tit cac khoi lugng ctia mdi tdi d€ bu dip cho hiéu ting mua he.

3Tét ca cac phan trong ngodc vudng la giai thich ciia ngudi dich.
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That khong may cho Arthur, tai thoi diém do luong gidc mdi chi c6 & An b0, noi ma né da dugc
phat trién d€ du doan quy dao ctia c4c hién tudng thién vin.

Con & chau Au lic d6? Vang, liic d6 thi ciing da c6 giai tich roi, hirm, nhung ma khong phai 1a
giai tich ctia Newton ma khong c6 gi khac hon 1a mot tir dong nghia véi ‘dém da’*!

Miic dit khong qué thong minh nhung Galahad (thdng Chin) cling khong can phai 1a tién si vé
Topo dai s6 dé biét rang 6ng da thuc hién kha t6t cong viéc [thu thué] trong thdi gian clia minh.
Vi thé 6ng c6 dong luc 16n d€ tim mot co ché bu dap dé€ 1am cho dng troi 18n. Vi ngudi ban than
Gareth (thdng Ba) & phia d6i dién ctia ban c6 phan thong minh hon, 6ng da ra hiéu cho Gareth
gidp do.

Tat nhién 12 Gareth biét Galahah mudn gi, nhung, 6ng ct gia vo nhu khong biét va hanh dong
ctd nhu 12 Galahad mudn vao mot nhém vé6i dng. Gareth biét rang ho sé 1a mot ciip chién thing,
mién 12 bang cach nao do6 dng c6 thé budc Lancelot vao cip vdi thang Mudi Hai.

Va diéu nay c6 thé dat dudc bdi mot phuong phdp don gian, nhung xuét chiing...

Su xuét chiing trong dé xuit ctia Gareth 12 n6 hity bé dudc hiéu ing muia he mot cach rat don
gian ma khong c6 hiép si nao c6 thé phan dbi. Ong dé nghi tao ra hai chu ky, thay vi mot: néu tat
ca cdc hiép si ting gap doi khoang cach 14n nhau ctia ho, sdu thang dau nim da tao thanh mot
vong tron hoan chinh xung quanh ban. Doanh thu cua thang Bay sau do s€ dudc dat vao vi tri
clia thang Giéng, thang Tdam thém vao thang Hai. Ghép cip cac thang dbi dién v6i nhau sé bu
dap day di cho thoi gian ban ngay trong khi thi ty thdi gian van dudc bao dam, vi thé sé khong
tao ra thém su thié€n vi nao.

Arthur, 4n tugng bdi su tao nha trong ké hoach clia Gareth, da dong y va ra 1énh cho cac hiép si
clia minh dit tdi cia ho vao cdc vi tri méi. Chi mdt minh Lancelot da khong hing thid 1am trong
viéc mang tdi cia minh di, vi biét diéu nay sé chdm diit tham vong gianh dudc phan thudng cia
ong, va van ngdi & chd cii ciia minh. Vi viy thang Niam chuyén mot ghé sang bén phii, thang
Bay chuyén mot ghé sang bén trai, va tit ca cac hiép si khéc tiép tuc quy luat nay:

Céch xoay dup nay da thuc su hily bé dugc hiéu ting mua he va, trudc su ngac nhién ctia hiu hét
céc hiép si, 1am cho chiéc ban nghiéng vé phia Gareth va Galahad. Nhung vao ding lic ho cho
dé tuyén bd chién thing ...

“Tit nguyén ciia “giai tich” (“calculus™) c6 nghia 12 hon séi hay hon d nhé ding dé dém. Tuong truyén, ky su
kiém kién triic su ngusi La Ma Vitruvius vao khoang nidm 15 trudc cong nguyén da ché ra cic xe ddy ma ci moi
vong quay ctia banh xe thi s& roi ra mot hoi soi (calculus). Khi d6 dé tinh cong thd hang, ngudi danh xe chi can dém
s6 hon séi rai ra trong sudt chuyén di.
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-

Autumn

winter! =Summer G‘

Hinh 5.5: Xoay doanh thu thanh hai chu ky xung quanh ban hiy bé dugc hiéu ting mua he. Tuy
nhién, biy gid ban nghiéng mot chiit & phia két hop clia xuan va mua thu. Piéu nay 16 ra dang
dap clia diéu hoa bac hai [nhu trong bién ddi Fourier hién dai].

Parseval lai phan déi nita: "Dgi mot chiit! Khoan voi két luan & day. Sau khi do dudc anh hudng
tich cuc ro rang ctia 4nh nang mat troi, ching ta da khong trao giai cho Lancelot, diing khong?
Thay vao d6 ta chon cach bu dap cho né. Vi vy bay gid chiéc ban nay da cho thiy mot quy luét
thit hai von bi che khuit bdi vin dé mua hé — chiing ta phai tim ra mot 15i gidi thich trong cic
muia, khong phai 1a dong gép ca nhan. Tat ca chiing ta déu phat hién ra ring cac khoan thu ctia
mua xuin va mua thu khong thé dudc du doan bang cach don gian la 14y trung binh ctia mua he
va mua dong. Thay vao dé, ban tron ma thuét nay nhac nhd chiing ta mot 1an nita 1a diéu kién
ctia mua dong 1a cuc ky khic nghiét."

Va Gareth [thdng ba] trd 10i: "Vang, néu anh nhan manh vao viéc tim khuyét diém trong mo hinh
thdi gian nay, thi c¢6 phai la n6 da dudc tinh khi t6i va hai hiép si khac da dudc 1gi véi cac khoan
thué thanh phé thu vao thang Ba, thang Biy va thang Mudi Mot?"

Arthur ciing hdo hic diéu tra sy anh hudng nay. Mot 1an nita 6ng lai phdi 6m vuong mién dé suy
nghi va dé xuét cAu hinh sau:

P& nghién cifu 4nh hudng clia cac loai thué thanh phd, thu thap ba 1an mot nim [vao thang Ba,
thang Bay va thang MuGi Mdt], Arthur nhdp doanh thu ciia nam trong ba chu ky xung quanh
ban, vi vdy ma thang Ba, thidng Bay va thang Mudi Mot da duge nhém lai véi nhau. Vi thé, mot
1an nita, thang Nim chuyén mot chd ngdi sang bén phai, thing Bay chuyén mot chd ngdi sang
bén trai, va tit ca cac hiép si khac tiép tuc theo quy tic nhu hinh 5.6.

Va, diing nhu Gareth da du doén, ban nghiéng vé phia ba thang c6 thu thué thanh phd, cho thiy
rang thuc su c6 mot su lién hé giita hai hé théng thué.

Va roi dot nhién, tit ca cac Hiép si nhay tung tung 1én va bat diu la hét vé tit ca cac loai hién
tuong thoi tiét c6 4nh hudng dén kha ning thu thué ctia ho. Thoi thi moi duyén c6. Tit chu ky cla
miit tring dén thay d6i nhan su tai Ngu 1am quéan thudng di kém véi cac doan thué. Pé nghi ky
quic nhit dén tir hiép sy Hairy Quist, khi dng tin rang su may man nam trong céc sd 18, do d6 da
g0i ¥ rang phai c6 mot md hinh véi chu ky theo mdi hai thang.
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Synchronously collected
with triannual City Tax

Hinh 5.6: Vi ba chu ky, thué thanh phd ctia cac thang Ba, Bay va Mudi mot dude nhém thanh
mot nhém, chi ra su anh hudng tiéu cuc cla cic thang nay 1én doanh thu thué Hoang gia.

Phé day da: tranh su thién vi

Dé két thiic cudc ndo loan, va dé giai quyét cac cudc tranh luan ma khong c6 thién vi cho bét ky
hiép si nao, Arthur cudi ciing di ra 1énh rang tit ca cac mod hinh thdi gian c6 thé déu sé dudc
do. Vi viy, 6ng nhap doanh thu clia nim trong bon, nim, sdu, ... 1én dé&n mudi mot chu ky xung
quanh ban, va mdi 1an nhu vy ghi nhan mot cach cin thin can dit méc can & dau. Bién do va
pha dudc ghi nhin trong so do sau:

n=7 n=8 n=9 n=10 n=11
L " . beo e
: ™ L ]
L ] e ‘ - '
h. A -8
‘s, ¢ # . S
6 . - - A s o - o s — 0
n= ] # i n=
MNyquist ' ” v ’ ’ ¢ Total
Frequency n=5 n=4 n=3 n=2 n=1 Revenue
City Opposite Summer
Taxes moanths effect

Hinh 5.7: S0 d6 ctia Arthur: Cdc miii tén mau den minh hoa cho cac phép do tai mdi *tin s6° (s6
vong/lan bao quanh ban), trong d6 chiéu dai dai dién cho do 16n, va hudng chi pha. Dudi con mat
ctia thoi hién dai ta thdy rang Arthur chi dinh lugng cic chudi Fourier ctia doanh thu thay ddi
trong mot nam. Po ludng & phia bén tay phai [n = 0] 1a téng khdi lugng (tham chiéu). Po ludng
& phia bén tay trdi [n = 6] 1a dé xuit ma hiép si Hairy Quist da néi t6i (thang 18 so vdi thang
chan).

Bi tran ngap bdi dit liéu, mdt cach truc gidc Arthur hiéu rang khong thé phan biét dudc hiéu suét
c4 nhan tlf cdc mo hinh thoi gian. Cam thiy nhe nhdm hon, sau d6 dng yéu cau Parseval gidp 6ng
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phan tich co ché ctia ban tron ma thuat ndy cling véi phuong phap sau day, ma ho dit tén 13 phép
bién doi Arthur roi rac.

An danh Khi 1an diu tién nhin thiy bién do v6i n = 9, Arthur nghi ngd vd minh, nit hoang
Ayliacyn, ngudi da di Paris chin 1an mot nidm cho viéc mua sam. C6 thé c6 iy da xin vang ctia
céc hiép si cia minh cho mdi chuyén di?

Parseval, tuy nhién, da nhac nha vua rang ba trong cac chuyén di ctia nit hoang da roi vao céac
thang thu thué thanh phd [thdng Ba, thing Biy va thang Mudi Mot]. Va sau khi kiém tra cin
than cdc so do, 6ng phat hién ra riang cic phép do thu gidng nhau hoan toan véin = 9 van = 3.
Chi c6 pha la ngudc lai. R rang, chi véi 12 tdi, ho da khong thé d€ gd rbi (disentagle) cdc tan sb
nay. Vi vdy, 6ng khong c6 Iua chon nao khac hon 12 coi né nhu 1a mot anh hudng ctia thué thanh
phé. Pung khong?

Tan s6 Nyquist Thuc su thi hiéu tGng cta ‘thang 18” ma hiép si Hairy Quist da binh luan (n = 6)
12 tAn s6 cao nhat ma ho c6 thé phuc hoi dugc tir dit liéu (mic di n6 hau nhu khong dang ké).

DP6i xung lién hgp Ho da két luan ré“mg cac tan sb cao hon, n = 7,8, 9, 10, 11, déu 1a 4n danh
ddi xiing guong (‘Aliacyns’) vdi cac tan s6 thip hon, n = 5,4,3,2, 1, c6 bién do giébng va pha
d6i nghich. Thuc sy thi Parseval nhé rang trong khi do tan s6 thit 11, cac Hiép si ngdi trong cu
hinh tuong tu nhu khi do hiéu ting mua he, chi xoay vong theo huéng ngudc lai. Phép do thi
mudi mot 1a lién hop dbi xiing véi phép do dau tién.

Chi c6 mét nita ctia cac phép do Arthur la can thiét!

Arthur da két luan ring bay phép do (n = 0, 1, ..., 6) da di d€ do ludng tit ciA moi thit ma ho
can. Vi mdi phép do mang lai ‘hai mau thong tin’ (bién do va pha) diéu nay da cho ho tong cong
14 thong tin. Piéu nay lic dau lam ho ngac nhién, khi chi c6 12 tii, tuy nhién, bang cach nhin
vao s dd ho hiéu rang trong dit liéu n = 0 — 6 thuc t& ho chi c6 12 thong tin. Tai sao? Béi vi
t6ng khbi luong thuc su khdng chifa thong tin pha, tuong tu véi tin sd Nyquist.

Tai lap khéi luong cta Lancelot. Vao lic d6, Arthur phat hién ra mot soi day duéi ghé cia
Lancelot. "Khon nan! Ra vy, day 1a 1y do tai sao han vin ngdi tai chd. Han giu cai nay trong tii
ctia minh d€ khuéch dai anh hudng ctia hin trong cac phép do!"

"Vang, d6 sé la diéu kha ngu ngdc ...", Parseval cho biét: "Trong tit c4 hiép si, khdi luong cla
Lancelot s& d& dang phuc dung lai nhit tir cac phép do."

"Ta khong hiéu, 1am thé nao khanh c6 thé phuc hdi lai khéi lugng ctia mot tii duy nhét, trong khi
tat ca cac phép do bi anh hudng bdi tat ca cac tii?"

"Piéu nay kha dé dang, thua bé ha. Gia st tt c4 hiép si s& c6 mudi mot tdi 40 bS sung, cé trong
lugng tuong tu nhu tii ban dau ctia ho. Va gia st rang ching ta da thuc hién tit ca cac phép do
cung mot luc."

"Ta khong nghi, k€ ca sit dung chiéc can Hoang gia, 12 da tot d€ do dugc!" Arthur cudi.

"Bé ha sé ngac nhién! Vi du, ban sé nghiéng vé bén nao néu né c6 ludn tit ca tii 4o ctia than?"
"A, ciing gidng nhu phan con lai thoi, khanh sé bat dau & vi tri ciia Lancelot [vi bay gi phan ciia
Parseval sé ning nhét], nhung trong dé xuét ctia Nyquist [# = 6] khanh s& ngdi & phia dbi dién,
nén n6 di loai bd ... Nhung sau d6 khanh ciing sé ngdi & chiéc ghé thif nim, va thit mudi ... ha,
nghia 12 khanh da dugc ngdi & tit cd cdc ghé!" Arthur néi.
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"Vang, tAu bé ha, vi viy anh hudng rong ctia than theo thdi gian 1a gi?"

"Pung thé, tit ca bi triét tiéu!" Arthur néi.

"That vdy," Parseval cho biét, "va diéu nay ciing diing cho tit ca hiép si khéc ... ngoai trit Lancelot.
Khéi lugng ctia 6ng ta da dugc do mot 1an nita va mot 1an nita vao cdc vi tri tuong tu. Vi vay,
trung binh tit c4 cdc miii tén s& cho chiing ta khi lugng tdi ctia Lancelot!"

Phép bién ddi Arthur ngugc

Cubi cuing ho di c6 thé phuc hoi lai tit ¢4 cc khdi luong khac. Vi du, dé tai tao lai doanh thu cia
thang Ba, ho chi can phai stta d6i cdc gid tri pha cia cac phép do trudc khi thém cic mii tén. Bi
quyét 1a cid vo nhu thuc su Gareth 1a hiép si da dugc ngdi vao chiéc ghé nay, thay vi Lancelot. Vi
du, trong phép do dau tién, Gareth da ngdi 90 dd & bén phai ctia Lancelot. Bing cich quay mii
tén ma Lancelot nhin thiy v6i géc quay trit 90 do, pha sé dudc thay ddi nhu 12 Gareth c6 mot vi
tri ¢b dinh. D6i véi cac phép do thit hai thi thong s6 nay 12 180 do, va cid nhu vay. Vi vay, tit ca
cac miii tén da dudc quay theo hudng ngudc lai vi tri ctia Gareth dbi v6i Lancelot. Vi vy, thay vi
dit cdc tdi thanh vong xung quan ban (nhu ho di 1am trong phép bién ddi Arthur thuan), cc mii
tén da dudc dit quanh ban theo thi tu ngugc lai. Hoa ra véi “phép bién ddi Arthur ngudc” nay ho
c6 thé phuc hoi mot cach chinh xdc khéi lugng clia tdi cia mdi ca nhan, va Arthur da vui miing
rit lai cdo budc chdng lai Lancelot.

Dinh ly Parseval. Miic du khong truc tiép hitu ich vao thdi di€ém d6, Parseval quan sat thiy ring
trung binh ctia binh phuong cac bién d6 bang tdng cac binh phuong khdi lugng céc tii (ching
minh ctia dinh 1y nay nam trong phan binh luan).

Dé 1ap lai hoa dong gitta cac Hiép si, Arthur quyét dinh st dung s6 tién dé danh lam phan thudng
dé chiéu dai mot biia tiéc hoanh trang. Tai budi tiéc, cac Hiép si - nhiing ngudi da phuc vu nha
vua v6i danh du va trach nhiém - da thé riang sé khong khién dng phai sit dung lai hé théng khen
thuéng nay mot l1an nita. Va vi vay toan bd ciu chuyén néi trén da nhac chiing ta vé phat hién
huyén thoai bi ling quén nay, véi tén goi chiéc ban néi tiéng ctia Arthur:

We're Knights of the Round Table

Chung ta la nhiing hiép si ban tron.
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Ok, ban co thé nghi ngo tinh chinh xdc lich sit, nhung nhitng vdn dé todn hoc la hoan toan
nghiém tiic. Lam thé nao dé phép bién doi Arthur cé thé xit Iy duogc cdc dit liéu dm va phiic, hdy

xem trong phdn binh ludn.
(Phan y kién binh luan sé dudc ding trong sb tap chi Epsilon sb 8)
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

BAI TOAN CAN TIEN PHAN 2:
CAC BAI TOAN SU DUNG CAN SO

Dang Nguyén Duc Tién
(Dat hoc Trento, Italia)

LOI GIOI THIEU

Tiép ndi chuyén muc Todn hoc Giai tri ky trudc, Epsilon s6 nay gidi thiéu vé6i
ddc gia phan hai ctia bai toan cén tién (counterfeit coin problem) qua 8 bai todn st
dung can sb.

Trudc khi bat dau, ching toi tam nhéc lai dang thiic chung ctia cac bai todn cin
tién 12 c6 mot hodic mot s6 dong hoic tui tién gia dudc dit 1an 16n véi cac dong hodc
tdi tién that. Cac dong tién gia c6 bé ngoai giéng hét tién that nhung khac khdi luong
so vdi tién that. Can st dung cin dia hodic cin sd véi mot sd 1an can xac dinh d€ tim
ra (mot hodc mot sb) ddng hoic tii tién gia nay. O ddy chiing t6i ciing nhic lai hai
khdi niém vé hai loai can dugc st dung. Can dia gidp chiing ta so sanh khéi lugng
clia c4c vat dugc dit 6 2 bén cia dia can va két qua tra vé hodc ning hon, hoiic nhe
hon, hoic cén thing bang. Cén s cho phép x4c dinh chinh xac khdi lugng ctia vat
dugc dit trén can. Trong cic bai todn dugc trinh bay & sb nay, chiing tdi ludn gia st
rﬁng céc can dudc st dung ludn c6 do chinh xac tuyét doi.

Va bay gid, xin mdi ban doc hay bat dau vé6i bai toan can tién dAu tién ...

Nhu thudng 1&, chiing t&i bat dau cho bai viét véi bai khd don gian nhu sau:

C6 10 tii tién xu, trong mdi tii c6 nhiéu dong xu. Biét rang trong s6 cac tii tién nay c6 mot
tdi chifa toan tién gia con 9 tdi con lai déu chifa toan tién that. C4c dong tién that ning 10g
va cdc dong tién gia nang 11g. V6i mot can sb, bang it 1an cin nhét, hay chi ra tdi chita cac
dong tién gia.

Bai toan trén, theo chiing tdi 12 bai todan phd bién nhit ctia nhém bai todn can tién st dung can
s6. Pdp 4n clia bai todn, han doc gid sé nhanh chéng tim ra 1a chi v6i mot 1an cén ta sé c6 thé xac
dinh dugc dau 1a tui chua tién gia!

That vay, néu chiing ta Iy 1 ddng i tdi thd 2, Ay 2 ddng tif tdi thit 3, ldy 3 ddng 6t tdi thi 4,...
va lay 9 dong tir tdi thd 10 va dit tit cd cdc dong nay 1én can, ta sé tim ra dudc tdi chifa tién gia.

Téng cong ching talay 1 + 2 + ... + 9 = 45 dong, néu cin chi ra trong lugng 1a 450g, thi tit ca
cac dong nay déu Ia that, nén suy ra tdi thd 1 chia tién gid. Néu cAn ning 451g, thi ta biét dugc
tdi thii 2 chifa tién gia. Hai n6i cach khéc, bing cach xét khac biét giita 45 ddng dit 1én can va
trong lugng chudn can c6 (450g), ta giai quyét xong bai toan. Pdc gia han ciing xac dinh dudc
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v6i 1 1an can thi s6 luong 45 dong nay ciing 12 s6 luong dong xu nho nhit can dé tim ra tdi chia
tién gia!
Liéu rang thay vi can sb, ta ¢é thé sit dung can dia dé tim ra tui chira tién gia (khong gidi
han béi 1 1an cAn)? Cau tra 16i, lai mot 1an nita 1 c6. Hay dit 1én dia can bén trai:

e 10 dong & tdi thu 1

e 20 dong & tdi thy 2

e 30 dong & tdi thy 3

e 40 dong 4 tui thi 4

e 50 dong & tdi thyd 5
va dat 1én dia can bén phai:

e 10 dong & tdi thit 6

e 20 dong & tui thit 7

e 30 dong & tui thif 8

e 40 dong & tui thit 9

e 50 dong & tdi thd 10
Liic ndy, dia cAn ndo nhe hon thi tit cd céc tii tuong ding sé chiia tién that. Khong mat tinh tdng
quat, gia st dia bén phai nhe hon, giit nguyén tinh trang can, ta thém vao 1 dong 1y tir cac tui
tién that (tdi 6 - tii 10) & dia can nay. Néu sau khi thém 1 dong ma can trd nén can bang, ta xc
dinh dudc tii 1 chia tién gia. Néu can van chua cin bang, ta lai thém 1 dong that nita vao dia can
bén phai, néu cin can bang, ta biét tii 2 chia tién gia ... Va nhu vay ta xac dinh dudc tdi tién gia
v6i ca viéc st dung cén dia!
Va bay gid, ching tdi gidi thiéu bai toan cin tién thif hai trong nhém nay: Bai todn 10 tdi tién véi
nhiéu tdi chifa tién gia.

C6 10 tui tién xu, trong mdi tdi c6 rat nhiéu dong tién. Biét ring trong sb céc tii tién nay co
th€ c6 mot s6 tii chifa toan tién gid. Cac dong tién that ndng 10g va cac dong tién gid ning
11g. V6i mot céan so, bang mot 1an cén, hay chi ra tat ca cac tui chia cac dong tien gia, néu
co.

Bai todn nay chi khac bai toan dau tién & chd thay vi ¢6 diing 1 tdi chiia tién gi thi & day, c6 thé
c6 nhiéu tii, c6 thé tit cd moi tdi déu gia va cling c6 thé khong c6 tii nao gid. Viy 1am cich nao
chi v6i mot 1an can ta c¢6 thé tim ra cac tdi nay?

Méiu chét & day 1a chiing ta phai 1ay s6 lugng tién sao cho t& hop khac nhau cia céc tii tién 1a
duy nhit. Mot trong nhitng cach d6, ta c6 thé 1y theo liy thita ctia 2. Cu thé 1a ta 1y 2° = 1
dong tur tdi 1, 1dy 2! = 2 dong tir tdi 2, 14y 22 = 4 ddng i tdi 3, 1ay 2° = 8 ddng tir tdi 4...
cho dén 2° = 512 ddng tir tdi 10. So sanh 2° + 21 4+ ... +2° =219 _ | = 1023 dong nay véi
10230g, ta sé biét dudc cic tdi ndo chia tién gid. Vi du néu trong lugng 1a 10237¢, ta biét dugc
n6 ning hon 7g néu so véi cic dong tién that, vy suy ra céc tdi 1, 2, va 3 chifa tién gia.

Tiép theo, chiing tdi gi6i thiéu bai todn cudi ciing trong nhém bai toan 10 tdi tién nay. Bai toan
nhu sau:
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C6 10 tii tién xu, trong mdi tdi c6 rit nhidu dong tién. Biét rang trong sb céc tdi tién nay
diing mot tii chifa toan tién gia. Ta ciing dugc biét thém rang tit ca cac dong tién that déu
ning bang nhau va cé khéi lugng nguyén duong (tinh theo g), tit ca cac dong tién gia déu
ning bang nhau va ning hon cic dong tién that ding 1g. Vi mot can sd, bang it 1an can
nhét, hdy chi ra tii chifa cac dong tién gia.

Bai toan trén kho6 hon hai bai trudc, vi chiing ta khong biét dugc khdi lugng clia cac dong tién,
chiing ta chi biét hiéu ctia chiing. Mic du viy, mot goi y quan trong 12 tit ca cdc dong tién déu c6
khdi lugng nguyén duong. Va chinh tir yéu t6 nay, ciing chi v6i mot 1an can, ta c6 thé tim ra tdi
chifa tién gia!

That vay, néu léy lan luot (2,3,5,7,11,13,17,19,23,31) déng tur cac tai va dat 1én can, ta s€
xé4c dinh dugc tdi nao chifa tién gia! Tong trong lugng ctia 131 (1a mot s6 nguyén t6) dong nay
phai 12 boi ctia 131 cong vé6i khdi lugng tuong ting tii cac dong cia tii chifa tién gid. Vi s6 luong
ddng ma chiing ta 14y ra tlf cic tdi ciing déu nguyén tb, nén dap an cho tii tién gia 1a duy nhat.
Hay noi cach khéc, 14y khéi lugng can dudc trit di sb tién 14y ra tuong ting & mdi tdi, néu hiéu
nao 12 bdi ctia 131 thi tdi tuong Ging chifa tién gia!

2. Lo dic caa ApSimon

Trong loat bai toan tiép theo, chiing tdi gi6i thiéu v6i doc gia nhiing bai todn cin tién ma thong
tin c6 dudc bi giam di ddng k€ so v6i nhom bai toan truée. Chiing toi goi tén cho nhém bai todn
nay 12 bai todn 10 dic ctia ApSimon, do 14y cdm hiing tif bai toan cung tén.

Bai toan 15 tii tién. C6 15 tii tién xu, trong mdi tdi c6 nhiéu dong xu. Biét ring trong s cac
tdi tién nay c6 ding mot tii chiia toan tién gid. Cdc dong tién that niing bang nhau, cic dong
tién gia ciing ning bang nhau, nhung c6 trong lugng khac véi tién that. Véi mot can sd, bang
it 1an can nhit, hiy x4c dinh tii chia tién gia.

Nhu vay véi bai toan nay, chiing ta khong c6 diéu kién cin ning nguyén duong, ciing nhu khong
biét dudc khac biét giita tién that va tién gia. Véi cac yéu td nay, bang mot 1an can 1a khong thé
giadi quyét bai todn. O day, chiing toi gidi thiéu mot cach 1am véi 3 1an can don gian nhu sau:

Lan 1. Liy 1 dong tir tdi 1, 2 dong tir tdi 2, 3 dong tir tdi 3 ... cho dén 15 dong tif i 15 va can.
Lan 2. LAy 1 dong tir tdi 15, 2 dong i tdi 14, 3 dong tii tdi 13 ... cho dén 15 dong tii tdi 1 va can.
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Néu c4 2 1an chi ra cuing trong lugng. Tdi thi 8 ¢6 chifa tién gia vi chi ¢6 tii nay dudc lay cung
s6 dong trong ca 2 1an can. Néu can khdc biét, tdi thi 8 chia tién that, va dudc sit dung lam tham
chiéu: 1an 3 chi can cAn mot dong tir tdi nay va tif d6 dé dang x4c dinh ra tii tién gia.

Liéu rang chi véi 2 1an can, ta c6 thé giai quyét dugc bai toan? Chiing toi xin danh lai cau hoi
kho hon nay cho doc gia!

Bai todn tiép, 1a mot bai toan kh4 téng quat, phat biéu nhu sau:

Cé n > 1 tii tién, trong mdi tidi c6 nhiéu dong tién. Biét rang trong s6 cc tii tién nay co thé
c6 mot s6 tii chiia toan tién gia. Cac dong tién that ning bang nhau va khéi luong nay dugc
biét trudc, cac dong tién gia ciing ning bang nhau, nhung ¢ trong lugng khac véi tién that,
va ta ciing khong biét 12 ning hon hay nhe hon. Véi mot can sd, bang it 1an can nhét, hiy xac
dinh cdc tdi chifa tién gid, néu c6, va khdi lugng clia tién gia.

Bai todn nay, dé thay khong thé gidi quyét véi mot 1an can. V&i hai 1an can, bai todn c6 thé dudc
gidi quyét. O day, chuing toi gi6i thiéu mot 15i gidi nhu sau:

Goi x va y 1an luot 12 khéi luong cuia tién that va gia.
Lan 1. lay mbi tii mot dong ra can. Néu khéi luong 14 nx, tit ca déu 1a tién that. Nguoc lai, ta sé

nhan dudc khbi lugng nx + 8 (8 c6 thé am hoidc duong). Va ta biét rang y — x = §/j véi gia tri
jnaodo € {1,2,...n}.

Lan 2. O tii thi i ta ldy k' ~! ddng, véi k 1a mot s& nguyén duong 16n hon n? + 1. Néu tit ca
n__

x. Neu tui i chia tien gia, anh

cac dong déu la that, khoi luong & 1an nay sé phdi 1a W =

. k—1 .
huéng ctia né 1én W sé & trong khoang a; = k'~1|§|/n va b; = k'~'|8|. Luu y rang:
k|8 k=18 : ,
dit1 = d - k—|1| =n|8|(k" + k"2 4+ 1) = n(bi + bioy + -+ by).

Vi viy, néu W' 1a khdi luong can dudc & 1an 2, ta c¢6 thé tim dudc gid tri i 16n nhét sao cho
|W — W’| > a; va biét ring tdi i chia tién gid va cdc tii tir i + 1 t6i n chia tién that. Vi vay
el g s ) . k'8
|W—W'| =Kk'|8|/j +S(*)v6i S 1a mot sO thuc khongamva S < b; _+b; o +---+b; < |2 |
n

(S chinh 1a "sai biét" tir tdi 1 dén tdi i — 1).

Vi ta biét gia tri ctia |W — W'|, |§|, va |k'8§/m — k'§/m’| > S v6i moi m, m’ phan biét thudc
{1,2,...n}, chi c6 mot kha ning duy nhit cho j théa man (¥) va vi vay ta c6 thé tim dudgc y.
Khi da biét y, xdc dinh cic tdi chia tién gia tit két qua 1an can thi 2 12 don gian.

V6i cach 1am trén, ta chiing minh dudc véi 2 1an cin, ta c¢6 thé xdc dinh moi tii chifa tién gia.
Tuy nhién, néu yéu cau dit ra 12 v6i 2 1an can, nhung can ldy it nhat s6 tién d€ can thi phai 1am
nhu thé nao? Hién tai, vin chua c6 16i giai cho trudng hop téng quat, nhung véi cac trudng hop
n cu thé v nhé, cac ddp 4n tbi uu da dudc tim thay va chitng minh, ma mot trong s6 d6 1 véi
truong hgp n = 5, thong qua bai toan mang tén Lo dic cia ApSimon:
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O mot vuong qubc no ¢6 5 10 ddc tién. Vao mot ngay no, mat tham ctia nha vua cho biét
c6 thé c6 mot s6 10 dic ra tién gid. Vi vy, nha vua phdi té tuéng di xac minh su viéc. Khoi
lugng ctia dong tién that dugc biét rd nhung khdi lugng clia dong gia thi khong biét, chi biét
ring chiing ning bang nhau va khac khdi lugng so véi tién that. TE tudng c6 mot chiée can
cuc ky chinh xac, nhung chi phi van hanh ciing nhu kich thuéc cua can bi gidi han, vi vay
ngai dit ra yéu cau 1a phai liy s6 luong it dong nhét tir cac 10 diic va chi dugc van hanh can
t6i da 2 1an. Hay tim céch tim ra cdc 10 dic tién gia (néu c6) theo yéu cau clia t€ tudng.

Bai toan nay dugc ApSimon néu ra & [1] va chi dugc ApSimon giai véi trudng hgp n = 5 nhu
dau bai. O day, chiing t6i trinh bay mot chién thuat tdng quat hon, dé xuit bdi Khovanova & [2]
nhu sau:

Goi P, va Q, 1asb tién lay ra tir 10 7 6 1an can 1 va 2 tuong ting. Nhu vy, muc dich ctia ta Ia cuc
ti€u hoa tong Z max(P,, Q). Goi W 1a khéi lugng clia dong that va W(1 + €) 1a khdi lugng
clia dong gia. Ta khong biét €, chi biét n6 khac 0.

Dit d, bang 0 hoic 1, cho biét 1o thi r dic ra tién that hay tién gia, nghia 12 10 thii r sé diic ra

cc dong c6 trong lugng W(1 + d,€). Vi ching ta biét trong lugng W, cling nhu két qua ctia 2
1an can, nén chung ta c6 thé xdc dinh hai gid tri: a = Z P.d,evab = Z 0,d,e.

R rang chiing ta phai can it nhAt mot dong tit mdi 10 diic mdi c6 thé xic dinh 16 nay c6 diic ra
tién gia hay khong, nén ching ta c6 P, + Q, > 0.

Neu ca a va b deu bang 0, tat ca cac 10 déeu duc ra tien that.

Khi @ va b khic 0, chiing ta gan nhu khong c6 bao nhiéu thong tin tlf @ va b do khong biét gia tri
€. D& triét tiéu e, ta c6 thé 14y a chia cho b. Trudng hop nay ta c6 thé c6 2" — 1 kha ning: vi vy
ta phai chon P, va Q, sao cho thuong a/b c¢6 2" — 1 dap an khac nhau véi tip cac gia tri d,. Va
day chinh 12 chién thuat dé gidi quyét bai toan 10 diic ctia ApSimon!

Hay xét vai truong hgp véi n nho:

e n = 1,10 rang ta chi can 1 1an cin va can 1 dong.

e 1 = 2, ching ta can 2 dong, mdi 10 mot dong.

e 1 = 3, ta phdi can lay 4 dong, trong d6 1an 1 13y (0, 1, 2) va lan 2 13y (1, 1, 0) tii 3 10 tuong
ting. Ta c6 thé dé dang kiém chiing lai két qua nay khi (d» + 2d3)/(d1 + d») c6 7 két qua
phéan biét v6i cac gid tri khac nhau cua d;.

n = 4, ta phai léy 8 déng, P=(1,2,1,00vaQ = (4,0,1,1).
e n = 5, cling chinh 12 dAu bai, ta phdi ly it nhit 15 dong, P = (0,1,1,4,5) va Q =
2,1,2,5,0).

Hién tai, cac két qua tim ra bdi mdy tinh ciing chi ditng lai  n = 8, ban doc c6 thé xem chi tiét
hon tai day: http://oeis.org/A007673.

Nhu vay 1a ching t6i da gidi thiéu v6i ban doc 6 bai todn can tién, ma trong d6 yéu cau chinh déu
1a x4c dinh céc tii chia tién gid. Tiép theo, chiing tdi sé gidi thiéu mot bai todn ma & d6 ching ta
khong 1am viéc véi cdc tii tién nita, ma 1 véi cac dong tién, hay néi cach khic, xem nhu sb tién

trong mdi tdi chi 1a 1 dong.
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C6 n ddng xu, trong d6 c6 thé c6 mot s6 dong gia. Pong thit ning biang nhau va ning bang
a, ddng gia cling ning bang nhau va ning bang b. Ca a va b déu dugc biét trude. Bing mot
can sb, hdy duing it 1an can nhit d€ xdc dinh tit ca cic dong gia.

Hay giai bai toan véi trudng hdp cuthé n = 7, a = 10 va b = 20.

Bai toan nay da dudc khio sat, va giai quyét tron ven bdi hai nha toan hoc huyén thoai Paul
ErdSs va Alréd Rényi vao nim 1963 & [3]. Véi n = 5, bai todn da dudgc néu ra (va gidi quyét) véi
Shapiro, mot nha toan hoc ciing da dudc Epsilon nhiéu 1an gi6i thiéu & céc sb trudc.

Paul ErdSs va Alréd Rényi da chitng minh dudgc: gia st 2" kha niing clia cac dong c6 xac suét
2n

0gan
ngoai khuon khd ctia mot bai todn hoc giai tri, doc gid quan tAm, c6 thé xem & [2].

CACRCACRCA
CACRCACRCRL

V6i trudng hop cu thé trong phan 2 clia bai todn: n = 7, a = 10 va b = 20, dap 4n can 7 lan
can. Mot chién thuat téng quat, doc gia c6 thé xem & [], cling dudc dé xuit mdi mot nha toan hoc
ndi tiéng: David Geoffrey Cantor. Cu thé cic 1an cAn nhu sau:

(1 4 €) 1an cin v6i moi € > 0 khi 7 16n. Viéc chiing minh chi tiét nam

nhu nhau thi can l

e Lin1:1,2,4,5,7,9,11
e Lin2:2,3,5,6,12

e Lin3:1,3,5,7,8, 10
e Lin4:5,6,8,9

e Lin5:1,2,4,6,8, 10
e Lan6:2,3,8,9

e Lan7:1,3,6,9

Bai todn cén tién cudi cling ching tdi mubn gidi thiéu véi ban doc & sd nay 12 mot bai todn kha
la, dugc 14y tir mot bai phong véan ctia Microsoft, ding lai bdi gido su Rustan Leino tai dy.
Loi giai va binh luan cua bai toan, dugc ching toi trich tif blog c4 nhan cua Guillaume Riesen.

Bai toan nhu sau:
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C6 13 tdi tién xu, trong mdi tdi c6 4 dong tién. Biét ring trong sd céc tui tién nay ¢ ding
mot tdi chida toan tién gia. Cc dong tién that ning X nguyén duong va cac dong tién gia
ning X 4+ A v6i A 1a mot sb thuc khac 0 trong pham vi (-5, 5). V&i mot can sb, hiy xac dinh
X, A va tii tién gia, bang 2 1an can.
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Nhu vay, vé co ban, bai toan kha gidng v6i nhém bai toan thii 2 ma chiing t6i gidi thiéu, khi ma
khéi luong ciia dong that, dong gia 1an cac i tién déu khong biét. Nhung & day, khac biét 1a
chiing ta bi gi6i han sb ludng tién (chi 4 dong/tii) can phai cAn. Ching ta c6 thém thong tin 13 X
nguyén duong va giGi han cua A.

Chiing t6i gidi thidu vin tit cach gidi ctia Guillaume Riesen nhu sau:
Lan 1. Lay trong mdi tii 1, 2, 3, mdi tdi 1 dong, trong méi tdi 4, 5, 6, mdi tii 2 dong, trong mdi
tdi 7, 8, 9, mdi tdi 3 dong, va trong méi tdi 10, 11, 12, mdi tdi 4 dong (t6ng cong 13 30 dong).

1 2 3 4
V(=) (=

P

A
@

3

o o
€-€-¢-

(T
-

Khéi lugng ctia 30 dong nay phai bang P = 30X + § = 30X + kA véi k biang 0, 1, 2, 3, hoic
4. D& thiy, néu P 12 boi sb ctia 30 (khi d6 k = 0 thi tdi thit 13 phai 1a gia, va ta chi can cin lan 2
mot dong & tdi nay 12 gidi quyét xong bai todn.

Bay gid ta xét trudng hop dong gia nam trong 12 tii & 14n cAn dau. Hay gia st X = 1, khi d6 P
c6 thé chay trong pham vi (30, 50), tily theo dong gia rdi vao nhém nao (xem hinh duéi). Dé thiy
néu P rdi vao khoang 30 - 35, ta khong thé biét dudc tii nao gia, nhung néu P > 45, thi chi ¢6
thé c6 céc tui 10, 11, 12 1a gid (dng véi k = 4).

A 2A 3A 4A
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Tuy nhién, A c6 thé am, va trong trudng hop X = 2, bai toan trd nén phiic tap hon vi khi P > 45
van c6 thé roi vao trudng hop k nhd hon.

A 204A 3A3A 4A2A A

30 35 40 45 50 55 60

Vi vdy d€ giai quyét, Guillaume Riesen chon cich xét theo nhiéu trudng hop khac nhau: trudng
hop A rit gan boi ctia 30 (giita 30 va 35 hoic giita 55 va 60), trudng hop B: bang diing 40 va
truong hop C: bing ding 45 (luu y néu P 16n hon thi ta van dua vé cic trudng hop nay dugc).
Céc truong hop & giita khoang 35, 40 va 40, 45 don gian va c6 thé giai quyét tuong tu.

A B C

30 35 40 45 50 55 60

Truong hop A. Xdac dinh duge X. Pay 1a trudng hop ma P rit gan véi cac boi cia 30, khi d6
ta d& dang x4c dinh dudc X . Tir do, ta ciing tinh ra dudc 8. O 1an can thif 2, ta 1dy nhu sau:

Gia tri ¢6 thé c6 cia A

V6i cach 14y ndy, ching ta sé c6 12 b gid tri khac nhau va sé xac dinh dudc cu thé tdi chifa tién
gia. Phan tich chi tiét vi sao cach 14y nay c6 thé hoat dong chiing tdi danh cho doc gia.

Truong hap B. P = 40. Ta cin 1an 2 nhu sau:
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Gi4 tri c6 thé c6 clia A
2.5
QH‘. >

X=1 X=2

Truong hop C. P =45, Ta can 1an 2 nhu sau:

Gia tri ¢6 thé c6 cia A

) (3.75 -3.75

X=1 X=2

Va nhu vay, bai todn da dudc gidi quyét!

Tai lieu tham khao
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CAU CHUYEN VE SO HOAN HAO

(Tran Nam Diing - Dai hoc Khoa hoc Tu nhién - DHQG TPHCM)

Thdt kho co thé tim dugc mot tdp hop cdc sé nguyén vita cé mot lich st hdp dan,
vita duge bao quanh béi cdc tinh chdt dep dé, vita cé chiéu sdu ciia sw bi dn nhung
dong thoi ciing vita vé dung nhu la nhitng sé hoan hdo.

Martin Gardner

Hdi nho t6i rét thich doc nhiing bai bao vé sb hoan hdo, sb nguyén t6 Mersenne, nhiing ky luc vé
s6 nguyén t6 16n nhit. Don gian vi n6 dé hiéu lai gin lién véi lich sit va tén tudi clia cac nha toan
hoc lting danh.

S6 hoan hao dudc gan v6i nhiing diéu huyén bi va dudc nghién ctiu tir rat xa xua. Euclid c6 thé 1a
ngudi da dua ra dinh ly dau tién vé sd hoan hao khi khang dinh moi s6 hoan hao déu cé dang
2P71(27 — 1) véi diéu kién 277! 1a s6 nguyén t6. Sau nay chiing ta biét rang hoa ra day 1a tat ca
céc s6 hoan hio chin (Euler 12 ngudi da chitng minh dinh 1y nay) va c6 thé 1a tit ca cac s6 hoan
h4o (cho dén nay ngudi ta vin chua tim dudc mot sd hoan hio 18 nao).

