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Ban Bién tap Epsilon

Y tudng vé tap chi Epsilon dugc khdi ngudn vao khoang cudi nam 2014, dén nay da di dugc
hanh trinh gan mot nim. Nhin lai sudt chiing dudng d6, chiing tdi ludn nhan ra rang stic séng ctia
Epsilon gin lién véi su ting hd va dong gép clia cac doc gia cuing cic tdc gia.

Dé ddp lai thinh tinh ctia dong dao doc gia, Epsilon s6 5 s& c6 ndi dung kha hip din vé6i nhiéu
bai viét & cac thé loai va chuyén muc khéc nhau. Ngoai céc chuyén muc dinh ky nhu lich st todn
hoc, cac van dé cd dién va hién dai sé c6 cac bai viét thu vi khac.

Phian mé dau cia Epsilon s6 5 sé 12 bai viét vé Chuan Euclid ciia Ngd Bao Chau — tém lugc phan
dau clia bai giang & trudng he Ly thuyét s6 tif c¢6 dién dén hién dai.

Tiép theo do:

Vé xép xi Diophantine: néu nhu & phan trudc, ching ta di c6 dudc cau tra 16i cho cau hdi "Céc
s6 hitu ti c6 thé xap xi cdc sd vo ti tot dén thé nao?" thi & sd 5 nay, mot 1an nita Ly Ngoc Tué sé
gidi thidu v6i nhitng vin d& con thi vi hon vé kha ning x4p xi cdc véc td trén R” bing cic véc to
htu ti Q.

V& nhip cu két ndi giita toan cao cip va toan s cip sé c6 cdc bai: Tir Euclid dén Lobachevsky
ctia Nguyén Ngoc Giang va Cén bang Nash cta Vladirmir Gurvich. Phan 2 bai viét Chiing minh
va su tién bo ctia William P. Thurston qua 15i dich cia Nguyén Dzuy Khanh s& dé cap dén mot
cau héi rit thu vi va quan trong "Diéu gi khich 1& con ngudi nghién ciiu todn hoc?".

Vé trung gian gitta ly thuyét va ing dung sé 12 bai viét vé luat Benford va nhiing ting dung thu vi
ctia Tran Nam Diing & Ping Nguyén Pic Tién.

Ngoai ra trong mang toan so cip, phong phi nhét van 1a chii d& hinh hoc véi bai viét "Diéu kién
ngoai tiép ctia mot tif giac khong 16i va ting dung" ctia D& Thanh Son, bai viét vé cong thiic tinh
khoang céach gitta tim dudng tron Euler va tdm dudng tron Apollonius cua Trinh Xuan Minh va
bai "Téng quét héa mot bai hinh vo dich Nga 2005" ctia Tran Quang Hung va Phan Anh Quén.

Phén giai tich va dai s6 sé c6 bai "Ap dung diy s vao gidi cdc phucng trinh va bit phuong trinh
ham" ctia B4 Minh Khoa va Vo Qudc B4 Can va bai "Giai tich va cac bai toan cuc tri" cia Tran
Nam Dung.

Phan s6 hoc va t6 hop sé c¢6 bai "Thing du bac hai modulo M" ctia Nguyén Hong Lit va bai
"Phan hoach tip cac s6 tu nhién thanh hai tip hop c6 tdng bang nhau" ctia Nguyén Vin Lgi,
Nguyén Hai Ding va Nguyén Thanh Khang, va “Téi uu t& hop” cia Gil Kalai.

Chuyén muc Bai toan hay 15i giai dep sé gi6i thiéu bai bt dang thitc ctia IMO 1983 qua phan
binh luin ctia Phiing H6 Hai. Phan lich st toan hoc sé gidi thidu véi doc gia doi diéu vé hinh hoc
phi Euclid.
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Dic biét trong sd ndy, ching toi sé& gidi thiéu mot sd dé thi (cuing 13i giai va binh luan) chon ddi
tuyén ctia mot s6 trudng va mot sd tinh cho VMO 2016.

Cubi cung phan két ctia Epsilon s6 5 sé& 1a bai Ma tran ngiu nhién ctia Vi Ha Vin — noi thong
bdo hang loat cédc gia thuyét da dugc chinh phuc bdi Vii va cac dong nghiép ctia anh.

Hy vong rang, Epsilon sé vin nhan dudc su ting hd ctia doc gia, va nhiing déng gép cia cac ban
s& ludn 1a dong Iuc dé nhitng ngudi thuc hién tiép tuc con dudng dai phia truéc.

Thang 10, 2015,
Ban Bién tip Epsilon.
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CHUAN EUCLID

Ngo Bdo Chau (Vién nghién cliu cao cap vé todn - VIASM)

Bai viét nay trich tir bai gidng "Ly thuyét s6 tif c6 di€n dén hién dai" & Vién
nghién ctu cao cap ve toan, he 2015. Noi dung cua bai viet tap trung vao khai niém
chuén Euclid trong vanh s6 nguyén, vanh s6 nguyén Gauss va cac hé qua s6 hoc cla
no.

Ddi tugng nghién ciiu cla ly thuyét s6 vé co ban 1a tip cic s6 tu nhién N = {0, 1,2, ...}. Vi cic
s6 tu nhién dudng nhu qua quen thudc, chiing ta it c6 y thifc ring ban than cic s6 tu nhién ciing
can dudc dinh nghia, dugc xiy dung, mot cach chit ché. Xay dung céc sd tu nhién mot cach chit
ché 12 mot vin dé trung tAm héc bua clia co s toan hoc. O ddy ta sé khong dé cap dén van dé
nay mot cach c6 hé thong ma chi diém lai mot s6 tinh chit clia tip cac s tu nhién ma ta s& cong
nhéan nhu nhiing tién dé.

Tap s6 tu nhién N chia it nhat hai phan t& 0 va 1. Tap nay dudc trang bi phép cong (x, ) > x+y.
Quan hé thif ty x < y, cho bdi x < y khi va chi khi ton tai z € N v6i z # 0 saocho x +z = y,
12 mot quan hé thif tu tuyén tinh theo nghia véi moi x # y, hodc x < y hodc y < x. Tap N,
v6i quan hé thif tu tuyén tinh, thod man nguyén ly trat tu (well-ordering principle): moi tap con
khong réng S C N déu chita mot phan ti cuc tiéu i.e. ton tai @ € S sao cho a < x v&i moi
x € S. Nguyén ly trat ty thyc chat 12 mot phién ban clia nguyén ly quy nap quen thudc.

Phép chia c6 du ctia Euclid 12 mot phép todn co ban ciia s6 hoc. Su ton tai clia phép toan nay dua
vao khang dinh: cho a, b 13 hai s6 nguyén véi b # 0, khi d6 ton tai duy nhét g, r € Z véi

a=bqg+r; (2.1)
sao cho r thoaman 0 < r < |b]|.

D€ chiing minh khing dinh nay, ta xét tip S tit cac s tu nhién x € N sao chox =a mod b
(ta theo quy udc 0 12 s6 tu nhién). Tap S chia @ cho nén né 1a tip khong réng. Theo nguyén ly
trat tu, S chita mot phan tif cuc ti€u ma ta sé ky hiéu 1a r. Ta sé chiing minh r < || bing phan
chitng. That vay, néu r > |b| thi » — |b| sé 1a mdt phan tit ciia S, nho hon han r va do d6 mau
thuln véi gia thiét r 13 phan ti cuc tiu cia S. Vir = a mod b, ton tai duy nhit g € Z sao cho
phuong tinh (2.1) thoa man.

V6i moi cip sd nguyén a, b € Z, uSc chung 16n nhit ged(a, b) 12 s6 nguyén ducng d 16n nhét
sao cho ca a va b déu la boi ctia d.
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Thuc hién nhiéu 1an phép chia c6 du ctia Euclid 1a mot phuong phap hiéu qua dé tinh udc
chung 16n nhét. Néu @ = bq + r nhu trong phuong trinh (2.1), ta dé dang kiém tra gcd(a, b) =
gcd(b, r). Thay vi tinh udc chiing 16n nhit ciia a = ag va b = by, ta chi can tinh uéc chung
16n nhit cia b = a, vir = b, v6i 0 < r < |b|. Tiép tuc nhu vy, ta sé c6 cac cip sd nguyén
(ap, bo), (ay, by), ... sao cho

ged(ag, by) = ged(ay, by) = - -

véi |bo| > by > by > --- > 0. Day s6 nay bat budc phai ditng & mot thai diém nao d6, gia st n6
ditng & (ay. b,). Ta chi khong thuc hién dudc phép chia Euclid nita khi sb chia biang khong, c6
nghia 12 b, = 0. Hién nhién néu b, = 0 thi ta ¢6 gcd(a,, b,) = a,, cho nén

gcd(a,b) = --- = ged(ay, by) = ay.

Giai thuat trinh bay 6 trén goi la thuit toan Euclid. Nhin tu géc do thuc hanh, thuat toan Euclid
12 mot gidi thuat hiéu qua dé tinh u6c chung 16n nhit ciia hai s6 nguyén 16n. Nhin tif géc do 1y
thuyét, thuat toan Euclid kéo theo dinh 1y sau, thudng goi 1a dinh ly Bezout:

Dinh |y 2.1. Vi moi sé nguyén a,b € Z, wéc chung lén nhdat d = ged(a, b) biéu dién duoc dudi
dang d = xa + ybvdi x,y € Z.

That viy, theo quy nap, tat ca cac s ao, bg, a1, b1, ..., a,, b, = 0 xuit hién trong thuat toan
Euclid trinh bay & trén déu biéu dién dudc dudi dang xa + yb va dic biét d = a, c6 dang nay.

C6 mot chiing minh hai khéc trong d6 st dung nguyén ly trat tu thay cho thuét toan Euclid. Xét
tap S céac s6 nguyén duong n c6 dang n = xa + yb véi x, y € Z. Tap ny c6 mot phan tif cuc
tiéu ky hiéu 1a e € S. Ta can ching minh riang d = e.

Vid|a vad|b chonénd|n véimoin € S. Viviy d|e. D€ chiing minh d = e, ta chi cAn chiing
minh ring ban than e ciing 12 mot uéc chung clia @ va b. Gia st khong phai nhu thé, chang han
nhu e khong la udc cua a. Khi dé thuc hién phép chia c6 du Euclid cta a chia cho e ta s€ c6
a=gqge+rv6i0 <r <e. Hiénnhiénr € S vicing c6 dang xa + yb cho nén diéu niy sé mau
thuin véi tinh cuc ti€u cia e. Vi vy e phai 1a udc chung cta a va b.

Dinh Iy 2.2. Néu d|ab va ged(d,a) = 1 thi d|b.

Néu ged(d, a) = 1 thi sé ton tai x, y € Z sao cho xd + ya = 1. Khi d6 b = (xd + ya)b hién
nhién 1a bdi cua d.

Dinh Iy 2.3 (Dinh Iy co ban cha s6 hoc). Moi s6 tw nhién n > 1 ¢6 thé phdn tich mét cdch duy
nhdt thanh tich cdc sé nguyén to.

Phan ton tai c6 thé suy ra tif nguyén ly trat tu. Phan duy nhét c6 thé suy ra tit khang dinh: néu p

1a mot s6 nguyén td udc ctia ab thi hoic pla hodc p|b. Ban than khang dinh nay 1a mot trudng
hgp dac biét ciia Pinh 1y 2.2.
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Vi dinh ly co ban ctia s6 hoc thuc su 13 cong cu co ban nhit d€ giai cac bai todn s6 hoc, ta mudn
tim cach mé rong né ra mot sd vanh giao hoan khac. P mé rong 1ap luan trinh bay & phan trudc
ra mot vanh R, ta can trang bi cho R mdt chuin Euclid. Gia st R 1a mot mién nguyén (integral
domain), K 12 trudng cac thuong (fraction field) ctia R, chuin Euclid ctia R 12 mot dong ciu
nhém

||: KX — Ry (3.1)

tif nhém cac phan ti kha nghich trong K vao nhém nhén céc sé duong thuc sao cho
e v6imoia € Rtaco |a| € N,
e vimoi x € KX, tdntaia € R saocho |x —a| < 1.

Vi cac gia thiét nay, phép chia c6 du Euclid trong vanh R ludn ton tai, diu rang c6 thé khong
duy nhit: véi moia,b € Rv6i B # 0, tdn tai ¢, 7 € R véi |r| < |b| sao cho phuong trinh (2.1)
dugc thoa man. That vay, ta chon ¢ € R sao cho |3 —¢| < 1, khi d6 r = a — bq s€ thod méan
r| < 1bl.

Dinh Iy 3.1. Trong mét vanh Euclid R, moi ideal déu la ideal chinh.

Ta cin chiing minh rang moi ideal / C R déu chita mot phin tii sinh @ € 7. Theo nguyén ly
trat tu ton tai @ € I sao cho v6i moi x € I tacé |a| < |x|. P& chiing minh ring a 13 mot phan
t sinh, ta chiing minh rang moi phan ti x € I déu l1a boi ctia a. Néu khong nhu thé, ton tai
g,r € Rsaochox = ga + r v6i |r| < |a| va diéu d6 mau thuln véi tinh cuc tiéu cta |a|.

Trong mdt mién nguyén R ma moi ideal déu 1a ideal chinh, ta c6 thé dinh nghia ged(a, b) cia
hai phan t a, b € R batky. Xétideal I = {xa + yb|x,y € Z} sinh bdi a,b € R. Ideal nay
chifa it nhit mot phan i sinh d va ta dit d = ged(a, b). Vi hai phan ti sinh cia d, d’ € [ sai
khac nhau mot don vi ¢ € R*, c6 nghiala d = cd’, cho nén ged(a, b) 13 mot phan ti ciia R
dugc xac dinh véi sai khdc 1a mot phan ti ¢ € R*.

Tuong tu nhu trong trudng hop vanh cic s6 nguyén, c6 thé chiing minh riang cic phan tiin € R
c6 thé phan tich thanh tich cdc phan ti nguyén td; phan tich nay la duy nhét véi sai khéc 1a cic
phan ti kha nghich ctia R (mdt phan ti @ € R dudc coi 1a nguyén t6 néu trong moi phan tich
a = bc a thanh tich hai phan tii b, ¢ € R, hoiic b hoic ¢ phai 1a phan tir kha nghich).

Ngoai Z, vi du cd ban ctia vanh Euclid 1a vanh cic da thidc k[¢] mot bién ¢ trén mot trudng k.
Vanh céc s6 nguyén Gauss 12 mot vi du thu vi khac:

R={x+iylx,y € Z}. (3.2)
v6i i thod man phuong trinh i2 = —1. Trudng cac thuong ctia R 1a
K ={x+iylx,y € Q}. (3.3)

Ta chon chuén cho béi |x + iy| = x? + y2. Dé thiy véi moi a € R tacé |a| € N va v6i moi
x € K*, hoic tdng quat hon, véi moi x € C, ludn ton tai a € K, sao cho |x —a| < 1. That vay
v6i moi diém x trong mit phang phiic, ta ludn tim dugc mdt mét trong 1udi nguyén R véi khoang

9
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céch t6i x khong qua 1/+/2. Vi vdy ta c6 thé ching minh khing dinh manh hon: véi moi x € C,
ludn tdn tai a € K, sao cho |x —a| < 1/2.

Nhu vay vanh céc s6 nguyén Gauss R 1a vanh Euclid, moi ideal ctia n6 1a ideal chinh. C4c phan
ti cia R c6 thé phan tich mot cach duy nhét thanh tich cdc phan ti nguyén t véi sai khéc
R* ={£1, £i}.

Lap luan tuong tu, ta c6 thé chitng minh dudc cac vanh
Ry={x+yv-2|x,y €Z} (3.4)

va

1+ /-3
2

ciing ¢6 chudn Euclid. That vay, néu xem cac phan ti R, (hodc R3) nhu mat ctia mot ludi trén

mit phang phiic, thi lu6i nay di diy dé sao cho moi s6 phiic z € C, ton tai it nhit mot mit ciia

ludia € R, (hoac a € R3)saocho |z —al| < 1.

Ry={x+y—|x,yeZ} (3.5)

Lap luan nay khong con dung nia véi
Rs={x+yv-5|xyelZ (3.6)

vi lu6i Rs qua thua trong mit phang phiic: ta khong thé dam bio dudc véi moi z € C, tdn tai
a € Rs sao cho |z —a| < 1. Khong nhitng chudn thong thudng |x + y~/—5| = x2 + 5y2 cia
Rs khong phai 1a chuan Euclid, ma Rs khong thé c6 chuin Euclid vi tinh chit phén tich duy nhét
ra thira sb nguyén t6 khong dugc thoa man trong Rs. That vy ta c6 dang thiic

6=23=(+vV=5)(1-+v=5) (3.7)

trong d6 2, 3,1 4+ +/—5, 1 — v/—5 1a c4c phan ti nguyén t6 clia Rs. Nhu viy 6 c6 hai cach phan
tich khac nhau thanh tlch cac phan ti nguyén t.

N6i chung céc vanh giao hoan rt hiém khi c6 chuin Euclid, nhung khi c6, chiing s& dem dén
cho ta mot s6 két qua s6 hoc don gian va thu vi.

Diophantus trong sach Arithmetica nhan xét rang mot s6 nguyén c6 dang 4n + 3 v6in € 7Z
khong thé viét dugc thanh tdng cla hai binh phuong. Néi cach khac, véi moi n € Z, phuong
trinh

X2+ y2=4n+3 4.1)

khong c6 nghiém x, y € Z.
Phuong trinh trén thuc ra khong c6 nghiém & trong vanh Z /47 cac 16p ddng du modulo 4. That
vay néu x 124 mot s6 chin, tacé x =0 mod 4, con néunélamotsd 1€, tacé x = 1 mod 4. Vi

viy trong moi trudng hop x2 + y2 chi ¢6 thé dong du véi 0, 1 hodc 2 modulo 4. Nhu vay, phuong
trinh (4.1) khong c6 nghiém x, y € Z/47Z va cang khong thé c6 nghiém trong Z.

Fermat tim ra diéu kién can va di &€ mot s6 nguyén c6 thé viét dugce dudi dang téng cta hai binh
phuong.

10
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Dinh Iy 4.1. Mt sé tw nhién n viét dugc thanh tong ciia hai bmh phuong n = x%+ y?véi
X,y € Z khi va chi khi trong phdn tich n thanh tich cdc thita s6 nguyén té

n=2°pi"...p (4.2)

Vi P, ..., pr la cdc s6 nguyén té 1é déi mot khdc nhau, moi thita sé nguyén to p; dong du véi 3
modulo 4, déu cé s6 mii e; chdn.

Trudc hét ta nhan xét rang néu hai s6 nguyén biéu dién dugc dudi dang tdng hai binh phuong thi
tich ctia ching ciing nhu thé. Néu ny = x? + y? van, = x2 + y2 thitac6

2 2

niny = (X1x2 — y1y2)° + (x1y2 + x2y1)°. 4.3)
Trong trudng hop x1, X2, Vi, y» 12 cdc sd nguyén, néu z; = x; + iy, Vi 2o = X + i)2
1a cac sb nguyén Gauss tuong ting, thi ta c6 n; = |zy|, no = |z2| va nyny, = |z,25| Véi

2125 = (X1X2 — Y1y2) + i (X1 Y2 + X2y1). Nhd vao nhin xét ndy, dinh ly Fermat vé tdng hai binh
phuong c6 thé quy vé hai khang dinh lién quan dén sb nguyén t6 18.

Dinh Iy 4.2. Néu p la mot s6 nguyén té 1é véi p =3 mod 4va x,y € Z sao cho x> + y?> =0
mod p thi cd x va y déu la bdi ciia p.

Dinh Iy 4.3. Néu p la mot s6 nguyén té 1é véi p = 1 mod 4 thi téon tai x,y € Z sao cho
24 y?=p.

St dung Pinh 1y 4.2, ta chting minh dugc rang néu n 1a tdng hai binh phuong ma phan tich thanh
tich céc thita s6 nguyén tb nhu trong cong thiic (4.2), thi moi thita sé nguyén t6 p; dong du véi 3
modulo 4 trong sb céc thita s6 nguyén tb py, ..., p, déu c6 sd mil e; chin. Ngudgc lai néu moi
thira sb nguyén t6 p; dong du véi 3 modulo 4 déu c6 sb mii e; chin thi ta ¢ thé sit dung Pinh ly
4.3 @€ ching minh rang n c6 thé biéu dién thanh tdng hai binh phuong.

Dinh ly 4.2 1a mot bai toan dong du. Ta thyc chit 1am viéc trong trudng F,, cac 16p dong du
moduo p. Gid st y khong 12 boi clia ctia p, khi d6 16p dong du ctia y 1a mot phan tif khac khong,
cho nén khé nghich, ctia F,. Khi d6 phuong trinh x2 + y? = 0 mod p kéo theo sy ton tai ctia z
mod p sao cho

z2=—-1 mod p 4.4)

Theo Dinh ly Fermat nhd, ta c6 dong du z?~! = 1 mod p. Pong du (4.4) kéo theo
(—1)"7 =1 mod p. 4.5)

Vi dong du nay khong ding véi cdc s6 nguyén té p = 3 mod 4, cho nén trong trudng hop d6
quan hé dong du x2 + y2 = 0 mod p sé kéo theo p|x va p|y.

Budc dau tién trong chiing minh Dinh 1y 4.3 12 nhat xét trong trudng hop p = 1 mod 4 phuong
trinh dong du (4.4) c6 nghiém. C6 it nhét hai phuong cich d€ chiing minh khang dinh nay.
Phuong cich thif nhét 12 st dung dinh 1y Wilson:

(p—D!'=—-1 mod p. (4.6)

Phuong cdch thi hai 1a st dung nhan xét nhém I cac phan ti kha nghich 12 nhém xich, tic 1a
nhém Abel chifa it nhit mot phan ti sinh. Phuong cach thit nhét so cAp hon, con phuong cach
thif hai thi phan nao thuc chit hon.

11



Tap chi Epsilon, S6 05, 10/2015

D€ suy tif viéc ton tai nghiém clia phuong trinh dong du (4.4) ra viéc phuong trinh p = x? 4 y?
¢6 nghiém nguyén, ta can diung dén chuin Euclid ctia vanh cdc sb nguyén Gauss R = Z[v/—1].
Cho z 12 mdt sb nguyén sao cho z2 4+ 1 = 0 mod p. Néu cin thiét thay z bang z + p ta c6 thé
gia thiét

z241%#0 mod p?. 4.7)
Xét uSc chung 16n nhét ctia z + i va p trong R. Vi R 13 vanh Euclid, u6c chung 16n nht ton tai
va duy nhét véi sai khdc 14 phan ti cia R* = {£1, i}, vi vay tacé

ged(z +i,p) = x + iy (4.8)
Khi d6 ta co
x* 4 y* = |x +iy| = ged(|z + i], p) = ged(z® + 1, p?) = p. (4.9)

Nhu vay phuong trinh x2 + y? = p c6 nghiém nguyén v6i moi sd nguyén td p v6i p = 1
mod 4.

Phuong trinh n = x2 4 2y? ¢6 thé dudc giai bang phuong phdp hoan toan tuong tu nhu véi
phuong trinh n = x2 + y2. Cic s6 phiic ¢6 dang x + y+/—2 v6i x, y € Z tao nén mot mién
nguyén ky hiéu 1a R = Z[+/—2]. Trudng cdc thuong cta R 1a trudng K cdc sb phic c6 dang
x + y+/—2v6ix,y € Q. Tacé anh xa chudn K* — Q* cho béi

Z2=x4+yvV=2 |x + yv/=2| = x* +2y°. (5.1)

Vi chuén 12 mot dong cAu nhém: véi moi z1, 2z, € K™ ta cé |z122| = |z1]|z2| cho nén, vé co ban,
gidi phuong trinh n = x2 4 2y? quy vé trudng hop n 1a sb nguyén t6.

Dinh Iy 5.1.

1. Néu p la mét s6 nguyén té dong du voi 5 hodc 7 modulo 8, phuong trinh dong du
x +2y?>=0 mod p kéo theo p|x va p|y.

2. Néu p la mét sé nguyén té dong du véi 1 hodc 3 modulo 8, phuong trinh x? + 2y? = p
co nghiém nguyén.

3. Sé tw nhién n véi phdn tich thanh tich cdc thita s nguyén té & dang (4.2) c6 thé'biéu dién &
dang n = x? + py? khi va chi khi moi thita sé nguyén té p;, dong du véi 5 hodc 7 modulo
8, déu co s6 mii e; la s6 chan.

Khang dinh thi ba c6 thé dé dang suy ra tit hai khang dinh dau.

Khang dinh thi nhit quy v& bai toan dong du: khi nao phucng trinh dong du z2 = —2 mod p
c6 nghiém. Loi gidi cia bai todn dong du nay thuc ra 13 mot bo phan ciia luat thuin nghich cip
hai (quadratic reciprocity law) ctia Gauss. Ciing chinh vi vdy ma bai todn dong du x2 + dy? = 0

mod p ¢6 thé giai dugc cho moi d € N dua vao luat thuin nghich.

12
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Khang dinh thi hai c6 thé dugc chiing minh hoan toan tuong tu nhu v6i bai toan p = x2 + y2,
dua vao su tdn tai cia chuan Euclid trén Q[+/—2] va su ton tai ctia u6c chung 16n nhét trong
vanh nay.

Vi chuén thong thudng trén Q[+/—3] van 1a chuén Euclid cho nén bai todn n = x2 + 3y2 ¢ thé
giai dudc bang phuong phap hoan toan tuong tu nhu trén. Tuy vy d6i véi mot sb tu nhién d tong
quét, dic biét véi d = 5, chudn thong thudng trén Q[+/—d ] khong con la chudn Euclid nita. Té
hon nita, vanh cdc phén ti nguyén ctia Q[+/—d] khong 1a vanh chinh, né ¢6 nhiing ideal khong
thé sinh bdi chi mot phan ti. Vi vay 1ap luan cd ban nhu trong khang dinh thi hai st dung khai
niém u6c chung 16n nhit khong con diing trong céc trudng hop nay.

P& khic phuc khé khin nay, truée hét can nhan thay ta van c6 thé dinh nghia dudc "udc chung
16n nhét" nhu mot ideal thay vi nhu mot sd: uSc chung 16n nhét ctia @ va b chi don gian 12 ideal
sinh bdi @ va b. Nhan xét nay c6 thé xem nhu diém khdi thuy ciia ly thuyét cac mién Dedekind.
Trong c4c mién Dedekind, ma dién hinh 12 mién cic phan t nguyén trong mot md rong hitu han
K cta Q, dinh ly phan tich duy nhét thanh tich cic thita s6 nguyén t6 khong con diing nita. Tuy
thé, dinh ly tuong tu véi céc sb dudc thay bang céc ideal, cac sb nguyén td bang cac ideal nguyén
t6, thi van ding.

Nho vao ly thuyét cic ideal trong mién Dedekind, ta c¢6 thé dinh vi cdi "khé" clia ta nhu mot
phan ti ctia nhém cac 16p CI(K) cac ideal modulo céc ideal chinh. Nhém céc 16p C1(K), ma
khdi thuy 1a chd chiia cai kho, cai "khd" ctia ly thuyét s6 so cép, sé tré thanh dbi tugng nghién
cttu chinh, cdi "sudng", ctia ly thuyét s6 dai s6. Ching ta sé dé cap dén van dé nay trong mot bai
viét khic. Trong lic chd ddi, ban doc c6 thé tim doc quyén sach rét thud vi ctia D. Cox c6 nhan dé
"On primes of the form x2 + ny2.
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Lg Ngoc Tué - Dat hoc Brandeis, Massachusetts, M

1. Dinh ly Dirichlet

Trong phan trudc [11], v6i cong cu chinh 1a lién phan s6, ching ta da c6 dudc cau tra 16i cho cu
héi: "Céc s hitu ti ¢ thé xap xi cac s6 vo ti tét dén thé nao?" qua dinh ly sau ctia Euler:

Dinh Iy 1.1 (Euler 1748 [4]). V&i moi s6 vo ti x € R ~ @Q, ton tai vo sb sd hitu ti 2 ¢ Qvéi
q
q > 0 sao cho:
1
< peR (1.1)

4
x__

q

Tuy nhién, cho dén tin bay gid van chua cé dugc mot cach xay dung lién phan sb trong khong
gian nhiéu chiéu R” c6 dy du céc tinh chit d€ c6 thé tra 15i cau héi vé kha ning x4p xi cic véc
to trén R” bang cdc véc to hitu ti Q". Phai dén gan 100 nim sau, Pinh ly 1.1 méi dudc md rong
1én R” bdi nha todn hoc Peter Gustav Lejeune Dirichlet. K&t qua nay dudc xem nhu 1a xuét phat
diém cho 1y thuyét x4p xi Diophantine phat trién. Vi thé nén Pinh 1y 1.1 van thudng dugc goi 1a
Dinh ly Dirichlet (trén R).

Trén khong gian véc to R”, gid tri tuyét d6i trén R trong bat dang thiic (1.1) sé dugc thay thé bdi
sup norm:
%] := max{|xi], ... |xal} VO X = (x1,....x,) € R".

Luu ¥ rang sup norm tuong duong véi Euclidean norm:
], = VE-F = a2+ 3+ 22
van thudng dung d€ dinh nghia khoang cach trén R” nhu sau:

150, = %] = v - %],

Dinh ly Dirichlet cho R” ¢6 thé dugc phét biéu nhu sau:

Dinh Iy 1.2 (Dirichlet 1842 [3]). V6i moi véc to ¥ € R" ~ Q", ton tai vd sd véc td hitu ti

P _ (Q,Q,,,,,&) eQ"voipelZvaqg eZ,q #0,sao cho:
q q 4 q
. D 1
TPl - —. (1.2)
qi g
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Dirichlet chiing minh Pinh ly 1.2 thong qua Dinh ly sau:

Dinh Iy 1.3 (Dirichlet 1842 [3]). V6imoi Q > 1 vavéimoi X € R”, tontai p € Z" vaq € Z,
0 < |g| < Q" sao cho:
- - 1
gx —p| < —. (1.3)
Joi - 5] <

Chitng minh Pinh Iy 1.2 dwa vao Pinh Iy 1.3. V6i mbi Q > 1 cb dinh, 4p dung Dinh 1y 1.3, ta
c6 thé tim dudc p € Z" vag € Z, 0 < |g| < Q" sao cho:

-

S 4

q

1 1
< < -
Qlgl =~ jq**n

= Ljgz- 5]
I

Vl)??é@”,fc—g;éO,nénVéi Q' > 0 sao cho
q

1
§<

P’ va ¢’ tim dudc theo Pinh ly 1.3 tuong ting v6i Q' thdéa man diéu kién:

4

q

l

=/ -

- 1 -
o K/ < ! = %Y < B E '
q Q'lq'l — Q q

Diéu nay din dén:

p,p

= F

q q
Vi vay, khi O — o0, ta sé c6 dudc vo sb ? xhéc nhau théa man (1.2). O

q

Luu y 1.4, Pinh ly 1.3 con dugc goi 1a Pinh ly Dirichlet manh va Pinh ly 1.2 con dudgc goi la
Pinh Iy Dirichlet yéu .

P& chitng minh Pinh 1y 1.3, Dirichlet st dung quy tic nhdt thd vao chudng (Dirichlet goi la
Nguyén tic ngen kéo - Schubfachprinzip), hay con goi 1a nguyén 1y Dirichlet nhu sau:

Nguyén Iy Dirichlet. Néu nhu ching ta c6 k con thd bi nhét trong / cdi chudng, va k > [, thi sé
c6 mot chudng c¢6 it nhit 2 con tho.

Luu y 1.5. Nguyén tac trén da dugc biét dén bdi cac nha todn hoc trude Dirichlet (ss. [8]), nhung
bai bdo ctia Dirichlet 1a 1an d4u tién nguyén tac nay dudc ap dung vao chiitng minh mot két qua
quan trong trong toan, nén n6 da dugc gan véi tén cua Ong.

D€ minh hoa y tudng chinh, ching ta sé chiing minh Dinh 1y 1.3 cho trudng hgp n = 1 nhu sau:

Chiing minh Pinh Iy 1.3 véin = 1. Véi mbi s6 thuc x € R, ching ta st dung ky hiéu phan
nguyén va phan thap phin ctia x nhu sau:

x| :=max{a € Z:a <x} va {x}:=x—|x].
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Khong mit tinh tdng quat, ta c6 thé gia st nhu Q 13 mot s6 nguyén duong (thay Q bsi | Q| néu
can), va chia doan [0, 1) ra thanh Q doan:

oo (b2 1%
Q) LQ 0 0

Xét O + 16 thuc 0, {x}, {2x},....,{Ox}. Vi O + 1 > Q, theo Nguyén ly Dirichlet, ton tai mot
1
¢ ax ),Osa < 0va0=<g1,92 < Q,q1 # g2 sao cho:

doan |:—,
(ux) o) € [% %)

Vay néu dit p; = |q1x], p» = |g2x], ta s€ c6 dugc:

modi doan c6 do dai —.

@1 — p1) — (@ox — p2)] = l{@1x} — {ga}] < é.

Va(1.3)s€ thbaman véiqg = q; — g va p = p; — p». ]
Chiing minh trén c6 thé d& dang mé rong ra cho n > 1 bat ky nhu sau:

Chitng minh Dinh Iy 1.3 véi n > 1. Tuong ty nhu trén, ta c6 thé gia st rang Q > 0 12 mot sb
nguyén ducong. Chia hinh hop vuong [0, 1)” ra thanh Q" hinh hdp vudng nhd hon ¢6 do dai moi

canh bing —:

[a_é’%) X ... X [%’an;-l) v6i0 <ay,...a, < Q. (1.4)

Va xét Q" + 1 véc td dang:

09 ({xl}a s {xn})v ({2X1}, ceey {2xn})’ seey ({anl}v seey {ann})

Theo Nguyén ly Dirichlet, ta sé tim dugc 2 véc to cling nam trong mot trong mot hop vuong
nho (1.4). Va lap luin tuong tu nhu & trén, ta ¢6 thé tim dudc p € Z" vaqg € Zv6i 0 < |g| < Q"

sao cho: .
P4 B L
g% + 5] < 5

]

Bai tap 1.6. Goi M, ,(R) la tap cdc ma tran m dong n cot v6i hé s6 thuc. Dinh ly 1.2 c6 thé
dudc mé rong ra M, ,(R) thanh dang ménh dé nhu sau: Néu nhu ma tran 4 € M, ,(R) thoa
min AG ¢ Z™ v6i moi g € Z" ~ {0}, thi ton tai v s (p,q) € Z™ x Z" v6i G # 0 va

N 1
|44 = 5| < ==
4]
Tim k cho Dinh ly Dirichlet trén M,, ,(R).
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4- RN — 1 . P LR . . ot
Ciing nhu trén R, tinh toi vu cia ham |q| (1+5) trong DPinh ly 1.2 ¢6 thé dugc ching minh bdi
su ton tai clia cdc véc to X xdp xi kém dudc dinh nghia bdi tinh chét sau: ton tai ¢ > 0 sao cho
v6i moi véc to hitu ti £ € @,
q
c

144

(2.1)
4]
Tuy nhién khong giéng nhu trong trudng hop R, khi n > 1, ching ta khong c6 dugc cong cu
lién phan s6 d&€ mo ta va qua d6 chitng minh sy ton tai clia cdc véc to xAp xi kém. Tap cac véc to
xap xi kém trén R” 1a mot dbi tugng nghién ciiu quan trong trong 1y thuyét xip xi Diophantine.
Chuing t6i s& c6 mot bai viét riéng vé tap nay trong mot s6 bao sau.

Ciing bdi khong c6 cdng cu lién phan s6 hoan thién trong khong gian nhiéu chiéu, chiing ta sé
phai st dung cong cu khac d€ cdi thién hing s6 1 trong Pinh ly 1.2. Cong cu ma chiing tdi s& gi6i

thiéu trong phan con lai ctia bai 1a Hinh hoc céc s6 (Geometry of Numbers) ctia Minkowski.

Hinh hoc s6 (Geometry of Numbers) dudc phat trién vao cudi thé ky 19, dau thé ky 20 bdi nha
toan hoc Hermann Minkowski [7] nham dua dai s6 tuyén tinh va hinh hoc vao gidi mot s vin dé
trong 1y thuyét sé dai s6 . Hinh hoc s6 ctia Minkowski nhanh chéng tim dudc ting dung trong xAp
xi Diophantine, va trd thanh mot trong nhiing cong cu cd ban vo cung quan trong.

Mot s6 tai liéu tham khao cho Hinh hoc sb: Cassels [2], Siegel [10], Gruber & Lekkerkerker [5].

Mot trong nhitng dbi tugng nghién cttu chinh ctia Hinh hoc céc s6 1a céc tap [di trong R” dugc
dinh nghia nhu sau: Tap hop E € R” dudc goi 1a tap I6i néu nhu vé6i 2 diém batky X, y € E bét
ky, doan thang nbi X va y ciing nam trong E:

X, yeEE=tXx+(1—-1t)ye E v6imoi0 <t <1.
E dudgc goi 1a doi xitng tdm néu nhu:

X€eE=-X€eE.

Bai tap 2.1. Phan loai tit ca c4c tap 16i trén R.
Vidu22. (i) Tap {(x,y) € R*:x* + y* < 1} la mot tap 16i trén R*.

(i) Tap {(x,y) € R?: x> + y* = 1} khong phai 1a mot tap 16i trén R>.

(iii) Tap

n
XeR": Y x| < 1} 12 mot tap 15i trén R”.

i=1

(iv) Tap

n
XeR":[[lxl < 1} khong phéi 1a mot tap 16i trén R” v6in > 2.

i=1
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Bai tap 2.3. Ching minh vi du 2.2.
V6i méi tap E C R”, ky hiéu y g 1a ham dic trung ctia E:

1 ,XeE

YE(X) = {O ¢ E

va vol(E) 1a thé tich trén R” cua E (dd do Lebesgue clia E):
vol(E) = / xE(X)d(X).
Dinh 1y sau ctia Minkowski, mot trong nhiing két qua ciin ban trong Hinh hoc cic s, cho ta biét

dugc diéu kién di d&€ mot tap 10i c6 chiia diém c6 toa dd nguyén:

Dinh Iy 2.4 (Dinh Iy hinh 18i ciia Minkowski ). Goi E C R" Ia mot tap 18, déi xing tam va bi
chin trén R”. Néu nhu:

(1) vol(E) > 2", hoac
(ii) vol(E) = 2" va E compact,
thi E c6 chia it nhat mot diém toa do nguyén khac 0:
ENZ"~{0} # 0.

Dé ching minh Dinh ly 2.4, ta sé can dén Quy tac Blichfeldt trong Hinh hoc s6 (Pinh ly 2.6) va
B6 dé sau:

B6 dé 2.5. Gia st nhu f(¥) 1a mot ham kha tich khong 4m trén R” vdi:
f(X)d(X) < 0.
Rﬂ

Ton tai y € R” sao cho:
Y G+ = | FER).
Rn

pELN

Chitng minh. Néu nhu chudi & vé bén trai khong bi chiin déu theo y thi két luan ctia BS dé 1a
hién nhién. Gia st nhu chudi & vé& bén trai bi chin déu theo ¥, theo Pinh ly hdi tu manh ctia
Lebesgue, ta c6 dugc:

| reac = 3 IE PG

pELN 0.1)"

= > G+ )

n
[091) ﬁeZ”

<vol([0,1)") - sup > f(¥+ p)

Felo.n" 57

= sup Y [+ P
Xe[0,1)" 5y
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Néu nhu:
[ GG < sw ¥ G+ 5

gelo,n” 52,
thi ta c6 thé tim dudc y € [0, 1)” sao cho:
[ = 3 1G+p < sw Y G+ )
Rn

ﬁGZ” )_56[0,1)” ﬁGZ”

Con néu nhu:

| S@d®) = sup YOG+ D)

gelon” 52,
thi
wil {5 [ f@a@ =Y G+ | =1
R ﬁEZ”
nghia 12 hau hét y € [0, 1)” thda man B& dé. O

Dinh Iy 2.6 (Blichfeldt 1914 [1]). Néu nhu E 1a mdt tap do dudc trén R” v6i vol(E) > 1 thi ton
tai 2 véc to khac nhau X, X, € S sao cho X, — X; € Z".

Chiing minh. Ap dung B8 d& 2.5 véi f = yg, ta cé thé tim dudc y € R” sao cho:

Z xe(y +p) = /n xe(X)d(X) = vol(E) > 1.

pezn R

-

Vi viy, ton tai p;, p» € 7" khac nhau sao cho y + p;,y + p» € S. Dt X, = ¥ + pi,
X2 = Y + pa, ta céd dugc 2 véc té thoa man Dinh ly. O

Chitng minh Pinh Iy Vit 16i ciia Minkowski 2.4. Pau tién ta sé ching minh cho trudng hop
vol(E) > 2". Pt § = {X : 2X € E}, thé tich cta S la:

1
vol(S) = 2—V01(E) > 1.

n

Vi thé theo DPinh 1y 2.6, ta c6 thé tim dudc X1, X» € S khac nhau sao cho X; — X, € Z". Vi §
cling dbi xiing thm, —X, € S, va vi S ciing 12 mot tap 16i:

X1+ (1—1)(—X2) €S v6imoi0 <7 <1.

» 1
Véit = —,
2

L L eS
—X1 — —X .
27t

Theo dinh nghia cua tap S

1 1
2{=X1— =X, | =X, —X € E.
(2 175 2) 1— X2
Vay, véc td p = X; — X, 1a mot véc to toa dd nguyén trong E.
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1 -
V6i truong hop vol(E) = 2" va E compact, xét day Ey = (1 + E)E = {x ' y

vol(Ex) > 2" v6i moi k, nén ta c6 thé d4p dung trudng hop dau tién cho E; dé cé dugc 1
diy pr € Z" N Ex. Vi céac tp Ey bi chin déu, ddy px 1a mot diy bi chiin, nén theo Pinh ly
o0

?ceE}.

Bolzano-Weierstrass, ton tai mot day con hdi tu. Vi Z" 12 mot tap rdirac va E = ﬂ Ex, mdi

k=1
day con hoi tu cua py s€ cho ta 1 véc to toa do nguyén trong E. [

Luuy 2.7. Diéukién vé thé tich trong Dinh 1y 2.4 1a t6i vu qua vi du sau: thp E = {X¥ € R" : H)? H <1}
1a mot tap 16i, dbi xiing tam va c6 thé tich bang 2", nhung E N Z" = {0}.

Xét hé bat phuong trinh tuyén tinh n 4n n bt phuong trinh nhu sau:

laiix1  + ..+ aiaxa| < <
. . . (2.2)
|an—1,1x1 + ..+ an—l,nxnl < Cp—1
lan1x1 4+ .+ apnxal =< cn

Ap dung két qua vé tap 18i cho phép ta tim dudc nghiém nguyén khong hién nhién cho hé bit
phuong trinh tuyén tinh trén:

Dinh Iy 2.8 (Dinh Iy Dang tuyén tinh ctia Minkowski ). Gia sit nhu ma trin A = (ai,j)

1<i,j<n

n
co |det(4)| =1, ¢y, ¢, ..., > 0 va 1_[ ¢; > 1. Thi hé bat phuong trinh tuyén tinh (2.2) ¢co it
i=1

nhat 1 bd nghiém nguyén khac 0.
Ching minh. V6imdi 1 <i <n, goi A; = (a;1,di2,...,a; ) Véc t6 dong thi i clia ma trin A.
Vavéi k = 1,2, ..., xét cac hinh binh hanh nhiéu chiéu sau:

- - e . - 1
Ey = {xeR”:}Ai-ﬂ <c VOl <i 5n—1,|An-x| <cn+% .
Bai tap 2.9. Chitng minh ring cac tip Ey 1a tip 15i, d6i xing tAm, va c6 thé tich:

1
VOl(Ek) = 2n6‘1C2...Cn_1 (Cn + —) > 2",

k
Theo Dinh ly 2.4, ta ¢6 thé tim dugc mot ddy céac véc to toa dd nguyén Z; € Ej khac 0. Lap luan
nhu trong chiing minh ctia Pinh 1y 2.4 ta c¢6 dudc véc to toa dd nguyén can tim. [

Ching ta c6 thé dp dung Dinh ly Dang tuyén tinh d& c6 mot ching minh khac cho Dinh ly
Dirichlet:

Chitng minh khdc cho Dinh Iy 1.3. Vi mdi véc t6 X € R”, xét ma trdn A € My, 41 ,+1(R) nhu
sau:

1 0 —x; Ay
01 ... 0 —x; As
A=|: - = N B (2.3)
00 1 —x, A,
00 1 Ant1
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V6imdi Q > 1, ap dung Pinh ly 2.8, ta c6 thé tim dudc mot véc to toa dO nguyén:

P1

7 — : c 71 L0
DPn
q

sao cho
5 1 L. : . >
axi—pl=[4iE| <5 wilsi=n v lgl=[Aun 2= 0"

Ta chi can phai ching minh ring ¢ # 0. Gid st nhu ¢ = 0, vi Z # 0, nén ton tai p; # 0. Diéu
d6 dan dén:

o1
1 <|pil = |4 - Z| <§§1 (Vo Iy).

Vay ta c6 dugc véc td p = (p1, ..., pn) € Z" vaq € Z, ¢ # 0 can tim. ]

Dinh 1y 2.10 (Minkowski 1910). Véi moi véc to ¥ € R” ~ Q", ton tai vo sb6 véc to hitu i
P _ (ﬂ,&,...,&) eQ"voipelZ'vaqg eZ,q # 0, sao cho:
q 4q q

q

4t n
<—"— V6iC, = :
|q|1+z n—+1

(2.4)

1 X Lz 1
Luuy 2.11. Khin = 1, ta ¢6 dudge C; = x khong phai 1a hang so toi uu % nhu trong Dinh ly

ctia Hurwitz (xem trong [11]). C6 mdt s6 két qua cho ra hing s6 cho Pinh ly Dirichlet tot hon
Dinh ly 2.10, chdng han nhu Blitchfeldt [1] thay thé C, bing:

1
n n—1\""\ "

1+ )
n—+1 n+1

Tuy nhién hing sb t6i uu cho Dinh ly Dirichlet trén R” v6i n > 2 van 1a mot cau hdi mé quan
trong trong ly thuyét xap xi Dirichlet va Hinh hoc s.

D€ ching minh Dinh Iy 2.10, v6i mbi Q > 0 va C > 0, xét tp hgp E ¢ ¢ dugc dinh nghia bdi:
Egc =1{(,2) = 1, yn,2) e R 07"z + Q|5 = C}.

B6 d& 2.12. V6imdi Q > 0va C > 0, Eg ¢ 1a mot tap compact, 16i, d6i xting tam, va c6 thé
tich:
(2C)n+1

n—+1
Chiing minh. Xétham f : Eg.c — Eic, (7,2) = (075, 0"z).

VO](EQjc) =
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Bai tap 2.13. Chiing minh ring f 1a mot ham tuyén tinh, v6i dinh thifc bang 1, va la song dnh
gifIa EQ,C va El,C~

Vay nén f va f~! sé bao tdn cdc tinh chit compact, 15i va dbi xting tm, va ta chi can ching
minh trudng hop Q = 1.

Tinh compact va ddi xing tdm cda tp E; ¢ 1a hién nhién. Goi (¥, z) va (¥, z') 1a 2 diém trong
Eic,v010 <t <1, apdung bat dﬁng thuc tam giac, ta c6 dudc:

2+ (=0 | 4 15+ (=0 | = izl + [ =02+ 5] + [0 - 07|
= t(lzl+ [5]) + (= (=] + [7])
<C

Vay t(y,z) + (1= 1)(y',2') € Eic.
Cudi clng ta c6 thé tinh thé tich cta E; (cling 1a ctia moi Ep):

Cc—z| Cc—|z|
VO](El)—/ f . / dyy...dy,dz
|z|-C |z|—-C

= 2”"'1/ (C —z)'dz
0

B (2C)n+1
on+1 7
]

Chiing minh Pinh Iy 2.10. PatC = (n + 1)# va ma tran A dudc dinh nghia nhu trong (2.3).
Theo BS dé 2.12, tip AEg ¢ 1a tp compact, 10i, d6i xiing tim, va c6 thé tich vol(AEg ¢) =
2"+1 Ap dung Dinh 1y 2.4, ta c6 thé tim dudc mdt véc td toa dd nguyén ( Po.qo) khac 0 nim
trong AE¢ ¢, nghiala (pg, go) thoa man:

07"go| + Q| g0% - po| = C.
Luu ¥ rang véi mdi véc to toa dd nguyén (p, g), chi ton tai hitu han Q > 0 thda man:
07"lql + Qll¢x —p| =C
Vay nén ngoai trit mot s6 dém dugc cac Q > 0,bd ba Q, po,qo théa man bat déang thic:
07" |go| + Q|g0% — pol < C. (2.5)

V6i nhitng bd Q, po,qo thda min (2.5), 4p dung bat ddng thic trung binh cdng va trung binh
nhan cho ta:

o] lao® = Fol" = " (™" lac)) - (1407 ~ 7ol )

S +1
<n". (Q_”‘qQ| + QHqu_pQH)n

- n—+1

< n
" (n+1)
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tuong duong véi (2.4).

Néu nhu ta chon Q < C thigg # 0, vinéunhu gp = 0, pp # 0 va bit dang thic (2.5) dan
dén:
lgo* — po| = | pe| <CO™' <1 (voly).
Luu y thém rang véi méi (p, q), tap:
10 >0:(p.q) € AEgc} =10 >0:07"|q| + Q|q% — p| = C}

bi chin. Vi vay khi Q — o0, ta ¢6 thé tim dudc vo sb (p, g) thda man (2.4). Va véi 1ap luin
tuong tu nhu trong chiing minh ctia Pinh Iy 1.2 dua vao Dinh ly 1.3, ta ¢6 thé tim dudc vo sb véc

to hitu ti £ théa man (2.4). O
q
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nhitng nguoi yéu toan

CAN BANG NASH

Vladimir Gurvich

Pé dé xuit cho Hoi nghi mua he, Cudc thi gitta cac thanh phd tif ngy 3 dén
11/8/2012.

Diéu gi 12 chung giita cd vdy, cd vua, cd nhay va cd ca r6? Tat ca chiing déu 1a nhiing trd choi
hitu han vi tri v6i théng tin hoan hio va khong c6 vi tri ctia cd hoi. Y cudi ¢ nghia 1a “#dt cd cdc
nguoi choi déu biét tat cd moi thit” va do d6 ho biét nhiing diéu gidng nhau. Piéu nay khong
gidbng nhu choi bai hay choi domino, noi ma mot ngudi choi khong biét quan bai ctia ddi thi.
Trong c& cd ngua, c¢6 vi tri ctia co hoi, khi ta tung con xtic sac.

Tt “vi tri”” ¢6 nghia c6 nhitng budc di tir vi tri ny dén vi tri khac.

Tt “hitu han” c6 nghia 14 c6 hitu han cic vi tri. Bit ky cAu hinh ndo ctia nhitng vién séi 1a mot vi
tri trong cd vay. C6 rat nhiéu (nhung hitu han) cac vi tri nhu vay. Mot van cd bat dau tif mot vi
tri ban dau nao d6 va két thiic & vi tri chung cudc (ma ta goi 1a vi tri két thiic). Vi du, mot nudc
chiéu bi 1a mdt vi tri két thiic trong c& vua. Diéu quan trong 1a phai nhan thiy rang vi tri c6 thé
dudc 1ip di lip lai va mot van du c6 thé c6 vong 1dp. Tat ca céc tro choi néi trén déu 12 nhitng
tro choi hai ngudi c6 tdng bang khong (zero-sum).

Tit “zero-sum” c6 nghia 1a chién thang ctia mot ngudi 1a that bai clia ngudi con lai. Va néu mot
ngudi dugc mot s6 diém sb thi ngudi kia mét cing mot diém sé d6. Mot ciip chién lugc 1a tdi uu
néu chiing tao thanh mat trang thai cin bang, nghia la cac két qua tuong ting khong thé dudc
cai thién bdi bt cit mot trong hai dbi thii. Tuy nhién, moi thii trd nén phiic tap hon nhiéu khi c6
nhiéu hon hai ngudi choi (hoic hai ngudi choi nhung trd choi khong phai 1 zero-sum). C6 thé
xay ra rang moi ngudi chdi chi c6 thé dadm bao mot két qua rat kém, vi anh ta sé rat khé khin dé
chién dAu chdng lai lién minh cta tt c4 cac du thi khéc.

Bai tap 1.1. C6 10 que diém va 3 ngudi choi 1an luct xoay vong bbc cac que diém, mbi 1an ¢6
thé bée 1, 2, 3, 4, hoic 5 que. Ngudi nao bdc que diém cubi cung s€ phai di rira bat. Ching
minh ring hai ngudi bat ky, néu thda thuan véi nhau, c6 thé budc dau thii thi ba di rira bat. Gia
st rita bat dugc tinh 1a —2, trong khi nhitng ngudi con lai +1. Tong trong mdi van déu bang 0.
Ta ciing mudn xac dinh mot trang thai can bang trong trudng hop nay, nghia 13, dé xuét 3 chién
ludc sao cho néu mot ngudi choi thay d6i chién lude ctia minh, ngudi d6 sé khong dudc 1oi gi
néu hai ddi thi gitt chién lugc cii ctia ho. Khdi niém nay da dudc gisi thiéu bsi John Nash vao
nam 1950 va né dugc goi 1a can bang Nash.

Bai tap 1.2. Pé xuit ba chién thuat cho trd chdi néi trén. Ho cac chién thuit ma ngudi duy nhat
khong choi theo chién thuit dudc goi 13 can bang Nash (dinh nghia nay ciing van dung dudc cho
ca cdc tro choi khong d6i khang). Van dé chinh ciia chiing ta 12 1am sao hiéu tro choi nao 12 Nash
- gidi dugc (c6 nghia 13, ludn ludn cé di€ém can biang Nash) va trd choi nao khdng c6. Can bing
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Nash c6 thé mo ta 1a nhitng quy luat ma viéc tuan thi né c6 thé dugc thoa thuian ma khong can
co ché 4p budc tir bén ngoai.

Bai tap 1.3. “Gap go trong siéu thi:” Hai (hodc ba) ngudi bi lac nhau trong mdt siéu thi ma
khong c6 séng dién thoai di dong. Ho c6 thé gdp nhau 6 mot trong 3 cila ra vao, mdi mot ngudi
sé& lua chon di ra ctia nao dé& di mot cach doc 1ap va khong biét lua chon clia nhitng ngudi con lai.
Néu tit c4 gip nhau, mdi ngudi nhan dude + 1, néu khong mdi ngudi —1. Can bang Nash trong
tro choi nay la gi?

Luu y 1. Tro choi nay dude cho trong hinh thic binh thudng (tt cd ngudi chdi dua ra lua chon
ciing mot lic ma khong biét lua chon clia nhau. Sau khi nhitng ngudi choi Iwa chon xong thi xic
dinh thang hay thua).

Luu y 2. Mot s6 siéu thi treo cac tAm bang “Néu lac nhau hdy gdp nhau & qudy tinh tién s6 17.

Bai tap 1.4. C6 hay khong can bang Nash trong trd choi ca-ro trén mot ban co kich thude 3 x 3.
Hay mo ta ching.

Pau tién, chiing ta hay ching to rang rang bat ky trudng hop khong lip (trong d6 khdng c6 vi tri
nao dudc lip lai ) 1a Nash - gidi dugc. Chiing ta hdly gdn cho mot trd chdi mot do thi c6 hudng,
ma dinh la céc vi tri va cac canh c¢6 huéng (cung) la cac nuée di. Cac vi tri ma ti d6 khong di
chuyén dugc nita goi 12 vi tri két thiic. Ta gan cho mdi mot vi tri két thic sb di€m ma ngudi choi
nhan dugc khi di vao vi tri nay. Cac vi tri con lai dugc chia gitia nhitng ngudi choi, moi vi tri ta
déu biét ngudi choi nao sé di ra tli vi tri d6. Gid st tif vi tri P moi nu6c di déu dan dén vi tri két
thic, va ngudi choi chon nuéc di thuan 10i nhit cho anh ta vé vi tri 7. Piém ctia T c6 thé chuyén
vé P. Vabay gid P ciing trd nén x4c dinh nhu 12 vi tri két thiic. C4ch phan tich tit cubi nhu vay
s& 1am cho moi vi tri déu xéc dinh, trong d6 c6 ca vi tri dau tién. Chién lugc tdi uu sé 1a nudc di
ctia ngudi choi dén vi tri ma diém s6 clia anh ta 16n nhit.