S6 hoan hao dudc dé cao vi né 1a trudng hop bién clia hai loai s6: S6 du thira (sd c6 tong céac udc
s6 thuc su 16n hon s6 d6, vidu 12 < 1 + 2 4 3 + 4 + 6) va sd thiéu (sb c6 téng céc udc sb thuc
su nho hon s do, vi dul0>1+2+5). Tacd 4 sb hoan hao dau tién 1a 6, 28, 496 va 8128.

Nhu trong cau néi cia Martin Gardner, ngoai nhitng diéu thd vi, bi 4n va truyén thuyét thi s6
hoan hao khong c6 ich 1di thuc thu nao. Tuy nhi€n, nhs nghién ctiu s6 hoan hdo ma nhiéu khai
niém va cong cu quan trong da dudc xay dung. Fermat trong qua trinh nghién cifu sé hoan hao
da tim ra dinh 1y nhé Fermat ma sau nay c6 rat nhiéu dng dung siu sic trong 1y thuyét mat ma, 1y
thuyét cac ham s hoc ciing dugc xay dung dé bé trg cho viéc nghién cifu téng cac ude sb ciia
mot sd nguyén. Va sd hoan hao, nhu di néi & trén, ciing lién quan dén s6 nguyén t6 Mersenne 14
dang s6 nguyén t6 ma céc ky luc sd nguyén t6 16n nhit nhiéu nim gan day déu c6 dang do.

Bai viét nay dugc goi cam hing tif bai toan s6 7 trong ky VMO 2016 viia qua. That 1au 1im roi
méi c6 mot bai todn vé sd hoan hao xuit hién trong mot dé thi Olympic. Bai viét sé gidi thiéu
mot sb tinh chit so cip vé sb hoan hio ciing nhu gi6i thiéu nhitng thong tin méi nhit vé cac s6 c6
cai tén va lich st day huyén bi nay.

Dinh Iy 1. Toéng cdc wdc sé la ham s6 o(n) = Z d trong do tong tinh theo tdt cd cdc udc
dln
nguyén duong ciia sé n (ké’cd 1 va chinh né). Viduo(12) =1 +2+3 + 4+ 6 + 12 = 28.

Dinh Iy 2. S6 nguyén duong N duoc goi la hoan hdo (perfect) néu o (N) = 2N, thita (abundant)
néu o(N) > 2N va thiéu (deficient) néu o (N) < 2N.

61



Tap chi Epsilon, S6 07, 2/2016

Dinh nghia ctia s& hoan héo trén day tuong duong v6i dinh nghia téng cac udc that su cia N
bang chinh né. Pinh nghia cii nay tu nhién hon va hay hon nhung & day ta dung dinh nghia thong
qua ham o bdi mot nguyén nhan 12 ham nay c6 nhiing tinh chét dep dé&, dé dang cho ching ta
hon trong st dung. Cu thé o c6 tinh chét quan trong sau.

Dinh Iy 3. Véi m, n la hai s6 nguyén dwong théa mdan (m, n) = 1 thi o (mn) = o(m)o(n).

Chiing minh. Néu d 1a uc ctia mn thi theo dinh ly co ban ctia s6 hoc, d ¢6 thé biéu dién mot
cach duy nhét du6i dang tich ctia mot udc sd ctia m v6i mot ude s6 ctia n (vi m va n khong cé
udc sb6 chung khac 1). C6 nghia 1a moi s6 hang ctia o (mn) déu xuat hién ding mot lan trong
téng o (m)o (n) (tich cla tat ci cic udc sb cia m va n). Pidu ngudc lai ciing ding: Moi tich nhu
vily déu 1a udc ctia mn, nhu vdy hai téng biang nhau. Dinh 1y dudc ching minh. [

Nhu thé him s6 o s& hoan toan xdc dinh néu chiing ta xdc dinh dugc o trén tip hop cic liiy thira
ctia s6 nguyén td. Vi thé dinh ly sau déy 1a rat quan trong.

Dinh Iy 4. a) Néu p la sé nguyén té thi

pk+1 -1
o’(pk):1+p+.+pk:—
p—1
b) Néu N = p{' - p3?--- pi* la phdn tich chinh tdc cia sé nguyén duong N ra thita so
nguyén to thi

k k pai+1_1
N:l_[(l—i—pl-i-..._i_p;x'):l_[l—_l
i=1 i=1 Pi
Chiing minh. a) Do pk chicécacusesdlal, p, p2, ..., pk nén ta c6 ngay
k+1_1
o(p)=1+p+-tpb="
p—1
b) Suy ra tur a) va dinh ly 3. O

Dé€ chiing ta ¢ cim nhan t6t hon vé ham tng cac udc sd, ta sé chitng minh hai két qua don gian
nhung thu vi sau.

Ta thiy hién nhién 12 néu N’ 1a uéc ctia N thi hién nhién 12 0(N') < o/(N). Ta c6 thé ching

minh dudc tinh chat manh hon

o(N /)
N/

o(N)

N ddu béng xdy ra khi va chi khi N = N.

<

~

Dinh Iy 5. Néu N’ la wéc ciia N thi

X ) . N
Ching minh. Chuy rang neu d | N thi kd = N vé6i k nao d6, vi the k = 7 | N. Lap luan nay
\ Z N
cling dung cho dieu ngudc lai, vi theé d | N khi va chi khi 7 | N tu do suy ra
N 1
im=Ya=Y ¥ ny L
d|N d|N d|N
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Do d6 néu N’ 1a udc that su cda N thi ta c6

o(N) 1 1 o(N)
N CldT = N

d|N d|N’

Connéu N = N thi diu bing xay ra. ]
Tur d6 c6 dugc hé qua

‘ 1
Dinh Iy 6. 86 N la hoan hdo khi va chi khi — =2
inh ly 0 N la hoan hdo khi va chi deU:vd

Nguoi d'glu tién mot f:é.CI\l that su dua ra cdc dic trung cta s6 hoan hao 13 nha toan hoc Hy Lap
Euclid. Ong nhan thiy ring 4 s6 hoan hao dau tién c6 dang rat dic biét
6=21(1+2)=2-3,
28 =22(1+2+22)=4-7,
496 =24(1 +2 422 +23+24) =16-31,
8128 =26(1 +2 +--- +26) = 64 - 127.

Nhung ching ta ciing d€ y rang céac sb
90 = 23(1 +2 422 + 23) = 8- 15,
2016 = 25(1 + 2+ -+- + 25) = 32- 63,
lai khong c6 trong danh sach cac s6 hoan hao. Nhu Euclid di chi ra 1a béi vi 15 = 3 -5 va
63 = 32 -7 1a cic hop sd, trong khi 3, 7, 31, 127 la cic sb nguyén to.

Trong Quyén IX, ménh dé 36 ctia cubn Co s&, Euclid viét: “Néu ta cong cdc sé bdt dau tir mot
sau do cit nhén doi lén cho dén khi tong la mot s6 nguyén té va ta ldy tong nay nhdn véi sé6 hang
cudi cung cua tong thi két qud sé la mot sé nguyén t6”.

Ta phat biéu lai nhan xét nay dudi dang gon hon nhu sau:
Dinh Iy 7. (Euclid) Néu 27 — 1 la s6 nguyén t6 thi N = 2771 (2P — 1) la s6 hoan hdo.
Chiing minh. Do 27 — 1 14 sb nguyén t6 nén ta c6

o(N) =P Ho? =)= (1 +2+---+2P"1H2? =27(27 — 1) = 2N,
nén N 1a s6 hoan hio. O
Viéc di tim c4c s6 hoan hao nhu vdy mdt cach ty nhién lién quan dén viéc di tim cic sd nguyén
t6 c6 dang 2" — 1. Nhiing s6 nguyén t6 nhu vay dudc goi 1a s6 nguyén td Mersenne, theo tén ciia
nha todn hoc — thay tu Marin Mersenne, dong nghiép cling thdi v6i Descartes, Fermat va Pascal.
Ong da nghién ctiu cdc sd nguyén t6 dang nay tit khoang nim 1644 va tim ra dugc rang 2" — 1

la nguyén tot v6in = 2, 3, 5, 11, 13, 17 va 19. Xuét sac hon 1a dua ra du doan cho céc trudng
hop n = 31, 67, 127, 257. Ngudi ta phai ton gan 200 nim dé€ kiém tra cac sb nay.

Mot tiéu chuin quan trong lién quan dén s6 nguyén tb Mersenne 1a tiéu chuan sau:
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Dinh Iy 8. (Cataldi - Fermat). Néu 2" — 1 la sé nguyén té thi n ciing la s nguyén to.

Ching minh. Ta st dung hang dang thic x" — 1 = (x — I)(x" ' 4+ --- 4+ x 4+ 1). Gid s ring ta
c6 thé viétn = rs, véir, s > 1. Thi

"1 =) —1=Q2 - DV p g 2r 1],
12 s6 nguyén t6 (mau thuin). Nén dinh ly dudc chiing minh. O

Chi y ring diéu ngudgc lai khong ding, s6 2'' — 1 = 2047 = 23---89 1a mdt phan vi du.

C6 phai moi s6 hoan hao phai c6 dang ctia Euclid? Leonard Euler, trong mét bai bao ctia minh
da chiing minh ring moi s6 hoan hao chin déu c6 dang nay. Sau d6 thi da c6 nhiéu chiing minh
tuyét voi khac cho két qua nay.

Dinh IV 9. (Euler) Néu N la mot s6 hoan hdo chdn thi N c6 thé viét dudi dang N = 2"~1(2" —1)
trong do 2" — 1 la sé nguyén to.
Chiing minh 1. Ching minh dau tién thudc vé Euler [28].

Gia si N = 2""!' . m la sb6 hoan héo, trong d6 m 1a s6 18. Vi (2"7', m) = 1 nén ta c6
o(N)=02" ") -o(m) = 2" — o(m).

Vi N 1a s hoan hdo nén 6(N) = 2N = 2n-m. Tu dé tasuy ra (2" — 1)o(m) = 2" -m. bit
s .
s =o(m)thim = (2" — 1)2—n. Vi (2" —1, 2n) = 1 nén 2" phai la udc cia s, vi m 1a s6 nguyén.

Dits = ¢ -2". Néu g = 1 thi ta dugc 2" — 1 1a s6 nguyén t6 va N c6 dang Euclid. Néu g > 1
thi m = (2" — 1). Ta tinh lai t6ng cac udc sb clia s6 m thi ta thiy chi it n6 c6 cac udc sb 1a
m,2" —1,gval.Tudd

om)>22n—1)g+2n—1+qg+1=2n(q+1),
cénghiala g -2" > 2"(¢ + 1) nhung diéu nay 12 mau thuin. O
Chitng minh 2. Chiing minh nay don gidn hon, thuoc vé Dikson [27].
T 2"m = (2" — 1)o(m) ta chi y ring

2"m m

w1 "ty

o(m) =

2 N A N A A A m LS BY A A N 2, 2
Vi cam va o(m) déu la so nguyén nén d = T phai la s6 nguyén. Suy ra 2" — 1 la uGc cua
m va d ciing 12 u6c ctia m. Nhung o (m) = m + d 1a tdng clia tt ca cac udc sb ctia m. Suy ram
khong con udc sb nao nita. Diéu nay chi ¢6 thé xdy rakhi d = 1, tiic 1a m = 2" — 1 va hon nita
m phai 14 sb nguyén t. O

Chiing minh 3. Ching minh nay dugc dua ra bdi McDaniel [29].

Vi2"m = (2" — 1)o(m) moi uéc nguyén td ctia 2" — 1 ciing chia hét m (vi n6 1é nén khong thé
chia hét 2™). Vi vy gid st p® chia hét 2" — 1 v6i p nguyén té.

Theo dinh ly 5 thi

a(m)>0(p“)_1+p+---+p"“1+p“>p“‘1+p“_1+p
m = pe p® - p P
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Do do
[_oW) _o@ Mo _ @' =D(l+p) _, @ =D-p
2N 2"m - 2" p B np
Diéu nay chi ¢6 thé dudc thda man khi phan s6 & vé phai bang 0, tic 142" — 1 = p va nhu thé
N c6 dang Euclid. [

Nhu vy sb hoan hao chin déu c6 dang Euclid va nhu thé lién quan dén sé nguyén tb Mersenne.
Cu thé, cii c6 bao nhiéu s6 nguyén td Mersenne thi sé c6 biy nhiéu s6 hoan hdo chan.

Theo thong tin clia trang www.mersenne . org thi tinh dén ngay 7/1/2016, da tim dudc tat
ca 49 sb6 nguyén td Mersenne, trong d6 s6 16n nhét (va ciing 1a sd nguyén td 16n nhat) 1a sb
274207281 _ 1S4 nay c6 22338618 chit sd, duge tim ra vao ngay 7/1/2016 bsi Curtis Cooper
bing céach st dung géi phan mém GIMPS (néu hinh dung thi déy 12 con s6 rit 16n va néu gé ra
thi ban sé tao ra mot file text c6 dung luong téi 44 MB). Diéu d6 ciing c6 nghia 1a s6 hoan hao
16n nhit hién nay ma ta biét 1a s6 274207280(274207281 _ 1) Tyy nhién ta khong biét dugc sb thi
tu ctia sd hoan hao nay, vi trong cudc tim kiém s6 nguyén t6 Mersenne, ké tii s6 thit 45, da c6 thé
c6 nhiing 16 hdng, tiic 1a ¢6 sd nguyén t6 Mersenne chua dudc tim thiy.

Ngoai nhiing tinh chat ciin ban nhu néi & trén, sb hoan hio chin con thoa man hang loat tinh chét
thd vi khac ma ta sé liét ké & day (ban doc c6 thé chiing minh khong miy khoé khin).

. s A \ A \ 2 I~ N N A .. -, N - n(n + 1)
Dinh Iy 10. Neu N la s6 hoan hdo chan thi N la so tam gidc, tiic la co dang —

Dinh Iy 11. Néu N = 2""1(2" — 1) la s6 hoan hdo vdi n > 2 thi

n 3
N=1+3 4t (2% 1)

Dinh Iy 12. Néu N = 2""1(2" — 1) la s6 hoan hdo va N duogc viét trong hé dém co sé 2 thi no
c6 2n — 1 chit sé, trong do n chit sé ddu tién la 1 va n — 1 chit sé cudi la 0.

Trong khi danh sach cdc s6 hoan hao chin dang ngay mot dai thém thi cho dén nay van chua tim
dugc mot sd hoan hio 18 nao. Va nhiing ¢ ging chiing minh khong ton tai sé hoan hio 18 vin
chua mang lai két qua.

René Descartes tudng nhu da tim ra duge D = 3% - 77 - 112 - 132 . 22021 1a s6 hoan héo 18 vi

o(D) = (1+3+32)(1+7472)(1 + 11 + 112)(1 + 13 + 132) - 22022
= (13)-(3-19)-(7-19) - (3-61) - (22 - 1001)
=2-(32-72-112-132)(192 - 61)
=2.32-72-112-132-22021
=2D.

Tuy nhién, chi can dinh than lai thi ta thay o rang 22021 = 192 - 61 (c6 trong bién ddi & trén
ludn) khong phéi 1a s6 nguyén tb, va do d6 D(22021) khong phéi 1a 22022.

Néu ban mudn néi tiéng bang cach di tim mot s6 hoan hao 18 thi nhitng thong tin dudi diy chac
chin s& 1am ban suy nghi: C6 nén lam diéu d6 khong va minh c6 di cong cu dé tim dugc khong?
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e Gid tri chdn dudi: C6 nhiéu gidi han cho su tdn tai ctia s& hoan hao 18 va gia tri chiin duéi
chi 12 mot trong sb d6. Con s6 chiin duéi nay van dang lién tuc dudc nang l1én. Pau tién
Kanold chiing minh rang néu c6 sd hoan hao 1é thi né phai 16n hon 10?° [17]. Kanold st
dung céc két qua ctia Ore vé s6 diéu hoa [24]. Két qua nay dugc 1am manh bdi Tuckerman,
ngudi di ching minh ring sb hoan hio 1& phai 16n hon 10¢ [26]. Piéu nay dugc thuc hién
bdi mot thuat todn sinh cdy v han ma néu dugc phép thuc hién sé danh sb tit ca cac sd
hoan hao 1é. Mdt budc thuc hién thanh phan da gitip Tuckerman chiing minh dugc ring
moi s6 hoan hio 18 sé phai c6 thanh phan di 16n va dua dén két qua cia 6ng. K&t qua nay
lai dudc nang 1én bdi Hagis, ngudi da nghién cifu cc trudng hop khac nhau ciia s6 hoan
hao 18 va két hop cac két qua, nang chin dudi 1én con s6 10°°, va tiép theo 1a Brent va
Cohen, nhiing nguoi da nang chan dudi 1€n con s6 10'°° [6] [2]. Brent va Cohen da st
dung thuét toan, v6i phuong phap dudng cong elliptic d& han ché s6 1an phan tich ra thira
s6, dé€ tinh két qua ctia ho, va sau d6 bang nhiing cai tién thuit toan da nang chin duéi
1én 10°°° [3]. Mot bai bdo rit méi ciia Ochem va Rao d ci tién thuat todn ctia Cohen va
Brent dé thu dudc chin dudi 1a 10'°°° [23]. Pay 1a két qua mé6i nhat ma ta biét vé chin
duéi ctia s6 hoan hao 1é.

o S4 cdc wéc nguyén t6: Cac nghién citu chi ra rang dé€ mot s6 18 1a s6 hoan hao thi né phai
c6 mot con s tdi thi€u cac uSc nguyén t6. Pau tién 12 mot gia thuyét, sau dé dudc ching
minh b Gradshtein, rang s6 hoan hao 1é phai it nhit 6 u6c nguyén td phan biét [1]. Hagis
sau d6 chiing minh dugc phéi c6 it nhit 8 uéc nguyén td phan biét [7]. Piéu nay thu dugc
bing cach gia st ton tai s6 hoan hao 1é véi 6 hodc 7 udc s6 nguyén td phan biét thi dan dén
mau thuin. Nhitng thong tin mdi nhit ma ta c6 vé sd cic udc sd nguyén td phan biét dén
tif Nielsen, ngudi da xay dung mot thuit toan dé€ chiing minh rang sb hoan héo 18 phai c6
it nhét 9 u6c nguyén t6 phan biét. Ong da thu dudc diéu nay bang cach chi ra mau thuin
trong trudng hop chi ¢6 8 udc nguyén td phan biét. Trong nghién cifu ctia minh, Nielsen
cling cai thiét dugc cac két qua trudc d6 vé sb cac udc nguyén tb phan biét ma mot sd hoan
h4o 1é phai c6 trong trudng hop né khong chia hét cho 3. Kishore va Hagis khang dinh
12 n6 phai it ra 1a 10 va 11 tuong @ng, nhung Nielsen ning dudgc 1én it nhat 1a 12 [18] [8]
[21]. Norton chitng minh dugc rang néu mot s6 hoan hao 18 khong chia hét cho 3 va cho 5
thi n6 phai c6 it nhét 15 u6c nguyén t6 phan biét va néu nhu thém vao dé, n6 con khong
chia hét cho 7 thi n6 phai c6 it nht 27 uéc nguyén td phan biét [22]. Day 1a nhiing két qua
t6t nhat cho dén hom nay vé gi6i han sb cic uéc nguyén td phan biét. Ngudi ta cling quan
tam dén sd cdc uéc nguyén td néi chung, chit khong chi 1a cac udc nguyén td phan biét.
Tannucci va Sorli chitng minh dudc rang mot sb hoan hao 1é phai c6 it nhit 37 wéc nguyén
t6, trong khi Hare cai thién két qua nay dé chiing minh riang phai c¢6 it nhat 47 [15] [11].
Hare da st dung mot thuét todn phan hoach, cho phép dng lam viéc trong cic co sd nho.
Hare sau d6 da cdi tién thuit todn ctia minh va ching minh dudc s6 hoan hao 18 phéi c6 it
nhét 75 udc nguyén td [12]. Ochem va Rao, trong bai bdo vita cong bd, da ting con sb nay
1én 101. Ho ciing dang thuc hién cong trinh d€ chiing minh rang thanh phan 16n nhat phai
16n hon 1062 [23].

o Udc nguyén té I6n nhdt: Ciing c6 nhiing diéu kién cho udc s6 nguyén t6 16n nhat ctia mot
s6 hoan hao 18. Hagis chiing minh dudc rang moi s6 hoan héo 18 phai chia hét cho mot sd
nguyén tb 16n hon 10*. Sau dé 6ng da cai thién dugc két qua clia chiing minh dé chiing
minh dugc mot s6 hoan hao 18 phai chia hét cho mot udc nguyén t 16n hon 10° [10]. Diéu
nay dudc thuc hién bang cach gia sit ton tai mot s nguyén t6 18 trong dé khong c6 udc sd
nguyén t6 nao 16n hon con sb ma 6ng gia st va thu dugc mau thuin. Cohen va Hagis da
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lam viéc v6i nhau dé nang dugc can dudi 1én con s6 10° [9]. Jenkins lai cai thién két qua
nay dé néi ring moi sd hoan hao 18 phai c6 mot uéc nguyén tb 16n hon 107 [16]. Goto gan
ddy da nang chin dudi cho udc s6 nguyén td 16n nhit 1én 10® [5]. Tannucci ciing chiing
minh dudgc rang cac udc nguyén t6 16n thii nhi va thd ba phai 16n hon 10000 va 100 tuong
ung [13] [14].

Nhu vy, s6 hoan hao 1é, néu ton tai thi phai rat 16n. Va gia thuyét khong ton tai sb hoan hio 18 1a
hoan toan c6 co s6. Ta két thic bai viét bang viéc dua ra mot tiéu chuin vé dang clia s6 hoan hao
18, néu c6, dudc chiing minh bdi nha todn hoc vi dai Leonard Euler.

4t+1

Dinh Iy 13. (Euler) Néu n la s6 hoan hdo 1é thi n phdi cé dang n = p*'™'m?, trong dé p la sé

nguyén té dang 4k + 1 con m la s6 nguyén duong khong chia hét cho p.

Dbinh ly nay chinh Ia ciu a) trong bai 7 cia VMO 2016. C6 1€ cau nay dugc ra véi ham y ggi y
cho cau b). So dd chitng minh gdm céac y sau: Vin 18 va o(n) = 2n nén o (n) 12 mot s6 chin
va khong chia hét cho 4. Tt d6, do o (p*) s& 18 néu k chin va chin néu k 18 nén n phai c6 dang
p* - m? vé6i s 1& va m khong chia hét cho p.

Tiép theo can chiing minh p = 1 (mod 4), st dung p + 1| o (p®) véi s 18, cudi ciing 1a chiing
minh s = 1 (mod 4), st dungo(p’) =5+ 1 (mod 4) khi p =1 (mod 4).

St dung dinh ly nay va nhiing 1y luan s6 hoc co ban, ta c6 thé giai quyét dugc y b) trong bai 7,
dudc phat biéu du6i dang dinh 1y sau:

. V4 A N A N n n + 1 N ’ /’\ \ ? N
Dinh Iy 14. Neu n la so nguyén duong sao chon — 1 va (T) la cdc so hoan hao thin = T7.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE MOT BO DE SO HOC

Nguyén Van Thé - Truong THPT Chuyén Ha Tinh

Trong bai viét nay, ching t6i gidi thiéu vé mot bo dé s6 hoc lién quan dén tinh
chia hét trong cac bai s mu.

BG dé: Cho a,b la cdc sé nguyén; n la sé nguyén duong va p la sé nguyén té théa man
(n,p—1) = 1. Khi dé néu p|a™ — b" thi pla — b.

Chirng minh.

Néu a, b ciing chia hét cho p, hoic p = 2 thi dé dang ta c6 diéu phai chitng minh.

Bay gio ta chi can xét trudng hop p 1a sd nguyén t6 1€ va a, b khong chia hét cho p.

Do (n, p — 1) = 1 nén tdn tai cic sd nguyén duong x, y sao cho

nx—y(p—lH=1&nx=(p-1y+1.
Vi a, b khong chia hét cho p,nén theo dinh ly Fermat ta cé
aP™' =bP7 =1 (mod p) = a”?V = p?P7V =1 (mod p).
Mat khac tit ¢" = b" (mod p) thi
a™ = b" (mod p)

hay

P~y = p(P=Dy+1 (1304 p) = g = b (mod p).
Viy b dé chiing minh xong!
Chu y: Khi n [é thi b6 dé’trén vin diing cho ddu céng tiic giit nguyén gid thiét. Véin 1é néu co
pla™ + b" thi pla + b, viéc chitng minh diéu nay lam hoan toan tuwong tw nhuw chitng minh ¢
trén. Bdy ta sé di vao mét sé bai tdp iing dung ciia b6 dé nay.

Trong muc nay, chiing t6i gi6i thiéu mot s6 bai todn dudc gidi quyét bang cach sit dung bd dé
trén.

. . . +1)" —a"
Bai toan 2.1. (CMO TST 2006) Tim tdt cd cdc cdp so nguyén (a,n) sao cho u

SO nguyén

la

Chitng minh. Nhan thay cip (a, 1) ludn théa man. Xétn > 1.
Goi p 1a s6 nguyén t6 nhé nhét ctia n thi (n, p — 1) = 1 lic nay theo b3 dé ta c6 ngay p 1a uéc
cua p|l, vo ly. O
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Nhan xét 2.1. Bai todn trén la mét bai chon ddi tuyén tham dy IMO, c6 thé thdy néu khong biét
bo' dé thi né la mot bai todn kho, nhung néu chiing ta da biét bo' dé thi duwong nhu bai todn la
hién nhién. Piéu ddng noi ¢ day, la cdc dai luwong dwong nhu déu la dn s6, va van xudt hién cdc
dang tinh chdt nhu chia hét, hay tim sé nguyén diéu nay lam cho ta lién tudng dén bo de, dic
biét la s6 mii ciia mot so.
Bai toan 2.2. Chitng minh rdang: Néu x la sé nguyén duong va p,q la hai sé nguyén té sao cho
xP —1
] thi p = q hodc g = 1 (mod p).

|
X
Chiing minh. Pitd = (g — 1, p) thido p nguyén tbnénd € {1, p}.
+)Néud = pthig — 1 chiahétchod = p, hay ¢ = 1 (mod p).
+) Néu d = 1 thi chu y ti gia thiét ta c6 ¢|x? — 1, nén theo “bo dé” ta c6 ¢|x — 1. Viét lai gia
thiét thanh dang
glx? P+ xP P4 x4 1

Chii y rang x = 1 (mod ¢) nén ta cé

xP' 4 xP2 4 4+ x+ 1= p(modgq),
ma p, ¢ déu 1a sd nguyén t6 nén
glxP '+ xP2 4 . +x+1e p=0(modg) & p =q.
Viy bai toan chiing minh xong! O

Nhan xét 2.2. Bai todn trén phdt biéu mot cdch tuong déi ngdn gon vdi cdc dai luong quen thudc
nhu sé nguyén t6, mdt khdc chiing ta vin co dang gid thiét ciia bo dé la q|x? — 1, diéu do ddn
cho chiing ta mot suy nghi tw nhién la nhu thé thi liéu dp dung bé dé co duoc khong. Tir phdn tich
do ta c6 duoc 1oi gidi nhu trén, vi khi dp dung bo dé ta c6 cdn diéu kién (p,q — 1) = 1 nén theo
mét phdn xa tw nhién ta goi udc chung va chia truong hop cho no.Cdc bai todn sau nay dé dp
dung bé dé chiing ta thuong lam kiéu nhuw vy, kiéu tdch gid thiét ra, dé quy bai todn lon thanh
nhitng bai todn nho, ma nhitng bai todn nhé do chiing ta co thé co cdc cdch chiing minh don
gidn hon. Cung kiéu cdch lam do chiing ta c6 thé xem thém 10i gidi ciia bai todn ngay sau ddy:

Bai toan 2.3. Cho n la sé nguyén duong va p la s6 nguyén t6 1é. Chiing minh rang néu q la wdc
nguyén té 1é ciian? + 1 thi 2p|q — 1 hodic g|n + 1.

Chitng minh. Pitd = (p,q — 1) thid € {1, p}. Ntud = p thitacé ngay p|lg — 1 chiy
2|g —1va(2,p) = 1 néntacé2p|qg — 1. Néu d = 1 thichi y rang n? + 1 = n? — (—1) va
(=1)77" = 1971 (do ¢ 1&) nén dp dung “bd dé’ta c6 ngay ¢|n + 1. Vay bai toan ching minh
xong! ]

Nhan xét 2.3. Bai todn trén dwong nhw mang qud nhiéu ddng véc cia “Bai todn 2”7 tuy nhién,
nhin mét cdch téng thé, bai nay cé cing c6 cdi hay & dé. Bai todn trén vdn diing vdi p = 2 tiic
gid thiét khong cdn p 1é. V6i p = 2 thi bdn chdt bai todn chi la mot bé' dé quen thudce do la
n? + 1 khong cé wdc nguyén té dang 4k + 3, tir do ta cé ngay diéu phdi chitng minbh.

Bai toan 2.4. (Bugaria 1995) Tim tdt cd cdc sé nguyén té q, p sao cho

pql(5” —27)(57 = 2).

72



Tap chi Epsilon, S6 07, 2/2016

Chitng minh. Khong mét tinh tdng quat ta c6 thé gia st p < g. Do (57 — 27)(57 — 29) khong
chiahétcho2va5nén p > 3;p,q # 5.

Do p nguyén t6 va p|(57 — 27)(57 — 2%) nén p|5? — 27 hoic la p|57 — 29. Mit khac chd y
rang (p, p — 1) = 1va (¢, p — 1) = 1 nén d & trudng hdp nao thi theo “bd dé” ta ludn c6
pl5—2=3.Tudaytacod p = 3.

Véi p = 3 thi khi d6 thé lai vao gia thiét ta c6 3¢|(5> — 2%)(57 — 29) = 117(57 — 29) hay

q139(57 — 29).

Do d6 ¢|39 hoac ¢g|57 — 29.

Néu ¢|39 thig € {3,13}.

Nguoc lai néu ¢|59 — 27 thi do (¢,q — 1) = 1 nén theo “bd dé” ta c6 ¢|5 — 2 = 3. Tir dy ta
cing c6 g = 3.

Vay cac cip s (p, g) can tim 1a {(3, 3); (3, 13); (13, 3)}. O

Nhan xét 2.4. Duwa vao hinh thiic phdt biéu véi dang quen thudéc cing voc ddng ciia bé de,
tie phdn tich va sit dung cdc tinh chdt co bdn ciia sé6 nguyén t6. Viéc nghi dén bé dé trong bai
todn nay la khd hién nhién do cdc gid thiét duong nhw dang quan tém dén cdc tinh chdt nhu sé
nguyén to, chia hét trong sé6 mii. Pdng chii ¥, viéc gid sit p < q nham cho chiing ta diéu kién
(g, p— 1) = 1, théng thuong trong cdc bai todn sé hoc ma cdc dai luong la doi xiing hay hodn
Vi thi chiing ta thuong gid sit nhw vdy dé gidm bot truong hop.

Nhue vdy, déi véi viéc lam xudt hién di diéu kién gid thiét dé dp dung bé dé, chiing ta can linh
hoat trong viéc thu hep gid thiét cuia bai todn. Hon nita trong cdc bai todn sé hoc kho, thi viéc
tiép cdn vdn dé va chia nhé gid thiét la mét viéc hét siic tw nhién.

Bai toan 2.5. Cho p la sé nguyén té va g > 5 la wdc nguyén té ciia 2P + 37 . Chitng minh rang:
q>7p.

Chitng minh. Goid = (¢ — 1, p) thid € {1, p}. Néu p < 5 thi hién nhién ta c6 diéu phai
chiing minh. Xét p > 5.khi d6 néu d = 1 thi moi diéu kién 4p dung bd dé diéu théa man, vay ap
dung “bd dé” ta c6 ngay ¢|2 + 3 = 5 = ¢ = 5, diéu nay miu thuin vdi gia thiét. Viy ta phai
c6d = p. Tdc ldc nay thi p|g —1 = p < g — 1 < g, diéu phai ching minh. O]

Nhan xét 2.5. Nhin két ludn chdc hdn chiing ta ¢é cdm gidc la ldm, tuy nhién néu chii ¥ gid thiét
thi phan quan trong nhdt vdn la sé mii va sé nguyén to, diéu do givip chiing ta cé ¥ nghi vé viéc
sit dung b’ dé. Lai mot ldn nita chiing ta co kiéu lam quen thudc, goi d = (p,q — 1) thi diéu
nay cho ta rdt nhiéu lgi thé trong viéc chia nhé bai todn, khi ma mot cdi thi chiing ta co thé'dp
dung bé dé, cdi kia lai la bai todn don gidn hon bai todn ddu. Piém nhdn ciia bai todn nay la vé
chitng minh la mét bdt ddng thiic thi tai sao lai lam nhw vay? Chii ¥ ring trong sé hoc dé chiing
minh b < a thi ta thuong di chiing minh b|a, ddy cé thé coi la mdu chét ciia bai todn.

Bai toan 2.6. (IMO Shortlist 2006) Gidi phuong trinh nguyén cua phuong trinh:

x7—1

x—1

=y° -1
Chitng minh. Viét lai gia thiét thanh
X+ X+ Fx+1=y"—1
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véi diéu kién x # 1.

Goi p la u6c nguyén t6 ctia x® + x° + ... +x + 1. Tacé p|x’ — 1.
bitd = (7,p—1) thid = {1,7}.

V6id = 1 thi dp dung “bé dé” ta c6 p|x — 1. Khi d6

X+ +. +x+1=7(modp) =p=17.

Véid = 7thi p = 1 (mod 7).
7

Lo s . c . X .
N6i tom lai moi udc duong k cia ] thi k = 0,1 (mod 7).

x p—
Bay giG gia st (x, y) la mot nguyén cua phuong trinh da cho. Ma
=1=0@-DOo'+y +y*+y+1
nén ta co
y—1=0,1(mod7)vay*+y>*+y>+y+1=0,1(mod?7).
Tt day ta c6 diéu mau thuin vi khi y = 1,2 (mod 7) thi

yr4+ 3y +y24+y+1=5,2(mod7).
Vay phuong trinh da cho v nghiém. [

Nhan xét 2.6. Bai todn trén la néu khong biét bé' dé thi chiing ta co thé'ding cdp dé’biét duoc
cdc dang udc ciia x” — 1 nhung khd phiic tap. Néu ai dé'y thi budc ddu tién chinh la Bai todn
3 ma téi dd néu ra & trén. PEY rdang voi mot bai todn nghiém nguyén thi tinh chdt nghiém clia
chiing luén la mét vdn dé duoc khai thdc rdt nhiéu. Qua do gidi quyét dinh bai todn nay mot cdch
rdt so ccfp.

2" +1
n

Bai toan 2.7. (IMO 1990) Xdc dinh tdt cd cdc sé nguyén n > 1 théa mdn la mét sé tu

nhién
Chiing minh. DE giai bai todn ndy, ta sé can mdt bd dé quen thudc sau:

Goi v, (n) la s6 mii diing cia p trong n, thi vdi a, b la cdc sé nguyén diong va p la sé nguyén
16 théa mdan pla — b, va p khong la udc ciia a, b. Khi dé vdi n 1é thi ta co

vp(a” +b") = vp(a +b) + vp(n)

B§ dé trén 12 b dé LTE quen thudc, xin khong chitng minh & day.
Quay trd lai bai toan:
Do 2" + 1 1é nén dé

2" +1

e N
I’l2

thi 7 18. Goi p 1a udc s6 nguyén té nhd nhit ctia n. Khi d6 ta cé (n, p — 1) = 1, ap dung “bd
de’taco p|l2+1=3,twdaytaco p =3.
Ap dung b dé LTE vé6i p = 3tacé

V32" + 1) =v3(2+ 1) + v3(n) = 1 + v3(n)
Miit khac, do n2]2" + 1 nén véi moi p nguyén t6 1a uc cia n thi

v,(n%) < v,(2" +1).
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Nhu vay, v6i p = 3 thi ta co
2v3(n) <1 4+ v3(n) = v3(n) =1 (do3|n).
Dit n = 3x, vdi x 12 s6 nguyén duong 1& khong chia hét cho 3. Thay lai vao gia thiét ta c6

8 +1

ox2 e N

hay
9x2|8* + 1 = x?|8% + 1.

+)Néu x = 1 thi n = 3, thit lai ta thiy n = 3 thda man.
+) V6i x > 1, goi ¢ 12 udc nguyén t& nhd nhét cla x thi (x,q — 1) = 1, tit ddy dp dung “bd de”
tacé q|8 + 1 =9, két hop g nguyén tb ta c6 ¢ = 3, hay 3|x, miu thuin.
VAy ta c6 cdc gid tri can tim ctian lan = 3.
O

Nhan xét 2.7. Bai todn trén két hop khd nhiéu kién thitc quan trong ciia sé hoc, diém nhdn la
viéc két hop giita “bé dé” dé’tim ra mot wdc réi sit dung bé dé LTE dé'biét chita sé mii diing ciia
wdc do la bao nhiéu. Khi dé, chiing ta sé wdc luong duoc gid tri chudn va giip bai todn trd nén
gon nhe hon hodc dua vé mét bai todn mdi cung kiéu gid thiét dé dp dung lai cdch lam nhu kiéu
xudng thang trong phuong trinh.

Bai toan 2.8. [IMO Shortlist 1999] Tim tdt cd cdc cdp so nguyén duong (n, p) sao chon < 2p
va p la sé nguyén to théa man
n?Hp—-1D"+1.

Chitng minh. Nhan thdy n = 1 thi moi s6 p 13 s6 nguyén t6 déu thda man hay cip (n, p) =
(1, p) thoa man bai toan. Ta chi viéc xét bai toan trén véin > 1.

Néu p = 2 thi tif gia thiéttacén = 2. Xét p > 2 thi p ¢ nén (p — 1)" + 1 1€ khi d6 dé
n? H(p—1)"+ 1thinlé.

Goi ¢ 13 u6c nguyén t6 nho nhét ctia n, khi d6 ta cé (¢ — 1,n) = 1 va tir gia thiét ta ciing c6
g|l(p — )" + 1, khi d6 dp dung “bé dé” tacdgl(p — 1)+ 1= p = ¢q = p.

Dog = pnén plnman <2pvanlénénn = p.

+) V6in = p thi thay vao gia thiét ta c6

PP (P =D+ L.
Do p 18 nén ap dung b& dé LTE ta c6
vp((p—DP +1) =vp((p =D+ 1) +v,(p) = 2.

Tir day, ta c6 diéu kién d€ p? ' (p — 1)’ +1lap—1 <2 = p = 3, do p lasb nguyén 6 18.
Vay cdc cap (n, p) can tim 1a {(1, p); (2,2); (3,3)}. u

A
Ay

Nhan xét 2.8. O bai todn trén, chiing ta co thé'thdy siic manh ciia “bd’ dé” bén canh do, cdc bai
todn lién quan dén s6 mii nhu bai todn trén thi chiing ta ciing thuong nghi vé sé mii ciia mot so
nguyén té, & do bo dé LTE ciing la mot cong cu rdt manh khi da gidi quyét dinh phan kho ciia
bai todn.
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Bai toan 2.9. (USA 2013) Tim tdt cd cdc bo ba sé nguyén t6 (p, q,r) théa mdn dong thoi

rlg" +1
qlr” +1
rip? + 1.

Chiing minh. Gia si r = min{p, q,r}.

Khi d6 tacé (r —1,¢) = 1 nén tit r|p? + 1, dp dung “bd dé” ta cé r|p + 1.

batd = (p—1,r)thidor|p + 1 nénd = (2,r).

Khi d6 néu d = 1 thi tit p|g” + 1 dp dung “b6 d€” ta c6 plg + 1. Mit khac dé y ring khi d = 1
thi r 1¢ ma r = min{p, g, r }nén

q+1 q—+1
plq+1:>p|T:>p§T<q

Mit khac p 1é va plg + 1 nén (p,qg — 1) = 1. Do vay, 4p dung “bd dé” cho phuong trinh
+ ~ <
q|lr? + 1tacdé g|r + 1 magq,r 1é nén q|rT = ¢ < r, mau thuan.
Vay ta phai ¢c6 d = 2, tiic lic nay r = 2. Gi4 thiét bai todn lic nay trd thanh
pla® +1
q12? + 1
2|p? + 1.
batk = (¢ — 1, p) thik € {1, p}.
Néu k = p thi
pla—1= plg®> -1,
két hop p|qg* + 1tacéd p = 2, diéu nay miu thudn do 2| p? + 1. Tux day ta thu dugc k = 1.
Liic nay tif phuong trinh ¢|2? + 1 4p dung “bd dé” ta thu dudc ¢|3 = ¢ = 3, dén day khong

kho dé€ ta thu dudc p = 5.
Vay (p,q,r) = (5,3,2) va cac hoan vi vong quanh.

O

Nhan xét 2.9. Bai todn trén la mdt minh chiing dién hinh cho thdy sitc manh céng phd ciia b
de, chiing ta co thé'thdy ddu hién ddic trung ciia b6 dé qua gid thiét lién quan dén sé nguyén to
va cdc s6 mii. Tie ché linh dong trong khdu xit Iy gid thiét, chiing ta dda lam vdn dé bai todn duoc
sdng 16 tieng budc, ting budc mot. Mot cdch ty nhién, chiing ta sé gidan wdc di gid thiét hodc thu
hep gid thiét, giong nhu mét cdch dé’tao nén diéu kién can dé dp dung bo dé.

Ngoai cdch di ting budc nhu trén thi chiing ta co thé lam bai nay bang cdch dp dung Bai todn 3
bang viéc xét truong hop cd 3 so cung 1é va truong hop cé moét so bang 2. Bdn chdt ciing khong
thay déi nhung hoi thiéu di sy tw nhién trong viéc riit gon gid thiét nhu cdch lam & trén.

Bai toan 2.10. (VMEO thdng 10) Cho trudc sé nguyén duong k. Tim diéu kién ciia s6 nguyén
duong m theo k sao cho ton tai duy nhdt mot s6 nguyén duong n théa man:

nm|5”k + 1.

Chiing minh. Dau tién ta c6 n = 1 ludn thdéa min dé bai, tic ta can tim m theo k sao cho khong
ton tai s6 nguyén duong n > 1 thda min dé bai.
+) Xétm < k + 1. Khi d6 chon n = 3 ta co:

v3(53k n 1) — 035+ 1) + 0335 = 1 + k.
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Suy ra 3™ |53k + 1. Hay n = 3 théa min, mau thuln véi gia thiét n 12 duy nhét.
+) Xét m > k + 1. Ta sé ching minh ring n = 1 14 s6 duy nhit théa man gia thiét.
That viy, gia st ton tai n > 1 thda man n™ |5”k + 1, khi dé6 ta co

5" 41 = 2 (mod4)

nén néu n chin thi
va(n™) = muy(n) >m >k + 1,

suy ra n”" khong la uéc cua 5" 41, vo ly. Vay ta phai c6 n 1é.
Goi p 1a uéc nguyén t6 nhd nhit ctia n thitacé p 18 va (p — 1,n) = 1. Liic nay

pln™ = pl5" +1= 51" 4 (—1)”k.
Ap dung “bd dé” ta c6 p|5 + (—1) = 6 ma p 1&nén p = 3. Do nm|5”k + 1 néntacd
v3(n™) = vs(S”k + 1),
mit khac theo bd dé LTE ta c6:
v3(5"k + 1) =v3(54+ 1) + v3(n*) = 1 + k.vs(n).

Nhu vay, ta thu dudc

m.v3(n) <14+ k.vz(n) & (m—k).vz(n) <1. (%)
Do v3(n) > 1 nén tu (*) ta co:
m=k+1
v3(n)=1"
m<k.

( Mau thuan véi trudng hop dang xétlam > k + 1).
Vay diéu kién can tim ctam lam > k + 1.
[

Bai toan 2.11. (Nghé An 2015) Tim tdt cd cdc sé tw nhién a sao cho tén tai sé tyw nhiénn > 1
thoa man

n’la™ + 1.
Chitng minh. Ta sé ching minh tit ca cic sb a # 2¥ — 1 v6i k € N* déu thoa man bai todn.
That vay, véi a # 2F — 1 thi khi d6 a + 1 # 2% hay ton tai s& nguyén tb p 18 1a uéc cia a + 1.
Chon n = p, khi dé ta c6p?|a? + 1,dpcm.
Béy gid ta sé& chiing minh @ = 2¥ — 1 khong thda man bai toan.
Gia sit ¢6 s6 a = 2% — 1 thoa mian bai toan, tic ton tai sb nguyén ducng n sao cho

n
n2|(2k _ 1) ey
Goi p 1a uéc nguyén té nhd nhit ctia n thi (p — 1,n) = 1. Mit khac chd y rang n khong thé
- . - n
chan vi néu n chin thi n? = 0(mod4) con <2k — 1) + 1 = 2(mod4), vo ly. Vay phai c6 n 1€,
lic nay 4p dung “Bo deé” ta c6
pl* - +1=2=p=2

tiic n chin, mau thudn. Vay céc sb a cAntimlaa # 2F — 1,4 € N*. ]
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Bai 3.1. (AoPs) Cho n la s6 nguyén duong théa man 13|6" + 7". Chitng minh rang 13|n.
Bai 3.2. (T10-439 THTT ) Tim tdt cdc sé nguyén duong Ié n sao cho 15" + 1 chia hét cho n.

%+ 1120037 + 1
g% + 1120037 +1°

Bai 3.3. Tim tdt cd cdc cdp s6 nguyén té p, q théa mdn
Bai 3.4. Tim tdt cd cdc s6 nguyén dwong m,n théa mann > 1 va
n|l+ 3> + 3%,
Bai 3.5. ( Trung Quédc 2009) Tim tdt cd cdc cdp s6 nguyén t6 (p, q) sao cho
pql5? +5%.
Tai liéu tham khao
[1]Tai liéu Chuyén Toan Giai Tich 12, Poan Quynh (Chu bién), NXB GD nam 2015

[2] Dién dan toan hoc VMF
[3]Dién dan toan hoc AoPs.
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SU BANG NHAU CUA HAI DA THUC VA
UNG DUNG VAO GIAI PHUGONG TRINH HAM

V6 Qubc Ba Can
(Truong Archimedes Academy, Ha Noti)
Khi tim hiéu vé da thiic, ching ta déu biét rang néu hai da thic biang nhau thi cic hé s6 tuong

ting clia cic sd hang ciia ching ciing bang nhau. Ngoai ra, ta ciing biét thém rang: néu hai da
thiic P(x), Q(x) c6 bac n va nhan gid tri biang nhau tai n + 1 gi tri thi chiing bang nhau.

Day 12 nhiing tinh chét hay va c6 nhiéu ing dung trong cic méang toan khic nhau, dic biét 1a dai
s6. O day, trong bai viét nhd nay, ching tdi xin gidi thiéu ing dung ctia chiing trong viéc giai cic
bai toan phuong trinh ham. Xin dugc bat dau bang vi du sau:

Bai toan 1. Cho sé tu nhién n > 2. Tim tdt cd cdc ham s6 f céng tinh R — R théa mdn
F&x") = f"(x)
vdi moi s thuc x.

Day 12 mot bai toan quen thudc lién quan dén ham cdng tinh. Hai trudng hop dién hinh phd bién
lan = 2 van = 3. Khi d6, hdu hét céc cach giai dugc biét déu xoay quanh viéc tinh f ((x +1)")
va f((x — 1)") r6i két hop ching v6i nhau. Tuy nhién, diéu nay sé rat khé thuc hién néu n la
mot sd khd 16n. Duéi day, chiing ta sé ciing tiép cin bai toan bang goc nhin clia da thic.

Xin Iuu y rang, trong 18 gidi dudc trinh bay bén dudi, chiing toi c6 sit dung cic tinh chét tuong
ddi dién hinh ctia hAm cong tinh ma khong chitng minh (ban doc c6 thé tu chiing minh lai) 1a:

1. f(x) = xf(1) v6i moi x hitu ti;
2. f(kx) = kf(x) v6i moi k hitu ti;
3. néu f(x) don diéu va cong tinh trén R thi f(x) = ax v6i moi sd thuc x.

Loi gidi. Néun =2, tacoé f(x?) = f2(x) véi moi x nén f(x) nhan gia tri khong am v6i moi
x khong Aam am. Ta dé dang suy ra f 12 ham khong gidm. Tir do, ta tim dugc hai ham sb thoa
manla f(x) =0va f(x) = x.

Xét truong hop n > 2. bit f(1) = a, ta dé thy f(x) = ax véi moi x hitu ti. Ta sé tinh
f((x+y)") (6day x € Rvay € Q) bing hai cdch. St dung diéu kién gid thiét, ta c6

e+ =[fac+n]" =) +ay]" =) Crf " (x)(ay)

i=0
Mait khéc, ta cling c6

n

S +y)y) =1 (Z C,’;x”"'y") =) SCx"y) =) Gy f(").
i=0 i=0

i=0
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Do d6, két hop véi két qua & trén, ta thu dugc
DG @y) =) Chy' f(x"T)
i=0 i=0

v6imoi x € R, y € Q. Cb dinh x va xem hai bi€u thiic & trén 13 hai da thic 4n y thi rd rang
chiing bang nhau (do y ¢6 thé nhan gid tri hitu ti bit k¥, con bac clia hai da thic 1 hitu han).

Bay gid, bang cach so sanh hé sd ctia y" 2 & hai vé, ta thu dugc
a" 2 f2(x) = f(x?)
v6i moi s6 thuc x. Ta xét hai trudng hop nhu sau:
1. Vi n chdn: Ti gia thiét, ta c6
a" = f"()=f(A") = f(1)=a

néna = O hoiica = 1. Néu a = 1 thi bai todn tr§ vé trudng hopn = 2. Connéua = 0
thitacé f(x?) =0nén f(x) = 0véimoix >0, ttdéodo £ 1énén f(x) = 0 v6i moi x.

2. Voi n le: Tuong ty nhu trén, ta tinh dugc a = 0, 1, —1. Hai trudng hgpa = 0Ovaa =1
da dudc xét & trén. Con véia = —1, tacé f(x?) = — f2(x) nén f(x) nhan gia tri khong
duong v6i moi x khong am, tir do ta dé dang chiing minh dudc f khong ting va tim dudc
hai nghi€ém ham théa man la f(x) =0va f(x) = —x.

Két lugn: Cac ham s6 thda man yéu cau dé bai 1a f(x) = 0, f(x) = x va f(x) = —x (trong
truong hop 7 12 s6 tu nhién 18 > 3). O

Bai toan 2. Cho sé tw nhién n > 2. Tim tdt cd cdc ham s6 f : R — R théa mdn

"+ ) =y + (%)
vdi moi cdp s6 thie x, y.

Trudng hop n = 2 ctia bai toan nay chinh 1a dé thi IMO nim 1992. Trudng hogp nay va trudng
hop 7 chin néi riéng 1a cdc trudng hop dé cla bai todn.

V6i n 18 thi khong nhu vay, ta sé gip nhiéu khé khin d€ tinh £(0), mdt mau chdt quan trong dé
ching minh f cdng tinh.

Cich tinh £(0) thudng gip 1a sit dung tinh song 4nh clia f dé tinh mot gid tri ndo d6 theo nhiéu
cach. Cach d6 tuong ddi phiic tap va khong dé dé thuc hién. Dudi day 1a mot cach tiép cin bang
da thiic kha thu vi.

Loi gidi. Dat £(0) = a. Tir gia thiét, ta dé thiy
f(f») =y+a"
v6i moi s6 thuc y. St dung két qua nay, ta c6
£ @ +2) = F(F"+ F) = 2"+ f(3) +a”
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v6i moi x, y € R. Trong dang thiic trén, ta thay y bdi f() thi thu dudc

X"ty +2a" =x"+ f(f)+a" = f(T)+ ) =y+ (X)) =y+(x+a"),

hay

x" +2a" = (x +a")".
Biing céch so sanh hé s6 ctia x" ' & hai vé, ta d& dang suy raa = 0. Lic nay, tacé f(f(y)) = y
nén bang cach thay y bdi () vao gia thiét, ta dudc

JE"+y) =10+ f)

véi moi x, y € R. Thay y = 0 vao dang thifc trén, ta ciing c6

S = f7(x) (1)

v6i moi x € R. Do d6, dang thiic & trén c6 thé dudc viét lai dudi dang

S+ y) =)+ f)

v6i moi x, y € R. Néu n 18 thi x” c6 thé nhan moi gi4 tri trén R nén ta suy ra f cong tinh. Két
hop v6i (1), ta dua bai toan vé trudng hop clia bai toan 1 da dudc xét & trude.

Néu 7 chin thi do x" ¢6 thé nhan moi gi4 tri khong Am nén ta suy ra
fx+y)=fx)+ f(»)

v6i moi x > 0 va y € R. Bing cach thay y = —x, ta dé thdy f 1a ham 1&. Tit d6, v6i moi
x<0,yeR,tacod

—f(x+y) = f((=2) + (=) = f(=x) + f(=y) = = f(x) = f(),

hay
fx+y)=fx)+ f(y).

Vay f 1a ham cong tinh. Két hop véi (1), ta dua dudc bai toan vé trudng hop clia bai toan 1 da
dugc xét & bai trudc. 0

Bai toan 3 (Chon dbi tuyén PTNK, 2013). Tim tdt cd cdc ham sé f : R — R théa man
F(E+y+ () =2y +x* f(x)
véi moi cdp sé thuc x, y.

Loi gidi. DE thdy f 12 mot toan anh nén tdn taia € R saocho f(a) =0.Thayx =0vay =a
vao phuong trinh gia thiét, ta tinh dudc a = 0. N6i cach khac, x = 0 1a s6 duy nhit 1am cho

2
x) = 0. Tiép theo, thay y = _x J ) vao phuong trinh gia thiét, ta dudc
Y y 5 p g g
2 2
Pl I (RO
2 2
suy ra
x? f(x) x? f(x)
s T/ (_ 2 ) =
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y2f(y)
2

SO =y =x2f(0) =y f()

v6i moi x, y € R. Tir dy, bang cach thay lan lugt x = 0 va y = 0, ta chiing minh dudc

f(x?) = x> f(x), f(=y’) = —y*f(y) nén suy ra
f& =y = f(x) + f(=y?).

Ma x3 va —y? ¢6 thé nhan moi gia tri trén R nén ta suy ra f cong tinh. Do d6 f(x) = kx véi
moi x httu ti. Bay gio, ta tinh f ((x + y)3) (véi x € R, y € Q) bang hai cach. Trudc hét, ta thiy

v6i moi x € R. Tiép theo, biang cach thay y bdi — va stf dung két qua trén, ta dugdc

f((x+3)°) = G+ )2 fx+y) = (x+ )°[f(x) +ky].

Mat khéc, ta cling co

f((x+3)7) = f(x°+3x%y +3xy* + y?)
= f(x>) + f3xy) + fB3xy*) + f(?)
= x? f(x) +3yf(x?) + 3y* f(x) + ky’.

Do do
(x + )?[f(x) + ky] = x* f(x) + 3yf(x?) + 3y f(x) + ky>

v6i moi x € R, y € Q. C6 dinh x va xem hai biéu thiic § hai vé 12 hai da thic 4n y. Hai da thic
nay biang nhau vi chiing c6 bac < 3 ma nhan gi4 tri bang nhau tai moi y hitu ti. Tir ddy, bing
cach dong nhit hé sb ctia y? & hai vé, ta dudc

J(x) + 2kx = 3f(x),

suy ra f(x) = kx v6i moi x € R. Thay trd lai phuong trinh ban dau, ta tinh dudc k = 1, —2.
Vay ¢6 hai ham sb thda man yéu cau dé bai l1a f(x) = x va f(x) = —2x. ]

Bai toan 4 (Han Qubc, 2015). Tim tdt cd cdc ham sé6 f : R — R théa man
f(x2015 + fZOIS(y)) — y2015 +f2015(X)
véi moi cdp sé thuc x, y.

Li giai. Tir gia thiét, ta dé thay f 1a mot song anh. Do d6, ton tai duy nhit b € R sao cho
f(b) =0.Pit £(0) = a.thay x = 0 va y = b vao phuong trinh gia thiét, ta dugc

a4 = 2015 4 p2015.
Miit khic, thay x = b va y = 0 vao phuong trinh gia thiét, ta cling c6
f(a2015 + b2015) =0 = f(b),

suy ra
h = q2015 4 p2015
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K&t hop véi trén, ta suy raa = b. Do d6 f(f(0)) = 0va2a**"® = a. Bay gio, thay y béi f(y)
vao phuong trinh gia thiét, ta c6

f(x2015 _I_f2015(f(y))) — f2015(x) _I_f2015(y) (1)

v6i moi x, y € R. Thuc hién ddo vai tro clia x va y trong phuong trinh trén, dong thdi chi y
ring vé phai 1a mot biéu thiic dbi xiing clia x va y, ta cd

f<x2015 +f2°15(f(y))) _ f<y2015 +f2015(f(x))),

tu do suy ra
x2015 4 f2015(f(y)) — 2015 | f2015(f(x)).
Thay y = 0 vao dang thifc trén, ta dudc

f2015(f(x)) — X2015 + f2015(f(0)) — )C2015,

suy ra f ( f (x)) = x v6i moi x € R. Do d6, phuong trinh (1) c¢6 thé dudc viét lai dudi dang

f(X2015 +y2015) — f2015(x) +f2015(y) (2)

v6i moi x, y € R. Lan ludt thay y = 0 va y = —x vao phuong trinh trén, ta dudc
f(x2015) — f2015(x) +aZOlS (3)

va
f2015(x) + f2015(—X) _—_— (4)

v6i moi x € R. Két hop (3) va (2), ta suy ra
f(x2015 + y2015) — f(x2015) + f(y2015) _ 202015.

Do do, ta c6
f(x+y) = f(x)+ f(y) —2a>°" (5)

v6i moi x, y € R. Thay y = —x vao phuong trinh trén, ta dudc
f(=x) =2a*°" 4+ a— f(x) =2a— f(x).

Thay két qua nay vao (4), ta dudc

2015

[P0 +[2a— f0)] =a
v6i moi x € R. Do f song anh nén tu day ta suy ra
X215 4 (2q — x)215 — ¢

v6i moi x € R. Thuc hién dong nhit hé sb ctia x*°'* & hai vé, ta tinh dugc @ = 0. Thay két qua

nay vao (5) va (3), tasuy ra f cdng tinh va f(x%°1%) = f£2°1°(x). Bai todn dugc dua vé truong
hgp ctia bai toan 1 da dugc xét & trudce. O
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Bai todn 5 (Romania TST, 1996). Cho s6 tuw nhiénn > 1 va mot s6 thuc a. Gid sit fy, fa, ...,
fn : R = R la cdc ham cdng tinh théa man

S1(x) f2(x) -+ fulx) = ax”
Vi moi sé thuc x. Chiing minh rdng
a) Néua # 0 thi tdt cd cdc ham sé ndi trén déu la ham tuyén tinh.
b) Néua = 0 thi tén tai mét chi s6 i sao cho f;(x) = 0.
Loi giai. Pat f;(1) = k;, khi d6 v6i moi y € Q, ta co
fily +x) =kiy + fi(x).
Do d6, tir gia thiét, ta suy ra
[k1y + fi)][key + 0]+ [kny + fu(¥)] = a(y + x)"

v6imoi x € Rvay € Q. C6 dinh x, ta xem hai vé 12 hai da thiic 4n y thi chiing c6 bac hitu han
va nhén gia tri bang nhau tai moi gia tri hitu ti cia y, do d6 hai da thiic nay phai dong nhét bang
nhau. Noi cach khac, ta c6

[k1y + O)][k2y + (0] [kny + fu(x)] = a(y + x)" (1)
v6i moi cip sb thuc x, y.
a) Véi a # 0: Thuc hién dong nhit hé s6 ctia y” trong (1), ta dugc
k]kz"'kn =da 75 0,

suy ra k; # 0. Bay gig, thay y = —fik(x)

vao (1), ta dugc

1

a(x — flk(lx))n =0,

suy ra f;(x) = k;x v6i moi x € R. Ta c6 diéu phai chiing minh.

b) Vdi a = 0: Ta sé chiing minh két qua bai toan bing quy nap theo . R& rang khiang dinh ding
véi n = 1. Gia st khang dinh diing d&én n — 1, ta chiing minh né ciing ding véi 7.

Néu f,(x) = 0, ta c6 diéu phai ching minh. Xét trudng hop f,(x) # 0, khi d6 tdn tai ¢y € R
sao cho f;,(co) # 0. D y rang v6i moi y € Q va véi moi x € R, ta co

Ji(yx + co) = yfi(x) + fi(co),
nén tir gia thiét ta suy ra
[J’fl (x) + f1 (Co)][)’fz(x) + fz(co)] "'[an(x) + fn(Co)] =0

v6i moi y € Q. St dung tinh chét ctia da thiic bang nhau, ta thiy dang thic trén ciing diing véi
moi gia tri thuc cda y.
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Do f,(co) # 0nén yf,(x) 4+ fn(co) Z 0. Do d6, ton tai vo sb gid tri thuc ctia y sao cho
Y/u(x) + fulco) # 0.
Tir dy suy ra, ton tai vo sb cdc gid tri ctia y sao cho
[y/i(x) + fi(co) ][y /2(x) + falco)] -+ [y fa1(xX) + fuz1(co)] = 0.

St dung tinh chét clia da thiic bang nhau, ta c6

[)’fl(x) + fl(Co)][J’fz(x) + fz(co)] e [yfn—l(x) + fn—l(CO)] = 0.
Thuc hién ddng nhét hé sb cta y" !, ta dugc
S1(x) f2(x) -+ fumr(x) =0
v6i moi x € R. Tir day, st dung gia thiét quy nap, ta suy ra diéu phai chiing minh. O
Bai toan 6. Tim tdt cd cdc ham sé f : R — R théa mdn
FOA)+4y2f() = [f(x+ )+ 2?][f(x = ») + f(0)]

véi moi cdp sé thuc x, y.
L&i gidi. Trude hét, ta sé chiing minh f chin. Thay y = 0 vao phuong trinh gia thiét, ta dugc

S = f[fx) + £(0)]. (1)

Suy ra £(0) = 2 £2(0). Bay giv, thay x bdi —x vao phuong trinh trén, ta dudc

f@Lf@) + fO] = f(0)[f(=x) + fO)],

hay
[f() = fEO][f ) + f(=x) + f(0)] =0 2)
v6i moi x € R. Mit khac, thay x = 0 vao phuong trinh gia thiét, ta cling c6
FO) +4y? () = [fO0) + ?][f ) + f=2)]- (3)

Trong phuong trinh nay, ta thay y b6i —y thi cling c6

FO)+4y* f(=y) = [f(=y) + ][ S ) + F(=»)]

Tru tuong Ung hai phuong trinh, ta dugc

[fO) = fED][SO) + f(=y) —4y*] =0. (4)

Gia st ton tai xo sao cho f(—xo) # f(xo). Khi do, tir (2), ta suy ra

S (xo) + f(—=x0) + f(0) = 0.

Mat khac, tu (4), ta cling c6
f(x0) + f(—x0) —4x5 = 0.
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T dé suy ra0 = £(0) + 4xj = 2£2(0) + 4xZ, suy ra xo = £(0) = 0. Tuy nhién, diéu nay sé
din dén f(—xo) = f(x0) = f(0) = 0, méau thuin. Viy f chan.

Lic nay, tu (3), ta co
FO)+4y> f(y) =2fWM[ S ) + ¥*].
suy ra
fO) +2y*f(y) =2/%(») (5)
véimoi y € R. Suyra £(0) +2£(1) = 2 £2(1). Mat khdc, tir (1), ta ciing c6

f) = fOLfD)+ £O)].

Bing viéc giai hé phuong trinh

f(0) =2/2(0)

fO)+2f(1) =2f2(1)

S = SO + £(0)]
ta tim dugc £(0) = 0. Tir d6 két hop véi (5), tasuy ra f2(y) = y2 f(y) v6i moi y € R. Nhu
vily, véi moi x € R, tacé f(x) = 0hodc f(x) = x2.

Kiém tra truc tiép, ta thly f(x) = 0va f(x) = x? 1an ludt 1a cic nghiém ctia bai todn. Bay gid,
gia sticéa, b # 0saocho f(a) =a’va f(b) =0.

Do f chin nén ta ciing c6 f(—b) = 0. Thay y = —b vio phuong trinh gi thiét, ta dudc
f(?) = f(x +D)[ f(x —b) + 7]

v6i moi x € R. Chid y rang f(x?) = f%(x) (do (1)) nén f(a®) = f*(a) = a* # 0. Thay
X = a vao phuong trinh trén, tasuy ra f(a + b) # Onén f(a + b) = (a + b)* # 0. Tiép tuc,
thay x = a + b va ly luan tuong tu, ta ciing c6 f(a + 2b) = (a + 2b)* # 0. Mot cach tdng
quat, ta ching minh dudc

f(a+nb)=(a+nb)*>#0

v6i moi n € N. Tir d6, bang cich thay x = a + nb (v6i n € N*) vao phuong trinh trén, ta dugc
(a+nb)*=[a+ @+ 1)b]2{[a +(n—1b] + b2}
v6i moi n nguyén ducng. St dung tinh chét ciia da thiic bang nhau, ta thiy hai da thic (4n 1) &
hai vé bang nhau. Tir d6, bang cach dong nhat hé s ctia n? & hai vé, ta dugc
6a’b*> = b*(a + b)* + b*[(a — b)* + b*| + 4b*(a — b)(a + b),
suy ra b* = 0, mau thufin. Vdy bai toan chi c6 hai nghiém ham 13 f(x) =0va f(x) = x>. O

Qua cic vi du trén, c6 thé thiy viéc dé y va st dung tinh chit ctia da thiic bang nhau da gitip cho
céc budc bién d6i kho clia cdc bai toan dudc thuc hién dé dang hon, tao diéu kién thuan 10i cho
viéc di tim 13i giai. Py chi 12 mot kinh nghiém nhdé ma ching toi diic két dudc qua qud trinh tim
hiéu va hoc hoi. S& ¢6 nhiing cdi con thiéu sét chua dudc hoan thién. R4t mong rang, sau bai viét
nay, ching toi s& nhan dugc nhiéu y kién déng gép quy bau ti ban doc gan xa dé€ bai viét trd nén
hoan chinh hon nita. Sau ciing, xin dé xut mot s6 bai tap tu luyén d€ ban doc cling thi stc.
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Bai toan 7. Cho sé nguyén duong n. Tim tdt cd cdc ham f don diéu: R — R théa man
fx+ () = fx) + "

véi moi cdp sé thuc x, y.

Bai toan 8. Cho s6 nguyén duong n. Tim tdt cd cdc ham sé f : (1, +00) — R théa mdn
SETE 4 y" T = X" f(x) + 3" ()

vdi moi cdp s6 thuc x, y > 1.

Bai toan 9. Cho sé tu nhién n > 2. Tim tdt cd cdc ham s6 f : R — R théa mdn
S F2f0) = 1) +y + f()

véi moi cdp sé thuc x, y.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

BO DE HOAN VI

Nguyén Van Huyén
(SV truong Dai hoc GTVT, thanh phd Ho Chi Minh)

Nim 2008 trén dién dan toan hoc Art of Problem Solving (xem tai ddy) anh Vo Qubc B4 Cin dé
xuit mot bo dé kha thi vi sau:

B6 dé. Vdi moi s6 thuc duong a, b, ¢ théamdna+b+c = 1,ddtq = ab+bc +ca (1 > 3q).
Chitng minh rang

S

a c 2(27g% — 9g + 1 1
21245 (@7q =% + 1) +-—6.
b ¢ a” 992-2¢+(1-3q)y/q(1-3q) 4

(Vo Quéc Bd Cdn)

(1.1)

Lsi gidi. Pdt p =a+b +c,q = ab + bc + ca var = abc (ta sé thdong nhit cach dit nay
cho ca bai viét) khi d6
(@ —b)*(b —c)*(c —a)* = p*q* — 49> +2p(9q — 2p*)r — 27r2.
Ta c6 danh gia
2(ab* 4+ be?* + ca®) = Zab(a +b)+ (a—>b)(b—c)(c—a)

=pqg—3r+(@a—>b)(b—c)(c—a)
> pq —3r — /(@ —b)2(b—c)*(c —a)?
= pq —3r — V' p*q> —4q> + 2p(9q — 2p*)r = 27r2,

vi thé

pq —3r —\/p?q*> —4q> + 2p(9q — 2p>)r — 27r?

ab? + bc? + ca® > :

Miit khéc tir gia thiét ta dudc p = 1 cho nén

a b ¢ ab2+bc2+ca2>q—3r—\/q2—4q3—|—2(9q—2)r—27r2

b ¢ a abc - 2r

Xét ham so

—3r — g% — 4¢3 +2(9¢ —2)r — 2712

_4
fr) = =

9

tinh dao ham

Py = L4+ 01 =2r —qVq® — 4¢° + 209 ~ 2)r 2772
2r2\/q%> — 4¢3 + 2(9q — 2)r — 2712

9
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do d6 phuong trinh /' (r) = 0 ¢6 nghiém

q2[9q2 —2q + (1 =3¢)/q(1 - 3q)}

27¢%> —9q + 1

r =rg =

Lap bang bién thién ta ducc f(r) > f(ro). Bién ddi

q —3r0 — +/q —4q3 +2(9g —2)ro — 27r¢
f(ro) = >
To
q*> — 44> + (99 — 2)ro
q —3ro —
_ q
To
243 1—6 2qg? 1
_2+ =690 _2¢° 1
qro r'o q

2(27¢* — 9q + 1)

1
992 —2q + (1 -39)y/q(1=3q) 4

Day chinh 1a diéu phai chiing minh. O

Nhan xét.

(1) O thai diém d6 bS d& trén 1a mot bai toan rat kho, do hinh thic kha cdng kénh, khong dep mit (cé
cin thiic ndm & mau s) nén khong nhan dudc su quan tim ciia nhiéu ngudi, sau nay vao nim 2011
anh Lé Hitu Pién Khué mdi dua ra mot chitng minh khac trén Dién Pan Toan Hoc (xem tai day).

(2) Pbay 1a mot két qua rit chit véi vo sb cdc trudng hop dé ding thifc xay ra va ciing 1a dang chit nhét

trong 16p céc bai todn c6 dang

b
f(g, -, £,a+b+c,ab+bc+ca)>o.
b ¢ a

(3) B& dé nay sé gitip chiing ta sé giai quyét dugc rit nhiéu bai todn khé sau day (da ting 1a unsolve
subt mot thoi gian dai trén AoPS).

Bai todn 1. Cho a, b, ¢ la ba sé thuc duwong. Chiing minh rdang

a b ¢ 28(ab + bc + ca)
-+ -4+ - > 12.
b+c+a+ (a+b+c)

(Vo Quéc Bd Cd;l)
L&i gidi. Do tinh thuan nhét ctia bai toan nén ta ¢ thé chuan héa p = 1, khi d6

28(ab +bc +ca)  28q
(a+b+c)? N p?

= 28q.
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Ap dung b6 dé (1.1) ta dua bai toan vé chiing minh
227> —9¢q + 1 1
@79~ 5% + 1) o —6+28¢ > 12,

99% —2q + (1 —-3q)y/q(1 =3q) 4

202742 — 9 + 1 1
@7q" =%+ 1 ~ +28g > 18.

+
992 —2q +(1-3q9)/q(1-3q) 4

hay la

2.1)

Bit déng thic Iic nay chi con mot bién nén hai cong cu dau tién ma ching ta nghi dén 1a khao
sat ham hoiic quy dong phan tich nhan tii. Tuy nhién biéu thiic niy khi iy dao ham sé& cho ra mot
két qua “rdt khiing” con néu phan tich nhan ti thi thi biéu thic thu dudc ciing khong kha hon

miy vi su xuat hién cla cin thic § mau.

Viét (2.1) lai nhu sau

2(27¢% = 9¢ + 1 1
(7q" =%+ 1 - 428¢g > 18.

992 —2¢ +(1-3¢9)-q- /7% 1

1-3
bat x = 9

1 2z 2
>0thig = = bat dang thuc (2.2) trd thanh
x?4+3
2(x2+3x—|—3)+ 5 28

X > 15.
x+1 x2 43

Xét hiéu hai vé ta dudgc

2(x? 4+ 3x + 3) (x3+5x24+3x+ DH(x—1)?

2
X —15= = 0.
x+1 +x2—|—3 (x+ D2+ 3)
Péng thiic x4y ra khi va chi khi va chi khi
a b ¢

ﬁ—tan% B ﬁ—tan%” B ﬁ—tan%”'

Vay ta c6 diéu phéi chiing minh.

Bai toan 2. Cho a, b, c la ba s thuc duong. Chitng minh rdng

b ¢ a+ a2z +b2+c¢2 T 27

b ¢ T(ab+ bc+ca) - 17

(2.2)

(V6 Québc Bd Can)

L&i giai. Tuong tu nhu trén ta cling chuin héa p = 1, khi d6

Tab+bc+ca)y  Tq g
a?+b2+c2  p2-2q 1-2q

Ap dung b dé (1.1) ta dua bai toan vé chiing minh

2(27¢% — 9q + 1 1 7 17
99> —2q + (1-3q)/q(1-3q) 4 1-2¢" 2
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hay la
2(27g%> — 9g + 1 1 7 29
(279 -9¢ + 1) T q2 >
92 -29+(1-3¢q)-q-/*% 1 '~
o 1_361 N 1 A 2 ,, 9 <
bat x = > 0thi g = ———, bat dang thuc (2.3) tré thanh
q x2+3
2(x2+3 3 7 23
CTH3x+3) |y > —,
x+1 x2+1 2

tuong duong voi
(2x3 + 10x2 + 9x + 3)(x — 1)? N
2(x + D)(x2 + 1)

Pang thiic x4y ra khi va chi khi

a b c

VT—tanZ  JT—tan22E /T —tan T’
7 7 7

Bai toan dugc ching minh.

Nhan xét. Bai todn nay la hé qua cta bai toan 1. Thét vay vi

a b ¢ 28(ab + bc + ca)
42y >12-
b+c+a (a+b+c)?

nén ta chi can chiing minh

28(ab + bc + ca)  T(ab + bc + ca) < 17

12 = "~
(@a+b+c)? a2+ b2 + ¢2 2
hay la
T(a+b+c)? - 28(ab + bc + ca)
22 +b2+c2) " (a+b+c)?
hoac

8(ab + bc + ca)(@® +b* +c?) < (a+ b+ o)*.
Ap dung bt ding thiic AM-GM, ta c6

(2.3)

8(ab + be + ca)(a® + b* + ) < [2(ab + be + ca) + (@ + b* + A’ = (@ +b + o)*.

Khi ding thic xdy ra thi ta dugc ding thic kha dep mit a? + b% + ¢ = 2(ab + bc + ca).

Bai toan 3. Cho a, b, c la ba s thuc duong. Chitng minh rdang

b 2 70(ab + b
(Z—I— c) (ab + c+ca)>60'

b ¢ ' a a2+ b? +c?

(Nguyén Vin Huyén)
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Chitng minh. Chuan héa p = 1 va 4p dung b dé (1.1) ta dua bai todn vé chitng minh

2
2(27¢% — 9q + 1 1 70
(274> = 9¢ + 1) b-—6| +-29 > 60 (2.4)
92 —2q + (1-3¢)/g(1—3q) 4 =24
1 —3¢q

1 L
bat x = >0thig = 2—+3, bat dang thuc (2.4) tr§ thanh

X

3 43x2 43y 4+3)\° 70
x° 4+ 3x°+3x + > 60.
x+1 x2+1

tuong duong voi

(x5 + 8x° + 31x* + 84x3 + 119x2 + 76x + 19)(x — 1)? N

(x2 4+ 1)(x +1)2 > 0.
Pang thiic x4y ra khi va chi khi
a b c
ﬁ—tan% B ﬁ—tan%” B ﬁ—tan%”'
Bai toan dugc ching minh. [

Bai toan 4. Cho a, b, c la ba s thuc duong. Chitng minh rdng

(g_'_b 6)2 280(ab + bc + ca)

Z 4= > 95.
b c+ (a+b+c)?

(Ta Hong Qudng)

Chiing minh. Chuan héa p = 1 va ap dung bS dé (1.1) ta dua bai toan vé chiing minh

2
2(27¢% — 9q + 1) 1 }
+ ——6| +280g > 95. (2.5)
[9q2 —2q +(1-39)/q(1-3q) 4
o 1_3q N 1 A 2 ,, 9 <
bat x = > 0thi g = ———, bat dang thuc (2.5) tré thanh
q x2+3
x34+3x24+3x+3\> 280
> 95,
x+1 x2 43

tuong duong voi
(x8 + 8x° + 33x* + 100x3 + 144x2 + 88x + 22)(x — 1)? N

(x2+3)(x + 1)? 0
Piéng thic x4y ra khi va chi khi
a b c
V7—tanZ - V7 —tan - V7 —tan4&
Bai toan dugc chiing minh. O
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Bai toan 5. Cho a, b, c la ba s thuc duong. Chitng minh rdng
b c>az—|—bz+c2 6(a® 4 b? + ¢?)

a
b et aZ abtbetca  (@xbtop

(Nguyén Viin Quy)
Chitng minh. Chuan héa p = 1 va 4p dung bS dé (1.1) ta dua bai todn vé chiing minh
2 _ _
2(27¢* —9q + 1) 1 6> 1—-2¢

+__ =
9% -2+ (1-39)y/q(1-3q) ¢

[1-3 1 L
bat x = 9 >0thig = = bat dang thic (2.6) tré thanh
q x> 4+3

x3—|—3x2—|—3x+3>(x2+9)(x2+1)
x+1 - x24+3

+6(1 —29). (2.6)

9

hay la
2x%(x —1)?
> 0.
(x+ D(x2+3)
Ding thiic x4y ra khi va chi khia = b = ¢ hoic

a b c

ﬁ—tan% B «/7—tan277r B ﬁ—tan%”'

Chiing minh hoan tit. O

Bai toan 6. Cho a, b, c la ba s thuc duong. Chitng minh rdng

b ¢ k(ab+ bc+ ca) s34k

b ¢ a+ a2+ b? +¢?

trong do k = 34 -2,

(Ji Chen)
L&i gidi. Chudn héa p = 1 va ap dung bd dé (1.1) ta dua bai todn vé chiing minh
2(27¢%*> -9 1 1 k
@74 =9 + 1) -+ —L > 94k 2.7)
99> —2q + (1-3q)v/q(1-3¢) 4 1-2¢
5 1—3q N 1 4. 42 P 5 N
bat x = >0thig = 73 bat dang thuc (2.7) tré thanh
X
2(x2+3 3
T3 HI) ey >k 46,
x+1 x2+1
hay la

X2x3+3x2+ (1 —k)x —k + 3]
> 0.
(x+Dx2+1)
BAt dang thic nay ding vi véi k = 33/4 -2, thi
B3Pt (I—k)x—k+3=(x+1+4+232)(x+1-v2)*>0.
Ping thiic xy ra khi va chi khi x = 0 hodic x = ¥/2 — 1, cu thé
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) 1,
. Néux:Othingkétthvéipz ltadugca =b = c.

2+3/§ = % 3_\3/5
1

dan dén r = =5 két hop v6i p = 1 ta thiy

o Néux = \S/E—Ithiq =
a, b, c 1an ludt 1a ba nghiém cta phuong trinh
2+2 3-32

13 —1? f — = 0.
+ 10 50

Bing Maple hoic Wolframalpha ta tim dudc

1 1 /88— 6\/_ 101 — 54f
a=—+— — arccos

3 3

1 1 (8- 63/5 101 — 54f
h=—-—- - — = arccos

3 3\ 5

1 1 /8- 63/5 101 — 54f
c=—-———= — + — arccos

3 3\ 5

cung céac hoan vi.
Bai toan dugc ching minh. [

Bai toan 7. Cho a, b, c la ba s thuc duong. Chitng minh rdng

a b ¢ (9 + 3k)(a® + b% + ¢?)
4242 >
b+c+a+k/ (a+b+c)?

vi k =332 3.
(V6 Qubc Bd Cdn, Bdch Ngoc Thanh Cong)
L&i gidi. Chudn héa p = 1 va 4p dung bd dé (1.1) ta dua bai todn vé ching minh

2(27¢2 — 9¢ + 1)

9q% —2q + (1 —3q)+/q(1 —3q)

[1-3 1 L
bat x = 9 >0thig = = bat dang thic (2.8) trd thanh
q x> 4+3

x34+3x24+3x+3 (9 + 3k)(x? +1)
+k >
x+1 x2 43

l —6+k>(0+3)(1-29).  (@28)

Véik =342 —3,tacé

>0

P43 4343 O+ ) X 1 +2A) (v + 1 - Y4)
+k — _
r X2 +3 (x + D> +3)
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Ding thiic x4y ra khi va chi khi @ = b = ¢ hoic a, b, ¢ lan lugt 1a ba nghiém ctia phucng trinh

2+ 4 1
A +\/_t——=0,
12 36
cu thé
1 1/ 1
a=§+§ 2 — J4cos garccos
1 1 1
b= g—g\/Z— V4 sin %—garccos (2.9)
1 1/ 1
c=§—§ 2 — 4sin %—i—garccos
cung cac hoan vi. Bai toan dudc chiing minh. [

Bai todn 8. Cho a, b, ¢ la cdc sé thuc duong. Chitng minh rdng

2 2 2
b+£>\/9_k+k(a + b2+ c2)

a
_+_ )
b ¢ a ab + bc + ca

trong dé k = 3(1 + v/2)°.
(Vé Quéc Bd Cdn)

L& gidi. Chudn héa p = 1 va ap dung bd dé (1.1) ta dua bai todn vé chiing minh

22792 — 9 + 1 1 k(1—2
(279" =% + 1) ——6>\/9—k+(—‘1). (2.10)
q

_|_
9% -2+ (1-3g9)y/q(1-3q) 4

1-3 1 Lz
bat x = 9 > 0 thi ¢ = ———, bat dang thiic (2.10) trd thanh
q x2+4+3

2(x2+3 3
(74 3x + )+x2—3>\/9—|—kx2,

x+1
hay la

34+3x243 3 —

X~ + 3x° 4+ 3x + > V91 kx2,

x+1
hodc
(3 +3x2 +3x+3)2 > 9+ kxH)(x + 1)2,
xXx*+6x3+(15—k)x*> +2(12—k)x —k + 18] > 0.

bit

P=x*4+6x>4+05-—k)x*+2(12—k)x —k + 18,
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ta s& ching minh P > 0. That véy, véi k = 3(1 + ¥2)” thi
P=(x+1-V2+ V) (x+3+ 2+ V4 (x+1- 4" >0.

Piéng thic xay ra khi va chi khia = b = ¢ hoic a, b, ¢ 1an ludt 1a ba nghiém ctia phuong trinh

2+ 441
A +fz——=0.
12 36
Giai phuong trinh ndy ta dugc nghiém (2.9). Chiing minh hoan tat. [

Bai todn 9. Cho a, b, ¢ la ba s thuc duong. Chitng minh rdang

42— 4 24 p2 42
C_l+é+£ (42 )(ab+bc+ca)>4ﬁ_2+a +b +c'
b ¢ a a2 4+ b? 4+ c? ab + bc 4+ ca

(Nguyén Vin Huyén)

L& gidi. Chudn héa p = 1 va ap dung bd dé (1.1) ta dua bai todn vé chiing minh

2(27¢% — 9q + 1 L1 42— 4 1-2
(274> = 9¢ + 1) L BV2 LAY, P el )
9g2 —2q+(1—3q)w/q(1—3q 1—2¢q q
hay la
2(27¢% — 9 + 1 42— 4
(274" =% + 1) (f 9 4342, @2.11)

9g° —2q+(1—3q)\/q(1—3q 1—2q

[1-3 1 L
bat x = 9 > 0thig = = khi d6 bat dang thic (2.11) trg thanh
q x> 4+3

x3+3x2+3x+3>x4+4ﬁx2+3
x4+ 1 - x2+1 '

Xét hiéu hai vé ta dugc

X3 43x243x+3  xt+4V2x2+ 3 _2x2(x+1—\/§)2
x+1 x2 41 x4+ D2+

Ding thiic x4y ra khi va chi khi @ = b = ¢ hoic a, b, ¢ lan lugt 1a ba nghiém ctia phuong trinh

3472 2432
R +ft_ + 32

=0,
14 196

cu thé
1 1 [10— 6\/_ 115 — 27f
a = — — —F— COS —arccos
3 3
/10 6\/_ ( 115 — 27f
b= — — —arccos
6
1 [10— 6f 1 115 — 27f
c:——— ——I——arccos
3 3 6 3
Bai toan dugc chiing minh. O
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Bai toan 10. Cho ba sé thuc duong a, b, ¢ théa man diéu kién
a b+c_5 a? + b? + 2
b ¢ a 2 ab+bc+ca

Chitng minh rang
a’> 4+ b* + c?> > 2(ab + bc + ca).

(Nguyén Vin Huyén)

L&i gidi. Chudn héa p = 1 tir gid thiét ap dung bS dé (1.1) ta c6

2(27¢*> -9 1 1 5(1-2
(274" =9% + 1 w1 g 20220 2.12)
99> —2q + (1 -3q)y/q(1-3q) 4 2q
» 1 -3¢ . 1 . n s
bit x = > 0thig = ——, khi d6 (2.12) trd thanh
q x243
x3 +3x24+3x+3 . 5(x241)
x+1 2
tuong duong voi
_ 2
(x—1DBx*+2x+1) >0
x+1

Suyrax > 1, hay la

(@a+b+c)>4(ab + bc +ca),
hoac

a’> 4+ b* +c?> > 2(ab + bc + ca).
Pang thiic x4y ra khi va chi khia = b = ¢ hoic

a . b _ c

ﬁ—tan% ﬁ—tan%” ﬁ—tan%”'

Chiing minh hoan tt. O

Bai toan 11. Vi k = 0 la mét sé thuc cho truéc va a, b, ¢ la ba s6 thuc duong sao cho

a

b 2
2 k1) ——
b ¢ a

k+1

Chiing minh rang
a’ 4+ b*> 4+ ¢? < (k* + 1)(ab + be + ca).