Bai tap 1.5. Chiing minh rang v6i bit ky tro chai khong lip nhitng chién lude tdi uu néi trén tao
thanh mot trang thai can bang Nash.

Bay gid chiing ta xay dung mot do thi ciia tro choi cd vua. Chiing ta da hiéu rang vi tri khong chi
12 mot cach sap cac quan cd, ma con la thif tw nude di (dén lugt bén nao di). Ngoai ra ta cling can
biét c6 quyén nhap thanh, in t6t qua dudng hay khong, hay vi tri nay da dudc lip lai trude dé
chua. Mot trong nhiing gidi phap d€ cung cip cho vi tri cac thong tin can thiét 13 ta nhd n6 cling
v6i lich st trude d6. Khi d6 cac vi tri 1ip lai sé khong c6, do thi khong 1ip va trong d6 ca hai
ngudi choi déu c6 chién thuat tdi vu.

Nhung c4ch hiéu nhu vay 14 khong thud vi di v6i chiing ta. Luat 1ip lai ba 1an ctia mot vi tri hiéu
vi tri mot cach khac. Cu thé, su sap xép clia cic quan cd, thit ty nudc di, c6 hay khong quyén
nhap thanh, bat t6t qua dudng. Khi dé trong do thi c6 nhitng chu trinh c6 huéng, va phan tich tit
cudi khong thé thuc hién. Ta 1am r6 khai niém chién thuat.

Ta goi quy tac chon mét nude di xac dinh trong mdi vi tri dén luct di clia ngudi choi 1a chién
thuat &n dinh. Vi du trong tro chdi véi nhitng que diém chién thuat tham lam chi dao mdi 1an béc
nhiéu s6 que diém nhét c6 thé.

Ta chi y ring chién thuit &n dinh khong phu thudc vao lich st trude do, vi thé, néu mdi ngudi
chdi chdi theo chién thuin &n dinh, thi khi mot vi tri 1ip lai van d4u sé lip lai. Ta biét rang trong
¢ vua thi su ldp lai nghia 12 hoa. Tuy nhién ta c6 thé thoa thuan 1a vong lip ciing c6 gia clia nd
(vi du khi xay ra lip thi tit ca ciing thua). Trong cic trd choi cé vong lip ta biét rat it v& can bang
Nash.
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Bai tap 1.6. C6 hay khong can bang Nash trong cd vua? Va néu nhu b di luit hoa néu mot vi
tri 1ip lai 3 1an hay 50 nu6c khong dn quan hodc tan t6t?

Tir dau dén nay ta méi chi xét cic tro choi c6 két thic, khi ma két qua cta tro choi (chi tra) dudc
xéac dinh chi bdi vi tri két thiic hodic vong ldp. Trong mot s tro chdi, ngoai diéu nay, ngudi chdi
con dudc nhan hoiic phai tra qua ting nudc di, va két qua cudi ciing dudc xac dinh cho ngudi
chai 12 téng tit ca cac thu chi.

Bai tap 1.7. Trén ban c6 5 que diém. Ba ngudi 1an luct bdc 1 hoic 2 que diém. Ngudi bdc que
diém cubi cling sé dudc thudng 3 que diém. S6 diém sé biang sb que diém bdc duge. Hay xay
dung dd thi tro choi va tim chién thuat tdi wu cho tit ca cic ngudi choi.

Néu tro choi két thiic bdi vong lip thi ta sé gia st rang vong lip sé dién ra vo han lan. Khi d6 két
qua ctia ngudi chdi sé hitu han khi va chi khi tong thu chi ctia anh ta bang 0. Trdi lai tong sé bang
400 hodc —o0.

Bai tap 1.8. C6 100 tén cudp khit mau cudp nha biang dudc 1 tridu do-la va ngdi chia tién. Dau
tién, ngudi thit nhat dé xuat phuong 4n: Toi dudc chiing nay, ngudi thi hai dugc chiing nay, ngudi
thif ba dugc chiing nay ... sau d6 ca 100 ngudi biéu quyét. Néu c6 it nhit 1 nita dong y thi dé xuét
dudc chip thuin va ho sé chia tién theo phuong dn d6 va giai tan. Néu c6 trén mot nita chéng,
bon cudp sé tha tiéu ngudi thi nhat va ngudi thi hai lai dé xuat phuong 4n chia méi, ct nhu thé
... M6i mot tén cudp dudgc chi dao bdi mong mudn trude tién 1a dudc sdng, sau d6 (néu mang
s6ng khong bi de doa) 1a dugc nhiéu tién va cudi ciing (néu nhu mang séng va sb tién khong bi
4nh hudng) — thii tiéu dudc cang nhiéu cang tot (dan xa hoi den ma). Hoi tién sé dugc chia thé
nao néu tit ca cic tén cudp déu hanh dong va suy luin hoan toan logic (tic 1a hay tim cn bang
Nash).

Ta xét cau hdi sau: Nhitng tro choi vi tri vdi ddy dii théng tin ndao cd cdn bang Nash trong cdc
chién thudt thudn tity 6n dinh? Trong mot sd trudng hop cau tra 16i da dugc biét. Ta di€ém qua cic
trudng hgp nhu vay, bd qua cac dinh nghia chinh xac.

Can bang Nash ton tai cho cic 16p sau:

(1) Cdc tro choi khéng ldp : Trong cdc trd choi nay, cdc vi tri khong thé 1dp lai. Trong trudng
hop nay ludn ton tai cin biang. Thé nhung trong CS vua va ngay ca CS vay thi c6 su lip lai
cua cac vi tri.

(2) Cdc tro choi déi khdng hai nguoi choi : L6p nay c6 ca Cd vua va CS vay. Nhung néu 10i
ich ctia hai bén khong dbi khang thi sao? Hay sb6 ngudi choi 16n hon 2 thi sao?

(3) Néu nhu nudc di ciia nguoi choi phu thudc vao lich sit truée doé : Tuy nhién ching ta gi6i
han ngudi choi chi diing cic chién thuat 6n dinh. N6i cach khic, mot nudc di chi phu thudc
vao vi tri hién tai va dugc chon hoan toan x4c dinh, khong c6 mot su ngau nhién nao. Vi
du céc tro chdi c6 dung quén xic sac bi loai bo.

Chii y ring trong céc trudng hop (1), (2) va (3) can bang ton tai ngay ca khi ¢6 nhiing nudc di
ngau nhién. Tuy nhién ta biét ring cin biang c6 thé khong ton tai trong cac trd choi khong cé
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thong tin day du (vi du céc trd choi bai hoic domino). Nhung ta sé khong xét nhiing tro choi nhu
vay, tham chi con khong dinh nghia ching.

Tém tat lai: Ta gidi han viéc xem xét cdc tro choi vdi thong tin ddy dii, khong cé cdc nudc di
ngdu nhién va vdi chién thudt thuan tiiy én dinh. Trong do s6 ngudi choi co thé'lon hon 2 va trong
truong hop 2 nguoi thi loi ich ciia ho khong nhdt thiét phdi doi khdng.

Rt ding ngac nhién 1a ngay cé trong trudng hop nay ta ciing chua ¢6 nhiéu tién trién. C6 mot sb
cach tiép can, trong d6 don gian nhit chinh la can bang Nash (ta sé dinh nghia dudi day). Mic du
cac cong trinh vé can bang Nash da dudc dén 5 giai thudng Nobel vé kinh té nhung c6 cam nhéan
rang nhitng cAu hdi toan hoc “don gidn” va tu nhién nhét cho dén nay van 1a nhiing cau héi mé.
O day t6i sé d& xuét hai cau hoi - gia thuyét nhu vdy. Cic gia thuyét nay da dudc kiém ching, véi
Su trg giup cua may tinh v6i nhitng vi du da 16n (nhung khong qua 16n). Toi hy vong sé c6 nhiing
cau tra 16i khang dinh, nhung ciing khong ngac nhién néu c6 nhiing phan vi du. Trong nhiing gia
thuyét niy c6 nhiing trudng hop riéng tuong d6i don gian ma ta c6 thé luyén tap. Tuy nhién, cic
trudng hop riéng khac kha phtc tap va c6 mot sé trudng hop ta chua biét két qua gidng nhu &
trudng hop téng quat.

Toi ¢6 cam nhén rang cac dinh nghia dudi day déu hién nhién mot cach truc gidc. Tuy nhién,
cdch phat biéu hinh thic c6 thé 1am ai d6 “s¢”. Néu qua 1a nhu vay, hiy bd qua viéc doc phan
nay trong lan doc dAu tién va hay st dung né nhu tif dién hoic sé tay tra ciu.

Cho mot do thi ¢6 huéng hitu han G = (V; E). Mdi mdt dinh v € V 12 mot vi tri clia trd choi
va canh c6 huéng e = (v, v ) 1a mot nudc di c6 thé & vi tri v. Cac vi tri V7 C V, ma & d6 khong
¢6 nuéce di, duge goi la cac vi tri két thic. Ta cling chon vi tri khéi dau vy € V V7.

Mbi mot vi tri khong két thiic v € V \ Vr ta cho tuong ting v6i ngudi choi i
lel={1,2,...,n}

ngudi sé chon nudc di & vi tri v. Ta sé ndi i kiém sodt v va viét i = ¢ (v). N6i cach khic, anh xa
¢ : V \ Vr — I phan phdi céc vi tri khong két thiic cho c4c ngudi choi. Bo ba {G, ¢, vy} ducc
2oi 1a cAu tric vi tri.

Chién thuat x; clia ngudi choi i € I 1a ké hoach cho phép chon nude di e = (v, v) trong
moi vi tri v € ¢! (i), diém kiém sodat bdi i, néi cach khac 4anh xa x; cho tuong tng mdi vi tri
v e @ (i) mdtnude die = (v, v) tiX v. Day chinh 1a chién thuat thuan tdy &n dinh. Nhu da
néi trude day, cdc chién thuat khéc ta sé khong xét dén va ciing khong dinh nghia.

Cac van dau : Ta gia st ngudi choi thi i sé chon chién thudt x;, va bd cdc chién thuit x =
(x1, X2, ..., X,) dudc goi 12 gbi chién thuat hay tinh hudng. Mdi mot tinh hudng mot xac dinh
mot cach duy nhit van ddu p(x), vi moi ngudi choii € I trong moi vi tri v € ¢~ ' (i) biét anh ta
phai di nu6c no (ngudi tuong ting véi chién thuit x;). Van diu p(x) bat diu & v va hoic sé& két
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thiic & mot vi tri két thiic v € V7 hoic bi lip, tiic 1a xuét hién chu trinh ¢6 huéng C ma sau d6 sé
lip lai vo han (van d4u p(x) khong thé thoat khdi C, vi tat ci cac chién thuat 1a 6n dinh).

Nhu vy chiing ta thu dudc 4nh xa g : X — P ma mdi mot tinh hudng x € X dudc cho tuong
ting v6i mot van dau p € P. Cac anh xa nhu vy dudc goi 1a thé thiic choi.

Mbi mot ngudi chdi i € I sau mdi nudc di e € E tra mot khoang phi ¢(i, e) € R. Sb thuc nay
goi 12 gia dia phuong (néu nhu c(1, e) < 0, thi i khong trd ma nguoc lai dudc nhan ‘c(l, e) ‘).

CAu tric vi tri va thanh todn dia phuong xéc dinh trd choi trong hinh thiic vi tri. Gid hiéu qua
clia van diu p = p(x) dudc dinh nghia cho tiing ngudi choi i € I nhu sau. Néu p két thiic & vi
triv € Vp thigidctand c(i, p) = Z c(i, e) la cong tinh, tic 1a bang tdng gia ctia tit ci cac
e€p
nude di cia p. Néu p bi lip, thi ta can tinh gid c(i, C) = Z c(i, e) cia xich C tuong ting d6i
ecC

v6ii. Néunhu c(i, C) > 0, thic(i, p) = oo vac(i, p) = —oo, néunhu c(i, C) < 0.

Dinh nghia nay 1a tu nhién, vi chu trinh sé& 1ip lai v6 han 1an, con cic gid dia phuong sé dugc cong
lai. Tuy nhién, néu nhu van dau bi lap & “chu trinh 0”, ¢(i, C) = 0, ta van dit c(i, p) = oc.
DPay chi la mdt quy udce cho tién 1gi.

Thé thic choi g va gia hiéu qua ¢ xac dinh tro chdi (g, ¢) 6 dang chuin. TAt nhién, moi mot
ngudi choi i déu cb gang toi thiéu hoai gia hiéu qua c(i, p) clia minh.

Trd choi két thic: Nude die = (v, v') duge goi 12 nude két thic néu v € Vr.Chi y ring nudc
két thiic khong thé thudc vao mdt chu trinh nao. Ham luong gid (va ca trd choi) dudc goi 1a két
thic néu c(i, e) = 0 v6i moi ngudi choi i va véi moi nude di khong két thiic e. Trong trudng
hop nay, gid ctia tro chdi sé chi phu thudc vao vi tri két thiic. Néu van dau p bi lip thi gid sé bang
oo hodc —oo.

Tro choi véi tong 0: Ham lugng gid (va chinh trd choi) c6 tdng 0 néu Y " c(i. ) = 0 v6i moi
iel
nudc e € E. Trod chdi cho 2 ngudi, n = 2 véi tdng 0 d6ng mot vai trd rit quan trong ca vé mit
lich st 14n theo ban chit. Moi trd chdi véi n ngudi cé thé chuyén dé dang thanh tro choin + 1
ngudi véi tdng 0. Chi can dua vao ngudi chdi thid n + 1 — “ong tdam” (ngudi khong kiém soat mot
n

vi tri nao) va xac dinh gia dia phuong cua anh ta theo cong thic c(n + 1, e) = — Z c(i, e).
i=1
Trd choi & dang chuin: DBinh nghia chung.

Tagiasi I = {1, 2, ..., n}1a tap hop cdc ngudi chdi, X; — tap hitu han céc chién thuit ciia
ngudichoithii € I va X = X; x X, x --- x X,, 1a tich Pé-cac clia chiing, tiic 12 tip hdp céc
tinh hudng.

Tiép theo, gia st P 1a mot tap hop bat ky cac két qua ctia trod choi (trong trudng hop clia ching ta
12 van diu). Moi 4nh xa g : X — P dudc goi la thé thifc choi.

Cudi cung, gia st c6 ham luong gid ¢ : I x P — R. Cac gia tri thuc c(i, p) ctia n6 sé cho ta
biét ngudi choii € I sé phai tra bao nhiéu tién cho van diu p € P. Cip (g, c) xéc dinh trd choi
& dang chuin.
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Can bing Nask va diém yén ngua: Tinh hubng x = (x1, X2, ..., Xn) X X1 X+ X X, = X
dudc goi 1a can bang Nash néu nhu sy thay ddi chién thuat bdi moi ngudi choi i € I (nhung chi
mot ngudi) déu khong dem lai 16i ich cho anh ta, tiic 12 khong 1am gidm gia d6i vdi anh ta. Mot
hinh hinh thifc c6 thé viét thé nay: c(I, g(x)) < c(I, g(x)) véi moi nguoi chdi i € I va moi
tinh hudng X e Xm moi toa do (chién thuat) clia n6 van gidng nhu clia x ngoai trir ¢ thé 12
tai toa do I, ndi cach khac, chi co x; c6 thé khac x;.

Khai niém nay dudc dua ra ndi John Nash nam 1950. Trong trudng hgp céc tro choi 2 ngudi véi
tong 0 can bang Nash c6 tén la di€m yén ngua. Khdi niém nay da ra doi tif 200 nim trudc do.

Khac véi diém yén ngua, khai niém can bang Nash kha nhay cam ddi vé6i céc chi trich. Thong
thudng thi hai ngudi chai c6 thé thay ddi chién thuat cing mot lic va ca hai déu dodn. Hon thé,
thinh thoang diéu nay c6 thé xay ra vdi ca n ngudi choi. Tinh hubng can bing (trong cac chién
thuat thuan tiy) c6 thé khong ton tai n6i chung. Va néu ton tai thi chin c6 thé c6 nhiéu. Hon ni,
khong chi 1a cac cin bang ma céc thanh todn cin bang ciing c6 thé c6 nhiéu. Piém yén ngua
khong c6 da sd nhitng di€ém yéu nay. Tuy nhién, d4 pha Nash khong phai 12 muc tiéu cta chiing
ta (ching ta cling nho vé 5 giai Nobel).

Can bang Nash thuan nhit: Tinh huéng x € X dudc goi 1a cn bang Nash thuin nhit néu nhu
n6 can bing khong nhung chi véi vi tri khdi diu da cho vg € V, ma véi moi vi tri két thic vy € V
khac.

Chiing ta sé quan tdm dén cac dinh ly ton tai can bang Nash (tifc 1a giai dudc theo Nash) ctia cic

tro choi vi tri da dudc dinh nghia & trén (d6 phtc tap ctia bai todn toi danh gid bang sb diém toi

viét & trong ngoic).

Gia thuyét 1 (500). C6 phai ching moi tro chdi vi tri cho 2 ngudi déu giai dugc theo Nash?

Bai toan 1 (10). Hay chiing t6 ring, khong mét tinh tdng quét ta c6 thé gia st rang khong c6 cic

“chu trinh 0”, néi chit ché hon 1a cdc chu trinh c¢6 huéng véi tong gid dia phuong bang 0. Néi

cac khdc, c6 thé khong mét tdng quat gia st rang Z c(i, e) # 0 v6i moi chu trinh c¢6 huéng C
ecC

va v6i moi ngudi choii € I = {1, 2}.

Nhic lai 1a gia hiéu qua ctia moi van du c6 lip bang +o0o hodc —oo.

Day 1a mot gia thuyét hoan toan mdi. Vladimir Udalov da viét chuong trinh khang dinh gia thuyét

diing cho nhiéu d6 thi c6 huéng véi 10 — 18 dinh.

Bai toan 2 (25). Gia thuyét 1 khong tdng quét dudc 1én cho trudng hop 3 ngudi choi. Hay xay

dung vi du.

Dbi véi cac tro choi cho 2 ngudi véi téng bang 0 gia thuyét 1a ding nhung chiing minh rat phiic

tap. Hon thé, trong trudng hop nay c6 thé dua vao gid hiéu qua hitu han ctia mdi van dau p, két

thic bang “chu trinh 0” C, sao cho diém yén ngua ludn tdn tai (nhac lai riang theo dinh nghia

c(i, p) = +oo trong trudng hgp nay). Tuy nhién mot tai dinh nghia nhu vay khong don gian.

Bai toan 3 (70). Hay thii tim dinh nghia d6 va ching minh tinh giai dudc. Chiing t rang cac “cd

gdng don gidn” khong qua dugc clra ndy. Vi du néu dit c(i, p) = 0O hay c(i, p) = Z c(i, e)

eep
thi c6 th€ khong c6 di€ém yén ngua. Hay xay dung vi du.
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Gia thuyét 2 (500). C6 phéi ching moi trd choi vi tri v6i n ngudi choi, trong d6 moi gid dia
phuong déu khong am déu giai dugc theo Nash?

Bai toan 3a (5). Chling minh ring ta chi can xét trudng hop gia dia phuong 16n hon 0. Gia thuyét
nay chua dudc chitng minh ngay ca trong cac trudng hop “rdt riéng”.

Gia thuyét 2a (300). Thanh todn két thiic. Trong d6 gia hiéu qua ctia moi van diu lip dbi véi
mdi ngudi choi bang +o0.

Gia thuyét 2b (400). Thanh toan két thiic. Trong d6 van nhu ciing moi chu trinh déu tao ra ciing
mot két qui, NHUNG khong nhét thiét 1a két qua té nhit cho moi ngudi chdi. Thay vi diéu nay,
by git ta sé gia st rang mbi mot ngudi choi dé sap xép tit ca cac vi tri két thic va két qua chu
trinh mot cach tuy vy.

Gia thuyét 2c (300). Truong hop hai ngusi chdi n = 2. Trong trudng hop nay ta gom hai Ménh
dé ctia gia thuyét 1 va 2 lai.

Bai toan 4 (100). Chitng minh rang trong trudng hdp hai ngudi choi va ham gia két thic Gia
thuyét 2 vén diing.

Két qua nay c6 thé dudc suy ra tif mot dinh 1y cii ciia tdi, nim 1975.

Theo dinh nghia, thé thic trd choi cho n ngudi g : X; x X, x --- x X, — P gidi dugc
theo Nash néu tro chdi tuong dng (g, ¢) c6 it nhat mot can bang Nash véi moi ham ludng gid
c:IxP — R.Odayc(i, p)—giactakét qui p € P chongudichoii € I.

Trong trudng hop 2 ngudi choi I = {1, 2} bén canh véi dinh nghia tdng quat vé tinh giai dudc ta
cling xét c4c tinh chit yéu hon: Thé thic choi hai ngudi g dudc goi 12 gidi dudgce d6i khang néu né
gidi dugc trong 16p cdc trd choi véi tdng 0. Cubi ciing g dudc goi la £ 1 gidi dudc néu né giai
dudc trong 16p céc tro choi 2 ngudi véi tdng 0, trong d6 ham lugng gid chi nhan 2 gid tri: +1 hay
—1.

Bai toan 5 (100). Chiing minh ring tit c4 ba tinh chét (gidi dudc, giai dugc d6i khang va giai
dugc £1) la tuong duong.

Su tuong duong ctia hai tinh chit cubi cung t6i da chitng minh nhiéu nim truéc diy, vao
nam 1973, nhung con trudc d6 hon ntta, Edmonds, J.; Fulkerson da ching minh dudc. Ed-
monds, J.; Fulkerson, D. R. (1970), “Bottleneck extrema”, Journal of Combinatorial Theory
8 : 3(1970) 299 — 306. Rat dang tiéc, két luan clia bai toan 5 khong tdng quat héa dudc 1én cho
trudng hop trd choi 3 ngudi. Ta phat biéu diéu nay chit ché hon. Moi thé thic choi n ngudi,
I ={1,,2, ..., n}co thé cho tuong ting véi n thé thiic choi cho 2 ngudi, trong d6 ngudi choi i
choivéi I \ {i} v6ii € I.

Bai toan 5a (50). Hay néu vi du mot thé thic choi véi 3 ngudi choi, khong gidi duge theo Nash,
sao cho 3 thé thiic choi 2 ngudi tuong ting véi nd gidi dudc.

Bai toan 5b (20) Hay néu mot vi du ngudc lai, mot tro chai 3 ngudi giai duge theo Nash nhung
céc thé thiic choi 2 ngudi tuong ting v6i nd khong giai dudc.

Bai toan 6 (20). Hay ching td rang bai toan 4 c6 thé dua vé bai toan 5.

Bai toan 7 (15). Chiing minh ring can bing Nash ton tai néu nhu do thi G khong lip (khong c6
chu trinh ¢6 huéng).

Huéng dan: Hay st dung quy hoach dong. Trong 1y thuyét tro chai vi tri cdi nay goi 1 “quy nap
nguoc”.
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Két qua nay thu dudc bé Harold Kun (1952) va David Geil (1953) ngay sau khi Nash dua ra khai
niém can bang.

Bai toan 7a (20). Chiing minh rang véi cac trdo choi khong ldp can bang Nash ton tai ngay ca
trong trudng hop cho phép c6 nhiing vi tri may man (trong dé dudc cho phan phdi xac suét). Tt
nhién, dé gidi dudc ca hai bai nay ta chi dugc 20 diém t6i da, chif khong phai 35.

Bai toan 8 (40). Chiing minh ring can bang Nash (di€ém yén ngua) ton tai cho cic trd chai vi tri
hai ngudi véi tong 0.

N6i riéng két qua nay dp dung cho cd vua va cd vay. Két qua nay Ernst Zermelo da bdo cdo trén
Pai hdi todn hoc thé gidi 1an thif 5 vao nim 1912. Bio cdo clia dng c6 tén “Vé itng dung ciia ly
thuyét tdp hop vao co vua”.

Téi Iuu y rang la ngay trong trudng hop nay, két qua c6 thé md rong, cho phép céac vi tri may
man. Tuy nhién diéu nay sé dua chiing ta di xa vé phia cac trdo choi ngau nhién. Vi vdy sau nay ta
dé huéng nay qua mot bén, danh cho 1an khac.

Bai toan 9 (10). Ta quy udc két thic trd choi ngay tif 1an dau tién vi tri dugc lip lai. Va két qua
clia tro choi chinh 12 chu trinh thu dugce. Hiy chitng minh rang trong trudng hop nay do thi hitu
han c6 thé dugc thay thé bdi cay hitu han (trong d6 sé khong chi khong c6 cc chu trinh ¢6 huéng,
ma néi chung 13 khong c6 chu trinh). Tai sao Gia thuyét 1 va 2 khong thé suy ra tii bai toan 7?
Bai toan 10 (15) Hay néu vi du tro chdi két thiic ctia hai ngudi choi trong d6 chi ¢6 1 chu trinh
va khong c6 can bang thuan nhit (chu trinh khong nhét thiét phai 1a két qua té nhét cho ca hai
ddi thd. M&i mot ngudi trong ho sap xép cac vi tri két thic va chu trinh mot cach tuy y).

Bai toan 11 (100) Hay néu vi du mot tro choi két thiic hai ngudi choi trong d6 khong c6 can
bang thuan nhit va chi cé diing mot chu trinh, 1a két qua té nhat cho ca hai dbi thi.

Bai toan 12 (25) Hay néu vi du tuong tu mot tro choi két thic 3 ngudi choi: Trong d6 khong c6
cin bang thuin nhit va chi c6 mdt chu trinh 1a két qua té nhit cho ca 3 ngudi choi.

Céc vi du nhu vay dudc xay dung cach day khong lau: Bai toan 11 vao ndm 2003, con bai toan
12 nam 2008. Tt nhién, trong tit ca 3 trudng hop (Bai toan 10, 11, 12) dbi v6i moi vi tri khéi
dau cb dinh, can bang ton tai. Néu khong thi Gia thuyét 2 da bi bac bo rdi.

32



2

psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

MG RONG CAC BAI TOAN HINH HOC EUCLID THANH

CAC BAI TOAN HINH HOC CAU VA HINH HOC
LOBACHEVSKY - MOT PHUGNG THUC SANG TAO
CAC BAI TOAN MOl

Nguyén Ngoc Giang — TP Ho Chi Minh

TOM TAT

Sang tao cac bai toan mdi ludn 12 niém dam mé va dich téi clia cac nha toan hoc.
Tuy nhién mot cau héi ludn dit ra 13, 1am thé ndo d€ phat hién dudc cic bai todn
méi? D€ tra 16i cAu hoi nay, chiing ta cin dén phuong phép phat trién va mé rong
cac bai toan. O bac dai hoc, chiing ta da dudc hoc mdt trong cic phucng phap nhu
thé, d6 1a phuong phép afin-xa anh. Tuy nhién, phuong phép afin-xa anh khong phéi
12 phuong phap duy nhét. C6 mot phuong phap con hay hon va hip din hon phuong
phdp afin-xa anh, d6 12 phuong phap md rong cac bai toan hinh hoc Euclid' thanh
céc bai todn hinh hoc cau va hinh hoc Lobachevsky. Noi dung ctia phuong phap 1a
di tim va chiing minh bai todn téng quat ctia hinh hoc Euclid trong hinh hoc cu va
hinh hoc Lobachevsky. Trong bai bao nly chiing ta sé tim hiéu cdc bai todn, cac khai
niém, tinh chit va so sanh ching bing ca ba thit hinh hoc. Pic biét, cac bai toan, cic
khai niém, tinh chit déu dudc nhin bang “con mat” Euclid nén dé hiéu, dé tiép nhan.

Trong hinh hoc cau, ban kinh ciu R cho ta biét mot diéu, ban kinh R cang 16n thi hinh hoc trong
pham vi d6 cang gan hinh hoc Euclid. Vi vy ban kinh mit ciu R con dugc goi 12 ban kinh cong.
Ngudi ta da chitng minh dudc ring 23 12 d6 cong toan phan khong ddi ctia mit cau va 2 1a

dd cong toan phan ctia mit phang Lobachevsky. Ta thém dAu trir d€ chi sy khéc biét v6i hinh
hoc Euclid. Hinh hoc Lobachevsky dién ra theo huéng ngudc véi hinh hoc cau so véi hinh hoc
Euclid. Hinh hoc Euclid (hai chiéu) 1a hinh hoc trén mdt mét phang cé dd cong toan phin bang
khong. Nhu vy, hinh hoc Euclid 1 trudng hop gi6i han cta hinh hoc trén mot mit cau (khi
R — 00) va ciing 12 gi6i han cta hinh hoc trén mot mit cong c¢6 d6 cong toan phan 4m khong

.. 1 )
doi Rz (khi R — 00).

Ta quy udc cac khdi niém thong thuong nhu duong thang, tam gidc, tiép tuyén, dudng tron, cung

'Ghi chii: Thuat ngit hinh hoc Euclid trong tiéng Anh 14 Euclidean Geometry. Ddi chd van c6 tai liu ghi la
Euclide thay vi Euclid. O déy, dé théng nhit véi hai bai viét trong cliing s6 Epsilon nay, ciing nhu phit hdp véi tén
tiéng Anh ctia nha toan hoc liing danh ngudi Hy Lap, chiing t6i chon tén Euclid va hinh hoc Euclid cho toan b bai
viét. Chd thich cia Ban Bién tap.
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tron ... ma khong noi gi thém c6 nghia 1a cdc khdi niém nay J trong hinh hoc Euclid. Ta quy uGc
cdc khai niém dudng thang, dudng tron . .. trong hinh hoc Lobachevsky sé c¢6 thém ki hiéu L di
kém. Vi du dudng thang L — A, L — AB c6 nghia 1a dudng thang di qua A, dudng thing AB
trong hinh hoc Lobachevsky, duong tron L — (O; OA) la dudng tron tdm O ban kinh OA trong
hinh hoc Lobachevsky. Pudng thang, dudng tron, .. . trong hinh hoc ciu s& c6 thém ki higu S di
kém. Vi du dudng thang S — AB c¢6 nghia la dudng thang A B trong hinh hoc ciu. Ta ciing quy

.. AB __AB . ( ﬁ)(ﬁ).ﬁ AB . .

udc sin —, tan — lan lugt la sin[{ S — — |, tan| S — — |; sinh —, tanh — lan luct la
R R R R R R

=57l

sinh{ L — — |,tanh{ L — — |].
R R

Ta quy udc cac muc 1.1, 2.1, 3.1, ..., n.1, ...1a c4c khai niém, dinh 1i trong hinh hoc Euclid;
cac muc 1.2,2.2,3.2,...,n.2,...1a cac khai niém trong hinh hoc cau; cac muc 1.3, 2.3, 3.3,
..., n.3,...1a cic muc trong hinh hoc Lobachevsky. Sau day la cac muc so sanh cac khai niém,
tinh chét, hé thiic, dinh i cling nhu cach dung cic ddi tugng clia ba thit hinh hoc Euclid, cau va
Lobachevsky [4]:
1.1. Diém.
1.2. Piém nam trén mit cau.
1.3. Piém nam phia trén truc-x cho trudc.
2.1. Piém & vo tan (trong mit phang Euclid md rong).
2.2. Khdng c6 gi tuong ung.
2.3. biém thudc truc-x.
3.1. Khong c6 gi tuong ung.
3.2. Khong c6 gi tuong ung.
3.3. Piém nam phia dudi truc-x.
4.1. Puong thang AB.
4.2. Pudng tron 16n di qua A, B 1a giao ctia mit phang (OA B) véi mit cau chinh 1 dudng thang
S — AB.

4.3. Nita dudng tron c6 tim trén truc-x di qua A, B la duong thang L — A B. Céch dung nhu sau:
- Dung dudng trung truc ctia doan A B cit truc-x tai O. Nita duvng tron (O; OA) di qua A, B 1a
ntia dudng tron can dung.

- Ntta dudng tron nay 1a duong thang L — AB
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5.1. Poan thang AB.

5.2. Cung AB (cung nhd) la doan thing S — AB.

5.3. Cung AB clia nia dudng tron c6 tam trén truc-x di qua A, B 1a doan thang L — AB.
6.1. o dai doan thang AB.

6.2. Do dai cung A B 1a do dai doan thing S — AB.

6.3. - Dung cung A B ctia nifa dudng tron c6 tam trén truc-x di qua A, B cat truc-x tai hai diém
évotan P, Q.

- Po d9 dai cac doan thang AP, AQ, BP, BQ.

AP/AQ
BP/BQ
-Pitd = |In(AB, PQ)| thi d 1a do dai doan thang L — AB.

- Goi t 56 kép ctia (AB, PQ) 1a (AB, PQ) =

B

0%

7.1. Binh li: C6 mot va chi mot dudng thiang qua mot diém va song song véi dudng thang cho
trude.

7.2. Khong c6 dudng thang song song trong hinh hoc ciu. Hai dudng thang bét ki ludn cit nhau.
7.3. - C6 hai duong thang di qua mot diém va song song véi mot dudng thang cho trude.

- Hai duding thang bét ki hoic 1a cat nhau, hoic 1a song song hoic 1a phan ki.

- C6 vo s6 dudng thang di qua mot diém va khong c6 diém chung v6i dudng thang cho trudc.
8.1. D9 16n géc ACB

8.2. - Cho hai cung tron CA,CB thudc cac dudng tron 16n cia mit cau.

- D9 16n clia géc tao bdi hai tiép tuyén CA’, CB’ v6i hai cung CA,CB tai C 1a do 16n cia
S — ACB (hinh v¢).
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8.3. - Dung hai cung tron CA, CB 1a hai doan théng L — CA, L — CB. (Xem 5.3).
- Dung hai tiép tuyén CA’, CB’ véi hai cung tron tai C (BB’ LCB’, AA’LCA').
- b0 16n goc A’CB’ chinh1a do 16n L — ACB.

9.1. Dudng phan gidc CC CC’' cla a goc ACB.

9.2. - Dung goc S — ACB 1 A/CB/

- Dung phén gidc CC’ ctia géc ACB'.

- Durﬁgufdng tron 16n (OCD) qua C tiép xic v6i CC’ tai C thi CD la phan gidc clia géc
S — ACB.

9.3. - Dung géc L — ACB bing géc A'CB’ véi CA', CB’ dugc dung nhu 8.3.
- Dung phan gidc CC’ cta géc A'CB’.
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- Dung dudng thang d L CC’.
- d cit truc-x tai O'.
- Ntta trén cta dudng tron (O’; O'C) chinh 1a dudng phén giac CC’ cia L — ACB.

10.1. Pudng thang vudng géc véi dudng thang cho trude tai diém nam trén dudng thang.

10.2. - Pudng tron 16n di qua hai diém B, C 1a dudng thang S — BC.

- Goi A 1a diém nam trén dudng thang S — BC.

- Qua O dung dudng thang d vudng géc véi mit phang chita dudng tron 16n qua hai diém B, C.
- Mt phang (A, d) cat mit cau theo giao tuyén la dudng tron 16n qua A. Pudng tron nay chinh
1a dudng thang L — A di qua A va vudng géc véi BC.

10.3. - Dung duong thang L — AB.
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- Goi O la tam duong tron nam trén truc-x di qua hai diém A, B.

- Nbi OA.

- Goi O’ 1a diém trén truc-x sao cho O’A_LOA.

- Dung dudng tron (O’; O’ A) thi nifa dudng tron trén truc-x di qua A 1a dudng thing L — A cin
dung.

— /_ $ : .

11.1. Buong thang vudng géc v6i dudng thang cho trude tai mot diém khong nam trén dudng
thang.

11.2. - Budng tron 16n di qua hai diém B, C 1a duong thang S — BC.

- Goi A l1a diém nam ngoai dudng thing S — BC.

- Qua O dung dudng thing d vudng goc véi mit phang chita dudng tron 16n qua hai diém B, C.
- Mit phang (A, d) cat mit ciu theo giao tuyén la dudng tron 16n qua A. Pudng tron nay chinh
la duong thang S — A di qua A va vudng géc véi S — BC.

11.3. - Dung dudng tron (O) di qua hai di€ém A, B ¢6 thm O trén truc-x. Nita dudng tron phia
trén truc-x nay la dudng thang L — AB.
- Dung duong tron (O; OC).
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- Dung qua O dudng vudng géc véi OC cit nita dudng tron phia trén (O; OC) tai F.

- OC, OF lan ludt cat dudng thang L — AB tai D, E.

- Dung qua E dudng thiang song song véi DF cit OC tai G.

- Goi O’ 1a giao cua dudng trung truc doan C G Véi truc-x.

- Nita dudng tron (O’; O’C) phia trén truc-x chinh la duong thang L — C di qua C va vudng
g6c v6i L — AB can dung.

12.1. Trung diém M ctia doan thang CD.

12.2. - Cho doan thang S — CD.

- Goi M’ 1a trung diém cta doan thang CD.

- Tia OM’ cit doan thang S — CD tai M thi M chinh Ia trung diém cta doan thang S — CD.
12.3. - Goi dudng tron di qua hai diém C, D ¢6 tim nam trén truc-x 12 (O). Nita dudng tron phia
trén chita C, D chinh 1 dudng thang L — CD.

- Puong thang CD cit truc-x tai O’.

- Goi H 1a trung di€ém ctia 0O0’.

- Puong tron (H; HO) cit dudng thang L — CD tai M thi M 1a trung diém can dung.

C

13.1. Trung truc ctia doan thang CD.

13.2. - Dung trung diém M cia doan thang S — CD nhu cach dung 12.2.

- Dung dudng thing qua M vudng goéc véi S — CD tai M nhu cach dung 10.2.

13.3. - Dung trung diém M ctia doan thang L — CD nhu cach dung 12.3.

- Dung dudng thang L — M di qua M va vudng géc véi L — CD tai M nhu cach dung 10.3.
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14.1. Anh d6i xting A’ ctia diém A qua dudng thing di qua M va vudng géc véi AM cho trudc.
14.2. - Dung dudng thang S — AM; S —m vudng géc véi S — AM tai M.

- Dung dudng thing qua A vudng géc véi OM cat dudng thang S — AM tai A’. Thé thi 4’ 1a
diém sao cho cac doan thang S — AM, S — A'M bing nhau, nghiala S — AM = S — A'M.

14.3. - Dung dudng thiang L — AM.

- Dung duding thang L — m qua M vudng goc v6i dudng thang L — AM nhu cach dung 10.3.
Pudong thang L — m 1a nita trén dudng tron ¢ tim trén truc-x 1a O.

- Dung dudng thang OA cit duong thang L — AM tai diém A’. Thé thi A’ 1a diém can dung.

15.1. Buong tron tdm O ban kinh OP.
15.2. - Dung mit phang qua P vudng géc v6i dudng ndi tim mit cdu va diém O. Mit phang
cat mit ciu theo giao tuyén la dudng tron trén mit ciu thi dudng tron nay chinh la dudng tron

S —(0; OP).
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15.3. Cho diém O va diém P. Dung dudng tron L — (O; OP).

- Dung dudng thang [ di qua O va vudng géc véi truc-x.

- Dung P’ 1a 4nh ctia P qua dudng thang L — O vudng goc véi duvng thang L — OP tai O nhu
cach dung 14.3. Thé thi L — OP =~ L — OP’.

- Dung dudng trung truc doan PP’ cit/ tai O’.

- Pudng tron (O’; O’ P) 1a dudng tron can dung.

;'-rf_,er
3’\\ A;'(\j-’t”_/'}‘.\

i l
Y

1

16.1. Budng tron tim O c¢6 ban kinh R bang doan thang A B cho trudc.

16.2. Cho diém O va doan thang S — AB.

- Dung duong trung truc S — d cia doan S — OA nhu cach dung 13.2.

- Ly diém P d6i xting véi diém B qua mit phang chiia dudng trung truc S — OA.
- Pudng tron S — (O; OP) chinh la dudng tron can dung.
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16.3. Cho diém O, dung duong tron L — (O; OP) véi OP bang do dai doan thang A B cho trudc
L—-OP =L —AB.

- Dung doan thang L — OA. Dung L — [ 1 duong trung truc ciia doan thang L — OA nhu cach
dung 13.3 & trén.

- Dung dudng thang L — m qua B va vudng goc v6i dudng thang L — [ tai diém M.

- Goi P 12 anh ctia B nim trén dudng thang L — m di qua M.

- Pudng tron L — (O; OP) 1a dudng tron can dung nhu cach dung 15.3.

17.1. Binh 1i ham sb cosin: a? = b? + ¢2 — 2bc cos A.
b b
17.2. Pinh 1i c6sin-S': cos 4_ COS — COS < + sin — sin < cos A. (Chiing minh: [2])
R R R R R

17.3. Pinh 1i c6sin-L: cosh 4 _ cosh — cosh ‘£ sinh — sinh < cos A (Chung minh: [1])
R R R R R
a b o

sinA _b sinB ~ sinC’

sin4  sin2  sin$
18.2. Pinh li sin-§: — & = — & = —__ R
sin A sin B sinC
sinh % sinh % sinh &

18.1. Pinh 1i ham sb sin:

18.3. Binh li sin-L: — = — = — .
) sin A sin B sinC
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19.1. DPinh li Phuong tich ctia mot diém dbi véi mot dudng tron: Néu tit diém P ta ké hai cét
tuyén PMM’, PN N’ t6i dudng tron cat dudng tron tai cac cip diém M, M’; N, N’ thitacé
hé thifc

PM.PM’ = PN.PN'.

19.2. Néu ti diém P ta ké hai cit tuyén S — PMM’, S — PNN't6i dudng tron cit dudng
tron tai cac cap diém M, M'; N, N’ thi ta c¢6 hé thic:

PM  PM’ PN PN’

2R’ 2R 2R 2R’
19.3. - Néu tir diém P ta ké hai cat tuyén L — PMM’, L — PN N’ t6i dudng tron cit dudng
tron tai cdc cap diém M, M’; N, N’ thi ta c6 hé thiic

PM PM’ PN PN’
tanh ——. tanh —— = tanh .tanh .
2R 2R 2R 2R

20.1. binh 1i Ménélaus.
20.2. biéu kién can va di dé ba diém A’, B’, C’ theo thd tu nam trén ba canh S — BC, S —
CA, S — AB ctia tam gidc S — ABC thang hang la

A'B o, BC 'A
R Sin R sSin _

AC’ B’A° C'B
SIDT SIHT Sll’lT

20.3. Piéu kién can va du dé ba diém A’, B’, C’ theo thi ty nam trén ba canh L — BC, L —
CA, L — AB ctia tam gidc L — ABC thang hang la

sin

sinh % sinh 2€ ginh C—RA

. v AC 1. BA .1 C'B
sth sth s1nhT

21.1. Binh 1i Céva.

21.2. Piéu kién can va di dé€ ba duong thang S — AA’, S — BB’, S — C C’ theo thi tu ndi cac
dinh A, B, C v6i cac diém A’, B’, C' niam trén bacanh S — BC, S — CA, S — AB ciia tam giic
S — ABC dong quy 1a

7 . 7

sm% sin € gin €4
AC . BA ... CB

sin 4= sin sin <5

21.3. Piéu kién can va du dé ba duong thang L — AA’, L — BB’, L — CC’ theo thit tu nbi cac
dinh A, B, C v6i cic diém A’, B’, C' nam trén ba canh L — BC, L — CA, L — AB ciia tam giic
L — ABC dong quy 1a

sinh = sinh E sinh 5

. AC . 1. BA .1 CB
s1nhT sth s1nhT

22.1. Pinh 1i ba duong cao.

22.2. Ba dudng cao trong hinh hoc-S dong quy.

22.3. Ba dudng cao ctia mot tam gidc trong hinh hoc-L dong quy nghia la ba dudng cao cuing
thudc mot chum. Piém dong quy c6 thé 1a mot diém thong thudng, diém 1y tudng hay diém & vo
tan. Cu thé la:
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- Néu hai dudng cao nao d6 cit nhau & mot di€ém O thi duding cao thi ba ciing di qua O.

- Néu hai dudng cao nao d6 phan ki thi dudng cao thi ba ciing phan ki véi ching. C4 ba nhan
chung mot dudng vudng goc.

- Néu hai dudng cao nao d6 song song v6i nhau vé mot phia nao d6 thi dudng cao thi ba ciing
song song vdi chiing vé phia do.

23.1. Pinh li ba dudng trung tuyén.

23.2. Ba dudng trung tuyén-S clia tam gidc-S dong quy.

23.3. Ba dudng trung tuyén-L clia tam gidc-L ddng quy.

24.1. Pinh 1i ba duong phan giac trong.

24.2. Ba dudng phan giac trong-S clia tam gidc-S dong quy.

24.3. Ba dudng phan gidc trong-L clia tam gidc-L dong quy.

25.1. Binh 1i hai duong phan giac ngoai va mdt duong phan giac trong.

25.2. Trong mat tam gidc-S, hai dudng phan gidc ngoai-S va duong phan giac trong-S thu ba
dong quy.

25.3. Trong mdt tam giac-L, hai duong phan gidc ngoai-L va duong phan giac trong-L thud ba
dong quy.

26.1. Dinh 1i ba duong trung truc.

26.2. Trong mot tam gidc-S, ba dudng trung truc-S dong quy.

26.3. Trong mot tam gidc-L, ba dudng trung truc-L dong quy.

Dé chitng minh mot dinh Ii trong hinh hoc Lobachevsky, ta c6 thé chiing minh dinh Ii trong hinh
\ .a b c

hoc cau nho cdc ham luong gidc cua cdc ti s0 TR R v,v,...V6ia,b,c ladb dai cdc doan

thdng cdu. Bdy gio, trong chitng minh dé ta thay moi R bdng Ri thi ta lai duoc mot chitng minh

khdc cho phép ta khdng dinh, dinh Ii trong hinh hoc Lobachevsky ciing diing.

Bai toan 1. (Dinh ly Céva-L).

Diéu kién cdn va di dé'ba duong thing L — AA’, L — BB', L — CC’ theo thit tu ndi cdc dinh
A, B, C vdi cdc diém A', B',C' ndm trén ba canh L — BC,L — CA, L — AB ciia tam gidc
L — ABC dong quy la

. AB .:1. BC .:1.CA
sth sth sth _

. AC . 1. BA .1 CB
sth sth s1nhT

Loi giai. D€ chitng minh dinh 1i Céva-L ta sé di ching minh cho dinh 1i Céva-S. Trong chiing
minh dinh 1i Céva-S, ta chi st dung cac ham lugng giac. Sau do thay R bdi Ri ta dugc ching
minh cho dinh li Céva-L.

Bai toan 2. (Pinh li Céva-S).
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Piéu kién can va dii dé’ba duong thing S — AA’, S — BB', S — CC’ theo thit tw ndi cdc dinh
A, B, C vdi cdc diém A', B',C' nam trén ba canh S — BC,S — CA, S — AB ciia tam gidc
S — ABC dong quy la

. / . 4 .
S1n % NI BC Sin

R
AC’

C’A
R — 1.
C’B

. . B'A .
Sll’lT Sin R Sin

Diéu kién can: Céc truong hdp dugc biéu dién nhu hinh vé

B A C
0
o
o
A
c
o] A
T T /S,
B' o]
. / . . ’
NP L, o . sindZ sin%8 sin4f
Tu cac hinh vé dang xét, bo qua viéc xét dau, ta co: — = va =

Coc sinBOA’  sinOA'B  sinCOA’
sin %= — — .

— R (bdivicic géc S — OA'B va S — OA’C 1a bing nhau hoac 1a bu nhau).
in OA’B . ©

sin

Tuong tu, ta co:

~ A’'B  sin %.sinw .. AC sin OTC.sinC/OE
sin = ————vasin = ——.
R SinOA'B R sin OA’B
. sin sin == sin BOA’
Tiep theo: — AI,QC = — ORC ——(1)
sin = sIn 5= sin COA’
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Céc tam giac S — OCB’ va S — OAB’ cho:

B/

sin % sin COB/

sin 5
sin 24 B sm% sin AOB’
c'A
sm— A0C
Cic tam gide S — AOC'va § — BOC': L B SR SIn 3)
sin R s1n— smBOC/

Nhan vé theo vé cac hé thiic (1), (2) va (3), ta co:

o I
sin ARB sin % sin CRA sin 8 sin 2€ sin %. sin BOA’ sin COB’.sin AOC’

R R
AC B’A C'B ; . s AT AADT e DA
sin = sin 2%, sin == sin 2€ sin 24 sin 22 5in COA’ sin AOB’. sin BOC’
R R R
AB . BC C'A
NG6i cdch khac: ARC = CRB 1(4) (bi vi cdc géc S — BOA', S — AOB'; S —
si
R R R

COB',S — BOC';S — AOC’, S — COA' hoic d6i mot bang nhau hoic do6i mot bt nhau).

Hé thiic nay ta da ching minh ding trong trudng hop gia tri tuyét d6i. Bay gio ta can xét dau cta
no.

Trong trudng hop hinh vé dau tién bén trai, cac ti s6 & vé trai clia (4) déu Am, nén tich ching lai
la am.

Trong trudng hop hai hinh vé con lai, hai ti s6 trong ba ti s6 & vé tréi ctia (4) duong con ti sd con
lai 1a &m nén tich chung lai 1a am.

. 4
. e s1n% sm% smCRA
Cuoi cung ta c6 thé viet: T e e —1.
. sin R sin R sin R
Diéu kién du:
. 7
o o L .. sin ARB sin % sin CRA
Gia st ta da c6 dudc hé thic: TR e —1(5)
sin T sin QR sin R

Goi O la giao diém ciia cac dudng thang S — AA’ va S — BB’. Goi giao diém cta S — CO véi
dudng thang S — AB 1a C”.

. / . 4 4
. s s . sm% sin BRC sin CRA
Ap dung diéu kién can ta co: = —1(6)
sin € gin B4 5 €78
R R R
. 4 . /7
. . _ sin % sin CRA
T (5) va (6) ta co: = ——(7)
. C//B . C/B
sin = sin =

T hé thic (7) ta c6 cac diém C’, C” trang nhau.
Thay R bdi Ri ta dugc chiing minh cho dinh 1i Céva-L. Viy ta da chiing minh dugc dinh 1i
Céva-L bing cach sit dung chiing minh dinh li Céva-S.

Dé chiing minh bai todn trong hinh hoc Lobachevsky, ta cé thé sit dung mé hinh Poincaré dé dua
bai todn trong hinh hoc Lobachevsky vé hinh hoc Euclid. Sau do ta chitng minh bai todn hinh
hoc Euclid. Nhu thé ta da chitng minh dwgc bai todn trong hinh hoc Lobachevsky.
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Bai toan 3. (Dinh li Pascal Lobachevsky).
Cho 6 diém A, B,C, D, E, F ndm trén duong tron L — (0). Gid st L — ABN L — DE =
X:L-BCNL—EF=Y,L-CDNL-—FA=Z.Chiing minh ring X,Y, Z thdng hang.

L&i giai. PE chitng minh dinh 1i Pascal-L, ta st dung md hinh Poincaré dé dua vé bai toan Euclid.
Bay gid, ta ching minh bai toan sau

Bai toan 4. Cho 6 diém A, B,C,D,E,F nam trén duong tron (0). [ la duong thdng
bdt ki khong di qua tdim O.(O4), (OpEg), (Ogc), (Oer), (Ocp), (Or4) la cdc duong tron

co tam thuéc | va di qua A,B; D, E;B,C;E,F;C,D;F,A. Gid su (Ogp) N (Opg) =
X,X,; (OBC)H(OEF) = Y, Y,; (OCD)H(OFA) = Z,Z/.Chbingminhrﬁng X,X,; Y, Y’;Z,Z,
cung thudc mot duong tron co tam thudc [.

Chiing minh cia Ngb Quang Duong. Goi U, V, W 1a giao diém cta AB va DE, BC va EF,CD
va FA.

D& thdy X X' 1a truc dang phuong ctia (O4g) va (Opg).

Phuong tich ciia U t6i (O 45) va (Opg) 1an lugt 1a UA.UB va UD.UE.

Do A, B, D, E dong vién nén UA.UB = UD.UE suy ra X, U, X’ thang hang va UX.UX' =
UA.UB = UD.UE.

Diéu nay din t6i phuong tich ciia U t6i (XX'YY’) va (O) bang nhau. Tuong tu, phuong tich
cia V t6i (XX'Y'Y’), (O) bang nhau nén U V 1a truc dang phuong ctia (O) va (XX'YY').
Hoan toan tuong tu UV W la truc dang phucng cta (YY'ZZ'), (ZZ'XX') vé6i (0).

Suyra (XX'YY"),(YY'ZZ'),(ZZ'XX') dong truc, hay 6 diém X, X', Y,Y’, Z, Z’' dong vién.
V6i nhan xét don gian1a X, Y, Z va X', Y’, Z' dbi xiing nhau qua /, thi tim dudng tron di qua 6
di€ém nay thudc /.
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Nhan xét.
1. D€ cho thuén tién, tif gio trd vé sau ta goi dudng tron (XX'YY'Z Z’) 1a "dudng tron Pascal”
cia6diémcothitu A, B,C,D, E, F.

2. Khi dudng tron (O) nam trén / va ta chi 14y cdc nia trén ctia cac dudng tron (O4g), (Opk), (Opc),
(OEF), (OCD)» (OFA), (OXX’YY/ZZ/) va tuong giao cua Chﬁng (hinh vé)

thé thi bai toan 4 trd thanh bai todn 3. Viy ta di ching minh dudc bai todn Pascal trong hinh hoc
Lobachevsky.

Bai toan 5. (Pinh li Steiner-L).
Cho 6 diém A, B,C, D, E, F thuéc duong tron L — (O). Chitng minh rang cdc duong thing
Pascal-. ABCDEF,EDAFBC,CEFBAD déng quy.

P& chitng minh dinh 1i Steiner-L, ta st dung mo hinh Poincaré dé€ dua vé bai toan Euclid.

Bay gig, ta ching minh bai toan sau trong hinh hoc Euclid

Bai toan 6. Trong mdt phdng cho 6 diém A, B,C, D, E, F thudc duong tron (0) va l la duong
thing khong di qua tam. Chitng minh rang ”duong tron Pascal” ciia cdc bo 6 diém c6 thit tw
ABCDEF, EDAFBC,CEFBAD dong truc.

Chiing minh cia Ngé Quang Duong.
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A\ A /

A

[N \

B
A\ SN

B / /“: \ .

r o F
U D

OY%h e

/
/

Theo ching minh ctia bai toan 4, dudng thang Pascal ctia ABCDEF 1a truc dang phuong ctia
(O) v6i duong tron Pascal cita ABCDEF .

Pudng thang Pascal cia EDAFBC la truc dang phuong cia (O) véi dudng tron Pascal ciia
EDAFBC.

Puong thang Pascal cia CEFBAD 1a truc dang phuong ctia (O) véi dudng tron Pascal ctia
CEFBAD.

Theo dinh ly Steiner, dudng thang Pascal cia ABCDEF, EDAFBC, CEFBAD dbng quy. Ta
goi diém dong quy 1a S. Vay nén S c6 cuing phuong tich v6i 3 ”dudng tron Pascal”. 3 ”dudng
tron Pascal” c6 tdim thudc / nén néu 1iy m 1a dudng thang qua S vudng géc véi [ thi m 1a truc
déng phuong ctia 3 ”dudng tron Pascal”. Piéu nay c6 nghia 1a 3 “dudng tron Pascal” dong truc.
Nhan xét. Khi dudng tron (O) nam phia trén dudng thang / va ta chi liy cdc nta trén ctia tt ca
cac duong tron (trtt dudng tron (O)) nhu(O4p), (OpEg), (Opc), (Ogr), (Ocp), (OF4), ... va
tuong giao cua cac ntia duong tron thi bai toan 6 trd thanh bai toan 5. Vay ta da chiing minh dugc
bai toan Steiner trong hinh hoc Lobachevsky.

Xudt phat tir bai todn trong hinh hoc Euclid, md réng bai todn thanh bai todn trong hinh hoc cdu
va hinh hoc Lobachevsky. Chii y st dung phuong phdp chiing minh Euclid dp dung cho chiing
minh hinh hoc cdu va hinh hoc Lobachevsky (néu dugc).
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Bai toan 7. (Bai T4/285 — Tap chi todn hoc va tudi tré).