(Nguyén Vin Huyén, VMEO 1V)

L&i gidi. Chudn héa p = 1 tir gid thiét ap dung bs dé (1.1) ta dudc

2(27¢% — 9q + 1 1 2
(279~ -9 + 1) o6k + 12+ —. (2.13)
992 —2q + (1-39)y/q(1—3q) 4 k+1
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1-3 1
bat x = 9 > 0thig = ——, khi d6 (2.13) trd thanh
q x2+3

343x243 3 2
x>+ 3x°+ 3x + g(k+1)2+ ,
x+1 k+1

hay

2 2
1)? — < (k 1)? _
(X+)+x—|—l (+)+k+1

tuong duong voi

(x —k)[(k + D)x? + (k* + 4k + 3)x + k? + 3k]
<0
x+Dk+1
Suy ra x < k hay Ia
(@a+b+c) < (k*+3)(ab + bc + ca),

hoac
a? + b* + c* < (k* + 1)(ab + bc + ca).

Bai toan dugc chiing minh. O
Nhan xét. Trudng hop k = 1 ta dudc bai todn rit dep sau :

Néu a, b, ¢ la ba sé thic duong théa mdan

S

a

b

4
+-+-=5,
c a

thi
a’? + b% + ¢? < 2(ab + be + ca).

(Vo Quéc Bd Cdn)

D& két thiic chuyén dé xin dudc gidi thiéu mot s6 bai tip dé ban doc tu luyén

Bai tap 4. Cho a, b, c la ba s6 thiee duong. Chitng minh rang

(a b c)3 525(ab + bc + ca) _ 775
-+ = >
b ¢ a

a a?+b2+c2 T 27
(Nguyén Vin Huyén)

Bai tap 5. Chung minh rdng vdi moi sé thuc k > 12 ta luén cé

b ¢ a (a+b+c)?

trong do a, b, ¢ la ba sé thuc duong thay doi bat ky.

(Ta Hong Qudng)
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Bai tap 6. Cho a, b, c la ba s6 thiee duong. Chitng minh rang

_|_

a
- _> - b
pteta @tbtco2 773

b ¢ k(a? + b% + c?) 5 k
c
trong do k = 54 J2.

(Bdch Ngoc Thanh Céng)
Bai tap 7. Tim hdng s6 k 16n nhdt sao cho bdt ding thitc

b ¢ k(ab 4+ bc + ca)
Z 1> _
c+a/\/9+k a? +b24c2

2y
b

luon dung véi moi s0 thuc duong a, b, c.

Bai tap 8. Tim hdng sé k 16n nhdt sao cho bdt ding thiic

b k2 2 b2 2
BTSN L Gl it B
c a ab + bc + ca

a

b

Iuén diing vdi moi s6 thuc duong a, b, c bdt ky.

Bai tap 9. Cho a, b, c la ba s6 thuc duong. Chiing minh r[ing

2
b

b ¢ _ a*>+b>+c? a? + b2 4 ¢2
-z _
¢ a ab+bc+ca ab + bc + ca

Bai tap 10. Cho a, b, c la ba s thuc duong. Chitng minh rdng

a b c k(ab + bc + ca) k
— -+ -+ >34 -,
b ¢ a a?>?+b24+c24ab+ bc+ca 2

trong do k = 2(3\3/§ — 1).
(Nguyén Viin Huyén)

Bai tap 11. Tim hdng sé k 1dn nhdt sao cho bdt ddng thiic

’

a
preta T @tbto?

2( 2 2 4 2
b ¢ k>\/3k(a 4 b2 4 ¢2)
Iuén diing vdi moi s6 thuc duong a, b, c bdt ky.
(Pham Sinh Tan)

Bai tap 12. Tim hdng s k 16n nhdt sao cho bdt ddng thiic

a b ¢ ab + be + ca\?
—4+—4+—4k|l—————) =3+k,
b+c+a+ (a2+b2—|—c2) +

luén diing vdi moi s6 thue duong a, b, c bdt ky.
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Bai tap 13. Vdi k > 1 la mét sé thuc cho truée va a, b, ¢ la ba s6 thuc dwong sao cho

a+lz+£_ (k* +9)(a? + b*> + ¢?)
b ¢ a (@a+b+c)? '

Chitng minh rang
a’ + b* + c* < (k* + 1)(ab + be + ca).

(Nguyén Viin Huyén)

[1] V6 Qudc Ba Cén, Chuyén DBé Bdt Ddng Thitc Hién Pai, 2008.
[2] Dién dan todn hoc: http://diendantoanhoc.net

[3] Art of Problem Solving: http://artofproblemsolving.com
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

SUY DUNG HE THANG DU DAY BU TRONG
MOT SO BAI TOAN DEM

Tran Ngoc Théng
(THPT Chuyén Vinh Phc)

Trong bai viét ndy, tdc gid dua ra mot s6 ting dung ctia hé thing du dy dd trong mot sd bai todn
dém lién quan dén tS hop sb hoc. Céc bai todn nay c6 thé gidi quyét theo mot s6 hudng khéc
nhung ching ta c¢6 thé st dung kién thiic vé& hé thing du day di 1am cho 16i giai dudc tu nhién
hon va gan giii vé6i kién thiic va nhén thic ctia hoc sinh.

Hé thang du day di. Cho sb nguyén duong m > 1. Khi d6 tip hop cc sd nguyén {a;, as, ... ,am}
dudc goi 1a mot hé thing du day di theo modulo m néu nhu

ai #a; (modm), Vi # j;i,je{l,2,....,m}.
Nhén xét. Néu {a,,a,. ..., a,} 1a hé thing du diy di modulo m thi véi moi sb nguyén x, ton
taii € {1,2,...,m} saocho x = a;( (mod m)).

B§ dé. Cho sb nguyén a, sb nguyén duong m véi (a,m) = 1 va {a1, s, ..., am} 12 hé thing du
day dt modulo m. Khi d6 {aa,,aa,, ...,aa,} 1a hé thing du day di modulo m.

B dé nay chitng minh rit dé dang va ta thdy phat biéu ctia n6 ctia kha don gian nhung lai c6
nhiéu ting dung trong céc bai toan dém lién quan dén phan s hoc t6 hop. Sau day ta bat dau tir
bai toan 1, ddy 12 bai todn rit quan trong lién quan dén tinh chét chia hét ctia tdng cac phan ti
cua cac tap hgp con cia mot tap hop.

Bai 1. Cho p 1a mot s6 nguyén té vatap hop A = {1,2,..., p} v6ii, k 1a cac sb tu nhién thda

min0 <i < p—1, 1 <k < p — 1. Chiing minh ring s c4c tdp con gdm k phan tii ctia tap A
. \ . \ . Ck

va téng cdc phan ti clia mdi tip con d6 ddng du véi i theo modulo m sé bang —2.

Loi gidi. Kihiéu A; 1a tip hop céc tap con c6 k phan tif va tdng cac phan tif cia mdi tip con
dong du véi i theo modulo p. Xét hai s6 tu nhién phan biét

m,ne€{0,1,2,...,p—1}.
Xét{ay,as,...,ar} € A,. Do (k, p) = 1 nén
{kx|x =0,1,2,...,p—1}

1a hé thing du day di modulo p nén suy ra ton tai ¢ € {0,1,2,..., p — 1} sao cho k¢ =
m — n(mod p).

Xéttap hdp {a; +c,ar +c,...,ar + c}, tacod

ay+c+a+c+...+ax+c=a,+a+...+ax +kc
=n+m—-—-n=m (mod p)
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Suyra{a; +c,a, +c,...,a; + c} tuong ing véi mot phan tii trong tap A,,.
Do do

[ Aol + ||+ + [4p0] _ CF
p P
Vay bai todn 1 dudc ching minh. [

[An] = [Am| = [4i| =

Sau day ta dua ra mot s6 bai todn ting dung ctia bai toan 1. Pau tién ta xét bai toan Problem 6,
IMO 1995. Pay 1a bai toan khé va sau sic, c6 mot s6 10i giai bai todn nay theo hudng st dung sb
phuc, phan 16p tap hgp... nhung duéi day, chung t6i s€ giGi thi€u mot 161 giai khac dua vao bai
todn 1 va ciling tir d6 dua ra 161 gidi tong quat cho bai todn nay.
Bai 2. (IMO 1995) Cho p 1a s6 nguyén t6 1é va tip hop

X =1{1,2,...,2p}.

Tim s6 tp con gdm p phan tif clia tip X sao cho téng cac phan ti cia mdi tap con chia hét cho
p?
Loi gidi. Do p 1a sb nguyén tb 18 nén
+1).
va
p(p+1) -
—
suy ra hai taphop {1,2,...,p}va{p + 1, p+2,...,2p} 12 hai tip thda min c6 p phan ti va
tong cac phan ti chia hét cho p.

pHl4+p+2+...+2p=p>+

Xét tap hgp A véi |A| = p va

Zx =0(modp), A #{1,2,....,pt{p+1,p+2,...,2p}.

x€A
Gia st trong A c6 k phan tif dugc chon tir {1,2, ..., p} va téng cac phan ti nay dong du véi i
theo modulo p thi p — k phan ti con lai phai dudc chon tit tip hop

p+1lp+2....2p;

va téng p — k phan ti nay phai dong du vé6i p — i (mod p).
Nhu vay theo bai todn 1 thi mdi cach chon k phan t thudc tap {1,2,..., p} thi sb cach chon

\ NS SN
p — k phan tit con lai ctia 4 bing —2— = £,
p p

Do d6, sb cach chon tap A véi |A| = p va

Y x=0(modp). A #{1.2.....p}.{p+ 1.p+2.....2p}

xeA
bing
LAckck (€O +(C)+.. +(Ch)’ -2 Cf -2
i P p p
Do d6 sb céc tap con thda man yéu cau bai toan la: Cpp 2 + 2. U

p
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Bai 3. (M rong IMO 1995) Cho p 1a mot s6 nguyén td 18, s6 nguyén duong m > p va tap
X ={1,2,...,m}. Tim sb tip con gdm p phan ti ctia tdp X sao cho tdng cdc phan ti ctia mbi
tap con chia hét cho p ?

m
Loi giagi. Patm = pg+r,0<r <p =9 = |:_]
p

Chia tap x thanh cdc tap nhu sau:

A1:{1,2,...,p}
A, ={p+1,p+2,...,2p}

Ag={qg—-Dp+1,(g—Dp+2,....pq}
Agr1=1{pg+1,pqg+2,....pq+r}

Do p 1a sd nguyén t6 1é nén Ay, As, ..., A, 1a céc tip thda man yéu cau bai todn.
Xéttaphop A # A;, Vi = 1,2,...,q thda man yéu cau bai todn, dé thay 4 # A4 ;.

Tap hgp A gdm ¢6 iy + i + ... + iz41 = p phan tif gdbm ix phan ti thudc tap Ag, k =
1,2,...,q9 + l,kétthvéiA # A, Vi =1,2,...,qnén 0 < iy,ia,...,ig+1 < p. Theo bai
toan 1 thi s6 tp hop A bang

C;c;’)z...(j;‘fcriﬁl ZC}’;lC;;Z---C;;"C,i"+1 —q

) _

p p
P _|m
_ C5c1+r_q _ Con [P}
14 p
trong do t6ng léy theo cac bd (i1, 12,13,...,ig+1) ) nguyén khong 4am va nho hon p, d6ng thoi

thda man
i1+i2+i3+...+iq+1 = p.

Vay s0 tap thda man yéu cau bai toan la

O

Bai 4. (Baltic Way 2014) Cho p 13 mot s6 nguyén t6 va n 1a mot s6 nguyén duong. Tim s6 bd
s:flp thi tu (ay,a», as, as) thoa man

ai,az,az,aq €40,1,2,...,p" —1}va p"|(aray + azaq + 1)?

Loi gidi. Trudc hét, ta thiy rang:

Néu x 1a mot sd nguyén khong chia hét cho p thi
(x,p"Y=1={xk|k=0,1,2,...,p" — 1}

12 hé thing du day di modulo p”. Ta xét cic trudng hop:
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1. Néu a; # 0 (mod p) va v6i mdi cach chon as,a, thi ton tai duy nhit mot sb a, €
{0,1,2,..., p" — 1} théaman p"|(aia; + azas + 1).

Do d6, s6 bo sap thi tu (a1, as, as, as) trudng hop nay 1a s6 cach chon a; # 0 (mod p)
vaas,as €4{0,1,2,...,p" —1}suyrasb6bola:

3n 3n—1

e(p")-p"-p"=p" —p

2. Néua; = 0(modp) = as,as # 0 (mod p) va véi mdi cach chonas # 0 (mod p),a, €
{0,1,2,..., p" — 1} thi ton tai duy nhat mot s6 as € {0,1,2,...,p" — 1}, as(mod p)
thdéa man

p"l(araz + azas + 1).

Do d6 s6 bo sap thi tu (ay, as, as, as) trudng hop nay 1a s6 cach chona; = 0 (mod p),as #
O(modp),a € {0,1,2,...,p" — 1} vala

1 3n—2

(P"—o(")-p" (") =p" ' —p
Do d6 s6 bo sap thit ty thda man yéu cau bai todn 1a

p3n . p3n—1 + p3n—1 _ p3n—2 — p3n _p3n—2'

[

Bai 5. (Canada Mathematical Olimpiad 2014) Cho p 13 mdt s6 nguyén t6 18. Tim s6 bo s6
nguyén co tinh tht tu (a1, da. ..., a,) thda man dong thdi cdc diu kién sau:

l. aj,az,...,a, €{0,1,2,...,p—1}

2.a1+a+...+ap kh()ngchiahétchop;

3. awaz +azasz + ... +ap_1a, + apa; chia hét cho p.
Loi gidi. Kihiéu A;, i =0,1,..., p— 11atap hop cic bd sap thi tu

(al,az,...,ap)
théa man diéu kién (1), (2) va théa man
aia, + azas + ...+ ap—1a, +apa; =i(modp).
Xétbo (a1, az.....ap) € A;.Do (2(a1 + a2+ ...+ ap), p) = 1 nénsuyra
{2(a1 +az+...+ap)klk =0,1,....,p—1}

lap thanh mot hé thing du day dd suy ra v6i mdi s j € {0,1,..., p — 1} thi ton tai sb
cef{0,1,..., p—1}saocho

2(a1 +ax+ ...+ ap)c = j —i(modp).
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Xétbo (a1 + ¢,az + ¢, ...,a, + ¢), ta thiy bd nay thda man diéu kién (2). Tiép theo ta kiém
tra diéu kién (3),

(a1 +c)az+c¢)+ (@ +c)as+c)+...+ (ap +¢)(ar + ¢)

=aja; +azasz + ...+ apa; —l—20(a1 —l—a2+...+ap) —|—p02

=i+ j—i=j(modp)
Suy ra (a1 + ¢,az + ¢, ....a, + ¢) thdéa man diéu kién (2), (3). Do d6, bang cach xét theo
mod p thi mdi bd (a1 +c,ax+c,...,ap+ c) tuong ung voi mot bo thudc A4 ;.

Tu do suy ra

| Aol + |A1] + ... + |[Ap—i|

|A0|:|A1|:...:|Ap_1|: p

().

Ch y réng |Ao| + |A1| + ...+ |Ap—1|1asd bd (a1, az. .. ..a,) théa man diéu kién (2), dé thdy
s6 bo nay bang p?~(p — 1), két hop véi (¥) ta cé

[ Aol + A1+ ...+ [Apa|  pP i (p—-1)

| Aol = pP2(p—1).
p p
Vay s bd can tim bang p?2(p — 1). O
Tiép theo, ta xét mot bai todn tuong tu bén duéi:
Bai 6. Cho p 1a mot s6 nguyén t6 18. Tim s6 bo s6 nguyén c6 tinh thi tu (al, az, ..., ap) thoa

man dong thdi cdc diéu kién sau

l. ai,as,...,a,€{0,1,2,....,p— 1}

2. ay +az + ...+ a, khong chia hét cho p;

3. af+a§+...+af, chia hét cho p.
Loi gidi. Kihiéu A;, i =0,1,..., p—11atdp hop cac bo sap thif tu

(ar,az,....ap)
théa man diéu kién (1), (2) va théa man
af+a§+...+af,zi(modp).
Xétbo (ar,az,....ap) € A;. Tudi€ukién (2(a; + a» + ... +ap), p) = 1, tasuyra
{2(a1 +az+...+ap)klk =0,1,....,p—1}

lap thanh mot hé thing du day di suy ra v6i méi s6 j € {0,1,..., p — 1} thi ton tai sd
cef{0,1,...,p—1}saocho

2a1+ax+...+ap)c=j—i (mod p).
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Xétbo (a1 + ¢,az + ¢, ...,a, + ¢), ta thiy bd nay thda man diéu kién (2). Tiép theo ta kiém
tra diéu kién (3),
(a1 +c) +@+c)+...+ (ap—l—c)2
=aj+a3+...+a,+2c(a1+ar+...+a,) + pc’
=i+ j—i=j(modp)
Suy ra (a1 + ¢,az + ¢, ...,a, + ¢) thdéa man diéu kién (2), (3). Do d6, bang cach xét theo
mod p thi mdi bd (a1 + ¢,az + ¢, ...,a, + ¢) tuong dng v6i mot bd thude 4.

Tu do suy ra

[ Aol + [A1| + ... + |Api]

Aol = [41] = ... = |Apy| = 5

(*).

Ta ciing chu y riang |Ao| + |A1| + ... + ‘Ap_1| 12 56 bo (al,az, ..., dp) thoa man diéu kién (2),
dé thiy s6 bo nay bang p?~!(p — 1), két hop véi (¥) ta co

[ Aol + A1 + ...+ |[Apa| _ pP i p—-1)

| 4o| = P’ (p = D).
p D
Vay s bd can tim bang p?~2(p — 1). O
Bai 7. (M6 rong Canada Mathematical Olimpiad 2014) Cho p 13 mot s6 nguyén t6 18 va sb
nguyén duong n. Tim sd bd sd nguyén, sip thi tu (a1 Ao, ...,0 p) thda min dong thai céc diéu
kién sau

l. aj,az,....,ap, €{1,2,...,np};
2. ay +as + ...+ a, khong chia hét cho p;
3. a1az +azaz + ... +ap_1a, + apa; chia hét cho p.

Bai toan 7 hoan toan tuong tu bai toan 5.

[1] Nguyén Vin Mau (chi bién), Chuyén dé chon loc T hop va Toan rdi rac, NXB Gido duc,
2008.

[2] Nguyén Vin Mau (chii bién), Toan R&i rac va mot sd van dé lién quan, Tai lidu bdi dudng
gido vién he 2007, Truong PHKHTN - PHQG Ha Noi.

[3] Tran Nam Diing (chd bién), Chuyén dé toan hoc s6 8, 9, Trudng PTNK - PHQG TP. Hd Chi
Minh.

[4] Le Hai Chau - Le Hai Khoi, Selected Problems of the Vietnamese Maththematical Olympiad
(1962 - 2009), World Scientific.

[5] Tap chi Todn hoc tudi tré, Crux - Canada, AMM - USA
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[6] Titu Andresscu - Zuming Feng, A path to combinatorics for underfrduates, Birkhauser.

[7] Arthur Engel, Problem - Solving Strategies, Springer.

[8] Titu Andreescu and Zuming Feng. 102 combinatorial problems from the training of the USA
IMO team.

[9] Céc ngudn tai lidu tif internet www.mathlinks.org; www.imo.org.yu
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Tap chi online cua cong dong
nhiing nguoi yéu todn

CONG CU TRUY HOI VA QUY NAP TRONG
CAC BAI TOAN TRO CHOI

L& Thi Minh Thao
(DHSP TP H Ch{ Minh)

Pbi véi nhitng hoc sinh yéu todn s cp, dic biét 1a t& hop thi &t han, phuong phéap truy hdi va
nguyén li quy nap da khong con gi xa la. Tuy nhién, d€ 4p dung dudc cic cong cu dac luc trén
vao giai bai toan thanh cong thi ddi khi can trdi qua nhiing qu4 trinh va suy luan ban dau khong
phai dé dang. Trong bai viét nay, tac gia xin déng gép mdt sd y tudng trong qua trinh tim toi,
phan tich d6 thong qua hai bai toan tro choi ndi tiéng.

1. Bai toan thap Ha N6i va mét sé6 dang mé rong lién
quan

Thap Ha Nbi 1a mot tro chdi todn hoc. N6 ¢6 thé da xuit hién & Pong A tir thé ky XIX hoic trudc
d6. Tro choi nay sau dugce dua sang phuong Tay 1an dau bdi nha toan hoc ngudi Phap Edouard
Lucas vao nim 1883. Pau tién ta hiy xem thif phat biéu ctia bai toan gbc.

Bai 1. Tuong truyén ring & mot ngdi thap tai Ha Noi c6 mot tim dé bang ddng, trén d6 co dit
ba chiéc coc bang kim cuong. Liic khai thién 1ap dia, trén coc s6 1, Phat t6 Nhu Lai da xép 64
chiéc dia bang vang c6 dudng kinh khac nhau sao cho céc dia c6 dudng kinh 16n hon xép & dudi,
cic dia & phia trén cang trén cao cang nhé dan. Cé4c nha su dudc yéu cau chuyén tt ca cac chiéc
dia & coc sb 1 sang coc s 3 v6i quy tic sau:

e MSbi 1an chi chuyén di mot chiéc dia.
e Trong qua trinh di chuyén khong dugc dit dia 16n 1én trén dia nhd (do d6 can thiét c6 thém
chiéc coc trung gian s6 2).

Gia stt mdi 1an chuyén mot chiéc dia mat 1 gidy. Hoi cic nha su can thdi gian it nhit 1 bao 1au
dé chuyén tht ca cic dia & coc s6 1 sang coc s6 2?

Phan tich.
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Dau tién ta hdy thit v6i cdc s dia nhd. Goi s dia 1a 7 va u, 1a s6 1an it nhat d€ chuyén tat ca cdc
chiéc dia 6 coc so 1 sang coc so 3.

Ta thu tinh mot vai gia tri cia u,,.
V6i n = 2, ta can thuc hién 3 phép chuyén sau:
e Chuyén dia bé sang coc s6 2.
e Chuyén dia 16n sang coc s6 3.
e Chuyén dia bé vé coc s6 3.
Suyrau, = 3.V6in = 3, ta can thuc hién theo 3 giai doan sau:
e Chuyén hai dia & phia trén sang coc s6 2. Nhu da thdy & trudng hop n = 2, ta can 3 phép
chuyén.
e Chuyén dia 16n nhét sang coc sb 3.
e Chuyén hai dia & coc s6 2 vé coc sd 3. Nhu da thiy & trudng hop n = 2, ta can 3 phép
chuyén.
Do d6, tacan 3 + 1 4+ 3 = 7 phép chuyén va uz = 7.
Trudng hop n = 3 gdi ¥ cho ta thiét 1ap quan hé truy hdi ma day (u,,) phéi thda man. D€ chuyén
dugc n chiéc dia theo quy tac trén, ta phai thuc hién theo 3 cong doan sau:
1. Cong doan 1: Chuyén n — 1 dia & phia trén chiéc dia 16n nhét sang coc sd 2 theo quy tac
trén. Ta chi can u,_; phép chuyén. Chiéc dia 16n nhét van gilt nguyén & coc s6 1 khi di
chuyén tit ca cic chiéc dia trén né.

2. Cong doan 2: Chuyén dia 16n nhit sang coc sb 3.

3. Cong doan 3: Chuyén (n — 1) dia & coc s6 2 vé coc s 3 va dit 1én trén chiéc dia 16n nhit.
Ta can u,_; phép chuyén.

Pén day thi cong viéc con lai hoan toan rd rang, xin nhudng lai cho ban doc. Bing quy nap, ta
ciing d& dang chiing minh dugc tinh it nhét ctia phép chuyén da néu & trén.

Nhan xét. Trong bai toan trén viéc quan trong 12 ta xdc dinh cdc cong doan bit budc, nhét thiét
phai thuc hién dua vao gi thiét, va sau d6 st dung truy hdi d€ tinh sb budc ngin nhit.

Tiép theo, chiing ta hdy cuing dén v6i mot s6 dang mé rong sau day:
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Bai 2. (Codeforces contest 2012) C6 ba hop béng dit canh nhau trén duong thang, danh sb thi
tula 1,2, 3t trai sang phai. Hop dau tién chiia n qua bong, kich thuée doi mot khac nhau. Hai
hop con lai réng. Ngudi ta cho phép chuyén bong theo quy tic sau:

1. Mi 1an chuyén chi chuyén dudc mot qua béng sang hop dit canh né.

2. Qua béng dudc chuyén phai 1a qua bong 16n nhit trong hai hop.
Hay tinh s& budc chuyén nhé nhit dé€ c6 thé chuyén tit ca cic qua bong thii 1 sang hdp thi 3.
Phan tich.

Van nhu c4c 1an trude, ching ta sé lai thi va du doan, v6i hy vong ring trong cac tinh hudng don
gidn, co thé tim ra dudc quy luit nao dé cho bai toan nay.

Véin = 1, s6 budc chuyén hién nhién 1a 2.

V6i n = 2, nhiéu hon 1 qua so véi trudng hop trén, nhung ta van dé dang 1am dudc. Cu thé cic
budc chuyén trong bang bén dudi:

Lin Hop1 Hop2 Hop3

0 12 0 0
1 1 2 0
1 1 2 0
2 1 0 2
3 0 1 2
4 0 12 0
5 2 1 0
6 2 0 1
7 0 2 1
8 0 0 12

Quy udc sb 0 trong hop nghia 12 hop khong c6 gi. DE thuan tién ta ddnh s6 cic qua béngla 1,2, 3
theo thi tu kich thuéec 1 < 2 < 3.

O trudng hgp nay sd budc chuyén 1a 8. n = 3 . Trudng hdp nay c6 1& can kha nhiéu budc?

Lan HOopl HoOp2 HoOp3 || Lan HOpl HOp2 Hop3
0 123 0 0 14 0 12 3
1 12 3 0 15 2 1 3
2 12 0 3 16 2 13 0
3 1 2 3 17 23 1 0
4 1 23 0 18 23 0 1
5 13 2 0 19 2 3 1
6 13 0 2 20 2 0 13
7 1 3 2 21 0 2 13
8 1 0 23 22 0 23 1
9 0 1 23 23 3 2 1
10 0 13 2 24 3 0 12
11 3 1 2 25 0 3 12
12 3 12 0 26 0 0 123
13 0 123 0
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O trudng hop nay ta can 26 budc.

Nhin lai cac gia tri ta da tinh dudc:
e n=1thitaco?2,
e n = 2thitacod8,
e n = 3 thitaco 26.

Nhan thy céc s6 nay ting rit nhanh, va néu ta 1am tiép n = 4 thi c6 1& s6 budc thu dugc 1a rat
16n. Suy luan mot chiit ta tim mot mdi quan hé gitta cdc s6 trén, ta hoan toan c6 thé lién tudng tdi
con s6 3" — 1. Néu "#n gian" mot chiit nham ciing ¢ thém dd tin cdy clia cong thiic trén, trong
trudng hop n = 0, o rang khong can chuyén gi ca va 0 1an ciing tuong tng véi 3° — 1.

Viéc du doan t6i ddy 1a xong, bay gid viéc can lam la phai liét ké cdc trang thai bat budc phai c6
trong qud trinh chuyén dé thiét 1ap quan hé. Goi u,, 1a s6 budc chuyén can tim ng véi n.

Nhan thiy véi gia thiét hai diéu kién bat budc trén thi dé chuyén dugc bong s 1 sang hop 3 thi ta
phai dat dudc trang thai:

Hop 1 Hop2 Hop 3
2,3,...,n—1 1 0

Va tiép tuc mach suy luan nhu trén, d€ dat dudc trang thdi trén thi ta phai 6 trang théi:

Hop 1 Hop2 Hop 3
1 0 2,3,....,n—1

Do béng dugc chuyén phai 1a boéng 16n nhit va mdi 1an chi chuyén dugc sang hdp bén canh thi
mudn chuyén s 1 qua hop thi hai thi (n — 1) qua béng con lai phai ndm & hop thi 3.

Suy luin dén day c6 vé rd rang, néu chuyén dudc béng s6 1 tir hop 2 sang hop 3 thi khi d6
(n — 1) qua béng con lai phai nam & hop 1, va lic nay do diéu kién 2 nén béng s6 1 khong 1am
anh hudng dén viéc chuyén (n — 1) qua bong kia tit hop 1 sang hop 3 va sd budc chuyén trong
lic nay 1a u,_;.

Vi thé nén ta chi can tinh s6 budc chuyén béng 1 tit hop 1 sang hop 2. Theo suy ludn trén thi lic
nay cac qua bong con lai phai nam & hop 3, va d€ chuyén cac qua béng dé tir hop 1 sang hop 3
thi can u,_; budc chuyén. T6i day thi y tudng da rd rang, cac budc can lam dé c6 sb budc chuyén
nhé nhit cho n qua bong 1a:
e Cong doan 1: Chuyén (n — 1) qua 16n nhét tit hop 1 sang hop 3, c6 u,,_; budc chuyén.
Sau d6 chuyén qua bong 1 sang hop 2.
e Cong doan 2: Chuyén (n — 1) qua béng do tir hop 3 sang hop 1, ¢6 u,_; budc chuyén.
Sau d6 chuyén qua béng 1 sang hop 3.

e Cong doan 3: Chuyén (n — 1) qua béng tit hop 1 vé hop 3, ¢6 u,_, budc chuyén.
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Mot 1an nita, cong viéc con lai xin nhudng cho ban doc. Pép s6 bai toan chinh 1a con s6 da du
doén ban dau.

Bai toan trén nhin ban dau c6 vé rac rdi vi c¢6 nhiing hai diéu kién rang budc, nhung bang suy
luin khéo Iéo, chiing ta da bién nhiing rang budc d6 trd thanh nhitng diéu kién thuin 16i cho cong
cu truy hoi dic luc cia ta.

Tit ddy ta c6 cam tudng nhu chua han nhiéu diéu kién da khé ma ddi khi c6 thé nhiing diéu kién
ban dau bi n6i 16ng méi 1am khé bai todn clia ta. Sau ddy, hiy ciing tim hi€u thém mot s6 dang
cai bién cua bai toan Thap Ha Noi.

Bai 3. (cyclic moving) Gia thiét nhu bai todn 1, va thém diéu kién: dong ba coc trén ba dinh tam
gidc, chi dudc chuyén dia tlf coc ndy sang coc bén canh theo chiéu kim dong ho (hoic ngudgc lai).

Bai 4. (parallel moving) Gi4 thiét nhu bai todn 1, thém vao diéu kién: c6 thé chuyén céc dia tit
coc nay sang coc khac trong cung mdt thoi gian.

Tuong tu nhu hai bai todn 1 va bai toan 2, ta hiy cling gidi quyét cic bai toan vita méi duara &
trén. Trude hét 12 bai toan 3.
Phan tich:

Khong mat tinh tong quat, ta gia st chiéu chuyén diala1 —2,2 —3,3 — 1.

-
N

Vé6in = 1, hién nhién u, = 1.

V6in = 2 ta c6 cac bude chuyén sau:

Lan Cocl Coc2 Coc3
0 12 0 0
1 2 1 0
2 2 0 1
3 0 2 1
4 1 2 0
5 0 12 0

Do d6 u, = 5.
V6i n = 3 ta c6 bang sau:
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Lin Cocl Coc2 Coc3 | Lian Cocl Coc2 Coc3
0 123 0 0 8 0 3 12
1 23 1 0 9 1 3 2
2 23 0 1 10 0 13 2
3 3 2 1 11 2 13 0
4 13 2 0 12 2 3 1
5 13 0 2 13 0 23 1
6 3 1 2 14 1 23 0
7 3 0 12 15 0 123 0

Do dé u; = 15.
Ta c6 thé tinh dudc u4 = 43 , tuy nhién sd budc chuyén tuong dbi nhiéu khong trinh bay & day.

C6 1& ta van chua dodn dudc diéu gi vé con sb tdng quat, dong thdi ta van chua thiy dudc truy
hdi? Ta can mot y tudng mdi hon. Tai sao khong dit thém mot an phu dé giai quyét bai todn, g6

X
A

cdc nut that lung tung khi va phai nhiing kiéu "truy hdi" dai bat tin.

Ta nhan thdy mudn chuyén dia n tif coc 1 sang coc 2 (d&€ sd buéc chuyén nhé nhét), thi ta phai
chuyén dugc (n — 1) dia nho & trén sang coc 3. Va sau d6 ta lai phéi chuyén (n — 1) dia nhd do6
tif coc 3 vé lai coc 2. Nhu thé con chd gi nita ta khong dit mot 4n phu S, cho sb bude chuyén
nhd nhit ma ta phai chuyén n dia tif coc hién c6 sang mot coc cach né mot coc khac (theo cach
chuyén theo chiéu kim dong ho).

Mubn chuyén dudc n dia tif coc 1 sang coc 3, dé dang suy ludn, ta c6 cic cong doan sau (d€ s6
budc chuyén nhé nhat)

e Cong doan 1: Chuyén (n — 1) dia tif coc 1 sang coc 3.
e Cong doan 2: Chuyén dia thiin tif coc 1 sang coc 2.
e Cong doan 3: Chuyén (n — 1) dia tif coc 3 sang coc 2.
e Cong doan 4: Chuyén dia thii 1 tif coc 2 sang coc 3.
e Cong doan 5: Chuyén (n — 1) dia tif coc 1 sang coc 3.
Theo do6 ta c6 dudc hé thic truy hoi S, = 2S,_1 + uy—1 + 2. Do d6 ta c6 hé phuong trinh truy
hoi sau:
Uy, = 2Sn—1 +1
Sp =281 +up1 +2

Moi chuyén dén day coi nhu da xong.

Tiép theo 12 bai todn 3 (parallel moving). O déy ta quy udc cic budc chuyén ding luit 1a:
1. Chuyén hai dia trén ciing ctia mdt coc sang hai coc khdc nhau.
2. Hodn ddi vi tri hai dia trén cing cua hai coc.
3. Chuyén hai dia trén cling ctia hai coc vé coc thi ba.

4. Chuyén mdt dia ctia mot coc (coc thif nhit) sang coc khéac (coc thi 2), va chuyén dia khac
tif coc thif ba vé coc thi nhit.
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Céc budc chuyén trén chi dudc phép thuc hién khi sao cho yéu cau "dia nhd nam trén dia 16n"
van dugc dam bao.

Phan tich: O day ta khong phan tich ki bai todn nay, vi thuc chét né 1a mét cach thu gon cic
budc clia bai toan 1, bai todn nay hoan toan c6 thé dugc gidi bang phuong phap truy hoi ma ta
dang tim hiéu.
Nhan xét: Bing phuong phdp truy hdi, cc bai toan trén da dudc giai quyét tron ven bang tu
tudng tu nhién va ro rang. Thém vao d6, bang cach ddi diéu kién, thém bét gia thiét bai todn gbc
ban dau, ta c6 thé sdng tao mot loat c4c bai toan khéc, la mit hon nhung vin nim trong tam gidi
quyét ctia phuong phap nay.
Bai 5. Gia thiét tuong tu bai toan 1, thay diéu kién chuyén dia thanh:

1. Pia nho ludn nam trén dia I6n.

2. Chi dugc chuyén dia sang coc bén canh.

3. Mai lan chi dugc chuyén mot dia.

Bai 6. Gia thiét tuong tu bai todn 2 nhung bé bét diéu kién phai chuyén béng sang hop bén canh
(nghia 12 c6 thé thuc hién chuyén béng & hop bat ki).

Hai bai toan 5 va 6 xin danh cho céc ban tu luyén. Ta hay cung nhau phan tich bai toan 7.

Bai 7. Pau bép cia ching t6i 1a ngudi tiry tién va khi dng ta 1am mot chdng banh ran thi banh c6
du kich cd. Vi thé, khi t6i don banh cho mot khach hang, trén dudng ra ban in tdi sap xép lai (dé
cho cai nhoé nhat nam lat mit trén cung va ci thé, cho dén cai 16n nhat nam dudi ciing) bang cich
cam nhiéu banh trén cting 14t lai, lip di Lip lai nhu vay (thay ddi s6 luong banh dugc 1at) that
nhiéu 1an cho dén khi hoan tit. Néu tdi c6 n banh ran, tdi c6 thé sé phai 1at tdi thi€u bao nhiéu
14n trong moi trudng hop dé sap xép lai chiing?

(Pay 1a bai toan dugc dang trén tap chi Chuyén Toan nam 1979 véi tén goi la "Pancake sorting"
va chu nhan 10i gidi tap chi chinh la Bill Gates)

N

~

Phan tich.

Goi s6 1an 14t t6i thiéu trong moi trudng hop v6i n banh ran 13 u,,.

V6in =1thiu; =0.

V6in =2thiu, = 1.

Véin = 3, ta xét trudng hop cac banh sip theo thi tu tir trén xubng duéila 1 — 3 — 2.

Dé thdy, ta c6 thé 1am theo mot trong hai céch sau day:
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e Cich 1. Budc dau tién 1at 2 banh. Ta ¢6 cac buécsau 1—3—2,3—1—-2,2—1—-3,1—-2-3.
Ta c6 3 bude.

e Cich 2. Budc dau tién 1at 3 banh. Ta ¢ cac buécsau 1 —3—2,2—3—1,3—-2—1,1—-2-3.
Ta c6 3 bude.

Trong ca hai trudng hop, ta c6 3 buée 1a sb6 budc it nhat.
Do d6, uz = 3.

V6in = 4 . Ta can tim s6 1an 14t t6i thi€u cho tit ca cac truong hop. P& 1am ngan gon 15i giai
hon, ta c6 mot s6 nhén xét sau (dé chiing minh):

e Néu cic banh c6 thid tu ABxy dugc 14t trong k 1an thi cdc banh c6 thd tu BAxy c6 thé
dugc 1at trong k + 1 1an (luu y day khong phai sb 1an 14t tdi thiéu).

e Néu banh s6 4 dugc dit trén cling thi s6 u4 tbi da 1a 4, con néu banh s6 4 dit dudi cuing thi
Uy = 3.

Tt cdc nhan xét trén ta chi can xét cac trudng hop banh s6 4 & vi tri thid 2 va 3. Ta ¢ bang sau:

Trang thai Cac budc lat banh So lan
1423 4123,3214,1234 3
2431 3421,4321,1234 3
3421 4321,1234 2
2341 4321,1234 2
1342 4312,2134,1234 3
2143 4123,3214,1234 3

Tu cac nhan xét va bang trén ta c6 uy = 4.

Tir céc gid tri da tinh dudc u; = 0,u, = 1,u3 = 3,u4 = 4. Ta du dodn cac gi4 tri can tinh c6
thé chia 1am hai nhém w5y va usiy; dé dé suy luan.

Ta xét n = 2k + 1 va chiing minh rang khi k ting mot don vi thi s6 budc chuyén ti thiéu phai
ting it nhat 3 don vi.

Vé6ik = 0,n = 1 thi s6 budc chuyén téi thiéu 12 0.
V6i k = 1,n = 3 thi ta c6 s6 budc chuyén tbi thiéu 1a 3.

Sau day ta c6 mot sd du doan:

1. Uok+1 = Upk + 1va Urk = Upk—1 + 2.

Va di nhién 12 d6 chi 1a du dodn, né chi gitip ta phan nao dinh huéng rd rang nhitng viéc ta can
lam.

Cong viéc con lai qua that rit thu vi, ban hdy thi xem nhé.
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2. Vé bai toan Shuffle pages

Dau tién, ta cling phan tich bai toan sau diy, 1a mot tro choi ndi tiéng trén céc trang web internet,
thudng dudc goi 1a tro choi "Chu éch thong minh":

Bai 8. C6 ba chii éch vang va ba chu &ch xanh ngéi trén 1a sen theo mo hinh sau: VVV_XXX,
trong d6 diu _ chi 14 sen con trong, V chi &ch vang, X chi éch xanh.

MBbi budc ta thuc hién diéu khién éch di chuyén tuin theo cac quy tic sau:
1. M&i 1an chi dugc di chuyén mot con éch.
2. ]fEch chi c6 thé nhdy sang 14 sen con tréng bén canh né hodc nhdy qua dau ding mot con
éch khéc dé€ nhay vao 14 sen con trong.
3. Ech chi dugc nhay t6i, khong dugc nhay 1ui.

Hdi sau it nhit bao nhiéu budc nhay thi ta c6 thé dua éch vé trang thai XXX _V V' V? Tir d6 tim
151 gidi cho bai todn tong quat.

Phan tich. Muc dich chinh ctia ta khong chi 1a tim cach nhay cho 3 con éch vang va 3 con éch
xanh, diéu ta mong mudn & day 14 tim mot cong thiic tdng quét cho s6 budc nhay tbi thiéu cta n
con éch vang va n con éch xanh.

Véin = 1 dé dang ta c6 3 1a s6 budc nhay tdi thiéu.

V6i n = 2 ta c6 cac budc nhay sau:

Lan Trang thai
0 VV_XX
1 V_VXX
2 VXV_X
3 VXVX_
4 VX_XV
5 _XVXV
6 X_VXV
7 XXV_V
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V6in = 3 ta c6 cac bude nhay sau:

Lan Trang théi Lan Trang thai

0 VVV_XXX| 8 XVXV_VX
I VV_VXXX| 9 XVXVXV_
2 VVXV_XX| 10 XVXVX_V
3 VVXVX_X || 11 XVX_XVV
4 VVX_XVX| 12 X_XVXVV
5 V_XVXVX| 13 XX_VXVV
6 _VXVXVX| 14 XXXV_VV
7 XV_VXVX| 15 XXX_VVV

Nhin vio c4 bang trén, ta phan nao c6 thé du dodn dudc két qua tdng quat 1a n? + 2n.
Bay gid ta sé kiém chiing diéu d6. Tur gia thiét bai toan ta c¢6 thé d& dang suy ra cic nhin xét sau
day:

1. Khong tdn tai trang thai hai con éch cing mau nam canh nhau ma trudc d6 c6 it nhit mot
con éch khac mau chua nhay vé dich va truée d6 khong c6 14 sen con trong.

2. Mubn dua vé trang thai theo yéu cau bai todn thi luon ton tai trang thai xenké: _VXVXVX ...

(gi4 st con éch nhay vé dich dau tién 12 éch xanh-nghia 13 con éch d nhay dudc vé vi tri
mdi nam & dau doan thang)
Ta chiing minh nhan xét 2 (dé dang ching minh dudc nhan xét 1).

Do éch vé dich dau tién 1a éch xanh nén ta phai c6 trang thai _ . ... Do diéu gia s trén nén tai
dau bén kia, ton tai mot con éch xanh van & nguyén vi tri. Ta suy ra, cic con éch phai & trang théi
xen k&. That vay, gid st ton tai hai con éch cling mau & canh nhau, tif nhan xét 1 va diéu gia st
suy ra, hai con éch d6 phai 1a &ch xanh, va do d6 ciing phai ton tai hai con éch vang & canh nhau,
mau thudn nhan xét 1 (do 14 sen con tréng 13 14 dau tién). Vay nhan xét 2 dugc ching minh.

Dé dang tinh dudc tir trang thai xen ké

_VXVX...VX

A X . A N X A R 1 s 2 X , A P2
muon dua vé trang thai trong ket luan thi can toi thiéu > (n2 + 3n). Do dé ta chi can tinh so budc
nhay t6i thi€u dé cic con éch dat trang théi xen ké.

Dua vao cic bang trén, (c6 thé 1am thi thém vé6i trudng hop n = 4 ) ta c6 thé du dodn s6 bude
1 ) x as X . x:

nhay la E(n2 + n) Ta s€ chiing minh di€u d6 bang quy nap va truy hoi.

V6i n = 1,2 khang dinh ding. Gia st khang dinh diing v6i n = k , ta chiing minh né ciing diing

voin =k + 1.

Dé dat dugc trang thdi xen ké
_VXVX...VX

ta nhat thiét phai dat dugc trang thai trude d6 1a
V_XVX...VX
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va tif nhan xét 1, két hop suy ludn trén ta suy ra trudc d6 nhat thiét phai c6 trang thai

V_VXVX...VXX.

Mat khac theo gia thiét quy nap dé dat dudc trang thai trén ta can toi thieu > (k2 + k) va de dang
thay tir trang thai trén d€ chuyén vé trang thai xen ké mong mudn thi can thém tbi thiéu k + 1
budc chuyén. Tir day, theo nguyén Ii quy nap ta suy ra khang dinh trén la ding.

Vay tif cac 1ap ludn trén ta suy ra s6 budc chuyén t6i thiéu can thiét trong trudng hop n con éch
vang va n con éch xanh 1a n? 4 2n.

Nhian xét: Trong bai todn trén, ta di st dung tu tudng chung di néu & ban dau, nghia 1a st dung
phuong phép truy hdi nhu mot cong cu dic luc két hop véi nguyén Ii quy nap. Tuy nhién trong
subt qua trinh gidi quyét nhitng bai todn d6 thi viéc tim ra nhiing cong doan, hay & diy chinh Ia
trang thai bat budc phai dat dudc déng mot vai trd quan trong, nhu 12 mau chét giai quyét bai
toan.

Pé c6 thé hiéu rd nhitng tu tudng trén hon, xin mdi moi ngudi dén véi nhiing bai toan c6 dang
gan gibng sau day.

Bai 9. C6 mot s6 vién ngoc khéi lugng doi mot khac nhau, va khong c6 cach nao chon hai nhém
ngoc sao cho tdng cac khbi luong cic vién ngoc trong hai nhém bang nhau. Muc dich bai todn 1a
thuc hién it 1an can nhat d€ c6 thé sip xép céc vién ngoc theo thit ti khdi lugng ting dan.

1. Néu c6 4 vién ngoc, chiing minh rang 4 1an can 1a khong du.

2. Néu c6 4 vién ngoc, tim s 1an cin nhd nhit ¢6 thé dudc.

3. Chiing minh rang néu c6 8 vién ngoc thi 15 14n can 1a khong di. Tim mot cach thuc hién
v6i 17 1an can.

4. Chiing minh ring néu c¢6 2" , (n > 0) vién ngoc thi (n — 1)2" + 1 14n can la du.
Bai 10. C6 6 hoc sinh c6 chiéu cao khac nhau dang xép hang doc. Mot thiy béi mu phai xép cic
ban diing lai theo thif tu cao dan. Mbi 1an thay béi chon ra 2 ban va do xem ai cao hon, sau d6

thay sé yéu cau mot so ban trong hang thay ddi vi tri.

1. Chiing minh rang néu thiy béi chi goi 9 cip ban ra nhu véy thi khong thé sap xép cac ban
theo thi tu cao dan dudc.

2. Thay béi c6 thé thuc hién viéc sap xép nay néu goi 11 cip ban ra do hay khong?
Bai 11. Cho hai diy s6 a = (a1,4dz,...,a,) vab = (b1, b, ..., b,) sap xép theo thi tu ting
dan va tt ca 2n s6 ndy déu doi mot khac nhau. Muc dich clia bai toan 13 tao nén mot diy sb theo
tht tu ting dan tif 2n sd ndy bang cach thuc hién cac phép so sanh cic cip s6 v6i nhau.

1. Chi ra mét cach thuc hién bang 2n — 1 phép so sanh.

2. Chiing minh ring trong trudng hop n = 1,2, 3,4 thi 2n — 1 1a s6 t6i thi€u cac phép so
sanh can lam.
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Ta hay cling phan tich nhiing bai todn trén, dau tién 13 bai todn 2.

Tur diéu kién "khong c6 cach nao chon hai nhém ngoc sao cho tdng cac khéi lugng cic vién ngoc
trong hai nhém bang nhau" ta suy ra khi ta thuc hién can bat ki thi can chi cho hai gid tri 1a: "tréi
ning hon phéi"- ki hiéu 13 0 hodc "trdi nhe hon phai"- ki hiéu 14 1. Goi két qué ctia lan cin thi i
lag; ,dit A = (ay,as, ..., ax) la diy két qua ctia k 1an can.

1. Véik = 4 thi c6 thé c6 t6i da2* = 16 gia tri ctia A (vi mdi a; € {0, 1} ), nhung ta c6 dén
4! = 24 bo sap xép 4 qua can. Theo nguyén li Dirichlet, ton tai it nhit hai bo sap xép 4
qué can c6 cling mot bd gia tri cia A. Tir ddy suy ra vé6i 4 1an can thi khong di d€ thoa
man dé bai.

2. Ké tiép ta chi ra mot cach can théa man dé bai véi 5 1an can. Goi khdi lugng bdn vién ngoc
lanlugt1a A, B, C, D.

e Lan 1. Can A va B . Khong mit tinh téng quat, gia st A < B.
e Lin 2. Can C va D . Khong mit tinh téng quét, giasi C < D .

e Lin 3. Can B va D . Khong mit tinh tng quat, gia si B < D. Dén day, ta suy ra
D = max{A, B, C, D} nén ta sap xép cho ba vién ngoc A4, B, D theo thif tu ting dan
nhu sau A < B < D. Do d9, ta chi con xac dinh vi tri cia C trong day trén la xong.

e Lan4.CanC va A .
e Lan5.CanC va B .

R6 rang theo lap ludn trén, theo nam lan cn da trinh bay, thi ta chic chan sé sap xép dudc
bdn vién ngoc theo thii tu ting dan véi s 1an can it nhat 1a 5.

3. Phan dau trinh bay tuong tu cau 9. Ta ciing tim mot cdch v6i 17 1an can thda man dé bai
cho 8 vién ngoc Ay, As, ..., Asg.

e Lan can 1 dén 5: Can 4 vién ngoc Aq, A, Az, Ay, theo cau 9, ta sép Xép dudc day
glgl st la Al < A2 < A3 < A4.

e Lin can 6 dén 10. Can bdn vién ngoc con lai, tuong tu ta co:
A5<A6<A7<A8.

e Lan 11. Can Ag va A4 , khong maét tinh tong quat, gia st A4 < Ag. Tu day ta lap
dudc day
A1<A2<A3<A4<Ag.

Céc 1an can con lai ta can nhu sau: Lan luct ta cAn A, v6i cdc vién ngoc A4, Az, Aa, A
v6i s 1an can it nhat dén khi ta sdp xép dudc cac vién ngoc Ay, Ao, A3, A4, A7, Ag theo
thif ty ting dan (nghia 1a néu A; > A, thi ta diing lai vi da sap xép dudc

A1<A2<A3<A4<A7<A8,
con néu A; < Ay thita can tiép A7 va A3, va tiép tuc cti thé).

Sau khi da sap xép dudc A, vao day thi ta thuc hién qud trinh tuong tu véi As va Ae (luu y
1a néu ta da sap xép dudc vién ngoc A; vao giita hai vién ngoc A, va A, thi ta chi can
thuc hién nhiing 14n can ké tiép véi vién ngoc a,, trd vé truéc).
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(Ta c6 thé ngam hiéu nhu sau: Néu can A; mot 1an thi A; > A4 , néu can A5 hai lan thi
A3 < A7 < Ag,....Nhung do luu y trén, cif mot 1an can ctia vién ngoc A, ting 1én thi
1an can ctia A,_; giam xudng it nhét 1 don vi.)

Vi cach can va suy luan nhu trén, ta dé dang suy ra s6 1an can tbi da 12 6 vi mdi qua phai
can it nhat mdt 1an va c6 toi da mot qua céan 4 lan.

Vay cach can nhu trén gdm tdi da 17 1an can va theo d6 ta c6 thé sip xép 8 qua cén theo
thd tu ting dan nhu yéu cau bai todn.

4. Pay la cau hdi mang tu tudng chinh ctia bai viét nay, ta sé ching minh bang nguyén Ii quy
nap.

Vé6in = 1,2 khang dinh ding.
Gia st khang dinh diing véi n = k, ta chiing minh né ciing diing véi n = k + 1. Thét vay,

e Lin 1 dén 14n thi (k — 1)2% + 1, ta can va sip xép dudc cdc vién ngoc tir 1 dén 2%
theo thif tu ting dan (theo gia thiét quy nap):

A1<A2<...<A2k

e Lan thi (k — 1)2% + 2 dén 1an tha 2[(k — 12k + 1] , ta can va sap xép dudc cic
vién ngoc tit 2F + 1 dén 2%+ theo thi tv ting din:

B < By <...< Byk.

e Lan thu 2[(1( — 12k + 1] + 1 ta cAn Ay va Bk, khong mét tinh tdng quat gid st
Ak < Byk.

e Céc 1an can sau ta cAn nhu y thif 3, suy luin tuong tu ta c¢6 sb 1an can t6i da ma van
thoa yéu ciu dé bai 1a 2[(k 12k + 1] 42K 40k 1 = k- 2K 4 1 (tai s20?)

Do d6 khang dinh ding v6i n = k + 1 nén theo nguyén i quy nap khang dinh ding véi
moi n € N. Tt ddy ta c6 diéu phai chiing minh.

Bai toan két thic.

Bai toan 3 va 4 xin danh cho cac ban tu luyén tap bdi vi cac bai toan nay chi la mdt dang phat
biéu khdc ctia bai todn 2.

Véi cong cu dac luc 1a phuong phap truy hdi va nguyén li quy nap thi nhém céc bai toan ta dua
ra déu dudc gidi quyét tron ven. Pa sb chiing ta déu tu diit cau héi khi nao thi ta sit dung dugc hai
cong cu trén? Rat nhiéu bai toan t& hop c6 thé ding phuong phap truy hdi dé giai, truy hdi goi
cho ta nhitng y tudng lién két cac suy nghi ban dau dén két luan xa xo6i clia bai toan, 12 mau ndi
gitfa nhitng trudng hop nhé dén nhiing cong thifc tdng quat can tim va cho ta 16i gidi sang stia vé
y tudng rat tu nhién.
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Nhung khong phéi liic ndo ta ciing truy hdi vo toi va. V4i nhiing bai toan da néu & trén thi ta da
thiy rat ro rang, truy hdi va quy nap chi 12 nhitng céng cu dic luc khi ta c6 nhiing y tuéng, nhiing
hiéu biét sau sac vé ban chit bai toan (6 cac vi du trong chuyén dé, ban chit bai ton 1a nhiting
trang thdi phai dat dudc tir d6 mdi sit dung dugc cac suy luan ciing nhu cdng cu da néu). Néu
nhu ta 1am tudng "ct truy hdi 1a xong" ma khong tu duy, sang tao, thi doi khi giip nhiing bai toin
mdi la thi ta danh phai chiu thua.

[1] Bai giang luyén thi VMO 2013.

[2] Wikipedia — bai toan Thap Ha Noi.

[3] Thuat toan Frame - Stewart gidi bai toan Thap Ha Noi tong quat.

[4] Phan Thi Ha Duong , Bai ton tro choi va tinh sd cic trudng hop, Mathclub 4/2012.

[5] Tro choi "Chii éch thong minh" trén mang Internet.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE MOT BAI TOAN HINH HOC TRONG KY
THI VMO 2016

Nguyén Tién Diing
(Ha Noi)

Bai viét dua ra nhiing khai thac xung quanh bai toan hinh hoc s 3 trong ky
VMO 2016 va hudng tong quat bai toan do.

Bai to4n hinh hoc s6 3 trong ky VMO 2016 c6 ndi dung dugc dé cap trong [ 1] nhu sau:

Bai toan 1. Cho tam gidc ABC c6 B, C cé dinh, A thay déi sao cho tam gidc ABC nhon. Goi
D la trung diém cia BC va E, F tuong ving la hinh chiéu vuéng géc ciia D lén AB, AC.

a) Goi O la tdm ciia dwong tron ngoai tiép tam gidc ABC. EF cdt AO va BC lan lugt tai M
va N. Chiing minh rang duong tron ngoai tiép tam gidic AMN di qua mét diém cé dinh.

b) Cdc tiép tuyén ciia duong tron ngoai tiép tam gidc AEF tai E, F cdt nhau tai T. Chitng minh
T thudc mot duong thc%ng 6 dinh.

T

Loi giai. a) Vi EF cit BC tai M nén AB # AC. Xét trusng hop AB > AC, trudng hop con
lai ching minh tuong tu. Tacé Z/BAN = Z/CDF = 90° — ZACB. Vi tii gidac AEDF ndi tiép
duong tron duong kinh AD nén /DAE = /DFE. Tud6 LZNMD = /EFD — ZCDF =
LEAD — ZNAE = ZNAD nén A, M, N, D cung thudéc mot dudng tron. Vay dudng tron
ngoai tiép tam gidc AM N ludn di qua diém D cb dinh.

b) Loi giai thi nhat.
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G A
E 0+
F
B D C
T

Pudng tron dudng kinh AD cét trung truc BC tai G, thé thi AG | BC LGD. Chiiy rang D 1a
trung diém BC.Tac6 A(G,D;E,F) = A(G,D; B,C) = —1 nén ti gidc GEDF diéu hoa.
Do d6 GD di qua giao diém T clia céc tiép tuyén tai E, F clia dudng tron dudng kinh AD. Vay
T thudc trung truc BC cb dinh.

Loi giai thi hai.

Goi céac duong cao BK, CL ciia tam gidc ABC cit nhau tai H. Puong tron dudng kinh A H cat
(O) tai S khic A. Theo két qua quen thudc, D, H, S thang hang va DK, DL 1a tiép tuyén clia
dudng tron duong kinh AH nén S thudc duong tron dudng kinh AD. Dé thiy ASEL ~ ASFK
nén ASKL ~ ASFE. Tu d6 véi chi y TE, TF 1a tiép tuyén ctia dudng tron dudng kinh AD ta
cO ASEL ~ ASTD.Dod6 /SDT = /SLE =180°— /SLA =180°— /SHA = ZAHD
nén TD | AHLBC. Vay T thudc trung truc BC cb dinh. O
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Nhan xét. Gia thiét trong y 1a) chua chit ché. Su kién EF cit BC chi ¢6 dudc néu tam gidc
ABC khong can tai A. Vi thé nén bd sung thém chi tiét nay vao gia thiét bai toan. Y 1b) c6 thé
dudc gidi quyét nhanh chéng bang viéc sit dung cic kién thiic vé chum diéu hoa va ti giac diéu
hoa nhu trong 16 gidi thi nhat. Loi gidi thi hai thuan tiy hinh hoc dua trén 15i gidi bai todn tng
quat di c6 trong [2] clia thiy Tran Quang Hung, bai toan dudc phat biéu nhu sau

Bai todn 2. Cho tam gidc ABC, truc tam H va M la trung diém BC. P la mot diém thudc
dwong thang HM. Puong tron (K) duong kinh AP cdt CA, AB ldn luot tai E, F khdc A.
Chitng minh rdang tiép tuyén tai E, F ciia K cdt nhau trén trung truc BC.

Tiép tuc khai thac cAu hinh bai todn 1, chiing ta c6 céc bai todn sau day.

Bai toan 3. Cho tam gidc ABC néi tiép dwong tron (O, R) cho trude, A di dong trén cung BC
co dinh va D la trung diém BC. E, F theo thit tu la hinh chiéu vuéng goéc ciia D trén AB, AC.
Chitng minh rang duong doi trung dinh A cia tam gidc AEF luén di qua mot diém cé dinh.

Loi giai. Goi T 1a giao diém cdc tiép tuyén tai E, F clia dudng tron dudng kinh AD thi AT 1a
dudng dbi trung clia tam gidc AEF. Theo y 1b) thi T thudc trung truic BC. Ta chiing minh 7 ¢b
dinh. Ta xét bai toan khi AB > AC.

Loi giai thit nhit. Goi EF cit BC tai M. K, G theo thi ty 12 trung diém cta DA, DO. Ching
minh tuong tu'y la) tacé LOAD = ZEMD.Chiyring DT1BC,KTLEF,KG || OAta

c6 /GTK = ZEMD = ZOAD = /GKD.Tid6 GK* = GD - GT, lai ¢c6 G, D cb dinh va
1 1 . .
GK = EOA = ER khong doi nén T co dinh.
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A
o/K
E q
F,
B D ¢
T ¢
S

Lai giai thit hai. Goi (K) 1a dudng tron dudng kinh A D. Pudng thang qua A vudng géc véi EF
cat trung truc BC tai S. Chd y rang AS LEF, DF 1 AC tacé Z/SAC = /DFE = /DAB nén
AS 1a dudng dbi trung ctia tam gidc ABC. Vi thé SB, SC 1a tiép tuyén ctia (0). B, C va (0O)
c6 dinhnén S cb6 dinh. Tacé KT || ASLEF, K 1a trung diém AD nén T 1a trung diém ctia
SD. S, D c6 dinh nén T c¢b dinh. [

T bai todn 3, chiing ta c6 thé dua ra céac bai toan sau.

Bai toan 4. Cho tam gidc ABC c6 cdc duwong cao BD,CE. M la trung diém DE. K, L theo
thit tw la hinh chiéu ciia M trén AC, AB. P, Q theo thut ty la trung diém BD,CE. Chiing minh
rdang dwong doi trung dinh A ciia tam gidc AKL chia doi PQ.

Bai toan 5. Cho tam gidc ABC cé dwong tron ngoai tiép (0), J la tdm duong tron bang tiép
goc Ava M la trung diém BC. Goi N la diém chinh giita cung BAC ciia duong tron (O). D, E
theo thit tw la hinh chiéu ciia M trén phdn gidc ngoai cdc goc B, C ciia tam gidc ABC. Chiing
minh rang dwong doi trung dinh J cia tam gidc JDE chia déi MN .

Bai toan 6. Cho tam gidc ABC khong cdn tai A, noi tiép duong tron (0) c¢é D la trung diém
BC. E, F theo thit ty la hinh chiéu vuéng goc ciia D trén AB, AC. EF cat BC tai M. Puong
tron ngoai tiép tam gidc ADM cdt (O) tai N khdc A. MN cdt (O) tai P khdc N. AN cdit BC
tai Q.

a) Chitng minh rang AP la duong ddi trung cia tam gidc ABC.

b) Chitng minh rang D, N, P, Q cing thuéc mot duong tron.
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%
=

N
P

Loi giai. a) Vi A, D, M, N cung thudc mot dudng tron nén ZADB = ZANP = ZACP. Lai
c6 LABC = ZAPC nén ZBAD = ZCAP. AM la dudng trung tuyén ctia tam giac ABC
nén AP 13 dudng dbi trung ctia tam gidc ABC.

b) Ti cau a) ta ¢6 ti gidc ABP C diéu hoa nén PA 1a dudng dbi trung ctia tam gidc PBC. Do
détacéo LPDQ = ZPBC + Z/BPD = Z/PAC + ZCPA = /DAB + ZCBA = ZADM =
ZOQNM.Tudo D, N, P, Q cung thudc mot dudng tron. O

Bai todn 6 rit don gidn nhung ti do, ching ta c6 thé dé xuét nhiéu bai toan hay.

Bai toan 7. Cho tam gidc ABC khong cdn, néi tiép duong tron (O) c6 M, la trung diém BC.
Ap, A. theo thit ty la hinh chiéu ciia M, trén AB, AC. ApA. cat BC tai A,. Duong tron ngoai
tiép tam gidc AM, A, cdt (O) tai A, khdc A. Ay A, cdt (O) tai As khdc A,. Bz, Cs xdc dinh
twong tw. Chitng minh rang AAs, BB3, C C3 dong quy.

Bai toan 8. Cho tam gidc ABC khong cdn, ndi tiép duong tron (O) cé M, la trung diém BC.
Ap, A. theo thit ty la hinh chiéu ciia M, trén AB, AC. ApA. cat BC tai A,. Duong tron ngoai
tiép tam gidc AM, A, cdt (O) tai A, khdc A. AA, cdt BC tai As. Puong tron (M, A>A3) cdt
(O) tai A4 khdc A,. By, Cy xdc dinh twong tw. Chitng minh rang AAs, BBy, C Cy dong quy.

Bai toan 9. Cho tam gidc ABC khéng cdn, ndi tiép duong tron (O) cé M, la trung diém BC.
Ap, A. theo thit tw la hinh chiéu cia M, trén AB, AC. Ap A, cdt AO tai A,. Puong tron ngoai
tiép tam gidc AM, A, cdt (O) tai A, khdc A>. AA, cdt BC tai As. Puong tron (M, A, As) cdt
(O) tai A4 khdc A,. By, Cy xdc dinh twong tw. Chitng minh rang AAs, BBy, C Cy dong quy.

Bai toan 10. Cho tam gidc ABC khéng cdn tai A, néi tiép duong tron (O) cé D la trung diém
BC. E, F theo thit tw la hinh chiéu vuéng goc ciia D trén AB, AC. AO cdt EF tai G. Puong
tron (AGD) cdt (O) tai H khdc A. Chiing minh rang AH, BF, CE dong quy.
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Loi giai. Goi EF cat BC tai M, M H cat (O) tai N khac H, AH cit BC tai P. Theo bai toan
6, D, P, N, H cung thudc mot duong tronnén MD-MP = MN-MH = MB-MC. DLM la
MB PB A

trung diém B C nén theo hé thic Maclaurintaco (M, P; B,C) = —1suyra —— = ———. Ap
MC PC
S ., o 2 . . MB FC EA
dung dinh ly Menelaus cho tam giac ABC vé6i M, F, E thang hangtacd —+ — - — =1
- MC FA EB
... PB FC EA . C ) A
Tir 6 —.—.— = —1 nén theo dinh ly Ceva ddo AH, BF, CE dong quy. O
PC FA EB

Bai toan 11. Cho duong tron (O), diém A cé dinh trén (O) va mét duong thing A khong vuong
goc voi OA. Ké dday BC thay doi ciia (O) ludn song song véi A. D la trung diém BC. E, F
theo thit tw la hinh chiéu cia D trén AB, AC. EF cdt BC tai M. BF cdt CE tai N. AN cdt
(O) tai P khdc A. MP cdt (O) tai Q khdc P. Chitng minh rang QD luén di qua mét diém co
dinh.

Bai toadn 12. Cho tam gidc ABC khéng cdn, néi tiép duong tron (O) cé M, la trung diém BC.
Ap, Ac theo thit tu la hinh chiéu ciia M, trén AB, AC. Ay A, cdit BC tai Ay. BA., CAp cdt
nhau tai A>. AA, cdt (O) tai Az khdc A. Ay Az cdt (O) tai Ay khdc As. By, C4 xdc dinh tuong
tw. Chitng minh rang AA4, BB4, C C4 dong quy.

Bay gid chiing ta sé bat diu md rong bai todn 1 thong qua céc bai todn sau day.

Bai toan 13. Cho tam gidc ABC khéng cdn néi tiép duong tron (O) cho trudc cé B, C cé dinh,
A thay doi. Diém D thay doi trén trung tuyén dinh A ciia tam gidc ABC. E, F theo thii tu la
hinh chiéu ciia D trén AB, AC. EF cdt BC, AO theo thit tw 6 M, N.

a) Chitng minh rang duong tron (AMN) luén di qua mét diém c6 dinh.

b) Puong tron (AMN) cdt (O) tai P khdc A. MP cdt (O) tai Q khdc P. Chitng minh rang
AQ luén di qua mot diém cé dinh.

c) Goi T la giao diém cdc tiép tuyén tai E, F cia duong tron (AEF). Chitng minh rdng
DT LBC va AT luén di qua mot diém cé dinh.
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Ggi y. a) Bing bién ddi goc don gian tuong tu y 1a) ta c6 dudng tron (AM N) ludn di qua trung
di€ém R cta BC.

b) Chitng minh tuong tu y 6 a) ta c6 AQ 1a dudng dbi trung ctia tam gidc ABC nén AQ di qua
giao diém S clia cic tiép tuyén tai B, C ctia (0).

. AD _
¢) St dung phép vi tu tdm A ty so ﬁvé két qua y 1b), bai toan 3. O

Bai todn 14. Cho tam gidc ABC khong cdn noi tiép duong tron (O), diém D thay doi trén
trung truc BC sao cho AD khong song song véi (BC). EF theo thit ty la hinh chiéu ciia D
trén AB, AC. EF cdt BC, AO theo thittw d M, N.

a) Chitng minh rang duong tron (AMN) di qua giao diém ciia AD va BC.

b) Buong tron (AMN) cdt (O) tai P khdc A. MP cdt (O) tai Q khdc P. Chitng minh rdng
/BAD = /CAQ. Tit dé chitng minh rang néu B, C, D va (O) ¢6 dinh, A thay déi trén (O) thi
AQ luon di qua mot diém cé dinh.

c¢) Chitng minh rang néu tam gidc ABC cé dinh, D thay déi trén trung truc BC thi giao diém
tiép tuyén tai E, F ciia duong tron (AEF) thuéc mét duong thdng cé dinh.
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Loi gidi. a) Goi AD cat BC tai G, DF cat BC tai H. Tac6 /BAN = /CHF = 90° —
Z/ACB. Tit gidc AEDF noi tiép nén /DAE = /DFE.Do d6 Z/GAN = /DAE — /BAN =
ZDFE — ZCHF = ZGMN nén A, M, N, G cung thuoc mot duong tron. Vay duong tron
(AMN) di qua giao di€m G ctia AD, BC.

b) Chd y ring 4,G, Q, M cung thudc mot dudng tron nén ta c6 LBAD = LAGM —
/ABC = LAPM — LAPC = ZCPQ = ZCAQ. AQ cit trung truc BC tai K. Chu
y rang ta c6 ZCAQ = LBAD = /DFE va DF 1 AC nén AQ LEF.Lai c6 OKLBC nén
/OKA = ZGMN = LOAD, tit 46 0A* = OD - OK. Vi B,C, D va (0) cb dinh, A thuoc
(0) nén OA, OD khong ddi, do d6 K cb dinh. Vay AQ 1udn di qua diém K cb dinh.

c) Dé giai quyét y 14c) chiing ta cin c6 bs dé sau day.

N . . A1 A BB
Bé dé. Cho hai bo ba dié€m théng hang A, A», A3 va By, B, Bs sao cho —— = ——2 =
. A1 A5 B, B;
k. Dung cac tam giac Ci A By, C2A3B,, C3A3 B3 d6i mot dong dang cung hudng. Khi d6
0 c.C
(1, C;, C; thang hang va 2 k.
1C3
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Chli’ng minh. Taco AlBl = A1A2+A232+BQB1,kAlBl = kA1A3+kA3B3+kB3B1.TrfI
2 2 N -

tung ve hai dang thic v6i chu y rang A1 A, = kA1 A3, BB, = kB1Bstaco (1 —k)A;B; =

A, B> — k A3 B3. Do céac tam gidc C; A1 By, C2 A, B, C3A3 B3 d6i mot dong dang cung hudng

AICI A2C2 A3C3 R
A B A,B,  AsBs mva (A1 By, A1Cy) = (A2B,, A>,C,) = (A3B3, A3C3)

a(mod2s). Nhu vay cac vector A;Cy, A,C,, A3C5 theo thu tu 1a anh cua cac vectorm A By, mA; By, m A3 B3
trong phép quay vector géc quay «, do do6 ta thu dugc (1 —k)A,C; = A,C, —k A3C5. Tacd cac

dang thiic vector C;C, = C1 A1 + A1A> + A,Cy, kC1C3 = kCi Ay + kA A5+ kA5Cs. Trit

tiing v& hai déng thiic ta duge Cy Co—k Cy Cs = (A7 Ay — kA1A3)+[(1 — k) A,C, — (A,Cy — kA3C3)] —

nén

C.C o ox ,
L2 — k. B& dé dugc chiing minh xong. O

0. Tt d6 suy ra Cy, Cs, Cs thing hang va

1C3

Tré lai y ¢) bai toan 4
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X la trung diém BC. I, J theo thif tu 1a hinh chiéu vuong goc cua O trén AB, AC; Y, Z theo

tht tu 12 hinh chiéu vuong géc ctia X trén AB, AC. L la giao diém céc tiép tuyén tai I, J cia

(A1J), S 1a giao diém cic tiép tuyén tai Y, Z ctia dudng tron (AY Z), T 1a giao diém cdc tiép
IE OD JF

tuyén tai E, F ctia (AEF). Dé thiy s da v va cdc tam giac LI1J, TEF,SY Z doi
mot dong dang, theo bd dé trén ta c6 L, T, S thang hang. Vay T thudc dudng thang SL cb
dinh. 0

Nhan xét. Ta c6 thé thy ring y 14c) va bai toan 2 déu 1a hé qua ctia bS dé trén. Ching ta ciing
c6 thé chiing minh b dé bang cach sit dung phép dong dang. N6i riéng, y 14c) ciing c6 thé giai
bing phép dong dang rit dep mat. Cong viéc nay danh cho ban doc xem nhu bai tap.

Két luan ctia y 14c) van diing néu D di dong trén mot dudng thang A cb dinh, cac dudng thang
DE, DF c6 phuong khong doi va tuong ting khong song song véi AB, AC. Ta c6 thé phat biéu
bai toan do6 nhu sau.

Bai toan 15. Cho tam gidc ABC va cdc dwong thing A, Ag, Ac ¢6 dinh sao cho Ag khong
song song véi AB, Ac khong song song véi AC. D thay doi trén A. E, F theo thii tu thudc
AB, AC sao cho DE || Ag, DF || Ac. Chitng minh rang giao diém tiép tuyén tai E, F ciia
duong tron (AEF) luén thuéc mot duong co dinh.

Ta c6 thé tong quat bai todn 1 cho diém D bit ky trong mit phang nhu sau.

Bai toan 16. Cho tam gidc ABC noi tiép duong tron (0) va diém D bdt ky trong mdt phdng.
E. F theo thit tw la hinh chiéu ciia D trén AB, AC. Gid sit EF cdt BC, AO theo thittw 6 M, N ;
AD cdt BC tai P.
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a) Chitng minh rang A, M, N, P cing thudéc mot duong tron.

b) Puong tron (AMN) cdt (0) tai Q khdc A. MQ cdt (O) tai R khdc Q. Chitng minh rang
/BAP = ZCAR.

c¢) Chitng minh rang khi B, C, D va (O) c6 dinh thi giao diém cdc tiép tuyén tai E, F ciia duong
tron (AEF) luén thudc mot duong tron cé dinh.

R

Tur bai todn 16, chuing ta c6 thé dé xuit cac bai toan sau.

Bai toan 17. Cho tam gidc ABC khéng cdn néi tiép duong tron (0), diém M trén phdn gidc
goc ZBAC. Ay, By, Cy theo thit ty la hinh chiéu vuéng goc cia M trén BC,CA, AB. A,C; cdt
AC tai B,. BO cdt A,Cy tai Bs. Puong tron (BB, B3) cdt (O) tai By khdc B. B> B, cdt (O)
tai Bs khdc By. Cs xdc dinh tuwong ti. Chiing minh rang AM, BBs, C Cs dong quy.

Bai toan 18. Cho tam gidc ABC khong cdn néi tiép duong tron (0), diém M ndm trong
tam gidc AM, BM,CM cdt BC,CA, AB theo thit tw ¢ Ay, By, Cy. Goi Ay, A, theo thit tu la
hinh chiéu vuéng goc cia M trén AB, AC. AO cdt ApA, tai As. Duong tron (AA1A,) cdt
ApAc, (0O) theo thit tw & A,, As trong dé As khdc A. AgAs cdt (O) tai Ay khdc As. By, Cy xdc
dinh tuong tw. Chitng minh rang AA4, BB4, C C4 dong quy.

Véi tu tudng tao ra cic yéu td cb dinh va thay ddi, tic gia xin dé xut cic bai todn téng quat sau
dé ban doc cling suy nghi.

Bai toan 19. Cho duwong tron (O) cé ddy BC co dinh va A thay doi trén (O). P la diém cé dinh
trong mdt phing. E, F theo thit tw la hinh chiéu vuéng goc ciia P trén AB, AC. Chiing minh
giao diém cdc tiép tuyén tai E, F ciia duong tron (AEF) luén thuéc mét duong tron cé dinh.

Bai toan 20. Cho duong tron (O) va ddy BC c¢é dinh, AD la mét duong kinh thay doi ciia (O).
P la mot diém c6 dinh trong mdt phdng. E, F, G, H theo thit tw la hinh chiéu vudng goc ciia
P trén AB, AC, DB, DC. S la giao diém cdc tiép tuyén tai E, F ciia duong tron (AEF). T la
giao diém cdc tiép tuyén tai G, H ciia duong tron (DGH ). Chitng minh rang ST luén di qua
mot diém co dinh.
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Nhu vy, tic gid da trinh bay xong mot s6 khai thac va phat trién xung quanh bai hinh hoc s6 3
trong ky VMO 2016. Mong ring doc gia tiép tuc khai thac dudc nhiéu diéu thud vi xung quanh
cu hinh nay.

Téc gid xin chan thanh cdm on thiy Tran Quang Hung gido vién trudng THPT chuyén KHTN
da doc va dua ra nhiing y kién quy bau dé€ bai viét dudc hoan thién hon.

[1] Tran Nam Diing, V6 Qubc B4 Cdn, Tran Quang Hung, L& Phiic L, Li gidi va binh luan
dé thi VMO 2016.
https://www.dropbox.com/s/kugimymkecz3dcy8/loi giai quoc gia.pdf

[2] Tran Quang Hung, Vé mdt bai todn hay trén THTT, Blog Hinh hoc so cip
http://analgeomatica.blogspot.com/2014/06/ve-mot-bai-toan-hay-tren-thtt.html
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE BAI HINH HOC G5 TRONG IMO
SHORTLIST NAM 2000

Tran Quang Hung
(THPT chuyén KHTN, Ha Noti)
Bai viét tong quat héa bai toan G5 trong IMO Shortlist nim 2000 theo nhiéu

hudéng khéc nhau, véi mdi hudng tdng quat sé cho chung ta nhitng 4p dung bat ngd
va thu vi khac nhau.

1. Ldi gidi va cac ma rong

Trong IMO Shortlist 2000 c6 bai toan hinh hoc G5 nhu sau [1]

Bai toan 1. Cho tam gidc ABC vdi duong déi trung BE,CF. Goi M, N la trung diém ciia
BE,CF. Chitng minh ring BN, CM va trung truc ciia BC dong quy.

2,
-

Q4
B C

Loi gidi. Cho dudng tron (O) ngoai tiép tam gidc A BC. Puong trung tuyén BL, CK kéo dai
cat (0) tai P, Q. Vi BE, CF 1a d6i trung, ta d& thiy céc tam gidgc BF C va Q AC ddng dang. Cic
tam gidc ndy c6 cic trung tuyén BN, QL,nén /NBC = /CQL. Tuong tu, /M CB = /BPK.
Mt khéc, dé thiy KL || BC, do vdy ZQOPL = ZQCB = ZLKC. T dé6 tii giac POKL noi
tiép. Nén /M CB = /BPK = /CQL = /NBC hay BN,CM va trung truc ciia BC dong
quy. Ta c6 diéu phai chiing minh. O
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Nhan xét. Dy 1a mot bai toan hay va né da dudc st dung lai nhiéu 1an trong [2,3,4]. Pi c6 nhiéu
161 gidi dugc dé nghi. Cac 10i giai tif tinh todn cho t6i cac 15 giai thuan tiy hinh hoc dugc 1an
luot dua ra trong [1,2,3,4]. Tuy nhién ngin gon va dep nhit 13 15i gidi ctia tic gia Ta Hong Son
trong [2], 10i gidi d6 dudc tac gia bai viét viét lai nhu & trén. Trong 18i gii viéc dung thém dudng
tron ngoai tiép rdi sau d6 sit dung bai toan "dong dang trung tuyén" 1a diém rit thu vi, ching
ta thdy rang yéu td duong tron khong hé xuit hién trong dé bai nhung khi giai can dung thém
dudng tron ngoai tiép. Miit khéc trong [3] ciing xuat hién mdt md rong cho bai todn nay. Cac bai
to4n dudi day trinh bay mot sé6 mé rong thu vi khac va cic ap dung clia nhitng bai todn nay.
Bai todn mé rong sau dugc tac gia dé nghi trong ky thi kiém tra trudng Pong todn hoc & Vinh
nam 2015 véi 10i giai st dung y tudng cia 16i giai trén

Bai todn 2. Cho tam gidc ABC nhon, khéng cdn. Cdc diém E, F lan luot thuéc doan thing
CA, AB sao cho EF || BC. Ldy diém M ndam trong tam gidc ABC sao cho EM || AB va
/ECM = /FCB. Ldy diém N nam trong tam gidc ABC sao cho FN || AC va /FBN =
Z/EBC. Goi BM cit CN tai P. Chiing minh rdng P luén thudc mot dwong thing cé dinh khi
E, F di chuyén.

Loi gidi. Goi (0) 1a dudng tron ngoai tiép tam gidc ABC. Goi CF, BE lan lugt cat (O) tai S, T
khéic C, B. Goi CM, BN cat AB, AC tai K, L. Tit & bai tacé ZCBL = /TBA, lai tit géc ndi

) FB NB
tieptaco LZLCB = ZATB. Tudé ABAT ~ ABLC.Theo dinh ly Thales talai c6 FA- NL

Tu hai nhan xét trén ta thu dudsc ABCN ~ ABTF,tidéosuyra ZBCN = ZBTF. Cl{Yi’ﬁg
minh tuong tu tacé LCBM = ZCSE.Laico LBEF = ZEBC = ZTSC tasuy ra td giac
STEF noi tiép. Tu d6 ZCBM = /CSE = /BTF = /ZBCN, ta suy ra tam gidc PBC céan
tai P nén P thudc trung truc BC cb dinh. O

Nhan xét. Khi E, F la trung diém CA, AB, ta thu dudc bai todn G5. Bai todn md rong ciing c6

nhiéu ing dung khi EF tring véi cac dudng song song dic biét clia tam gidc.
Ta di t6i mot mé rong khac cho bai toan 1 nhu sau
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Bai toan 3. Cho tam gidc ABC vdi diém Lemoine la L va M la trung diém ciia BC. P thudc
duong thcfng ML. PB,PC cit CA, AB tai E, F. Goi O, R la trung diém BE,CF. Chiing
minh rang /QCB = /RBC.

Dé giai bai todn nay ta sit dung mot bs dé sau.

B4 dé. Cho b, ¢ 12 hai dudng théng cé dinh khong song song va B, C ¢b dinh 1an lugt thude b, c.
P 1a mot diém di chuyén trén dudng thang d c¢b dinh. PB, PC lan lugt cit ¢, b tai K, L. M, N
1a trung diém cta BK, C L. Chiing minh riang giao diém ctia BN va CM ludn nam trén dudng
thang ¢ dinh khi P thay déi.

Chitng minh. Goi giao diém ctia b, ¢ 1a A. BN cat CM tai 1. Liy Q d6i xting P qua trung
diém BC.Khidé BQ || CL,CQ || BL nén hai chum B(CL, PQ) va C(BK, PQ) diéu hoa.
Tit d6 B(CL,NQ) = C(BK,MQ) tasuy ra A, I, Q thang hang. Goi AQ cit BC tai J thi
hang (AJ, I Q) diéu hoa. Pudng thang qua Q song song d 1a d6i xiing ciia d qua trung diém
BC nén cb dinh. Tir d6 14y R thudc BC sao cho RQ || d thi R cb dinh. Tt d6 chim R(AJ, 1Q)
diéu hoa ma céc tia RA, RJ, RQ cb dinh nén tia RI c6 dinh. Tir d6 I thudc dudng thang cd
dinh di qua R. ]

Quay lai bai toan
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Lai gidi. Theo bd dé thi giao diém ctia BR va CQ ludn niam trén dudng thang cb dinh. Khi P
trung L thi theo bai G5 giao diém thudc trung truc BC. Khi P tring M dé thiy giao diém dé6
ciing chinh 12 M. Vay dudng thang c¢b dinh d6 phai la trung truc BC. Nhu vay BR, CQ ludn cit
nhau trén trung truc BC ndi cach khaic ZQCB = ZRBC. [

Nhan xét. Mic di dudc coi 12 mé rong clia bai G5 nhung céch giai bai todn nay van dua trén két
qua chiing minh cta bai G5. Mit khdc ta d€ y rang trong tam gidc diém Lemoine ludn ndm trén
dudng ndi trung diém cta dudng cao va canh dbi dién, do d6 ta dé dang dé xuit bai todn sau

Bai toidn 4. Cho tam gidc ABC véi dudng cao la AH. M, N ldn luot la trung diém ciia
BC, AH. P thujc duong thing MN. PB, PC cdit CA, AB tai E, F. Goi Q, R la trung diém
BE,CF. Chitng minh rdng Z/QCB = Z/RBC.

Bai todn trén hoan toan c6 thé chitng minh truc tiép thong qua bé dé trong bai trude. Tuy vay
thuc su néu tach rdi thi day 12 mot mé rong rat thd vi cho bai toan 1. Vin véi y tudng dong dang
trung tuyén rat thu vi, ti xin gi6i thiéu 15i gii ctia ban Trinh Huy Vi hoc sinh 16p 12A1 Todn,
truong THPT chuyén KHTN.
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Loi giai. Goi Y, Z 1a trung diém ctia AC, AB. BE,CF lan lugt citYZ tai S, 7. U,V theo
thd tu 1a trung diém BS, CT. LAy cac diém K, L nim trén dudng tron ngoai tiép tam gidc
ABC sao cho céc tia BK, CL 1an lugt 1a ddng gidc ctia BE, CF trong cic géc ZABC, Z/ACB.
Ta c6 N la trung di€m ST nén tam gidc AST can tai A. Tasuyra ZVYT = ZATY =
LASZ = LUZS. Mit khic, tii cic dudng diang gidc dé thiy hai tam gidac CY T va AL B dong
dang (g.g) lai c6 YV, LZ 1a hai trung tuyén tuong tng. T d6 tasuy ra Z/ZBLZ = ZVYT.
Tuong tw, /CKY = LUZS.Vay /BLZ = /CKY.Goi YK cat BC tai D. Tt day ta sé c6
/ZLK = /BLK — /BLZ =180— /BCK — ZCKY = 180°— Z/BDK = 180°— /ZYK
hay tif gidc Y Z LK ndi tiép, vdy ZZLY = L/ZKY .Matadéc6 Z/CLZ = /CLB—/BLZ =
/BKC — Z/CKY = /BKY.Tudésuyra, ZYLC = ZZKB. Pén day lam tuong tu bai toan
1 ta thu dudc diéu phai ching minh. O

Nhan xét. Néu ta lai két hop vé6i viéc diém Lemoine luon nam trén dudng nbi trung diém cia
dudng cao va canh dbi dién thi ta thu lai dugc bai toan G5. Véi cach phat bi€u niy ta hoan toan
c6 thé dé xuit bai todn tdng quat hon nita nhu sau

Bai toan 5. Cho tam gidc ABC vdi D thuéc canh BC. M, N lan luot la trung diém ciia
BC, AD. P thudc duong thcfng MN. PB, PC cdtCA, AB tai E, F. Goi 0, R la trung diém
BE,CF. Goi BR cdt CQ tai I. Chitng minh ring M1 || AD.