Cho tam gidc ABC véi diém M ndam trong tam gidc. Cdc tia AM, BM,CM cdt cdc canh
BC,CA, AB tuong ung tai D, E, F. Goi K la giao diém ciia DE va CM, goi H la giao diém
ciia DF va BM . Chiing minh rdng cdc duong thing AD, BK, CH dong quy.

Ta chiing minh bai toan nhu sau

Ap dung dinh 1i Ménélaus cho tam gidc AM C (v6i b ba diém thang hang E, K, D) va tam giic
AM B (v6i bd ba diém thezmg hang F, H, D) tacé

KC EA DM 'HM DA FB

KM EC DA ﬁDMﬂ_l

KM EA DM HB _ FB DA(I)
] KC EC DA'HM FA DM o
Ap dung dinh li Céva cho tam giac A BC v6i bg ba duong thang dong quy AD, BE,CF:

Suy ra:

DC FB EA _
DB FA EC
DC FA EC
TH dé: o = ———.—(2)
DB FB EA
T (1) va(2) tacd
KM HB DC _
KC HM DB

Vay theo phan dao ctia dinh 1i Céva, BK, CH, M D dong quy. Hay AD, BK, CH dong quy.

Bai toan 8. (Md réng bai todn 7 trong hinh hoc cdu).

Cho tam gidc S — ABC vdi diém M ndam trong tam gidc. Cdc tia S — AM,S — BM,S — CM
cdt cdc canh S —BC,S —CA,S — AB tuong iing tai D, E, F. Goi K la giao diém ciia S — DE
va S — CM, goi H la giao diém ciia S — DF va S — BM . Chiing minh rdang cdc duong thing
S —AD,S — BK,S — CH dong quy.
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Ap dung dinh 1i Ménélaus cho tam gidc S — AM C (v6i bd ba diém thang hang E, K, D) va tam
gidc § — AMB (v6i bo ba diém thang hang F, H, D) ta ¢

. KM . EC . DA HB DM . FA
sin S5~ sin == sin _1 sin = sin == sin _
in KC “gin EA &jp DM HM " ;DA . FB '
sin T~ sin == sin =5 sin % sin 5 sin T~
sm% sm% s1n% sin h;B sin‘%B sin %A
Suy ra: = = = ( )
. KC EC ;. .DA’ HM FA'
sin 5= sin == sin = sin sin 5% sin R
Ap dung dinh li Céva cho tam giac S — AB C vGi bd ba duong thang dong quy S — AD, S —
sm% sm‘%B smETf“
BE,S — CF: o R T _C=—1.
SR SR S0 T
. sin% sm% sin%
Tudo: ——% = —5—=5;
SIHT SIHT SlnT
. . ) sm% sm% sin DRC
T (1) va (2) ta co: ¢ < N . DE = —1.
smT sin 2~ sin %=

Vay theo phan dao ctia dinh 1i Céva, S — BK, S — CH, S — M D dong quy. Hay S — AD, S —
BK,S — CH dong quy.

Bai toan 9. (Md rdng bai todn 7 trong hinh hoc Lobachevsky)

Cho tam gidc L — ABC vdi diém M ndm trong tam gidc. Cdc tia L — AM,L — BM,L —CM
cdt cdc canh L—BC,L—CA,L—AB tuong ving tai D, E, F. Goi K la giao diém ciia L — DE
va L — CM, goi H la giao diém ciia L — DF va L — BM. Chitng minh ring cdc duong thdng
L —AD,L — BK,L — CH dong quy.
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Ap dung dinh Ii Ménélaus cho tam gidc L — AM C (v6i bo ba diém thing hang E, K, D) va tam
gidgc L — AM B (v6i bd ba diém thang hang F, H, D) ta c6

sinh M ginh £€  sinh 24 sinh Z8 ginh 2™ ¢inh £4

R R R — 1 R R R = 1
. KC 1. EA 1. DM > s HM 1. DA . . FB )
sinh X sinh = sinh = sinh == sinh = sth

Suy ra:

KM - 1 EA DM . HB -1 FB _: 1. DA
hT _ sth s1nhT sth _ sth sth(l)

. 2 KC  nh EC ow DA’ v HM - 2 FA a1} DM
sth sinh ? sinh 7 sinh = sth sinh =

sin

Ap dung dinh li Céva cho tam gidgc L — ABC véi bd ba dudng thang dong quy L — AD, L —
BE,L —CF:

-1+ DC 1. FB .1 EA
sth sth Sll’lhT

— . A = = 1.
. v DB FA . . EC
sinh 2 sinh %z sinh =
Tu do:
sinh % sinh %4 sinh %
= = = ——(2)
. - DB . FB . . EA
sinh = sinh & sinh ==

R R _ sinh @ sinh? sinh?
T (1) va (2) ta co: —, — — = —1].
sinh K—RC sinh % sinh D—RB
Vay theo phan d4o ctia dinh li Céva, L — BK, L — CH,L — M D dong quy. Hay L — AD, L —
BK, L — CH ddng quy.

Chiing ta vita c6 mot s6 khdm phd md rong thu vi tit hinh hoc Euclid sang hinh hoc cu va hinh
hoc Lobachevsky. Phuong phdap md rong nay 1a mot phuong phap phat hién cac bai toan méi.
Chinh vi thé, phuong phép rat quan trong d6i v6i phat trién tu duy. Bai viét nay can trao ddi gi
thém? Mong dudc su chia sé cua cac ban.

[1] N.V.Efimov (1980), Higher geometry, Mir Publishers Moscow.
[2] P. Constan (1941), Cours de Trigonomeétrie Sphérique, Paris Société D’Editions.
[3] Tap chi Toan hoc va tudi tré

[4] Steve Szydlik, Hyperbolic constructions in Geometer’s Sketchpad, http://www.maa.org.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE CHUNG MINH VA TIEN BO TRONG
TOAN HOC (tiép theo)

William P. Thurston - Nguyén Dzuy Khénh dich

C6 mdt niém vui thuc su khi 1am to4n, trong viéc hoc nhitng cach tu duy dién gidi, t& chic va
don gian héa. Ban c6 thé cidm thiy niém vui kham pha to4n hoc mdi, tai kham pha toan hoc c¢8
xua, hoc mot cach tu duy tir ai d6 hay ti tai liéu, tim ra mot cach gidi thich méi, thd vi dé€ nhin
nhan mot cau tric toan hoc ci.

Pong luc ndi tai c6 thé hudng chiing ta nghi ring ching ta lam todn hoan toan vi lgi ich ctia
chinh né. Diéu nay khong chinh xdc: moi trudng xa hoi 1a cuc ky quan trong. Ching ta dudc
truyén cam hiing bdi nhitng ngudi khac, duge danh gid cao bsi nhitng ngudi khac va ching ta
thich gidip d6 nhiing ngudi khac giai quyét cac van dé todn hoc ctia ho. Nhiing diéu ching ta ua
thich thay doi tuong ting v6i nhitng ngudi khéac. Tuong tac xa hdi xdy ra qua nhiing budi gip mit
truc tiép. N6 ciing x4y ra qua nhiing thu va thu dién ti dién tir, cac tién 4n pham va cdc bai bdo
trén cac tap chi. Mot hiéu dng ctia hé thdng toan hoc mang tinh xa hoi cao nay 1a khuynh huéng
céac nha toan hoc di theo nhitng van dé hop mét. Vi muc dich tao ra cic dinh ly todn hoc méi c6
1& 12 khong may hiéu qua: sé tét hon néu ching ta c6 nhitng nha to4n hoc phii cac linh vuc tri
thiic dong déu hon. Nhung hau hét cac nha todn hoc khong thich don ddc, va ho gip van dé véi
viéc mai phin khich véi mot chi dé, ngay ca khi ho da dat dudc nhiing tién trién c4 nhan, trit phi
ho c6 nhiing dong nghiép dé chia sé su phén khich ctia ho.

Ngoai dong luc ndi tai va dong luc mang tinh xa hoi khong chinh thic cho viéc lam todn, ching
ta ciing dugc dan dit bdi nhitng 1y do kinh té va dia vi. C4c nha todn hoc, ciing gibng nhu nhiéu
nha khoa hoc khac, thuc hién rat nhiéu ddnh gid va bi danh gia rit nhiéu. Bit dau véi nhiing muc
diém, va tiép tuc qua nhiing thu tién ct, quyét dinh tuyén, quyét dinh dé bat, bao cdo tham dinh,
15i mdi bdo céo, gidi thudng, ... chiing ta tham gia vao rit nhiéu danh gi4, trong mot hé thong
canh tranh khoc liét.

Jaffe va Quinn phan tich dong luc d€ lam todn qua mot hé thdng tién t& chung ma rat nhiéu nha
toan hoc tin tudng: su trd cong cho céac dinh ly.

Téi nghi rang su nhan manh chung ciia chiing ta vao su trd cong cho cic dinh ly c6 mdt anh
hudng xAu 1én tién bo clia todn hoc. Néu diéu ching ta dang thuc hién ddy manh hiéu biét ciia
con ngudi vé toan hoc, thi ching ta s& dudc nhan biét va dugc danh gia tot hon trong mot hoat
dong c6 pham vi rong hon rat nhiéu. Nhitng ngudi nhin thiy cach chiing minh céc dinh ly dang
thuc hién n6 trong pham vi mot cong dong toan hoc; ho khong tu 1am né. Ho phu thudc vao hiéu
biét toan hoc ma ho thu lugm dudc tif nhitng nha todn hoc khac. Mot khi mot dinh 1y dudc chiing
minh, cong dong toan hoc phu thudc vao mang ludi xa hoi d€ phan phdi nhiing y tudng t6i nhiing
ngudi ma c6 thé st dung chiing nhiéu hon — phuong tién in 4n 12 qua mo mit va cong kénh.
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Tham chi néu ai d6 c6 mot quan diém hep hoi rang ci ma chiing ta dang tao ra la cac dinh ly, thi
tap thé van 1a quan trong. Bong da c6 thé coi 1a mot 4n du. C6 thé c6 mot hoic hai ban thang thoi
trong sudt ca tran diu, dudc ghi bdi mot hoidc hai ciu thi. Nhung diéu d6 khong c6 nghia rang
nhiing nd luc clia tit ca cac thi khac 1a vo gid tri. Chiing ta khong danh gid cc cau thii trong mot
ddi bong chi bdi viéc ho ¢o tu ghi ban hay khong; ching ta danh gia mot doi bong qua cach nd
van hanh nhu mot doi bong.

Trong toan hoc, thudng xay ra chuyén rang mot nhém cac nha todn hoc dat dudc su tién bd véi
mot tip hop cic y tudng nhét dinh. C6 nhiing dinh ly trén dudng tién bd d6 ma hau nhu chic
chan dugc chiing minh bdi mot ngudi nay, hay ngudi khac. Poi khi nhoém céc nha todn hoc thim
chi c6 thé tién doan rang nhitng dinh 1y nay twa nhu thé nao. Viéc nay khé hon rat nhiéu so véi
viéc du doan xem ai sé thuc su chiing minh dugc dinh 1y, mic du thudng c6 mot s it "ngudi ndi
bat" ma c6 kha ning cao sé ghi diém. Tuy nhién, ho dang & mot vi tri ma c6 thé chiing minh
nhiing dinh ly kia nhd tp hgp nhiing nd luc cta toan doi. Toan doi cd mot chiic ning nita, trong
viéc tiép thu va st dung cac dinh ly mot khi ching dudc chitng minh. Thim chi néu mot ngudi
nao d6 c6 thé chiing minh tit ca cac dinh ly trén dudng di ma khong can trg gitp, thi chiing sé bi
bé phi néu khong con ai khic hoc chiing.

C6 mot hién tugng thi vi lién quan téi nhitng ngudi "ndi bat". Thudng xay ra riang ai d6 & muic
trung binh chiing minh mot dinh 1y ma dudc chip nhan rong rai nhu mot két qua gid tri. Vi thé
ctia ho trong cdng dong - thi bic clia ho - ngay 1ap tic ting dot ngot. Khi diéu nay xay ra, ho
nhanh chéng dat hiéu suét cao hon rit nhiéu nhu mot trung tdm clia cdc y tudng va mot ngudn
cho cac dinh 1y. Tai sao? Trudc tién, cé mot su ting tién 16n trong niém tu ton clia ban than, va su
ting tién hé qua trong hiéu suit cong viéc. Thi hai, khi vi thé ctia ho 16n manh hon, moi ngudi
dang & gan trung tAm mang ludi cdc y tudng-nhiing ngudi khac s& nhin nhan ho nghiém tiic hon.
Diém cudi cung va c6 1& 1a quan trong nhit, mdt dot pha todn hoc thudng thé hién mot cach tu
duy méi, va nhiing phuong cach hiéu qué ctia tu duy thudng c6 thé ap dung vao nhiéu hon mot
tinh hudng.

Hién tuong nay thuyét phuc toi rﬁng c4 cong dong todn hoc sé trd nén dan dat hiéu suit cao hon
rAt nhiéu néu ching ta mé rong tim hon vao nhiing gia tri thuc clia cong viéc ma chiing ta dang
thuc hién. Jaffe va Quinn dé xuit mot hé thdng nhan biét cdc vai trd chia nho thanh "tc doan" va
"chiing minh". Mot phép phéan chia nhu viy c6 thé duy tri niém tin hoang duong rang tién bo ciia
chiing ta dudc do bdi nhiing don vi cho nhiing dinh ly chuin dudc tim ra. Nghe hoi c6 vé gidng
nhu su nguy bién clia mot ngudi ma da in ra mdt bang 10000 s6 nguyén t6. Thi ma ching ta lam
ra dudc 1a hiéu biét ctia con ngudi. Ching ta c6 rat nhiéu cach khac nhau dé€ hi€u va rit nhiéu
qué trinh khdc nhau ma gép phan xay dung nén hiéu biét clia chiing ta. Ta sé théa man hon, c6
hiéu suat cao hon, va hanh phiic hon néu ching ta ghi nhan va tip trung vao viéc nay.

B4i vi bai viét ndy nay sinh tif sy phan chiéu giita su khong tuong thich trong kinh nghiém ctia
to6i v6i nhitng mo ta ctia Jaffe va Quinn, tdi sé ban vé hai kinh nghiém c4 nhan, bao gdm c4 kinh
nghiém ma ho da am chi t6i.

T6i cdm thiy c6 gi d6 ngu ngdc trong viéc nay, bsi vi toi thuc su hdi han vé nhitng khia canh
trong nghé nghiép ctia minh: néu tdi c6 thé 1am moi thii mot 1an nita vé6i 1oi ich tit nhitng hiéu
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biét hién tai vé ban than t6i va vé tién trinh ctia toan hoc, thi c6 rit nhiéu diéu ma toi hi vong
minh sé& lam khac di. Téi hi vong riang qua viéc ké vé nhiing kinh nghiém nay mot cach thang
than nhu t6i con nhé va hiéu vé né, tdi c6 thé gitip nhitng ngudi khac hiéu tét hon vé tién trinh
cua toan hoc va hoc trudc tur do.

Pau tién toi sé ban luan ngan gon v& ly thuyét phan 14, chinh la chii d& dau tién ma tdi bat dau
khi con 12 hoc vién sau dai hoc (& day khong quan trong ban c6 biét Iy thuyét phan 14 13 gi hay
khong) O thdi diém do, ly thuyét phan 14 da trd thanh trung tim clia sy chi y clia cac nha topd
hinh hoc, nhitng ngudi nghién ctu hé dong luc va cac nha hinh hoc vi phan. Kha nhanh chéng,
t6i da chiing minh dugc mot sb dinh ly theo mot cach rat 4n tugng. Toi da chitng minh mot dinh
ly phan loai cho su phan 14, dua ra diéu kién can va di cho mot da tap c6 mot su phan 14. Toi da
chitng minh mot s6 dinh ly ddng chd y khac. Toi viét mot s6 bai bao dang dudc kinh né va cong
bd nhiing dinh ly quan trong nhét. That khé dé c6 dii thoi gian dé viét d€ duy tri nhiing gi ti c6
thé ching minh, va tdi da xay dung phan luu tri.

Mot hién tugng thu vi da xay ra. Trong vong vai nam mot cudc thao lui dot ngdt trong nganh da
bat diu dién ra. Toi da nghe dudc tir kha nhiéu cac nha toan hoc 13 ho di dua ra hay nhan dugc
16i khuyén rang ding di vao ly thuyét phan 1a— ho da néi rang Thurston da giai quyét sach sé ly
thuyét nay roi. Ngudi ta n6i vé6i toi rang (khong phai phan nan, ma 1a mot 15i khen) toi da giét
chét linh vuc nay. Nhitng hoc vién sau dai hoc ngiing nghién ciu ly thuyét phan 14, va kha nhanh
chong, t6i cling hudng su ua thich ciia minh sang linh vuc khéc.

Toi khong tin rﬁng su thdo lui x4y ra béi vi linh vuc nay da can kiét tiém ning tri thic. Da c6 (va
van con) nhiéu nhitng cau hdi thi vi va c6 18 1a c6 thé tiép can dudc. K& tif nhitng nim thang iy,
da c6 nhitng phat trién thi vi duge mdt sd it cdc nha toan hoc khic dua ra, nhitng ngudi van con
lam viéc trong nganh hay méi tham gia, va van c6 nhiing tién trién quan trong trong nhiing dia
hat 14n cin ma toi nghi rang chiing sé ting téc cuc nhanh néu cc nha toan hoc van tiép tuc theo
dudi ly thuyét phan 14 mot cach manh mé. Ngay nay, tdi nghi rang c6 it cic nha toan hoc, nhiing
ngudi hi€u vé bat ky thi gi tiép can dudc trang thai ctia nghé thuit ciia sy phan 14 nhu 13 né da
ton tai & thdi diém d6, mic du cé mot vai phan trong 1y thuyét phan 14, bao gdm c nhitng phat
trién k€ tr thoi Ay, van dang phat trién manh.

Toi tin ring hai hiéu ing mang tinh sinh thai hoc 1a quan trong hon rit nhiéu trong viéc lam nga
long moi ngudi trong chi dé nay so vé6i viée can kiét ngudn tri thic da xdy ra.

Trudc tién, nhitng két qua ma tdi da ching minh (ciing nhu mot s6 két qua quan trong clia nhiing
ngudi khac) da dugc ghi lai theo mot phong cach kinh khiing, thudng thiy ctia cac nha toan hoc.
N6 phu thudc ning né vao nhitng ngudi doc ma chia sé dudc kién thiic ciin ban va mot s6 nhan
thic nhit dinh. Ly thuyét phan 14 con non tré, 12 mot nganh hep c6 nhiéu co hdi, va nén tang cia
n6 van chua dugc chuin héa. Toi khong do du trong viéc vé ra bt ky thi toan hoc ndo ma toi da
hoc dudc tir ngudi khac. Nhitng bai bao toi viét da khong (va khong thé) danh nhiéu thoi gian dé
gidi thich nén tdng vin héa. Ching dudc ghi chép lai & mic tu duy va két luan dinh cao nhit ma
t6i thuong dat dugc sau nhiéu ngdm nghi va nd luc. Toi ciing bd di nhitng thong tin ngan c6 gia
tri ham 4n trong suy luan, chang han nhu “bat bién Godbillon-Vey do miic nghiéng xoan b¢ ctia
mot sy phan 14”, ma van con bi 4n véi hau hét nhitng nha toan hoc da doc né. Viéc nay tao ra
mot chudng ngai 16n: toi nghi rang hau hét cac hoc vién sau dai hoc va cac nha toan hoc déu bi
nan long ring qua khé d€ hoc va hiéu dugc cac chitng minh ctia nhitng dinh 1y c6t yéu.
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Thi hai 13 van dé ring c6 gi trong nganh danh cho nhiing ngudi khéc. Khi toi bat dau lam viéc
véi ly thuyét phén 14, t6i da nghi ring diéu ma ho theo dudi 1a mot tap hop cac dinh 1y manh da
dudc chiing minh ma c6 thé ap dung d€ tra 15i nhitng van dé todn hoc 16n hon. Nhung d6 chi 1a
mot phan ciia ciu chuyén ma thoi. Hon ca tri thifc, moi ngudi mubn c6 dudc su thau hiéu mang
tinh c4 nhan. Va trong hé ddnh gid da dua ra clia chiing ta, ho cling mudn va can su ghi nhan qua
cac dinh ly.

Toi sé bd qua vai nam dé dén véi chii d& ma Jaffe va Quinn da d4m chi t6i, khi toi bat dau nghién
clfu cdc da tap ba chiéu va quan hé ctia chiing vé6i hinh hoc hyperbolic. (M6t 1an nita, khdng c6
vén dé gi 1am néu ban khong biét dy 1a gi.) Toi dan dan xay dung dugc trong vai nim mot truc
quan nhét dinh véi 3-da tap hyperbolic, v6i mot tip hdp nhitng cach xay dung, cac vi du va phép
chiing minh (qua trinh nay thuc ra bat dAu khi t6i con 1a sinh vién, va da dudc ting ho rat manh
bdi cac dp dung vao ly thuyét phan 14). Sau mot thdi gian, tdi da dit gia thuyét hay udc doan rang
tat ca cac 3-da tap déu c6 mot ciu triic hinh hoc nhat dinh, gia thuyét ndy cudi cung ducc biét
dén dudi tén goi gia thuyét hinh hoc héa. Khoang hai hay ba nim sau do, toi da chiing minh gia
thuyét hinh hoc héa cho cic da tap Haken. N6 1a mot dinh 1y khoé, va tdi da danh mot nd luc
khdng 16 d€ nghi vé n6. Khi tdi hoan thién phép chiing minh, tdi ciing di danh nhiéu cong stic
hon nita d€ kiém tra phép chiing minh, tim kiém nhiing diém khé khin va ki€ém chiing né mot
1an nita truéc nhitng thong tin doc 14p.

To6i mudn viét chi tiét hon nita vé y tudng clia minh khi t6i néi téi da chiing minh dinh 1y nay. N6
c6 nghia ring t6i da c6 mot dong cac y tudng sang siia va hoan thién, bao gdm ci céc chi tiét ma
da ddng viing trudc rat nhiéu 1an kiém tra ctia ca tdi va nhiing ngudi khac. Céc nha todn hoc ¢6
nhiing phong cich tu duy khac nhau. Phong cach ctia t6i khong phai 1a dua ra cdc tong quit héa
rong nhung bt cAn mang tinh dinh huéng va tao cdm hing: t6i thiét 1p nhitng mo hinh tu duy
cu thé, va toi tu duy vé moi diéu qua d6. Vi thé chiing minh ciia toi 1a kha dang tin cdy. Toi chua
gip van dé vé6i viéc sao luu lai nhitng ménh dé hay dua ra nhiing chi tiét vé nhitng thit ma toi da
chitng minh. T6i 1am kh4 t6t viéc phat hién 15i sai trong suy luin ctia chinh minh ciing nhu cia
nhiing ngudi khac.

Tuy nhién, déi khi cling c6 mot yéu t6 bi phat trién qua manh qua viéc phién dich tit nhitng ma
héa trong tu duy cla riéng toi t6i nhiing gi ma c6 thé truyén tai sang ai d6 khac. Nén tang gido
duc toan hoc ctia tdi 12 hoi doc 1ap va theo phong céch riéng, ma trong nhiéu nim rong toi da
tu hoc rat nhiéu thd, tu phat trién cac hinh mau tu duyriéng cho viéc nén nghi vé toan hoc nhu
thé nao. Viéc nay thudng 12 mot 1oi thé rat 16n cho tdi trong viéc tu duy vé toan hoc, bdi vi sau
nay sé d& dang tiép nhan nhitng hinh miu tu duy chuin dudc chia sé bsi nhitng nhém cac nha
toan hoc khac. Piéu nay cé nghia rang mot s6 khai niém ma t6i st dung mot cach tu do va tu
nhién trong tu duy ctia toi lai 12 xa la v6i hau hét cac nha todn hoc khac ma toi néi chuyén cung.
Nhitng hinh mau va céu triic tu duyctia c4 nhan tdi la tuong tu vé mit dic tinh v6i nhiing kiéu
mau hinh ma cic nhém cdc nha toan hoc khac chia sé - nhung ching thudng 12 nhitng hinh miu
khéc nhau. O thdi di€ém ma t6i hé théng héa gia thuyét hinh hoc héa, hiéu biét ctia toi vé hinh
hoc hyperbolic 1a mot vi du tot. Mot vi du ngiu nhién tiép theo 12 hiéu biét vé& cac khong gian to
po hitu han, mot chii dé ky quiic ma c6 thé cho muon ¥ tudng tot vio mot mé cac cau hdi nhung
n6 khong hoan toan dang dé phat trién trong bét ky trudng hdp nao béi vi c6 nhiing 16i dién dat
loanh quanh ludn quin ngin tré no.

Khong phai gia thuyét hinh hoc héa va ciing khong phai chitng minh ctia né cho céc da tap Haken
nam trén dudng di ctia bat ky nhom cac nha todn hoc nao vao thdi diém d6 — né di ngudc lai véi
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cac xu hudng trong topd 30 nim trudc do, va né da lam moi ngudi ngac nhién. Véi hau hét cic
nha tdpd vao thdi diém do, hinh hoc hyperbolic 12 mdt nganh cin phai biét clia toan hoc, mic du
¢6 nhitng nhém cic nha todn hoc khac nhu c4c nha hinh hoc vi phan, ho khong hé hiéu né dudi
mot sd goéc dd nhét dinh. C4c nha tdpd can tébn mot chiit thdi gian d€ hiéu gia thuyét hinh hoc
héa 12 gi, n6 c6 gi tot, va tai sao né lai xac dang.

Cung thoi diém d6, toi bit dau viét nhitng ghi chép vé hinh hoc va topd clia 3-da tap, ciing diing
cho khéa hoc sau dai hoc ma tdi dang day. Toi phat n6é cho mdt s6 it ngudi, rit 1au truée khi
nhitng ngudi khac trén thé gidi bat dau chép lai nhiing ban sao. Danh sach thu dién ti 16n 1én téi
khoang 1200 ngudi, nhitng ngudi ma toi da giii cac ghi chép vai thang mot 1an. Toi cd gang trao
ddi cac y tudng thuc su cla tdi trong nhiing ghi chép iy. Moi ngudi thuc hién nhiéu seminar dua
trén cac ghi chép ciia toi va tdi nhan dudc rat nhidu phan hoi. Tran ngip trong cic phan hoi 1a
nhiing cau dai loai nhu “Nhiing ghi chép ctia 6ng that diy cdm hiing va dep d&, nhung toi phai
néi véi 6ng rang ching tdi da phai danh téi ba tudn trong seminar ctia minh d€ hiéu nhitng chi
tiét trong §n.n. Chic chan 1a can thém nhiing giai thich.”

Téi ciing danh nhiéu 13i gidi thiéu t6i nhitng nhdm cac nha toan hoc vé y tudng nghién ciiu cac
3-da tap tif quan diém hinh hoc va vé chiing minh cta gia thuyét hinh hoc héa cho cic da tap
Haken. Ban dau, chii dé nay 12 xa la v6i hau hét moi ngudi. That khé d€ trao ddi nhiing co s6
nam trong dau toi, khong phai trong cong ddng toan hoc. Cé mdt vai ly thuyét todn hoc ma c6
anh hudng 1én ddm nhiing y tudng nay: topd ba-da tap, nhitng nhém Klein, cac hé dong luc, topd
hinh hoc, cdc nhém con rdi rac ctia nhitng nhém Lie rdi rac, 1y thuyét phan 14, cac khong gian
Teichmiiller, ddng phoi gid Anosov, 1y thuyét nhém hinh hoc, ciing nhu 14 hinh hoc hyperbolic.

Chiing tdi t6 chiic mot workshop ctia Hiép hoi Todn hoc My & Bowdoin vao nim 1980, ndi nhiéu
nha toan hoc trong nhitng nganh hep nhu top6 sb chiéu thip, hé dong luc va nhém Klein tham
du.

D6 1a mot kinh nghiém thi vi trong viéc trao doi vin héa. Cau chuyén dot ngdt trd nén 1o rang
rang cac phép chiing minh phu thudc thé nao vao cic thinh gia. Ching ta chiing minh vai thit gi
d6 trong mot bbi canh xa hoi va nham t6i mot sd thinh gia nhéat dinh. Mot vai phan ctia phép
chitng minh nay tdi c6 thé trao d6i trong vong hai phiit v6i cdc nha topd nhung cic nha giai tich
sé cAn t6i mot bai giang dai mot gio d€ ho c6 thé bat dau hiéu duge. Tuong tu nhu vay, ciing c6
mot vai thit ma c6 thé néi trong vong hai phiit cho cic nha gidi tich ma sé tbn mét mot gid trudc
khi c4c nha topd bat dau nhén thifc dudc. Va ciing c6 rat nhiéu phan khac trong phép ching minh
can hai phit d€ dién dat trong phan tém tat, nhung khong ai trong s6 cac thinh gia & thoi diém do6
c6 dii o s6 tri tué dé c6 thé hiéu trong it hon mot gid.

O thai diém do, thuc té khong hé c6 co s va ngit canh nao cho dinh 1y nay, do vy su phat trién
tlf viéc 1am thé ndo ma mot y tudng khdi nguodn tit tim tri clia toi t6i nhitng gi téi phai néi dé
khién n6 tr nén c6 thé hiu dudc, khong dé cap t6i chuyén thinh gia phai hi sinh dé hiéu né, 1a
rit 4n tuong.

Dua trén kinh nghiém cta tdi vé ly thuyét phan 14 va dé dap tra nhiing ap luc xa hi, tdi tap trung
hau hét su chi y clia minh vao viéc phat trién va gidi thiéu co s& clia nhiing gi toi viét va nhiing
gi toi néi véi moi ngudi. Toi da giai thich chi tiét cho vai ngudi da “sin sang” vdi nd. Toi viét
mot s6 bai bao, dua ra nhitng phan ton tai doc 1ap trong chiing minh ctia gia thuyét hinh hoc héa
cho céc da tap Haken — v6i nhitng bai b4o nay, toi gin nhu khong nhan dugce phan hdi nao ca.
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Tuong tu nhu vay, mii téi sau ndy, mot vai ngudi mdi thuc sy vuot qua nhiing phan khé nhat va
sAu sac nhit trong nhiing ghi chép cta toi.

Két qua 1a bay gio khd nhiéu cac nha toan hoc di c6 nhiing hiéu biét ma ho da rat thiéu khi méi
bat dau: mot hiéu biét c6 hiéu luc vé& nhiing khdi niém va co s ma 1a tu nhién véi nganh nay. Pa
tiing ¢ va sé con tiép tuc c6 nhiéu hoat dong toan hoc 16n manh. Bang cach tap trung vao xay
dung co s6, gidi thich va cong bd cic dinh nghia va cach thiic tu duy nhung chim rii trong viéc
phét biéu va cong bd cac phép ching minh clia tit ca cac “dinh ly” ma toi da biét Iam thé nao dé
chiing minh, t6i danh co hoi cho moi ngudi d& nhan 14y danh tiéng. Vin con co hoi cho moi ngudi
dé kham pha va cong bd cic chiing minh khic clia dinh 1y hinh hoc héa. Nhitng chiing minh nay
gitip phat trién cac khdi niém toan hoc ma tu than 1a kha thu vi va thic ddy toan hoc di xa hon.

Diéu ma cic nha todn hoc mudn va can nhit tii t6i d6 1a hoc cach tu duy chi thuc t& khong phai
1a hoc céach chiing minh gia thuyét hinh hoc héa cho cic da tap Haken. Khong miy chac chan
rang chitng minh ctia gia thuyét hinh hoc héa tdng quat sé bao ham ca viéc ddy chinh né di xa
hon. Mot van dé nita 12 doi khi ngudi ta can hay mudn mot két qua ducce chip nhan va chinh xic
khong chi bdi vi d€ hoc né, ma con 1a tir d6 ho c6 thé trich dan lai né hay dua trén no.

Céc nha toan hoc thuc ra da rat nhanh chéng chip nhan phép chiing minh ctia toi, va dé bat dau
trich din hay st dung né dua trén bat cif tai liéu nao sin c6, trén kinh nghiém ctia ho cling niém
tin & toi va trén sy chip thuin va y kién riéng ctia cdc chuyén gia, nhitng ngudi ma toi da st dung
rit nhiéu thoi gian d€ thdo luin vé phép chiing minh. Dinh ly nay gid da dudc ghi lai, qua nhiing
ngudn dugc cong bd, véi tdi va mot sb ngudi khac 1a tac gid, nén hau hét moi ngudi déu cam
thiy an toan khi trich din lai né; nhitng ngudi trong nganh chac chan sé khong doi héi toi vé tinh
chinh x4c ctia né, hay biéu 16 cho toi thly su can thiét vé céc chi tiét ma khong c6 sin.

Khong phai tit ci cac phép ching minh déu c6 cling mot vai trd trong gian y logic ma chiing ta
dang xay dung cho toan hoc. Phép chiing minh dac thu nay c6 1€ chi c6 mot gia tri logic tam thai,
miic dit n6 c6 mot gid tri dong luc 16n lao trong viéc giip d6 Ging hd mot cai nhin nhit dinh vao
cAu tric ctia 3-da tap. Gia thuyét hinh hoc héa téng quat van 12 mot gia thuyét. N6 da dugc chiing
minh trong rat nhiéu trudng hop, va né ciing dudc ting hd bsi nhiéu biang ching bing mdy tinh,
nhung né vain chua dudc chiing minh trong trudng hop tdng quat. Toi bi thuyét phuc rang phép
chiing minh t8ng quat sé dudc kham pha ra; toi hi vong thé da tir rat rit nhiéu nim trude day roi.
O diém nay, phép chitng minh ciia cac truong hop dic biét thi gin nhu sé trd nén 15i thoi.

Trong khi d6, nhitng ngudi mudn hiéu cac ky thuat hinh hoc thi t6t hon 1 nén bit dau véi gia
dinh: “Cho M3 1a mot da tap ma c6 nhan mot phan ra hinh hoc” bédi vi né téng quét hon “Cho
M3 1a mot da tap Haken”. Nhitng ngudi khong mudn st dung ky thuat hay nhiing ai dang nghi
ngd no c6 thé 18 n6 di. Tham chi 12 ca khi mdt dinh 1y vé cac da tap Haken c6 thé dudc ching
minh bang cac ky thudt hinh hoc, viéc tim kiém nhiing k¥ thuét tdpd dé chiing minh né van c6
gia tri cao.

Trong tinh hudng nay (ma van con tiép tuc) toi nghi rang toi phai cb gang dé loai bd hai két qua
x4u nhat cho minh: hoic khong hé 16 nhiing gi t6i da kham phd, giit n6 cho riéng minh (c6 1& ca
v6i niém hi vong chiing minh gia thuyét Poincare) hay 1a dé gidi thiéu mot ly thuyét kin ké va rat
kh6 hoc ma c6 ngudi nao dé giit né ton tai va phat trién.

T6i c6 thé dé dang néi 1o vé nhiing tiéc nudi trong su nghiép ctia minh. Toi da khong cong bd
nhiéu dén mifc nén lam. C6 mot s6 du 4n toan hoc ngoai gia thuyét hinh hoc héa cho cic da tap
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Haken ma tdi da khong phat biéu that tot trudc cong dong todn hoc. Khi tip trung hon vao phat
trién co s thay vi nhitng dinh 1y & cAp cao nhét trong 1y thuyét hinh hoc ctia 3-da tap, toi trd nén
hoi xa rdi trong khi chii dé niy van tiép tuc phat trién va tdi da khong thic diy mot cach tich
cuc cling nhu hiéu qua ctia nganh nay, hay cac su nghi€p ciia nhitng ngudi tham gia nghién ciu
n6. (Nhung c6 vé véi toi, mot vai miic dd xa rdi gan nhu 12 mot san pham phu khong thé tranh
dudc trong viéc huéng din cic hoc vién sau dai hoc va s khac: d€ thuc su chuyén cic huéng
nghién cifu dich thuc sang nhiing linh vuc khdc, can phai gat bd va chin lai nhiing nghi niing né
vé nhitng chuyén 4y).

Miit khéc, tdi da trd nén ban biu va c6 hiéu suét cao hon, trong nhiéu hoat dong khac. Hé thdng
clia chiing ta khong tao dugc thém thdi gian cho nhiing ngudi nhu t6i st dung dé viét va nghién
cifu; thay vao d6 né 1am tran ngap chiing t6i bdi rat nhiéu co hoi cho viéc 1am thém va phan ting
chinh ctia tdi 1a n6i “c6d” véi tit ca nhitng yéu cau va co hoi d6. Toi da danh nhiéu nd Ivc vao
cic hoat dong khong tao ra danh tiéng ma toi coi trong nhu 12 toi coi trong viéc chiing minh cic
dinh ly: nén chinh tri todn hoc, chinh stia cdc ghi chép ctia tdi thanh mdt quyén sach v6i mot tiéu
chuin cao ctia su trao ddi, kham pha vé tinh todn trong toan hoc, gido duc toan hoc, phat trién
nhitng hinh thifc trao ddi toan hoc méi qua Trung tAm Hinh hoc (giéng nhu thi nghiém dau tién
cua chung t6i, video “Not Knot”, chi dao MSRI, v.v...

Toi nghi ring nhitng gi t6i da 1am khong thé cuc dai héa “danh tiéng” clia t6i dugc. Toi da &
trong mot vi tri ma khong c6 mot nhu cau 16n phéi canh tranh d€ gianh nhiéu hon sy cong nhan.
Thuc ra toi bat diu thay cam thay bi thach thiic manh mé ti nhiing thi khic, bén canh viéc chiing
minh nhiing dinh Iy mdi.

Toéi thuc sy tin rang nhiing hoat dong ctia t6i da lam t6t viéc khuyén khich todn hoc.
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LUAT BENFORD
VA NHUNG UNG DUNG THU VI

Tran Nam Ding - Bang Nguyén Duic Tién
(Dai hoc Khoa hoc Tu nhién, DPHQG-TPHCM - Dai hoc Trento, Italia)

LOI GIOI THIEU

Luat Benford (Benford Law) hay con goi luat chit s6 thi nhat (First Ditgit Law)
12 mot luat kha ndi tiéng trong toan hoc va da dudc gidi thiéu trong nhiéu bai viét
trén cac dién dan ciing nhu § mot s6 gido trinh toan hoc & bac dai hoc. Trong bai viét
nay ctia Epsilon, chiing t6i mudn gidi thidu v6i doc gia mot cach tiép can véi dinh
luat ky la nay thong qua mot bai gidng toan hoc ctia nha todn hoc ndi tiéng Vladimir
Arnold ma ngudi viét may mén c6 dip dudc nghe truc tiép. Bén canh do6, ching toi
cling nhan bai viét nay gi6i thiéu v6i doc gia mot sd ting dung rat thi vi cta dinh
luat tudng chiing nhu "vo bd" nay!

Cau chuyén dudi day toi, Tran Nam Diing, dudc nghe truc tiép tir Vladimir Arnold, nha todn hoc
ndi tiéng ngudi Nga khi 6ng néi chuyén véi hoc sinh chuyén toan & Mat-xco-va (Moscow, thi do
nudc Nga hién nay). Cau chuyén nay kha sau sic va doi hdi nhiing kién thic todn hoc nhit dinh.

Vladimir Arnold bat dau budi néi chuyén bang cau hoi: “Em nao cho téi biét, 2'°° bt dau bing
chit s6 nao?”

Ai cha, cau nay la day. Néu tim chit s tin cung ctia 2'% thi d&, céi nay hoc sinh 16p 7 ciing
biét. Chit sb tan cung cua2" khin =1,2,3,4,5,6... sé lanluot1a2,4,8,6,2,4,8,6,2... ¢
nghia 13 chiing tuin hoan véi chu ky 4 va ta c6 ngay 2'°° tan cling bing 6.

Ta thit tim xem chit s6 dau tién ctia 2" (n = 0,1,2,...) c6 quy luat tuan hoan gi khong:

17 27 47 8a 1’ 3’ 6, 17 27 5’ 1’ 2, 4’ 8’ 1’ 3’ 6’ 1, 2’ 5? 1’ 27 47 87 1’ 3’ 6’ 17 27 5’ 1’ 2, 4’ 8’ 1’ 3’ 6’ 1’
2,5...

Dudng nhu 1a ciing ¢6 quy luét, cu thé 1a day s61,2,4,8,1,3,6,1,2,5 (d6 dai 10) dudc lap lai.
Nhu vay dap s 1a 1!

Mot hoc sinh gio tay: “Da thua gido su, ddp sé la 1 a!”.

“Duing! Gidi ldm! Em c6 thé gidi thich tai sao?”

“Da thua, em quan sdt thdy ddy cdc chit s6 ddu tién ciia 2" la tudn hoan vdi chu ky 10, ti do em
tinh dwoc 2'°° ¢6 chit sé dau tién giong 2°, 2'°, 2°° va bang 1 a.”

“M¢t nhén xét khong toi! Nhung em c6 thé chitng minh dwoc nhdn xét do khong?”
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“Da em chua chitng minh duwoc, nhung em nghi la né ding, em da thit dén tdn n = 40 réi a!”

“Diing la c6 qud nhiéu nguyén nhdn dé’ em tin du dodn cia minh la ding. Em da thit dén 40 va
thdy quy ludt ldp di ldp lai. Hon nita t6i lai bdo cho em biét la em dd néi ddp sé diing. Tuy nhién,
trong todn hoc, néu mot dy dodn chua dugc chitng minh thi né van chi la dw dodn, cho dit né
duoc thit cho dén 1 triéu hay 1 ti. C6 nhitng ménh dé chi sai & budc thit mét triéu 1é mot!”

“Nhung thua gido su, trong truong hop cua ching ta thi phdt biéu ciia ban Kolia diing hay sai
a?” Mot hoc sinh ndn néng hoi.

“Cdc em thit tinh tiép xem sao!”

“Oi, sai roi a! O hang chuc thit 5, tir 2*° @én 2*°, cdc chit sé ddu tienla 1,2, 4,8, 1,3,7, 1, 2,
5.” Xuét hién chit s6 7 ngoai lai nam ngoai quy luat.

Tiép tuc tinh céc chuc tiép theo, ta 1an lugt dudc:

50-59: 1,2,4,9,1,3,7,1,2,5
60-69: 1,2,4,9,1,3,7,1,2,5
70-79: 1,2,4,9,1,3,7,1,3,6
80-89: 1,2,4,9,1,3,7,1,3,6
90-100:1,2,4,9,1,3,7,1, 3,6, (1)

Nhu vy céc sb tréch theo quy luat du doan ban dau ngay cang nhiéu.
Tuy nhién, dudng nhu céc chii s6 1 thi khong bi 1éch quy luat.

“Thua gido su, duong nhu cdc chit $6 ddu tién & cdc lity thita 2" véin = 0,4,7 mod 10 luén
bang 1”.

“Du dodn vdn chi la dy dodn! Cdc em hdy kién nhdn tinh thém 10 sé nita!”
Va 10 con s6 tiép theo la:
100-109:1,2,5,1,2,4,8,1,3,6

Nhu vay dudng nhu quy luat bi 1éch pha va cac khang dinh ctia chiing ta khong ding. Chd y rang,

A

khéc véi trusng hop chit s6 tin cliing, & dy trong qud trinh tinh toan, ta khong thé “cit dudi” hay
bé diu ma phai giif lai tit ca. Vi thé phai 1am viéc véi céc s6 rat 16n 1én dén hang chuc chit s6.

“Thua gido su, vdy chiing ta phdi lam thé nao? Béi tinh todn ngay cang phiic tap va cdc mdy
tinh ciia chiing em bé tay roi. Chang han néu cdn tim chit sé dau tién ciia 2'°°° thi lam sao?”

(Luu y cau chuyén xay ra vao nam 1990) “Liéu co phdi la 1?” Ban hoc sinh hoi thém.

“Néu tim chit s6 dau tién ciia 2'°*" thi né luén bing 1 cho dén i = 30 thi sai. 23°° bdt dau béing
chit s6 2.

“Thé Cén 21990 ?n
“21990 14i bdt ddu bang 1.”
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“Nhung lam sao cé thé tim dwoc a?”

“Putgc roi. R6 rang ta khong thé'tiép tuc cdu chuyén ma chi ding tinh todn thudn tiy. Ta tinh tay
nhu thé la di réi. Bdy gio la liic phdi suy nghi. Theo cdc em, diéu kién dé'mot s6 N c6 chit s6
dau tién laala gi?”

“Da, néu N ¢6 k chit s6 thi diéu kién dé la: al0F ' < N < (a + 1)10F"1 a!”

“Diing roi, rdt tot! Bdy gio ldy g hai vé, ta dwock —1 +1ga <IgN <k —1+1g(a +1)”
“Diéu nay cé nghia la gi? Co nghia la N sé ¢6 chit s6 ddu la a néu ta cé bat ddng thitc trén.”
“Da thua gido su, nhung ta khéng biét k bang bao nhiéu a!”’

“Cdc em thit nghi xem, s6 chit s6 ciia 1 s6 N duoc tinh nhw thé nao?”

“Da, k =1+ [IgN]a!”

“Duing réi. Nhu thé c6 phdi la N sé c6 chit sé ddu tién la a khiva chikhilga < {IgN} < lg(a+1)
dung khong?”

“0, vi 1g(21%9%) = 19901g(2) = 559.049 nén {1 g(2'°%°)} = 0.049 va ta suy ra chit sé ddu tién
cita 2'%°° 1a 177 Mot hoc sinh hd héi néi.

“Va nhuw vdy, chi cdan biét 1g(2),1g(3), ...,1g(10) la ta tim dugc chit sé ddu tién ciia 2" vdi n
bat ky. Vay la xong roi!”

“Nhung cdu chuyén bdy gio chi mdi bdt dau!” Vladimir Arnold hém hinh néi. “Bdy gio chiing ta
thit lam thong ké xem trong 100 lity thita ciia 2 dau tién, cé bao nhiéu liy thita bdt ddu bdng chit
s6 1, bao nhiéu lity thita bdt ddu bang chit s6 2, ..., bao nhiéu lity thita bdt dau bang chit s6 9.”

Hoc sinh tién hanh thong ké thi dudc bang sau:

Chuiso| 1|23 |4 |5(6|7/8|9
# |30 (1713|108 |7 |5|5]5

Nhu vay chit s6 1 xuat hién nhiéu hon han, sau d6 dén chit s6 2 va cid nhu thé.

“Diéu nay gidi thich nho vao diéu kién: 2" c6 chit sé dau tién la a khi va chi khi {nlg(2)} €
[lg(a).lg(a+1))"

“Va theo dinh ly Weil vé phdn bé déu, xdc sudt dé diéu nay xdy ra sé bang chinh do dai ciia
, PO a+1

khodng [lg(a),lg(a + 1)), tiic la bang [g——."

a

“Dinh Iy Weil vé phdn b déu la dinh Iy thé nao a?”
“Binh ly nay khdng dinh rdang néu o la sé vo ty thi day {na} sé phdn bé déu trén doan [0, 1],
diéu nay cé nghia la véi moi khodng (a, b) thuéc [0, 1], xdc sudt dé {na} thuéc (a,b) sé bdng

b—a.”
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) 2 3 0 ) ) .
“Nhu the, do lgI > lgE > . > lgg nén viéc chit so 1 xuat hién nhiéu hon la hop ly!”
Hoc sinh c6 vé da hi€u va rit phin khich vé6i nhiing diéu gido su néi.

“Cdu chuyén todn hoc dén ddy co thé'da két thiic. Nhung chiing ta hdy dp dung cdc quan sdt nay
vao lich sit va dia Iy mét chiit. Cdc em vé nha hdy ldy 1 cudn atlas ra, tim sé liéu vé dién tich va
dadn s cdc nudce, sau do théng ké xem trong cdc con s0 vé dién tich va ddn sé do, co bao nhiéu
6 bdt dau béng chit s6 1, bao nhiéu sé bdt dau bang chit s6 2, ..., bao nhiéu sé bdt ddau bdang
chit s6 9. Hay dwa ra nhdn xét va cé gdng gidi thich nhdn xét ciia minh trén géc do todn hoc va
lich su! Xin cdm on cdc em dd tham gia budi néi chuyén hém nay mot cdch rdt nhiét tinh”.

Vladimir Arnold da gi6i thiéu véi hoc sinh clia 6ng mot bai giang tuyét dep vé ban chét cia luat
Benford, nhung luit ndy vi sao lai ¢6 tén goi nhu vy, va ra doi khi nao? Trong phan nay, chiing
to1 gidi thiéu doi dong lich st cia dinh luat dang kinh ngac nay.

Nha toan hoc — thién van hoc ngudi My - Canada Simon Newcomb (1835 — 1909) dudc ghi nhan
nhu ngudi dau tién dé y sy kién nay. Chuyén k€ riang, Simon rit ngac nhién khi thiy & cdc quyén
tra ctiu logarithm thi cdc trang dau chifa cdc sb bat diu bang 1 nhiéu hon, con céc trang sau thi
céc s6 lai c6 chit s6 dau 16n hon. Simon dit gia thiét 12 phai ching ngudi ta gip cic s6 c6 chit s6
dau 1a chit s6 nhd nhiéu hon 1a cac chit s6 16n? Tir gia thiét d6, ong da dé cap dén hién tugng nay
trong bai bdo "Ghi chép vé tan suit sit dung céc chit s6 khac nhau trong c4c sb tu nhién" va tinh
dudc x4c suat gap cac chi sbdaulal,2,3,...9 giam dan.

Dén niam 1938, Frank Benford (1883 - 1948), mot k¥ su dién tif va vat Iy hoc ngudi My, nghién
ctu lai hién tuong nay va sau dé dit tén luat nay theo tén 6ng. Frank Benford thu thap s6 liéu
thuc té tir dién tich bé mit ctia 335 con song, 104 hang s6 vat ly, 1800 trong lugng phan ti, 5000
muc tf mot cudn s6 tay todn hoc,. . . va nhiéu ngudn khéc. Téng cong dng thu thap dugc 20.229
con sb va tién hanh théng ké sb 1an xut hién ctia chif s6 dau tién. Trong phén tich clia minh, 6ng
tim ra c6 khoang 30% con s6 bat dau véi 1, 18% véi 2, va ci thé. Pinh ludt nay ciing c6 thé lip
lai v6i cac tip hop dit liéu khéc, vi du nhu két qua trin bong chay, ti 1& ti vong, gia cb phiéu, dia
chi nha, va héa don tién dién, nhung ngay ca Benford ciing khong thé giai thich tai sao né lai nhu
thé.

Thang sdu nim 1961, nha todn hoc ngudi My Roger Pinkham 1an dau tién dua ra gidi thich va
ching minh cho dinh luat nay qua bai bao "On the Distribution of First Significant Digits" va tu
d6 kha nhiéu ly giai khdc nhau da dudc khai thac. Mot cach tiép can dé hiéu cho truong hop 2"
ciing da dugc ching toi gidi thiéu & phan dau clia bai viét nay thong qua bai giang clia Vladimir
Arnold.

K& tir khi luat Benford ra doi dén nay, da c6 hon 18.000 cong trinh! hoic truc tiép hoic gidn tiép

lién quan dén dinh luat thi vi nay. Va két thic phan lich st nay, chiing toi tom tat lai luat Benford
bang cong thiic don gian nhu sau:

Ldva trén két qua tim kiém & scholar.google.com, tim kiém vao thang 7 nim 2015
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X4c suat xuit hién chit s6 dau tién d (d € {1,2,...,9}) la:
1
P(d) =1g(l + E)

Gia tri ctia P(d) dudc tinh x4p xi 1a:

d 1 2 3 4 5 6 7 8 9
P(d) | 30.1% | 17.6% | 12.5% | 9.7% | 7.9% | 6.7% | 5.8% | 5.1% | 4.6%

Nhu viy véi dinh luat Benford, ta biét dudc riang vé cd ban mot tap hop danh sach céc s6 liéu
dugc 14y ra tif cdc nguon thuc té sé tuan theo mdt dang nhit dinh vé x4c suit clia cic chit s6 dau
tién. Nhung lidu diéu nay phai ching chi 12 mot bit ngd thu vi hay c6 thé ¢ ting dung vao cudc
s6ng? Cau tra 15i han doc gia da d& dang doan ra, luat Benford c6 khd nhiéu ing dung quan
trong, va trong bai viét ndy, chiing toi gidi thiéu hai ting dung ctia luat Benford: ing dung vao
ki€m tra s6 liéu kinh té va ing dung vao gidm dinh dnh s6! Néu nhu ting dung dau tién 1a ing
dung kinh dién, dudc rat nhiéu ngudi biét dén thi ng dung thi hai kha la, trong tAm hiéu biét
ctia nhiing ngudi viét bai nay thi day 1a 1an dau tién dudc gidi thidu v6i doc gia Viét Nam.

Hay l4y chiéu cao clia nhitng toa nha cao nhat thé gidi hay clia qudc gia ndo d6, va thdng ké cic
chit s6 dau tién, hay 1dy do dai cdc con song trén thé gidi, va thdng ké cac chil sd dau tién, du 1a
tinh theo mét hay theo diim, theo inch hay theo foot, tit ca déu sé két qua gan vé6i xc suit da néu
& luat Benford. Va cic con s6 & bdo cdo tai chinh, bdo cdo thué ciing viy! Vi viy, bing vao viéc
théng ké va so sdnh do khac biét so vé6i luat Benford, ngudi ta c6 thé phat hién ra nhiing ban s6
liéu li€u c6 bi chinh sta hay khong!

Vi luat Benford trdi v6i cAm nhan thong thudng ctia nhidu ngudi (cho ring céac chit s6 c6 xac
suét xuat hién nhu nhau) nén mot ngudi khi 1am gia s6 liéu sé c6 xu huéng dua ra nhitng con
s6 c6 chit s6 dau tién tuan theo phan bb déu, do d6 su giad mao nay c6 thé dugc phat hién khi
so sanh véi phan bd ctia luat Benford. Mot két qua nghién ciu ctia Jialan Wang (duong thdi 12
gido su clia dai hoc Washington, M¥), thong qua luit Benford cho thdy xu huéng lam gia sb liéu
tai chinh ting lién tuc trong sudt 50 qua. Nhiéu nghién ciiu khac ciing cho thy luat Benford 1a
mot cong cu rat hitu hiéu cho phép phét hién ra gid mao trong tai chinh. Vao nim 1998, ngudi ta
ciing da thi 1ay s6 liéu bdo cdo thué cia téng thng My biy gio 1a Bill Clinton d€ thi vé6i luat
Benford, va rat thd vi 12 s6 liéu ctia dng tuan theo luat nay. Pén day, ban doc c6 thé thi 1iy mot
bang sb liéu tai chinh nao d6 va thi kiém chiing xem sao.

D€ di dén ting dung thif hai, chiing t6i man phép gi6i thiéu v6i doc gia mot s6 kién thifc kha "lac
tong": anh s!

Hién nay, gan nhu toan bo moi hinh 4nh va video ma chiing ta xem dudc trén cac thiét bi dién ti
déu 12 anh/video s6. Vay anh sb 12 gi va dudc tao ra nhu thé nao? Anh sb dudc tao nén tit hang
triéu 6 vuong rat nhé - dugc coi 1a nhitng thanh t6 ciia biic 4nh va thudng dudc biét dudi tén goi
1a di€m anh (pixel, c6 dugc tir thuat nglt picture element).
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Ban c6 biét?

e Vao nim 2000, Kodak thong ké ky luc méi trén thé gi6i: s6 lugng 4nh trén thé gi6i da
dat dén con s6 80 triéu anh.

e Chi 14 nim sau, mdi ngay c6 khoang 1.8 ty 4nh dudc dua 1én internet! Con s nay con
nhiéu hon toan bd anh trong lich sit loai ngudi cong lai tinh dén 2004, nim ra ddi cia
Flickr.

e Du kién vao cubi nim 2015, s6 luong anh sé dat ngudng 1 trillion, tidc 1a 1000 ti anh!
Gap 12.500 1an so v6i 15 nam trudc do!

e Néu nhu méi anh dudc in ra véi kich thudc 4x6 (inches) va dan lai véi nhau thi chiéu
dai tdng cong s& 1a 200 triéu dim, dai hon con dudng tli trai dat dén mit troi va trg vé!

e Trong s6 hang ngan ti 4nh nay, 87% anh dudgc chup tit cic thiét bi di dong va chi c6
13% 1a tlt cic mdy anh chuyén dung. Piéu nay c6 nghia 1a ¢6 hang trim ti tAm anh
dugc Ivu trit & dang JPEG, chuin nén phd bién nhat hién nay!

Theo théng ké ciia Business Insider va Thoi bdo New York.

Théng thudng, mdi mot diém anh 1a tdng hop clia 3 mau co ban: do, xanh duong, va xanh 14 cay
va céc thiét bi dién tit sé tdng hop 3 mau nay lai d€ c6 dudc mau ma chiing ta vin nhin thiy. Ung
v6i mdi mau va mdbi diém anh, mdy tinh st dung céc gid tri nguyén duong tif 0 dén 255 (1a mot
byte) dé thé hién dd miic dd ctia mau d6. D€ luu trit nhu vay, co ban moi biic anh c6 kich thuée cd
trung binh, vi du nhu 3.456 x 2.304 diém anh, sé ton tbi thi€u 3.456 * 2.304 x 3 = 23.887.872
byte, tiic 1a xip xi 22.8 MB. Ban doc hdy thit xem lai cdc 4nh s6 clia minh v6i d phan gidi tuong
tu, sé thay rang con s6 nay qua 16n so véi con sb thuc té dudc luu trén may tinh hay dién thoai
néu ban Iuu anh c6 phan mé rong 12 .jpg. PE c6 dudc kich thuée nhd nhu vay, cic thiét bi dién ti
da 4p dung cac ky thuat nén dnh, ma phd bién nhit 12 k§ thuat nén véi chuin JPEG!

Doc gia c6 thé tim hiéu chi tiét vé chuin nén niy thong qua cic nguodn khac, & day chiing tdi chi
nhin manh lai vu diém ctia JPEG: nén tang chinh ctia nén JPEG la dua trén bién ddi cosine rdi
rac (DCT — discrete cosine transform), ddy 1a mot phép bién d6i truc giao nén ma trin nghich
ddo ciing chinh 12 ma tran chuyén vi, diéu nay cho phép céc tinh toan thuc hién rit nhanh, phu
hop véi céc thiét bi di dong! Hon nita, bién ddi DCT cho phép dé& dang gil lai c4c thanh t6 quan
trong va lugc bd cac thanh t6 khong quan trong, dic biét 1a véi thi gidc clia con ngudi, nhd vay
ma anh c6 thé dudc nén véi ti 18 rit cao!

Viéc nén nhiéu hay it, phu thudc quan trong nhit & giai doan “luong héa” cic gid tri sau bién
ddi DCT, tic 1a gitt lai bao nhiéu thanh phan quan trong nhét va loai b nhiing thanh phan nao.
Va diu thd vi xay ra & ddy: su phan b ctia cac chit s6 dau tién sau bién doi DCT trén anh
nén s€ khong hoan toan tuin theo luit Benford nhu ¢ anh khong nén! Hon nita, cac miic
nén khéc nhau sé c6 nhitng khac biét khac nhau. Cin ct vao diéu nay, ngudi ta c¢6 thé phong
dodn dudc mot anh duge nén mot 1an hay nhiéu hon mot 1an, va nén véi midc do nao! Hay néi
mot cach don gian hon, v6i mot bic 4nh sb bat ky, hdy thong ké tan suat xuét hién clia cic chit s6
dau tién sau khi bién ddi DCT, ban c6 thé phdng doan dugc anh nay di nén hay chua, nén it hay
nhiéu, nén bao nhiéu 1an, nén bang phan mém nao ... ma khong can phai xem nhiing thong tin
khac! Luu y rang & day ching toi dung chit "phdng doan" chi khong phai 1a "xac dinh" vi dé
xéc dinh doi héi rat nhidu thong tin khéc, cling nhu nhiing yéu cau khac, ndam ngoai khuon khd
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Original Image Compressed Image (high quality) Compressed Image (low quality)

Hinh 7.1: Vi du v& nén anh JPEG. Anh bén trdi: anh gbc, khong nén. Anh & giita, nén véi ti 1&
thip (cho ra anh chét lugng cao hon) va anh bén phéi: nén ti 1é cao.

0.35 T T T T T T T T T
[ original Image
= = = Benford Law
03f Compressed Image (high quality) |
----- Compressed Image (low quality)
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Hinh 7.2: Tan suit xuat hién cta céac chif s6 dau tién sau bién ddi DCT ti 3 4nh 6 Hinh 7.1.

mot bai viét ciia Epsilon. Viéc biét dudc cic thong tin nay ¢ nghia gi? Ban doc hay thit hinh
dung néu nhu ta biét dugc mot biic 4nh dang c¢6 da dugc nén tif modt phan mém chinh stia anh, vi
du nhu Photoshop hay Picasa ma khong phai tif mdy chup anh thi 4nh nay da c6 thé bi thay d6i
va khong dang tin cdy nita! Hodc néu mdt anh dudc nén nhiéu hon mot 1an thi c¢6 nghia 1a anh
khong phai chép truc tiép tlif may anh nita ma da qua mot cong doan trung gian nio d6 & gitta. Va
nhu viy, luat Benford da "vén man" nhiing bi mat ding sau mot tim anh s6!

Chuing t6i két thiic bai viét bang mot vi du vé luat Benford trén dnh nén. Hinh 7.1 thé hién 3
phién ban ciia cling mot bitc anh: khong nén, nén it va nén nhidu. O Hinh 7.2 12 théng ké tan suét
clia cac chit sd dau tién sau bién ddi DCT trén tiing block ctia 3 4nh. Pudng mau dé 1a phan bd
cua luat Benford, cac cot mau xanh duong la cia anh khong nén va 2 dudng mau xanh 1a cay la
ctia 2 anh nén. Chiing ta c6 thé quan sat va thiy rang phan bd clia cac cot mau xanh duong rit
gan v6i dudng mau dd (12 phan bd theo luat Benford) trong khi 2 dudng mau xanh 14 ciy c6 khic
biét 16n hon va "rdi loan" hon. Cin ci vao d6, ngudi ta da xdy dung 1én cdc co s& dé phat hién ra
4nh da bi nén nhu thé nao!
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Mic du ding trong nhiéu tip hop cdc s6 liéu tu nhién, luat nay ciing c6 nhiing han ché ciia no.
Céc con sb khong dugc 1a ngiu nhién, vi du nhu két qui x8 s6 va khong thé qua han ché khi tap
hop céc xac suit 1a qua han hep.

Bai viét c6 tham khdo cdc ngudn tai liéu tiéng Viét ciia tac gia Tran Quy Phi § statistic.vn va
dién dan todn hoc diendantoanhoc.net qua bai viét cia mot ngudi c6 tén trén dién dan 1a Crystal.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

DIEU KIEN NGOAI TIEP CUA MOT TU GIAC
KHONG LOI VA UNG DUNG

D6 Thanh Son — THPT chuyén KHTN

TOM TAT

Bai bdo dua ra khdi niém t gidc khong 16i ngoai tiép cling véi mot s6 ing dung.

? N
1. Mg dau
Chiing ta da biét diéu kién ngoai tiép ctia mot t gidc 16i. Diéu kién d6 duoc phat biéu nhu sau

Diéu kién can va di. Mot tit gidc 16i ngoai tiép dude mot dudng tron khi va chi khi téng do dai
céc cip canh d6i bang nhau.

Tuy nhién trong viéc giai toan, nhiéu khi ta gip phai nhiing bai todn khéo sat tinh chét tiép xiic
clia cac canh hoic duong thang chiia cic canh clia mot tif gidc khong 16i v6i mot dudng tron niao
d6. Trong nhiing trudng hop nhu vay ta khong thé st dung dudc diéu kién ngoai tiép ctia mot tid
gidc 16i d€ khao sat bai toan.

Noi dung ctia bai bdo nay dé cap dén diéu kién "ngoai tiép" ctia mot ti giac khong 1i c6 hinh
dang dudc dinh nghia sau ddy va ting dung né dé gidi todn.

2. Cac dinh nghia

Dinh nghia 1. Cho mot ti gidc 16i ABCD c¢6 céc cip canh dbi khong song song. Goi M 1a giao
diém cia cac dudng thang AB va CD, N 1a giao diém cia cac dudng thang AD va BC (c6 thé
coi B nam giita A va M; D nam giita A va N). Hinh dudc tao bdi cac doan thang lién tiép nhau
AM,MC,CN, NA 1a hinh td giac 16m. Chiing ta sé chi khéo st céc van dé lién quan dén hinh
td gidc nay.
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Néu cAu hinh trén dugc xem nhu mot tip hop gom tf gidc 16i ABCD, tam gidc BCM va tam
giac CDN, thi ta con goi né 1a tif gidc toan phan.

D& cho tién, tif bay gid ta sé goi tif gidc c¢6 hinh dang da dugc dinh nghia trén day 1a tif gidc toan
phan va dudc ky hiéu 1a ABCDM N . Trong ky hiéu nay cac chit 4, B, C, D 1a dinh ctia mot td
gidc 16i, con cac diém M, N 1a cic dinh dugc sinh ra tif cdc cip dudng thang chia cic canh d6i
dién ctia tif gidc ABCD cat nhau. Ciing vi thé, doi khi ta con néi td gidc toan phan ABCDM N
dugc sinh bdi ti gidc 16i ABCD.

Céic diém A, B,C, D, M, N ladinh t gidc cac doan AB, BC,CD, DA, AM,MC,CN, ND, AN
1a canh ti gidc. Cac doan thang AC, BD, M N 1a dudng chéo tit giac.

Néu khong c6 chii thich gi, thi khi néi t6i ti gidc toan phan ABCDM N ta hiéu ring ti gidc d6
¢6 cAu hinh nhu da dinh nghia & trén.

Dinh nghia 2. Ta néi t gidc toan phan ABC DM N ngoai tiép dudng tron (0), néu (0) la dudng
tron ndi tiép trong ti gidc ABCD. PE cho gon, khi ta néi tif gidc toan phan ABCDM N ngoai
tiép, ta hidu rang ti gidc d6 ngoai tiép mot dudng tron.

Dinh Iy 1. Tt gidc toan phan ABCDM N ngoai tiép khi va chi khi AM + CN = AN + CM.

M
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Chitng minh. Gia st ABCDM N ngoai tiép. Theo dinh nghia, ton tai mot dudng tron (O) noi
tiép trong t gidc 16i ABCD. Taky hiéu cic diém K, L, E, F 1an luct 1a tiép diém ctia (O) va
cac canh tuong ing AB, BC,CD, DA. Khidétaco AM = AK + KM,CN = NL —CL,
AN = AF + FN,CM = ME —CE.Vay AM + CN = AN + CN suyra AK + KM +
NL—-CL=AF+FN+ME—-CE (1).ViAK = AF,MK = ME,NF = NL,CE = CL,
nén (1) dung.

Gia st AM + CN = AN + CM. Ta can chiing minh ring ABCD la tii gi4c ngoai tiép. Goi
(0) 1a dudng tron noi tiép trong AMAD. Ta ching minh rang (O) ciing la dudng tron noi tiép
trong ANAB. Taky hiéu K, E, F 1a tiép diém ctia (Q) véi cac canh tuong ting AM, MD, DA
cia AMAD. Tt N ké t6i (O) tiép tuyén NL khac NA (L 1a tiép diém). Duong thang NL cit
MD tai C’ vatacoi C nam giita C’ va M. Theo diéu kién cintacé AM + NC' = AN + MC’
suy ra AM — AN = MC’' — NC’ (2). Tit gia thiét ta suy ra AM — AN = CM — CN (3).
Tu(2)va(3)tacoCM —CN = MC'— NC'suyraCM —CN = CM + CC’ — NC’ hay
NC’ = C'C + CN. Pang thiic nay chiing té rang C va C’ tring nhau. Tic 1a canh BC tiép
xuc véi (0). O

Dinh Iy 2. Tt gidc toan phan ABCDM N ngoai tiép khi va chi khi BM + BN = DM + DN.

M

A F D N

Chiing minh. Ta van st dung cdc ky hiéu nhu trong ching minh dinh ly 1 d€ ching minh dinh
ly 2.Gia st ABCDM N ngoai tiép, khi d6 tac6 BM = MK — BK, BN = BL + LN, DM =
DE +ME, DN = NF — DF.Rorang BM + BN = DM + DN suyra MK — BK + BL +
LN = DE+ ME 4+ NF — DF (*).ViMK = ME,NL = NF, BK = BL, DE = DF,nén
(*) ding.

Ngudc lai néu BM + BN = DM + DN ta can chiing minh A BCD ngoai tiép. Goi (0) 1a
dudng tron nodi tiép AMAD. Ta ké tiép tuyén NL t6i (O) va khidc NA. Puong thang NL cat
AM tai B’ va coi B nam giita M va B’. Theo diéu kién can tacé B'M + B'N = DM + DN
suyra B'B + BM + B'N = DM + DN . Theo gia thiét tac6 BM + BN = DM + DN.Tu
détasuyra B'B 4+ BM + B'N = BM + BN hay B'B + B'N = BN. Pang thiic nay chiing
td B’ trung v6i B. Titc 12 ABC D ngoai tiép. O
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Bay gio ta sé chi ra ung dung cta hai dinh ly trén vao giai toan.

Bai toan 1. Puong tron tam I néi tiép trong AABC tiép xiic véi cdc canh BC,CA, AB ldn
luottai M, N, E.

a) Chitng minh rang cdc tit giac IMBE va IM CN ngoai tiép.

b) Chitng minh rdng tiép tuyén chung trong cia hai dudng tron noi tiép trong cdc tit gidc trén va
khdc dwong thing IM di qua A.

A

L&i gidi. a)Rorangtacé IM = IE va BM = BE, nén ti giac 16i / M BE thda man diéu kién
IM + BE = IE + BM. Tit d6 suy ra ti giac I M BE ngoai tiép. Ta ky hiéu (O;) 1a dudng tron
ndi tiép trong tf giac d6. Tuong tu, ta cling suy ra ti gidc /M C N ngoai tiép va (0-) 1a duong
tron ndi tiép ti gidc do.

b) Ta thiy rang /M 1a mot tiép tuyén chung trong ctia (O;) va (0,). K& qua A dudng thang
tiép xtc vdi (0,) va khac AC. Goi K 1a giao diém ctia dudng thang nay v6i M. Ta thiy ring
t giac khong 16i ACMK ngoai tiép (0,) nén ta c6 AC + MK = AK + MC. Pé ching
minh AK ciing tiép xidc v6i (0;) ta can nghiém lai diéu kién AK + MB = MK + AB hay
AK — MK = AB — MB. That vay, diéu kién AC + MK = AK + MC tuong duong véi
AK — MK = AC —MC = (AN + NC)—MC = AN + (NC — MC) = AN = AE =
AB — BE = AB — BM . Pay la diéu cin chitng minh. Ta ciing thiy ring (0;) va (0,) khac
phia dbi véi tiép tuyén chung AK, nén AK Ia tiép tuyén chung trong ciia hai dudng tron. [

Bai toan 2. Tit gidc ABCD ngoai tiép duong tron. Trén canh AB ta ldy diém M. Puong thing
CM cdt duong thing AD tai N (ta coi A nam giita D va N ). Goi I, J, K ldn lugt la tdm cdc
duwong tron néi tiép trong cdc tam gidgc NCD, BMC va AMN. Chiing minh rdng duong tron
ngoai tiép tam gidc 1 JK di qua A.
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C

L5i gidi. Ta thdy ring dudng thang /K chifa cac dudng phan gidc clia cac tam gidc BMC va
AMN dudc ké tit M. Puong thang K I chiia phan gidc clia ANM.Ta goi 20 = m, 2B =
AMN, khi d6 tacé TKJ = a + B (26c ngoai ctia A KM N). Mit khdc ta cé BAD = 2« + 28
(g6c ngoai cia AAMN). Tur A také tiép tuyén AT t6i dudng tron (J) (khac AB). Goi P 1a giao
diém ctia AT va CM . Vi (J) ndi tiép trong tii khong 16i BAPC,néntacé AB + CP = BC +
AP tuong duong AB — BC = AP —CP.Vi ABCD ngoai tiép, nén AB — BC = AD —CD.
Tir céc két qué trén suyra AP —CP = AD —CD hay AP + CD = AD + CP.Ding thic nay
chiing té tif giac 16i ADCP ngoai tiép dudng tron. Tic 1a AT tiép xic véi (I). Do dé tia AT 1a
phéngiéccﬁa@).XétI/A\J,tacél/A\J = TAP + PAI :a+ﬂ.D0déﬁ<\J = IAJ.Hon
nita cac diém K va A cung phia d6ivéi IJ,nén A, J, 1, K déng vién. D6 1a diéu phai ching
minh. O

Bai todn 3. Cho tam gidc ABC. Gid sit duong elip (E) vdi cdc tiéu diém B, C cdt cdc canh
AB, AC lan lugt tai M, N. Dung cdc tiép tuyén voi (E) tai cdc diém M va N. Goi I la giao
diém cdc tiép tuyén do. Chiing minh rang tia Al la phdn gidc ciia BAC.
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Li giai. Goi P la giao diém cia cdc doan thang BN va CM. Trong ti gidc toan phan
AMPNBC tacé MB + MC = NB + NC. Do d6 tif gidc nay ngoai tiép. Theo dinh nghia ton
tai mot dudng tron ndi tiép trong ti gidc AM PN . Can luu y rang M1 va N1 1a c4c tia phan gidc
clia cdc goc tai dinh M va N clia td gidc AMPN . Vay thi I 12 tAm dudng tron ndi tiép trong ti
gidc AMPN . Tic 1a AT 1a tia phan gidc ctia BAC. O

Bai toan 4. Cho hai dwong tron (O1) va (O,) ¢o bdn kinh khdc nhau va nam ngodi nhau. Ty T»
va TsTy la cdc tiép chung trong ciia hai duong tron (Ty va T la tiép diém thuéc (Oy), T, va Ty
thuéc (05)). Goi O la giao diém cuat cdc duong thing Ty T va ToTy. Trén doan OT) ta ldy
diém M va OTy ldy diém N. Goi MM, la tiép tuyén véi (Oy) khdc T\ T, MM, la tiép tuyén
v6i (05) khdc T, T,, NN, la tiép tuyén véi (0y) khdc T3Ts, N N, la tiép tuyén vdi (O,) khdc
T5Ts. Goi A la giao diém ciia MM, va NN, B la giao diém ciia NN, va MM,, C la giao
diém ciia MM, va NN;, D la giao diém ciia MM, va N N,. Chitng minh rdng duong thdng
AB va cdc tiép tuyén chung ngoai cia hai duong tron dong quy.

Loi giai cia vi du nay dugc danh cho ban doc.

[1] DB Thanh Son, Céac phép bién hinh trong mit phang, NXBGD 2001.

[2] D6 Thanh Son, To4n nang cao hinh hoc 11, NXBGD 2013.
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KHOANG CACH GIUA TAM DUONG TRON
EULER VA TAM DUOGNG TRON APOLLONIUS

Trinh Xuan Minh — Macau

TOM TAT
Nhu tiéu dé da néu, phan nay gidi thiéu v6i ban doc vé hé thic lién hé gitta tim hai
dudng tron tiép xtc trong va ngoai v6i ba dudng tron bang tiép ctia mot tam gidc.
Cich ching minh ctia tac gia da 1au (2009) va tuong dbi cong kénh nén hy vong sau
bai viét nay c6 thé c6 mot 18i giai hinh hoc don gian hon danh cho né. P& cho ngin
gon va dd phic tap, nhiing diéu da biét hoic co ban xin khong chiing minh & day,
thay vao d6 ngudi viét sé chu thich ngudn dé ban doc tién tham khao.

Cho A ABC vanhting ky hiéu tuong tng sau:
e Sladiéntich AABC
e plantachuvi AABC
e R la ban kinh dudng tron ngoai tiép AABC

e 7 12 ban kinh dudng tron ndi tiép AABC

% — Pt
M((XM,,BM,)/M) néu oy MA + ,BMMB + )/MMC =0

Trudc ti€n chung ta nhic lai mét sb dinh ly va hé thiic co ban sau:
Dinh Iy Euler. Trong mot tam gic, chan ba dudng cao, ba trung di€m cta ba canh, ba trung diém

ctia ba doan thang ndi ba dinh véi truc tam, tit ca chin di€ém nay cing nam trén mot dudng tron
goi 1a dudng tron 9 diém hay dudng tron Euler.

He T

Hpg

—

-1”(' Mg

B® My P nC

Hinh 1. Buong tron Euler
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Duong tron Euler ¢6 ban kinh 1a ) va trong hé thong cac tam Kimberling, tdm cia né 1a X5 véi

ays =acos(B—C).

Dinh 1y Feuerbach. Trong mot tam gidc, dudng tron Euler tiép xic dong thdi véi dudng tron noi
tiép va ba dudng tron bang tiép.

Hinh 2. Dinh ly Feuerbach

Dinh 1y trén dugc cong bd nim 1822 bdi nha hinh hoc ngudi Dic, Karl Wihelm Feuerbach
(1800-1834).

Dudng tron Apollonius. Pudng tron tiép xtic trong véi ca ba dudng tron bang tiép clia mot tam
giac goi la duong tron Apollonius cua tam giac do
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Hinh 3. Buong tron Apollonius
24,2

. . I
buong tron Apollonius ¢6 ban kinh la

R(p* —r?*)acos A —a*Ss.

va co tam Kimberling X979 VOl (xy,,) =

Mbt sb hé thiic co ban
b
4.1) S = i—c =pr=(p—ar,

42) a*+ b5+ > =2p*—2r> —8Rr

28
43) acosA+bcosB +ccosC = —
2 p2 2 2_ 2 _4R
4.4) coszA—l—coszB—i—coszC:3—%:3_17 ;RZ r
27 p2 2
4.5) abcosC—i—bccosA—i—cacosB:(a + +C):p2—r2—4Rr

2
S
4.6) acosBcosC +bcosCcosA+ccosAcosB = R
_ (Bmc)® + (ymb)® + 2bcBaryu cos A
(am + B + VA24)2 . ,
4.8) (om +Bm +ym)MS™ =amAS™ + PuBS”™ + ymCS™—
amBuc® + Buyma® + ymaub?
am + Bm + Ym )
Puong tron Euler va duong tron Apollonius giy su chu y dac biét v6i ban than t6i bdi tinh chat
tiép xtc ciia chiing v6i ba dudng tron bang tiép trong mot tam gidc. Cling vi d6 ma tdi tiing nghi
dén su ton tai ctia mot hé thiic dep lién hé giita ching, va qua ding nhu vay

4.7) MA?

Dinh Y. Goi (E, Rg) va (E’, Rg+) 1an lugt 1a duong tron Euler va dudng tron Apollonius clia

AABC.Khidé EE? = (Rg + RE/)Z(I — RL)
E

Chiing minh. Tacé g = R(p*> —r?*)acos A — a*S.

Ap dung 42 va 4.3
Z ag = R(p*—r?)- Z acosA—S - Z a?
cyclic cyclic cyclic
2 2 28 2 2
=R(p —r )-?—S-(2p —2r —8Rr)
= 8RrS (1)

77



Tap chi Epsilon, S6 05, 10/2015

Ap dung hé thitc 4.7 v6i M = E vaag = acos(B — C) thu dugc 44E? = R? + 2bc cos A.
Két qua trén ciing c6 dudc mot cach gian tiép thong qua viée xét quan hé vi tri gitta E vdi céc
diém dic biét khac trén dudng thang Euler (trong tim, truc tim, tim dudng dudng tron ngoai
tiép...).
Nhu vay,

4og - AE? = (R2 + 2bc cos A)[R(p2 — rz)a cos A — azS]

= [R3(p ) 8RS ]acosA+8RzS(p2—r2) cos> A — R%S - a*

Ap dung4.2,4.3 vad.4taco

4 Z ag - AE? = [R3( SRS Z acos A
cyclic cycllc
—|—8R2 p —r? Z cos’ A — R%S - Z a®
cyclic cyclic
3/ o 28 ’ ’ p-—r-—A4Rr
=[R*(p* - ) 8RS ]? + 8R*S(p*> —r )(3— 33 )
—R S(2p 8Rr)

—26R2S(p —r ) 1653 — ZS(pz—r2—4Rr)[2(p2—r2) +R2]
= 26R2S(p —r?) — 168> — 48 (p* — r?)* = 28(p* — r*)(R*> — 8Rr) + 8R*rS
= —45(p*> =)’ + 8RSBR +2r)(p* — %) — 165 + 8R*rS
Suy ra,
3 ap - AE? = -S(p? —r?)’ + 2RSGR + 2r)(p? — r?) — 4S* + 2R* S (2)
cyclic
Lai cé
apBec® = c*[R(p> —r?)acos A—a’>S|[R(p> — r?)bcos B — b*S|
= 4R S( r2)2c cos Acos B — 4R252(p2 — r2)(bc cos A + cacos B) + 16R*S*
Ap dung 4.5 va 4.6
Z oy Brc® = 4R*S(p* —r?)*- Z c cos Acos B —8R2S*(p? —r?)-

cyclic cyclic

Z ab cos C + 48R2S*
cyclic
= 4R3S(p* —r?)*. S 8R*S?(p* —r?)(p*> —r* —4Rr) + 48R*S*
= —4R>S?*(p* —r?)" + 32R’rS?*(p* — r*) + 48R*S* (3)
Sau cung ta ap dung (1), (2) va (3) vao 4.8 v6i M = E' va S = E ta thu dudc
SRrS - EE”? =
—S(p®> —r?)* + 2RS(B3R + 2r)(p> — r?) — 48> + 2R*rS +
4R2S(p? — r2)* — 32R3rS2(p* — r?) — 48R%S*
8RrS
= —S(p*> =)  +2RSGR +2r)(p* — r?) — 45> + 2R*rS+

pR[(p2 - r2)2 —8Rr(p?—r?) — 12S2}
2

Suy ra,
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EE? — (R—2r)(p*— ’”2)2 4RS(R+2r)(p*>—r?)  4Sr(R?—3p?R —2p?r)

16Rr22 16RrS + 16RrS
_(R— 2r)(p* —r?)" + 4Rr(R + 2r)(p* —r?) N R3® —3p%R —2p*r
N 1§Rr? 4R
R? Rr Rr R 4p? 2 8r2 r? 4 4 2p r3
_R R Rr pR_dpt g 82 2 pt pt

4 2 4 4r 8 8 16 16 1261’2 8Rr 24R 8R
R? 2r (p2 + rz) p*+r? p?+r? (p2 + rz)
= (1-Z) +R = + -
R 8Rr

4r 2

2
R 2472 2 A
_ [3 n %} (1 — E’) — (Rg + RE,)2(1 . Rr—E)(diéu phai chiing minh).

[1] http://faculty.evansville.edu/ck6/encyclopedia/ETC.html

[2] http://en.wikipedia.org/wiki/Euler_line
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TONG QUAT MOT BAI TOAN THI VO DICH
NGA NAM 2005

Tran Quang Hung — Phan Anh Quan

TOM TAT

Bai viét tong quat héa mot bai todn tif cude thi vo dich Nga nim 2005 bing cong cu
diém dang gidc cuing véi cac 16 giai thuan tdy hinh hoc.

Bai toan sau dugc dé nghi bdi tac gia Andrey Badzyan trong ky thi vo dich toan Nga nam 2005
vong thi tinh danh cho 16p 9

Bai todn 1. Cho tam gidc ABC véi dudng tron ngoai tiép (O) va duong tron noi tiép la
(I). M la trung diém ciia AC va N la trung diém ciia cung AC chita B. Chiing minh rang
/ZIMA = ZINB.

L&i gidi. Goi BI cit (0) tai E khac B. T két qua quen thudc E 1a tAm ngoai tiép tam gidc
IBC. Tit d6 két hop hé thiic lugng trong tam gidc vudng thi E/* = EA*> = EM.EN . Tu d6 hai
tam giac EM I va EIN dong dang. Suyra ZIMA = ZEIN —IME —90° = ZEIN —90° =
ZINB. Ta c6 diéu phai ching minh. O

Nhan xét. Bai toan trén 12 mot két qua dep va c6 nhiéu y nghia trong viéc ting dung va phit trién.
Chiing t6i xin gidi thiét mot bai toan trong cic bai todn ting dung két qua nay nhu sau

Bai todn 2. Cho ddy BC cé dinh ciia duong tron (O). A di chuyén trén (O), I la tdm noi
tiép tam gidc ABC. IA cdt (O) tai D khdc A. M la trung diém BC. N thudc (O) sao cho
DN || IM. P thuéc (O) sao cho NP || AD. Chitng minh rang P1 luén di qua diém cé dinh
khi A di chuyén.
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Loi giai. Goitia IM cat (0) tai T, tia M1 cat (O) tai S, MD cat (O) tai K cb dinh. Ta thay
ID?* = BA? = DM.DK suy ra tam giac ADMI ~ ADIK suyra ZMID = ZIKM (1).
Ta lai ¢c6 DN | ST suy ra DT = NS.Tu PN | AD suy ra NA = PD. Tu day suy ra
PD =SA+ DT suyra ZPKD = /ZDIT (2).

Vay tit (1), (2) suy ra P, I, K thang hang hay PI di qua K c6 dinh. O

Nhan xét. Diém P chinh 1a tiép diém cla dudng tron mixtilinear noi véi dudng tron (O).
Bai toan 1 1an dau tién dugc md rong trong [2] bdi tac gia Tran Quang Hung nhu sau

Bai todn 3. Cho tam gidc ABC ndi tiép duong tron (0) va P, Q ddng gidc trong tam gidc
ABC AP cit (O) tai D khdc A. DN la duong kinh ciia (O). ON cdt BC tai M. Chiing minh
rang /PMB = ZANQ.

Sau d6 nhd 18 gii cia tdc gid Phan Anh Quan, bai toan dugc md rong thém 1an nita nhu sau
Bai toadn 4. Cho tam gidc ABC néi tiép duong tron (0) va P, Q ddng gidc trong tam gidc
ABC AP cdt (O) tai D khdc A. M la diém thuéc doan BC. DM cdt (O) tai N khdc D.
Chitng minh rang ZPMB = ZANQ.

Dé giai bai toan nay ching t6i st dung b6 dé sau, tham khéo [3]. Loi gidi ctia b6 dé nay dudc dé
nghi bdi nhiéu tc gia trong [3] xong 15i giai sau ctia tic gia Phan Anh Quan dudc coi 1a ngan

gon va dep nhit

B& dé 1. Cho tam gidc ABC néi tiép (0). P, Q ding gidc trong tam gidc ABC. AP cdt (0)
tai M khdc A. MQ cdt BC tai E. Thi PE || AQ.
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M N

Chiing minh b6 dé&. Goi AQ cit (0) tai N khic A va cit BC tai H. Do P, Q ding gidc, ta
dé thy cdc tam gidc dong dang ACHN ~ AACM va ACPM ~ AQCN (g.g) suy ra

MP NH ME
HN.AM = CM.CN = QN.PM suy ra vay PE || AQ. ]

MA ~ NO ~ MO

Tré lai bai toan

L&i gidi cla Phan Anh Quan. Goi DQ cat BC tai R theo b dé da biét thi PR | AQ. Liy
DR DP DT

T thudoc DN sao cho PT || AN. Theo dinh ly Thales suy ra DO = DO = DN suy ra
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RT | ON. Vay hai tam gidc AQN va PRT ddng dang vi c6 cac canh tuong ting song song. Tir
d6 /BMD = /MCD + /ZMDC = ZBAD + ZCAN = ZQAC + ZCAN = ZQAN =
ZRPT. Tudé ti gidc PTMR noi tiép. Suyra ZPMB = Z/PTR = ZANQ. O]

Bai todn md rong c6 kha nhiéu ting dung hay, dugc tic gid Tran Quang Hung dé nghi trong [2]

Bai toan 5. Cho tam gidc ABC véi P, Q la hai diém ddng gidc trén phdn gidc goc / BAC va
M la trung diém ciia BC. Chitng minh rang tdm ngoai tiép tam gidc PQM luén thudc mot
duong thdng co dinh khi P thay doi.

N

L&i gidi. LAy H trén BC sao cho PH 1 BC.Goi N 1a trung diém BC chia A. Do P, Q déng
giac 4p dung bai toan tdng quét ta c6 LQNA = /PMB suyra ZAQN = /HPM = /PMN
(chiy ZNAD = 90°), viy tii gidc QPM N ndi tiép. Vi thé tim ngoai tiép tam gidc POM niam
trén trung truc cia M N cb dinh. O
Céc ban hay 1am cac bai todn sau d€ luyén tap

Bai todn 6. Cho tam gidc ABC ndi tiép duong tron (0) va P, Q ddng gidc trong tam gidc
ABC AP cdt (O) tai D khdc A. DN la duong kinh ciia (O). ON cdt BC tai M. Goi PM cat
AQ tai T.

a) Chitng minh rang Q, M, N, T ciing thudéc mét duong tron.

b) Chitng minh rang PM || AQ khi va chi khi Q thuéc OM .

Bai toan 7. Cho tam gidc ABC néi tiép duong tron (O). Puong thing £ di qua O cdt BC tai
M. Q la mét diém thudc £ va P la ddng gidc ciia Q trong tam gidc ABC. Chiing minh rdng
AP va £ cdt nhau trén dwong tron (O) khi va chi khi PM || AQ.

[1] Dé thi vo dich toan Nga nam 2005 tit AoPS forum
http://www.artofproblemsolving.com/community/c6h32163

[2] Tran Quang Hung and Pham Huy Hoang, Generalization of a problem with isogonal
conjugate points.

http://www. jcgeometry.org/Articles/Volume2/JCG2013V2pp39-42.pdf

[3] Topic Isogonal points and parallelism

http://www.artofproblemsolving.com/community/h177608
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AP DUNG DAY SO VAO GIAI CAC PHUONG TRINH VA
BAT PHUONG TRINH HAM

Db Minh Khoa — V& Qubc B4 Can

Céc bai todn phuong trinh ham va bat phuong trinh hiam ludn rit thi vi va 16i cudn dbi v6i ngudi
lam todn. Tit mdt phuong trinh nao d6, chi bang mot vai phép thé don gian, ta c6 thé tim dudc
céc tinh chét dic biét ciia ham sd dudc cho hodc thim chi 1a cong thifc tdng quat ciia ham. Tuy
nhién, khi di sdu vao van dé nay thi viéc chi dung phép thé d€ giai 1a chua du, dic biét 1a véi
céc bai toan bt phuong trinh haim. Do vy, chiing ta can ¢ nhiing cong cu khac bd trg d€ ting
cudng thém tinh hiéu qua ctia phuong phap thé. Liic nay, viéc st dung day sd va gidi han mot
céch linh hoat s& gitp con dudng di tré nén sang sia va dé dang hon rat nhiéu.

Nhan thiy vai tro rat 16n cta ddy s6 va gidi han trong cc bai toan phuong trinh, bat phuong trinh
ham, ching t6i quyét dinh thuc hién bai viét nay dé chia sé kinh nghiém ctia minh trong cach st
dung ciing nhu d€ dudc hoc hdi va nhan dudc y kién dong gép tir quy dong nghiép gan xa.

Dudi day 1a mot s6 ky thudt st dung chiin va kep diy s6 thudng dudc st dung trong gidi todn:

e Trong nhiéu trudng hop, ta can tim cong thiic tdng quat ciia ham sb, khi d6 mot trong céc
hudng di ma ta c6 thé nghi dén 1a thiét 1ap mot bat dang thiic dang:

ap, < f(x) < by,

& day (an), (b,) 1a hai day dugc chon sao cho bit dang thiic trén ding véi moi n (ing véi
mdi x ¢b dinh). Lic nay, néu lima, = limb, = L(x) thi bing cich chuyén sang gidi han,
ta sé tim dudc cong thic tong quat cta f(x) 1a L(x).

e Néu cin suy xét mdt tinh chét nao d6 clia f(x), ta c6 thé thiét 1ap mot bt dang thiic dang:
A(f) =z anB(f),

trong d6 A(f), B(f) 1a hai biéu thiic cta x va f(x), con (a,) la diy dugc chon sao cho
bét déng thiic trén ding véi moi n (ing véi mdi x ¢b dinh). Liic nay, dua trén su hoi tu ctia
a,, ta c6 thé dua ra nhiéu két luan cho A(f) va B(f), tlt d6 suy ra tinh chét ctia f(x).

Trong nhiéu trudng hop, ta c6 thé thay (a,) bang mot biéu thiic ¢6 chiia 4n y nao d6 thay

ddi ngoai x ciing dudc. Liic ndy, viéc xét gidi han ham sb theo y c6 thé ciing sé mang lai
nhiéu tinh chit quan trong dé gitip chiing ta hoan tAt 15i gii cac bai todn.
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Bai toan 1. Tim tdt cd cdc ham sé f : R — R théa mdn: Véi moi x € R, ta cé

f2x) =2f(x) 2.1)

va

|f(x) —x| < L. (2.2)
Li giai. Tir (2.1), bang cach st dung quy nap, ta chiing minh dudc
f@2"x) =2"f(x)

v6i moi x € R va v6i moi n € N. Bay gig, ta sé€ ching minh f(x) = v6i moi x € R. That vay,
gia st ¢o x¢ € R sao cho f(xg) # xo. Pat f(x¢) = xo + € v6i & # 0. Khi do, ta co

f(@2%x0) =2" - f(xo) = 2"x0 + 2%

v6i moin € N. Suy ra
| f(2"x0) — 2"xo| = 2"|¢]

v6i moi n € N. Do (2.2) nén | /(2" xg) — 2"xo| < 1. K& hop véi ding thic trén, ta thu dugc
2"e] <1

v6i moi n € N. Tuy nhién, két qua nay khong thé nao théa man v6i moi n € N. Mau thuin thu
dudc cho ta két qua vita khang dinh & trén, tic f(x) = x véi moi x € R. ]

Bai toan 2 (VMO, 2013-A). Goi F la tdp hop tdt cdc ham s6 f : Rt — R* théa man
fBx) = f(f(2x)) +x

vdi moi x € RY. Tim hing sé A 16n nhdt dé'véi moi f € F va vdi moi x > 0, ta déu c¢é

f(x) > Ax.
Loi gidi. Tu gid thiét, ta suy ra
2x X
fx)=f (f (?)) +3 (2.3)

2x
v6i moi x € RT. Do f(f(?)) > 0 nén ta coé
X
X) > —
f >3
L L o
véimoix € R". Pata; = g.TlIhal bat dang thuc trén, ta suy ra

2x x o, 2x  x  2a3+1
> . — > [— —_ = .
f(x) > a; f(3)+3 aj 3-I—3 3 x

2
ai

véi moi x € R*. Bing cach dit a, = va dp dung két qua vira thu dudc vao (2.3), ta c6

2x X 2x  x  2a%>+1
f(x)>a2f(?)+§>a%?+§= 23 X
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v6i moi x € R*. Bang cach lip lai cac quy trinh danh gia giéng nhau nhu vy, ta thu dudc
f(x) > apx (2.4)
N 1
v6i moi x € R* va v6i moi n € N*, trong d6 (a,) 1a ddy truy hoi dudc xic dinh bdi a; = 3 va

2a; + 1
an+1 = 3 .

1 .
Ta chiing minh dudc (a,) 1a day tang va bi chan trén bdi 5 nén c6 gidi han hitu han. Tur d6 dé

1
dang tim dugc lima, = 3 Bay gio, trong (2.4), ta cho n — +o00 thi dugc

1
f(x) > (lima,)x = 2% Vx e RT.

< . 1 s . 1
Mat khac, dé thay ham so f(x) = Ex thda man diéu kién deé bai. Vay A.x = 3 ]

Bai toan 3 (Bulgaria, 2006). Tim tdt cd cdc ham s6 f : RT — RT théa man dang thiic
fx+y)—flx—y) =4V 1) f(y) (2.5)
véi moi sé thuc x > y > 0.

C6 thé doan dugc cic ham sb thda man phuong trinh trén sé cé dang f(x) = kx?. Mot trong
cac céach tiép can thuong thiy 1a ching minh f(2x) = 4 f(x) dua trén viéc tinh f(5x) bang hai
cach dé tlr 46 quy nap 1én f(nx) = n? f(x), budc cudi cung la sit dung tinh don diéu ctia f dé
suy ra cong thic tdong quat cho no.

O day, ching toi sé gidi thiéu mot cach tiép can khic dé chiing minh f(2x) = 4f(x). C6 thé
thy riang, néu ta ching minh dudc 1im+ f(x) =0va lim+ f(x) = f(xp) thi tt phuong trinh
x—>0 x_)xo

dé bai, bang cach cho x — y™, ta sé thu dudc ding diéu ta can.

Loi giai. Trong (2.5), ta thay x bdi x + y thi dugc

fx+2y) = f(x) =4/ f(x + ) () (2.6)

v6i moi x, y > 0. Tir ddy, dé dang suy ra f ting ngit trén RT. Tur két qua ndy din dén
f(x +y)> f(y), vatacling suy ra ring

fx+2y)>4f(y)
véi moi x, y > 0. Tiép tuc, ta thay x bdi x + y vao (2.6) va sit dung bat dang thiic trén thi dudc
Fx43y) = f(x+ ) + 4V f(x +29) f(0) > f() +4/4F () () = 9 ().
Cu thé, ct thé, ta quy nap 1én dudc rang:

fx +ny)>n®f(y),
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v6i moi x, y > 0 va véi moi n € N*. Thay y = — vao bat phuong trinh trén, ta dugc
n

)<

n n

v6i moi x > 0 va v6i moi n € N*. C6 dinh x va chon — 400, ta thu dugc lim f(—) =0,
n—-+oo n

tu do suy ra
lim f(x)=0.

x—0T

Bay gio, trong (2.6), ta cho y < x thi thu dugc

0 < flx+2y)— f(x) <4y f(2x) f(¥).

C6 dinh x vacho y — 0% thitacé lim+[f(x +2y) — f(x)] = 0, hay

y—0

lim_f(x) = f(xo).

x—>x]
Pén day, bang cach cb dinh y trong (2.5) va cho x — y ™, ta dugc
fQ2y) =4f(y)
v6i moi y > 0. Dua trén két qua nay, ta c6 thé quy nap dudc
fnx) =n?- f(x),
v6i moi x > 0 van € N*. (Chi viéc cho x = 2y, 3y, ..., ny vao (2.5) 1a dugc.) Tu d6 suy ra

f(m) =n?f(1)

va

f(ﬂ)_f(nx%) _fm) _m?

n n2 n2 ?f(l)

v6i moi m, n € N*. Néi riéng, ta c6 f(x) = kx? v6i moi x € Q*. Do f don diéu va tap R
tri mat trong QT nén ta cé f(x) = kx? véi moi x > 0. Him nay thda man yéu cau dé bai. [

Bai toan 4 (Bulgaria, 1998). Chitng minh ring khong ton tai ham sé f : RT — R théa man
20 = f(x+ »[fx) + y] 2.7)
véi moi cdp sé thuc duong x, y.
L&i gidi. Gid st ton tai ham s6 f nhu trén. Khi d6, ta c6 thé viét lai gia thiét dudi dang
L2+ yf(x) = yf(x) = f(x + Y[ fx) +y],

hay
[f(x) + y][f(x) = fx+ )] = yf(x).
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Tu day, ta co

y-f(x)
f(x) = f(X+y)_f( T+

v6i moi x, y € RT. Két qua trén chiing t6 f 1a mot ham giam thuc su trén R™. Bay gid, ta cb
dinh xo € R™ va chon s6 tu nhién 7 sao cho nf(x + 1) > 1. Khi do, ta c6

k 1 1
(oeh) (et Lt S
n _|_;
1
2n

n flx+5) flx+1)++

L1
n

S =

2 =

+

S |
Q=

N < 4
véimoi k € N, k < n. (Chuyrang hamso g(¢) = —y v6i u > 01a ham ting trén R™.)
u

Trong bt dang thiic trén, 1an lugt cho k nhén gid tri tit 0 dén n — 1 va cong tit ca cdc bat dang
thic lai theo vé. Khi do, ta thu dudc két qua sau

fx)— f(x+1) > % (2.8)
v6i moi x > 0. Bay gid, chon s6 tu nhién m sao chom > 2 f(x), ta cé
fO) = fx+m)=[f) = f(x+ D]+ + [flx +m—1) = f(m)] > % > f(x),

tir d6 suy ra f(x + m) < 0, mau thuin. Vay khong ton tai ham f nao thda man (2.7) [

Nhan xét. Bai toan trén cling xuat hién trong dé thi IMC nidm 1999 va &i gidi trén chinh 12 ddp
4n cta n6. DE thiét 1ap dugc tinh chit (2.8) & trén, ta da st dung tdng sai phan. Day 12 mot phép
toan thu vi c6 thé gitip ta thu dugc nhiéu chét quan trong trong cic bai toan c6 dang “hiéu” nhu
thé nay. Ngoai cach giai da néu & trén, ta cling c6 mot cach khac st dung diy truy hodi nhu sau:
Thay y = f(x) vao (2.7), ta thu dugc

fx+ f(x) = @ (2.9)
v6i moi x > 0. Trong ta thay x bdi x + f(x) thi cé
P+ 1)+ f(x+ fooy) = LS S0
v6i moi x > 0. Mat khac, ciing theo (2.9), tacd x + f(x) —l—f(x + f(x)) <x+ f(x)+ %

Tit d6, st dung tinh nghich bién ctia ham £, ta thu dudc

f(x + ( )f( )) f( ) (2.10)

v6i moi x > 0. Tir (2.9) va (2.10) két hop véi f nghich bién, bang cach st dung lién tuc phép
thay x bsi x + f(x), ta dé dang ching minh dudc

f(x—i—(l—i—;—i- -+ )f( )) = f(fl)
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1 1
véimoi x > 0van GN*.D01+§+---+2—n :2—2—n < 2va f giam nén tu trén, ta suy ra

f(x + 2-f(x)) < gn(j-?

v6i moi x > 0 van € N*. Trong bt dang thic trén, ta cho n — oo thi thu dugc
f(x+2-f(x) =<0,
mau thuin vi f ludn nhan gia tri duong.
Bai toan 5 (Bulgaria, 2008). Tim tdt cd cdc ham f : R — R théa man
SO +y) =+ Df() (2.11)
véi moi cdp sé thuc x, y.
Loi giai. Thay y = —1 va thay x bdi x — 1 vao (2.11), ta thu dugc
f(x) =0

v6i moi x € R.Tur day, két hop véi (2.11), ta suy ra

S+ = (Vy+ 1)) = f(x)
v6i moi x € R va véi moi y > 0. Két qua nay chiing t6 f 1a ham khong gidm trén R.
Bay gio, ta viét lai (2.11) dudi dang
Sl +y%) = f(x) 2 yf(x) (2.12)
v6i moi x, y € R, va xét hai day (a,), (b,) v6iag = by = 0,
1

1 1 1
an:1+?+"'+n—2, bn=1+§+"‘+g-

1
Trong (2.12), ta thay x bdi x + a; va thay y bdi 1 thi ¢

fotay) _ )
k+1 ~k+1

f(x +ags1) — fx+ax) =

véi moi x € R va k e N. Trong bat dang thifc trén, lan ludt cho k = 0, 1, ..., n — 1 va cong tat
ca céc bat dang thiic lai theo vé, ta thu dugc

f(x+an) = f(x) = bu f(x)

v6i moi x € R van € N. Mit khdc, ta dé dang ching minh dugc a, < 2 va b, — +oo (day la
hai két qua quen thudc, ban doc c6 thé tu chiing minh). Do do, tit bit dang thifc trén, ta c6

fx+2) = fx) = f(x+an) = f(x) = bn f(x)

v6imoi x € R van € N. Néu ton tai xo € R sao cho f(x¢) > 0 thi tit bat dang thiic trén, bang
cach thay x = xo va chon — 400, ta sé thu dudc diéu mau thuin (vé phai tién dén duong vo
cung trong khi vé trai 1a hang s6). Do vy, ta phdi c6 f(x) = 0 v6i moi x € R. Dé thiy ham nay
thda man cic yéu cau cla dé bai. O
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Nhan xét. Ngoai cach st dung tdng sai phan thdng qua hai day (a,), (b,) nhu trén, ta cling c6
thé tiép can bai todn nay theo cach khac nhu sau: Ta xét x, y > 0 va thay y bdi /y vao bét
phuong trinh (2.11) thi thu dudc

fx+y)=(Sy+1) f(x), Vx,y>0.

Dén day, bang cach st dung lién tiép bét dang thic trén, ta c6

ﬂx+”:f(x+@:21+z)z(¢z+{p(x+@;ik)
n n n l’l

2

(\/Z\/il)fgx+(”nz)y+z)>(\/z+1) P M52
~z( %+Q-f@)

véimoi x, y > 0 van € N*. Tt d6, ta suy ra

f(x)=0 (2.13)

v6i moi x > 0. That vy, gia st ton tai xo > 0 sao cho f(xo) > 0. Thay x = x, vao bét dang
thic trén va ¢ dinh y = yo > 0, sau d6 cho n — 400 thi ¢6

S (xo + yo) . v\ _
fo) - HETOO(I " \/;) -

Mau thufn nay chiing té khong ton tai sd xo néi trén, hay néi cach khdc, (2.13) ding. Bay gid, ta
xét x < 0 vathay y = 4/—x vao (2.11) thi dugc

0= f(0)> (vV=x+1)f(x)>0
v6i moi x < 0. Tu d6 suy ra f(x) = 0 v6i moi x < 0. Téom lai, ta cd f(x) = 0 v6i moi x € R.

Doi khi, ta cling c6 thé sit dung cong thiic nghiém cilia cdc phuong trinh sai phan dé tim cong
thic téng quat cho cac day ldp ciia f(x), roi tif d6 dua vao mién gid tri ca f(x) ma suy ra
nhiing tinh chét dic biét cia ham sb dudc cho.

Bai toan 6. Tim tdt cd cdc ham s6 f : RT — RY thod man
f(f(x) = 6x — f(x)
véi moi s6 thuc duong x.

Loi gidi. C6 dinh x > 0 va dit fo(x) = x, fu(x) = f(fn_l(x)). Tir gia thiét, bang cach st
dung quy nap, ta chiing minh dudc

Jn+2(X) + fur1(x) = 6fu(x) =0

v6i moi n € N*. Pay la phuong trinh sai phan tuyén tinh cip hai nén bang cach xét phuong trinh
dic trung clia no, ta tim dugc cong thiic tdng quat ctia f,(x) l1a

2x — f(x) x4+ f)
5 5

fn(x) = X (_3)11 + 2"
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v6i moi n € N*. Do f,(x) > 0 nén két qua trén, ta suy ra

3

[2x — f(x)] (—5) +3x+ f(x) >0

véi moi n € N*. Néu 2x — f(x) > 0 thi bang cach xétn 1, n = 2k + 1 vacho k — +o0, ta c6
thé thiy bit dang thiic trén sé khong thé ludn ding. Con néu 2x — f(x) < 0 thi bang cich xét n
chin, n = 2k va cho k — +o00, ta ciing thu dudc két luan tuong tu. Do vay, ta phai c6

f(x) = 2x.
Ham nay thod min c4c yéu cu ctia bai toan. O

Nhan xét. Bai toan trén ciing c6 thé dugc giai bang phuong phap kep diy s6 nhu sau: Xét hai
day sb (a,) va (b,) dudc xdc dinh bdi ag = 0, by = 6 va

6 6
an+1 = m, bpt1 =

14+a,
Dé thly a,, b, > 0 v6imoin > 1. Tacé
6 6 6(1 +ay)
a = = = s
do do
| ) 4la, — 2| - 4| 2|
a — = — —\d,; — .
n+2 an+7 =7 n

Tir déy, bang cach st dung nguyén 1y dnh xa co, ta chiing minh dudc lima,, = limas,,; = 2,
hay lima,, = 2. Tuong tu, ta cling c6 limb,, = 2.

Bay gid, ta sé chiing minh bang quy nap ring
anx < f(x) < byx (2.14)

v6i moi n € N*. Do f(f(x)) > 0nén 6x — f(x) > 0, tlf dy ta dé thay khang dinh ding vé6i
n = 0. Gia st khang dinh ding v6i n = k, tiic ta c6

agx < f(x) < bgx.
Khi d6, thay x bdi f(x) vao bat dang thic trén va st dung gia thiét, ta thu dugc
ar f(x) < f(f(x)) < b f(x),

hay
ar f(x) < 6x — f(x) < b f(x).
Tir day, ta dé dang suy ra

x < f(x) <

X = bpi1x.
11 be 1+ ax k+1

Af+1X =

Nhu vay, khing dinh ciing ding vdi n = k + 1. Bit dang thiic (2.14) dudc chitng minh.

Bay gid, trong (2.14), bang cach cho n — +oo va chi y lima, = limb, = 2 nhu da chiing
minh & trén, ta dé dang suy ra f(x) = 2x v6i moi x > 0.
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Bai todn 7 (APMO, 1989). Tim tdt cd cdc song dnh ting thuc su f : R — R thod mdn
f(x) +g(x) =2x

vdi moi x € R, trong do g(x) la ham nguogc cua f(x).

Loi giai. Pat fo(x) = x va f,(x) = f(fn_l(x)), tuong tu cho g,(x). Thay x bdi f(x) vao
phuong trinh dé bai, ta dude f>(x) + x = 2 f(x). Tir d6, bang quy nap, ta chiing minh dugc

Jnt2(X) = 2fnt1(x) + fa(x) = 0.
Giai phuong trinh sai phan nay, ta tim dugc
Ja(x) = x +n[f(x) —x]
vG6i moi n € N. Mot cach tuong tu, ta cing ching minh dugc
gn(x) = x +nfg(x) —x] = x —n[f(x) —x].

Do f(x) la song anh tang ngat nén f, (x) va g,(x) ctiing la cac ham tang thuc su. Do do, véi moi
x>y, tadéucd f,(x) > fo(¥) va g,(x) > g,(y). N6i cach khéc, ta c6

x+n[f0) =x] >y +n[f) =] & n{[f0) =x]=[fO) =]} >y -5 @15)
va
x—n[f0)=x] >y =n[f()=y] & n{[f@) =x] = [f») =]} <x =y, (@16)

Néu f(x) —x > f(y) — y thi bang cach cho n — 400 trong (2.16), ta thu dugc diéu mau
thudn. Con néu f(x) —x < f(y) — y thi bang cach cho n — +oo0 trong (2.15), ta ciing c6 két
qua tuong tu. Do vay, ta phai c6

f)=x=f() -y

v6i moi x > y. Néi cach khac, f(x) = x + ¢ véi moi x (& day ¢ 12 mot hing s6 nao d6). Ham
nay thoa man cac yéu cau cua bai toan. [

Nhan xét. Bai todn ndy ciing 1a dé du tuyén IMO nim 1979.
Bai toan 8 (BMO, 2009). Tim tdt cd cdc ham sé f : N* — N* thod man
f(f2(m) +2f(n)) = m> +2n> (2.17)
véi moi cdp sé nguyén dwong m, n.
L&i gidi. Tur gia thiét, d& thiy f don anh. Chi y riang véi moi n € N*, ta déu c6
n+4*+2(n+ 1) =n>+2n+3)>

Suy ra
F(fPa+dH+2 2+ 1) = f(f2() +2/%(n +3)).
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Do f don anh nén tif dang thic nay, ta suy ra
[P+ +2f2n+ 1) = f2() +2/%(n +3).
Day 1a phuong trinh sai phan tuyén tinh cp 4 ctia ddy f2(n). Giai phuong trinh nay, ta tim dudc
f2(n) = An*> + Bn + C + D(-1)" (2.18)

v6i moi n € N*. Bay gid, ta sé tim cac gid tri cu thé ctia A, B, C, D. Liy binh phuong hai vé
cua (2.17) va su dung (2.18), ta dugc
A[A(m® + 20) + B(m +2n) + 3C + D(=1)" + 2D(-1)"]

+ B[A(m® + 2n®) + B(m + 2n) + 3C + D(=1)" + 2D(-1)"]
+C + D(_1)A(m2+2n2)+B(m+2n)+3C+D(—1)’"+2D(—1)" — (m2 + 2n2)2.