Ta da biét mot tinh chit quen thudc clia dudng dbi trung 1a dudng ddi trung ting v6i mot dinh di
qua giao diém cta hai tiép tuyén clia dudng tron ngoai tiép tam gidc & hai dinh con lai. St dung
tinh chét nay két hop bai todn G5 ta dé xuit bai toan sau cho tam gidc va dudng tron ndi tiép.

Bai toan 6. Cho tam gidc ABC c6 duong tron néi tiép (1) tiép xiic BC,CA, AB tai D, E, F.
BE, CF ldn luot cdt DF, DE tai M, N. Goi P, Q la trung diém cia EM, FN. Chiing minh
rang FP, EQ va Al dong quy.
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C

Loi gidi. Chd y trong tam gidc DEF thi EM, FN 1a cic dudng dbi trung va A1 13 trung truc
EF. Ap dung bai toan G5 cho tam giac DEF tasuy ra FP, EQ va AI dong quy. O

Khi viét bai todn lai cho dudng tron ndi tiép nhu trén ta lai thu ngay dudc mdt mé rong kha don
gian nhu sau

Bai todn 7. Cho tam gidc ABC va P la mét diém bdt ky. Goi PA, PB, PC lan luot cdt
BC,CA,AB tai D, E, F. BE,CF lan luot cit DF, DE tai M, N. Goi 0, R la trung diém cua
EM,FN. Goi G la trung diém EF. Chitng minh rang FQ, ER va AG dong quy.

C

Loi giai. Goi H dbi xtiing P qua G.Goi FQ cat ERtai I . Déthdy EH || FC va FH || EB. Tu
d6 ta c6 cac chum E(FN, RH) va F(EM, QH) diéuhoa. Tu d6 E(FN,RH) = F(EM, QH)
nén D, I, H thang hang. Goi DH cit EF tai J thi hang (DJ, I H) diéu hoa. Mit khac goi AD
cat EF tai K thi hang (DK, PA) diéu hoa. Tt d6 ta c6 (DK, PA) = (DJ, HI) nén PH, Al va
KJ dong quy tai G hay AI diquaG. O

Nhan xét. Y tudng vé song song v6i hang trung diém trong chiing minh bd d& trén dugc st dung
lai trong chitng minh bai toan nay. Néu d€ y k¥ thuc chit ching ta c6 thé thiy bai todn nay ciing
12 mot trudng hop riéng clia b dé da chitng minh. Trong bai todn tam gidc Ceva thuc su can thiét
dé st dung hang diéu hoa co ban (DK, PA).
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Trong phan nay ta sé st dung cac bai todn & phan trudc d€ giai mot sb bai toan khac, qua do ta
thiy dudc y nghia ctia bai toan G5 va cdc md rong.

Bai toadn 8. Cho tam gidc ABC ndi tiép duong tron (O) véi tam noi tiép 1. S la trung diém
cung BC chita A. Puong thing qua I vuéng géc 1A cit SC, SB lan lugt tai E, F. Goi BE, CF
lan luot cdt IC, IB tai M, N. Goi K, L ldn lugt la trung diém ciia BM, CN. Goi BL cdt CK
tai T. Chitng minh rdng S, O, T thing hang.

Loi gidi. Goi A7 cat (0) tai D khac A. Theo bai todn quen thudc thi D 13 tim ngoai tiép tam
gidc BIC. Do d6 SC, SB va EF chinh 1a céc tiép tuyén tai C, B, I cta tam giac IBC. Vay
BM, CN la cic dudng dbi trung ctia tam giac /BC. Tir d6 theo bai G5 thi BL, CK cat nhau
trén trung truc BC hay néi cach khic S, O, T thang hang. U

Nhan xét. Khi giai bai todn nay néu biét truéc bai G5 thi viéc nhan ra mo hinh cla bai G5 khong
méy khé khin nhung néu chua biét trudc bai G5 nhu bé dé thi bai toan nay cling tuong dbi 1a
thach thic. Dya trén nhan xét trong tam gidc diém Lemoine ludn nam trén dudng ndi trung diém
ctia dudng cao va canh dbi dién, két hgp mot sb tinh chit dudng tron mixtilinear, ta dé xuat bai
toan sau

Bai toan 9. Cho tam gidc ABC néi tiép duong tron (O). Puong tron néi tiép (I) tiép xiic BC
tai D. Duong tron (K) tiép xiic CA, AB va tiép xiic trong (0) tai P. Goi M, N la trung diém
ciia BC va ID. Goi MN cdt IP tai L. LB, LC ldn luot cdt IC,IB tai Q,R. Goi S, T ldn
luwot la trung diém ciia BQ, CR. Chitng minh rdng /SCB = /TBC.
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Loi giai. Ta chd y ring theo tinh chit quen thudc ctia dudng tron mixtilinear thi P/ di qua trung
diém cung BC chita A. Theo bai trén suy ra PI chinh 1a dudng déi trung ctia tam giac /BC.
M:iit khac diém Lemoine nam trén M N 1a dudng ndi trung diém BC va trung diém dudng cao
ID clia tam gidc IBC. Do d6 PI cit M N tai L chinh la diém Lemoine ctia tam gidc ABC. Tir
dé BQ, CR 1a dudng ddi trung ctia tam gidc /B C. Theo bai toan G5 thi /SCB = /TBC. [

Nhan xét. Sau khi biét bai toan 3 thi ching ta hoan toan c6 thé thay thé trung diém 7D thanh
diém bat ky trén ID.

Bai toan 10. Cho tam gidc ABC noi tiép duong tron (O). Puong tron (K) tiép xiic CA, AB
va tiép xiic trong (O) tai D. AD cdt IB, IC tai M, N. Puong tron ngoai tiép tam gidic ABM
va ACN lan luot cdt CA, AB tai P, Q khdc A. IC,IB cdt BP,CQ ldn luot tai E, F. Trén
DB, DC lin lugt ldy S, T sao cho FS | IC va ET || IB. Goi BT cdt CS tai R. Chitng minh
rang RB = RC.

Loi giai. Tir o gidc ndi tiép APBM tac6é ZPBM = /MAC = ZDBC.Tacé BP va BD 1a
hai tia dang gidc trong ZI/BC. Tuong ty CQ va CD 1a hai tia dang gidc trong ZICB. Tit d6
D va giao diém ctia BP va CQ la hai diém dang gidc trong tam gidc /BC. Theo bai trudc thi
D nam trén duong dbi trung clia tam gidc /BC, nén giao diém ctia BP va CQ nam trén trung
tuyén ctia tam giac IBC, tt d6 EF || BC. Vay ta 4p dung bai toan 2 vao tam giac IBC véi
E, F 1an luot thudc IC, IB sao cho EF | BC. Laic6 S, T lan ludt thuoéc DB, DC sao cho
FS | IC vAET || IB nén BT va CS cat nhau trén trung tryc BC. O]

Nhan xét. Cic gia thiét vé& duong tron ngoai tiép trong dé bai thuc chit 1a d€ dung lai diém dang
gidc clia D trong tam gidc /BC. O day chiing ta c6 thuan 1gi vi diém D vita nim trén dudng dbi
trung ctia tam gidc /B C lai vita ndm trén dudng tron ngoai tiép tam gidc ABC.
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Bai toan 11. Cho tam gidc ABC cé duong tron noi tiép (I) tiép xiic BC tai D. Tam bang
tiép goc A la J. P la trung diém AD. Trén dwong thing qua J vuéng goc BC ldy K sao cho
DK || PI. Ldy cdc diém E, F lan lugt thuoc PC, PB sao cho BE | CK va CF || BK. Goi
S, T la trung diém ciia BF, CE. Chitng minh rang Z/SCB = /TBC.

Loi giai. Theo két qua quen thudc P/ di qua trung diém M cta BC. Goi L dbi xiing D qua
I.Goi (J) tiép xiic BC tai G. Theo két qua quen thudc thi A, L, G thang hang va M 1a trung
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diém DG. Tu d6 LG || IM || DK va LD || KG nén ti giac L DKG 1a hinh binh hanh. Do d6
M 1a trung diém K L. Vay L BKC 1a hinh binh hanh. Theo gia thiét BE | CK va CF || BK
nén E, F lan luct thuoc LB, LC. Trong tam giac LBC c6 P nam trén dudng ndi IM véi I, M
1an lugt 13 trung diém dudng cao L D va trung diém BC. Tit d6 4p dung bai toan 3 cho tam gidc
LBC,tasuyraZSCB = ZTBC. U

Nhan xét. Trong bai toan trén ta hoan toan c6 thé thay P bing diém bat ky trén I M . Tuy vay dé
ra nhu trén ciing c6 diém thd vi 1a khi 1am bai nay bat budc chiing ta phai dung lai trung diém M
cua BC.

Bai toan 12. Cho tam gidc ABC vdi phdn gidc BE,CF cdt nhau tai I, duong cao AH. Goi
0. R la trung diém BE,CF. Goi BR cdit CQ tai P. Chitng minh rang 1 P chia déi AH.
Loi gidi thit nhét dua theo y tuéng ciia ban Nguyén Tién Diing
2 RI CI-CR (I 2C1I 2(BC +CA
Loi giai thit nhat. Tacé = = —1=—-1= BC+CAH _
RC CR RC CF AB + BC +CA
BC +CA—-AB ol BC —-CA+ AB
. Tuong tu = .
AB 4+ BC +CA OB AB+ BC +CA
A o . DB BC+CA—-AB
tiep goc A v6i BC thi =
. DC BC—-CA+ AB ) ) )
thi /D, BR, CQ dong quy tai P. Theo bai toan quen thuoc néu dudng tron ndi tiep (/) tiep xic
BC tai K va KL 1a dudng kinh ctia (1) thi A, L, D thang hang. Tit d6 DI chia d6i AH hay PI
chia doi AH. O

Goi D 1a tiép diém dudng tron bang

. T d6 theo dinh ly Ceva cho tam giac /BC

Laoi giai thu hai dua vao viéc su dung bai toan 4

Loi giai thit hai. Goi dudng tron noi tiép (1) tiép xtic BC tai D. M, N 1a trung diém cilia
BC, AD, dé thay M, N, I thang hang. Theo bai toan 4 thi PM || AD. Dung K dbi xiing I qua
M thi tif giac /BKC 12 hinh binh hanh. Tit &6 BK || CF va CK || BE. Viy ta c6 cac chim
B(CF, RK) va C(BE, QK) diéu hoa. Tit d6 B(CF, RK) = C(BE, QK) nén A, P, K thang
hang va AP cat BC tai L thi hang (AL, PK) diéu hoa. Goi PM cat DK tai S thi do N la trung
diém AD va PS | AD nén M la trung diém PS. Tt d6 néu G ddi xting D qua M thi G nim
trén I P, mit khic thi KG || ID L BC. Tit d6 chim G(AL, PK) diéu hoama AH || GK nén
GP chia d61 AH hay I P chia doi AH. [
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Nhan xét. Lam theo cach thid nhét rit ngin ngon tuy nhién khi 1am theo cach thi hai cic ban
con c6 thé ching minh dudc bai tdng quét nhu sau

Bai toan 13. Cho tam gidc ABC vdi P bdt ky. PB, PC cdt CA, AB tai E, F. Q, R la trung
diém ciia BE,CF. BR cdt CQ tai S. M la trung diém BC. D thuéc BC sao cho AD || SM.
K thuéc BC sao cho AK || PD. Chitng minh rang PS chia déi AK.

Ta tong quat mot cach khac nhu sau

Bai toadn 14. Cho tam gidc ABC vdi tam néi tiép I va M la trung diém ciia BC. P thuéc IM.
PB,PC citCA,AB tai E, F. Goi Q, R la trung diém ciia BE,CF. BR cdt CQ tai J. Chiing
minh rang PJ di qua tiép diém ciia duong tron bang tiép goc A trén BC.
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Bai toan 15. Cho tam gidc ABC va P la diém bdt ky. PA, PB, PC cdt BC,CA, AB lan luot
tai D,E,F. DE, DF ldn luot cdt AB, AC tai M, N. Goi 0, R la trung diém cia EN, FM.
ER cdt FQ tai S. Chiing minh rang PS chia déi EF .

N

Lai gidi. Trong ta gidac PBC c6 DEF la tam giac Ceva ctia diém A. Ap dung bai toan 7 cho
tam gidc PBC va diém A. Ta c6 diéu phdi chiing minh. [

Nhén xét. Ta chi y ring cic hang diém (AC, EN) va (AB, FM) 1a diéu hoa. Q, R 1a trung
diém cac doan EN va FM c6 nhiéu y nghia hinh hoc thi vi.

Bai toan 16. Cho tam gidc ABC néi tiép duong tron (O). Cdc phdn gidc BE, CF cdt nhau tai
1. Tiép tuyén tai B, C ciia (O) cdt nhau tai T. Chitng minh rdang T1 chia déi EF.
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Loi gidi. Goi TB, TC cat CA, AB lan ludt tai M, N. Khi d6 M 1a trung diém doan ndi E va
chan phén gidc ngoai dinh B ciing chinh 13 diém lién hop diéu hoa ctia E véi A, C. Tuong tu véi
N. Ap dung bai toan 15 ta cé ngay 7'/ chia déi EF. [

Bai toan 17. Cho tam gidc ABC ndéi tiép duong tron (O). Puong tron bang tiép goc B tiép
xiic CA tai E va cdt (0) tai K, L. Puong tron bang tiép goc C tiép xiic AB tai F va cdt (O)
tai 1,J. KL, 1J ldn luot cdt CA, AB tai M, N. Goi NE cdit MF tai S va BE cdt CF tai Na.
Chitng minh rang SNa chia déi EF .

Loi gidi. Tacé ME?> = MK.ML = MA.MC, tit 46 M 1a trung diém doan ndi E va diém
lién hop diéu hoa ctia E véi A, C. Tuong tu véi N. Goi BM cit CN tai P. Theo dinh ly Pappus
dé thdy P, S, Na thang hang. Ap dung bai toan 15 thi PNa chia d6i EF, ta c6 diéu phai chiing
minh. 0
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Bai to4n sau cdc ban c6 thé giai tuong tu

Bai todn 18. Cho tam gidc ABC noi tiép duong tron (O). Duong tron néi tiép (1) tiép xiic
BC,CA,AB tai D, E, F. AK la duong kinh ciia (O). L la trung diém ciia ID. KL cdt (O)
tai G khdc K. AG cdt BC tai H. Puong thiang qua H vuong géc OI cdt CA, AB tai M, N.
BM cit CN tai P. BE cdt CF tai Ge. Chitng minh rang P Ge chia déi EF .

Bai todn 19. Cho tam gidc ABC nhon, truc tdm H, tdm ngoai tiép O. M, N la trung diém
HB, HC. Puong thing qua H vudng goc OA cdt duong thing qua M, N vudng goc vi
OC,OB tai K,L. NK, ML lan lugt cit HB, HC tai S, T. Dung cdc hinh binh hanh HMU T
va HNVS. Chitng minh rang ZUCB = /VBC.

Bai todn 20. Cho tam gidc ABC c6 cdc duong déi trung AD, BE,CF dong quy tai L, G la
trong tam tam gidc. X,Y, Z la trung diém cia AD, BE,CF. BZ cdt CY tai U. Tuong tu co
V, W. Chitng minh rang AU, BV, CW déng quy tai mot diém trén duong thing GL.

Bai todn 21. Cho tam gidc ABC va P bdt ky, G la trong tdm tam gidic ABC. PA, PB, PC
lan luot cat BC,CA,AB tai D,E, F. X,Y, Z la trung diém ciia AD, BE,CF. BZ cit CY
tai U. Tuong tw c6 V, W. Chitng minh rang AU, BV, CW dong quy tai mét diém trén duong
thing PG.

Bai toan trén lai dugc mé rong nhu sau

Bai toan 22. Cho tam gidc ABC vdi P, Q la hai diém bdt ky. QA, OB, QC cdit BC,CA, AB
tai D, E,F. PA, PB, PC lan lugt cit EF, FD, DE tai X,Y,Z. BZ cdt CY tai U. Tuong tu
c6 V, W. Chitng minh rdng AU, BV, CW déng quy tai mét diém trén dwong thing P Q.
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Két thiic bai viét t6i xin d& nghi mot ing dung dep mat clia bai toan 1

Bai toan 23. Cho tam gidc ABC vdi trung tuyén BE, CF va duong doi trung AD. Goi M la
trung diém AD. Puong tron qua A, B tiép xiic AC tai BM tai P. Duong tron qua A, C tiép xiic
AB cdt CM tai Q. AP, AQ lan lugt cdt BE,CF tai K, L. Chitng minh rang /KCA = /L BA.
Cubi bai viét tic gia mudn néi 16i cam on chén thanh t6i ban Nguyén Tién Diing sinh vién K50
dai hoc ngoai thuong va ban Trinh Huy Vu 16p 12A1 Toan trung THPT chuyén KHTN da doc
k¥ bai viét va gitip tdc gia hoan thién bai viét nay.

[1] nice [symmedians in a triangle, < ABM = < BAN]
http://artofproblemsolving.com/community/c6h19806p131967

[2] angle with tangential circle
http://artofproblemsolving.com/community/c6h207440

[3] Concurrent
http://artofproblemsolving.com/community/c6h193904

[4] Angle (Equal)
http://artofproblemsolving.com/community/q5h217854p1208193
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

PUONG THANG SIMSON

Ngé Quang Duong
(THPT chuyén KHTN, Ha Noi)

Bai viét nay nhu mot tai liéu tdng két mot khd dy di vé dudng thang Simson.

Bai viét nay nhu mot tai liéu tong két kha ddy di vé dudng thang Simson, goi nhu véy 1a béi bai
viét gop nhiit lai nhitng két qua quen thudc va tif nhiing bai viét khac, dic két thanh tai liéu. Bai
viét nay huéng téi cac ban hoc sinh, cdc gido vién, nhitng ngudi yéu thich hinh hoc. Chi véi viéc
biét nhitng khdi niém va cong cu co ban, quen thudc, ban doc c6 thé hiéu hét dugc ndi dung chi
tiét ctia bai viét. Phan 16n céc dinh ly trong day 1a so cip, chi c6 riéng phan cubi, néi vé tam gidc
cong thi tac gia cling da ¢ gang dién dat, trinh bay dé ban doc c6 thé dé dang hiéu dudc, va
khong thiy ngai khi doc vé mot dudng cong bac cao nay.

Bai viét st dung cic khdi niém, cong cu dudc ki hiéu nhu trong bang sau.

Ki hiéu Nghia
(a,b) Goc dinh huéng gilta hai dudng thang a,b (mod )
Z(a,b) Go6c khong tu gitta a, b
(A1A,...Ay) Puong tron ngoai tiep A; A»... A,
Mxy Trung diém XY
Hlé Phép vi tu tam O, ti s6 k

Dinh Iy 1. P nam trén duong tron ngoai tiép ANABC. Khi dé hinh chiéu vuéng goc ciia P lén
BC, CA, AB thing hang.

Pudng thang di qua ba hinh chiéu d6 ctia P dudc goi la duong thdng Simson cia P v6i AABC.
Khai niém nay dudc dat theo tén Robert Simson[1], gido su toan dai hoc Glasgow, Scotland.
Nhung thuc ra dudng thiang nay 1an dau dudc cong bd bdi William Wallace vao nam 1797 nén
doi khi dugc goi 1a ducng thing Wallace-Simson. Pudng thang Simson c6 mbi lién hé véi nhiéu
khdi niém va cac két qua hinh hoc khac va ban than né c6 rit nhiéu md rong, phat trién.
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Hinh 1. Puong thdng Simson

Chitng minh. Ching minh chi don gidn bing bién ddi goc.

(DE, DF) = (DE, DP) + (DP, DF)
= (CE,CP) + (BP, BF)
= (CA,CP)— (BA, BP)
=0
Do d6 D, E, F thang hang. O

Tit chitng minh trén, ta con thu dugc rang D, E, F thang hang khi va chi khi P nam trén dudng
tron ngoai tiép AABC.

Dinh Iy 2. Sau day la cdc truong hop ddc biét ciia duong thing Simson.
1. Puong thdng Simson ciia A la duong cao tir A ciia AABC.

2. Puong thdng Simson ciia diém ddi xitng véi A qua tém ngoai tiép la canh BC.

Dinh Iy 3. PD, PE, PF cdit (ABC) tai Ay, B, C,.
Thi AA,, BB;, CC; song song vdi duong thing Simson ciia P véi AABC.

Chiing minh.

(AA,, DE) = (AA,, AC) + (EC, ED)
= (PA,, PC) + (PC, PD)
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Vay AA, || D, E, F. O

Dinh Iy 4. P, P’ la hai diém trén (ABC) thi goc gitta duong thdng Simson ciia P va P’ bdng
nita sé do cung PP’

Chitng minh. Goi D', E’, F’ 1a hinh chiéu vudng goéc ctia P’ 1én BC,CA, AB.

(DE,D'F'y = (DE, DP) + (D'P',D'F")
= (CE,CP) + (BP', BF')
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= (CA,CP) + (CP', CA)
= (CP',CP)

(CP', CP) chinh bing niia s6 do cung PP’ O

Dinh Iy 5. H la truc tam AABC. Khi dé duwong thing Simson ciia P véi AABC chia déi doan
HP.

Chiing minh. Goi D', E’, F' 1a dbi xting ciia P qua BC,CA, AB 1dichira H, D', E', F’ thing
hang. Vay, chi can chitng minh H, E’, F’ thing hang la di.

Tacé (HA, HC) = (BC, BA) = (PC,PA) = (E'A,E'C)nén H, E', C, A dong vién. Tuong
tu ta cing c6 H, F', A, B dong vién.

(HE',HF') = (HE', HA) + (HA, HF")
= (CE',CA) + (BA, BF')
= (CA,CP) + (BP, BA)
=0

Vi tu tam P, ti s& 1/2 thi ta thu dugc dudng thang Simson chia d6i doan HP. O
Dinh Iy 6. P'P la dwong kinh ciia (ABC). Khi do duong thdng Simson ciia P va P’ vuéng goc

véi nhau tai mot diém trén duong tron chin diém cia AABC.

Chiing minh. Goi H 1a truc tAm va N 1a tAm dudng tron chin diém ctia AABC, khi d6 N 1a
trung diém OH . T 1a giao clia dudng thang Simson ctia P va P’ v6i AABC. Q, Q' 1a trung
diém HP va HP'. Theo dinh ly 5, dudng thang Simson ctia P, P’ 1an luct di qua Q, Q'.

7—[;1/2 : P,P',(ABC) +— Q, Q’,duong tron chin diém

Vi vay Q Q' 1a dudng kinh dudng tron chin diém. Hon nita 7Q' L. TQ theo dinh 1y 4, nén T
nam trén dudng tron chin diém. O
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Dinh Iy 7. AABC va AA'B'C’ cing néi tiép mot dwong tron thi géc giita duong thing Simson
cia P véi AABC va ANA'B'C’ khéng phu thudc vao vi tri ciia diém P trén duong tron ngoai
tiép.

Chiing minh. D& cho don gian, tif gid ta ki hiéu dudng thang Simson ctia P véi AABC la
s(P,ABC).

(s(P, ABC),s(P,A'B'C")) = (s(P, ABC), s(A, ABC))
+ (s(A, ABC),s(A’, A'B'C"))
+ (s(A', A'B'C"),s(P, A'B'C"))
= (BA, BP) + (BC, B'C’) + (BP, BA') (Pinh Iy 4)
= (BA, BA') + (BC,BC’) + (C'B,C'B’)
= (PA, PA') + (PB, PB') + (PC, PC))

Goc nay khong phu thudc vao vi tri cua P. O

Ta thu dudc dudng thang Simson khi va chi khi ta c6 bén diém ddng vién. V6i suy nghi d6 thi
duvng thang Simson hén 1a ¢6 lién quan téi ti gide ndi tiép. Cho mot tii gidc ndi tiép, thi ta dé
dang thu dugc bdn dudng thang Simson. Hay dén véi bai toan quen thudc sau.

Dinh Iy 8. A, B,C, D déng vién. Khi dé duong thing Simson ciia A, B,C, D véi ABCD,
ACDA, ADAB, AABC déng quy tai mot diém P.

Chitng minh. Goi H,, Hp, H., Hz 1a truc tam ABCD, ACDA, ADAB, AABC, O la tam
ngoai tiép (ABCD).
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Hinh 6. Bon duong thing Simson dong quy

£ 1 .
Ta dabietrang AH; = DH, = EOMBC. Do d6, ADH; H, 1a hinh binh hanh AH,, DH; cat

nhau tai trung diém moi dudng. Hoan toan tuong tu, AH,, BHy,, CH., DH; c6 chung trung
diém P. Theo dinh ly 5, duong th:fmg Simson cia 4, B,C, D v6i ABCD, ACDA, ADAB,
AABC dong quy tai P. O

Dinh Iy 9. Ay, By, Cy la giao diém cdc cdp duong thcfng DAva BC, DB va CA, DC va AB.
(1) P nam trén duong tron chin diém cia ABCD, ACDA, ADAB, AABC.
(2) P la truc tam cdc tam gich AAlMDAMgc, AB1MppMcy, AClMD(jMAB.
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Chiing minh. N, Ny, N., N; 1a tAm dudng tron chin diém cia ABCD, ACDA, ADAB,
AABC.

(1 )H;I/az bién (BCD) thanh dudng tron chin diém ctia A BCD va bién A thanh P nén P thudc
dudng tron chin diém cta ABCD.

(2)Do su dbi xting nén chi can chitng minh P 1a truc tam AA; Mpc Mpy 1a di.

B&i P, Mp4 la diém chung ctia dudng tron chin diém cac tam giac ACDA, ADAB nén PMp4
1 NpN..

NyN,. | HyH. || BC, vi Np, N, 1a trung diém OH,, OH, va P 1a trung diém BH,, CH.,.

Do vay, PMp4 L BC, hay tuong duong v6i PMpy L AjMpc. Tuong tu, PMpc L A1 Mpy
nén P la truc tam AA MpcMpy. O

Luu y rang P 1a diém Euler-Poncelet cia A, B, C, D. Ctd b6n diém trong mit phang (khong nhét
thiét 12 bdn diém ddng vién) thi déu c6 mot diém Euler-Poncelet[2]. Diém nay nam trén dudng
tron chin diém cta cic ABCD, ACDA, ADAB, AABC va con rat nhiéu tinh chét thd vi [3],
ban doc c6 thé xem trong muc bai tip va tham khao. Pay 1a diém rit quan trong trong hinh hoc
t diém.

Dinh Iy 10. Cho bén diém dong vién A, B, C, D va mét diém P bdt ki. Hgc, Hpa, Hca, Hpa,
H 43, Hpc la hinh chiéu vuong goc ciia P lén BC, DA, CA, DB, AB, DC.
Trung diém X, Y, Z ciia HpaHpc, Hpg Hca, Hpc Hap thing hang.
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Hinh 8

Dinh ly 10 da dugc dé cap trong nhiéu tai lidu.

Chiing minh. Ta thiy diéu ndy 12 hién nhién khi P trung véi tAm ngoai tiép O, bési khi d6
X, Y, Z trung v6i trong tdm cua A, B, C, D. Bay gio ta xét trudng hop P # O. Goi Q 1a mdt
diém chung ctia OP va (ABCD). Kgc, Kpa, Kca, Kpp, K 45, Kpc 12 hinh chiéu vudng géc
cua Q Ién BC, DA, CA, DB, AB, DC.
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Theo duong thazlng Simson ma ta c6 ngay cac bo ba di€ém sau (Kgc, Kpg, Kpc), (Kca. Kpc. Kpa),
(Kag.Kpa. Kpp), (Kpc, Kca, K4p) thang hang. Do d6 ma trung diém X, Y1, Z; cia Kpc Kp4,
KcaKps, K Kpc thing hang - day 1a duong thing Newton-Gauss[4] cla ti gidc toan phin
(KecKpsKpc, KcaKpcKpa,KapKpaKpp, Kpc KcaKap).

Gla trong tam A, B, C, D thi G 1a trung diém MpaMpc, MpgMca, MpcM 4.

Theo dinh ly Thales

MpaHps  MpcHpc _ OP

MpsKps MpcKge OO

Theo dinh Iy E.R.I.Q, G, X, X; thang hang v GX /GX; = OP /OQ. Pdng thdi ta thu dugc:

GX GY GZ oP
GXl GY1 Gzl OQ

ViX,. Y72, theztng hang, kéo theo X, Y, Z ciling thazmg hang. O]

Chiing minh néu trén khéo 1éo & chd, n6 quy viéc chitng minh dinh Iy vé viéc chiing minh mot
dudng hop dic biét, va 1di chi ra rang trudng hop tdng quat chi 13 hé qua ctia trudng hop dic biét
qua mot phép vi tu.

Phan nay tac gia viét lai theo mot bai viét clia thiy Tran Quang Hung: Pudng thing Simson va
cdc bai todn truc giao.

Dinh nghia cuc truc giao: Cho AABC va duong thing d. D, E, F la hinh chiéu vuéng goc ciia
A, B,C Ién d, cdc dwong thing qua D, E, F va vuong géc véi BC,CA, AB sé dong quy tai
mot diém 1. I duoc goi la cuc truc giao ciia d véi NABC.

Dinh Iy 11. Puong thing d luén di qua diém P ndm trén (ABC) thi cuc truc giao ciia d voi
AABC ndm trén duong thdng Simson ciia P véi AABC.

Chiing minh. D, E, F 12 hinh chiéu vuong géc ctia P 1én BC,CA, AB va B’, C’ 1a hinh chiéu
vudng goc cua B, C 1én d. I la cuc truc giao cua d v6i AABC.

(B'F,C'E) = (B'F,B'P) + (C'P,C'E)
= (DF, DP) + (DP, DE)
=0

= FB'|| EC’.Chiyring IC' || PF (L AB)vaIB' || PE (L AC).IB',IC' cat EC', FB’
tai M, N. Bang dinh 1y Thales

FB" PB" EM

FN PC' EC
Theo dinh 1y chum dutng thang dong quy, EF, NC', MB’ ddng quy, tic la I, E, F thang
hang. ]

Ta dén véi mot két qua hét siic dep dé vé cuc truc giao.
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Hinh 9

Dinh Iy 12. (Trdn Quang Hung [5]) A, B,C, D, E, F dong vién.
Ay, By, Cy la cuc truc giao cua BC,CA, AB vdi ADEF.

Dy, Eq, Fy la cuc truc giao cua EF, FD, DE voi AABC.

Thi Al, Bl, Cl, Dl, El, F1 déng vién.

Chiing minh. (Dua theo chiing minh cua Luiz Gonzalez)

H, H'1a truc tim AABC va ADEF. A', B', C', D', E’, F', K 1a trung diém H'A, H'B,
H'C,HD,HE,HF, HH'.

DE c6 dudc chitng minh, ta cAn cdc bS dé sau.

B6 dé 13. D, E, F thuéc BC,CA, AB. (AEF), (BFD), (CDE) ddng quy tai O theo dinh ly
Miquel.

O la tdm ngoai tiép ANABC khi va chi khi O la truc tam ADEF.

Chitng minh bé' dé O 1a truc tim A DEF khi va chi khi (AEF), (BFD), (CDE) bang nhau.
St dung dinh ly sin:

0A B OB B oC
sin Z(AB, OF)  sinZ(BC,0D)  sinZ(CA, OF)

= sin Z(AB, OF) = sin Z(BC, OD) = sin Z(CA, OF), vay OA = OB = OC.Nén O la
tAm ngoai tiép AABC.

B dé 14.
(BC,s(A, DEF)) = (s(D, ABC), EF)

Chitng minh b6’ dé. Theo dinh ly 4:
(BC,s(A, DEF)) = (BC, AH) + (s(A, ABC), s(A, DEF))
= g + (s(A, ABC), s(A, DEF))
(s(D, ABC), EF) = (EF, H'D) + (s(D, ABC), s(D, DEF))
= % + (s(D, ABC), s(D, DEF))
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(s(A,ABC),s(A, DEF)) = (s(D,ABC),s(D, DEF)), theo dinh 1y 7.
Quay lai vdi viéc chitng minh dinh Iy ban dau.
Tu dlnh 15’ 5, ElFla F1D1, DlEl di qua D/, E/, F/; Blcl, ClAl’ AlBl di qua A/, B/, C/.

4 B
o
"' /' .,‘.I \ '\.\ s E
/ l ‘ -
e /| | I
- e Py
'- ., k. Jr
N W
™
/ ) R .\
_.’(j‘f "
s
\\
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£ < o .
N
o o
D A
Hinh 10

KD'|H'D L EF = KD' 1 EF.Tuong tu,tacé KE' L F'D’'nén K la truc tim AD'E'F’.
(KE',KF') = (H'E, H'F)

= (DF, DE)

= (s(E,ABC),s(F,ABC))

= (D1Fy,DEy)

- (DlE/,DlF/)
Do d6 K thudc (D, E’F'). K ddng thoi ciing thuoc (E, F'D’), (FiD'E’). Theo b8 dé 13, K 1a
tam ngoai tiép AD | E{ F; vi AA, B, C;. Bay gio, ta chi can chira (D, E| F;) va (4, B,C;) ¢6
cung ban kinh. Theo dinh ly sin:

E'F’
KD, = — sin /(KE', F'D’)
S A(DlEl, D1F1)
EF

_ in/(KE', F\ D
3sin Z(DE. DF) "4 1D

= Rcos Z(FD, F;D;) = Rcos Z(FD,s(E, ABC))

KA; = RsinZ(CA,C1A,) = Rcos Z(CA,s(B, DEF))

Tuong tu, ta cling tinh dugc KD; = KA. Ki hiéu R 1a ban kinh cia (ABCDEF).

KAl = KD], ma K la tam l’lgOai tlép AAIBIC1, AD1E1F1 nén Al, B], Cl, Dl, El’ F] d6ng
vién. ]
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Hé qua 15. s(D,ABC),s(E, ABC),s(F, ABC) dong quy khiva chi khi s(D, ABC), s(E, ABC),
s(F, ABC) ldn lugt vuéng goc véi EF, FD, DE.

Chitng minh. Tu ching minh cda dinh ly 12:
KDy = RcosZ(FD,s(E,ABC))
KE{ = Rcos Z(DE,s(F,ABC))

KF, = Rcos Z(EF,s(D, ABC))

s(D,ABC),s(E,ABC),s(F,ABC) déng quy khi va chi khi KD, = KE; = KF, = 0,
tuong duong s(D, ABC), s(E, ABC), s(F, ABC) vuong goc v6i EF, FD, DE. ]

Con bay gio, tac gia xin gidi thiéu t6i ban doc mot két qua rit dep khac vé dudng thang Simson.

Dau tién ta dinh nghia hinh bao. Néu nhu quy tich 1a tap hop diém, thi hinh bao 1a mot hinh cb
dinh ma luén tiép xic véi mot dudng thay d6i. Pé cho rd hon, xin dua ra mot vi du don gian vé
hinh bao: AABC néi tiép (O) va ngoai tiép (I). M thay doi trén (O). Hai ddy MD, ME clia
(0) tiép xiic véi (I) thi EF luén tiép xiic (I). Khi dé (I) chinh la hinh bao ciia duong thdng
EF didong

Thi hai, ta dinh nghia thé nao 12 mot tam gidc cong (deltoid)[6].

Dinh Iy 16. Hai duong tron (0,3R) va (I, R) tiép xiic trong tai M.

1. (0,3R) co dinh, con (I, R) ldn, nhung khong trugt trén (O,3R) thi M(gdn chdt vii
(I, R)) cing di dong theo va vach ra mét duong goi la tam gidc cong.

2. Trong toa do Descartes, (O, R) co phuong trinh
x2 + y2 — 9R2
va M(3R,0) thi tam gidc cong cé phuong trinh tham sé

x =2Rcost + Rcos2t y = 2Rsint — Rsin2¢

Dinh Iy 17. (Jakob Steiner) Khi P di dong trén (ABC) thi s(P, ABC) ludn tiép xiic véi mot
tam gidc cong.[7]

Jakob Steiner[8] 12 mot nha hinh hoc ngudi Thuy Si, dng c6 nhiéu déng gdp quan trong cho hinh
hoc Euclide, 1y thuyét d6 thi, dudc xem 12 mot trong nhitng nha hinh hoc tai ning nhét. Steiner
ludn tim c4ch chiing minh thuan tdy hinh hoc, tiic 1a khong st dung hé toa do. Dinh ly trén ducc
phét hién va ciing chiing minh béi Steiner, ciing 12 mot chiing minh thuén tdy hinh hoc. Tuy
nhién & day chiing ta két hdp chiing minh thuan tiy ctia M. de Guzman[9] véi viéc st dung toa do
Descartes. Y tudng chinh 1 quy viéc chiing minh v6i tam gidc bat ki v& trudng hop tam gidc déu.

Chitng minh. Trudc hét, ta cAn mot s6 bd dé.
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Hinh 11. Tam gidc cong

"'o(-

&g

Hinh 12. B6'dé 18

B6 dé 18. P, B',C’ thuéc (ABC) sao cho BC || B'C'. W L BC, B'C’ va c6 diém cudi thudc
BC, diém ngon thuéc B'C'. Phép tinh tién theo vector W ky hiéu la T (W) bién duong thing
BC thanh duong thing B'C’ thi

1. T(W) :s(P,ABC) — s(P,AB'C’).
2. T(W) : dwong tron chin diém AABC — duong tron AAB'C’.

Chitng minh bé dé 18. H, H' 1a truyc thm, N, N’ 1a tAm dudng tron chin diém AABC va
AAB'C’. Ta dé dang thu dudc:

e T ————
QQ'=DD'=MpcMpc =NN' ="
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Luu ¥ ring T(W) khong nén bi nhdm 1dn véi phép bién hinh tinh tién. O day, hdy xem bién doi
T giong nhw viéc nan tam gidc vdy.

B& dé 19. Ton tai 2 phép nein ma hop ciia chiing bién AABC thanh mét tam gidc déu A A, B, C;.

V6i bd dé nay, ta chi can st dung hinh vé va vai 19i giai thich, bdi b6 dé nhin chung 13 truc quan.

44_4_4.)_
A
SN

PC

Hinh 13. Minh hoa b6 dé 19

D& thiy ton tai Tgc () nidn BC thanh B;C’ sao cho AAB;C’ can tai By, va ciing hién nhién
12 ton tai mot phép nan T¢- A(_v)) bién AC’ thanh A,C; sao cho A A; B;C; 1a mot tam giac déu.
Ta quay lai chiing minh dinh ly

Theo b& d& 18, 19, khi ta ndin AABC thanh mot tam gidc déu, thi dudng thang Simson chi bi
tinh tién di, nén néu né c6 hinh bao thi hinh bao d6 ciing bi tinh tién. Nhu vy ta chi can chiing
minh cho trudng hop AABC 1a tam gidc déu ma thoi. Téi day ta sé st dung hé toa do Descartes
trong mit phang.

Pau tién ta chon toa do ctia 4, B, C, P.

AQRR,0) B(—R,Rv3) C(—R,—R~3) P(Rcosf,2Rsinb)

Vi 0(0,0) la truc tim A ABC, nén dudng thang di qua hinh chiéu vudng géc D cia P 1én BC
va trung diém OP chinhla s(P, ABC).

D(—R,2Rsinf) Mop(Rcos8, Rsinb)

s(P, ABC) c6 phuong trinh

x—Rcost)  y— Rsinf
—R—Rcosh  Rsinf

N X 4 y . 1
R(1 4+ cos@)(1 +2cosf) Rsinf(1 +2cosf) 1+ cosb
X y 1

© ReosZ(1 +2¢c0s6) | RsinZ(1 +2c038)  cos?
cos 5 (1 + 2cos 0) sin (1 +2cosf) cosz
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[ | 0
|

Hinh 14. Trong toa do Descartes

B& dé 20. Trong toa dj Descartes, duong cong C co phuwong trinh tham sé
x=f() y=gQ)
Tiép tuyén tai A(f(a), g(a)) ciia C c¢6 phuong trinh

x vy @ s@
f@ g@  f@ g@

Hinh 15

Chitng minh bé' dé 20. B(f(b), g(b)) 1a mot diém trén C. Ta 1ap dudc phuong trinh dudng thang
di qua A(f(a),g(a)) va B(f(b), g(D)) la:

x—fla _ y—gl)
fb) = fl@) gb)—gla)

g() —g(a)
b—a

b) — ) )
Khi b — a thi w — f'(a) va — g'(a), va AB — tiép tuyén tai A, tir
—a

d6 ma bé dé dugc chiing minh.
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Bay gio ta chira s(P, ABC) tiép xic v6i mot tam gidc cong c6 phuong trinh tham s6 1a:
x = f(t) =2Rcost + Rcos2t y = g() =2Rsint — Rsin2t

Nho bé dé 20, sau vai phép bién d6i dai s6 va luong gidc, ta dudc tiép tuyén tai ( £(¢), g(1)) cla
tam gidc cong c6 phuong trinh:

X y 1
- + = —
Rsint(1 +2cost) R(1 —cost)(l + 2cost) sin ¢
y 1

& + — = (%)
Rcosi(14+2cost)  RsinZ(l+2cost) cos%

Ro rang phuong trinh cta s(P, ABC) c6 dang (x) nén s(P, ABC) tiép xiic véi mot tam gidc
cong. 0

Dinh Iy 21. (Mét s6 tinh chdt cia tam gidc cong Steiner)
1. Duong tron chin diém ciia AABC la duong tron ndi tiép tam gidc cong Steiner.
2. Cdc dinh ciia tam gidc cong Steiner tao thanh mot tam gidc déu, va tam gidc nay vi tw véi
tam gidc Morley cua AABC.

Chitng minh. Tinh chdt I hién nhién theo phép nan tam gidc ta da dé cap & trén. O day ta sé dua
ra chiing minh cho tinh chdt 2, & day ciing can téi bd dé trong bai viét ctia M.de Guzman

Hinh 16. Tam gidc Morley

Tu chiing minh dinh ly Morley cia M. T. Naraniengar[10]:

B-C C—4A A—B
4(BC,Mch)=|3—| A(CA,McMa):l | A(AB,MaMb):l 3 |

Ta ciing thu dudc cac dang thiic tudng tu véi tam giac Morley ciia AAB,C’. Tit d6 dé dang kiém
tra dugc hai tam gidc Morley cia AABC va AAB;C’ ¢6 céc canh tuong dng song song. Tuong
tu, thi tam giac Morley cia AABC va A A, B;C, ciing c6 cdc canh tuong ting song song. Theo
chiing minh ctia dinh 1y 17, hai tam gi4c Steiner(tam giac thang, phan biét v6i tam gidc cong)
cia AABC va AA;B;C; 1a anh ctia nhau qua 2 phép tinh tién. Hon nita, A A, B;C; déu nén
cac dinh ctia nd sé vi tu v6i tam gidc Steiner ciia A A, B;C(véi tam gidc déu thi diéu nay xem 12
hién nhién).