C6 dinh 1. Chia hai vé ctia dang thiic trén cho m* rdi cho m — +o0, ta tim dudc A = 1. Do d6

[(m? + 2n%) + B(m + 2n) + 3C + D(—=1)" +2D(-1)"]’
+ B[(m* + 2n*) + B(m + 2n) + 3C + D(—1)" + 2D(-1)"]
+C+ D(_1)(m2+2n2)+B(m+2n)+3C+D(—1)m+2D(—1)” — (m? + 2n?)?

hay
2(m* 4+ 2n*)[B(m + 2n) + 3C + D(-=1)" + 2D(-1)"]
+ [B(m + 2n) + 3C + D(—=1)" +2D(-1)"]*

+ B[(m* + 2n%) + B(m + 2n) + 3C + D(=1)" 4+ 2D(-1)"]
+C + D(_1)(m2+2n2)+B(m+2n)+3C+D(—1)’"+2D(—1)” —0.

C6 dinh 7. Chia hai vé ctia dang thitc trén cho m? rdi cho m — +o0, ta tim dudc B = 0. Do do,
déang thiic trén c6 thé dudc viét lai thanh

2(m? 4+ 21n%)[3C + D(=1)" +2D(=1)"] + [3C + D(~=1)" + 2D(-1)"]*
+C + D(_1)(m2+2n2)+3C+D(—1)m+2D(—1)” -0

Trong dang thic trén, xét m chan, n chan va cho m, n — +o00, ta dé thly C + D = 0. Tuong
tu, xét m 18, n 1é vachom, n — 400, tacingc6 C — D =0.Dod6 C = D = 0. Tom lai, ta
c6A=1vaB=C =D =0.Suyra f*(n) = n, hay f(n) = n véi moi n € N*. Ham nay
tho4 man c4c yéu cau ctia bai todn. O
Doi khi, ta phai xi 1y cac bai todn v6i ham lién tuc. Khi d6, cic tinh chat thudng dudc st dung la:

e Néu ham sd f lién tuc tai xo thi lim f(x) = f(xo).
X—>X0

e Néu ham sd f lién tuc tit khoang A vao khoang B va don anh (4, B C R) thi n6 1a ham
don diéu thuc su.

e Néuham sb f lién tuc trén doan [a, b] thi n6 c6 gia tri 16n nhit va nhd nhét trén doan do.
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e Néu ham sb f lién tuc tit khoang A € R vio khodng B C R, va f(x;) =a, f(x2) =b
(V6i x1, X, € Avaa, b € B, a < b) thi f c6 thé nhan moi gid tri trén [a, b].

e Néu ham s f lién tuc tit A vao B va f(x) # M (A, B € R, M 1a hang sb) thi mot
trong hai diéu sau sé dugc thod man:

o f(x)> M v6imoi x € A;
o f(x) <M véimoix e A.

Bai todn 9. Tim tdt cd cdc ham lién tuc f : R — R thod mdn

F(f(0) = f(x) +2x

véi moi s6 thuc x.

Lsi giai. Tir gid thiét, d& thdy f don dnh va £(0) = 0. Do f lién tuc nén né 1a ham don diéu
thuc su. Tiép theo, ta sé chitng minh f 14 toan 4nh. That vy, gia st ton tai sba € R dé f(x) # a
v6i moi sb thuc x. Khi d6, tacéd f(x) > a véi moi x € R hoic f(x) < x v6i moi x € R.

Gia stt f(x) > a véi moi x € R. Néu f gidm ngit thi ta c6
2x +a <2x+ f(x) = f(f(x) < f(a)
v6i moi x, mau thuan. Do d6 f ting ngit. Suy ra, véi moi x < 0, ta c6
f) > f(x) +2x = f(f(x) > f(a).

Do f ting ngit nén tir day, ta ¢6 x > a v6i moi x < 0, mau thuan.

Tuong tu, trong trudng hop f(x) < a véi moi x € R, ta ciing thu dugc diéu mau thuin. Nhu
vdy, f latoan anh va do d6 n6 la song anh.

Bay gio, dat fo(x) = x va f,(x) = f(fn_l(x)), ta chiing minh dugc

Jrna2(X) — fur1(x) —=2fu(x) =0
v6i moi n € N. Tur d6 suy ra
2",

2x — /(%) X+ 1)
3 3

fn(x) = X (_l)n +

Do f 1a song 4nh nén né ton tai ham ngudc. Goi g(x) 1a ham ngudc cia f(x) va dit go(x) = x,
gn(x) = g(gn—1(x)). Thay x bdi g(x) vao phuong trinh ban dau, ta dugc

2g(x) +x— f(x) =0 (2.19)
v6i moi x € R. Trong (2.19), ta tiép tuc thay x bdi g(x) thi thu dugc
282(x) +g(x) —x =0
v6i moi x € R. Tir d6, biang quy nap, ta chiing minh dugc
2gn+2(x) + gnt1(x) — gn(x) =0

95



Tap chi Epsilon, S6 05, 10/2015

v6i moin € N. Suy ra

x —2g(x)

)+

gn(x) = 2x+—2g(x) X (l)”

3 2

Tu (2.19) suy ra 2g(x) = f(x) — x. Do d6

a0 = 2 _3f(X)‘ X (=1)" + = +3f 2 (%)

v6i moi n € N. Xét hai truong hgp sau:

Trudng hop 1: f tdng ngdt. D thly f,(x) va g,(x) ciing ting ngit. Do f(0) = O nén g(0) = 0
va g,(0) = 0. V6i mbi s6 thuc x > 0, tacé g,(x) > £,(0) = 0 nén

2x — f(x) L X+ f(x) "
fX(—l) +TX(E) >0

v6i moi n € N*. Néu 2x — f(x) > 0 thi bang cich cho n 18 va n — +oo, ta sé thu dudc diéu
mau thudn. Con néu 2x — f(x) < 0 thi bang cach cho n chdn van — +oo, ta cling thu dugc
két qua tuong tu. Do d6, tacéd f(x) = 2x véi moi x > 0.

Chiing minh tuong tu, ta ciing ¢c6 f(x) = 2x v6i moi x < 0. Nhu vay, trong trudng hgp nay, ta
tim dugc f(x) = 2x. Him nay thod mén cdc yéu cau ctia bai toan.

Trudng hop 2: f gidm ngdt. D& thdy f5,(x) ting ngit, f,41(x) gidm ngit va f,(0) = 0. Véi
moi x > 0,tacd fo,(x) > f2,(0) =0= f2,41(0) > f2,4+1(x) nén

2x —3f(x) +x+3f(x) a0 f(x)3—2x 4 x+3f(x) o p2nt1

véi moi n € N*. Néu x + f(x) < 0 thi bing cach cho n — 400, bat dang thifc vé trai sé khong
thé thoa man. Con néu x + f(x) > 0 thi bang cach cho n — 400, bt dang thiic vé bén phai
ciing khong thé thod man. Do vay, ta phdi c6 f(x) = —x v6i moi x > 0.

Chiing minh tuong ty, ta cing c6 f(x) = —x v6i moi x < 0. Tom lai, trong trudng hgp nay, ta
¢6 f(x) = —x v6i moi x. Him nay ciing thod man cac yéu cau clia bai toan. O

Bai toan 10 (Chon doi tuyén DH Vinh, 2012). Tim tdt cd cdc ham sé f lién tuc tir tdp [0, +00)
vao [0, +00) thod man ddng thiic

210 =1 (57) + ()

véi moi sé thuc khong dm x.

Loi gidi. Do f lién tuc trén [0, +00) nén né ciing lién tuc trén [0, 1]. Tir d6 suy ra ton tai cac sd
a, b € [0, 1] sao cho
f(a) = max f(x) =M
x€[0,1]
va
f(b) = min_ f(x) = m.
x€[0

1]
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f(agl)fM’ H(rari)=m

< 1) nén ta suy ra

f(al_l):M-

Tir day, bang quy nap, ta chiing minh dudc

f(#) _ M

s 2N a
(chu y rang

va ——
a24+a+1

véi moi n € N. Trong dang thifc ndy, cho n — +o0, ta dudc f(1) = M. Chiing minh tuong tu,
tacing c6 f(1) = m. Do d6 M = m. Piéu nay ching to f 1a ham hang trén doan [0, 1].

Gia st f(x) = ¢ v6i moi x € [0, 1]. Khi do, ta c6 thé viét lai phuong trinh ban dau dudi dang

f(x) = f(x + 1) n %c.

Tir déng thifc nay, ta chitng minh bang quy nap dudc

x+2"-1 1 1 1
o= L (EETY e (b b b)e

v6i moi n € N. Cho n — +o00, ta dudc f(x) = c. Him nay thod man yéu cau dé bai. [

Bai toan 11. Tim tdt cd cdc ham sé f lién tuc tit R vao R théa man diéu kién:

fx+fO+))+f(y+fC+x))+ f(z+ f(x+y)=0 (2.20)
véi moi bo s6 thue x, y, z

Loi gidi. DE thldy f(x) = 0132 mot nghiém ctia phuong trinh nén & day ta chi can xét f(x) # 0.
Thay x, y, z bdi ; vao (2.20), ta thu dudc

X
FG+rw)=
v6i moi x € R. Tiép tuc, thay x bdl > + f(x) vao dang thic trén, ta dudc

1
7(5+570) =

v6i moi x € R. Tir ddy, bang quy nap, ta chiing minh dudgc

7 (55 + 35 /0) =0

97



Tap chi Epsilon, S6 05, 10/2015

v6i moi x € Rvan € N*. Trong dﬁng thic trén, cb dinh x va chon — +o0, sau do st dung tinh
lién tuc cua f, tasuyra f(0) = 0. Tu day, bang cach thay x = y va z = —x vao (2.20), ta c6

F(f2x) —x) = -2f(x)

véi moi x € R. Do f(x) % 0 nén ton tai xo sao cho f(xo) # 0. Xét diy (a,) dudc xic dinh bdi
ag = Xo Vadni1 = f(2a,) — a,. Khi d6, dé thiy

f(an) = =2f(an-1) = (=2)* f(an—2) = -+ = (=2)" f(xo)

v6imoin € N*. Néu f(xo) > Othitacé lim f(az,) = +00 va
n—+oo
lim f(azn_l) = —0OQ.
n—+00

Con néu f(xo) < O thi ta c6 két qua ngugc lai. Nhung trong ca hai trudng hop nay, ta déu thiy
rang f(x) khong bi chin, ma f lién tuc nén no toan anh.

Pén day, bang cach thay y = z = 0 vao (2.20), ta c6
2f(f(x) + f(x) =0
X .
v6i moi x € R. Do f toan anh néntacé f(x) = —5 Vx € R. Thi lai, ta thay thda man.

Vay phuong trinh da cho c6 hai nghiémla f(x) =0va f(x) = —;. ]

Bai toan 12 (IMO, 2013). Cho ham sé f xdc dinh trén tap Q va nhdn gid tri trong tip R théa
madn dong thoi cdc diéu kién sau:

(1) f)f(y) = fxy) véimoix, y € QF; (2.21)
(2) f(x+y)= f(xX)+ f(y) vdimoix, y € QT; (2.22)
(3) t6n tai mot sé hitu ti a > 1 sao cho f(a) = a. (2.23)

Chitng minh rang f(x) = x vdi moi x € Q7.

Lsi gidi. Thay x = avay = 1vao (2.21), tadudc a - f(1) > a, tic f(1) > 1. Tu day, bang
cach stt dung quy nap két hop véi (2.22), ta chiing minh dudc

f(n)=n

v6i moi n € N*, Thay x = P ysi p.q € N* (p,q) =1vay =g vao (2.21), ta dugc
q

f(g) @ = f() = p>0.

Ma f(q) > g > 0 nén tu day ta c6
f(x)>0

v6i moi x € QF. Két hop véi (2.22), ta suy ra f(x) 1a ham ting thuc su trén Q. Bay gio, tir
(2.21), stt dung quy nap két hop véi f(a) = a, ta thu dugc

f@") =a"
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v6i moi n € N*. Ta sé chitng minh
f(x)=x (2.24)

v6i moi x > 1, x € Q. That vay, gid st ¢6 xo > 1 sao cho f(xo) < xo. Khi d6, dit
f(x0) = xo — e V6i 0 < & < xg. St dung quy nap két hop vé6i (2.21), ta cé

f(xg) < f*(x0) = (x0 —&)"
v6i moi n € N*. Mat khac, do f ting nén ta cd
fGg) = f(lxg]) = gl = xg — L.
Do do, két hop véi bat dazlng thuc trén, ta thu dugc
Xg—1=<(xg—¢)"

v6i moi n € N*. Nhung, mot diéu ro rang 1a bt dang thiic nay sé sai véi n dii 16n. Mau thuin
nay cho ta diéu vira khang dinh, tic (2.24) ding. Tiép theo, ta sé chiing minh

f(x)=x (2.25)
v6imoi x > 1, x € Q. Chon n € N* sao cho a” > x + 1. Khi d6, ta c6
"= f@) = f(@" —x)+x) = f@ —x)+ f() = @ —x) +x=d".
Do vy, ddu dang thic trong cdc ddnh gia phai xy ra va do dé (2.25) diing.
Thay x = g véi p, g € N*, (p, q) = 1 vay = g vao (2.21), ta suy ra

f(x) =z x
v6i moi x € Q. Tur (2.22) st dung phuong phép quy nap, ta c6

f(nx) = nf(x)

v6i moi x € Q' van € N*. Tir d6, cho x = Evéip,q e N*, (p, q) = 1 van = g, ta dugc
q

flx) =x
v6i moi x € Q. Vay f(x) = x véi moi x € Q7. Ta thu dudc két qua can ching minh. O
Bai toan 13. Tim tdt cd cdc ham s6 f : R — R théa mdn dong thoi cdc diéu kién:
(1) f(x+1) > f(x)+ 1 vdimoi x € R; (2.26)
(2) fxy) = f(x)f(y)vdimoix, y €R. (2.27)

Li giai. Thay x = y vao (2.27), ta dugc f(x?) > f?(x) > 0. T d6 suy ra f(x) > 0 véi
moi x > 0. Do dé, bang cach thay x = 0 vao (2.26), tacé f(1) > f(0) + 1 > 1. Tiép tuc,
thay x = y = 1 vao (2.26), tacé f(1) > f3(1), tic 0 < f(1) < 1. Két hop véi trén, ta dudc
f(1) =1vadodé f(0) = 0. Tir (2.26) va (2.27), bang quy nap ta c6

fx+n)=> f(x)+n (2.28)
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v6imoi x € R, n € N, va
S&") = f(x) (2.29)

v6i moi x > 0 van € N*. St dung (2.28), v6i mdi x > 0, ta co
SO = fxd+Lx]) = f(x) + [x] = L] > x — L.
Tir day, két hop véi (2.29) va (2.27), v6i mbi x > 1 va véi mdi n € N*, ta thiy ring

(x" — 1>f"(1) < f(x")f(xin) <) =1.

X

1 1
f(;)S vxr—1

véimoi x > 1 van € N*. Trong bat dezmg thiic trén, c¢d dinh x > 1 va chon — 400, ta thu

1 1 N
duge (=) < —. hay néi cach khac (chd y rang f(0) = 0va f(1) = 1),
x’ T x

Do vay, ta co

J(x) =x (2.30)
v6i moi x € [0, 1]. Mit khac, do (2.26) nén ta ciing ching minh bang quy nap dudgc ring

Jx=n) = f(x)—n

v6imoin € N. V6imdi x < 0,tacé [x| < 0nén

f) = f({x}+ Lx]) = f({x}) + Lx] = {x + Lx] = x. (231
Trong (2.27), tathay x = y =t v6it € [—1, 0] thi co
£20 < 03 < 2

nénsuyrat < f(t) < —t. Két hop véi két qua & trén, ta thu dudc f(t) =t véi moit € [—1, 0].
Bay gio, v6i moi x < —1, st dung két qua trén, ta c6

I, 2 21 2 1

— 1200 = P02 =) < e f(= ) = ry =1

X X

X

nén f2(x) < x? suyrax < f(x) < —x. Két hop két qua nay véi (2.31), ta dudc f(x) = x Vi
moi x < 0. Tiép tuc, thay y = —1 vao (2.27) va xét x > 0 thi c6

—x = f(=x) = f(x) f(=1) = —f(x),

suy ra f(x) > x v6i moi x > 0. Két hop két qua nay véi (2.30), ta dudc f(x) = x véi moi
x € (0, 1). Cudi cung, xét x > 1, tacd

1

X

i = f(x)f( ) < fy=1

nén f(x) < x. Két hop véi bat dang thitc f(x) > x, ta dudc f(x) = x véi moi x > 1. Tém lai,
ta da chiing minh dudc f(x) = x v&i moi x va ham nay théa min cic yéu cau ctia bai toan. [
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Bai todn 14 (MOSP, 2007). Tim tdt cd cdc ham sé f : R — R théa man f(1) = 1 va
X
P(3r@+ ) =y r 409 232

véi moi cdp sé thuc x, y (y # 0).

L&i gidi. Thay x = 0 vao (2.32), ta dudc f(y/(0)) = 0. Néu f(0) # 0 thi bing cach chon

1 ~ <
y = ——, tadudc f(1) = 0, mau thuan véi gia thiet. Do do, ta phai co f(0) = 0.

[0

Bay gi, gia st rang ton tai a; # 0 sao cho f(a;) = 0. Thay x = a; va y = 1 vao (2.32), ta

dude f(a? + 1) = 0. T d6, ta c6 thé xay dung dugc diy (a,) v6i a1 = a> + 1 théa min
f(an) =0

véi moi n € N*. Thay x = 1 vao (2.32), ta dugc

f(y+§) =yf(y*+1)

) 1 .
v6i moi y # 0. Tiep tuc, thay x bdi x + — vao (2.32) va st dung két qua trén, ta co
X

_ y(x? + l)f((x2 +1)% + x2y2)

X x2

x2+1
f(xyf(x2+1)+ )
XYy
v6i moi x, y # 0. Thay y bdéi Y vao phuong trinh trén, ta dugc
X

x2 x2

v6i moi x, y # 0. Mat khac, st dung (2.32), ta ciing c6

x2+1

f(yf(x2 +1) + ) =y + DS ((+ 1%+ y?).

Két hop véi dang thiic trén, ta dudc

y(x* + l)f((x2+ 1)? + y?

x2 x2

) — D@+ DA+ D+ ),

hay

x2

f((xz + 1)2 + y2) — fo((XZ + 1)2 + y2) (233)

v6i moi x, y # 0. Néu f(x) = 0, Vx > 4 thi bang cach thay x = y = 5 vao (2.32), ta thu
dugc diéu mau thuin. Do do, tdn tai mot sd thuc b > 4 sao cho f(b) # 0. Do lima, = +oo
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\ X b .
nén ton tai m € N* sao cho a,, > b. Bay gi0, véi chd y rang b > 4 > (— + 1)2, ta c6 thé chon
am
b b .
xzz—véyzzb—(——l—l)zdécé
(X2+1)2+y2:b
x? B

m

Thay cac s6 nay vao (2.33), ta thu dugc f(a,) = if(b), hay f(b) = 0, mau thuan. Va nhu
thé, ta da ching minh dugc f(x) = 0 khi va chi khcllr;lc = 0.
Bay gid, v6i mdi x # 0, ta ¢6 thé chon y sao cho yf(x) + T x? + y? (day la phuong trinh
bac ba 4n y nén ludn c6 it nhat mot nghiém thuc). Thay vao )(}2.32), ta dudc

(1=xy) f(x* +y*) =0.
Tuy nhién, theo chiing minh trén thi f(x? 4+ y?) # 0. Do d6, ta phéicé y = % Suy ra

1

1
— () + x> =x>+ =,
x x

~ 1 s
tir day ta dé dang tim dudc f(x) = — v6i moi x # 0. Ta di dén két luén:
X
néu x = 0

0

fx) =11 )
— neux #0
X

Ham nay théa man céc yéu cau cia bai toan. ]

Bai toan 15. Vi mbi ham g : ZV — 7%, g(1) = 1 cho trudc, chitng minh rang ludn ton tai
ham s6 f : 77 — Z% thod mdn
fn) > gn)
vOi moi n € 7%, va
f(mn) = f(m) f(n)
véi moi cdp sé nguyén duong nguyén té ciing nhau m, n.
L&i gidi. Ta sé xdy dung ham £ thod mén cac diéu kién trén. Xét day
{aitiez+ = (2,3, 4,5,7,8,9, 11, ..)
la day ting cdc luy thita cta cdc sd nguyén t6. Cdc sd trong ddy c6 dang p;” dugc xép theo thu
ty ting dan. Ta c6 nhan xét rang, néu mot ham f : ZT — ZT c6 tinh chit f(mn) = f(m) f(n)
khi (m, n) = 1 thi cac gia tri cua n6 sé dudc xac dinh dva trén day f(a;).

Ta thiét 1ap diy f(a;) bang phép quy nap nhu sau:
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e Chon f(a1) > g(a1).

e Giasticacsb f(ai), f(az), ..., flar_1) da dugc xac 1ap. Xét tit ca cac sb6 dang g(s),
véi s 12 tich ctia cdc sb khac nhau tif tAp {a;, a,, ..., ax}. Ta sé chon sb6 batky f(ax) 16n
hon tat ca cac s6 dang g(s).

Ta da chon dugc ddy gid tri f(a;) va thém diéu kién nhan tinh (f(mn) = f(m) f(n)) sé xac lap
nén ham f : Z* — Z*. Ham f dugc thiét 1ap nhu trén thoa man céac yéu cau ciia dé bai.

That vay, véimoin € Z", ta c6 thé bi€u diénn = a;,a;, -+~ a;, Véii; <ir < -+ <ip.Dod6

fn) = flaiai,---ai,) = flai) fla,) -~ flai,) = flai,) > glaiai, -~ ai,) = gn).

Bai toan dugc chiing minh xong. O
Bai toan 16 (Trung Qubc, 1993). Cho ham sé f : RT — RY thod man
fxy) = f(x) f(y) (3.1
vdi moi x, y > 0. Chitng minh rdang véi moi x > Ovan € Z7 thi
S < FOV IOV (3 Y f(em). 3.2)

L5i gidi. Ta ching minh bing quy nap theo n. Dé thiy khang dinh diing v6i n = 1. Gia st khing
dinh (3.2) dung vdi cac s6 1,2, ..., n.Khidé,taco

F&5) < VD)V F(x3) - V(x5
v6ik =1, 2, ..., n. Nhan n bat phuong trinh trén lai, ta thu dugc
S LT e ) = f) f () f ().
Nhan ca hai vé ctia bit phuong trinh trén v6i f(x) f(x?) -+ f(x"), ta dudc
ST ) 2 20 20 S,
Mat khac, st dung (3.1), ta lai co

n
VP = H[f(xi)f(xn+l—i)] > fn(xn+1).
i=1
Két hop v6i danh gia & trén, ta suy ra
n+1 n+1

S SR S ) = ST,

Nhan hai vé ctia bt phuong trinh cubi cho f(x"*!) va liy cin bac n + 1 hai vé, ta suy ra khang
dinh (3.2) ciing ding véi n + 1. Theo nguyén ly quy nap, ta c6 khang dinh ding véi moi n. [

Nhan xét. Bang cach dit a, = In f(x"), ta c6 thé phat biéu bai toan trén lai dusi dang day sd
nhu sau: Cho ay, a,, ...laday cac so thuc thoad man ai+;j <a;+ajvéimoii, j =1,2, ...
Chiing minh ring véi moi n € Z7 thi

as
2
Bai toan nay da dudc st dung & ky thi APMO nam 1999.

an
a + +"'+7Zan-
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Bai toan 17. Tim tdt cd cdc s6 a > 0 sao cho ton tai hdang s6 K > 0 va ham f : R — R thod

mar )+ ) +
%Zf(%)‘i‘qu_ﬂa

véi moi cdp sé thuc x, y.

Loi gidi. Tu gid thiét, ta suy ra

x+y
f(—2 )2+ S > f(x -23)7) n 2£a|x_y|a’ (3.3)
xX+y
f(x)+2f( 2 )zf(3x:y)+2£a|x—y|a, (3.4)
Rl _f( ! )+2—a|x—y|. (3.5)

Léy (3.3) + (3.4) + 2 x (3.5), ta dugc

SO+ ) (x+y K a
T p(55E) + gl

Tir day, bang cach lip lai quy trinh thé nhu trén, ta chiing minh bang quy nap dudc

f)+ ) x+y K a
fzf( ) )+2n(a—2)|x_y|

v6i moi n € N*. Néu a < 2 thi bang cach cho x # y van — +o00, ta thu dudc diéu mau thuin.
Do d6 a > 2. Ta sé chitng minh déy 12 tAp hop tit ca cac sb thuc a thod man yéu cau dé bai.

. ) . 1 < A 2 WA s
That vay, véia > 2, xét f(x) = |x|* va K = 2 ta s€ chiing minh bat dang thic dau bai dugc
thod man véi moi cip sb thuc x, y, tic 1a

a a

a a
x| 12L|y| .

X+Yy
2

o
2

(3.6)

biat f(x, y) = VI3e — VPge), tacod

f=x, =y) = f(=x, y) = f(x, —y) = f(x, y).
Do d6 f(x, y) 1a ham chin v6i x va véi y. Vi vay, khong mét tinh tdng quat, ta c6 thé gid st
x > 0vay > 0. Khi dé, bit dang thiic (3.6) dudgc viét lai dudi dang
a a a _
xX“+y - xX—+Yy " ‘x y
2 - 2 2

a

V6ix +y =0, tacéd x = y = 0nén bét dang thiic hién nhién ding.
Xét trudng hop x + y > 0. Khi d6, do bit dang thiic trén c6 dang thuan nhét d6i véi x, y nén ta
¢6 thé chuin hod x + y = 2. Theo d6, ta phai chiing minh

X 4y a
2

A=)
2

> 1+ ’ (3.7)
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Do 0 < = 1 nén

x—y‘<x—|—y
2 - 2

(=P _x2+)?

xX—y|
e
+ 2 4 2

<1+

Miit khéc, theo bat dang thic trung binh luy thira, ta lai c6

xa+ya> x2+y2% x2+y2
2 - 2 - 2

Do d6 (3.7) dugc chiing minh. Bai toan dugc giai quyét xong.

D& két lai bai viét nay, xin dudc néu thém mot so bai toan d€ ban doc tu nghién ctiu thém.

Bai tap 4.1 (Bulgaria, 2008). Cho f : R* — R™ la ham s6 thoa man

2f(x?) = xf(x) + x
v6i moi x > 0. Chiing minh riang f(x?) > x? v6i moi x > 0.

Bai tap 4.2 (IMO Shortlist, 2005). Tim tit ca cic ham s6 f : Rt — R™ thoa man

F)f() =2f(x + yf(x))
v6i moi cip sd duong x, .
Bai tap 4.3 (KHTN, 2010). Tim tt ca cac ham s6 f : RT — R™ tho& man
SO +2y) = flx =) =3[f() + 2V f(x) ()]
v6i moi cip sb duong x > y.
Bai tap 4.4. Tim tit ca cac ham f : RT — R™T thod man
F(F(F@)) + F(f@) =2x+5
v6i moi sb thuc duong x.
Bai tap 4.5 (Brazil, 2012). Tim tt c4 c4c toan dnh f : RT — R* thoa min
26f (f(0) = F)][x + f(£)]
v6i moi sb thuc duong x.

Bai tap 4.6 (Viet Nam TST, 2007). Tim tAt c4 cdc ham lién tuc f : R — R thoa man

(e XL
f(x)—f(x +3+9)
v6i moi sb thuc x.
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Bai tap 4.7. Tim tit c cdc ham lién tuc f : R — R thod min

fQx+1) = f(x)
v6i moi sb thuc x.

Bai tap 4.8. Tim tit ca cdc ham lién tuc f : R — R thod mén

flx+y—fO) =+ fy—r»)

v6i moi cip sd thuc x, .

Bai tap 4.9 (Ha N6i, 2013). Tim tat c4 cac ham lién tuc f : RY — R™ thod man dong thdi cac
diéu kién sau

(1) f(2x) = 2f(x) v6i moi x > 0;
(2) f(f3(x)(ef(x) — 1)) = x%(e* — 1) f(x) v6i moi x > 0;

(3) fle=1 =(e—=1)f();

(4) f(k) € N* v6i moi k € N*,
Bai tap 4.10 (Turkey, 2013). Tim tit ca cac ham f : R — R™ thoid man dong thoi cac diéu
kién

(1) f(x?) = f2(x) —2xf(x) v6i moi x € R;

(2) f(—=x) = f(x —1) véimoi x € R;

(3) f ting thuc su trén (1, +00).
Bai tap 4.11 (THTT, 2002). Tim tt ca cac ham f : R — R thod man

fx=f) = fx+ ")+ f(f() +y*°?) +1

v6i moi cip so thuc x, y.

Bai tap 4.12. Tim tét ca cac ham f : R — R thoa man

) +4° ) =[fx+y)+ Y[ fx=»)+ fF()]

v6i moi cip sb thuc x, y.

Bai tap 4.13 (Téng quat IMO 1992). V&i mbi sé ti nhién n > 2 cho trudc, tim tit ca cdc ham
s6 f : R — R thoa man dang thic

f"+f))=y+ f"(x)
v6i moi cip so thuc x, y.
Bai tap 4.14 (Saudi Arabia, 2014). Tim tit ¢4 cdc ham f : N* — N* thod man

)+ f(f(n))
2

f(n+1)>
v6i moi sd nguyén duong 7.
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Bai tap 4.15 (Romania, 2004). Tim tit cd cdc don anh f : N* — N* thod man

F(fm) <=0

v6i moi sb nguyén duong 7.

Bai tap 4.16 (IMAR, 2009). Chiing minh ring v6i mdi ham sé f : Rt — R déu ton tai it
nhét mot cip sd duong x, y sao cho

fx+y) <yf(fx).
Bai tap 4.17 (IMO, 2011). Cho ham s6 f : R — R thod min
fGx+y) = yf(x)+ f(f(x)
v6i moi x, y € R. Ching minh ring f(x) = 0 v6i moi x < 0.
Bai tap 4.18 (IMO Shortlist, 2009). Ching minh rang khong ton tai ham f : R — R thoa min
fx=f) < yf(x) +x
v6i moi cip sb thuc x, y.
Bai tap 4.19. Cho ham s6 f : [0, 1] — [0, +o00) thod min
S+ f() < () 41
2 2
v6i moi x, y € [0, 1]. Chitng minh rang véi moi a, b, ¢ € [0, 1], a < b < c thi

b—a
f@+ =2 f(e) = f(b) +2.
Bai tap 4.20. Cho cac ham sb £, g : [0, 1] — [0, 1], trong d6 f ting nghiém ngit, thod man
f(g(x)) =x

v6i moi x € [0, 1]. Ching minh rang v6i moi n € N* thi

c—b
—a

1

L) )]s
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

GIAI TICH VA CAC BAI TOAN CUC TRI

Tran Nam Ding - Dai hoc Khoa hoc Tu nhién, DHQG - TPHCM

Since the building of the universe is perfect and is created by the wisdom creator,
nothing arises in the universe in which one cannot see the sense of some maximum
or minimum. - Leonard Euler

Trong céc bai toan & trudng pho thong, cic bai toan cuc tri thudc vao mot trong nhiing dang todn
gan vé6i nhitng dng dung thuc té nhat. Nhitng yéu ciu vé dudng di ngin nhét, dudng di nhanh
nhit, géc nhin 16n nhét, téng thdi gian chd doi it nhat, tdng chi phi it nhit, téng 16i nhuan cao
nhét, dién tich 16n nhit ... 12 nhitng yéu cau rat tu nhién xuét phat tif nhitng bai toan clia san xuAt,
doi sdng va khoa hoc. Chinh vi thé nhiing bai todn cuc tri cin c6 mot chd diing xing dang trong
chuong trinh to4n & phd thong, cic phuong phép gidi bai todn cuc tri cling can phai dudc trinh
bay mot cach bai ban.

Trén phuong dién phuong phdp, c6 hai cach tiép can chinh cho 18i giai ctia cac bai todn cuc tri,
d6 1a phuong phap st dung bét dang thifc va phuong phap ham s6. V6i phuong phap bat dang
thtic, so dd co ban 1a: D€ chitng minh M 1a gi4 tri 16n nhét cia ham s6 £(x) trén mién D (x c6
thé 12 mot vector), ta sé chiing minh :

(i) f(x) < M v6imoi x thude D.

(ii) Ton tai xo thudc D sao cho f(xo) = M.

Phuong phap ham sb sé khdo sat ham £ (x) trén D va dua vao c4c dinh ly ctia gidi tich d€ tim ra
diém cuic tri va gid tri M.

Chi y rang, trong chuong trinh phd thong khdi niém ham nhiéu bién chua dugc dé cap, cho nén,
miic du chiing ta sé bat gip nhiing bai todn nhiéu bién nhung cong cu chii yéu van 12 cong cu dao
ham cta ham s6 mot bién.

Trong bai viét nay, chiing ta s& chi yéu dé cap dén cac phuong phap giai tich d€ giai bai toan cuc
tri. Chiing ta sé bat dau biang nhiing bai toan cuc tri ham mot bién giai bang nguyén ly Fermat va
dinh Iy ton tai Weierstrass. Sau d6 chiing ta sé chuyén sang cic bai todn cuc tri nhiéu bién giai
bang phuong phap khit din céc bién d€ dua vé trudng hop mot bién. Tiép dén 1a cac bai toan cuc
tri c6 diéu kién.

Trong phan cudi ciing, chiing ta sé dé cap dén cach tiép cin céac bai todn cuc tri nhiéu bién bang
céac st dung cdc cong cu toan cao cap (dao ham riéng theo tling bién, phuong phap nhan ti
Lagrange). Day 14 phan danh cho gido vién va cc hoc sinh 16p chuyén dé c6 moét cdi nhin tdng
quan

sau nay 1én cic bac hoc cao khong bi 1am theo quan tinh, gidi cdc bai toan cuc tri nhiéu bién
bing cédc cong cu thd so (va vi thé doi héi rit nhiéu su sang tao).

Dé gitp cac ban hoc sinh nhin thiy vé dep, stic manh va su hiéu qua ctia cic phuong phap giai
tich, chiing toi c6 ging chon nhiing vi du dic trung va dién hinh nhit. Cic vi du va bai toan trong
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bai nay dudc 14y tif nhitng bai todn va dinh ly kinh dién, nhiing bai toan thi Olympic, nhiing dé
thi dai hoc. Ngoai céc vi du c6 13i giai va binh luan chi tiét, ching t6i dua ra mot s6 bai tap tu
giai danh cho ban doc.

Phuong phap c6 tén 12 nguyén Iy Fermat 13 mot phuong phdp ma ai ciing biét dén: Néu ham s
f la khd vi thi méi mot diém cuc tiéu (cuc dai) dia phiong ciia né déu la diém dimg, ticc la la
nghiém ciia phuong trinh f (x) = 0. Vé diéu nay truéc Fermat ciing da tiing dudc nhac t6i:

“Vé cd hai phia cia diém cé gid tri lon nhdt sw gidm ban ddu khong ddng ké. -
(Johan Kepler)

Diéu ngugc lai khong ding: Piém ding c6 thé khong phai 1a diém cuc tri ciia ham s6, nhu vi du
don gian sau: Ham x? tai diém x = 0. D€ tim cic gi4 tri cuc tri clia ham sb £, ta giai phuong
trinh f'(x) = 0, tim dudc tAt c cdc diém dimng la nhing diém “nghi can” cho céc gid tri cuc tri.
Sau d6 ta st dung dinh ly ton tai: Mot ham s lién tuc trén doan [a, b] sé dat dudc gid tri 16n
nhét va gid tri nhd nhét trén dé. Ta sé coi dinh 1y nay 1a hién nhién vé mit hinh hoc va b qua
phép chitng minh d6. Nhu vy gia tri 16n nhit va gia tri nhd nhit ctia ham lién tuc, kha vi trén
doan [a, b] ton tai va ta chi cAn tim cdc gid tri nay tai cic diém diing va hai dau miit.

B6 dé 1.1. Néu ham sé f : R — R lién tuc va f(x) — +o00 khi |x| — 400 thi né dat dugc
gid tri nhé nhdt trong R".

B6 dé 1.2. Néu ham sé f : (a, b) — R lién tuc va f(x) — 400 khi x — a va x — b thi né
dat duoc gid tri nhé nhdt trén (a, b).

Diéu kién ton tai gid tri 16n nhét ciing dudc phat biéu tuong ty. Chiing ta s& bat diu bang mot vi
du kinh dién.

Vi du 1.1. (Dinh ludt Snellius) Tia sdng cdt duong bién ciia hai moi truong, vao vdi goc a va ra
vdi goc B (goc giita tia sdng voi duong vuong goc véi duong bién tai diém cdt). Khi do

sin  sinf

’

Va Up
trong do v, vp la vdn téc dnh sdng trong cdc méi truong do.

L5i giai. Ta sé st dung nguyén ly Fermat trong quang hoc: Anh sang trong dudng di ctia minh tit
mot diém dén mot diém ludn chon dudng di ngan nhit vé mit thai gian. Néu ta 13y trén tia sang
hai diém A, B nidm vé hai phia dbi véi dudng bién, con chinh dudng bién ky hiéu 1a / 1 ta thu
dudgc bai todn tim cuc tiéu:

AM  BM )
4+ —— — min
Va Up

f(M) =

M el
Gi4 tri nhd nhat ton tai, didu nay dudc didm bao bdi bs dé 1. Goi diém ma ham sb dat gia tri nhd
nhét 14 M,. Van dé 1a tinh dao ham ctia ham s6 £. Piéu nay c6 thé lam thé nao ? Ta c6 thé thuc

hién diéu nay bang cach tim ra biéu thiic ham sé f sit dung dinh ly Pythagore:
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Goi AH, BK 1a dudng vudng géc ha tit A, B tuong ting xudng. Pit AH = a, BK = b va
HK =c¢, HM = x thitacé

AM = \/a? + x2, BH = /b2 + (c — x)°.

Va2 + x2? N b2 + (c — x)*

Vg Up

Tu do

f(M) =g(x) =

Theo b3 dé 1 thi f(M) dat dudc gia tri nhd nhét tai mot diém M, nao dé. Va theo nguyén ly
Fermat thi f (M,) = 0. Nhung

S (M) =g x) =

X c—X
/2 2 )
VaVa= X7y Jb2 + (¢ — x)?

T do £/ (M) = 0 tuong duong véi

X0 Cc — Xp

Vava? + x? vpy/ b2 + (c—x)z’

sine sinf

hay

Va Up

Ta c6 diéu phai chiing minh. O]

Bai toan 1. Co mét miéng thép kich thude 1m x 1m. Nguoi ta mudn lam tic tdm thép mot hinh
hép khong ddy bdng cdch cdt 6 4 goc cdc hinh vuéng kich thude x x x, gdp lén réi han lai. Hoi
phdi chon x bang bao nhiéu dé’thétich hinh hop la lon nhdt ?

1 o
Loi giai. RO rang ta phai c6 0 < x < 3 Thé tich hinh hop la
V(x) = x(1 —2x)>.
Véi bai nay, chi cAn mdt chiit khéo 1éo 1a ta ¢6 thé dung bét dang thiic AM-GM d€ tim ra gid tri
16n nhét. Tuy nhién, phuong phap ham sb sé cho ching ta mot 16 giai tu nhién ma khong doi hoi
bat ctf mot su sdng tao dic biét ndo:

Vix) =12x2—8x + 1 = 2x — 1)(6x — 1).

2 » Q 2 . 2, A N .z . 2 A . P R .« A 1 g
Tur d6 ta c6 V(x) chi c6 thé dat gia tri 16n nhat va gia tri nho nhat tai cac di€m O (bién), 3 (diém

1 1y 2
2 6) 27

néntasuyra Vp,, = — khix = —. O
27 6

1
dung), > (bién). Vi
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Bai tap 1.1. Hay giai bai toan trén vSi miéng thép c6 kich thuée a x b bang mot trong cic
phuong phép sau :

(a) Dung bit dang thiic AM-GM.
(b) Dung dao ham.

Vi du 1.2. Qua mot diém ndm trong mot géc cho trude, hay ké doan thing cé do dai ngdn nhdt
c6 dau miit nam trén cdc canh ciia goc.

Li giai. B& dé 1 dam bao su ton tai cta doan thang ngin nhit. Gia sit doan thang ngin nhit 1a
AB va diém nam trong géc 1a M. Qua M ta ké mot duong thang khéc 1a A'B . Goiyla gbc
6 hudng giita A' B’ va AB. Ham sb f(y) = A'B’ dat gia tri nhd nhit tai diém y = 0 do d6
f/(O) = 0.Pita = LOAB, B = ZOBA trong d6 O la dinh ctia géc. St dung dinh ly ham s6
sin cho cac tam giac MAA va MBB/, ta co

MA =AY yp =y NP
sin(a — y) sin(B + y)
Tu do , ) )
Af =AB —AB=MA + MB — MA— MB
sin o sin
=MA|— - 1|+ MB|————1
[sm(a ) ] [sm(ﬂ +y) ]
_ .2sin%-cos(a—%)_ .2sin%'cos(oz+§)
sin(a — y) sin(a + y)
Nhu vay

Ay Y sin(a — y) B sin(a + y)
Cho y — 0, ta dudc

Af _ 25in%|:MA.cos(a— 2) VB, cos (o + %)i|

7'(0) = MAcota — MB cot B.
Nhung vi /' (0) = 0 nén tacé MAcota = MB cot B. Két qua niy c¢6 y nghia hinh hoc nhu thé
nao? Ha duong vudng géc OH xubng A B. D& dang kiém tra dudc ring % = P . Miit khac
MA _corp
MB  cota

cotuo
, suyra
MA=HB, MB = HA.

Nhu viy doan thiang ngin nhit A B dudc dic trung bdi tinh chat sau: Hinh chiéu ciia O lén AB
doi xing véi M qua trung diém ciia AB. [

Nhén xét. Tai sao ching ta chi tim ra dic trung hinh hoc clia doan thing A B ma khong néu ra
cach dung ctia né ? Van dé 1a v6i mot vi tri tdng quat, 16i giai nay khong thé dung dugc bang
thuéc va compa. Trong thuc té, c6 nhiéu bai todn cuc tri ta chi dua ra dugc céc tinh chét dic
trung cua 10i giai chu khong tim dudc 16i giai mang tinh xay dung.

Bai tap 1.2. Pudng thang di qua mdt diém nam trong modt géc, cat géc nay thanh mot tam gidc
c6 dién tich nhé nhét. Hay tim 15i gidi hinh hoc va 18i giai giai tich cho bai toan nay.

Bai tap 1.3. Tuong tu v6i chu vi nhé nhit, hiy tim ca 13i giai hinh hoc 13n 15i giai giai tich.
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Bai tap 1.4. Qua mot diém nam trong géc vudng hiy ké mot dudng thang sao cho OA + OB
nhd nhit (O 1a dinh géc vudng va A, B 1a giao di€ém ctia duong thang véi cic canh géc vudng).

Véi bai todn tim gia tri 16n nhit va gid tri nhd nhit ciia mot ham s6 trén doan [a, b] ta c6 mot sb
trudng hgp dac biét don gian nhung kha hi€u qua sau :

Ham don digu: Néu f(x) > 0 v6i moi x thudc (a, b) thi ham s f ting trén [a, b] va ta c6
f(a) < f(x) < f(b) v6i moi x thudc [a, b].

Ham 13i: Néu /" (x) < 0 thi ham s6 f(x) sé c¢6 nhiéu nhit mot diém cuc dai (néu c6 thi d6 sé 1a
diém ma ham sb dat gid tri 16n nhat) va gi4 tri nhd nhat cia ham sd sé dat dudc tai mot trong hai
diém bién.

Vi du 1.3. (Pé thi Dai hoc khéi A — 2008) Tim tdt cd cdc gid tri ciia tham s6 thuc m sao cho
phuong trinh

V2x + V2x + 246 —x + 26 —x = m,
co dung 2 nghiém thuc phdn biét.

Loi gidi. Ham s6

f(x) = V2x + V2x +2/6 — x + 26 — x,

xdc dinh trén [0, 6] 12 tdng cia cdc ham 16i nén cling 12 mot ham 16i. Vi thé f(x) sé c6 nhiéu
nhit mot diém cuc dai. Tinh dao ham bac nhét, ta dudc

1 1 1 1
+ — — )
V2x 0 239x3 Je—x 2396-—

D& thdy f'(2) = 0, suy ra 2 1a diém cuc dai duy nhit. Him s sé c6 chidu bién thién 1a ting trén
(0, 2) va gidm trén (2, 6). Ti d6 dé dang suy ra phuong trinh f(x) = m c6 hai nghiém phan
biét khi va chi khi

f(x) =

max{f(0), f(6)} =m < f(2).
Tic 12 2(v6 + V6) <m < 3(2+ V2). 0

Bai tap 1.5. (Olympic 30 - 4 - 1996) Tim gia tri 16n nhit cia ham sb
f(x) = x(9\/l F 24+ 131 = x2),

trén doan [0, 1].

Bai tap 1.6. (Bai todn vé goc siit va khung thanh) Cho mot duong thang [ va hai diém A, B nim
vé cling mot phia ddi v6i /. Tim vi tri diém M trén [ sao cho géc ZAM B 16n nhét.

Bai tap 1.7. Tim gid tri 16n nhit cia ham s6

f(x) = V2sinx + \/15— 10+/2 cos x.

Bai tap 1.8. (Viét Nam 1993) Tim gia tri 16n nhit va gid tri nhé nhit ciia ham sb

fx) = x(1993 + /1995 — x2).
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Vi du 1.4. Nha dia chdt dang 6 dia diém A trong sa mac, cdch con duong ddat 10 km (AB = 10
km, vdi B la diém trén con dwong ddt gan A nhdt). Ong dang cdn di vé diém C, ndm trén con
duong ddt va cdch B 50 km. Biét rang nha dia chdt co thé di chuyén trén sa mac vdi vén toc 30
km/h con trén con duong ddt vdi van téc 50 km/h. Hay tim phuwong dn dé nha dia chdt vé dén C
sau thoi gian it nhdt.

B D C

Ta nhan xét rang, néu di chuyén véi van tdc khong ddi thi dudng di véi thoi gian it nhat ciing 1a
duong di v6i quing dudng ngan nhét. Do d6, con dudng di ngan nhét sé c6 dang ADDC véi D
12 mot diém nao do trén BC.

bit x = BD, ta dé dang tinh dudc thdi gian di trén quang dusng ADDC 1a

/100 + x2 +50—x

S =—7; 50

Tir day ta c6 ba cach tiép cén sau :

Cach 1. (Dung dao ham) Ta c6

’ X 1 1
= X 1 __ (5x-3/1001 ).
S = e %0 150( X +22)

< 15
Giai phuong trinh f(x) = 0 ta dé dang tim dugc nghiém x = 5 va suy ra

foin = f(l—;) S

A 4 . A . X N 19
Vay thdi gian it nhat d€ nha dia chat di vé C la 5 [

) 19 .
Cach 2. Ta hoi lau ca mot chut. Vi biét f,;, = 5 nén ta sé€ ching minh ludn di€u nay. Ta c6

bét dang thiic

/100 + x2 n 50 —x - 19
30 50 T 15°
tuong duong véi

5v/100 4+ x2 + 150 — 3x > 190,

hay
25(100 + x?%) > 9x? + 240x + 1600,
hoac
(2x — 15)* > 0.
o 19 v Co 15
Dodétacod f(x) > o dau bang xay ra khi va chi khi x = 5 ]
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2 15 2 .. N M A 2 2,
Céch 3. Ta cung lai dung “diém roi” x = 5 dé danh gia ham f(x) bang bat dang thic
Cauchy-Schwarz

/100 + x2 4 50 —x
30 50

V100 £ x2 - /100 + (£2)? L S0—x

30,/100 + (£)? >0

1004+ 2-x  50—x 19
>

- 30-% 50 15

f(x) =

Tir d6 dan dén két luan ctia bai toan. O

) ) 19 ) ¢ ot .
Bai tdp 1.9. Neu khong biet trudc fi, = G hay tim cach tiép can dé giai bai toan theo cach 2.

5 A g 15 AR £ 12 )
Bai tap 1.10. Néu ta khong biet diém roi x = 5 lam thé nao dé ap dung bat dang thuc
Cauchy-Schwarz theo cach 3 ?

Véi cong cu clp trung hoc phd thong, mot trong nhitng phuong phap gii bai todn nhiéu bién sb
1a 1am giam dén cdc bién sb bang cach tim cuc tri theo titng phuong. Y tudng clia phuong phap
nay dugc minh hoa bang hinh anh sau: Dé’tim nguoi cao nhdt trong mét nhém nguoi dang xép
thanh m hang, ta tim nguoi cao nhdt trong tieng hang roi so sdanh nhiing ngudi cao nhdt do dé’
tim ra ngudi cao nhdt tuyét doi.

Ta bat dau bang mot vi du kinh dién trong hinh hoc.

Vi du 2.1. Trong cdc tam gidc néi tiép trong mot duong tron cho trude, hdy tim tam gidc cé dién
tich lon nhit.

Lsi giai 1. Khong mat tinh tdng quat, ta xét tam gidc A BC noi tiép trong dudng tron don vi véi
A(0; 1) c¢b dinh va B(xy, ¥1), C(x2, y2) véi diéu kién x7 + y = 1, x3 + y3 = 1 thi dugc bai
toan cuc tri sau
!(Xl —Dys—(x2— 1))’1!
2
Xt +yi =1
x3+y;=1

— max

Bai todn cuc tri ¢6 diéu kién 4 bién nay c6 thé chuyén thanh bai toan cuc tri 2 bién bang cach
tham s hoa dudng tron don vi, cu thé dit x; = cosa, y; = sina, X, = cos B, y, = sinB ta
quy bai todn vé viéc tim gid tri 16n nhit va gia tri nhd nhét ctia ham s6

f(a, B) = sina — sin B + sin(f — ).
Giit o cb dinh, xét f(«, B) nhu mot ham sé theo B thi
fﬂ/(oz, B) = —cos B + cos(B — ).
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Y o o YN ..
Tu day ta tim dugc cac diém dung la 8 = 5 + k. Tu do, dé tim f(«, B)max ta chi can tim gia
tri 16n nhat cia ham
. . (U A
sing — sm(z + kn) + sm(z + km — oz),

tic 12 gia tri 16n nhit ctia

fi(x) = sina — 25in<%), fo(a) = sina + ZSin(%).

Giai bai toan mot bién nay, ta tim dudc dap s6 f (o, B)max bang — chang han khi o = ?n
4 . 343 ) .
B = ?n (va f(o, B)min bang _T\/_ 1). Pay chinh la tinh hudng khi tam giac da cho déu. [

Lsi gidi 2. Ciing bang phuong phap tuong tu, trudc hét ta ¢b dinh canh BC 1a mot day cung do
dai 2a ctia dudng tron ban kinh R va tim vi tri di€ém A trén dudng tron sao cho dién tich tam
gidac ABC 16n nhét. C6 thé chiing minh dugdc dé dang rang diém A cin tim chinh 14 trung diém
ctia cung 16n BC (noi ma tiép tuyén song song véi BC).

Dién tich clia tam gidc cuc dai nay bing
f(a) = a(R + v R? —az).

Bay gid ta chi cAn tim gid tri 16n nhit cta f(a) trén [0, R]. Tinh dao ham f (a), ta dugc

2

’ a
a)=R+VR*—a?— ———
/@ =

/ RV3 3V3R?
va f (a) = Okhi vachikhia = T\/_, tu d6 ta tim dudc f.x = \/; . O

Vi du 2.2. Cho tam gidc déu ABC. Véi mébi diém M ndm trong mdt phdng tam gidc, goi
D, E, F lan luot la hinh chiéu ciia M 1én cdc duong thing (BC), (CA), (AB). Tim gid tri lon
nhdt va gid tri nhé nhdt cia biéu thic

MA+ MB+ MC

MD + ME + MF’

Vi du 2.3. (Chon doi tuyén Viét Nam 2001) Cho x, y, z la cdc s6 thuc duong thod man
2x +4y + 7z = 2xyz.

Tim gid tri nho nhdt ciia biéu thitc x + y + z.

e D 2x + 4y e xaa 1z
Loi giai. Ratz = pye—— > (0 ta dua bai toan vé bai toan cuc tri hai bien
Xy —
2x + 4 .
f(x,y)=x+y—|——y—>m1n
2xy =7

x>0,y>0,2xy>7

116



Tap chi Epsilon, S6 05, 10/2015

Tinh dao ham theo y, ta dudc

42xy —7) —2x(2x +4y) 1 4x2% + 28
(2xy =7)° @xy =7

f/y(va’) =1+

Tt d6, ta tim dudc, v6i mdi x c6 dinh thi f(x, y) dat gid tri nhé nhét tai diém

_ ! +4/1+ !
y0_2x x2°
11 7
f(x,y0) =x+ = +24/1+ = = gx).
2x x2

/ 11 14 1
g =1--— .

2 3
2x /1+xlzx

Phuong trinh g (x) = 0 tuong duong v6i (2x2 — 11)2(x? + 7) = 784 (v6i didu kién 2x2 > 11)
c6 nghiém x = 3. Pay chinh Ia diém cuc tiéu (do f — 400 khi x — 0 vd x — +00). Tir d6

Khi do

Tinh dao ham

15

f(X, y)min = g(x)min = g(3) = ?

Vay gia tri nho nhat can tim la > U

Nhan xét. Ngoai cac thli thuit co ban nhu tham sb hod, thay thé va khi dan céc bién sd nhu
trong céc vi du néu trén, ching ta con c¢6 thé 1am giam sd bién s6 clia ham sb bang cach sit dung
cdc tinh chit bt bién ctia ham, vi du tinh thuan nhat (khong ddi dbi véi phép co din), tinh dbi
xiing (khong déi véi cac chuyén vi, hodn vi) ...

Vidu 2.4, (Pé thi Pai hoc khéi B, 2008) Cho x, y la cdc s6 thuc thod man diéu kién x2 —|—y2 =1.
Tim gid tri [6n nhdt va gid tri nhé nhdt cia biéu thitc

2(x? + 6xy)
1+ 2xy +2y2’

L5i gidi. Bai todn niy c6 thé quy v& mot bai todn cuc tri ham mdt bién bang cach tham sd hod
luogng gidc quen thudc x = cost, y = sin¢. Tuy nhién, & ddy ta ciing con c6 mot cach tiép can
khéc: Thay sb 1 & dudi mau s bang x? + y? = 1 dé thu dudc mot biéu thiic thuan nhét, tic 1a

2(x% + 6xy)
x2 4+ y2 4+ 2xy 4+ 2y?

sau d6 dua vao tinh thuan nhét nay d€ gidm sd bién s6 ctia ham sb. Trudc hét ta can hiéu tai sao
lai c6 dang thiic
2(x% + 6xy) . 2(x2 + 6xy)

min = min .
x2+y2=1 1+ 2xy + 2y2 (x,»)€R2\(0,0) X2 + y% 4+ 2xy + 2y?
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RO rang ta c6

2(x% + 6xy) _ 2(x2 + 6xy)
min = min .
x24y2=1 1+ 2xy +2y%  x24y2=1x2 4+ y2 4+ 2xy + 2y?

2(x2 + 6xy)
X2+ y2 4+ 2xy +2y?

Nhung do ham sb f(x, y) = 12 ham thuan nhét (bac 0, tic 1 f(tx, ty) =

f(x, y)) néntaco

, 2(x? + 6xy) , 2(x? + 6xy)
min = min ,
(,9)€R2\(0,0) X2 + y2 +2xy +2y2  x24y2=1 x2 + y2 + 2xy + 2y2

(tit moi di€m khéc (0, 0) déu c6 thé co hoic dan vé 1 diém nam trén dudng tron don vi).
By gio ta can tim gi4 tri 16n nhét va gid tri nhé nhit ctia ham sb

2(x? + 6xy)
x2 4+ y2 4 2xy +2y2’

fx,y)=

véi (x, y) thude R? \ (0, 0).

Néuy = Othi f(x,y) =2.Véiy £0,tadits = - thi
y

2(t* + 61)
s = — = 1).
S, y) 21213 g(1)
Ta co
) = (4t +12)(1* +2t +3) — 2t +2)(2t> + 12t) 42t +3)(3 —1)
& (t2 + 2t + 3)? (12 4+ 2t +3)*
NP 3 e A o
Tur d6 tim dude gnin = € -5 = —06, gmax = £(3) = 3. Chuy gia tri 6 vo cung bang 2. [

Bai tap 2.1. (Viégt Nam MO 2004) Cho x, y, z 1a cic sb thuc ducng thod man diéu kién
(x +y + z)® = 32xyz. Tim gi4 tri 16n nhét va gia tri nhd nhit cta biéu thiic

P_x4+y4+z4
(x+y+z)*
242t —1

1241
nho nhit ctia biéu thifc f(x) - f(y) v6i x, y 1a cac so thuc thoa man diéu kién x + y = 1.

Bai tap 2.2. (Theo Viét Nam MO 2003) Cho f(t) = . Tim gia tri 16n nhét va gi4 tri

Bai tap 2.3. (Pé thi cao ddng khéi A, B, D ndm 2008) Cho x, y la cac sb thuc thod man diéu
kién x? + y? = 2. Tim gi4 tri 16n nhét va gia tri nhd nhit cta biéu thiic

P =2(x*+y3) —3xy.
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Bai tap 2.4. (Saudi Arabia 2015) Cho x, y, z 1a cac s6 thuc duong thdéa méan diéu kién
I 1 1
x+y+2)|-—+—-—+-) =10
X 'y z
Tim gi4 tri 16n nhat va gid tri nhd nhit ctia biéu thiic
1 1 1
_ 2 2 2
P=x>+y*+z )(;JFFJFZ_Z)'

Vi du 2.5. Cho ba sé thuc a, b, ¢ déi mot khdc nhau, tim gid tri nhé nhdt cia biéu thitc

’ ) ) 1 1 1
@+ ) et Gt )

Loi gidi. Ham s6
1 1
R R .
(a—D>) (b—rc) (c—a)

f(a, b, c) = (a2 + b2 +cz)|:

thuan nhat bac 0 con ham so

S S
(@=b?  (b-c (c—a)”

gla, b, c)=

bt bién dbi v6i phép tinh tién: g(a, b, ¢) = g(a +t, b +t, ¢ + t). St dung céc tinh chét nay
ta c6 thé gidm s6 cac bién sb clia bai toan tim gid tri nhd nhat.

Khong mét tinh tdng quat (do tinh dbi xiing !), c6 thé gidsta > b > c. Dita—b = x, b—c = y
thic—a=—(x+y)vaa=c+x+y,b=c+y.Taco

fla. b.c)=gx. y. c)= [302+2(x+2y)6+(x+y)2+y2][$+%+ (x+1y)2]'

x+2y

C6 dinh x, y khi d6 g(x, y, ¢) dat gi tri nhd nhat khic = ¢y = — .Tu do

= h(x, y)

Do tinh thuin nhit bac 0 ctia ham s A (x, y), ta chi cAn tim gia tri nhd nhit cda h(x, y) véi
x 4+ y = 1, sau d6, st dung tinh d6i xing ctia 4(x, ), ta biéu dién h(x, y) nhu modt ham theo

1
t:xyvéichﬁy0<t<‘—1:

= k().

1—2t 2(1 —1)°
1)="—-
t? + ) 3t?

M, ) =30 —z)(

Ta co

2007 +2) —0

kK (t) =
(t) 3 3 :
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1 1 9
trén (O, —] nén ki, (1) = k(—) = —.
4 4 2

PN 9 5 1
Viy gia tri nhé nhat can tim la 3 dat dudc, chang han khi x = y = x c = ——, tic la
1 1
c=——=,b=0,a=—. H
2 2

Bai tap 2.5. (British MO 1986) Cho x, y, z 1a cac sb thuc thoa man didu kién x + y +z =0
va x? + y? + z2 = 6. Tim gid tri 16n nhét cta biéu thic

F =x%*y 4+ y*z 4+ z%x.

Bai tap 2.6. (Pé thi dai hoc khoi D, 2008) Cho x, y 1a céc sb thuc duong thay d6i. Tim gia tri
16n nhét ctia biéu thiic
(x —y)d —xy)

(1+x)%(1+y)*

Bai tap 2.7. (Chon ddi tuyén Viét Nam 1993) Cho x1, X2, X3, X4 12 cic sb thuc thoa mén diéu

kién 5 < x?+ x5 + x3 + x2 < 1. Tim gid tri I6n nhét va gia tri nhd nhit ctia biéu thiic

A= (x1—2x2 + x3)% + (X2 — 2x3 + x4)* + (X2 — 2x1)% + (x3 — 2x4)°.

Baitap 2.8. (Viét Nam MO 2002) Cho x, y, z 1acéc s6 thuc thoa man diéu kién x> +y% 422 = 9.
Chiing minh ring

2x 4+ y +z)—xyz < 10.
Bai tap 2.9. (Viét Nam MO 2008) Cho x, y, z la cac sb thuc khong am, d6i mot khac nhau.
Chitng minh rang ta c6 bét ding thic

GV A — ]>4
=y =27 (-0’17

(xy +yz + ZX)[

Hoi dau bang xay ra khi nao ?

Vi nhitng bai todn & phd thong, ké ca cac bai todn thi hoc sinh gidi cic cip, céc kién thiic giai
tich mot bién 1a di dé xt ly. Tuy nhién, d€ c6 mot géc nhin téng quét hon, d€ gidi thiéu nhiing
nét dep clia todn cao cip, chiing ta c6 thé gidi thidu véi cac em mot cich so luge vé gidi tich
nhiéu bién, phuong phap nhan tif Lagrange. DAy ciing 1a phuong phdp dé€ sang tao cic bai toan
méi, ki€m tra cac két qua so cip khdc.

Luu ¥, viéc gidi thiéu cdc kién thiic nay cho déi tugng nao, & miic dé ndo va nham muc dich gi la
diéu hét sitc phdi cdn nhdc.

Nguyén ly Fermat c6 thé mé rong sang trudng hop nhiéu chiéu ma khong c6 thay ddi gi dang ké.
Dé tim cdc gid tri cuc tri ctia hAam f(x), trong d6 x = (x1, X2, ..., X,) € R”, ta tim cic diém
dung tu hé phuong trinh

) =06 fi(x1. % ... x) =0 (j=1.2,....n),
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c6 sb phuong trinh bang s6 4n sd.

Sau d6 ta st dung dinh ly Weierstrass (dinh ly ton tai), thay doan [a, b] bing tip compact A —
tap déng va bi chin - trong khong gian R”. Péng & dy c6 nghia 12 né chia tit ca cac diém gidi
han cua no.

Tuong tu nhu trong trudng hop mot chiéu, ta cling gip vin dé tim cac gia tri cuc tri trong mot
mién mé. B& dé dudi day gitip chiing ta xt Iy mot s6 trudng hdp nhu vay.

B6 dé 3.1. Néuham sé f : R" — R lién tuc va f(x) — +oo khi

x| = \/xf +x2 4+ x2 = +o0,
thi né dat dugc gid tri nhé nhdt trong R".

Vi du 3.1. Trong cdc tam gidc néi tiép trong mot duong tron cho trude, hdy tim tam gidc cé dién
tich l6n nhat.

L&i gidi. S dung dinh ly Weierstrass vé su ton tai ctia gid tri 16n nhat va gid tri nhd nhit cia
mot ham lién tuc xdc dinh trén mot compact, ta suy ra tam gidc A¢ByCy v6i dién tich 16n nhét
ton tai. St dung 1y luan hinh hoc quen thudc, ta suy ra tam gigc Ao BoCy nay phéi déu. [l

Vi du 3.2. Cho a, b, ¢ la cdc sé thuc théa man diéu kiena > b > c,a < 5,a+b < 8,
a + b+ c = 10. Tim gid tri 6n nhdt cia P = a* + b* + ¢2.

Loi gidi. Két hop cac diéu kién ta suy ra cdc bo (a, b, c) thda man diéu kién dé bai nam trong
mot tip dong, bi chin (mot hinh phang thudc mit phing a + b + ¢ = 10). Suy ra tdn tai diém
(a, b, ¢) sao cho P 16n nhit, nhitngdoa + b < 8nénc > 2.

N/éua <5 Vég < b thi dét/m = min(5 —a, b — ¢), ta thay (a, b, ¢) bang bd (a', b, ¢') véi
a =a+m,b =b—m,c =cthitaco
AP =@ m)?+ (h—m)? 2
=a’>+b*+c*>+2m* +2(a—b)m
> a® + b* + %
Diéu nay mau thuin. Vay ta phai c6 a = 5 hodc b = c.
e Néua =5thib+c=5va
22+ =b+c)’+b—-c)?=254+((b—-c)> =25+ (5-2¢)°.
Doa—l—b<8nénc22.Suyra0<5—2c<l.TfId()suyra2(b2—l—cz)<25+1,suy

rab? + ¢? < 13, suy ra
a’? +b* + ¢ < 38.

P 5
° NéubzcthidoaéSnénc}E.Tac()

10\> 100
a2+b2+c2:(10—26)2+2c2:6c2—4Oc+100:6(c_?) =
5 10 )

Do—-<c¢< —,néntacd
3 3

10\> 100 5 10\* 100 75
6lc——) +—<6[>2-——) + — =" <38
3 3 3 3 3 2

121



Tap chi Epsilon, S6 05, 10/2015

Vay gid tri 16n nhat can tim 12 38. O
Vi du 3.3. (Dinh Iy co bdn cua dai s6) Mét da thite khong dong nhdt hang sé véi hé sé phite bt

ky luén luon co nghiém phiic.

Loi gidi. Xét mot da thifc bat ky p(z) va xét dai luong | p(z)| nhu mdt ham cda hai bién sb
thuc x va y, trong d6 z = x + iy. Theo bd dé 3, ham s nay dat gid tri nhoé nhét tai mot diém
2o = (X0, ¥o). Khong mit tinh tdng quat, bang cach di bién sb, c6 thé gia st zo = 0. Gia st
rang tai diém nay ham s6 p(z) khong bing 0. Goi k 1a sb nguyén duong nhd nhit sao cho hé s
ctia z¥ trong da thiic khac 0. Khi d6

p(2) =ag+apz¥ +---+a,z", k> 1, ax # 0.

Ngoairaag # 0 viag = p(0) = p(z9) # 0. Bay gio ta 14y mot nghiém phifc u ctia phuong
trinh ag 4 axz*® = 0, tic 1a mot trong nhitng cin phic béc k cia —aoa,;I. Ta cé

|p(tw)| = lao + axt*u* + o(t*)| = |(1 = F)ag + 0(t")| < ag = p(0),

v6i t > 0 di nhd. Mau thuén vi theo gia thiét, zy = 0 1a di€ém ham s6 dat gia tri nhd nhét. Pinh
ly dudc chiing minh. [

Vi du 3.4. (Dé thi chon déi tuyén truong PTNK ndm 1999) Cho x, y la cdc s6 thuc thod mdn
diéukien 0 < x, y <2val < x + y < 3. Tim gid tri l6n nhdt va gid tri nhé nhdt ciia

A=x*+y*+xy—3x—3y.

Loi gidi. Him sd f(x, y) = x* + y? + xy — 3x — 3y kha vi va lién tuc trén compact D xdc
dinh bdi cic bat dang thic & d& bai (D 1a mot hinh luc gidc !) vi vay f(x, y) dat gia tri I6n nhét
va gia tri nhé nhit trén D. C4c gid tri 16n nhét va gid tri nhd nhét nay s& dat dugc tai cac diém
dung va trén bién cua D.

Hé phuong trinh tim diém diing c6 dang

2x+y—-3=0
2y +x—-3=0

c6 nghiém duy nhat (x, y) = (1, 1). Gia tri tai diém nay f(1,1) = =3.

e Trénbien x = O0val < y < 2,tacd f(x,y) = y*> — 3y c6 gia tri 16n nhit 1a
—2 dat tai (0, 1), (0, 2), c6 gia tri nhd nhit 1a —% dat tai (O, ;) Tuong tu trén bién
y=0,1<x<2.

e Trénbitnx =2va0 <y <1,tacod f(x, y) = y> —y — 2, c6 gia tri 16n nhat 1a —2 dat
tai (2, 0), (2, 1) va gid tri nho nhét 1a —% dat tai (2, %) Tuong tu trén bién y = 2 va
0<x«l.

e Trénbiénx +y =1,0< x < ltacod f(x, y) = x> —x — 2 co gia tri 16n nhat 1a —2

. 9 11
dat tai (0, 1) va (1, 0) va gia tri nho nhat la —2 dat tai (5, §)
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e Trénbién x + y =3val < x <2,tacd f(x, y) = x? — 3x c6 gia tri 16n nhat 1a —2
. 9 33
dat tai (1, 2), (2, 1) va gia tri nho nhat 1a ~1 dat tai (5, 5)

Tur d6 gid tri 16n nhét cia f la —2 dat tai cac dinh cta hinh luc giac (0, 1), (0, 2), (1, 2), (2, 1),
(2, 0), (1, 0) va gid tri nhd nhat 12 —3 dat tai diém (1, 1). O
Nhan xét. Vi cac compact c6 thé dudc md ta bang cac bat dang thiic hoic cac dang thiic (vi du hinh ciu
x2 + y2 + z2 = 1) nén céc bai toan cuc tri trén compact c6 thé quy vé bai todn cuc tri c6 didu kién. Véi

nhiing bai todn nay, chiing ta sé st dung phuong phép nhan tit Lagrange dé tim 16i giai.

Ta gi6i thiéu noi dung phuong phéap nay thong qua trudng hop bai ton cuc tri nhiéu bién véi mot
diéu kién rang buoc:

Dé tim cuc tri cua ham so f(xy, X2, ..., Xp) VOi diéu kién rang budc g(x1, X2, ..., X5) =0,
ta xet ham

F(A, x1, X2, ..., Xn) = f(x1, X2, ..., Xp) + Ag(Xx1, X2, ..., Xp).
Sau do ta tim cuc tri ciia F. Chii ¥ rdng cdc diém cuc tri nay déu thod man diéu kién
g(x1, X2, ..oy xp) = F'AA, X1, X2, ..., Xp) =0,
nén sé la cuc tri cua fvoi diéu kién rang budéc g(x1, Xa, ..., X,) = 0.
Vi du 3.5. Tim gid tri gid tri nhé nhdt ciia ham sé f(x, y) = 5x* 4+ 2xy + 3y? vdi diéu kién
g(x, y) = 7x* +2xy + 4y*-3 = 0.
Loi gidi. Xét L = f(x, y) + Ag(x, ¥). Pao ham theo cic bién x va y, ta dugdc

10x +2y + A(14x +2y) =0
2x + 6y + A(2x +8y) =0
Tir ddy tinh A tif cdc phuong trinh rdi cho bing nhau, ta dugc

10x +2y 6y + 2x
14x +2y 8y +2x’

Tur d6 suy ra Y _ {—1, 2}. Thay vao phuong trinh g(x, y) = 0, ta tim dugc mot s6 diém “nghi
X

vdn” ctia cuc tri. Tinh céc gia tri cia ham s6 f tai cdc diém nay, ta thu dudc gid tri nhd nhét dat

tai cac diém
I 1 I 1
wn={(-53) G5

Tir d6 dan dén két luan ctia bai toan. N

Cubi cling ta dung dén dinh Iy vé su ton tai gid tri nhd nhit (g(x, y) = 0 1a phuong trinh clia
mot ellip, vi thé 12 compact).
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n
Bai tap 3.1. (Bai todn vé Entropi cuc dai) Véi n sb duong xi, x3, ..., X, sao cho Z Xr, tim
k=1
n
gi4 tri nhd nhét cia tdng Z xx In(xx). (t6ng nay vé6i dau trir dude goi 1 entropi).
k=1
Bai tap 3.2. Tong cha 5 sb thuc bang 1, tong binh phuong clia chiing bang 13 thi gia tri nhd nhét

ctia tong 1ap phuong cia chiing bang bao nhiéu ?

Bai tap 3.3. Tong ctia 5 s6 thuc bang 1, tdng binh phuong ctia ching bang 11 thi gia tri 16n nhét
ctia tong 1ap phuong cia ching bang bao nhiéu ?

Vi du 3.6. (Chon doi tuyén Viét Nam 2001) Cho x, y, z la cdc s6 thuc duong thod man diéu
kién 2x + 4y + 7z = 2xyz. Tim gid tri nhé nhdt ciia biéu thitc x + y + z.
Loi giai. Xét
L=x+y+z+A2x+4y +7z—2xyz),
khi d6 hé phuong trinh L, = L, = L, = 0 c6 dang
1+A2—-2yz) =0

1+ A(4—-2zx)=0
1+ A(7—-2xy) =0

Tu day ta tim dudc

1

2yz =24 —

yz +)L

2 4—|—1

X = —

A

2 7+1

Xy = -

Y P

Miit khéc, diéu kién x + 4y + 7z = 2xyz, c6 thé viét lai thanh

2 4 7

= 1.
2yz * 2zx * 2xy

Thay céc biéu thiic vira tim dudc & trén vao, ta tim dudc

22 N 4 N 7 _
2041 4r+1 TA+1

Bién d6i tuong duong, ta dugc phuong trinh

11213 + 50A%-1 = 0.

1 —AEV2
Phuong trinh nay c6 cac nghiém A = 3’ A= 7 (loai vi dan dén yz < 0). Tur dé ta c6
2yz =10
2zx =12
2xy =15
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o 5 X . ° ., . 2 A 2
Tu day tinh duge diem dung 1a (x, y, z) = (3, o 2). Su ton tai cua gia tri nho nhat duge dam
o N 5 A N N A ., . 2 A
bao bdi bo deé 3, do do (3, x 2) chinh Ia diém ma ham so dat gid tri nho nhat. O

Bai tap 3.4. Cho a, b, ¢ 1a cic s6 thuc duong cho trude va x, y, z 1a cac sb thuc duong thay
ddi thod man diéu kién xyz = ax + by + cz. Chiing minh ring

2bc 2ca 2ab
x+y+z2= b+C+7+ C+Cl+7+ Cl+b+7,

trong d6 d 1a sb thuc duong xac dinh bsi phuong trinh

a b c

= 1.
atd b+d ctd

Vidu 3.7. Tim diém P ndm trong tam gidc sao cho téng cdc ty sé do dai cdc canh trén khodng
cdch tic P dén cdc canh nay dat gid tri nhé nhat.

Loi gidi. Goi a, b, ¢ 1a dd dai cc canh ciia tam gidc va x, y, z 1a khodng céach tit P dén cic
canh tuong ting. Ta cAn tim gid tri nhd nhét ciia ham s6

a b ¢
f(x,y,z)=—+—+—.
X y z

Trong d6 céc dai luong x, y, z lién quan v6i nhau thong qua dién tich tam gidc. N&i P véi cac
dinh tam gidc, ta dudc ba tam gidc con tdng dién tich bing dién tich S ctia tam gidc. Nhu vay

ax by cz
S=—+ =+ —.
2 + 2 + 2

Ta co bai toan:
a b ¢ )
f(x,y,z)=—4+—+ — — min
X y z
ax +by +cz =28

Lap nhan t& Lagrange
a b ¢
LA, x,y,z2)=—+—+—+Alax + by +cz—-25).
X y z

Hé phuong trinh tim di€ém ding c6 dang

—%—i—/lazo
X

b
——+Ab=0
y

C )& .
—;—F c=0

Tir day suy ra ngay rang x = y = z. Tidc 1a P cach déu cic canh clia tam giac. Suy ra P 1a tim
dudng tron ndi tiép tam gidc. O
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Vi du 3.8. (Bdt dcfng thitc Holder) Cho X1, X», ..., X, la cdc so thuc duong va P, q la cdc 5O
duong thod man diéu kién — + — = 1. Chitng minh rdng ta cd bdt ding thitc
V22|

n n % n é
> s =(0t) (3]
L&i giai. Do tinh thuin nhit, ta chi can chiing minh riang néu

n n
doxl=1) yl=1 (1)
k=1 k=1
thi
n
Zka’k =1
k=1

n
Ta can tim gia tri 16n nhét clia Z Xk Yk V6i diéu kién rang budc (1). Xét nhan tit Lagrange
k=1

n n n
L= Xkyx —I-)L<Zx,f— 1) +M(Zy,3 — 1).
k=1 k=1 k=1

Hé phuong trinh tim di€ém ding c6 dang

1

yi+Apx— =0,i=1,...,n

X +upy?t=0,i=1,...,n

Viét n phuong trinh dau tién dudi dang y; = (—Ap)x/ -1 14y 1uy thira g rdi cong lai vé theo Vé,
v6i chi ¥ ring (p — 1)g = p,tasuyra—Ap = 1, suyray; = x”~ . Pay la diém dimg va la
n
diém ham s6 Z Xk vk dat gid tri 16n nhat. Nhung 16 rang gi4 tri 16n nhat nay bang 1 nén ta c6
k=1
diéu phai chiing minh. O

Cubi cling, ching ta sé binh luin 15i giai cia mot sd bai toan bat dang thic dudi géc nhin ciia
todn cao cap.

Vi du 3.9. (British MO 1986) Cho x, y, z la cdc 50 thuc thod man diéu kienx +y+z=0va
x% + y? 4 z? = 6. Tim gid tri I6n nhdt ciia biéu thiic

F = x%*y 4+ y*z 4+ z%x.

L&i gidi. Bai toan nay c6 kha nhiéu céch tiép cin khic nhau. Néu dung phuong phap ham s, ta
c6 thé rit z = —x — y thay vao va dua vé bai todn hai bién:

Cho x* 4+ xy + y? = 3, tim gid tri I6n nhdt ciia
F =x43x%y —y>.
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Sau d6 bién ddi diéu kién thanh 3(x + y)? + (x — y)? = 12 dé dat
X+ y=2cos¢, x—y = 2\/§cos¢,

va dua bai todn vé ham mot bién.
Phuong phdp ham s6 ciing c6 thé dudc giai theo mot cach khac dep dé hon dudc huéng dan trong
bai tap 25. Du6i déy ta trinh bay mot cach giai tuyét dep st dung bat dang thiic Cauchy-Schwarz.
Ta viét

3F = x(2xy + z%) 4+ y(2yz 4+ x?) + z(2zx + y?). (2)
Tt d6, ap dung bét dang thiicCauchy-Schwarz, ta c6

IF? < (x* + y* 4 22)[(2xy + 22)% + Q2yz + x?)* + (2zx + y?)?]
= 6[x4 + y4 + 24+ 4(xzy2 + y222 + szz) +4xyz(x +y + 2)]
= 6[(x* + y> +2°)* + 2(xy + yz + zx)?]
=636+ 18) =36-9.

Suy ra F < 6. Phan d4u bang xay ra xin danh cho ban doc. O
O day 16i giai ct nhu 1a tit khong khi vy ! Sau it phiit trin tinh, ta bat ra cau héi: Lam sao cd thé’
biét ma tdach 3F nhuw & (2) dé'dp dung bdt ding thitc Cauchy-Schwarz ?
Thuc ra, diéu nay khong hoan toan md mam va may man. Ta thi 1y gidi 16i giai nay dudi goc
nhin toan cao cp, néu ap dung phuong phdp nhan ti Lagrange cho bai todn tim gid tri 16n nhét
ctia ham F véi diéu kién rang budc

X+y+z=0 x>+y>+z2=6. (3),
Ta s€ xét ham

Fx,y,z, A, ) =x2y +y2 2+ 22x + A(x + y + 2) + u(x* + y> + 22— 6).

Ta c6 hé tim diém ding, ngoai hai phuong trinh (3) sé con céc phuong trinh

2xy + 22+ A +2ux =0
2yz + x4+ A +2uy =0
2zx + Y2+ A 4+2uz =0

Tét nhién ta chi xét xyz # 0, cong ba phuong trinh nay lai véi chi y x + y 4+ z = 0 ta dudc
A =0, va dudc

2xy + 2% 2yz4x*  2zx4y?

X B y B z B

2. (4)

Tuy khong thé giai ra dudc cu thé cdc nghiém x, y, z nhung néu d€ y ching ta c6 thé thay (4)
chinh 1a diéu kién xdy ra dang thic clia bat diang thitc Cauchy-Schwarz va diéu d6 1y giai tai sao
ta lai thanh cong khi tach 3F trong (2) va dp dung bét dang thiic Cauchy-Schwarz nhu & trén.

Vi du 3.10. Gidi vi du 18 theo so dé sau:

(a) Chitng minh rang x, y, z € [-2, 2].
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(b) Pdtt = xyz va tinh t theo x, ti dé tim mién gid tri clia t.
(c) Pt G = xy? + yz%2 + zx?. Hay tinh tong F + G vatich F - G theo t.

(d) Tir do suy ra cong thiic tinh F theo t. Sé co hai gid tri cho F nhu nghiém cua mét phuong
trinh bdc 2.

(e) Tim gid tri 6n nhdt F (khi tim gid tri lon nhdt, ta sé ldy nghiém vdi ddu +).

Vidu3.11. Vdin > 2vaxy, Xa, ..., Xy VA Y1, V2, ..., Yp la 2n s6 thuc thod mdn diéu kién

Xn:af =1, Xn:b,? =1, Xn:a,-b,- = 0.
i=1 i=1 i=1

Chitng minh rang (Z a,-) + (Z b,-) =n.
i=1

i=1
Loi giai. Bat dang thic kha khé chiu nay c6 mot 15i giai hét siic ngan gon va 4n tuong. Dt
n n
A=) "a;. B = b;. Khid6khai trién bt déng thiic hién nhién
i=1 i=1
(1— Aa; — Bb;)* >0,
ta dudc
1 —2Aa; — 2Bb; + 2ABa;b; + A*a? + B*b} > 0.

Cho i chay tir 1 dén n rdi cong cic bat dang thiic lai vé theo V&, chi y ring

Xn:af =1, Xn:bf =1, Xn:aib,- =0,,
i=1 i=1 i=1

ta dudc

A’ + B*> <n,
chinh 12 diéu phai chiing minh. 0
Du6i géc nhin clia todn so cap thi khé c6 thé gidi thich dugc tai sao ching ta lai nghi ra dugc 10i
giai nay, tai sao lai biét d€ binh phuong cac dai lugng 1 — Aa; — Bb; rdi cong lai ? Ching ta s&

lai phdi d6 cho “kinh nghiém, éc phdn dodn” hay “nhay cdm todn hoc” ... Toan cao cap sé gitp
chung ta giai thich dugc 16i giai doc ddo nay :

Xét bai todn tim gid tri [6n nhdt ciia ham sé
fla.b) = (Zai) + (Z b,-) ,
i=1 i=1
n n n
Véi cdc diéu kién rang budc Zaiz =1, szz =1, Zaibi =0.

i=1 i=1 i=1
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Lap nhan t& Langrange

n 2 n 2 n n n
L=(Za,~) +<Zb,~) +/\(Zai2—l)+n(be—l)+u2aibi.
i=1 i=1 i=1 i=1 i=1
Céc phuong trinh tim di€ém ding c6 dang

244 2Aa; + ub; =0,i=1,2,...,n
2B +2na; + ub; =0,i=1,2,...,n

Tir hé nay, néu 41n — u? £ 0, thi tit ca cic a; bang nhau va tit ca cic b; bang nhau. Diéu nay
khong thé xay ra. Do d6 ta phai c6 4An — u* = 0. Liic nay, d€ hé c6 nghiém, ta lai phai c6

A 20 2u
B u 2n
Ngoai ra, ta co

n n
0= Za,-ub,- = Za,-(—2A — 2/\61,’) = —2A2 —2A.
i=1 i=1
Suyra2A = —2A4% va u = —2AB. Tir d6 ta c6 diéu kién 1 — Aa; — Bb; = 0. Nhu vay tai diém
diing ta c6 céc hé thiic 1 — Aa; — Bb; = 0 va day chinh 1 co sé dé ta “manh dan” thuc hién céc
phép binh phuong néi trén.

Vi du 3.12. (IMO Shortlist 2007) Cho ay, as, ..., ao la cdc sé thuc khong dm thod man diéu
kién ai + a5 + -+ + asyy = 1. Chiing minh rdng

2 2 2 12
ajaz +a; +az +---+a;00%a; < 7
100
Loi giai. Pat § = Z a,zcakﬂ (nhu thudng 18, ta xét cac chi sb theo modulo 100, tic 1 ta dit

k=1
aipor = di, d1o2 = az)-

Ap dung bit dang thiic Cauchy-Schwarz cho cic day (ax41) va (aj + 2ak41ax+2) va sau d6 1a
bét dang thiic Cauchy cho cdc sd a,%le va aiﬂ.

Ap dung céc ddnh gia hién nhién sau

100 100 2
4 2 2 2 2 2
Z (@) +2apai iy +2a3a5,5) < (Z ak) ,

k=1 k=1

va
100 50 50
2 2 2 2
Zakak+l = (Z“zi—l) (Zaﬁ)’
k=1 i=1 i=1
ta thu dugc

100 2 50 50 50 50 2
<ss>2§(2a,z) +4(za;_l)(2a;)fl+( +z) >
i=1 i=1 i=1 i=1 i=1

129



Tap chi Epsilon, S6 05, 10/2015

Tur do

>[5

12
S < ~ 0.4714 < — = 0.48.
25

Ta c6 diéu phéi chiing minh. O
O day, cac budc bién d6i va danh gia déu dé hiéu, mic du phic tap hon vi du trude. Tuy nhién,
cling nhu & 16i giai cta vi du 16, viéc tach

100

38 = Zak+1(a]% + 20k 410k +2)
k=1

kha kho hiéu va thiéu ty nhién. Piéu nay sé trd nén dé& hiéu hon néu ta 4p dung phuong phap
nhan tif Lagrange va thy ring gia tri 16n nhét ctia biéu thiic dé bai dat dudc tai cdc gid tri clia ai
thod man hé phuong trinh aj_, + 2axax+1 = 2Aax véimoi k = 1, 2, ..., 100. Chinh su ty 1¢
tai diém cuc tri gitp chiing ta manh dan st dung bat dang thifc Cauchy-Schwarz dé danh gia.

Bai tap 3.5. (IMO Shortlist 1995) Véi a, b, ¢ 1a cac s6 thuc duong cho trudc va x, y, z la cac
s6 thuc duong thay d6i thod man diéu kién x + y + z = a + b + c. Tim gid tri 16n nhét ctia
biéu thiic

dxyz — (a®x + b%y + c?z2).

Bai tap 3.6. (IMO 1984) Cho x, y, z 1a cac s6 thuc khong 4m c6 tdng bang 1. Ching minh bét
déng thic

7
05xy+yz+zx—2xyzfﬁ.

[1] J.Brinkhouse & V.Iu.Protasov, Ly thuyét cuc tri qua cdc vi du don gidn, Tap chi “Truyén bd
todn hoc” s6 9 nim 2005, trang 32 — 55.

[2] Nguyén Vin Mau, Bdt ddng thiic - Pinh Iy va dp dung, Nha xuét ban Gido Duc, 2006.

[3] Poan Quynh chu bién, Tai liéu gido khoa chuyén todn 11, 12, Dai s6 va Gidi tich, Nha xuét
ban Giao duc 2011, 2012.

[4] V.Tikhomirov, Cdc cdu chuyén vé maximum va minimum, Nha xuit bAn MCCME, 2006.

[S] The Vietnamese Mathematical Olympiad (1990 — 2006) Selected Problems, Education
Publishing House, 2007.

[6] Cac ngudn tai lidu trén Internet, cac tap chi Kvant, Todn hoc va Tudi tré, dé thi Olympic
Toan céc nudc, dé thi Pai hoc 2008.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

THANG DU BAC HAI MODULO M

Nguyén Hong Lt - Truong THPT Chuyén Luong Thé Vinh - Dong Nat

LOI GIOI THIEU

Cic s6 k-phuong (mod p) trong d6 p 1a sb nguyén td déng vai tro cuc ki quan
trong trong trong 1i thuyét s6. Cac sb6 k— phuong da dudc gidi toan hoc quan tim
nghién cifu tir xa xua, dic biét 12 tir thé ky 17 cho dén nay da c6 rat nhiéu cong trinh
1i thuyét s6 nghién cttu vé tinh chét va ting dung ctia s6 k-phuong.

Dinh nghia 1.

e S6 k-phuong (mod m): Cho s6 nguyén duong m; m > 2 va sé nguyén a sao cho
(a,m) = 1. Néu ton tai sé tu nhién x sao cho: x* = a (mod m) thi ta néi a la sb
k-phwong module m hay néi: a la sé liiy thita bdc k theo module m, ciing cé nguoi noi: a
la thang du bdc k cia m.

o S6 chinh phuwong mod m: Cho sé nguyén duwong m > 2 va sé nguyén a sao cho (a,m) = 1.
Néu ton tai s6 tw nhién x sao cho x* = a (mod p) thi ta ndi a la sé chinh phwong module
m (ciing noi a la thang du binh phuong cia m)

S6 k—phuong module nguyén t6 don gian va hay gip nhét chinh 1a s6 2-phuong module nguyén
t6 ma trong ngdn ngit 1 thuyét s ta goi 1a thing du bac hai theo module nguyén tb hay sé chinh
phuong mod p nguyén té.

Cho s6 nguyén m, cho s6 nguyén t6 18 p:
e Néu phuong trinh x> = a (mod p) c6 nghiém nguyén thi ta néi a 1a sé chinh phuong
module m (cling ndi a la thang du binh phuong cua m).

e Néu phuong trinh x> = ¢ (mod p) khong c6 nghiém nguyén thi ta néi a 1a sb phi chinh
phuong module m (cling ndi a khong phai la thang du binh phuong cta m).

e Néua = 0 (mod m) thi ta néi: a khong phai 1a s6 chinh phuong module m, dong thdi a
khong phéi 1a s6 phi chinh phuong module m.

Ki hiéu:
+) aQRp: a la sb chinh phuong module p (viét tit chit quadratic residue)
+) aNRp: a la s6 phi chinh phuong module p (viét tat chit quadratic nonresidue)

Vidu 1.1. e Vi5% =4 (mod 7) nén: 4 la sé chinh phwong module 7 hay 4QR7
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e Vi5* =3 (mod 1)1 nén: 3 la sé chinh phwong module 11 hay 3QR11

o Via®? # 2 (mod 3) vdi moi s6 nguyén a nén: 2 la sé phi chinh phuong module 3 hay
2NR3.

e Vib% % 3 (mod 7) vdi moi sé nguyén b nén: 3 la sé phi chinh phuong module 7 hay
3NR7.

Dinh 1i sau dy cho ta mbi quan hé trong phép nhén clia cic thing du bac hai (mod p)
Dinh Iy 1.1. Cho p la s6 nguyén t6 1é. Ta co:

o Néu: aQRp va bORp thi abQRp
e Néu: aQRp va bNRp thi abNRp
e Néu: aNRp va bNRp thi abQRp
Mot cach tong quat: Tich hai s6 cuing chinh phuong hoic cling phi chinh phuong module p

s& cho ta mot s6 chinh phuong module p. Tich ctia mdt s6 chinh phuong va mot sb phi chinh
phuong module p sé cho ta mdt s phi chinh phucng module p.

Chui y: Ban thiy dinh li nay giéng v6i phép nhan diu 4m (-) v6i diu duong(+) trong dai so: hai
s6 cling dAu thi tich 1a s6 duong; hai sb trai dAu thi tich 1 s6 Am!

Nhan xét: Ta c6 a QRm < (a + m)QRm: Diéu nay cho ta thly: Néu mot phan i clia 16p thing
du modulo m 12 s6 chinh phucng modulo 7 thi moi phan i ctia 16p d6 ciing 1a thing du modulo
m.

Vi du 1.2. Vdi modulo béing 7: mét sé nguyén té 1é. Ta co:

+) Tdp hop cdc s6 {1;2; 4} la 3 s6 chinh phuong module 7
+) Tdp hop cdc s6 {3;5; 6} la 3 s6 phi chinh phiwong module 7.

Nhén xét: c6 = 3 cho mbi loai.

Vi du 1.3. Vdi modulo bing 13: mét sé nguyén té 1é. Ta co:

+) Tdp hop cdc s6 1;3;4;9;10; 12 la 6 sé chinh phuwong module 13
+) Tdp hop cdc $62:5:6:7:8: 1110 6 56 phi chinh phuong module 13.

Nhan xét: c6 = 6 56 cho mdi loai.

Tir cac vi du 2, vi du 3 ta di dén dinh 1i sau:

Dinh Iy 1.2. Néu p la s6 nguyén té 1é thi trong tdp 1,2, ..., p — 1 s6 cdc thing du binh phicong

ciia p bang soé cdc sé khéng phdi la thing dw binh phuong cia p va bdang P
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Chiing minh. D€y ring: k* = (p —k)? (mod p), nén trong tap hop {1%2%;...; (p — 1)*} 6

—1 \ . —1
P cap dong du (£ 0 ) v6i nhau theo mod p. Cho k chay tir 1 dén P

ta dit k2 = ay

(mod p) va a thudc tap hop {1;2;...; p — 1}, nhu vay la co P s6 chinh phuong mod p.

—1
Ta sé ching minha; #a; véil <i # j < pT That vay (phan ching):
—1
Giastcol <i # j < meéai =a;;khid6i? = j* (mod p) = (i — j)(i + j) chia
hétcho p, mai 4+ j < pnénsuyrai — j phai chia hét cho p = i = j: diéu nay mau thuin

V(’jilfi;éjfp%.

s6 chinh phuong mod p va P

Vay trong tap {1;2;...; p — 1}c6 ding p s6 phi chinh

phuong mod p. 0

Dinh Iy 1.3. Néu p la sé nguyén t6 1é va p khong la wéc sé ciia a thi phuong trinh x> = a
(mod p) hodic vé nghiém hodic c6 hai nghiém khéong dong du theo mod p.

Chimg minh. Nhan thdy rang: Néu x = b (mod p) la nghiém clia phuong trinh x> = a
(mod p) thi x = —b (mod p) la nghiém cta phuong trinh x*> = a (mod p). Néu I6p thing du
[b] (mod p) trung véi 16p thing du [—b] (mod p), suy ra b — (—b) phai chia hét cho p, hay 2b
chia hét cho s6 nguyén t6 18 p, do d6 b chia hét cho sb nguyén t6 1é p (1).

Mit khic b = a (mod p) (2).

Tir (1)va(2) ta suy ra a chia hét cho p: diéu nay trai gia thiét! O

Cho s6 nguyén t6 18 p va a 1a s6 nguyén:
e Néu a 1a s6 chinh phuong module p thi ta ki hiéu: (ﬁ) = 1.
p
e Néu a khong phai 12 s6 chinh phuong module p thi ta ki hiéu: (ﬁ) = —1.
p

e Ncu sO nguyén to p la udc so cua a thi ki hiéu (—) =0
p

Tinh chit 2.1. Vgi moi s6 nguyén 16 p (1€ hay chdn) ta luén co: (—) =1
p
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Tinh chat 2.2. Cho s6 nguyén 16 1é p. Néu: (a, p) = 1; (b, p) = 1 vaa = b (mod p) thi:

5)-()
p r)
Vidu 2.1. Xét xem s6 2014 ¢6 phdi la mét sé chinh phiwong modulo 7 hay khéng?

) 2010 1
Chiing minh. Tacd: 2010 = 1 (mod 7) nén theo tinh chat 2 ta cé: (T) = (?) ; ma theo

) 1 2010 )
tinh chat 1 ta c6: (?) = 1. Vay (T) = 1 hay 2014 1a mét so chinh phuong modulo 7 [J

Tinh chit 2.3. Cho p la s6 nguyén t6 1é: Véi moi sé nguyén a,b ta luén co:
(5)-G)G)
p p)\p
(Piéu nay noi lén: Ki hiéu Lagrange cé tinh chdt nhdn)
) ) ) a?
Hé qua 2.1. Vdia € Z ; p la s6 nguyén to: a khong chia hét cho p ta luén co: (—) = 1.

p

Vidu 2.2, Xét xem s6 125 ¢6 phdi la mot sé chinh phuong modulo 41 hay khéng?

. : ) . . " (125 4 .
Chirng minh. Ta c6: 125 = 4 (mod 41) nén theo tinh chat 2 ta co: )=\ ; ma theo
i . [ 4 22 . 125 o
tinh chat 3 ta co: a)=\a) = 1. Vay suy ra: )= 1 hay 125 Ia mot so chinh phuong
modulo 41. [

. a" a\” .
Hé qua 2.2. Néu: (a, p) = 1 thi (—) = (—) (vdi n la so nguyén duong tuy y )
p p

Vi du 2.3. Xét xem s6 75 c6 phdi la mét sé chinh phuwong modulo 97 hay khéng?

) 75 3.5 3\ (5>
Chitng minh. Tacé: 75 = 3.5 nén theo tinh chit5tacé [ — | = [ =— | = | = |[ =
97 97 97 J\ 97
N ) 52
(1), dé y rang theo tinh chat 3 ta co (ﬁ) =1(2).
3
Tacé 10> = 3 (mod 97) nén (ﬁ) =1(3).
< 75
Tu (1),(2),(3) ta suy ra 57 =1 ]
Tinh chit 2.4. (Euler’s Criterion) Vi moi s6 nguyén a khong chia hét cho sé nguyén 16 1é p ta
luon co: (ﬁ) =a'7 (mod p).
p

Suy ra Tiéu chudn Euler: a la thing du bdc hai mod p < "7 =1 (mod p)
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Tinh chit 2.5. (Tinh chdt nay goi la ludt twuong hé Gauss hay ludt thudn nghich binh
phuong): Véi hai s6 nguyén t6 1é p, q phdn biét ta luén co:

(2)_(2) _ (-1 E
q p
Ludt nay co thé'viét: (2) = (—l)pzlqz_l(g)

q p

Hé qua 2.3. o Néu mot trong hai sé nguyén té 1é p,q cé dang 4k + 1 thi: (2) = (2)

q p

o Néu cd hai sé nguyén t6 Ié p, q ¢ dang 4k + 3 thi: (2) = _(2)
q P

Vi du 2.4. Xét xem 13 c6 phdi la s6 chinh phwong modulo 17 hay khéng?

Chiing minh. Theo luat tuong hd ta co:

13 oz (17
(7)== (5)
13\ (17
(7)=(%)

17
22=17 (mod 13) = (E) = 1.

hay:

mat khac ta co:

< . , (13
Tudo, tacod: | — ) = 1. O]
17

p2—1

y . . 2
Tinh chat 2.6. Cho p la so nguyén to lé; ta co: (—) =(-1) & .
p

Tinh chat 2.7. Cho p la sé nguyén 16 1é; ta co:

3)-co

Tit c4c tinh chét trén ta c6 thé chiing minh dugc cdc ménh dé quan trong sau day:
e T1: 112 sb chinh PhUOng modulo p (v6i r/noi s6 nguyén t6 p du chin hay 18)
Chu y: Tu tinh chat T2 dén T12 thi p 1a so nguyén to 1€.
e T2: —11a 6 chinh phuong modulo p < p =1 (mod 4)
e T3: —1 khong 1a s6 chinh phuong modulo p < p = —1 (mod 4)
e T4: 2 12 s6 chinh phuong modulo p < p = £1 (mod 8)
e T5: 2 khong 1a s6 chinh phuong modulo p < p = £3 (mod 8)
e T6: —2 1a 56 chinh phuong modulo p < p = 1,3 (mod 8)
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T7: 3 1a s6 chinh phuong modulo p < p = £1 (mod 1)2

T8: 3 khong 1a s6 chinh phuong modulo p < p = £5 (mod 1)2
e T9: —3 14 56 chinh phuong modulo p < p =1 (mod 6)

e T10: —3 khong 1a s6 chinh phuong modulo p < p = —1 (mod 3)
e T11: 5 1a s6 chinh phuong modulo p < p = £1 (mod 5)

e T12: 512 s6 phi chinh phuong modulo p < p = +2 (mod 5).

B6 dé 2.1. B&'dé Gauss: Cho sé nguyén a, sé nguyén 16 1é p.

—1 = [2ka a

Ta ddatm = p—,’ S = Z |:—:| ta co: (—) = (—I)S.
2 oL p

C6 mbi lién hé nao khong giita s6 chinh phuong modulo p va cin nguyén thily mod p? Cau tra

16i cho béi dinh 1i sau:

Dinh Iy 2.1. Cho sé nguyén t6 1é p. Cho g la mét cdn nguyén thity (mod p). Cho a la mét sé

nguyén. Ta cé: a la s6 chinh phiwong mod p < a = g* (mod p).

Dinh 1i trén suy ra rang: Méi liiy thita bic chan ctia mot ciin nguyén thiy mod p nguyén tb sé 1a

thing du bac hai mod p nguyén t6!

Vi du 2.5. 2 la cdn nguyén thity mod 11. Theo dinh Ii trén ta co: Cdc s6 nguyén: 4; 16; 64;

256; 1024 la cdc s6 chinh phuwong mod 11, bdi vi: 4 = 2°%; 16 = 2*; 64 = 25 : 256 = 28;

1024 = 2'°.

Vi du 3.1. Xét xem s6 6 c6 phdi la mot sé chinh phuong modulo 73 hay khong?

. . (6 2 3
Chimng minh. Ta cé: (—) = (—) (—) (1).
73 73 )\ 73

p £ , 2 7321
Theo tinh chat 8 ta co: (%) =(-1) 8 =1(Q).

) ) < 3
Vi 73 1a s0 nguyén to dang 4k + 1 nén theo luat tuong ho Gauss ta co: (ﬁ)

71 (3): d€ §
_ ,de
3 y
\ (6 S A

Tu (1),(2),(3),(4) ta co (%) = 1 hay 6 1a mot so chinh phuong modulo 73. [

-26
Vidu 3.2. Tinh: { —
73

-26

Chiing minh. Theo tinh chit nhan cta ki hiéu Lagrange c6 (—) = (

)G ”

Vi 73 12 56 nguyén t6 nén theo tiéu chuan Euler c6:

—1 73—1 [ 2 o 73%—1_
()= =n(5) =0 =

136

N 71
rang: 22 = 73 (mod 3) suy ra (?) =1@).

(—1).2.13\
73 )_
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Theo luat thuan nghich binh phuong Gauss (Gauss’s Quadratic Reciprocity Law) ta co:

13\ _ Ly (13) (73
() = (5) = (%)

2 N s A A N ~ a
Mait khac dua vao tinh chat: “Neu: (a, p) = 1; (@, p) = 1 vaa = b (mod p) thi: (—) =
p

b 73 8 23 >
—)”suyra73 =8 (mod 1)3nén [ = |=[—=)=(—=)=|-—=] (hé qua t/c nhan) ; ma
p 13 13 13 13

2 1321 73
(E) =(-1) 8 =-1= (E) = —1.

\®)

Viy c6: (7) = —1. Hay —26 khong la thang du binh phuong modulo 73. [

12
Vidu 3.3. Tinh | —
23

Ching minh. Cach 1: Ta cé
12 223\ (22\(3) _(2)\*(3
23)  \ 23 ) \23/\23)  \23 23

232

Ma(i)z(—l) 5= 1.

23
Theo luat thuan nghich binh phuong Gauss co:

3 31 231 g _ % v 328—1 _
12

Suy ra (5) = 1.
Cach 2: Vi 12 = —11 (mod 23). Suy ra

(5)=(5)-(G)E)

-1 i
ma (2—3) = (—1)2%2 " = _1. Theo luét thuin nghich binh phuong Gauss co:
11 11—-1 23-—1 23 1
=Dz "7z [ Z=Z=)=(=Dl—)=(=D.1=-<1
(35) =" (F) =0 () =0
11
Suyra| — ) =—1. [
23

Vi du 3.4. Xét xem phuong trinh: x> — 103y — 41 = 0 (*) cd nghiém nguyén hay khong?
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Ching minh. Phuong trinh (*) & x? = 41 (mod 1)03: Diéu nay cho ta thiy: D& tra 15i ciu hoi
phuong tinh (*) c6 nghiém hay khong thi ta phai tra 15i ciu héi sd nguyén t6 41 c6 phéi 1a sb
chinh phuong modulo 103 hay khong?

D€ y rang 41 1a s6 nguyén td dang 4k + 1 con 103 1a s6 nguyén t6 dang 4k + 3 nén theo luat

tuong hd Gauss ta co:
41 103
()= (57)
21

) 103
Theo tinh chat 2 ta co (H): (H) (vi 103 = 21 (mod 41)).

()= ()= () (&)

(5)- ()

(theo hé qua cta tinh chét 6). Tuong tu:
T\ (41 (1) 1
41) \71) -
. . (3 7 L[ 41
Nhu vayco: | — ). — ) =1suyraco | — | = 1.
41 41 103

Suy ra 41 s6 chinh phuong modulo 103 nén (*) c6 nghiém. [

Theo tinh chét 5 ta c6

< 41 )
Theo luat tuong ho Gauss ta co: ( ) = (?) ma 41 = —1 (mod 3) nén theo tinh chat 2 ta

co:

Vi du 3.5. Chiing t6 phuong trinh: x* — 59y = 30 khéng coé nghiém nguyén (x; y).
30y (2 3 5
59)  \59)\59/)\59
2 5921 3 3—1 50-1 {59 2
— )= 5 ==I;{=)=D)2z 2 |—=])=CED|=)
(5)= 0 =r(5) = 0= F) = oo (5)
(2 32-1
(vi59 =2 (mod 3)). Ma (g) =(—=1) 8 = —lsuyra: (5—) = 1.

Ta cé: (5—59) = (—1)551'592_1-(5?9) = (5—) = (%1) (vi59 = —1 (mod 5)), ma (%1) -

5
- 3 30
(—I)ST1 = 1 suy ra: (5) = 1. Vay (—) =—1.

Suy ra khong ton tai s6 nguyén m sao cho m? = 30 (mod 59), hay phuong trinh: x2-59y = 30
vO nghiém. [

Ching minh. Ta cé:

ma
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Pit vin dé : Nhu ta da trinh bay & trén: Ki hiéu Lagrange vo cling tién 16i nhung n6 chi diing
cho modulo p 14 s6 nguyén td, Lé tu nhién ban sé dit cau héi: Néu dbi v6i modulo m khong phai
12 s6 nguyén t6 thi sao? D& c6 cau tra 16i chiing ta di vao tim hi€u ki hiéu Jacobi danh cho thing
du binh phuong modulo ctia hgp sb:

Dinh nghia 2. Cho a la s6 nguyén, m la sé nguyén duong 1é.
? 2, z A -, c A A7 N -, A a ~ [N BN -
Gid sit m c6 su phan tich tiéu chudn la m = pi'.p3*.p3*...p.~. Ki hiéu (—) sé duogc goi la ki
m/J
héu Jacobi va duoc tinh nhu sau:

a a\’"' [ a\* a \’*
(%) = (_) (_) (_) . ()
m/Jj D1 P2 Pk
Cdn luu y ban doc ban doc: Vi m Ié suy ra trong phdn tich tiéu chudn m = py'.p3>.p53*...p;~ thi

cdc s6 nguyén té p; (i = 1,2, ....k) la lé nén cdc ki hiéu & vé phdi cua (*) duoc hiéu la ki hiéu
Lagrange)

faws( L) = (2H) (2 = e =
vian(22) =(2)(2)-cnen-r

Nhan xét:

e Khi m 14 sb nguyén t6 thi ki hiéu Jacobi tring véi ki hiéu Lagrange !

o Tir (¥) ta suy ra: Néu (i) = —1 thi a khong la thang du bac hai cua p; nao d6
m/
, o A a\” /a
(i=1,2,....k) vinéu moi (—) =1 thi (—) = 1.
P1 m
a 0 . .
e Tir (*), khi (—) = 1 thi khong thé suy ra a la thang du bac hai ctamoip; (i = 1,2,...,k).
m/

B&i vi ky hiéu Jacobi 1a tich ctia c4c ky hiéu Legendre, nén c6 thé c6 hai ky hiéu Legendre
bang —1 va khi d6 ky hiéu Jacobi bang 1.

Ki hiéu Jacobi : Cho a 1a s6 nguyén, m 1a s6 nguyén duong 1é va khong nhét thiét m 1a sb

nguyén tb

e Néu a 1a s6 chinh phuong module  thi ta ki hiéu: (ﬁ) = 1.
m/J

e Néu a 12 s6 phi chinh phuong module m thi ta ki hiéu: (£> = —1.
J

Z P > N P A o N 12 LA a
e Ncu sO nguyén duong 1€ m la udc so cua a thi ki hiéu (—) = 0.
J

e TC1: Néu m la s6 nguyén t6 18 thi ki hiéu (ﬁ)

fr 1r 1A a
trung v6i ki hiéu (—)
m/’Jj

m
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4 2 a
TC2: V6i a 12 s6 nguyén; m 1a s6 tu nhién 1& (—) € {—1;0: 1%
m’J

TC3: V6i a 1a s6 nguyén; m 1a s tu nhién 18 (£> =0 & ged(a;n) # 1.
m/J

P < Y N <z ' ” ab a b
TC4: V6i a,b 1a hai so nguyén; m la sO tu nhién 1€ { — = (—) dA—1 .
J J J

m m m
L (ak) a\k
Hé qua: | — :(—) .
m ), m/’Jj

TC5: V6i a 1a s6 nguyén; m, n 1a 2 s6 tu nhién 1& (i) = (i) (ﬁ) .
mn/ g J J

2
Hé qua: (%) = (ﬁ) € {0;1}.
J J

m m

Z Z . a b
TC6: V6i a 1a so nguyén; m la so tu nhién 1 Néu: a = b (mod m) thi:(—) = (—) .
m’7J J

) ) 1
TC7: V6i a 1a s6 nguyén; m la so tu nhién 1¢é (—) = 1.
mjgy
TCS: Véi a 1 s6 nguyén; m 1a s6 tu nhién 18
-1 _(_l)mTfl_ 1 ifm=1 mod4
m J_ " |—-1if m=3 mod4
TC9: Véi a 1a s6 nguyén ; m 1a sb tu nhién 1¢

-1 _(_1)’"28_' _ lifm=1;7 mod38
m),; | —-1ifm=3;5 mod8§"

TC10 (Ludt tuong hé Gauss ): V6i m, n 12 hai s6 tu nhién 18, (m,n) = 1 thi

(%)J(I%)J _ (_1)(m_13¢(n_1).

Tinh chét nay (giéng nhu trong ky hiéu Legendre) va dudgc goi: luat thuén nghich binh
phuong.

7z 2 n’lz*
TC11: Véi m 1a s6 tu nhién 18 (—) — ().
mjy
s % aa 2 [2£1]
TC12: Véim lasotunhiénlée | — | = (—1)L + 1
mjy
TC12: 2 1a sb chinh phuong modulo p < p = +1 (mod 8).

TC13: —2 12 s6 chinh phuong modulo p < p = 1,3 (mod 8).
TC14: 3 1a s6 chinh phuong modulo p < p = £1 (mod 12).
TC14: —3 la s6 chinh phuong modulo p < p =1 (mod 6).

p—1

Chii y: Ta khong thé mé rong dong du thic Euler (ﬁ) =a 2 mod p v6i sd nguyén t6 p
4

2 2 a m—
va so nguyén a bat ky tur ky hiéu Legendre sang ky hiéu Jacobi la: (—) = 4”7 mod m
m/ L )
v6i hop s6 18 duong m. Hay néi khac di: Tiéu chuin Euler khong con tac dung dbi véi ki

hiéu Jacobi.
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1001
St dung ki hiéu Lagrane: Tinh:
) ) 9907

Ta co:
(57) = (5 )( 7) () g
9907 9907 9907
Ma: 0 5
(5o07) =~(57) ==(3) = ?
va

() =~ (2) =—(2) = (2) = (2) - 5
9907 1 11 7 7
()= (22) - (L) - @
9907 1 13
Tit (1)(2)(3)(4) c6: (@) = 1.

9907

1001
St dung ki hiéu Jacobi: Tinh: :?
9907

1001 9907 898 2 449
(W)J B (W)J B (M)J B (1001)1(1001)1
449 1001 103 449 37 103
= (), = (&), = (), = (), = (@), (),
-(5),-(3),- (), (),
37/, 29/, 29/, 8/,
So sanh: Sy khac biét giita hai hai cach tinh toan 1a: khi tinh bang ki hiéu Legendre thi "t{ s6"

phai dugc phan tich thanh lily thita cic s6 nguyén t6. Piéu nay lam cho viéc tinh todn bang cach
st dung céc ki hiéu Legendre chAm hon so véi cch tinh bang sit dung ki hiéu Jacobi dang ké.