Két hop nhiing diéu trén, tam giac Morley ctia A A BC vi tu véi tam gidc Steiner cia AABC. [

167



Tap chi Epsilon, S6 07, 2/2016

Figure 17. Tam gidc cong Steiner - Hinh bao ciia duong thdng Simson

Dinh ly sau la cach dung tiép diém clia dudng thang Simson vdi tam gidc cong Steiner.

Dinh |y 22. (Phép dung tam gidc cong Steiner) Mot duong theing £ tiép xiic (ABC) thi cuc truc
giao ciia L vdi AABC nam trén tam gidc cong Steiner ciia ANABC.

Chiing minh. Téc gia dua ra mot chiing minh st dung gidi han trong hinh hoc. Goi P 1a tiép
diém ctia £ v6i (ABC), nhu vy cuc truc giao ctia £ véi A ABC phai nam trén s(P, ABC), theo
dinh 1y 11. Q thudc (ABC), tadit Z(OP, 0Q) = §, O 1a tam ngoai tiép A ABC . Cuc truc giao
T ctia PQ v6i AABC 1a giao cias(P, ABC)vas(Q,ABC).s(P,ABC) vas(Q,ABC) déu
tiép xudc véi tam gidc cong Steiner. Khi § — 0 thi T sé tién t6i mot gi6i han, chinh 12 tiép diém
cua s(P, ABC) v6i tam giac cong Steiner. Vi vay, cuc truc giao cua £ véi AABC thudc tam
giac cong Steiner. U

Ta con thu dugc mot hinh bao khac, ciing 1a mot tam giac cong.

Dinh Iy 23. P chay trén (ABC). Puong thing qua P va vuéng goc véi s(P, ABC) ludn tiép
xuc vai mot tam gidc cong.

Chiing minh. PP’ 1a dudng kinh ctia (ABC). Q' 1a trung diém P'H. Do Q’, O la trung diém
P'H, PP’ nén ta dé dang thu dudc rang PQ’ di qua trong tim G ctia AABC va GQ'/GP =
—1/2. Ma dudng thang qua P, vudng géc s(P, ABC) va dudng thang s(P’, ABC) song song
nén dudng thang qua P vudng goc s(P, ABC) 1a anh ctia s(P’, ABC) qua phép vi tu tam G, ti
s6 —2. Piéu nay din t6i dudng thing qua P va vudng goc s(P, ABC) sé tiép xidc véi anh cla
tam gidc cong Steiner qua phép vi tu tim G ti s6 —2. [l
Tam gidc cong Steiner, cling nhu hinh bao noi trén, 1a mot trong nhiing dudng cong bac cao (cu
thé & day, hai dudng nay déu bac bdn) rit ndi tiéng trong hinh hoc tam giac. Hién khong c6 nhiéu

ngudi nghién ciiu vé nhitng dudng cong thé nay trong hinh hoc tam gidc, ban doc ¢6 thé tham
khdo qua [7], va cdc bai viét ctia tac gia Bernard Gibert.

Céc bai 1,2,3 st dung cung ki hiéu, trong cung mot ciu hinh.
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Figure 18.

Baitap 1. AABC, P thuéc (ABC). D, E, F la hinh chiéu vuéng goc ciia P 1én BC,CA, AB.
PD, PE, PF cdt (ABC) tai A', B',C’. Chitng minh rdng truc tdm cia tam gidc tao bdi
s(P,ABC), s(B',ABC), s(C', ABC) chay trén mot duong tron cé dinh khi P thay doi

Bai tap 2. Truc tdm va tdm ngoai tiép ciia tam gidc tao bdi s(A', ABC), s(B', ABC), s(C’, ABC)
cung chay trén mét dwong tron cé dinh khi P thay doi

Bai tap 3. Tam duong tron Miquel ciia ti gidc toan phdn (AB, AC, s(B', ABC), s(C', ABC))
chay trén mot duong tron cé dinh khi P thay doi.

Bai tap 4. (Tran Quang Hing) P théa man hé thiic:

(BC, PA) + (CA, PB) + (AB, PC) = g
D, E,F thuéc (ABC) sao cho AD L PA, BE 1 PB, CF L PC. Chiing minh rdng
s(D,ABC), s(E,ABC), s(F, ABC) dong quy.

Bai tap 5. (Puong thdng Steiner ciia tit gidc toan phan) Cho 4 duong thdng a, b, ¢, d déi mot cdt
nhau, 3 duong bdt ki khéng dong quy. Chitng minh truc tam ciia Abcd, Acda, Adab, Aabe,
cuee triee giao cuia a, b, ¢, d lan luot véi Abed, Acda, Adab, Aabc thcfng hang.

Diém Anti-Steiner ctia P véi AABC 1a diém dong quy ctia d6i xting cia HP qua BC, CA, AB.
Trong d6 H la truc tam AABC.

Bai tap 6. P,, Py, P. dbi xitng véi P qua BC,CA, AB thi (AP, P.), (BP,P,), (CP,Py) dong
quy tai diém Anti-Steiner ciia P.

Bai tap 7. (Pao Thanh Oai) Puong thing € qua truc tam AABC, cdt BC,CA, AB tai D, E, F.

1. Puong thing qua E, F, vuéng géc CA, AB cdt BC tai Ay, A. va cdt nhau tai X thi
(XApA,) tiép xiic (ABC).

2. Twong tu cdu a, ta dinh nghia B., By, Ca, Cp, Y, Z. Chitng minh rang (AB,C,), (BCpAp),
(CA.B.) déi mét tiép xiic tai mot diém trén (ABC).

169



Tap chi Epsilon, S6 07, 2/2016

Bai tap 8. Cho 4 diém A, B, C, D. Chiing minh duong tron chin diém ciia ABCD, ACDA,
ADAB, AABC, duong tron pedal cua A, B,C,D véi ABCD, ACDA, ADAB, AABC
dong quy. Trong do, duong tron pedal ciia A véi ABCD la duong tron di qua hinh chiéu vuéng
goc cua A lén CD, DB, BC.

Trén day la tong két cta tic gia vé dudng thang Simson. Hi vong ban doc thiy bai viét 1a
mot tai liéu c6 ich. C6 thé bai viét chua thuc su day dd, moi gop v, cau hdi xin giii vé dia chi
tenminhladuong @ gmail.com

[1] Robert Simson, Wikipedia
[2] Poncelet point, Wikipedia

[3] QA-P2: Euler-Poncelet point
chrisvantienhoven.nl/quadrangle-objects/10-mathematics/quadrangle-objects/12-qa-
p2.html

[4] Newton Line
chrisvantienhoven.nl/other-quadrilateral-objects/17-mathematics/quadrilateral-
objects/artikelen-ql/137-ql-11.html

[5] Tran Quang Hung, Six orthopoles lie on a circle
artofproblemsolving.com/community/q1h496827p2790078

[6] Deltoid, Wikipedia

[7] Steiner Deltoid
bernard.gibert.pagesperso-orange.fr/curves/q000.html

[8] Jakob Steiner, Wikipedia

[9]1 M. de Guzman, The envelope of the Wallace-Simson lines of a triangle. A simple proof of the
Steiner dinhly on the deltoid.

[10] Morley dinhly, M.T.Naranielgar’s proof
cut-the-knot.org/triangle/Morley/Naraniengar.shtml
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

BAI TOAN HAY LGOI GIAI DEP

Tran Nam Ding - Dai hoc Khoa hoc Tu nhién - DPHQG TPHCM

LOI GIOI THIEU

Chuyén muc nay dudc 14y cdm hiing tif bai viét cia thdy Nguyén Duy Lién &
Epsilon sb 3 trong ky thi IMO 2001 vé6i 5 cach gidi khdc nhau. Muc nay sé dé danh
viét vé nhiing bai todn hay, 15i gidi dep va nhitng ciu chuyén thd vi xung quanh
nhiing bai toan va 16i giai do.

Tén ctia chuyén muc dugc mugn tu tén cua mot nhém nhiing ngudi yéu toan trén
Facebook do anh Nguyén Vin Loi sang 1ap “Bai todn hay — Loi gidi dep — Pam mé
todn hoc”. Chuyén muc ghi nhin céc dé cit cia ban doc va sé chon ding mdi ky 1, 2
bai toan.

S6 nay chung toi sé gidi thidu v6i ban doc vé mot bai toan kinh dién v6i nhiéu
16i gidi hét stic bat ngo.

Bai toan 1. Chitng minh rdng vdi moi s6 nguyén duong n ta cé ding thitc
P+2+ o dn’=0+24-+n)?

Day 12 mot két qua tuyét dep. Tong 1ap phucng clia n s6 nguyén duong dau tién bang binh phuong
clia tong cdc sd d6. Tét ca ching ta déu biét cach gidi cia Gauss khi tinh téng 7 sb nguyén duong

nn+1)

dautiéen1 +2+---4n = , do cp sb cong c6 tinh chét: Tong clia s6 hang dau tién va

s6 hang cudi cuing bang tdng clia s6 hang thi hai va s6 hang ké cubi ... Nhung d€ tinh tong lap
phuong ctia n sb nguyén duong dau tién thi tinh chit “ddu - cudi” nhu thé khong con ding nita.
That bét ngd khi ta phat hién dudc quy luat tuyét dep ndi trén. Va tat nhién 1a néu d6 13 mot quy
luat ding thi ta ¢ thé chitng minh dudgc né.

Céch chiing minh thi nhét 13 cich chiing minh kinh dién. Dung quy nap toan hoc ta c6 thé dé
dang chiing minh dudc ring

n(n + 1):|2

Vi céch nay qua kinh dién va don gidn nén ta sé bo qua.

Céch chiing minh thif hai, cling 1a cach c6 thé tong quat hda d€ tinh céc tdng lily thira bac khac
cia n s6 nguyén duong dau tién 12 dung sai phan va “liy thita roi rac”.

Loi gidi. Véi mot ham s f(x), ta dit A f(x) = f(x) — f(x — 1). Khi d6, néu mudn tinh téng
f(1) + f(2) +---+ f(n), tachi can tim dugc ham F(x) sao cho AF(x) = f(x) thi

S+ Q)+ 4 f(n) = F(n) — F(0).
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Ta goi ndm na F(x) la “nguyén ham roi rac” cua f(x).
Xét lay thita roi rac x™ = x(x + 1) --- (x + n — 1). D& dang thiy ring
Axr+1l — xx+1)---x+n—-x—-Dx---(x+n—-1)=mn+ l)x[n]-

[n+1]
T Vi phép lay nguyén ham cong tinh nén dé

Tur d6 suy ra “nguyén ham” cua x[ ¢chinh 1a
n

tim nguyén ham ctia x>, ta chi cAn tim cach phan tich x> thanh tdng clia cac Iy thira roi rac.
RO rang la
¥ =x(x+ Dx+2)—3x(x + 1)+ x = xB3xP 4 x0,

14

(2] 2 2
b x“(x+1
Do d6 nguyén ham ctia x> léT—x[ 14 = (x+ 1)

7 2 , suy ra diéu phai chiitng minh. [

Hai cich chitng minh dai s6 niy du it hon hay nhiéu hon nhung ciing déu 12 nhiing cach chiing
minh kha quen thudc. Bay gid ta sé chuyén sang mot cach chiing minh thu vi khac “ding 16
hop”. Loi giai nay xuit phat tif mot bai todn tudng chitng nhu khong lién quan sau day:

Bai toan 2. Cho hinh vuéng n x n tao bdi n* hinh vuéng nhé xép gan nhau (nhu hinh vé la hinh
vuong 4 x 4).

Hodi c6 bao nhiéu hinh chit nhdt tao thanh tix cdc hinh vuéng nhé lién nhau?

Viéc dém bing phuong phap liét ké 1a kha tdn cong stic va khong thé tdng quat héa dudc. Tuy
nhién, ta van can phai thuc hién diéu d6 v6i mot sb gid tri dau tién ctia n.

Loi giai. V6in = 1 ¢6 1 hinh chit nhat, v6i n = 2 ¢6 9 hinh chit nhat, v6i n = 3 ¢6 36 hinh
chit nhat va v6i n = 4 ¢6 100 hinh chit nhat. Cé thé nhan thiy quy luét 12 s6 hinh chit nhat bang
(1 +2 + --- + n)?. Ta c6 thé chiing minh chit ché diéu nay bang 1y luan sau:

Panh sb cach duong thang tao nén ludi vudng tir trai sang phai va ti trén xubng dudi la
1,2,....,n+1val,2,...,n+ 1. Khi d6 mot hinh chi nhat bat ky tao bdi cac hinh vuong
con k& nhau dudc xéc dinh hoan toan bdi s6 thi tu ctia hai canh ngang va s6 thi tu ctia hai canh
doc. Vi du hinh chit nhat mau cam trong hinh duéi
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dudc xéac dinh béi hai cip s (2, 3) va (2, 4). Tit d6 suy ra s6 cac hinh chit nhat bing s6 bo 4 sb
(G, j,k,)v6il1 <i<j<n+1val<k <[ <n+1.Suyradép sb chinh 1a (an_H)z. [

Bai todn c6 1é da két thiic tai ddy néu ta khong dit cAu hoi: Két qua bai toan 1a (1 +2 +--- +n)2.
Vay liéu c6 cach nao lién hé né véi dang thiic & bai 1 khong? Hay néi cach khéc, c6 cach nao
tinh sb cac hinh chit nhat dé ra dap s6 12 1° + 2% 4 ... 4+ n?, tir d6 theo nguyén ly dém bing hai
nn+1)

2
khong?
7 :| ong

cach, suy ra dang thic 1° + 23 + ... +n% = [

Cau tra 1i 12 c6, bay gid ta goi sd hinh chit nhat c6 trong hinh vudng n x n 12 S(n). Khi ta bd
sung vao cot thif 7 + 1 va hang thii n + 1, ta mubén dém xem c6 bao nhiéu hinh chif nhat méi
dudc hinh thanh.

Ta thiy dinh géc trén phia bén trdi ciia mot hinh chit nhat nhu vy sé cé toa do 1a (i, j) véi
1 <i, j <n+ 1. Ung v6i mdi dinh nhu vy, sé c6 mot sb cach chon dinh goc dudi bén phai
khéc nhau (géc dudi bén phai phai nam & cot thi 7 + 2 hoidc hang thi n + 2). Tuy nhién, ta c6
thé thiy rang dng v6i 2 diém xuyén tim dbi d6i v6i hinh vudng 7 x n thi tdng sb cach chon dinh
. . n+1)>2 .
goc dudi bén phai cho hai di€ém nay bang 2(n + 1). Do ¢6 % cap (trudng hgp n chan sé
¢6 1 diém di cdp v6i chinh nd), moi cip tuong dng véi 2(n + 1) hinh chit nhat mdi nén ta suy ra
c6 tit ca (n + 1)* hinh chit nhat méi, tic 1a S(n + 1) = S(n) + (n + 1)°.

Cach nay tuy ly gidi dudc mot cach 8 hop dang thiic da cho nhung van con qua ric réi, va lai
ciing dung dén tu tudng quy nap. Pung 1a chua that dep.

Nhung cich giai “khong 107" dudi day thi chic chan sé lam chiing ta sting s6t va thud vi. Thiét
nghi ban doc c6 thé tu gidi thich dudc ma khdng can bt cif 15i binh din nao. Pay 13 hinh minh
hoa cho trudng hop n = 4 va dang thic 13 + 23 + 33 + 4% = (1 + 2 + 3 + 4)2. Hoi khic
v6i cach gidi trudc, & day bai toan dém 1a don gian: Pém céc 6 vudng con trong hinh vudng
(14+24---4n)x (1 4+2+---+ n) bang hai cich.
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HOI CHUNG CAROL

José-Manuel Rey

. O )

Ban t6i, Carol rét t6t va xinh dep. Moi ngudi déu c4 ring cd iy c6 rit nhiéu méi tinh. Nhung héa
ra su that khong phai nhu vay.

Su that 1a Carol chua tiing hen ho véi ai trong mot khoéng thdi gian dai. Va mic du 6 Ay rit ngai
ngung, cd iy van rong md v6i nhitng 15i td tinh thit 1ong va mong mudn tim kiém mot ngudi dic
biét. Thé nhung Carol khang dinh rang cac chang trai khong hay tiép can co 4y. Co nghi riang cd
khién ho s¢ hai. Liéu d6 c6 phai 14 co gip xui xéo? Hay do mot cdi gi khac? C6 1 Carol da c6
mot cai nhin méo mo vé thuc té.

May man, day 1a mot van dé tu nhién dugc nham dén trong toan hoc. Néu dé la cau hoi vé su
may man, todn hoc ¢6 I sé 1am sdng té vin dé ctia Carol. Chung ta cing tim hiéu xem.

Xét mot anh chang, goi anh ta 1a Guy, ngudi thich Carol va ¢6 cd hdi néi chuyén véi co 4y, chang
han nhu & trong quay ca phé. Nhin ra rang Carol dang ngudng, anh ta cin nhic xem c6 nén tiép
can co Ay khong. Guy xem xét cac két qua c6 thé xay ra sau:

1) Anh ay ndi chuyén véi Carol va c6 ay dap lai mot cach than thién. Anh ay c6 dude so dién
thoai cua co ay va s€ co cai hen vao tuan sau.

2) Anh 4y khong tiép can Carol. Anh 4y c6 thé 1am nhitng thi bé ich khac (nhu doc bdo chang
han).

3) Anh 4y néi chuyén véi Carol va c6 4y cam thiy khong hing thii. Anh 4y sé cdm thiy dau
khd trong 1 tuan lién.
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Guy ddnh gia két qua nay bang viéc gan cic gid tri @, b va 0 vao cac lua chon (a), (), (c) tuong
ting, trong d6 @ > b > 0. Bang cich nay, Guy mudn lua chon (a) hon Iua chon (b), va cubi cing
12 kich ban tdi té nhat (c).

Bay gid Guy nhin ra rang minh khong phai 12 chang trai duy nhét trong thanh ph6. Anh ta nhin
thifc dudc thuc té rang két qua phu thudc dang ké vao hanh dong ctia nhitng chang trai khac mot
cach ddc 1ap, quyét dinh ring c6 nén tiép can Carol hay khong. Gia st rang Guy nghi anh ta
c6 thé nhan dudc (a) chi khi khong mot ai khac tiép can Carol va (c) khi anh 4y khong phai 1a
ngudi duy nhét tiép can Carol. Tt nhién néu nhu khong néi chuyén véi Carol, anh ta sé nhan
dudgc (b). Su khiém ton ctia Guy xem ra kha dé hiéu bdi anh khong tu tin vao ban than cho 1am
trong cac cudc néi chuyén truc tiép.

Su that rang nhiing lya chon ctia anh ta phu thuéc manh mé vao lua chon ctia nhiing ngudi khac,
tao nén van dé quyét dinh tuong tac. Nghién ctiu vé nhiing hanh vi don 1& dudc quy dinh bi moi
truong xa hoi nhu thé nao 1a muc tiéu ctia tim 1y x4 hoi hoc. Sy tuong téc lién quan & ddy chinh
1a 1y thuyét tro choi, dugc phat trién vao thé ki XX.

2. Bai toan Carol

Giai phap cho vin dé ctia Guy va ctia tit ca nhitng chang trai khac d6 1a b6 budc cac hanh dong
dudc coi 1a hop ly trong khudn md ta. Gia dinh rang tit ca moi ngudi déu cu xit hop 1y c6 vé hoi
phi thuc té nhung day 1a diéu rit quan trong trong céch tiép can 1y thuyét trd choi, bdi vi toan hoc
khong thé giai thich dudc viéc ai d6 hanh xit phi 1y hoidc chdng lai 16i ich ctia chinh ho. Tinh d6i
xtng ctia vin dé - Guy c6 thé 1a bt cif ai - ngu y rang tit ca sé hanh dong theo cing mot cach vi
tAt c4 déu can nhic 1am sao cho hgp ly. Tinh hop 1y cho phép loai bd cac giai phap dbi xiing khi
khong ai n6i véi Carol: Cho rang khong ai trong s nhiing ngudi nay néi chuyén véi co, Guy sé
dugc mot két qua tot hon khi tiép can co Ay, vi vdy tinh hop 1y cho rang Guy c6 tiép can co ay.
Mot ly do tuong tu cho phép bd gidi phép ring tit cd moi ngudi néi chuyén véi Carol. Khong cé
giai phap dbi xing rd rang hon.

e
o

Tiép can hay khong tiép can Carol?

Guy can phéi hanh xi that khon khéo. Anh ta c6 thé nghi cach xi 1y tinh huéng khé xi nay 1a
tung dong xu, diéu nay 1am cho Guy tré nén khong chic phai 1am gi. Néu ta cong nhan “trd nén
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khong chdc” 1a mot giai phap kha thi cho tinh hudng trén, thi ti 1& 50 — 50 12 hop ly hay liéu c6
mot miic khong chic chan nao khac, nhu 30 — 70 ¢6 thé tiép can Carol, hoic t6t hon thé? Liéu
day tham chi 1a cach hop 1y cho su khong chac chan? Pay c6 vé 1a mot y tudng thd vi. Ciing xem
diéu nay dan chiing ta dén dau.

Su khong chic chin ctia Guy dudc mo ta bdi xac suit p kha ning tiép can Carol (vi vay 1 — p la
xéac suit khong tiép can dudc co ay). Do tinh dbi xiing, su khong chic chan ctia moi ngudi dudc
dai dién bdi cing mot s6 p— moi ngudi déu dua ra lua chon mot cach doc 1ap, phu thude vao p.
Muc tiéu 1a phdi tim ra gid tri t6t nhit p* cta p.

Gid tri ctia p* thu dudc gian tiép thong qua quan sat sau. Ta xac dinh mdt b6 céc tinh khong chac
chan 1a p* 1a hop 1y khi va chi khi Guy (va bét ki chang trai khac) c6 cuing “két qud” v6i hai kha
ning sau: Tiép can hoic khong tiép can Carol, cho riang phan con lai déu khong chic chin véi
xéc sut p*. Mit khac khong c6 mot su khong chac chan nén lam gi: Guy sé chon theo huéng c6
1gi hon.

Nhung lam thé nao d€ Guy c6 thé€ gan mot gid tri thuéng cho mot bo ctia su khong chic chan?
Mot cau tra 15i do John Von Neumann va Oskar Morgenstern dé xuét 1a chia déu cac gia tri
thudng dudc gan cho tit ca cdc b6 hanh dong véi trong sb tuong duong v6i xac suit x4y ra ciia
ho. Diéu nay dudc goi 1a gia tri ky vong. Tinh hop 1y dua trén gid tri ky vong trd thanh cdc mo
hinh chinh cia nganh phan tich dua ra quyét dinh (decision making analysis) ti nhitng nam 50
ctia thé ki XIX.

Gia sit néu c6 N chang trai quyét dinh mét cach doc 1ap, nhu vay c6 2V b6 hanh dong kha thi.
Guy tinh todn nhu sau:

e B6 ma trong d6 chi duy nhit Guy tiép can Carol theo trudng hop (a)— véi gia tri thudng
a— va xay ra v6i xdc suit (1 — p)V ™!, bdi vi moi quyét dinh dudc dua ra mot cach doc
1ap. Bat ki b6 ma ca Guy va ngudi khéc tiép can Carol theo trudng hop (¢) déu c6 gia tri
thudng 12 0. Vi viy, gia tri ki vong khi tiép cin Carol la a(1 — p)V L.

e Bit ki b hanh dong nao ma Guy khong néi chuyén véi Carol déu nhéan két qua c6 gia tri
12 b bit chip nhiing ngudi khac 1am gi. Vi viy gia tri ki vong khi khong tiép can Carol 1o
rang 1a b. Guy khong hé biét phai lam gi khi hai gia tri nay bang nhau: a(1 — p)¥ ™1 = b.
Giai p anh ta dugc

Via > b, nén p* nam gitta 0 va 1, xdc dinh mot xdc suat thich hop.
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«+ 50 p* satisfies

al-p*)"=b ..

S @

O
oF

Tinh toan cd hoi

Két luan 12 bt ki ai nén tiép can Carol vé6i xdc suat p*. Pay la giai phap hop ly cho tinh hudng
ctia Carol khi c6 c6 N ngudi d€ y gidng hét nhau.

1
Via > b, véi N khong qué 16n thi ¢6 kha ning a > 2V ~1h, trong trudng hop p* > 3 thi c6 kha

ning 16n Guy sé néi chuyén véi Carol. Tuy nhién, ngay khi N dat gia tri d 16n, 27! > ;—Z, kha

ning khong c6 ai tiép can Carol cang trd nén ro rét. Thuc té, p* tién vé 0 khi N cang 16n, cho dil
Carol ¢6 xinh dep thé nao.

Nhu vay, cd ché sau sé anh hudng dén viéc Guy c6 tiép can Carol hay khong:

(1) Cang nhiéu ngudi theo dudi Carol thi cang nhiéu kha ning Guy khong néi chuyén véi co.

(2) Carol cang quyén ri thi kha ning c6 rt nhiéu chang trai sé cAn nhic quyét dinh ctia minh.

Do d6 dan dén viéc Guy tin rang N cang 16n thi p* tuong dng cang nhd. Hé qua 1a anh ta c6 vé
sé chon viéc doc bdo hon 1a nguy co bi Carol tit chdi.

3. HGi ching Carol

Diém mau chdt vé viéc Carol cam thiy nhu minh khién cdc chang trai s¢ hai bé di khong phai 1a
xdc sut p* ma 1a x4c Sut pynong rang khong ai néi chuyén véi co dy. Béi vi tht c chang trai déu
hanh dong doc 1ap nén
N
pN-T
N
Prhong = (1 — PN =~

a
Theo cong thic trén thi pyneng ting khi N ting. Cang nhiéu cudc hen ho thi cang nhiéu khd ning
Carol bi b0 roi.
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5 . 4 s . b ) s s
Hon nita, khi N dat gia tri 16n, pyhene khOng bién mat ma tién vé —. Vi theé pyhene ludn nam gitia
a

b\?> b
(_) < Dkhong < —-
a

a

hai gia tri

x s . . L A A
RO rang, mién la a khong 16n hon b, ta c6 pynong > 3 va nguy co la khong ai n6i chuyén véi
Carol. Diéu nay 12 ding bat k€ s Iuong chang trai va sé t& hon cho Carol khi ma s Iugng nay
tang lén.

Carol nhan thiic ring c6 4y lam cac chang trai s¢ hii khong phai 1a o tudng. Theo nhu bai toan
& trén, Carol c6 1y do chinh déng khi nghi ring cac chang trai giit khoang cach véi co dy. Pay
khong phai 13 vin dé xui xéo ma 13 anh hudng phu clia tinh tuong tac hop ly. Mot hé qua nghich
ly 1a stic hip dan ctia Carol déng vai tro ddy céc chang trai ra xa. Hién tugng dang ngac nhién
nay, ma chung ta goi l1a hdi chiing Carol, 1a mot su tuong tac tdm ly xa hdi.

4. Bang ching dang so

Hoi chiing Carol khong chi don thuan 1a ly thuyét, nhiéu cd nang, chang trai hip din da bdo ring
minh mac phai hdi ching nay. Tim kiém trén mang chi ra mot sb trudng hop ndi tiéng, trong mot
cudc phong van t5 Sunday Times vao thang 2 nim 2008, nit dién vién ngudi My Uma Thurman
chia sé rang: “Cdc chang trai hiém khi néi chuyén vdi t6i”. Cd cho rang minh kém may man
v6i 10i nguyén khong dan o6ng sudt doi. Trudng hop tuong tu v6i ngdi sao ca nhac ngudi My
Jessica Simpson, ngudi da tuyén bb trén tivi: “Toi khién cdc chang trai xa ldnh”. Mot vi du khéc,
dugc bio cdo vao thang 3 nim 2009 bdi t5 Telegraph onliine, ring dién vién 19 tudi ngudi Anh,
Emma Watson, v6i vai dién ndi tiéng trong tiéu thuyét Harry Potter, mang dén mot biét danh néi
tiéng khap thé gi6i, “Nguoi phu nit ma cdc chang trai khong ddm lai gan”.

Do d6, su may min ctia Carol khong hé thita, mic du hién nhién khic so v6i nhiing ngudi nSi
tiéng nhu Thurman. Todn hoc c6 thé gidi thich nhu sau. S& lugng ngudi hAm md Thurman 1a

e x b . . \ .
khong 16 nén gia tri cua — xap xi tot cho pynene va di€u do lam Thurman thoai mai. Con doi véi
a
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Carol, N khong 16n nhu vay, nhung ti S0 — Wng v0i pipsne ti€n v€ 1. DO la nguyén nhin dan dén
a
hoi ching Carol.

Dich béi thanh vién chuyén san EXP, Pai hoc KHTN - PHQG TP.HCM.

Ngudn: https://plus.maths.org/content/carol-syndrome
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CAC VAN DE CO DIEN VA HIEN DAI

Tran Nam Diing - Dai hoc Khoa hoc Tu nhién - DHQG TPHCM

LOI GIOI THIEU

Chuyén muc nay danh cho cic van dé c6 dién va hién dai dudc trinh bay dudi
dang cac bai todn xau chudi. P6 c6 thé 1a chudi cac bai dé giili bai toan dang chu,
chiing minh dang thifc Euler ky diéu 1 + % + % + .= %, mot chudi bai todn
van tri ... C4ch trinh bay xuét phat tif nhitng vin dé don gian, dé hiéu, nhiing khai
niém mdi sé dudc dinh nghia ludn trong bai dé c6 thé doc tuong dbi doc 1ap. Va méi
mot chudi bai s& néu ra nhitng vin dé nhit dinh, c6 thé 1a giai quyét mot bai toan
kinh dién hay néu ra nhiing gia thuyét méi, nhiing vin d& méi. Loi giai va thao luan
vé céc bai todn sé dudc ding 6 s6 N + 3.

Trong s6 nay ching tdi gidi thiéu cac dé todn mau cho cudc thi Olympic Todn
danh cho hoc sinh THPT do Hoi todn hoc Viét Nam t& chic trong khudn khd ky thi
Olympic toan sinh vién toan qudc dudc t3 chifc vao thang 4 t6i day tai Quy Nhon.
Ban doc c6 thé cdm nhan thiy su khac biét 16n vé cach ra dé va do sau ciing nhu
muc dich clia cac dé toan. Hy vong 13 cudc thi sé dudc don nhan nhiét tinh va sé gop
phan thic diy phong trao day va hoc toan & bac THPT.

Trong s6 nay, chiing toi ding mot s6 binh luan cho cac bai todn vé khdi vuong
Rubik va bai todn Higman da ding & s6 3.

Khoi vuong Rubik va cach xep
(Giai dap va binh luan mot s6 vin dé da ding & s 3 ciia tap chi)

Rubik 132 mot trd choi gidi dd do gido su Erné Rubik ngudi Hungary phat minh ra nim 1974.
Nhu vay cho dén hom nay, khbi vuong Rubik di vao tudi 42. Phién ban tiéu chuin ctia Rubik 1a
khéi 1ap phuong canh 3 x 3 véi 6 mau & 6 mit: DS, vang, cam, xanh 14 cay, xanh duong va tring.
Chiéu dai canh ctia lap phuong Rubik tiéu chuin 13 khoang 5,7 cm.

181



Tap chi Epsilon, S6 07, 2/2016

Rubik c6 cach chdi don gidn nhung lai ... siéu khé, gidng nhu gidi mot bai toan viy. Tro choi
bt dau bing viéc x4o tron cac 6 mau trén Rubik va nhiém vu cta ngudi chdi 1a tim cach xép lai
Rubik vé hinh dang ban dau v6i 6 mit mau dong nhat.

Dbi v6i ngudi méi tap choi, néu khong cé phuong phap, ho gan nhu khong bao gid gidi dudc bai
toan Rubik. Trén thé gidi hién nay, ngudi xép Rubik nhanh nhét 12 Lucas Etter. Trong khudn khd
su kién River Hill Fall 2015 dién ra tai thi trAn Clarkville, thudc bang Maryland, My, ciu bé 14
tudi nay da khién nhiéu ngudi sting s6t khi xoay rubik chi trong 4, 9 gidy.

Ban chét ctia Rubik 12 sit dung céc thuit toan hoan vi dé thanh cong. Mdi Rubik tiéu chudn c6 43
ti ti hodn vi khac nhau. Néu coi mdi khéi Rubik 12 mot hodn vi va xép ching thanh bé mit cong,
s6 luong nay di phu kin bé mit Trai dat 256 1an.

Dé€ giai thanh cong mot khdi Rubik tiéu chudn (3 x 3), c6 rat nhiéu phuong phap khic nhau. Mot
s6 phuong phap xoay nhanh dudc Jessica Fridrich, Philip Marshall hay Ryan Heise phét trién c6
thé gidp gidi Rubik chi sau 40 — 65 1an xoay.

Tuy nhién, cach nay thuong chi dung cho nhiing ngudi choi lau nam, vi thuat toan khé va tham
chi con rét nhiéu (v6i phuong phap Fridrich, ban phdi ghi nhé 120 thut todn khac nhau).

Céch phd bién va thong dung nhat ding dé giai Rubik phii hgp véi moi dbi tugng 12 phuong phép
ctua David Singmaster - mot nha toan hoc ngudi Anh.

Mot cach don gian, c6 thé hiéu day 1a cach thiic xép Rubik theo tiing ting. Di véi tang thit nhit,
ngudi choi can xép dugc mot chit thap chuin & mot mit (mau clia cac dinh chif thap trung véi
mau mit dang xép va mau ctia 4 mit xung quanh tuong tGng).
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{migicile loyer turns) {icdle loyer burns)

After repeating the step
on all 4 sides adjacent to
the green side.

[riddile loyer furns) {middle fayer turmns)

green under middle block

Sau d6, ngudi choi xép nét 4 khdi & géc vao diing vi tri clia ching dé hoan thién ting mot. Trong
qua trinh xép, can gilt nguyén vi tri cia chif thap minh da xép dudc.

After repeating the step
an all 4 sides adjacent to
the green side.

Déi v6i tang thi hai, cong viéc bat dau phic tap hon. Ngudi choi phai xép 4 goc ciia ting nay
vao diing vi tri ma khong dudc pha vd céu tric cia tang ddy vita xdy xong.
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After repeating the step
an all 4 sicles adjacent to
the green side

Tang thi ba 1a cong doan khé nhét trong viée gidi quyét mot khbi Rubik. Dbi véi ting nay, ngudi
choi phai nh6 kha nhiéu thuit todn. Mot trong nhiing cach dién hinh 1a xép sao cho miit cudi
cung dong mau (du cac khdi nhd & vi tri sai).

Tiép d6, st dung cong thiic d€ ddi chd sao cho 4 khdi nhé & géc vé ding chd ma khong thay d6i
cAu triic da xép & céc tang dudi. Cudi ciing, ngudi choi xép ndt cc vién canh & gitta vé ding vi
tri 1a hoan thanh.

After repeating this slep

several times.

Nim 1992, mdt ngudi choi khdi vuong Rubik tir Darmstadt, Puic da tim ra mot thuat todn c6
thé giai khéi vudng Rubik trong vong 21 1an xoay. PAu tién con sb 21 nay dudc tim ra bang
phuong phép thuc nghiém. Cu thé 14 véi tit ca cic trang thai ban diu dudc dua ra mot cach ngiu
nhién (hoic c6 tinh lua chon) thi thuét toan ctia Kociemba déu giai dudc véi khong qua 21 1an
xoay. Sau d6, vao thang 7/2010, Kociemba cung v6i Tomas Rokicki, Morley Davidson, va John
Dethridge, v6i du gitip dd ctia may tinh, d chiing minh dudc 14 “con s6 ciia chiia” cho khbi
vuong Rubik la 20.
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N6i diing ra thi diéu ma Kociemba dua ra khong phai 1a thuat todn “xép Rubik” theo ding nghia
ma nhiing ngudi choi Rubik van hiéu. Cac thuit toan xép Rubik thong thudng 1 tip hop céc
quy tic gidp chiing ta tif moi trang thai cia khbi vudng dit ra mot muc tidu gan nhét, cb gang
dat dudc muc tiéu d6 bang cach thuc hién chudi cac phép xoay md ta trong cach chdi trong tinh
hudng cu thé d6. Nhu vay, khbi vudng chuyén dén mot trang thai méi, gan trang thai ding hon
(it nhat 13 theo quéan diém clia thut todn d6). Vi du, muc tiéu c6 thé 1a tim khoi vudng nhod & géc
chua diing chd va chuyén n6 vé géc clia minh, khong dung dén céc khbi goc khac. Va sb lugng
cc budc nhdé nhu vy ta phai thuc hién rat nhiéu.

Thuit toan Kociemba chi dit mot muc tiéu trung gian - khdi vudng phéi dugce dua vé mot trong
cac trang thdi, dugc goi ludn 12 trang thdi trung gian. Chiing dudc dic trung bdi tinh chat: Bat ky
mot trang théi trung gian nao ciing c6 thé thu dudc tif trang thai ding (va c6 nghia 1a ngudc lai,
c6 thé chuyén tir n6 vé trang thdi diing) bang cich xoay chi bdn mit bén mot géc 180°, con cac
miit trén va dudi thi xoay géc bat ky (tat nhién, phai 12 bdi s ctia 90°). Mot mo ta truc quan hon
cho 16p cac trang thdi trung gian 1a cach phbi mau dic biét ctia khdi vuéng, minh hoa trong hinh
dudi day:

-t
= F—F—
I
| L Y [
N (I 4 : s
-’f )j_-.--r- — -
1 1
]
L a-d b |-
o “ *
> *':.ﬁ ==H=%-
v"'.":,':"i—"‘:.:.'tf‘ >
A s W

Miit trén va mit dudi ciia khéng vuong duge td bdi mdt mau, con trén mdi mot khdi vudng bén
ctia 16p ngang giita, mot trong hai mit nhd dudc to bdi mau thi hai, cac mit khac ctia khbi vudng
khong dudc t6 gi. Muc tiéu dau tién (vin dé cta budc 1) clia thuat todn Kociemba 1a thiét 1ap
céach to nay tif trang thdi 16n xon ban dau. Tt nhién, & budc nay ta co thé dung moi céch xoay.
O budce 2, ta sé chi st dung cdc cach xoay dd mo ta & trén. DE thiy ring céc cich xoay nay sé
bao toan cach phbdi mau phu trg clia chiing ta. Vé ban chéit, & budc 2 ta chi thuc hién cic buée
chuyén cac khdi vudng nhd vé chd ctia né. Nho vao viéc bio toan cach phbi mau phu trg, dinh
huéng ding cta cac khdi vudng nhd tai chd ctia minh sé& dudc tu dong ddm bio. Nhu viy, sb cic
trang thai trung gian bang sb cac hoan vi dén dudc ctia cac khdi vudng nhd (tic 1a cac hodn vi
thu dudc tir hodn vi ding bang cac phép quay cac mit), trong d6 cac khdi vudng bén cia 16p
gilta van & lai 16p nay.

Ta c6 thé tinh d& dang con s6 nay: Bdn khdi vudng nho & 16p gitta c6 4! cach hodn vi, cac khdi
vuong bén khac —8! céch, cic khdi géc ciing c6 8! cach. Tong cong sb tit ca cac hodn vi c6
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thé 1a (8!)% x 4! va ta con phai chia cho 2 d€ thu dudc sd cac hoan vi dén dudc. Nhu viy c6
N, = (81)? x 4!. 7= 19,5 x 10? trang thai trung gian. Con s6 nay cho ta mdt mudng tuong

vé sd cic phuong 4n ma mdy tinh phai ghi trong bo nhé ctia minh d€ tim chién ludc di ngan dé
dat dudc trang thai trung gian. O budc 1, chuong trinh khong quan tim dén viéc mo ta toan bo
trang thai da cho ctia kh6i vudng (tic 1a khong phai tit ca 4, 3 x 10'° trudng hop c6 thé), ma chi
12 phan bd mau ban dau clia cac phdi mau phu trd ma ta phai dua vé dang chuin (nhu hinh &
trén). N6i cach khac, & day quan trong 1a hudng ciia tit ca cdc khbi vudng nhd va vi tri ctia 4
khéi vudng nhé ctia 16p gitta. Nhu thé, sb N; cac phuong an dude xét & bude 1 bang (s6 dinh
huéng ding cta 8 khdi géc x (sd dinh huéng ding cia 12 khdi vudng bén) x (sb cach xép cac
khéi vuong clia 16p ngang gitta) = 37 x 2'' x C}, = 2,217 x 10°.

RS rang N; N, 1a tdng sb tht ca cdc trang thai dén dudgc, va con sb nay 16p hon con s6 Ny + N,
con sd ma chuong trinh phai thuc hién dén 9 thit nguyén. Tuy nhién, ngay c4 con s6 da dudc
giam xubng ndy ciing qua 16n d€ c6 thé vét can va ghi nhé két qua. Vi thé mdy tinh sé khong biét
dudc trude 19i gidi nao né sé cho ra dbi véi trang thai khbi vudng ban dau dugce dua vao. N6 sé
tim 161 giai véi “sw ¢é mdt ciia nguoi ddt hang” va cho ra c¢6 thé khong phai 1a cach giai ngan
nhét, nhung 1a mot phuong an di ngan.

Chi y ring phuong phép ctia Kociemba ciing ¢6 khdi ngudn tir thuat todn ctia Thistlethwaite.
Tuy nhién, trong thuét toan khdi nguyén cia Thistlethwaite da st dung khong phai 1a mot ma 1a
ba 16p trang thai trung gian 1d6ng vao nhau, tuong ing véi viéc gidm tii tif cdc phép xoay dudc st
dung, 16p thu hai trong 3 16p nay tao thanh céc trang thai trung gian ciia Kociemba.

D& hiéu rang néu nhu ban mudn di tit diém A (trang thai ban dau) dén diém B (trang thai ding)
ma trén dudng ban bat budc phai ghé di€ém C (trang thai trung gian) thi dudng di AC B nhu vay
c6 thé sé dai hon dudng di thang A B, ngay ca trong trudng hop cic doa thang AC va CB dudc
di mot cach tbi vu.

Va néu nhu trén dudng di tir A dén C ta lai con phai ghé D va tit C dén B ta con phai ghé trang
thdi trung gian E thi ta thu dugc mot dudng di con dai hon AD CE B. Tuy nhién mdi mot doan
ctia dudng di nay da dudc rit ngan nén viéc dung vét can 1a c6 thé. Diéu nay gidi thich vi sao c6
nhitng két qua ky luc cta Thistlethwaite va Cloosterman.

N6i mot cach ndm na, Kociemba bat mdy tinh xét tit ca cac chudi cac phép quay dugc phép trong
budc tuong tng va bt thoi di€ém ma muc tiéu clia bude nay dat dude. Nhung véi cach 1am truc
tiép nay thi khdi lugng phuong dn 1a qua 16n.