Ta co:

Vi du 4.1. Tim nghiém nguyén ciia phwong trinh: x> = y* — 5.

Chimg minh. Tacé: Néu y chinsuyra y®> = 0 (mod 8) = y*-5 = —5 (mod 8) = y3-5 =3
(mod 8) = x? = 3 (mod 8). Piéu nay khong xdy ra vi: mot s6 chinh phuong chi = 0;1;4
(mod 8).

Néu y = 3 (mod 4) = y* =3 (mod 4). Diéu nay khong xdy ra vi: s6 chinh phuong chi = 0; 1
(mod 4).

éuy = mo = y = 4z+1. Thay vao phuong trinh dachocé x“+4 = 4z(16z° + 12z +
Néuy =1 (mod 4) = y = 4z+1. Thay vao phuong trinh da ch >+4 = 4z(16z> + 12z + 3)

= x’4+4=0 (mod 16z% + 12z +3) = x*> = —4 (mod 16z% + 12z + 3) = —41a sb chinh
phuong (mod 1622 + 12z + 3) nén sit dung ki hiéu Jacobi ta c6

—4
3 = 1. (%)
16z + 12z + 3/,
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Ta lai co:

—4 ~1 4
(1622+ 12z + 3)1 B (1622-1— 12z + 3)1(16224— 12z + 3)J

—1 4
B (1622+ 12z + 3)J(1622+ 12z + 3),

B ~1 2 2
o \1622 4+ 12z + 3),\ 1622+ 12z + 3/,

—1 1622412z +3—1 8224+6z+1
= = (-1 2 -1 = —1. *%
(1622+ 12z + 3), =D =D (+%)

Ta thdy (*) mau thun véi (**) suy ra phuong trinh vo nghiém. [

Vidu4.2. Gidsien = a® + b? ; u la wéc ciian vau = 3 (mod 4).Chitng minh ring u la udc
ciaavab.

Chimg minh. (Phan chiing) Gia sit u khong 1a uéc ctia a hoic u khong 1a udc clia b; chang han:
u khong 12 u6c clia a, suy ra (a; u) = 1. Do d6, ton tai s6 nguyén y, z sao cho ay + uz = 1 hay
ay =1 (mod u) (1).

Viulauée cian = a? + b*>néna® + b*> =0 (mod u).
Suyral 4+ (by)? = (ay)* + (by)* = y*(a®? + b*) = 0 (mod u).
Tir day suy ra phuong trinh: 1 + x? = 0 (mod u) c6 nghiém (nghiém x = by).

Suy ra x> = —1 (mod u) (v6i u = 3 (mod 4)): vd Ii ! (Vi: —1 1a s6 chinh phuong modulo u
khiu =1 (mod 4)) ]

Vi du 4.3. Cho 5 s6 nguyén duong: z, y, k, m, n. Chitng minh rang: x™ + y" khéng chia hét
cho 4kxy-1.

Chitng minh. Gia st u = 4kxy—1 la udc sb ctia x™ 4 y”

e Néum, n cung chin: m = 2my;n = 2ny, suy ra x™ + y" = (x™)* + (y™)? chia hét

cho u nén (x™)* = —(»™)? (mod u).
_(yn1)2 —1 <X N T S
Suy ra =1=[|— ] =1<% u = 1(mod4): Diéu nay trai gia thiet
u u jJ;
= —1 (mod 4).

e Néum,n khong cung tinh chén 1é: Chfing han: m = 2mq;n = 2n;+ 1, suyrax™ + y" =
(x™)? + y(y™)? chia hét cho u.

Do d6 (x™)* = —y(»y™)* (mod u).

Suy ra
n1\2 _ ni1\2
(M) Sis () <<y >) _
u S u’y u S
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N (__)J(y;“)z —15 () =1 (+)

u J
. — —1
+) Néu y 1 ta c6 (—y) - (— (X) (1).
u /iy u ) \uly
A
Dou = —1 (mod 4) nén (—) =—1().
ujy

Vi (y;u) = 1 va y, u déu 1é nén theo luét thing du binh phuong c6:

(2) (_) B A | b ) SR
J J

u y
u -1 (-1 y=1 (U
Viu = —1 (mod y), suy ra (—) = (—) ; ma (—) = (—1) 2 nén (—) =
- YJu Y ] Y ] Y/
-7 @) B
Ti (3), (4) suy ra (%)J =1= (Ty)J = —1: mau thuin (*).

+) Néu y chin: y = 2".z trong d6 & 1a sb nguyén duong, z 1a sb nguyén 1&. Khi d6
(—y> . —2hz _ 2h (—Z) (2 h(—Z)
uls u )y, \u glu /g \u ghNu /g

. 2 u2—1 —Z —y " x
Mal = =(-1) 8 =1, (—) = —1lsuyra (—) = —1: méau thuan (*)
uj; u/’y J

u

e Néum,ncunglé:m =2m;+1;n =2n;+1.Suyrax”+y" = x(x™)*+ y(y™)? chia
hét cho u nén x(x™)* = —y(y™)* (mod u) = x>(x™)> = —xy(y")? (mod u) =

(—_xy) =1.Tacé (—_xy) =(£) (—_y) = —1: mau thuan!
u /g u /i u/j\u’y

Bai tap 5.1. St dung ki hiéu Legendre va cac tinh chit lién quan dén ki hiéu d6 dé tinh:

1 111 1
a/ oL b/ | — c/ 105 .
641 991 1009

Bai tap 5.2. Chiing minh ring
85 97 !
L(2)= (L) =1 5 (2 =1
101 101 7
116 150
2. [—=)=—=—=)=1
10009 1009
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Bai tap 5.3. Tim tit ca cdc sd nguyén t6 18 p sao cho 10 1a s6 chinh phuong mod p.

p—1

Bai tap 5.4. Cho plasbnguyéntd; p =3 (mod 8) va ciing 12 s6 nguyén t6.Chiing té

12 s6 chinh phuong mod p.

. D
rang:

Bai tap 5.5. Chiing minh ring
-2 113
L {—=])=-1 3. [— ) =-1
61 137
29 5
541 1583

Bai tap 5.6. Cho p la s6 nguyén t6 Mersenne; p > 5. Chiing t6 rang: 3 12 s6 phi chinh phuong
mod p.

Bai tap 5.7. Cho sb nguyén ducng b va sd nguyén t6 18 p khong 1a u6c ctia b. Chitng minh rang:

(3)+()+ () (252) -

Bai tap 5.8. Cho s6 nguyén t6 18 p = 8.k + 1. Goi & = ord,(2). Chiing minh ring: / 1a uéc

cua
Bai tap 5.9. Cho s nguyén t6 1é p = 4k + 1 va p 1a s chinh phuong mod g véi g 1a sb nguyén
t6 1é. Chitng minh ring: ¢ 1a s6 chinh phuong mod p.

Bai tap 5.10. Cho p, ¢ 1a hai s6 nguyén t6 sinh ddi v6i ¢ = p + 2. Chiing minh rang: Ton tai s6
nguyén a sao cho p 1a uéc ciia a® — g < ton tai sd nguyén b sao cho ¢ 1a uéc ctia a® — p.

Bai tap 5.11. Cho s6 nguyén t6 p. Khi d6 ludn ton tai sb ty nhién m sao cho: m < 1 + /p va
m 12 s6 phi chinh phuong mod p.

Bai tip 5.12. Chiing minh rang: phuong trinh x?>~149y = 107 c6 nghiém nguyén.
Bai tip 5.13. Giai phuong trinh: 2x% + x = 13 (mod 37).

Bai tap 5.14. Cho sb nguyén t6 p. Phuong trinh x? 4+ 2y* = p c6 nghiém nguyén (x, y) khi va
chi khi p = 2hoac p = 1,3 (mod 8).

Bai tip 5.15. Chiing minh ring phuong trinh: x> — 4x—8 = 0 (mod 23) c6 nghiém nguyén.
Bai tip 5.16. Chiing minh ring phuong trinh: x> = 31 (mod 71) khdng c6 nghiém nguyén.
Bai tap 5.17. Tim tit ca cic sd nguyén td p sao cho

1. Phuong trinh x*> = 10 (mod p) c6 nghiém

2. Phuong trinh x* = —3 (mod p) c6 nghiém

3. Phuong trinh x?> = 3 (mod p) c6 nghiém
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4. Phuong trinh x? + 9x 4+ 19 = 0 (mod p) c6 nghiém.

Bai tap 5.18. Gia st p 1a sb nguyén td 1é, m 1a sb nguyén sao cho (m, p) = 1. Tim diéu kién
can va du dé phuong trinh: x> + py + m = 0 c6 nghiém nguyén (x; y).

Bai tap 5.19. Néu p 1a sb nguyén td 18 c6 thé biu dién thanh téng hai s6 chinh phuong
& p = 1(mod4).

Bai tap 5.20. Chiing to rang: Néu phuong trinh: x* + 101y = z c6 nghiém nguyén thi phuong
trinh: x>°~101y—1 = 0 c6 nghiém nguyén.

Bai tap 5.21. Cho a, b, ¢ 1a céc sd nguyén, cho p 1a mot s6 nguyén tb 1é khong 1a udc cla a, b, c.
Chiing minh rang phuong trinh: (x> — ab)(x* — bc)(x? — ca) = py ludn c6 nghiém nguyén
(x:y)

Bai tap 5.22. Cho p la s6 nguyén t6. Chiing minh rang
1. Phuong trinh x>-2y? = p c6 nghiém khi va chi khi p = 2 hodc p = £1 (mod 8)
2. Phuong trinh x? 4+ 2y% = p c6 nghiém khi va chi khi p = 2 hoiic p = 1,3 (mod 8)
3. Phuong trinh x*-3y? = p c¢6 nghiém néu va chi néu p = 1 (mod 12)

4. Phuong trinh 3x?~y? = p c¢6 nghiém néu va chi néu p = 2,3 hoic p = 11 (mod 12).

£ ) X —1
Bai tdp 5.23. Cho so nguyén to p dang 4k + 1. Chiing minh rang: x = (pT)' la mot
nghiém ctia phuong trinh: x> + 1 = 0 (mod p)

Bai tdp 5.24. Choplasdnguyéntd; p =3 (mod 4) ; biét ring ¢ = 2p + 1 ciing 1a s6 nguyén
t6 Chiing t6 ring: 27—1 chia hét cho ¢.

Bai tap 5.25. Ching minh ring ton tai vo han cic s6 nguyén t6 dang: 3k + 1, 4k + 1, 10k + 9

Bai tap 5.26. Dit:
21008 21009 21010 22015 1 2 22 21007
S = - — |+ | == +..
[2017]+[2017]+[2017]+ +[2017] ([2017] * [2017] * [2017] T [2017])

Chitng minh rang: 2017.S 1a s6 chinh phuong.

2

X 2 ) , X7 — £
Bai tap 5.27. Ching minh rang: V6i x, y la hai so nguyén bat ki thi so 213 khong la so
y

nguyén.

Bai tap 5.28. Kihiéu E, = 11...1 12 s6 tu nhién ma trong cach viét trong hé dém co sb 10 thi
E, c6 n chit s6 1. Hay xét xem E33 c6 chia hét cho 67 hay khong?

B3i tip 5.29. Chtng minh riing: néu M, = 2" + 1 (n > 2) 1a sb nguyén t6 thi 3% =
—1(modM,).

Bai tap 5.30. V6i mbi sb nguyén duong n ta dit F, = 22" + 1 (s6 Phecma tht 7). Chiing minh
rang
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1. F, 1asb nguyén td & 37 = —1(mod p), trong d6 p 1a s6 nguyén tb.

2. Néu p 1a mot uéc nguyén t6 ciia Fy, thi p c6 dang: p = 1 + 2"12 k (trong d6 k 12 mot s6
nguyén duong nao do).

Bai tap 5.31. Tim tét ca cdc cip s6 nguyén duong (x, n) thoa man x> 4+ 2x 4+ 1 = 2",
(D¢ thi Olympic Toan ciia Serbia nim 2007)

Bai tap 5.32. Cho p 1a mdt sb nguyén tb; cho n 13 mot s6 nguyén. Néu ton tai cac s6 nguyén x,
y sao cho p = x? + ny? thi (—n) 12 mot sb chinh phuong module p.

Bai tap 5.33. Cho s6 nguyén duong a = 3 (mod 4). Khi d6 ton tai vo han s6 nguyén td p = 3
(mod 4) sao cho: phuong trinh x*> = a (mod p) khong c6 nghiém nguyén x.

Bai tap 5.34. Cho p 1a sb nguyén t6 18; m 13 s6 nguyén duong; a 1a mot s6 nguyén sao cho
(a,p) = 1.

1. Ching té rang: Phuong trinh x> = a (mod p™*') c6 nghiém < Phuong trinh x? =
a (mod p™) c6 nghiém

2. Chiing t3 rang: Phuong trinh x> = a (mod p™) c6 ding hai nghiém < (2) =1
p
Bai tap 5.35. Tim tit ca cdc sd nguyén td p sao cho p c6 thé biéu dién dudi dang: p = ‘xz —3y?
trong d6 x, y 1a nhiing s6 nguyén khéc 0.

Bai tap 5.36. (USAMO 2008) Ching minh ring: Véi mdi sé nguyén duong n ludn ton tai
n s6 nguyén duong ki ; k ; ...; k, nguyén t6 cing nhau ting d6i mot va k; > 2 v6i moi
i =1,2,...,nsao cho k;.k,...k, — 112 tich ctia hai s6 nguyén duong lién tiép

Bai tap 5.37. (Serbia 2008) Tim tit c4 cdc nghiém nguyén khong Am ctia phuong trinh: 12* +
4 z
y* =2008".

Bai tap 5.38. (Ba Lan 2007) Chiing minh rang: phuong trinh: x> + 5 = y* khong c6 nghiém

nguyén

Bai tap 5.39. Cho s6 nguyén duong n. Chiing minh ring s6 cic thing du binh phuong mod 2n

-1
la: | —— 2.
a |: 3 ]—i—

Bai tap 5.40. Cho s6 nguyén duong n va s6 nguyén td 1& p => Sb cac thing du binh phuong

n+1 __ 1

Chi y 1: Ki hiéu Legendre dugc Legendre st dung vao 1798, ma nhu chung ta sé thay, 1a mot
trong cac ki hiéu thong minh va tién 1di cua toan hoc (Trong toan hoc c¢6 3 ki hiéu dugc coi la
tuyét voi thong thai, d6 1a: Ki hiéu Legendre vé thing du bac 2, ki hiéu dong du (=) do Gauss dé
xuét; ki hiéu dx ctia Leibniz trong phép tinh vi phan).
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Chi y 2: Dinh 1i tuong hd thing du bac hai dugc tién doan bdi Adrien Marie Legendre (vao cudi
nhitng nim 1700) va Leonhard Euler trong mt thdi gian khoang 40 nim cb ging chitng minh
nhung khong thanh, cudi cing 6ng néu dinh li d6 nhu mot gia thuyét (vao khoang nim 1744).
Nhung nha toan hoc Pic vi dai Johann Carl Friedrich Gauss 12 ngudi diu tién chiing minh dinh
1i vao nidm 1797, khi d6 dng & tudi 19 (!). Gauss goi d6 1a *dinh ly vang’ va rit ty hao vé né dén
mifc dng tiép tuc tim ra 8 cach chiing minh khac cho dinh 1i cho dén cubi doi.

Cudn Reciprocity Laws: From Euler to Eisenstein (Luat tuong hd béc hai: Tit Euler dén Eisentein)
ctia Franz Lemmermeyer, xuit ban nim 2000, thu thip céc trich din cho 196 chiing minh khéc
nhau cua dinh ly nay.

Chi y 3: Cic tinh chét trén dudc tac gia trich din tif cdc tai liéu tham khéo (c6 danh muc & cudi
dé tai ny) Viéc khong chiing minh céc tinh chit trén nham giam tinh niing né va qua han 1am
cho dé tai ma toi chi quan tAm dén 4p dung chiing!

Adrien-Marie Legendre [1752 — 1833]: sinh ngay 18 thang 9 niim 1752 tai Paris, Phdp va mét
ngay 09 thang 1 nam 1833 tai Paris.

Legendre da dugc sinh ra trong mot gia dinh giau cd, hoc tai Hoc vién
Paris Ma Zhalin. Ong dugc dao tao vé cac linh vuc: khoa hoc gido duc,
gido duc va dic biét 1a todan hoc. Thay gido day todn ctia 6ng 12 J. F.
M. Abbe (Abb¢) la mot trong cac nha toan hoc dudc kinh trong lic dé.
Vao nidm 1770 & tudi 18, Legendre da bdo vé luan 4n tién si toan hoc
va vit ly, thdng qua su bao trg cua Abbe.

Diéu kién kinh té kha gia, di dé gitip Legendre tham gia vao céc
nghién ciiu khoa hoc. Tuy nhién, vio nhiing 1775-1780 dng mdi bat
dau tham gia giang day todn hoc trong trudng quan su Paris. Cong
viéc nghién ciu ctia 6ng da dudc su chi y ciia cdng dong khoa hoc, vio nim 1782 da dugc gia
nhapVién Co hoc, nim 1785 dudc bd nhiém lam Vién trudng, thay thé ch P. S. Laplace (Laplace).
Nim 1787, dng dudgc bd nhiém lam Vién trudng Vién Han 1am Khoa hoc Paris va Dai thién vin
Greenwich.

Nim 1794, dng bat dau véi tu cach 1a gido su Pai hoc todn hoc thuan tiy. Ong mét nim 1813.

Trong sb hoc, 6ng phdng doan luat binh phuong nghich do (quadratic reciprocity law), sau d6
dugc chiing minh bdi Gauss. Ong ciing c6 mot sd cong trinh tién phong trong phan bd ctia sd
nguyén t, va cdc ing dung cla gidi tich vao sd hoc. Phong dodn clia 6ng vao nim 1796 Pinh ly
s6 nguyén t6 dugc ching minh chit ché bdi Hadamard va de la Vallée-Poussin vao nim 1898.

Carl Gustav Jacob Jacobi (10/12/1804 — 18/02/1851): La mot nha todn hoc ngudi Puc gbc
Do Thai, ngudi da c6 nhiéu déng gép co ban cho céc linh vuc: ham
elliptic, dong luc hoc, phuong trinh vi phan, ly thuyét s6. Tén ciia 6ng
12 d6i khi duoc viét 1a Carolus Gustavus lacobus Iacobi trong sach
gido hoa Latin do 6ng viét va tén diu tién ciia dng 1a Karl thinh thoang
dudc dung.

Jacobi 12 nha todn hoc Do Théi dau tién dudc bs nhiém 1am gido su
tai mot truong dai hoc Diic.
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Biéu tugng Jacobi 1a mot su tong quét clia biéu tudng Legendre. Pudc gidi thiéu bdi Jacobi vao
niam 1837, né dudc quan tim vé mit Iy thuyét trong s6 hoc mo-dun va cic nganh khac ctia ly
thuyét sb, nhung viéc st dung chinh ctia né 1a trong ly thuyét sd tinh todn, test cic s6 nguyén td
va phan tich thanh nhin ti nguyén t6; nhiing ting dung quan trong trong 1i thuyét mat ma.

Jacobi 12 ngudi dau tién ap dung ham elliptic vao ly thuyét sd, vi du chiing minh cta dinh ly
Fermat vé phan tich mot s6 thanh téng 2 s6 chinh phuong va dinh ly Lagrange vé phan tich mot
s6 thanh tdng 4 sd chinh phuong, va két qua tuong tu cho phan tich mot s6 thanh tdng 6 va 8 s6
chinh phuong Trong ly thuyét s6 6ng tiép tuc cong viéc ctia C. F. Gauss: chiing minh m&i luét
tuong hd bac hai va gidi thidu cic ki hiéu Jacobi; gép phan 16n cac phit minh cho luét tuong ho,
tim kiém cdc tinh chét ctia lién phan s6, va cic phat minh clia cic téng.

Su ghi nhan tén kinh: Lich st nganh Li thuyét s6 (Number Theory) néi chung va Li thuyét vé
s6 k—phuong néi riéng ghi nhan cong lao to 16n va 13i lac clia cac thién tai Todn hoc nhu:

Carl Friedrich Gauss(1777-1855):
Nha todn hoc kiét xuat nhat nudc Dic, ngay tir khi 3 tudi da to ro tai
nang toan hoc phi thuéng cia minh.

30 tudi da 1a gido su toan hoc & trudng dai hoc Gottingen. Niam
1804 6ng trd thanh thanh vién Vién Han Lam khoa hoc Anh. Nhiing
cbng hién to 16n cta Gauss bao trim 1én toan bd linh vuc toan
hoc. Chinh vi Gauss da lam thay d6i c bd mit cia todn hoc nén
thé gi6i da cong nhan 6ng 1a mot trong nhitng nha todn hoc vi dai
nhét trong lich st loai ngudi, va dudc goi 1a "Ong Hoang ctia toin

hoc".

Leonhard Euler (1707 — 1783):

Sinh nim 1707 & Basel, mot thanh phd nhd tuyét dep ven bs song
Ranh (Rhin) cta Thuy Si.

Kha niing toan hoc ctia Euler boc 16 rit sém. Nim 13 tudi, ciu bé di 1a
sinh vién trudng dai hoc Tong hop Basel (Thuy Si). Nam 1731, chang
thanh nién Euler 24 tudi trd thanh vién s Vién han 1am Petersburg
(Pé-tec-bua).

Néam 1735, chinh phu Nga giao cho Vién han 1am nhiém vu tinh toan
thién vin d€ 1ap ban dd. Khi so bo tinh todn, cac vién si thdy phai ba
thang méi c6 thé hoan tit cong viéc. Viéc rt gip, Euler da nhan hoan
thanh trong... ba ngay dém lién tuc tinh toan. Bing tit ca ning luc sang tao phi thudng clia minh,
trude su kinh ngac ciia moi ngudi, Euler da lam xong chi trong mot ngay dém! Vi phai tap trung
chii y qud cao do va cing thang, 6ng di phai chiu ton that dau dén: 1am xong viéc mat bén phai
bi hdng, mat trai yéu han. Nam 1770, thay thudc tién hanh phau thuat chita mit cho 6ng nhung
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sau khi m& vai ngay, 6ng lai lao vao lam viéc, tinh toan khong nghi nén mat trai hong lai va tir
d6, ong bi mu han. Nam d6, 6ng phai chiu nhiéu bat hanh: nha chdy, ctia cai mat hét. Roi hai
nam sau, ba Euler qua doi. Ngudi ta da tudng tu dé 6ng phai gia tir khoa hoc. Nhung tinh yéu
clia 6ng dbi v6i Todn hoc khong hé giam siit va stic manh sang tao ctia bo 6c thién tai noi 6ng
that vi dai. V6i tri nh6 ki diéu, khi da mu, 6ng doc cho cdc thu ki viét cic phat minh ctia minh.

Trong Toan hoc, khdng c6 nha Toan hoc nao dugce nhic dén nhiéu nhu Euler. Nhitng gi ngay nay
chiing ta con hoc trong phan logarit va lugng gidc & chuong trinh phd thong 13 hoan toan dua
theo céch trinh bay ctia Euler. Ong con la ngudi dé ra nhiéu ki hiéu Toan hoc, chang han quen
thudc nhét vé6i ching ta 1a ki hiéu s6 7 (pi). Nha todn hoc Phdp La-pla-xo (Laplace) goi 6ng 1a
"ngudi thiy chung clia tat ca chiing ta".

Cuoc doi Euler 12 tAm guong sang chéi vé 1ong say mé lao dong sang tao khong mét moi, vugt
1én nhitng ngin tré ctia bit hanh ngiu nhién; Khi da hdng mat, trong 17 nim cubi doi, ong da
hoan tit 416 cong trinh khoa hoc, tifc 13 trung binh mdi nim nghién ciu thanh cong 25 cong
trinh c6 gia tri xuit sac!

Ong tir tran vao mua hé nim 1783. Ong d€ lai 865 cong trinh khoa hoc, ¢6 thé in thanh 72 tap
16n, mdi tap ngét 600 trang. Sau khi dng mat, Vién han 1am Petersburg, da 1an lugt cong bd cic
ban thao ctia dng khoidng 47 nim méi hét.

Pierre de Fermat (sinh ngay 20 thang 8, 1601 tai Phap — mat 1665):

La mdt hoc gia nghiép du vi dai, mot nha todn hoc néi tiéng va cha dé
ctia ly thuyét s hién dai.

Xuét than tif mot gia dinh kha gi, 6ng hoc & Toulouse va ldy bang cit
nhan luat dan sy rdi 1am chanh 4n. Chi tri gia dinh va ban beé tim giao,
chang ai biét dng v cling say mé todn. Mai sau khi Pierre de Fermat
mAt, ngudi con trai mdi in dan céc cong trinh ctia cha k& tif nim 1670.
Nim 1896, hau hét cac tic pham ctia Fermat dugc 4n hanh thanh 4 tap

i day. Qua do, nguoi doi vd cung ngac nhién va kham phuc truéce stc
dong g6p doi dao ctia dng. Chinh 6ng 14 ngudi sang 1ap ly thuyét s6 hién dai, trong d6 c6 2 dinh
ly ndi bat: dinh ly nhé Fermat va dinh ly 16n Fermat (dinh Iy cudi cung ctia Fermat).

[1] "250 Problems in Elementary Number Theory," Waclaw Sierpinski, 1994.

[2] "Elementary Number Theory," David M. Burton, 1980.

[3] "Elementary Number Theory," Giusefe Melfi, 1998.

[4] "Elementary Number Theory," A.J. Hildebrand, 2011.

[5] "Number Theory Structures, Examples, and Problems," Titu Andreescu Dorin Andrica.
[6] "Quadratic Congruences Olympiad Training," Dusan Djukic.

[7] "Elementary Number Theory", Beuker, 2012.

[8] "S6 hoc," Ha Huy Khoai, NXB. Gido Duc, 2006.

[9] Mot s6 bai viét cia cac ddong nghiép trén mang' [sic].

[10] Céc bai gidng S& hoc Nguyén Hong Lit (tai liéu Ivu hanh ndi bo).

!Chiing t6i giit nguyén cach ghi nay ciia tac gia. Chii thich ciia Ban Bién tap.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE MOT PHAN HOACH TAP CAC SO TU NHIEN

THANH HAI TAP HGP CO TONG CAC PHAN TU
BANG NHAU

Nguyén Van Lot - Nguyén Hai Bang - Nguyén Thanh Khang
(Dai hoc Tong hop Budapest, Hungary)

LOI GIOI THIEU

Bai viét nay chi ra rang chi can théa man mot s6 diéu kién biéu dién don gian,
chiing ta c6 thé xay dung mdt cau trung chuyén gitta thuit toan xép ba 16 va thuat
toan dn tham. Nhd d6, mot s6 cic két qua vé phan hoach tap sd nguyén duong thanh
hai tap hop c6 s6 luong cac phin tif bang nhau dugc chiing minh.

Tit nhitng nim 1990, nhitng nghién ctiu cc bai todn tbi wu clia todn hoc rdi rac bat dau phat trién.
Viéc phan bd céc tap hop con theo nhiing diéu kién cho tru6c, rat nhiéu lan thuat todn xép ba 16
va thuat toan tham dn dudc st dung. Bai toan xép ba 16 dugc phat bi€u nhu sau: tim cach chon
céc d6 vat dé xép vao hai chiéc ba 16 1am sao mbi ba 16 chita dudc nhiéu dd nhit c6 thé.

Thuat todn xép ba 16 ny diing d€ giai bai toan trén c6 thé dugc dién gidi nhu sau: trudc tién,
ta sap xép do vat theo thi tu giam dan vé khéi lugng. Tiép do, ta 1an ludt ta xép vao mdi ba 16
mot vat. Sau mdi 1an xép, ngudi ta lai kiém tra xem ba 16 nao con nhiéu chd hon, thi sé dudc uu
tién xép trude. Tiép tuc qua trinh nhu vay ta sé nhin dudc mot cach sap xép tdi uu. Ve thuat toan
tham 4n, noi dung ctia n6 13: ta cd xép vao cdc ba 16 cho dén khi khong con bd thém dudc niia,
sau d6 thay d6i vi tri cac do vat tif ba 16 nay sang ba 16 kia, d& hop 1y hoa cong viéc sap xép (xem
[1,2, 3,4, 5] vatai liéu tham khao & do).

Trong bai nay, ching t6i st dung mdt phuong phép trung gian Iuu chuyén gitta hai thuat todn
nay. Trudc khi sap xép ching ta chon ra nhitng dd vt nhd nhét, goi 1a tip hop K, véi muc dich:
khi da tham #n tuong d6i day céc ba 16, thi ta dung cac do vat nho tit K, d€ tiép tuc chén vao
nhiing 16 hdng, cho dén khi diy ba 16. Mot tap hop cac vat nhd nhu vay duge goi 1a biéu dién
dudc dén k, néu cic vat niang tir 1 (nhd) dén k (dl ning) déu c6 thé biéu dién dugc bang tdng
cac do vat lay tir tap K.

Tru6c tién, ching ta sé 1am quen véi khdi niém vé don tip hop va da tap hop (multiset). Mot tap
A dudc goi 1a don tap hop néu mbi phan tif trong A 12 d6i mdt phan biét. Khdi niém tap hop dudc
st dung trong chuong trinh toan phd thong 1a don tip hop. Mot tip A dudc goi la da tip hop néu
mdi phan tii trong A dugc phép xuét hién nhiéu hon mot 1an. Vi du: A = {1;2;3; 4} 1a mot don
tap hop, B = {1; 1;2;2;2; 3} 1a mot da tap hop.
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Trong pham vi bai nay, cac tap hop dudc xét déu 1a da tap hop va ching ta chi lam viéc véi da
tap hop hitu han cic sb nguyén duong.
Ngoai ra, mot tip hop S dudc goi 1a phan hoach thanh cic tip hop A1, A», ..., Ax néu nhu

A1UA2UUAk:S
AiﬂAj:,lfi<jfk

B4 dé dudi day 1a két qua khd ndi tiéng sé dudc st dung nhiéu trong qud trinh chiing minh.
B dé 1. Trn sé nguyén cho trudc, luoén chon dugc mot vai sé dé’tong ciia chiing chia hét cho n.
Chiing minh. Ky hiéu tap hop n s6 nguyén dé 12 cic sd

A =1{ai,a,,...,a,}.

Xét cac tong sau
S1 = dy,

S2 = a1 + as,

Sy =ay +az+---+ay

Chia cac so

{51,852, ...,8.}
cho sb n ta dugc n s6 du thude tap hop {0, 1,2, ..., n — 1} Néu c6 mdt s6 du néi trén bang 0 ta
suy ra diéu phéi chiing minh. Tréi lai, gid st cdc s6 du thuoc tap hop {1,2,...,n — 1}.

Ap dung nguyén ly Dirichlet, ta thiy ton tai hai s6 du bing nhau. Gia st sy = s; (mod n) véi
k > j. Tasuyra
Sk—Sj =daj41+aj42+ ... +ar (mod n).

B§ dé dudc chitng minh. O
Trong bd dé trén, ta thay khong c6 su rang budc vé sb lugng phan tii trong bo sd dudc chon ra.

Du6i day 1a mot dinh 1y ndi tiéng lién quan dén van dé nay, trong d6 yéu cau phai chon ra mot bo
c6 sb luong phan tit cu thé.

Dinh Iy 1. (P. Erdos, A. Ginzburg, A. Ziv) Tit 2n — 1 50 nguyén cho trudc, luon chon duoc n 56
sao cho tong ciia chiing chia hét cho n.

Dinh ly nay da dugc chiing minh nim 1961. Ban doc c6 thé tham khao trong [3,4,5]. Tiép theo,
ta xét mot bd dé phu nita:

B& dé 2. Néu trong n — 1 sé nguyén duwong cho trudc khong ton tai mot nhom sé co tong chia
hét cho n thi n — 1 s6 do cé cing sé du khi chia cho n.

Ching minh. Giastin —1sbdacholaa;,as,...,a,_;. Tasé ching minh bang phuong phap

phén chiing. Gia st ngudc lai, ton tai hai s6 khong c6 ciing sb du. Khong mét tinh téng quat, gia

si2sddolaay,a. Dits; =ay +ar+---+ai_1 +a;,2 <i <n—1.Xétdiy cic sd
ay,dz,82,83,...,5—1 -

n—2sb
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trong d6 c¢6 n sd va khong c6 sb nao chia hét cho n. Theo nguyén ly Dirichlet, tdn tai hai sb c6
cung s6 du khi chia cho n.

Xét hiéu ctia hai s6 ndy. Via, —a, # 0 (mod 1) nén chi ¢6 thé 1a hiéu ctia s; vA mot s6 nao d6
trong a1, a, hodc s; . Trong moi trudng hgp, hiéu do ciing bang tdng ctia mot vai so trong n — 1
s0 ban dau. Do do, tat ca n — 1 ¢6 cung so du khi chia cho n.

B§ dé dugc chiing minh. O

Trong phan tiép theo, cho mdt tap hop A c6 k phan tii 14 cac s6 nguyén duong khong 16n hon N
va tdng clia cac s6 nay bang 2N.

Bai toan 1. Ton tai hay khong gid tri K nhé nhdt dé’véi moi sé nguyén duwong k > K, tdp hop
A luén c6 thé phdan hoach thanh hai tdp con co tong cdc phan tir moi tdp bang N?

Tir day vé sau, ta ky hiéu

k
ai €Z*.a; <ni =1k Y a;=2N

A=§a1<a2<...<ak
i=1

Tap hop A théa man cic diéu kién trén dugc viét 1a A(2N, k).

Ta ky hiéu [x] = min{n € Z|n > x} la s6 nguyén duong bé nhit khong nhd hon x. Vi du,
[31=3,[3,5]=4,[-2,11 =-2,...
Dinh 1y sau diy cho mot chiin trén ctia s6 K. Hon nita, néu N 18 thi gid tri K = N + 112 gid tri

nhod nhat can tim.

Dinh Iy 2. Moi tdp hop gom N + 1 s6 nguyén duong khong lén hon N va co tong bang 2N,
luén phdn hoach dugc thanh hai tdp con, méi tdp co tong cdc phdn tit bang N.

Chitng minh. T N 4 1 s6 da cho, ta lay N s6 bét ki. Theo bd dé 1, ta c6 thé chon tif N s nay
mot vai s6 c6 tdng chia hét cho N. Téng nay nhé hon 2N va duong vi vdy chi ¢6 thé bang N.
Phan bu ctia tip néu trén ciing c6 tdng cic phan i bang N.

DPinh ly dugc ching minh. [

Tir dinh 1y néu trén, ta thy ring néu N 1&, va s6 phan tif 1a k = N, ta xét tip hop sau day:

A=132:22;...:2
—— —
N sb
Téng cac phan ti ctia A bang 2N, nhung Vi tt ca cac phan ti ctia A 12 chin, nén A khong thé
phan hoach thanh hai tip con c6 tdng bang N (1a s 18). Diéu nay ciing ching t6 K = N + 1 1a
gia tri can tim khi N 12 s6 18.
Trudng hop N 1a s6 chin, bai toan khé chitng minh hon. Ta c6 thé bat dau tit nhitng trudng hop
N kha nho.
1. Trudng hop N = 2. Dé thay K = 2.

153



Tap chi Epsilon, S6 05, 10/2015

2. Truong hgp N = 4. Ta sé chung minh K = 4. Thuc vy, xét tap hop A = {3;3;2}. Nhan
thiy khong ton tai tip con nao ctia A ¢ tong cac phan ti bang 4. Tt d6 ta suy ra K > 4.

Xétbénsd 1 <a; <a, <az <as <4,V6ia; +a, + asz + a4 = 8. Tasé chiing minh
rang ton tai mot nhom s6 cé tdng bang 4.
e Trudng hop a4 = 4. Piéu chiing minh 12 hién nhién.

e Trudng hop ay = 3, suy ra a; + a, + az = 5 nén a; chi cé thé 1a 1. Do do,
a) +asg = 4.

e Truong hop a, = 2,suyraa, = a, = az = 2. Ta ciing c6 diéu can chiing minh.
Vay, v6i N = 4 thi K = 4.

3. Truong hdp N chan va N > 6 1a mot trudng hdp phtc tap, trude khi bat tay vao giai quyét,
ta néu mot s6 bd dé nho 1am cau nbi.

Ta xem xét b8 dé sau:

B6 dé 3. VGi N =2nva A la tdp hop 2n — 1 s6 nguyén dwong khong lon hon N va co tong
bang 2N. Khi dé, A co thé' phdn hoach duwoc thanh hai tdp con, méi tdp co tong cdc phdn tik
bang N.

Chitng minh. Theo dinh 1y 1, tdn tai n sd thudc A va c6 tdng chia hét cho n. Téng cic sb nay
chi c6 thé dat gia tri bang n hodic 2n hoic 3n. Néu tdng cic sd nay bang 2n = N thi ta da phan
hoach dugc A thanh hai tip con c6 tong cac phan tit bang N. Ta chi can xét cac trudng hdp con
lai.

Goi n s6 c6 tong chia hét chon laa; < a, < ... < a, van — 1 s6 con lai trong 4 la
bl < b2 <...< bn—l- Tadélt

a=ar+tay+---+a,vab=>by+by+---+by1.
Ta xét 2 truong hop sau day.

1. Trusnghdpa = nvab = 3n.Khido,tacéa; =a, =... =ax = 1. Vib = 3n nén
bn—lZ3-

e Néu b,_; > n, thi ta c thé chon b,_; va mot sb s6 1 d€ dudc cac s co tong bang N.
e Neu3<bh, i =m<nthiB=1{b,_1,an,an_1,...,0n_ms1} S& cO tong cic phan
to bﬁng n.Xétnsbay,a, by, by, ..., b,_». Theo BS dé 1, ta sé chon dudc tap C
gdm mot s s6 ¢6 tdng chia hét cho n. Nhan thiy, tong cc phan tit ctia C bing n
hoic 2n. Ta lai tiép tuc xét 2 trudng hop:
— Néu t6ng céc phan tii cia C bing 27, ta phan hoach A thanh C va 4 \ C, méi
tap con déu c6 tdng cac phan ti bang N.
— Néu téng céc phan tii cia C biang 1, ta phan hoach A thanh D = B U C va
A\ D, mdi tap con déu c6 téng cac phan ti biang N.

2. Truong hdpa =3nvab =n.Khido,by = b, = ... = b, = 1vab,_; = 2. Xét
n—1sdbatkytrongn sday,as,...,ay,.
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e Néu chon dudc mot sb sb trong n — 1 d6 c6 téng chia hét cho n, thi tdng cac sd dugc
chon s€ bang n hodc bang 2n. Ta lai c6 cac truong hgp:

— Néu téng cic sb6 dudc chon biang 2n, thi tip cic s6 d6 tao thanh mot tp con cia
A c6 tong cac phan ti bang 2n = N.

— Néu tong cic sb dugc chon bang n, thi tap cc s6 d6 cuing véi tap hop {by, b, ..., by}
s& hop thanh mot tap con clia A ¢6 tdng cac phan ti bing 2n = N.

e Néu trong n — 1 s6 bat ky, khong chon dugc mot sd sd ndo c6 tdng chia hét cho n thi
theo B dé 2, n — 1 s6 d6 sé c6 cung s du khi chia cho . Chon bo n — 1 s khac,
bing cach lap luan tuong tu, ta nhan dudc a; = a j (modn)véimoil <i < j <n.
Ta xét cac truong hgp sau:

— Neua; =1 (mod n) véimoi 1 <i <n thi
a)=a,=...=dap—p=1vaa,_; =a, =n—+ 1.

Khi dé tap hop
{bz, b3, “ e ,bn, an}

c6 tdng cdc phan ti bang 2n = N.

- Néua; =2 (mod n) véimoi 1 <i <n thi
a1 =da,=...=da,—,=2vaa, =n+ 2.

Khi dé tap hop
{blvb2’b37 LRI 7bn—1aan}

c6 tdng cdc phan ti bang 2n = N.

- Néua; =3 (mod n) véimoi 1 <i <n thi
aL=da, =...=dau_o = 3.
Khi d6 dé dang chon dudc tip con ciia A c6 tdng cac phan tii bang 2n = N.
Ménh dé 2.1 dugc chiing minh hoan toan. O

Chi y ring ta da st dung thuat todn #n tham trong chiing minh bg dé 3.

Tir b6 dé trén, ta c6 thé suy ra gid tri K can tim sé théa man K < N — 1 trong trudng hop N
chn, tuy nhién viéc di tim gia tri ciia K van con rt nhiéu khé khin.

Dudi day ta sé chi ra mot s6 chiin dudi cia K. Ta xét cac vi du sau:

1. V6i N = 6m + 2 thi K > 4m + 3. D€ ¢6 phéan vi du v6i k = 4m + 2, ta chon tap hop

A=+<1,33,...,3
———

4m—+1 sb

Khi d6 moi phan hoach ctia tip A s& cho ta mot tip con c6 tdng cic phan tii chia hét cho 3
va tap con con lai ¢6 tdng cdc phan ti chia cho 3 du 1. Piéu nay ching t6 K > 4m + 3.
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2. V6i N = 6m + 4 thi K > 4m + 4. D€ c6 phan vi du v6i k = 4m + 3, ta chon tap hop

A=142,33,...,3
———
4m—+2
Khi d6, moi phan hoach ctia tap A sé& cho ta mdt tip con c6 tong cac phan ti chia hét cho 3

va tip con con lai c6 tdng cdc phan i chia cho 3 du 2. Piéu nay chiing t6 K > 4m + 4.

3. V6i N = 6m thi K > 3m + 2. D€ c6 phan vi du v6i k = 3m + 1, ta chon tap hop

A=142,2,2,...,2,6m—1
~—— —
3m—1sbd

Khi d6 khong ton tai tdp con nio clia A c6 tong cac phan ti bang N = 6m. Diéu nay
chiing t&6 K > 3m + 2. D€ tiép tuc nghién cifu c4c kha ning phan hoach ctia 2N, chiing ta
phai phan tich sau hon nita vé sy c6 miit clia cdc phan tif tao thanh cla tip A trong muc
tiép theo.

Trong phan nay ching ta sé xdy dung mdt ly thuyét nhd dé 1am cau nbi gilta hai thuat toan: thuat
toan xép ba 16 va thuat todn in tham. Y tudng clia thuat toan nay 12 xem xét gia tri clia cac phan
tlf nhé nhét clia A, qua d6 két hop hai thuét todn trén d€ gidi quyét bai toan.

Tap hop A céac s6 nguyén duong goi 13 biéu dién dugc dén s néu v6i moi s6 nguyén duong ¢
khong vuot qud s thi tdn tai tdp con clia A c6 tdng cac phan ti bang ¢. Tap hop A dudc goi 1a
hoan chinh néu a bing tdng cic phan ti cla A, thi A biéu dién dudc dén a.

B6 dé 4. Cho A la tdp k s6 nguyén duong khong vt qud N va A biéu dién duge dén N. Khi
do A la tdp hoan chinh.

Ching minh. Giasu A = {ay,as,as,...,ar}vaa = a; + ap + --- + ay . Ta s€ ching minh
bang quy nap theo N.

XétN =1,suyraaq; =1v6ii =1,2,...,k. Khido A la tdp hoan chinh.
Gia st bo dé ding véi N. Ta chiing minh bd dé ding v6i N + 1. Thuc vay, xét
A ={ai,az,a;3,...,a;}

1a tap gdm k sb nguyén duong khong vuot qua N + 1. Néu trong A khong c6 sd nao bang N + 1,
thi theo gia thiét quy nap, A sé 1a tip hoan chinh.

Ngudc lai, gia thiét rang trong A ¢6 mot s6 s6 bang N + 1. Gia st
N+l=a =a,=...=a; >aj+1 > ajy2 > ... > dy.

Pith = aj41 + aj1» + - -+ + a,. Nhan thiy khi bi€u dién mot sd nguyén duong s < N thanh
tong ctia mot sb sb trong A thi sé khong c6 s6 nao bang N + 1 xuét hién trong tong dé, nén tip

B ={ait+1,ai42, ..., ax}
1a tap hop k — i sb nguyén duong khdng vuct qua N, va biéu dién dudc dén N. Xét sb nguyén
duong s bat ky, v6i s < a. Ta c6 2 trudng hop:
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1. Véi s < b, theo gia thiét quy nap, s biéu dién dudc thanh tdng ctia mot sb sb trong B.

2. Xéth < s <a.Khidé, tdntaig,r € N saochos —bh =¢qg(N +1)—r,v6i0 <r < N.
Dé thiy 0 < ¢ < i, vinéu ngudc laig > i + 1 thi

s>@(+1H(IN+D)+b—r=a+N+1)—r>a.

Nhan thiy rang b — r biéu dién dudc thanh tdng ctia mot sb sd trong B. Khi d6, ta chi can
bd sung thém vao dé ¢ s6 N + 1 s& dudc mot sb s trong A c6 téng bang s.

Do d6, bé dé ciing diing véi N + 1 nén theo nguyén ly quy nap, b6 dé dudc chiing minh.

Vay A 1a tp hoan chinh véi moi N € Z™.

Tit BS dé 4 & trén, ta d& dang chiing minh dugc bd dé sau day.
B6 dé 5. Néu A va B la hai tdp hoan chinh thi C = A U B la tdp hoan chinh.

Nhin thiy rang 1 € A khi va chi khi ton tai it nhit mot tap con hoan chinh ctia A. Goi H 1a hop
clia tAt ca cdc tip con hoan chinh ctia A. Theo B6 dé 4, H ciing 1a mdt tap con hoan chinh ctia
A.

Hon nita, H 1a tip con hoan chinh c6 s6 phan ti 16n nhat ctia A. Vay 13, ta thu dudc két qua sau
day.

B& dé 6. Cho A la tdp cdc s6 nguyén dwong va 1 € A. Khi do, ton tai duy nhdt mét tip con hoan
chinh ciia A c6 sé phdn tik 16n nhdt. Goi tdp hoan chinh nay la H va h la téng cdc phdn tit ciia
H. Néu tdt cd cdc phadn ti ciia A déu khong viuot qud hthi H = A. Néua € Avaa ¢ H thi
a>h+2.

Chitng minh. Chitng minh. Thuc vy, néua = h + 1 thi H U {a} 12 hoan chinh. Diéu nay trai
véi tinh 16n nhit cta H. O

o c N , .
Bo dé 7. Neutdip AQN, k) vdi k > ’73_‘ + 2 thi A c6 it nhat ba phan tu co gid tri nho hon 4.
Chig minh. Gia st phan chiing ring c6 it nhit k — 2 phan tii ctia A khong bé hon 4. Ta c6

N R ) X
2N >2+4k—-2)>2+ 4’7?-‘ > 2N. Dicu nay la vo ly. Do do, cé it nhat ba phan tu cia A4

c6 gia tri nho hon 4. Via; < a, < a3 1a ba phan tit bé nhit ctia 4 nén ta c6

(a1,a2,a3) € {(1:1; 1), (1;1;2), (1; 15 3), (1;2; 2), (1; 2; 3),
(1:3:3),(2:2:2),(2:2;3),(2:3;3). (3; 3;3)}

B§ dé dudc chitng minh. O

N .
Dinh Iy 3. Cho A2N,k) véi N > 2va k > ’7?—‘ + 2. Goi H la tdp con hoan chinh co so

phan it I6n nhdt cia A. Néu H biéu dién dugc dén ba thi A phdn hoach dugc thanh hai tdp co
tong cdc phdn tit bang N.
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Chitng minh. Xét trudng hop N < 4. Theo B3 dé 4, ta c6 H = A. Bdi vdy, c6 thé phan hoach
tap A thanh hai tip con c6 tong cac phan tit bang N. Goi S 1a tong cac phan ti ciia H va

AN H = {b1,bs, ...y}

Ap dung B6 @& 5, tadugc 2N = S + by + by +---+ b, vab; > S + 2. Goi ¢ 1a s6 phan ti
cia H.Khidék =p+gq,vaS >¢q.Taco

ON=S+bi+by+++b,>S+pS+2)=S+k—q)(S+2)
>S4+ k—=S)(S+2)=-8*+k—-1)S +2k

o (]3]

f(S)=-S*+ G%W + 1)5 +2{%W +4—-2N <0.

Ta suy ra

Mit khac,

,_ f(3\) :—9+3([§] +1) ”{%W TP =5W _aN—250
(B RO RN IR R (RN (RIS H

N
+4—2N=4’V?—‘+2—2N>0

. \ N
Keét hgp nhiing diéu vua thu duge véi S > 3tasuyra S > ’75—‘ Khi do

vz s pis 22 [V a([2]2).

Do dé p < 2, ta xét cac truong hgp:
1. Neup =1thiby =2N — S > 2N —(a; —2). Tasuyrab; > N + 1, diéu nay vo ly.

2. Néu p = 2 thi

N N

N N
N—blfN—lr——‘—2<’7—-‘§S
2 2

Do H 1a tap con hoan chinh ctia A nén sé c6 tap con H; ciia H c6 tdng cac phan ti bang
N —b;. Khid6 H; U {b,} s&la tap con clia 4 c6 tdng cac phan ti biang N. Viy ta c6 thé
phan hoach dudc A thanh hai tdp con cé tdng cc phan tii bang nhau.

Ta co
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Phép chiing minh hoan tit. ]
Xéta; = 1. Két hop v6i BS dé 5, ta c6
(a1,az,a3) € {(1;1;1),(1: 1:2), (1; 15 3), (1: 2: 2), (15 2; 3)}

Ta c6 dinh ly sau day:
L .. N .
Dinh Iy 4. Cho A2N,k)voi N > 2,k > ’73-‘ + 2va

(ar,az,a3) € {(1;1;1),(1;1;2), (1; 15 3), (1; 2; 2), (1, 2; 3) }.
Khi do, tdp hop A c6 thé'phdn hoach dugc thanh hai tdp con c6 téng cdc phdn tit bang N.

N o x
Trong dinh ly trén, véi tdp AN, k) ma N > 2,k > ’7?—‘ 4+ 2,a; = 1 va A biéu dién dudgc

dén 3, thi A c6 thé phan hoach dugc thanh hai tip con c6 tdng cc phan ti bang N. Ta s& xem xét
kha ning phan hoach tap A thanh hai tip con c6 tong cac phan tif bang N khi a; > 2.

B& dé 8. Cho tap AN, k) véi AN, k) ma k > {%W +2,a; > 2 Khi do, hai sé bdt ky ciia
A ¢6 tong khong vuot qud N.
Chitng minh. Ta chi cAn chiing minh a;_; + ax < N. That vay, ta c6
ay+ax+...+ar—r>2k—-2) 22’7%—‘ >N

Tit d6 ta suy ra ax_, + ax < N. Ménh dé dudc chiing minh. O
Dinh Iy 5. Cho tdp AN, k) vdi k > ’7%—‘ +2, N chinva ay = a, = 2. Khi dé ta ¢ thé’
phdn hoach tdp A thanh hai tdp con co tong bang N.
Ching minh. Thyc hién phan hoach A = C U L , trong d6

C ={c1,ca2,...,Cyu}
12 tap tt ca cac s6 chin clia A va

L={,l,....1,}
latap tAt cacacs6 18 cia A. Tacou > 2,u + v = k va v 12 s6 chin. Bit v = 2¢. Xét tap hop

B =1{b1,bs,...,by4s}

dudc xac dinh nhu sau:
(O .
by = —véil<i<u
2
va

lj + 1

bu+j: Véllfjft
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5 . N N A A
Neuay > 4thi2N >6+4k—-3)>6+4 > —1]=4 > + 2 > 2N Dbicu nay vo ly.

Do d6, ta c6 ag < 3. Tir d6 suy ra az < 3. Suy ra ba phan t bé nhét cia B 1a (1;1; 1), (1;1;2)
hoic (1; 1;3). Nhan thiy tdng cdc phan tif ctia B bang N va dé dang thiy rang thi moi phan tif

ctia B déu khong vuot qua CR Dé 4p dung Pinh 1y 4 cho tap B, ta cAn chiing minh

N
u+l2’7?—‘+2

u+v—2+u—2
2 2
1| N u—2 N u—2
>2+ - = |+ =2+ —+

Thuc vay, ta co

u+t=2+u—2+§22+

2| 2 2 4 2
Ta c6 2 truong hop:
£ < N N N u—2 N
1. Néu N chiahét4 thi | — | = — va t>2 — —>2 —
cu chia he 1’74—‘ 4vau—|- > +’74—‘+ 2 —|—’74—‘
2. Néu n khong chia hét 4 thi
N+2 [N
4 |4
Khi do
+t>2+N 2+N+2 ! 2+ al :
u _— = —_— - = JR— _—
- 4 4 2 4 2

Do u +¢ lasbnguyén, nénu +¢ > 2 + [%-‘ Ap dung Dinh ly 4 cho tap B(N, u +t) v6i

u+t>2+ ’7%-‘ thi B c6 thé phan hoach thanh hai tip con c6 tdng cdc phan ti bing %

Tir d6 ta suy ra, A ciing sé phan hoach dugc thanh hai tap con cé tdng cac phan ti bang N.
Dinh ly dugc chiing minh. O
Két hop céac két qua ctia cac Pinh 1y 2, 3, 4 va 5 ta c6 dinh ly sau day.

N - ,
Dinh Iy 6. Cho tdp A(2N, k) vdi k > ’73-‘ +2; k chan va a, < 2. Khi do ta co thé phdn hoach

tdp A thanh hai tdp con co tong bing N.

Trong phan nay ta quay lai chiing minh nhiing trudng hop tdng quat, khdng phu thudc ciu triic
phan bé clia tap hop s6, chi phu thudc vao 2N (tdng cic sb), va K (s6 lugng cac sd tham gia).

Hé qua 4.1. Cho tgp ARN;k)vdi N =6m +2véim > 1vak =4m + 3. Tdp A(2N, k) co
thé’ phdn hoach duogc thanh hai tdp con cé téng cdc phdn tit bang nhau.
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N
Ching minh. Tacok =4m+3>3m+3 = ’7?—‘ + 2. Ta ¢6 2 truong hgp:
1. Nuas >3thiaz+as+...+a; >3(k—2) =12m+3.Tasuyraa; +a, < 1. Diéu
nay vo ly.
2. Néuas < 2. Tasuyraa, < 2.Bay gio, ta 4p dung Dinh Iy 6 thi A c6 thé phan hoach dugc
thanh hai tap con c6 tdng cic phan ti biang N.
Hé qua dudc chiing minh. O
Hé qua 4.2. Cho tdp AQN:;k)véi N = 6m + 4vak = 4m + 4. Tdp A2N, k) c6 thé phdn
hoach dugc thanh hai tdp con cd téng cdc phdn tit bang nhau.

N
Ching minh. Tacok =4m+4>3m+ 4 = ’7?—‘ + 2. Ta xét 2 truong hop:

1. Néuas >3thias +as + -+ ax > 3(k —3) =12m + 6. Tasuyraa; +a, < 2.Do
dba, =a, =1,a3 = a4 = ... = a; = 3. Bdi vy, ta c6 thé dé dang phan hoach tap A
thanh hai tap con c6 tdng cic phan ti bing N.

2. Ta xét truong hdp a3 < 2, khi dé a, < 2. Ap dung Dinh 1y 6 thi A c6 thé phan hoach dudc
thanh hai tap con c6 tdng cic phan ti biang N.
Hé qua dudc chiing minh. O

Hé qud 4.3. Cho tdp AN ; k) véi N = 6mvak = 3m + 2. Tdp A(2N, k) cé thé'phdn hoach
duoc thanh hai tdp con co tong cdc phdn tit bang nhau.

Chiing minh. Trudc hét, trudng hop a, < 2 1a hé qua truc tiép ctia Pinh 1y 6, khi ma A4 c6 thé
phan hoach dudc thanh hai tdp con c6 tong phan tif bang N. Xét trudng hop a, > 3. Ta sé ching
minh a3 = a4 = 3. Néu ay > 4 thi

ar+az+---+ap>6+4k—-3)>12m+2

Piéu nay vo ly. Tir d6 ta suy ra
dy = d3 = d4 = 3.