Nuéc di thi nhat c6 thé thuc hién 6 x 3 = 18 cach (mdi mot trong 6 mit c6 3 cach xoay,
180°, £90°), & budc thif hai va cic budc tiép theo sb cach xoay 1a 15, vi s& khong c6 y nghia
néu ta xoay mit vifa méi xoay xong. Nhu vy, ndy sinh “cdy truong hop” ma tit mdi nhanh lai tda
ra 5 nhanh tiép theo. (Trén thuc té, tif mot thdi diém nhit dinh ndo d6 mot s6 nhanh c6 thé nhap
lai vi cac chudi nudc di khac nhau c6 thé sinh ra cc cach bién d6i gidng nhau.) S6 cach chudi
nude di do dai khong vudt qua n sé 1a tdng ctia cAp s6 nhan 18(1 + 15 4 --- 4+ 151 — 1). Va chi
dén n = 18 thi s6 nay mdi vudt qua s6 N céc trang thai ctia khdi vudng, va tiic 1a chic chan sé
tim dudc nhiing trang thai ma khong thé xép dudc sau it hon 18 nuée di. Trong thuc té, do su
nhap mot cia mdt s6 nhanh cla cay trudng hop, sé 18 con ¢ thé ting 1én.
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Nhu ta sé thiy két qua ma chuong trinh ctia Kociemba dat dudc 12 rat gan véi két qua tdt nhat.
Hebert Kociemba da giam viéc xét trudng hop bang cach st dung chuong trinh loc dic biét.
Chuong trinh nay luu gitt thong tin nht dinh vé tit ca cac chudi gom, vi du nhu 13, khong qua 8
nudc di va cho phép sang céc trang thdi ma khong xép dudc (theo nghia budc 1 hoic budc 2)
bing cach chudi nhu thé.

Bit dau chdi, mdy tinh sé& dugc giao nhiém vu thuc hién bu6c thi nhit v6i 10 nudc di. N6 thuc
hién 2 nuéc di dau va md bo loc 8 nudc, néu nhu trang thai phat sinh khong sang dudc, nudc di
thtt ba dudc thuc hién va mé bo loc 7 nudc va cii nhu vay. Néu nhu & mot bude ndo dé xay ra su
sang loc, ta phai di budc di da thuc hién truée d6. Cho dén nay thi dbi véi tit ca cac vi tri da dé
xuat cho chuong trinh, c6 thé thuc hién dudc budc 1 véi khong qua 5 nudc, con bude 2 khong
qua 14 nudc. D€ thuc hién thuat toan cia minh Kociemba st dung mdy tinh PC Atar iST véi bd
nhé 1MB va tan s6 8MHz. Loi ctia chuong trinh - mdy sinh cac phép todn vé6i block kiém tra
dudc viét trén ngdn ngit Assembly. Kich c¢d clia nhadn mdy niy nhé hén 500MB.

Céc thanh phan con lai ctia chuong trinh ma khong anh hudng 16n dén toc do tinh todn dudc viét
trén ngdn ngit Basic. K&t qua thai gian trung binh dé€ tim kiém mot 16i giai 12 1, 5 phiit (10 giay
cho budc 1 va 85 gidy cho budc 2). Cong viéc dugc thiét ké nhu sau: Pau tién mo t4 trang thai
ban dau cia khéi vudng dugc dua vao mdy tinh (vi tri vd hudng cta tit ca cc khdi vuong nho).
Sau d6 mdy tinh tim va ghi nhé tit ca cdc dudng di t6t nhét (khong qua 13 nudc) dé dat dudc
trang thdi trung gian, vao sau d6 véi dudng di ngan nhét trong chiing mé thuat toan bude 2. Néu
nhu t6ng s6 nudc di ctia hai budc sau chién dich niy qua 21, mdy tinh s& quay lai budc 1 va tim
mot dudng di ngan hon trén co s6 mot trang thai trung gian khac, va c6 thé sé ting do dai ctia
budc 1. Pua cho may tinh cdc phuong an khac nhau ctia trang thdi ban dau, Hebert cho dén nay
ludn tim dudc cach thuc hién khong qua 21 nudc di, mic du dé 1am diéu nay, chuong trinh phai
lam viéc nhiéu gi. Nhu viy, bang thuc nghiém (véi cac phép thi ngau nhién, vi viéc xét hét tat
ca cac trudng hop 1a khong thé), Kociemba da tim dudc con s6 21, rat gan véi “con sé ciia chiia”.

[1] Science Buddies/How Stuff Works.
[2] V.Dubrovsky, A.Kalinin, Tin tic méi vé Cubic Rubik, Kvant, s6 11 /1992,

[3] Wikipedia: www.wikipedia.org/wiki/Optimal_solutions_for_Rubik’ s_
Cube
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Ky thi Olympic Toan THPT 2016

Trong khudn khé ky thi Olympic Toan hoc Sinh vién Toan qudc, Hoi Toan hoc va Trudng Pai
hoc Quy Nhon sé phdi hop t6 chiic mot ky thi Olympic danh cho Hoc sinh Trung hoc Phé thong
chuyén. Ky thi sé dudc t3 chiic theo diing chudn muc ctia mot ky thi Olympiad vé Toan. Ngoai
viéc tham du thi, gido vién va hoc sinh s& c¢6 co hoi giao luu véi cac ban be va dong nghiép, dic
biét 1a véi cic gidng vién dai hoc va sinh vién yéu todn tit hon 80 truong Pai hoc, Cao ding va
Hoc vién trong ca nudc.
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Poster Olympic Toan hoc Sinh vién va Hoc sinh 2016

Tuy nhién diém khac biét ctia ky thi 12 & ndi dung thi. Dé thi khong 12 tap hop rdi rac cia mot sb
bai todn ma 12 nhiing bai toan dugc sip xép theo mot mach nbi lién nhiam gidi thiéu cho ngudi du
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thi mot ndi dung ly thd ctia Toan hoc. Chéc chin céc ban hoc sinh sé thiy Todn hoc hay hon va
c6 y nghia hon khi chuén bi va tham dy ky thi nay.

Dudi day 1a hai dé thi tham khéo, mdi chi dé thi sinh s& 1am bai trong thdi gian 180 phuit.

Tai thanh ph Olympic, mdi nha c6 s6 nha 1a mot sd nguyén duong, con sd nha ctia Toa thi chinh
12 0. Nha trong Olympic c¢6 s6 nha d6i mot khac nhau va lap day tap cac sd nguyén duong. Do
ban chit cong dic thui ctia dudng di trong thanh phé Olympic, ngudi ta nhan thiy khoang céch tir
nha n dén nha m dugc tinh nhu sau: Néu m — n = 3%/, trong d6 [ 1a mot sb nguyén khong chia
hét cho 3 va k 1a mot sé nguyén khong am, thi d(m, n) = 375,

1) Trong sb cic nha c6 sb nha ducng, bé hon 100, tim (kém theo chitng minh) tit ca nhiing
nha gan toa thi chinh nhét.

2) Thi tim mot ddy vo han s nha (h,,) sao cho
d(17, hy) > d(17, hy) > --->d(17, hy) > ---

Tap tit ca cic nha c6 ciing khoang cach dén toa thi chinh nhu nha n sé dudc goi 1a ldn cdn
cua nha n va sé dugc ky hiéu la N(n). Dudi dang cong thic:

N(n) = {m € N*|d(m, 0) = d(n, 0)}.

Ta c6 thé hinh dung N(n) nhu mdt dudng tron ban kinh d(n, 0), v6i tam 1a toa thi chinh.

1 . )
3) Giasunhancoéd(n, 0) = 77 Hay xac dinh muéi s6 nguyén duong m bé nhat sao cho
m € N(n).

4) Chiing minh rang d(a, ¢) < max{d(a, b), d(b, ¢)} vé6imoia, b vac.

C6 mot diéu dang tiéc 1a thanh phd Olympic da trd nén dong dic ma ngudi ta khong thé xay
dung thém: Méi s6 nguyén khong am déu da tuong ing v6i mdt nha (hoic, véi toa thi chinh,
trong trudng hop s6 0). Trong tinh thé d6 lai c6 18 gia dinh méi chuyén dén va mong dudc dinh
cu & thanh phd nay. Sau nhiéu 14n can nhic, tuyét nhién khong chip nhan viéc dung s6 nha am,
thanh phd quyét dinh di theo mot phuong an khac: Piing ngay 17 thang Tu, xe chuyén dung sé
dén va chuyén mdi gia dinh tif nha n sang & nha n + 18, v6i moi sd nguyén duong n (va nhu vay
khong phai di chuyén toa thi chinh). Chang han, gia dinh dang ¢ nha 17 sé chuyén sang & nha 35.

5) Tim mdt nha c6 khodng cach dén toa thi chinh bi thay ddi do su di chuyén nay.

6) Xac dinh tt ca cic gia tri cia n sao cho N(n) bi xé dich toan bo (nghia 13, khoang cich
dén toa thi chinh ctia moi cu dan trong N(n) déu thay ddi sau khi di chuyén).

7) Mot hdom, chi nha 23 néi “Toi co cdm gidc nhu thé'téi dang song & tam ciia “nhom 2”
(biét danh duoc ddt cho tdp gom cdc nhan = 3k + 2 vdi k € N) : Mbi khi nhin ra cita so,
16i nhdn thdy “nhém 2 gém diing nhitng nha cdch téi mét khodng khong qud 5 Chu
nha 32 khang dinh “16i ciing thdy thé”. Hay giai thich.
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Dé& dbi pho tét hon véi tinh trang nhap cu, Hoi dong thanh phd Olympic ciing quyét dinh phat
trién thanh phd theo mot phuong an dic biét: S& nha bay gid sé 1a cac s hitu ti, nhung cin phai
danh sb sao cho nguyén tic khoang cach van dugc dam bao: Khoang cach giita hai nha sé x va y
la d(x — y), dudc tinh nhu sau.

. . ) 3kp'
bé xac dinh d (2), vGi p va g la cac sO nguyén ma pq # 0, ngudi ta viét P —{) trong do
q q q

ca p' 1an ¢’ déu 1a céc sb nguyén khong chia hét cho 3, va k 12 mot s nguyén (khong nhét thiét

duong), khi d6 d (3) — 3%,
q

8) Mot ngudi nhap cu dén tir thanh phé IMO c6 nguyén vong nhu sau: “Sé nha cii ciia toi la

li : + : + : + —|—1
e=Ilm|—-—+—4+ =44+ ).
n—oo\ Ol = 1! = 2! n

A \ , A A \ \ A - A7 . A
So nha cua cdc ban cua téi d ddy la toan b cdc tong riéng

T6i mudn & sé nha sao cho khodng cdch tit do véi nha H, tién dan tdi 0 khi n tién ra vo
cung”. Pidu nay c6 thé thuc hién dugc khong, tai sao?

Muc tiéu ctia bai todn 12 tim hi€u mot s6 tinh chét dai sd, giai tich va t6 hop clia cc da thifc
Tchebysev. Trong toan bd dé bai, cac da thic dudc hiéu 1a cac da thiic véi hé sb thuc.

V6i n 12 mot s6 tu nhién, da thiic Chebysev 7, (x) dudc dinh nghia nhu sau:

To(x) =1
Ti(x) =x
T,(x) = 2xTy—1(x) — Ty—2(x) véimoin > 2.

1) Ching minh rang T, (cost) = cos(nt), trong d6 ¢ 1a sb thuc bat ky.
2) Chiing minh rang véi moi sd thuc |x| > 1 ta ludn c6

(= VDD + (o Y

Tn(x) = )
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Cho mot dai 6 vudng 1 x n v6i n 13 mot s6 nguyén duong cho trude. Xét cac cach 1at dai 6 vudng
bdi cdc 6 vudng don vi 1 x 1 va cac domino 1 x 2. Ta gan moi 6 vudng 1 x 1 véi trong 2x (x la
mot bién) va mdi domino véi trong —1.

3)

4)

5)

6)

Ta dinh nghia trong ciia mét cdch ldt nhu 12 tich ctia tit ca cac trong clia cac 6 vudng don
vi va cac domino trong céch 1at da cho. Goi U, (x) 1a téng clia céc trong clia tt ca cac
cach lat dai 1 x n. Nhu vay, U; (x) = 2x, Us(x) = 2x-2x 4+ (—1) = 4x*—1, ... Taquy
u6éc Up(x) = 1. Ching minh ring v6i moi n > 2, thi

Un(x) = 2xUp—1(x) — Un—2(x)'

Trong clia mdt cich 14t ddi 1 x n v6i diing k domino bing bao nhiéu ? Tir d6 hay chi ra

EI k
Un<x)=§<—1)< B )<2x>"—2.

Ta dinh nghia trong diéu chinh ciia mot cdch ldt nhu 1a:

o Tich ciia tit ca cic trong clia cdc 6 vudng don vi va cdc domino trong cich lat da cho
néu 6 vudng dau tién ctia dai 1 x n khong dudc 1t bdi 6 vudng don vi (do d6 phii béi
mot domino).

o Tich cua tat ca cac trong cua cac 6 vudng don vi va cac domino trong cach lat da cho
chia cho 2 néu 6 vuong dau tién cia dai 1 x n dugc lat béi 6 vudng don vi.

Chiing minh ring v6i moi n > 1, thi T,,(x) 12 tdng cdc trong diéu chinh cia tit ca cdc cich
lat dai 1 x n.

Chiing minh ring véi moi sé nguyénm > 1 van > 1 thi

Tm—i—n(x) = Tm(x)Un(x) - Tm—l(x)Un—l(x)-
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psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

TU SACH TOAN PHO THONG

Nguyén Tién Diing
(Dat hoc Toulouse, Phép)

Trong s tap chi nay, Epsilon tran trong gidi thiéu mot bai diém sach cda gido su
Nguyén Tién Ziing. Bai viét gbc ban doc c6 thé xem & trang nha clia gido su tai day.
Epsilon ciing mong doc gia luu y & thdi diém hién tai, mot sd sach ma gido su giGi
thiéu dang (dang dich ?) da dugc dich xong va da phat hanh.

Day 1a danh sach cic sich toan phd thong ma toi c6 dudc xem va thiy hay, kém theo cic thong
tin va binh luan. Chd yéu 1a sach tiéng nudc ngoai, va hy vong chiing sé dudc dich sang tiéng
Viét, @€ dén dudc vé6i cac ban tré Viét Nam. Danh sach nay sé dudc cap nhat mdi khi c6 gi méi.
Néu ai thly sach nao hay xin gidi thiéu cho toi biét. Xin cam on!

Toi s& xép theo tén tic gia trong danh sach dau tién, rdi phan loai theo lia tudi & cac danh sach
phia dudi

Abbot, Thé gii phang: cAu chuyén tinh cAm nhiéu chiéu (Flatland: a romance from many
dimensions). Pay 12 mot quyén sach kinh dién vé hinh hoc, dudc viét tit cudi thé ky 19 va cho
dén nhiing niam 2000 van tiép tuc tai ban. “Thé gidi phang” & day tiic 1a thé gidi 2 chidu. Tac gia
tudng tuong con ngudi trong thé gidi chi ¢6 2 chiéu sé sdng ra sao, nhan biét cac thif thé nao, so
véi thé gi6i 1 chiéu thi sao, va khi c6 ngudi tir thé gidi 3 chiéu dén thim thi sao, v.v. Qua d6 hiém
thém nhiéu vé hinh hoc (& miic phd thong).

Aigner & Ziegler, Cac chitng minh tir Sach Troi (Proofs from THE BOOK), tiéng Anh (chua
dich?), tdi ban 1an 4, 2010. C4c chiing minh hay nhét ctia mot loat c4c dinh 1y kinh dién trong s6
hoc, hinh hoc, t& hop (ly thuyét dd thi), va gidi tich. “Sach Trdi” 12 cdch néi vi von clia nha toan
hoc Erdos: Chiia Trdi c6 1 quyén sach trong d6 ghi tat ca moi thif toan hoc that hay ho, cdi gi ma
hay thi tic 1a tir “Sach Trdi” ma ra. Hop cho hoc sinh cép 3, tuy cip 2 ciing c6 thé hi€u mot sd
muc.

Aleksandrova & Levshin. Bo sach tuyén thuyét toan hoc cho tré em clia hai tic gia nay 1a b
sach kinh dién vo cting hip dan, véi cac quyén: Ba ngay 6 xit Karlikania, Nguoi miit na den
tir nude Al-giép, Con thu cta thuyén truéng Pon vi, va 4 quyén sich vé& vé cic cudc phiéu
luu ctia Thac si khoa hoc dang tri. Chii yéu danh cho dd tudi cip 1, nhung cac hoc sinh 16n hon
ma chua biét dén, doc chac ciing sé thich.

Bellos, Cudc phiéu hru ctia Alex trong Numberland (Alex’s adventures in Numberland), tiéng
Anh, 2010. Gom cac ciu chuyén hip dan vé lich st toan hoc, kha niing todn hoc ctia ngudi va
dong vat, cac ting dung thi vi clia todn so cap, v.v. Tic gia c6 bang dai hoc toan va triét hoc, roi
lam nghé nha bdo.
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Bolt, Hop Pandora toan hoc (A mathematical Pandora’s box). Tiéng Anh (chua dich), NXB
dai hoc Cambridge, 193. 128 trang. Tuyén tap 142 bai todn thi vi d€ phat trién tu duy logic va
sang tao ctia tré em. Cho moi Ia tudi. Theo huyén thoai, Hop Pandora tiic 1a hop chia con qui,
da md ra 14 con qui chui ra, khong nhét lai né vao dudc nita. Mot bai vi du: 3 ban giu c6 1 binh
21 it mat, mudn chia dugc thanh 3 phan bang nhau. Céc ban kiém thém dudc 3 binh khéc, véi
dung tich la 11, 8 va 5 lit. Bﬁng cach d6 di d6 lai mat gitta cc binh, cic ban giu da chia ducc
mat. Thé con em c6 1am dudc khong?

Danesi, Thap Ha ndi va nghich 1y ké néi déi: 10 bai toan d6 16n nhit moi thoi dai (The Liar
Paradox AND THE Towers of Hanoi THE 10 GREATEST MATH PUZZLES OF ALL TIME),
2004, quing 250 trang. Poc rét thi vi, vé cic khdi niém toan hoc nhu 1a thuét todn, sd vo cling
16n, v.v. Thich hép véi hoc sinh cép 2 trd 1én.

Nguyén Tién Diing, Cac bai giang vé toan cho Mirella: Quyén 1, 118 trang, 2013. Tiéng
Viét. Théi ken khen 14y mot chiit, day 1a sach do tdi viét, cho cac nidm cudi cip 2. Viét xong tir
cubi 2012.

Nguyén Tién Diing, Céc bai giang vé toan cho Mirella: cic quyén tiép theo. Sich dang viét.
Quyén 2 sap hoan thanh.

Tran Nam Diing, Sach giéi thiéu vé ABACUS. Tiéng Viét, dang hoan thanh (?). ABA-
CUS § day la cudc thi toan trén mang bang tiéng Anh t& chiic lién tuc cho tré em, xem:
http://www.gcschool.org/program/abacus/index.aspx. Qua nhiéu nim, ABACUS da c6 mot tuyén
tap rat 16n cac bai todn thu vi cho hoc sinh ti€u hoc va trung hoc co s8.

Kajander, Cac y tuéng 16n cho cac nha toan hoc nhi (Big ideas for small mathematicians),
tiéng Anh, 162 trang, 2007. Cho dd tudi 6-11. Gi6i thiéu 22 hoat dong va trd choi dé hoc toan
mot cach vui vé hap dan.

Kozlova, Cau d6 va goi y: cac bai tap cho ciu lac bd toan hoc. (Ckaski 1 10ACKA3KH 331841
JUIS MaTeMaTHdeckoro Kpyskka). Tiéng Nga, in 1an thi 2 nim 2004. C6 khoang 300 cau db va
bai tap, rdi dén phan goi y huéng giai, roi dén phan bai giai. Nhu vay hoc sinh néu khong 1am
dudc, dau tién c6 thé xem gdi y d€ nghi tiép, néu van khong nghi ra thi xem 15i giai. Pang dich
ra tiéng Viét? Cho hoc sinh dau cp 2.

Lichtman, Bi mat, déi tra, va dai s6 (Do the Math 1: Secrets, Lies, and Algebra), 2008, gan
200 trang. Cho hoc sinh cip 2. Quyén sach nay 12 mot cach hoc dai s& qua nhan vat cd bé Tess.
Sach dudc nhiéu gidi thudng bén My. Trang web ctia tac gia 1a: http://www.wendylichtman.com/.
To6i doc thit quyén nay thiy rit ngo, tif chuong dau (vé so sanh to hon, nhd hon) da thiy thich.
Quyén sich nay hay vé mit vin hoc, chi khong chi vé toan.

Lichtman, Mat ma viét trén tuong (Do the Math 2: The writing on the wall), 2008, 227 trang.
Quyén tiép theo clia quyén “Secrets, lies, and algebra”, hoc toan qua nhin vat Tess. Co bé Jess
hoc 16p 8, cit nghi mai dé xdc dinh xem mdt anh ban clng 16p c6 thich minh khong, cdc thi
viét trén tudng nha thdi cé phai 12 mat ma chia cic thong tin gi d6. Va tai sao ¢ mot co ban
¢t bat chudc nhiing cdi minh 1am ... (Néu dich ra tiéng Viét thi nén dich tron bo 2 quyén ctia
Lichtman).

Shen, Xdc suit qua cdc vi du va bai tp (BeposiTHOCTD: IpUMEpBL 1 331441 (cl) 2-e u3n.,
M.: MIOTHMO, 2008, 64 c., ISBN 978-5-94057-284-8). Tiéng Nga (chua dich?). Sach nhé 64
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trang, gidi thidu vé xac suit cho hoc sinh phd thong cip 2 va cip 3, qua nhiéu vi du va bai tap
don gian va thuc té. Mot sb dinh ly quan trong (luat s6 16n va BDT Chebyshev) dudc trinh bay
thong qua mot day bai tap.

Smullyan, Alice trong thé gidi cau dé (Alice in Puzzle Land), tiéng Anh (chua dich?), 1986,
196 trang. Sach viét dudi dang truyén phiéu luu, cho ca tré em tif 4-5 tudi trd 1én va ngudi 16n, vé
logic, rat thi vi. Nhan vat Alice & day 1a mudn cia “Alice trong thé gi6i than ky”.

Spivak, Cau lac bd toan 16p 7 (MaremaTmaecknit Kpy»ok. 7 Kacc), 2000, 72 trang. Tiéng
Nga, dang dugc dich sang tiéng Viét. Quyén sach nhd nay 1a tuyén tap gan 300 bai todn thi vi,
chia 1am nhiéu muc khéc nhau (vs du nhu tinh chin 18, chia hét, t hop, tdng va trung binh cdng,
cit ghép, v.v.), ing véi cac kién thiic todn ctia hoc sinh 16p 7. Phin cudi quyén sich c6 hudng
dan gidi cdc bai. Chu y: quyén nay dudc in lai (c6 b6 sung?) nidm 2003, thanh sich 128 trang, va
goi la cau lac bo toan 16p 6 va 16p 7.

Tahan, Cuéc chu du cia mot ngui biét 1am toan (The man who counted: a collection of
mathematical adventures), tiéng Anh (chua dich?), 1993, hon 100 trang. Sach vé cac phép tinh
toan hoc, viét dudi dang mot cau truyén phiéu Iuu rat thi vi. TAc gia viét & Brazil nhung lay bi
canh 1a viing cin dong thdi ¢d (xi Persia). Hoc sinh cép 1 trd 1én c6 thé hiéu.

Tikhomirov, Cic ciu chuyén vé cuc dai va cuc tiéu (Pacckasbl 0 MAKCHMYMAX M MEHIMY-
Max), tiéng Nga (chua dich?), tdi ban 2006, 199 trang. Cho hoc sinh c4p 3 (hoc sinh cip 2 c6 thé
hi€u vai doan). Mot tuyén tap cac ciu chuyén thii vi vé cic phuong phép toan hoc duge ding
trong céac bai todn tim cuc dai, cuc tiéu trong thuc té ra sao. C4c van dé tdi uu lién quan dén da
thd, tlf cdc hién tudng tu nhién (nhu 4nh sang) cho dén cudc séng thudng ngay (nhu qui hoach
dét dai), cho dén cdc chuyén bay vao vii tru. Sach c¢6 dugc dich sang tiéng Anh.

Zvonkin, Cau lac bd toan hoc tré the (Masbiu u Maremaruka. JloMamuuii KpyzKoK J1/1s
JOIMKOMLHIKOB), tiéng Nga (chua dich?), 2006, 240 trang. Cac hoat dong hip din dugc t6 chiic
dudi hinh thiic cau lac bd cho cic bé & d6 tudi mau gido va cip 1 d€ hoc vé cic khdi niém toan
hoc. T4c gia 1a nha toan hoc chuyén nghiép, da t6 chuc cac hoat dong nay.

Aleksandrova & Levshin. Bo sach tuyén thuyét toan hoc cho tré em ctia hai tac gid nay 1a bo
sach kinh dién vo cting hip dan, véi cic quyén: Ba ngay 6 xit Karlikania, Nguoi mit na den
tir nuée Al-giép, Con tiu cta thuyén trudng Pon vi, va 4 quyén sich vé& v& céc cudc phiéu
luu ctia Thac si khoa hoc dang tri. Chii yéu danh cho dd tudi cip 1, nhung cac hoc sinh 16n hon
ma chua biét dén, doc chic cling sé thich.

Bolt, Hop Pandora toan hoc (A mathematical Pandora’s box). Tiéng Anh (chua dich), NXB
dai hoc Cambridge, 193. 128 trang. Tuyén tap 142 bai todn thii vi d€ phat trién tu duy logic va
sang tao cla tré em. Cho moi Ifa tudi. Theo huyén thoai, Hop Pandora tiic 1a hop chifa con qui,
da mé ra 1a con qui chui ra, khong nhét lai né vao dudc nita. Mot bai vi du: 3 ban giu c6 1 binh
21 it mat, mudn chia dudc thanh 3 phin bang nhau. Cac ban kiém thém dudc 3 binh khac, véi
dung tich 1a 11, 8 va 5 1it. Bing cach d6 di d6 lai mat giita cac binh, céc ban giu da chia dugc
mét. Thé con em c6 1am dudc khong?
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Tran Nam Diing, Sach gidi thiéu vé ABACUS. Tiéng Viét, dang hoan thanh (?). ABA-
CUS § day la cudc thi todn trén mang bang tiéng Anh t& chiic lién tuc cho tré em, xem:
http://www.gcschool.org/program/abacus/index.aspx. Qua nhiéu nim, ABACUS di c6 mot tuyén
tap rt 16n céc bai toan thi vi cho hoc sinh ti€u hoc va trung hoc co s.

Smullyan, Alice trong thé gidi cau d (Alice in Puzzle Land), tiéng Anh (chua dich?), 1986,
196 trang. Sach viét dusi dang truyén phiéu luu, cho ca tré em tif 4-5 tudi trd 1én va ngudi 16n, vé
logic, rat thd vi. Nhan vat Alice & day 1a mudn cta “Alice trong thé gidi than ky”.

Tahan, Cuéc chu du cia mot ngui biét 1am toan (The man who counted: a collection of
mathematical adventures), tiéng Anh (chua dich?), 1993, hon 100 trang. Sach vé cac phép tinh
toan hoc, viét dudi dang mot cau truyén phiéu Iuu rat thi vi. TAc gia viét & Brazil nhung lay béi
canh 1a viing cin dong thdi ¢d (xi Persia). Hoc sinh cip 1 trd 1én c6 thé hiéu.

Zvonkin, Cau lac b6 toan hoc tré the (Masbimm n Mmaremaruka. Jlomarmuanii KpyzKoK st
JOIKOMLHIKOB), tiéng Nga (chua dich?), 2006, 240 trang. Cac hoat dong hip din dugc t6 chic
dudi hinh thiic cau lac bd cho cic bé & d6 tudi mau gido va cip 1 d€ hoc vé cic khdi niém toan
hoc. T4c gia 1a nha toan hoc chuyén nghiép, da t6 chuc cac hoat dong nay.

Abbot, Thé gi6i phang: cau chuyén tinh cadm nhiéu chiéu (Flatland: a romance from many
dimensions). Pay la mot quyén sach kinh dién vé hinh hoc, dudc viét tir cubi thé ky 19 va cho
dén nhiing nim 2000 van tiép tuc tai ban. “Thé gidi phang” & day tic 1a thé gidi 2 chidu. Tac gia
tudng tuong con ngudi trong thé gidi chi ¢6 2 chidu sé sdng ra sao, nhan biét cac thif thé nao, so
véi thé gi6i 1 chiéu thi sao, va khi c6 ngudi tit thé gidi 3 chiéu dén thim thi sao, v.v. Qua d6 hiém
thém nhiéu vé hinh hoc (6 miic phd thong).

Bolt, Hop Pandora toan hoc (A mathematical Pandora’s box). Tiéng Anh (chua dich), NXB
dai hoc Cambridge, 193. 128 trang. Tuyén tap 142 bai todn thi vi d€ phat trién tu duy logic va
sang tao cla tré em. Cho moi Ifa tudi. Theo huyén thoai, Hop Pandora tiic 1a hop chifa con qui,
da md ra 14 con qui chui ra, khong nhét lai né vao dudc nita. Mot bai vi du: 3 ban giu c6 1 binh
21 it mat, mudn chia dudc thanh 3 phin bang nhau. Cac ban kiém thém dudc 3 binh khac, véi
dung tich 12 11, 8 va 5 lit. Bang cdch dd di d6 lai mat giita cac binh, cac ban giu da chia dudc
mét. Thé con em c6 lam dugdc khong?

Danesi, Thap Ha noi va nghich Iy ké néi d6i: 10 bai toan d6 16n nhit moi thoi dai (The Liar
Paradox AND THE Towers of Hanoi THE 10 GREATEST MATH PUZZLES OF ALL TIME),
2004, quing 250 trang. Poc rat thi vi, vé cac khdi niém toan hoc nhu 1a thuit todn, s6 vO cling
16n, v.v. Thich hép véi hoc sinh cip 2 trg 1én.

Nguyén Tién Diing, Cac bai giang vé toan cho Mirella: Quyén 1, 118 trang, 2013. Tiéng
Viét. Théi ken khen 1dy mot chiit, day 1a sach do tdi viét, cho cac nim cudi cip 2. Viét xong tir

cudi 2012.

Nguyén Tién Diing, Céc bai giang vé toan cho Mirella: cic quyén tiép theo. Sich dang viét.
Quyén 2 sip hoan thanh.
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Tran Nam Diing, Sach gidi thiéu vé ABACUS. Tiéng Viét, dang hoan thanh (?). ABA-
CUS § day la cudc thi todn trén mang bang tiéng Anh t& chiic lién tuc cho tré em, xem:
http://www.gcschool.org/program/abacus/index.aspx. Qua nhiéu nim, ABACUS di c6 mot tuyén
tap rt 16n céc bai toan thi vi cho hoc sinh ti€u hoc va trung hoc co s.

Kozlova, Cau d6 va ggi y: cac bai tip cho cau lac bd toan hoc. (Ckasku 1 10ICKA3KH 33841
JUIa MaTeMaTmdecKoro Kpyxkka). Tiéng Nga, in 14n thif 2 nim 2004. C6 khoang 300 cau db va
bai tip, roi dén phan goi y huéng gidi, rdi dén phan bai gidi. Nhu vy hoc sinh néu khong 1am
dudgc, dau tién c6 thé xem gdi y d€ nghi tiép, néu van khong nghi ra thi xem 15i giai. Pang dich
ra tiéng Viét? Cho hoc sinh dau cip 2.

Lichtman, Bi mat, déi tra, va dai s6 (Do the Math 1: Secrets, Lies, and Algebra), 2008, gin
200 trang. Cho hoc sinh cAp 2. Quyén sach nay 12 mot cach hoc dai s6 qua nhan vat cd bé Tess.
Sach dugc nhiéu gidi thudng bén My. Trang web ciia tic gia 1a: http://www.wendylichtman.com/.
Toi doc thit quyén nay thiy rit ngo, tit chuong dau (vé so sanh to hon, nhd hon) da théy thich.
Quyén sach nay hay vé mit vin hoc, chif khong chi vé todn.

Lichtman, Mat ma viét trén tuong (Do the Math 2: The writing on the wall), 2008, 227 trang.
Quyén tiép theo ctia quyén “Secrets, lies, and algebra”, hoc toan qua nhan vat Tess. Co bé Jess
hoc 16p 8, cid nghi mai d€ xdc dinh xem mdt anh ban cuing 16p c6 thich minh khong, cic thi
viét trén tuong nha thdi c6 phai 12 mat ma chifa cc thong tin gi d6. Va tai sao c6 mot co ban
cit bat chudc nhiing cai minh 1am ... (Néu dich ra tiéng Viét thi nén dich tron bo 2 quyén ciia
Lichtman).

Shen, Xic suat qua cac vi du va bai tip (Bepositnocts: npumeps: u 3agaun (cl) 2-e w3,
M.: MITHMO, 2008, 64 c., ISBN 978-5-94057-284-8). Tiéng Nga (chua dich?). Sach nhé 64
trang, gidi thidu vé xac suét cho hoc sinh phd thdng cip 2 va cip 3, qua nhiéu vi du va bai tap
don gian va thuc té. Mot sb dinh 1y quan trong (luat s6 16n va BDT Chebyshev) dudc trinh bay
thong qua mot day bai tap.

Smullyan, Alice trong thé gidi cAu db (Alice in Puzzle Land), tiéng Anh (chua dich?), 1986,
196 trang. Sach viét dudi dang truyén phiéu luu, cho c tré em tif 4-5 tudi tré 1én va ngudi 16n, vé
logic, rat thd vi. Nhan vat Alice & day 1a mudn cta “Alice trong thé gidi than ky”.

Spivak, Cau lac bd toan 16p 7 (MaremaTudaecknit Kpy:ok. 7 Kacc), 2000, 72 trang. Tiéng
Nga, dang dudc dich sang tiéng Viét. Quyén sach nho nay 1a tuyén tap gan 300 bai toan thd vi,
chia 1am nhiéu muc khéc nhau (vs du nhu tinh chin 18, chia hét, t hop, tdng va trung binh cong,
cat ghép, v.v.), ing véi cac kién thiic toan ctia hoc sinh 16p 7. Phin cudi quyén sach c6 hudng
dan gidi cdc bai. Chi y: quyén nay dudc in lai (c6 b6 sung?) niam 2003, thanh sich 128 trang, va
goi la cau lac b toan 16p 6 va 16p 7.

Tahan, Cudc chu du cia mot ngui biét 1am toan (The man who counted: a collection of
mathematical adventures), tiéng Anh (chua dich?), 1993, hon 100 trang. Sach vé cac phép tinh
toan hoc, viét dudi dang mot cau truyén phiéu Iuu rat thi vi. TAc gia viét & Brazil nhung lay bi
canh 1a viing cin dong thdi cd (xi Persia). Hoc sinh cip 1 trd 1én c6 thé hiéu.
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Abbot, Thé gidi phiang: cau chuyén tinh cam nhiéu chiéu (Flatland: a romance from many
dimensions). Pay 1a mot quyén sach kinh dién vé hinh hoc, dudc viét tif cudi thé ky 19 va cho
dén nhitng nam 2000 vAn tiép tuc tai ban. “Thé gidi phang” & déy tic 1a thé gidi 2 chidu. Tac gia
tudng tuong con ngudi trong thé gidi chi ¢6 2 chiéu sé sdng ra sao, nhan biét cac thif thé nao, so
véi thé gidi 1 chiéu thi sao, va khi ¢ ngudi tir thé gi6i 3 chiéu dén thim thi sao, v.v. Qua d6 hiém
thém nhiéu vé hinh hoc (6 miic phd thong).

Aigner & Ziegler, Cac chitng minh tir Sach Troi (Proofs from THE BOOK), tiéng Anh (chua
dich?), tai ban lan 4, 2010. C4c chiing minh hay nhat ctia mot loat cdc dinh 1y kinh dién trong s6
hoc, hinh hoc, t6 hop (Iy thuyét do thi), va giai tich. “Sach Trdi” 1a cach néi vi von clia nha todn
hoc Erdos: Chia Trdi c6 1 quyén sach trong d6 ghi tAt cA moi thif toan hoc that hay ho, cai gi ma
hay thi tdc 1a tir “Séach Trdi” ma ra. Hop cho hoc sinh cip 3, tuy cip 2 cling c6 thé hi€u mot sb
muc.

Danesi, Thap Ha ni va nghich Iy ké néi d6i: 10 bai toan d6 16n nhit moi thoi dai (The Liar
Paradox AND THE Towers of Hanoi THE 10 GREATEST MATH PUZZLES OF ALL TIME),
2004, quang 250 trang. Poc rét thi vi, vé cic khdi niém toan hoc nhu la thuét todn, sd vo cling
16n, v.v. Thich hép véi hoc sinh cip 2 trd 1én.

Nguyén Tién Diing, Cac bai giang vé toan cho Mirella: Quyén 1, 118 trang, 2013. Tiéng
Viét. Théi kén khen 1dy mot chuit, ddy 1a sach do tdi viét, cho cc nim cubi cip 2. Viét xong tir
cudi 2012.

Nguyén Tién Diing, Céc bai giang vé toan cho Mirella: cic quyén tiép theo. Sich dang viét.
Quyén 2 sap hoan thanh.

Tran Nam Diing, Sach gidi thiéu vé ABACUS. Tiéng Viét, dang hoan thanh (?). ABA-
CUS & day 1a cudc thi todn trén mang bing tiéng Anh tS chiic lién tuc cho tré em, xem:
http://www.gcschool.org/program/abacus/index.aspx. Qua nhiéu nim, ABACUS da c6 mot tuyén
tap rat 16n céc bai toan thi vi cho hoc sinh ti€u hoc va trung hoc co sd.

Shen, Xac suit qua cac vi du va bai tap (BepositHocts: npumepst u 3aiaqn (cl) 2-e usg.,
M.: MITHMO, 2008, 64 c., ISBN 978-5-94057-284-8). Tiéng Nga (chua dich?). Sach nhd 64
trang, gidi thiéu vé x4c suit cho hoc sinh phd thong cip 2 va cip 3, qua nhiéu vi du va bai tap
don gian va thuc té. Mot sb dinh 1y quan trong (luit s6 16n va BDT Chebyshev) dudc trinh bay
thong qua mot day bai tap.

Smullyan, Alice trong thé gidi cau dé (Alice in Puzzle Land), tiéng Anh (chua dich?), 1986,
196 trang. Sach viét dudi dang truyén phiéu luu, cho ca tré em tif 4-5 tudi trd 1én va ngudi 16n, vé
logic, rat thu vi. Nhan vat Alice & day 1a mudn cia “Alice trong thé gi6i than ky”.

Tikhomirov, Cic cau chuyén vé cuc dai va cuc tiéu (Pacckasbl 0 MAKCHMYMAX ¥ MUHIMY-
max), tiéng Nga (chua dich?), tdi ban 2006, 199 trang. Cho hoc sinh cp 3 (hoc sinh cép 2 c6 thé
hiéu vai doan). Mot tuyén tip cic cau chuyén thu vi vé cadc phuong phap toan hoc dudc dung
trong cdc bai todn tim cuc dai, cuc ti€u trong thuc té ra sao. Cc van dé tdi vu lién quan dén du
tht, tif cac hién tuong ty nhién (nhu dnh sdng) cho dén cudc séng thudng ngay (nhu qui hoach
dét dai), cho dén cac chuyén bay vao vii tru. Sach c6 dugc dich sang tiéng Anh.
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Sach da xem qua, nhung khong thiy that thu vi hay thich hop cho viéc dich sang tiéng Viét:
Brown and Walter, The art of problem posing, 2004. Pay khong phai la sach cho hoc sinh,
ma 1a cho gido vién, vé nghé thuit ra cic dé bai toan nhu thé nao. (C6 can thiét 1am cong viéc
dich sach cho gido vién khong? Lugng gido vién con it hon la lugng sinh vién dai hoc? Co 1€ 1a
khong. Cic gido vién phai chiu khé doc truc tiép tiéng Anh thoi).

Courant & Robbins, What is mathematics?, 2nd edition, 1996. Sach kinh dién, gidi thiéu vé
céac khai niém todn hoc mot cach so cip. Dang nhu 1a cdc bai gidng c6 kém bai tap. Tuy nhién

sach thudc loai “thé hé cii” roi, hoi kho khan?

Wandervelde, Circle in a box, MSRI 2009. Sach danh cho gido vién chi khong phai cho hoc
sinh. Huéng dan cach 1ap cic nhém hoc toan cho hoc sinh thich toan, va cdc vin dé va cac hoat
dong toan hoc c6 thé 1am & cdc nhém d6, véi nhiéu vi du cu thé.

Sach co trong tay nhung chua kip danh gia:
Cadwell, Topics in recreational mathematics, 2009.Gardner, Entertaining mathematical puz-
zles,????. Sach nhd, hon 60 trang.

Penrose, The road to reality, 2007. Sach dai 1000 trang, vé toan va vat ly. C6 18 1a sach rat hay
vé khoa hoc, nhung phéi cubi cp 3 va dai hoc mdi tiép can dugc?

Soifer, Mathematics as problem solving, 120 trang, 2009. Sach dugc nhiéu ngudi nhu Erdos
khen ngoi.

Soifer, How does one cut a triangle?, 2nd edition, 205 pages, 2009.

Smullyan, This book needs no title, 1980. Sich viét vé cac nghich ly trong todn va trong cudc
song.

Stewart, Cai dep la chan Iy (Why beauty is truth), 2007. Ong Stewart nay viét rt nhiéu, va kha
hay, nhung cho do tudi tit cap 3 trd 1én hoiic dai hoc mdi hiéu dugc?

Stewart, professor Stewart’s cabinet of mathematical curiosities, 2009.

Stewart, 17 equations that changed the world, 2012. (C6 vé hay, nhung c¢6 kho qua khong véi
hoc sinh phd thong?)

Sach thay gidi thiéu 12 hay, nhung chua dudc xem:

I love math! series (cho tré tho): Series nay c6 it nhit 12 quyén sach nhd vé todn, nghe néi nhiéu
tré rat thich.

Napoli et al., How Hungry are you? (C6 ban § amazon). Sach day phép chia cho tré tho, do
tudi mau gido va cip 1.

Neuschwander, Sir Comference and ...: series sach todn hoat hinh véi c4c nhin vat huyén thoai
(hiép si, rong, ...), cho do tudi tir 5 dén 10 tudi.
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http://www.amazon.com/How-Hungry-Are-Donna-Napoli/dp/068983389X

Tap chi Epsilon, S6 07, 2/2016

Mot sb sach & mic dai hoc dai cuong (cic nganh khéc toan ciing dung dén):

Céc bai gidng vé xac suit va thong ké (Du 4n viét lai quyén “Nhap mon hién dai xdc suét va
théng ké” thanh sach nay).

Ghi chu:
Mot sb nguodn dé€ tim sach trén mang:

e Cac trang web cua cac hiéu sach trén mang, vi du nhu amazon.com.

Céc trang web vé toan hoc, vi du nhu trang nay (mdt tuyén tip sach toan tiéng Nga)

Thu vién dién t, vi du nhu libgen.

mathmamawrites.blogspot.fr

Mot danh sach sach toan cho tré tho tai day.

200


http://www.mccme.ru/free-books/
http://mathmamawrites.blogspot.fr/p/math-books.html
http://www.uwosh.edu/library/emc/bibliographies/emc-bibliographies/math-books-for-children
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