Ta sé& phan hoach A = C U K, trong d6 C = {c1,¢», ..., ¢, } 1a tp cic sb chia hét cho 3 clia 4
va K = {ky,ka, ... ky}12tap cic sb khong chia hét cho 3 ctia A. Khi d6u > 3;u + v = k.

Ta phan hoach
K:KIUK2UUKt

sao cho téng cic phan tif clia K; chia hét cho 3 véi moi i va ¢ 16n nhit c6 thé. Theo BS dé 1 thi
trong ba sd nguyén bat ky sé ton tai mot s6 s6 c6 tdng chia hét cho 3. Béi vy, |K;| < 3, Vi. Tu
v

doétasuyrat > 3
Gia st tong cac phan tif ciia K; bang d; , véi 1 < i < t. Xét tap hop

B ={b1,by,...,by1s}
) G .. . . dj .. .
trong do b; :?lelfl <uvabyy; :?lelfj <t.
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Vi u > 3 nén ba phin tit bé nhét ciia B 1a (1; 1; 1). Nhén thiy tong cac phan ti ctia B bang 4m.
Ta sé chiing minh b; < 2m v6i moi i. That vy, ta chi can chiing minh

Ak—2 + ag—1 +ar < 6m + 2.
Khi do6, tii ¢;,d; < 6m tasuyrab; <2m.Taco
ar+a+---+ar3>14+3k—-4)=1+3B8m—-2)=9m —5.

Suy ra
Ao+ aj—1 +ar <3m +5<6m+ 2.

Pé ap dung Pinh ly 5 cho tap B, ta can ching minh: u 4+ ¢ > m + 2. Thuc viy, ta c6

u+v-—3 3m—1
R

u+t=3+u—3+§23+ >m—+ 2.

Ap dung Pinh Iy 5 cho tap B(4m,u +t) v6i u +t > m + 2 thi B c6 thé phan hoach thanh hai
tap con c6 tong cac phan tif bang 2m = % Tu do, A ciing s€ phan hoach dugc thanh 2 tap con
c6 tdng cac phan ti bang N.

Hg€ qua dudc chiung minh. ]

Tit cac két qua trén va céc chin duéi tim dudc & Muc 1, bai toan dudc dit ra da dudc gidi quyét
tron ven. Ta c6 dinh ly sau day.

Dinh Iy 7. Cho mét tdp hop A c6 k phdn tit la cdc sé nguyén duwong khong lén hon N va tong
ciia cdc s6 nay bang 2N. Khi dé, ton tai gid tri K nhé nhdt dé'véi moi k > K, tdp A luén co thé’
phdn hoach thanh hai tdp con c6 téng cdc phdn tir méi tdp bang N, trong do

e K=N+1,khi N le.

o K=2,khiN =2.

K=4m+3,khi N =6m + 2.
o K=4m+4,khi N = 6m + 4.
o K=3m+2,khi N = 6m.

Cudi cling ta giai quyét bai tap 13 diém xuat phat va c6 tic dung thic ddy toan bo nghién cifu nay.

Bai todn 2. Chitng minh rdng trong 35 s6 nguyén duong khong vuot qud 50 va co tong bang
100 thi c6 thé chon diwge mét nhom sé co tong bdng 50.

Chiing ta c6 thé dé dang suy ra két qua trén nhd viéc dp dung két qua ciia bai toan 16n trong
trudng hop N = 50. Dudi day 1a mot cach chitng minh doc 1ap ctia két qua nay. Ap dung B& dé
1 dé dang chiing minh dugc hé qua sau day.

Hé qud 4.4. Trong ndm sé nguyén bdt ky luén tim duoc mét vai sé dé’tong ciia chiing chia hét
cho 5.
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Ching minh. Bang cach phan hoach tip cic sb da cho thanh A;; A,; .. .; Ax sao cho tdng céc
phan tif trong mdi tip A; déu chia hét cho 5 va k 16n nhét c6 thé.

Ap dung hé qué trén ta thiy, mdi tap A; c6 khong qua 5 phan tir. Suy ra k > 7.
Gia st tdng cac phan tif clia tip A; bang 5a;. Khong mat tinh téng quat, gid st a; < a, < a3 <
.<ap.Khidda, +a, +---+ a; = 20.

1. Trudng hop k = 7 thi mbi tap A; sé c6 diing 5 phan ti. Ap dung bd dé 2, véi mbi tap A,
thi c4c phan ti sé c6 ciing s du khi chia cho 5.

Vi k 12 16n nhét c6 thé nén tit ca 35 sd da cho sé c6 cling s6 du khi chia cho 5, vi néu
ngudc lai ta s& chon dudc mot tip c6 it hon 5 phan i va c6 tdng cac phan ti chia hét cho
5. Mt khdc, trong 35 s6 da cho sé c6 sd 1 hoiic s 2, nén tit ca cac sd da cho c6 dang
5m 4 1 hoic tat ca cac sb6 di cho c6 dang 5m + 2.

o Néu tht ca cic s6 da cho c6 dang 5m + 1, thi ta c6 thé suy ra trong 35 s6 da cho c6 it
nhét 22 s6 bang 1. Tir d6 dan t6i

a1:a2=a3=a4=1.

Ta co
as +deg + a7 = 17

suy ra a; > 6. Ta c6 2 trudng hop:

— Néu 6 < a; < 10 thi ta c6 thé bd sung vao tip A7 cic sd 1 d€ dudc tap con clia
A c6 téng cac phan tit bang 50.

— Néu a7 > 11 thi ton tai mot tip con B clia tip A7 sao cho tong cdc phan i cia
B khong nho hon 28. Khi d6 ta c6 thé bs sung vao tap B céc s 1 dé dugec mot
tap con ctia A c6 tdng cac phan ti bang 50.

e Néu tit ci cac s6 da cho c6 dang 5m + 2, thi ta c6 thé suy ra trong 35 s6 da cho c6 it
nhét 29 s6 bang 2. Tur d6 dé dang chon dudc tip con ctia A gdm 25 s6 2 va c6 tdng
cdc phan ti bang 50.

2. Truong hop k > 8,tacéax < 13.

e Néua; = 13 thitap A \ Ax goém it nhét 30 sb va c6 tong bang 35. Khi d6 trong tip
A\ Ay s& ton tai it nhat 25 s6 1. TAp Ay c6 tong cac phan tli bang 65 nén sé& ton tai
mot tip mot tap con B ciia tAp Ay sao cho tdng cic phan tif cia B khong nhod hon
33.

Khi d6, ta c6 thé b3 sung vao tip B nhiéu nhit 17 s6 1 d€ dudc mdt tap con ciia A c6
tong cac phan ti bang 50.

e Néuay; = 12 thitap A \ Ax goém it nhét 30 sb va c6 tong bang 40. Khi d6 trong tip
A\ Ay s& ton tai it nhat 20 sb 1. Tap Ax c6 tdng cic phan ti biang 60 nén sé ton tai
mot tip mot tap con B ciia tAp Ay sao cho tdng cdc phan tif ctia B khong nhd hon
30.

Khi d6, ta c6 thé bd sung vao tip B nhiéu nhit 20 s6 1 d€ dudc mot tap con clia A ¢6
téng cac phan ti bang 50.

e Néua; = 11, ta xét cic trudng hop nhé sau day:
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— Néu |Ax| > 3 thi sé& ton tai mot tap mot tp con B clia tap Ak sao cho tdng cic
phan tif ciia B khong nhd hon 35. Khi d6 ta c6 thé bd sung vao tap B nhiéu nhat
15 56 1 d€ dudc mot tap con clia A c6 tdng cac phin ti bang 50.

— Néu |Ax| = 2 thitip A\ Ay gom it nhit 33 s6 va c6 tong bang 45. Khi d6 trong
tap A \ Ay s& ton tai it nhat 21 s& 1. Tap Ay c6 tong cac phan ti bing 55 nén sé
ton tai mot tip mot tip con B cia tip Ay sao cho tdng cac phan i ctia B khong
nho hon 28.

Néu tp A \ Ay c6 it nhat 22 s6 1. Khi d6 ta c6 thé bd sung vao tip B nhiéu nhét
22 sb 1 d€ dudc mot tap con clia A ¢6 tdng cac phan ti bang 50.

Néu tap A \ Ax c6 diing 21 s6 1 thi 12 s6 con lai sé c6 gid tri bang 2. Khi d6 ta
6 thé bd sung vao tap B thém 1 s6 2 va nhiéu nhét 20 s 1 d& dugc mot tip con
clia A c6 tdng cac phan ti bang 50.

e Néuay < 10thia; < 10,Vi < k . Ta can chiing minh c6 thé chon dugc mot s6 sd
trtap T = {ai,ax,...,ax} c6 tong biang 10. Pay chinh la trudng hdp riéng cia bai
todn 16n véi trudng hop N = 10. Nhan théy ta chi can chitng minh cho trudng hop
k =8.

Gia st phan chiing ring khong tdn tai tip con ctia tap T c6 tong cac phan ti bing
10. D€ ngan gon, ta goi day 1a gi thiét (Q-N).

Theo bd dé trén, ton tai tip B C T sao cho tdng cac phan ti ctia B chia hét cho 5.
Suy ra téng cac phan ti ciia B bing 5.

- Néu |B| =5thia; = a, = as = a4 = as = 1. D€ gia thiét (Q-N) xay ra ta
phai c6 ag,a7,ag < 4, tir do6

ar+az+---+ag <17,
day 1a diéu vo ly.

— Néu |B| = 4,khidé B céchta3sdb1vals62thia, =a, =as; = 1. DE gia
thiét (O-N) Xay ra ta phai c6 as, ag, a7, ag < 4. Nhung ta lai c6

as+ag+a7+ag =15=as =3,a¢ = a; = ag = 4.

Khi d6 ag + a7 + a; + a, = 10, tri véi gia thiét (Q-N).

— Néu |B| = 3 thi B séchiiaitnhat 1 s6 1 va T \ B gom 5 sb c6 tong bang 15.
Néu ton tai mot tp con C ctia T \ B c6 tdng cac phan tif chia hét cho 5 thi C
hoiic C U B sé c6 tdng cac phan tii bang 10, trai v6i gia thiét (Q-N).

Néu khong ton tai tip con ndo ctia T \ B c6 téng cac phan tif chia hét cho 5 thi
tAt ca cdc phan ti ctia T\ B sé c6 cung s6 du khi chia cho 5. Ta thiy c6 1 trong

3 trudng hgp sau day:
T\B=1{1,1,1,6,6}

T\ B=1{2,22.27
T\ B =1{3,3,3,3.3}

Trong cé ba trudng hop ta déu chon duge mot tip con ctia T c6 tdng cdc phan ti
bang 10, trai v6i gia thiét (Q-N).
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— Néu |B| <2thi T\ B gdém 6 s6 c6 tong bang 15. Chon 5 sb bat ky trong 7 \ B
va dp dung bd dé thi ta thiy sé ton tai mot tip con C cta T\ B c6 tdng cdc phan
tt chia hét cho 5. Khi d6 C hoic C U B sé c6 tong cac phan ti bang 10, trai véi
gia thiét (Q-N). Vay gia thiét (Q-N) khong xay ra.

Bai toan dudc giai quyét hoan toan. O

Cudi cling, céc tac gia xin tran trong cAm on cdc ban bé va dong nghiép trong hdi toan Internet:
BAI TOAN HAY - LOI GIAI PEP - SAY ME TOAN HOC vé nhiing y kién siu sic va gia
tri.

[1] J. Bang-Jensen, G. Gutin, and A. Yeo, When the greedy algorithm fails, Discrete Optimiza-
tion, 1 (2004), 121-127.

[2] Cormen, Leiserson, and Rivest, Introduction to Algorithms, 1990.

[3] P. Erdos, G. Abraham, and Z. Abraham, Theorem in additive number Theory, Bull. Research
Council, Israel, 10F; 41-43; 1961. 20.

[4] G. Gutin, A. Yeo, and A. Zverovich, Traveling salesman should not be greedy: domination
analysis of greedy-type heuristics for the TSP, Discrete Applied Mathematics, 117 (2002),
81-86.

[5] L. Lovasz, J. Pelikan, and K. Vesztergombi, Discrete matematics. Elementary and beyond,
Springer-Verlag, 2003.
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TOI UU TO HOP I: CAC BAI TOAN TOI UU VE
CAC HE TAP HQP

Gil Kalat - Hebrew University of Jerusalem and Yale University

LOI GIOI THIEU
Bai viét ndy gi6i thidu vé cac bai todn tbi uu lién quan dén hé céac tap hop. Pay
la mot trong nhiing bai giang cua Gil Kalai tai seminar "Cdc khdi niém co bdn'" tai
PH TH Hungari do David Kazhdan khéi xuéng. '

Paul Erdos

1. Ba bai todn mé dau

Chiing ta s& bit dau bing ba bai todn kha giéng nhau, tif rit d& dén rit kho.

Bai todn 1. Cho N = {1,2,3,...,n}. Hoi kich thudc I6n nhdt ciia ho F cdc tdp con ciia N
thod mdn diéu kién hai tdp hop bdt ky thuéc F c6 phan giao khdc réng? (Mét ho nhu vdy duogc
goi la ho giao nhau).

Tra 1oi: Kich thude 16n nhat 12 2" !, Ching ta c6 thé dat dudc diéu nay bang cac chon tit ca cic
tap con chifa phan tif ‘1°. Chiing ta khong thé dat dudc con s6 16n hon, bdi tit mdi cip gom mot
tap hop va phan bu ctia né, ta chi c6 thé chon mot tip hop vao ho cic tap hop clia chiing ta.

"Trin Nam Diing dich va gidi thiéu (tit web site ctia Seminar: Téi uu t& hop I)
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Bai toan 2. Tim kich thudc I6n nhdt cia ho F cdc tdp con ciia N sao cho hai tdp hop bdt ky
thuéc F co hop khdac N ?

Cau tr 16 12 hién nhién vi bai toan 2 chang qua la bai toan 1. Chi cin chuyén qua phan bu. Va ta
s& c6 ddp sb gibng nhu bai todn 1. Ta phat bi€u bai toan 2 khac nhu bén duéi.

Bai toan 2 méi. Tim kich thuSc 16n nhét ctia ho F céc tip con ctia N sao cho véi hai tap hop
batky S, R thudc F, ta c6 giao ctia ching khac rdng va hop ctia ching khac N.

Mot vi du ctia mdt ho nhu vAy 1a tap hop tt ca cac tip hop chita phan ti 1 nhung khong chifa
phan ti 2. Ho nay c¢6 2”2 tip hdp. Phai mét vai nim sau khi Erdos dé xudt bai toan nay, Kleitman
méi chiing minh dugc 1a khong ¢6 ho nao 16n hon véi tinh chét nay.

Bai toan 3. (Gid thuyét Erdos-Sos) Cho F la ho cdc do thi véi N la tdp cdc dinh. Gid sita rang
hai dé thi bdt ky ciia ho c6 chung mét tam gidc. Hoi F 6 kich thudc 6n nhdt bdang bao nhiéu?

Tong sb cic dd thi vdi n dinh 1a 2(2). (Chd ¥: ta dém céc dd thi ma khong tinh dén sy ding cu
cua chuing.)

Mot vi du don gian ctia ho tap hop véi tinh chét da cho 1a tit ca cic tp hop chia mot tam gidc cb
dinh nao d6. Vi du tat ca cic do thi chia cac canh

{1,2},{1,3},{2,3}.

L s N D P SR
Ho nay chia — cda tat ca cac do thi. Ton tai hay khong mot ho 16n hon céc do thi véi tinh chat da
cho?

Erdos va Sos dua ra gia thuyét 12 cau tra 15i 1a khong — chiing ta khong thé tim dudc ho 16n hon.
Gia thuyét nay hién nay van 1a mot van dé md.

Vera Sos
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Dinh ly Erdos-Ko-Rado: Mot ho giao nhau cic k-tap con clia N, trong d6 2k < n chia tdi da

n—1
tap hadp.
(=)o

Dinh Iy Fisher - deBruijn-Erdos: Ho cic tip con clia N sao cho hai tdp hop khic nhau bat ky
ctia ho ¢6 ding mot phan ti chung c6 nhiéu nhét n phan ti.

Erdos va deBruijn két luin ring n diém khong thang hang trén mit phang xac dinh it nhat n
dudng thang. Hay thit suy ra diéu nay tit dinh Iy trén!

Tt ca cac k-tap con ctia N chifa phan ti 1 cho vi du vé d4u bang cho dinh ly Erdos-Ko-Rado.
Véi dinh ly Erdos deBruijn ta lay ho

{34125, 41. 35, .. AL n}}

hoic thay tap hdp dau tién béi
{2,3,...,n},

hodc 14y mot mit phang xa anh hitu han.

Miit phing Fano cdc diém xa anh hitu han bac 2

Phép chiing minh dinh 1y Fisher - de Bruijn-Erdos c6 thé trinh bay nhu sau: Gid sif rang c6 m tap

hop A1, A,, ..., A, trong ho. Xét ma tran lién két cia ho: Phan ti (i,j) cia ma tran nay bang ‘1’
néui € A;. Sukién cbt yéu & dy 1a céc cot ¢1, ¢a, . . ., ¢y clia ma tran lién két 1a doc 1ap tuyén

tinh, tor day suy ram < n.

Lam thé nao d€ c6 thé ching minh rang cic cot 1a doc lap tuyén tinh? Trudc hét, ching ta gia si
rang c6 it nhat 2 tap hop. Khi d6 ta viét s = Z a;jc; va tinh tich trong (inner product)
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(s,s) = Zzaiaj(ci,cj)

Ta luu y rdng néu i va j khdc nhau thi (¢;, ¢;) = 1 va (¢, ¢;) = |4;].

Nhu vay
2
B m 5 m
(s.5) = > a?(A;] - 1) + (Za,-) .
i=1 i=1

Nhu vy tich nay chi c6 thé bang 0 khi tit ca cdc hé s o; déu bing 0.

Chiing minh nay 1a mét vi du ctia "cac 1y lun vé chiéu trong t6 hop".

4. Dinh ly Sperner

Dinh 1y Sperner (1927) khang dinh riang kich thudc 16n nhit ctia ho F céc tip con ctia N 1a mot

ddi xich dbi v6i quan hé bao ham 1a hé s6 nhi thic < ) Lubell tim dugc mot phép chiing

n
n/2
minh don gian va dep cho dinh ly Sperner:

Goi F 1a mot dbi xich nhu vAy va gia sit rang né cé sx tap hdp k phan ti. Ta tinh céc cip (7, S)
trong d6 w = (w (1), 7 (2),...,w(n)) lamdt hoan vi cia {1,2,...,n} va S la tap hgp thudc ho
c6 khéi daula r, cuthé1a S = {m (1), 7(2),...,m(k)} véi k ndo d6. V6i mbi hodn vi 7, ta tim
dugc nhiéu nhit mot khéi dau S trong ho F (do diéu kién dbi xich).

Néu S 1a mot tap hop k phan ti, ta c6 thé tim dugc ding k!(n — k)! hoan vi 7 v6i S 1a khéi dau.
n n

Két hop hai sy kién ndy, tac6 » _ sgk!(n — k)! < n! hay néi cdch khac » g—") < 1. B4t déng
k=1 k=0 \k

thifc nay (dudc goi la bat dang thic LYM) suy ra két qua can chiing minh.

Bella Bollobas, mdt trong nhitng ngudi da phat hién ra bat dang thirc LYM.
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Dinh 1y Erdés-Ko-Rado c6 mot phép chiing minh tuong tu véi chitng minh trén. Y tudng 1a tinh
cach cap (i, §) trong d6 S 1a mot tap hgp trong ho, v 1a hoan vi vong quanh (7 (1), 7(2), ..., 7(n))
va S 1a mot "khoang" lién tuc dbi véi .

Mot mit ta ¢c6 (n — 1)! hoan vi vong quanh va dé dang thay rang véi mbi mot hoan vi nhu
vay, ta c6 thé chon dudc nhiéu nhit k "khoang" d6i mot giao nhau. Mit khac, véi mbi tap
hgp S ¢6 k!(n — k)! hoan vi vong quanh ma trong d6 S la mdt khoang li€n tuc. Nhu vay
|F|k!(n — k)! < (n — 1)k va diéu nay cho chiing ta dinh 1y Erdés Ko Rado.

Quay trd lai mot chiit vé cau "dé dang nhan thay". Phan nay st dung diéu kién 2k < n. Mot cach
ly luan cho phan nay nhu sau: xét khoang J ma phan ti tan cling bén trai 12 nim & bén trai nhat
va chi y ring c6 k khoang giao v6i J ma phan ti tin cling bén trdi nam bén phai z. Mot cach
khéc 14 xét mot khoang J bao d6 c6 do dai k va chi y ring 2k — 2 khodng c6 giao véi khoang
nay dudc chia thanh k — 1 ciip ma mdi cip chida hai khoang khong giao nhau.

Trudng hop dic biét clia dinh ly Turan cho dd thi khong chia tam gidc dudc chiing minh béi
Mantel vao nam 1907.

S6 16n nhit cc canh (ky hiéu 1a £,(n)) ctia mot do thi n dinh va khong chif tam gidc dat dudc &
dd thi hai phe day di n dinh véi kich thudc hai phe cang gan nhau cang tét (cu thé 1a [%] va

n+1
=)
Pinh ly Turan & dang tdng quat dudc chiing minh vao nhitng nim 40 cda thé ky trudc. S6 16n
nhét cic canh (ky hiéu 12 #,(n)) ctia dd thi n dinh khong chifa dd thi con diy di r + 1 dinh dat

dudc tai do thi r phe day dd vé6i n dinh, trong d6 kich thudc clia cac phan cang gan nhau cang
tot.

Paul Turan

Chitng minh dinh Iy Turan: Thuc su dinh ly Turan khong khé; gan nhu cach tiép cin nao ciling
c6 thé thanh cong. Sau day 12 mot cach tiép can nhu vay: d€ don gidn, ta xét trudng hgp tam gidc.
Xét dinh v véi bac 16n nhit va chia cic dinh con lai ctia d6 thi thanh hai phan: A — c4c dinh ké
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v6i v, B —la cac dinh con lai. Bay giG chu y la cac dinh thudc A 1ap thanh mot tap hop doc 1ap
(ttic 12 khong c6 canh ndi giita cac dinh ctia A). V6i mdi dinh thudce B ta xo4 di tit ca cic canh
chita dinh nay va thay vao d6, nbi dinh nay véi tat ca cac dinh thuoc A. PE y ring trong do thi
md&i, bic clia mbi dinh déu khong nhd hon bic & d6 thi ban diu. Va, hon nita, dd thi mdi 1a do thi
hai phe (trong d6 A 1a mdt phe). Cubi cling ta chi can ching minh 1a véi do thi hai phe thi s6
canh 12 16n nhit khi hai phan c6 sd dinh cang gan nhau cang tot.

Sau day 12 mot chiing minh khac. Xod di mot dinh cta do thi G véi n + 1 dinh khong chua K.
S6 canh ctia d6 thi con lai khong vugt qua #,(n). Thuc hién diéu nay dbi véi tat ca cac dinh va
chi y rang mdt mot canh dudc tinh 7 — 1 1an. Ta thu dudc rang sb canh trong G (va nghia 1a
tr(n)-(n+1)

T Dénh gia nay cho chiing ta két
n —_—

tr(n + 1)) khong vudt qua phan nguyén trén ctia
qua chinh xac cia bai toan.

Chuing ta két thiic chuyén tham quan thu vi niy bang bai toin ma Turan dua ra vao nam 1940.
Chung ta mudn tim s6 phan ti 16n nhit ctia tip hop cdc bo ba lap tir 1,2, ..., n khong chia mot
"ti dién", tic la khong chia bén bd ban ¢ dang {a,b,c},{a,b,d},{a,c,d},{b,c,d}.

Néu doc gia chua biét ddp s6, hiy thit dua ra du dodn clia minh. Turan da dua ra mot gia thuyét
ctia minh va gia thuyét nay hién nay van con 1a mot van dé md.

MGt s6 ghi chii thém ctia dich gia:

Gil Kalai 13 Gido su Todn ctia Dai hoc Hebrew & Jerusalem, Israel va 12 gido su thinh gidng vé
Toan va Khoa hoc mdy tinh tai Pai hoc Yale, My. Ong sinh nim 1955, bao vé lun 4n tién si nim
1983 dudi su huéng dan khoa hoc ctia Micha Perles. Ong dudc giai thuéng Polya nim 1992 va
giai thudng Erdos nam 1993. Ong di tim ra cic phuong 4n ctia thuit todn simplex trong quy
hoach tuyén tinh véi thoi gian dudi mii d€ ching minh dudc rang moi tinh chat don diéu ctia dd
thi déu c6 chuyén pha chiit, gidi quyét gia thuyét Borsuk vé s6 cac phan can thiét &€ phan hoach
mot hinh 16i thanh céc tip con c6 dudng kinh nho hon.

Tur nam 2008, 6ng da 1ap blog Combinatorics and more tai dia chi gilkalai.wordpress.
com d€ trinh bay va thao luin cic vin dé ma dng va cic cong su quan tAm. Blog nay c6 chat
lugng chuyén mon rit cao, rt nhiéu cac dé tai, bai bao da dudc khéi dau tif nhitng thao luan, goi
y tu blog nay.

Poi xich: Trong mot tap sa“ip thi tu (partial order set), mot ddi xich 12 mot ho cac phan ti doi
mot khong so sanh dugc voi nhau.

LYM: Lubell, Yamamoto, Meshalkin la nhitng ngudi da chiing minh dinh ly nay mdt cach doc
lap. Bollobas 12 ngudi thi tu ciing tim ra két qua nay mot cach doc 1ap.
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BAI TOAN HAY - LOI GIAI DEP

Ban Biép tap Epsilon

LOI GIOI THIEU

Chuyén muc nay dudc 14y cdm hiing tif bai viét ciia thdy Nguyén Duy Lién &
Epsilon sb 3 vé bai toan sb 6 trong ky thi IMO 2001 véi 5 cach gidi khac nhau. Muc
nay sé dé€ danh viét vé nhiing bai toan hay, 15i gidi dep va nhiing ciu chuyén thd vi
xung quan nhiing bai toan va 16i giai do.

Tén cua chuyén muc dugc mugn ti tén cia mot nhém nhiing ngudi yéu toan trén
Facebook do anh Nguyén Vin Ldi sang 1ap “Bai todn hay — Loi gidi dep — Dam mé
todn hoc”. Chuyén muc ghi nhan céc dé ci cia ban doc va sé chon ding mdi ky 1, 2
bai toan.

Ky nay chuyén muc gi6i thiéu véi ban doc vé bai toan s6 6 trong ky thi IMO
1983 véi 101 giai tuyét voi ciia Bernhard Leeb.

Nim 1983 khi t6i di thi todn quc té & Paris, tdi dd quen hai ngudi ban 12 Andrei Ratiu (ngudi
Romania) va Bernhard Leeb (ngudi Pic). Chiing t6i néi véi nhau bing tiéng Phap va tiéng ...
tay. Chung tdi cing sd thich 1a danh bong ban va thudng ri nhau choi béng & phong thé thao cla
Lycee Luis Le Grande. Chiing t6i c6 mot c6 dong vién nhiét tinh 12 ban Nadia ngudi Algeria,
cung thi IMO va chei than v6i Bernhard. Chinh ban Nadia da trd 151 phong van Dai truyén hinh
Phap “An tuwong nhdt doi véi em la doan CHLB Diic va doan Viét Nam”. Pic nim d6 c6 3 ban
42 /42, trong d6 Bernhard 1a mot. Ban 4y con dat giai thudng dic biét véi 16 giai 2 dong cho bai
toan bét dang thic :

Cho a, b, ¢ la do dai ba canh tam gidc. Chiing minh rang
a’b(a —b) + b*c(b—c) + c*a(c —a) > 0. (1)

Thay Lé Hai Chau ké lai 12 khi phat short list cho cic trudng doan thi khong ai gidi dudc bai nay
(va doan Viét Nam ciing khong ai 1am dugc). Cho nén khi BGK thiy ¢6 18i gidi chi 2 dong thi
qué 4n tugng va da hop dé trao giai dic biét cho Bernhard.

Tim hiéu thém thi truéc d6 Bernhard da 2 1an thi IMO va nim 1984 con thi thém mot 1an nita.
Céc nam 1981, 1982, 1984 Bernhard déu dudc huy chuong bac, du diém rit cao (thip nhat 1a
35). Néu 1a bay gid thi Bernhard da dat 4 huy chuong vang, mot thanh tich ddng né.

Bernhard rat giéi ngoai ngit. Cau biét tiéng Phdp, tiéng Anh. Sau nay khi t6i hoc & Moscow van
thinh thodng trao d6i thu tir (va anh miy c6 ban gdi ngudi Nga).

Hién nay Bernhard Leeb la gido su diu nganh ctia dai hoc Munchen, c6 nhiéu cong trinh toan
hoc gia tri.

Duéi day ching toi trinh bay 2 16i giai cua bai toan nay. Ldi giai chinh thic cia Ban giam khao
va 10i giai 2 dong ctia Bernhard Leeb.
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Loi gidi 1. (Cha BGK) Via, b, ¢ 1a d6 dai 3 canh ctia mot tam gidc nén néu dit

_b—l—c—a _c+a—b _a+b—c

X

y YT T T

thix, y, z1lacacsdduongvia = y +z, b =z + x, ¢ = x + y. Thay vao (1) va thuc hién
bién ddi, ta c6 bat dang thic da cho tuong duong véi

xy? +yz2 +zxd > xyz(x + y + 2). (2)
Ap dung bét ding thitc Cauchy Schwarz ta c6
(xy* +y2° + 23z + x +y) > xyz(y + 2 + %)%,

v6i ddu bang xay ra khi

Tiic 12 diu biang x4y ra khi va chi khi x = y = z. Vay du bing xay ra & bat dang thic ban dau
khi va chi khi tam gidc da cho 1a tam gidc déu déu. O

Trong 18i giai nay, mAu chdt 12 st dung phépthéa = y +z, b = z + x, ¢ = x + y (dudc goi
12 phép thé Ravi. Khi di thi vao nim 1983, chiing t6i chua hé biét dén phép thé nay) dé dua bat
dang thitc (1) chi ding véi a, b, ¢ 1a ba canh ctia mot tam gidc vé bt dang thic (2) ding véi
moi s6 thuc duong x, v, z, tiic 1a gidi quyét dudc khé khin vé diéu kién rang budc.

L&i gidi 2. (Cta Bernhard Leeb) Khong mit tinh téng quat ta c¢6 thé gia st a = max{a, b, c}.
Khi do ta co

a’b(a—b)+b*c(b—c)+c*a(c—a) =a(b+c—a)(b—c)*+b(a+b—c)(a—b)(a—c) > 0.
Tit d6 dan dén két luan ctia bai toan. O

Ldi gidi nay chinh tay Bernhard Leeb da viét cho toi trén mot tim buu thiép. Tiéc 12 qua nhiéu
nidm vdi nhiéu 1an di chuyén, t6i khong con gitt duge thm buu thiép quy dé ma chi nhé 16i giai
ciing nhitng ky niém vé ngudi ban trong ky tic ctia minh.

Bai todn niy qua that 12 mot bai toan hay va 15i gidi ctia Leeb thi qua tuyét voi. Toi cling da nhiéu
1an chia sé véi ban bé vé bai toan va 15i giai va nhiéu ngudi ciing dong tinh véi nhan dinh nay
cung nhiing tiéng tram trd. Trén dién dan Bai to4n hay — Loi gidi dep — Pam mé toan hoc, gido
su Phung H6 Hai (huy chuong dong toan qudc t& nim 1986) da c6 chia sé dudi ddy vé bai todn
ndy, cling nhu nhitng van dé rong hon vé mdi lién hé giita todn so cAp va nghién ciiu todn hoc.
Chiing t6i xin trich ding y kién ctia gido su Hai.

“Bai IMO 1983 c6 [é la bai dau tién vé dang bdt dcfng thitc cho 3 s6, nd thé hién sé 3 rdt ddc biét
(khong c6 logi tuong tw cho 4, 5, ... cho 2 sé thi dd qud “cii” roi). Loi gidi phdi diing mot ky
thudt ddc biét, né dep téi miic goi la “nghé thudt” thi mdi xiing. Bai todn nay da tao ra hdn mot
trao luu tam goi la “Bdt ddng thitc cho 3 s6”. Tuy nhién cdn phdi ndi ring dinh cao ciia trao luu
dd dat dvoc tir ngay bai todn ddu tién. Loi gidi ddc biét ciia Bernhard Leeb thé hién diéu do.
Viéc phdn tich chi ly 1oi gidi do la vo nghia vi khong ai biét Leeb da nghi thé nao. Tuy nhién ta
6 thé'thdy nhitng diém chinh sau trong tw duy ciia Leeb. Bién doi hiéu hai vé ciia bdt ddng thitc
thanh mét téng cdc sé khong dm, tinh khong dm nhdn duogc tiv cdc yéu té sau: Bdt ddng thiic tam
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gidc (dit kién), ky thudt sdp thit tw (co thé hiéu nhu la xét cdc truong hop dé don gidn hoa bai
todn), cdc hé s6 cho bdi binh phuong (yéu té nay rdt quan trong dé’ ddm bdo ddu bang). Ngodi ra
la tai ndng cuia Leeb, cdi ma cdc thdy gido ciing chiu khéng day duwoc.

Bt ddng thitc 3 s6 dep khong kém gi cdc bai todn hinh hoc phdng. Téi nhé ndam 1995 téi khoa
todn truong York, thdy ho treo & bdng tin ciia khoa thdach dé mét bai todn nhu vdy, la dé thi IMO
1995 néu téi khong nham. Cdc gido sw hi huc gidi. Tuy nhién viéc lam dung né la khong tot.
Ngay bai IMO 1995 ciing dd thua xa bai IMO 1983, khong néi dén nhiéu bai ngay nay. Tiéu chi
dau tién cho mot bai todn so cdp danh cho hoc sinh gidi la phdi dep, tiép theo la loi gidi clia né
ciing phdi so cdp va don gidn (néu dé bai da dep thi 10i gidi khdc phdi hay va c6 ¥ mdi). Khi
sdng tao ra dé bai mdi chiing ta can nghi rang lam viéc dé cho cdc em hoc sinh chit khong phdi
cho chiing ta - dé’ khong tao ra nhitng “bai todn doc hai”. Tinh hudng giong nhw néng dan trong
dua, vi ning sudt ma phun di thit thudc tang trong, thudc triv sdu ... DSi véi bdt ddng thiic 3 sé
16i cho rdng sau 32 ndm thé gidi da co qud nhiéu roi (riéng Viét Nam thdm chi dd ngé déc). Co
rdt nhiéu bai todn dep trong do, va chdc chdn sé con co nhitng bai todn dep (nhung rdt it). Toi
thiét nghi, khi day cho hoc sinh, néu chiing ta nghi cho cdc em, thi nén chdt loc & do nhitng gi
tinh tily nhdt dé’truyén dat (trong do cé 4 ¥ tudng da duoc thé hién trong bai IMO 1986). Nhung
khong nén qud sa da, sa da la da lam ldng phi tudi tré ciia cdc em.

C6 ban gi J trén héi vé “con duong”. Loi khuyén ciia téi la hdy tim hiéu todn cao cdp. Poé mdi la
bién réng, cuia kién thiic, ciia tw tudéng. Ngay con la hoc sinh chuyén todn t6i cit nghi chi cd todn
s0 ¢dp mdi hay, todn cao cdp chdc buén té ldm (mdc dit chiing t6i héi do tw tim doc rdt nhiéu vé
todn cao cdp va c6 hiéu biét rong hon nhiéu vé gidi tich hién dai so véi hoc sinh ngay nay). Tuy
nhién sau nay t6i thdy tiéc la minh da danh qud nhiéu thoi gian cho todn so cdp. D6 la cdm nhdn
ciia mot nguoi theo nghé todn. Péi véi nhitng nguoi khong theo todn thi con lang phi biét chitng
nao. Tuy vdy, dé’ “ra bién” thi phdi hoc boi, hoc chéo thuyén. Nhitng ngay nhitng ndm ddu tién
tim hiéu todn cao cdp tdt nhién sé mdt phwong hudng nhw dang ditng trén mét ddo nhé nhin ra
bién vdy - liic do co thé'sé tiéc sao khong & nha boi trong ao. Nhung vuot qua duoc cdi do ban sé
thdy thé gidi todn hoc khdc nhitng gi ma ban da thdy” .
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pOI DIEU VE HINH HOC PHI EUCLID

Tran Nam Diing - Trich tir “Cdc cdu chuyén todn hoc’, NXB Gido duc

Chuyén k€ rang, vao nim 1823, Farkas Bolyai (1975 — 1858) d viét thu cho
ngudi con trai 12 Janos Bolyai (1802 — 1860) ngudi Hungary ring : “Con ditng di
vao con duong ma bé da di, ding nhdy vao “hang khong ddy” da nudt hét tri tué,
tinh luc va tdm huyét ciia bo”.

Day 12 16i khuyén tir day long, tif trach nhiém ctia ngudi b da subt doi nghién
cttu Pinh dé 5 clia Euclid ma khong thanh cong. Khi biét con minh thich nghién ctiu
“Iy thuyét cdc duong song song”, thi F. Bolyai da rat s hii v di viét cho con minh
(trong mot biic thu khac) nhu sau: “Con sé khong thé nao chién thing duoc Ii thuyét
cdc duong song song bdng con duong dy. Bé dd di dén cudi con dwong dy va da lac
vao mot dém den day ddc, mét tia sdng ciia ngon nén ciing khong cé va dd chon
viti & dé bao niém hanh phiic ciia doi minh. Khi lao vao cdc hoc thuyét cé6 quanh vé
cdc duong song song, con sé chdng con gi cd. Con hdy ldn tranh né nhu ldn trdnh
nhitng duc vong thdp hén, né sé lam hao mon siic luc ciia con, cudp di sw an nhan,
qudy ddo su yén tinh va sé giét chét nhitng niém vui clia cudéc soéng. Bong t6i mit
ming sé nudt chitng cd nhitng choi thdp khong 16 va sé chdng cd lde sdng trén Trdi
Ddt t6i tim. Chdng bao gio con ngudi c¢é thé'dat tdi mot su thue hoan mi ngay chinh
trong hinh hoc. Chiia troi hdy citu véi con khéi nhung ham mé con ém dp ...”

Nhung F. Bolyai khong ngd ring ciu néi ctia chinh éng trudc day da lam J.
Bolyai bi thu hit vio vin dé nay (ciu néi d6 c6 ndi dung sau: “Ai chitng minh dugc
tién dé vé cdc duong thing song song, nguoi do sé sdng ngoi nhw mot vién kim
cuong to bang Trdi Ddr”). Va chang J. Bolyai tré tudi da khong vi nhiing 15i canh
bdo ctia bd minh ma Ii bude. Tranh nhiing thét bai clia nhiing ngudi di trudc, J.
Bolyai da di theo con dudng ctia riéng minh. Ong da khéng tim cach chiing minh
Dinh dé 5 cta Euclid, ma da xét né nhu mot tién dé doc 1ap. Va khi pha dinh Dinh
dé 5 ctia Euclid, J. Bolyai da xay dung dudc mot hé théng hinh hoc méi (ma vé sau
con dudc goi 12 Hinh hoc phi Euclid). C4c két qua vé hinh hoc nay ctia 6ng cling
phong phi va nhitng chiing minh ctia 6ng rat hoan thién.

J. Bolyai 12 mot nha toan hoc thién tai, nhung bi d6 ky, ché bai va bi c4 nhiing
diéu dom dit vé 6ng. Cudc song ciia J. Bolyai luon bi bon quy toc chén ép, bao vay
ca tinh than 1an vat chit. Ngudi bd 12 mot nha toan hoc dy tAim huyét va rat thuong
con, nhung tlf bai hoc sai 1am riit ra chinh cudc ddi nghién cifu toan hoc ctia minh,
F. Bolyai da vo tinh trg thanh vat can cta con trén con dudng tim toi, sang tao.

Nim 1831, J. Bolyai da cong bd cong trinh ctia minh dué6i dang phu luc ctia mbi
cudn sach ctia bd minh. Phu luc trinh bay “Hoc thuyét tuyét doi diing vé khong gian”
F. Bolyai da viét thu cho Carl Friedrick Gauss (1777 — 1855), dé nghi Gauss cho
nhan xét vé cong trinh nghién ctu ctia J. Bolyai. Trong thu tra 15i, Gauss da néi rang
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ong khong thé ngoi khen cong trinh d6, vi nhu thé tiic 1a tu khen minh. Ong néi ring
tu tudng ctia J. Bolyai trong phu luc chinh Ia tu tudng clia dng trong nhiéu nim trudc
day. Sau d6, Gauss da viét thu cho Goling véi y cho ring nha toan hoc tré tudi J.
Bolyai 1a mot thién tai.

Phai néi ring danh gia trén ddy ctia nha toan hoc 15i lac Gauss 1a hoan toan chan
thuc. That vy, tif nim 1824, trong thu gii cho ngudi ban 13 Tolinos, Gauss da viét:
“Téng ba goc trong mot tam gidc phdng phdi nhé hon 180°, gid dinh nay ddn dén
nhitng ddc thit khdc hoan toan vdi hinh hoc ciia chiing ta. Toi phdt trién né va thu
dugc nhitng két qud hoan toan khién ta hai long”. Va bic thu ndi tiéng ma Gauss da
gtii Frants Adonf Taurinus ciing chiing té rang, Gauss da nam dudc cic y niém quan
trong cia Hinh hoc phi Euclid. Nhung d6 chi méi la nhitng doan rdi rac, nhitng phat
kién mic du da rit sau sac.Tuy nhién, lic by git Gauss da khong cong bd nhitng
két qua nghién cifu nay ctia minh.

Thu tra 10i ctia Gauss da 1am cho J. Bolyai c6 nhitng hiéu 1am 16n J. Bolyai
nghi rang Gauss rang da dung uy danh ctia minh dé€ cudp di quyén phat minh vé hé
thong hinh hoc méi ctia dng. Vi thé, J. Bolyai rat dau long va thé riang sé viit bd moi
nghién ctiu toan hoc. Thang 10 — 1848, J. Bolyai da dugc b6 minh gti cho luan vin:
“Nghién citu vé Ii thuyét cdc duong song song” ctia N. I. Lobachevski, xuét ban bang
tiéng Pic nim 1840. J. Bolyai da ngac nhién, vi thiy rang N. I. Lobachevski ciing
da di dén nhiing két qui gidng minh va J. Bolyai ciing rit khAm phuc tai ning ctia N.
I. Lobachevski.

Cung thoi véi J. Bolyai, § Cadan (Thu do6 cua nuée cong hoa tu tri Tacta thude
Lién Bang Nga), da xuét hién mot ngdi sao sdng, d6 1a nha toan hoc thién tai Nicolai
Ivanovich Lobachevski (1792 — 1856). N. 1. Lobachevski da ting 13 gido su xuat
sac, Hiéu trudng ctia Trudng DPai hoc Tong hop Cadan. Ong da tim cach chitng minh
rang, tif cac dinh d& va tién dé khac ctia Hinh hoc Euclid c6 dién, khong thé suy ra
Dinh dé 5.

Dé chiing minh diéu d6, 6ng da gitt nguyén cac dinh dé va tién dé khac ctia Hinh
hoc Euclid c¢6 dién va thay thé Pinh dé 5 bang mot tién dé phu dinh cia tién dé
Euclid, va do d6 ciing 1a phi dinh ctia Dinh dé 5. Ngay nay, tién dé na dudc goi 1a
tién dé Lobachevski. Tién dé nay c6 noi dung nhu sau: “Trong mdit phdng, qua mot
diém khong ndm trén mot duong thing cho trude, ¢é it nhdt hai duong thing khong
cdt duong thing da cho”. Roi tlt d6, Lobachevski da xdy dung nén mot hinh hoc méi
khong c¢6 mau thuin. Nhitng két qua ctia hinh hoc m&i ndy “trdi mdt”, trdi véi truc
quan hang ngay cta chung ta, trai véi hinh hoc Euclid quen thudc.

Ngay 11 — 2 — 1826, Lobachevski da cong b6 két qua ctia minh vé Hinh hoc phi
Euclid trén dién dan Vat 1i — S6 hoc ctia Trudng Pai hoc Téng hop Cadan. Sau do,
cong trinh nghién cu vé hinh hoc phi Euclid ctia Lobachevski véi tiéu dé “Vé cdc
co s hinh hoc”, da dugc dang & td bao “Thong bdo Cadan” nam 1829. Con cong
trinh ctia J. Bolyai vé Hinh hoc phi Euclid dudc cong bd vao niam 1831 (doc lap véi
Lobachevski). Ngay nay, chung ta goi Hinh hoc phi Euclid (do Lobachevski va J.
Bolyai di doc 1ap v6i nhau va dong thsi tim ra) 12 Hinh hoc Lobachevski hoic Hinh
hoc Lobachevski Bolyai. Ngay 11 — 2 — 1826 dudc thé gidi goi 1a ngay ra doi ciia
hinh hoc nay.
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Trong thdi dai ciia Lobachevski, hau nhu khong ai hiéu tu tuéng ctia 6ng, nhiéu ngudi da ché
nhao 6ng. Nhung Lobachevski da diing cdm va tin tudng phat trién hinh hoc méi ctia minh. Ong
da kién tri nghién ciu va cong bd cong trinh nghién ctiu cia minh ngay cang chi tiét hon, day
da hon. Mot nam trude khi qua doi, Lobachevski da bi mu. Khi d6 6ng con doc cho hoc tro cua
minh chép mdt cong trinh sang tao mSi mang tén “Hinh hoc phdng”, trong d6 ng da chi rd Hinh
hoc Euclid chi la truong hgp gidi han ciia Hinh hoc phi Euclid ctia 6ng. Lobachevski da gui cong
trinh cudi cung nay cho Trudng Pai hoc Téng hop Cadan — noi ca cudc ddi sang tao clia ong da
trdi qua ¢ do.

Ngay 24 — 2 — 1856, Lobachevski da qua doi, vai chuc ndm sau ngudi ta méi cong nhan toan bo
nhiing tu tudng cua ong.

Cong trinh nghién cifu ctia Lobachevski va J. Bolyai vé Hinh hoc phi Euclid 12 mot thanh tuu vi
dai ctia khoa hoc, dd md ra mot ki nguyén mdi ctia Toan hoc, ctia VAt 1 va ctia nhiéu nganh khoa
hoc khac c6 lién quan.

Vao nam 1882, nha toan hoc H. J. Poincare da xay dung dudgc mdt md hinh (goi 1a m6 hinh
Poincare) ctia Hinh hoc Lobachevski phang, khi st dung cac “vdt liéu” 14y tit Hinh hoc Euclid
phang. Trong miit phang Euclid, 14y mot dudng thang x nim ngang, chia mit phang thanh 2
mién, ma ta goi 12 “nuta trén” va “mita dudi”. Ta cé cdc quy uSc sau day vé cac khai niém co
béan ctia Hinh hoc Lobachevski phang: “Piém’ 1a diém Euclid thong thudng thudc “nita trén” va
khong thudc x : “Puong tdm thudc x, hodic la tia thong thuong thudc nita trén, cé goc thudc x
va vuong goc voi x”.

Tiép tuc, trong mo hinh nay, x4c dinh 16 y nghia clia cac khdi niém co ban khac, ma cu thé 1a cic
tuong quan co ban sau day : “Thudc”, “6 giita”, “bdng nhau” (con goi 1a “toan ddng”), trong dé
“thudc” va “d giia” dudc hiéu nhu thong thudng.

Ngudi ta da ki€ém nghiém tit ca céc tién dé ctia Hinh hoc Lobachevski dbi v6i mo hinh néu trén,
va thiy rang mo hinh di thda man tt ca cdc tién dé do.

Thém vao nhiing diéu & trén, ta c6 dinh 1i sau ddy ctia Hinh hoc Lobachevski : “Tong ba géc
trong cia mot tam gidc nho hon hai goc vuong”.

Viéc xay dung thanh cong md hinh ctia Hinh hoc Lobachevski da ching minh :
a) Hinh hoc Lobachevski la phi mdu thudn.
b) Tir cdc tién dé khdc ciia Hinh hoc Euclid khéng thé suy ra duoc tién dé Euclid.

Hinh hoc Lobachevski khong phéi 12 Hinh hoc phi Euclid duy nhit. Hinh hoc Riemann theo
nghia hep cua Georg Friedrich Bernhard Riemann (1826 — 1866) ngudi Duc ciing 1a Hinh hoc
phi Euclid. D€ ¢6 dudc hé tién dé ctia Hinh hoc Riemann nghia hep, phai thay ddi hé tién dé cta
Hinh hoc Euclid nhiéu hon 12 nhitng thay d6i ma Lobachevski da thuc hién.

Ngoai cac hinh hoc vita néu, con nhiéu hinh hoc khdc, trong d6 c6 Hinh hoc fractal. Thuat ngit
fractal do nha toan hoc Benoit Mandelbrot ngudi Phdp, gbc Ba Lan, dé nghi tif nhitng nim 1970.
Tuy méi ra doi nhung hinh hoc nay da phat trién nhanh chéng, gan lién vé6i dd hoa vi tinh, c6
nhiéu ing dung trong phan tich va tdng hop hinh, trong viéc xay dung mo hinh ciia cc qud trinh
dia li, qua trinh sinh hoc (hoat dong ctia tim ngudi, phat trién cta cdy trong) ...
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GIGI THIEU MOT SO DE THI

CHON DOI TUYEN MON TOAN
NAM 2015 - 2016

Ban Bién tap Epsilon

1. Mét sb dé thi

1.1. Dé thi chon déi tuyén chuyén KHTN Ha Nbi
Ngay thi tha 1

Bai 1. Cho diy sb (a,) thda min
3 ) 3 3
ao = 1,an4+1 = (a2+1)" +a; ).

Chiing minh ring (a,) hoi tu va tim gi6i han ctia a,,.
Bai 2. Tim tht ca cac s6 n nguyén duong sao cho
3" + 4" + 5"|60".

Bai 3. Cho tam gidgc ABC c¢6 E, F 1an luct thuoc cac canh CA, AB sao cho EF || BC. Tiép
tuyén tai E, F ctia dudng tron (AEF) cat BC tai M, N. Gia st BE cat FN tai K va CF cat
EM tai L.

1. Chiing minh ring /KAB = Z/LAC.

2. Gid st BE cit CF tai X va EN cat FM tai Y. Chiing minh ring X Y ludn di qua diém
c6 dinh khi E, F thay déi.

Bai 4. Cho x, y, z 1a céc s6 thuc duong c6 tong bang 1. Tim GTLN cia

x2 2z z2x
P = L .
4x + 5y 4y + 5z 4z 4 5x

Ngay thi tha 2
Bai 5. Tim tit ca cic ham s6 f : R — R thda man diéu kién:
f=1Df?) = yf(xy) = yf()

v6imoi x, y € R.
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Bai 6. Cho day sb (a,) thda min

ap =ap =5,
,n
dp+1 = 7an — dp—1 + 44

Chiing minh ring véi moi n thi a, 12 tdng ctia 2 s chinh phuong.

Bai 7. Cho tam gidc ABC va dudng tron (K) di qua B, C cic cac doan AC, AB lan luct tai
E,F.Goi M, N 1a cic diém d6i xting v6i B, C qua E, F theo thi tu dé. Tiép tuyén tai A cia
duong tron (AMN) cat M N, BC 1an luot tai P, Q. Chiing minh riang A 14 trung diém P Q.

Bai 8. Cho bang 6 vudng n x n v6i n € Nx* va s6 nguyén k < n. Dién vao cic 6 trong bang

n x n céc sb thuc thudc doan [—1; 1] sao cho tdng cac sb trén mdi bang con k x k déu bing 0.
Tim gid tri I6n nhit cla tong tit ca cdc s6 trén bang.

Bai 1. Cho tap hgp
A={neN|l<n <2015, (n,2016) = 1.

Hoi c6 bao nhiéu s6 nguyén a € A sao cho ton tai s6 nguyén b ma a + 20165 1a sb chinh
phuong?

Bai 2. Choa, b, ¢, d 1a cic sb thuc théa man diéu kién
a?<1,a>+b*<5a>+b*>+c%2<14,a®> + b*> + ¢*> + d? < 30.
1. Ching minhringa + b + ¢ +d < 10.
2. Ching minh ring ad + bc < 10.
Bai 3. Tim tit ci cac ham s6 f : R — R théa min diéu kién
Jx=2f(y) =5f(x) —4x = 2f(y)
v6i moi x, y € R.
Bai 4. Cho dudng tron k va cac diém B, C thudc duong tron, khong phai 1a dudng kinh; 7 1a
trung di€ém BC. Piém A di dong trén cung 16n BC clia k. Goi i 1a dudng tron qua I va tiép
xtic véi AB tai B; i, 1a dudng tron qua I va tiép xiic véi AC tai C. Cdc dudng tron iy, i, cit
nhau tai D (khac I).
1. Ching minh rang dudng tron ngoai tiép tam gidc AID ludn di qua mot diém cb dinh.
2. Goi K la trung diém AD, E 1a tAm dudng tron qua K va tiép xtic véi AB tai A, F 1a tim
dudng tron qua K va tiép xiic véi AC tai A. Ching minh ring géc EAF c6 s6 do khong
dai.
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Bai 5. Day sb (x,) dugc xic dinh bdi cong thiic x,, = v6i moi n > 1. Tinh gidi han sau

1
I’lCOSn

lim X1+ X3+ X5+ + Xop—1
n—>+00 Xy + X4 + Xg + 5 + Xop .

Bai 6. Tim cic gid tri ctia b sao cho ton tai a d€ hé phuong trinh sau c6 nghiém (x, y)
=D+ +1D>=b
y=x>+ Qa+ Dx +a*

Bai 7. Cho n 13 s6 nguyén duong, n > 2 va X = {1,2,3,...,n}. Goi Ay, A»,..., A, va
Bi, B>, ..., B, 1a hai diy cac tip con khic réng cia X thdoa man diéu kién: Véi mdi i, j €
{1,2,3,...,n}, ;N B; = néu vachinéui = j.

1. Ching minh ring véi mdi hoan vi (x1, X2, ..., X,) cia X, c6 khong qua mot cip tip hop
(A;, B;) v6ii =1,2,3,...,nsaochonéux; € A; vax; € B; thik <.

2. Goi a;, b; 1an ludt 1a s6 phan ti ctia tip hop A4;, B; v6ii = 1,2,3,...,m. Ching minh
ring
a; —_ *
i=1 Cai+bi

Bai 8. Cho tam gidc A BC nhon ndi tiép dudng tron tim O. Dudng tron tam / di qua B, C 1an
luot cat cac tia BA, CA tai E, F.

1. Gia st cdc tia BF, CE cat nhau tai D va T 12 tim dudng tron (A EF). Chiing minh ring
OT || ID.

2. Trén BF, CE lan luct léy cac di€ém G, H sao cho AGLCE, AH L BF. Cic dutng tron
(ABF), (ACE) cit BC tai M, N (khac B, C) vacat EF tai P, QO (khac E, F). Goi K 1a
giao diém ctia M P, NQ. Chiing minh ring DK vudng géc véi GH.

Bai 1. Chiing minh rang phuong trinh
3x7 —24x% + 60x —47 =0
¢6 3 nghiém thuc va 3 nghiém d6 la do dai 3 canh ctia mot tam giac ¢6 1 goc 16n hon 120°.

Bai 2. Cho x, y, z 1a c4c sb thuc thudc doan [0; 1] va théa man x + y + z = 2. Tim gid tri 16n
nhét va gid tri nhd nhit cla
1 1 1
- + :
xy+1 yz4+1 zx+1
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Bai 3. Cho tam gidc ABC vuong tai A c6 dudng cao AH . Goi K 1a mot diém bét ky trén doan
AH.Tréntia KB léy diém M saocho CA = CM, trén tia KC léy diém N sao cho BA = BN.
Gia st CM va BN cat nhau tai /. Chting minh rang /M = I N.

Bai 4. Cho ham s6 f : N — N théa man diéu kién
f(2) =5, f(2016) = 2015 va f(n) = f(f(n—1))
v6in > 1. Tinh f(0), f(1) va f(2015) biét rang f(2015) 1a mot sd 18.

Bai 5. Cho diy sb (a,) xac dinh béi

. 1 a;
ar=1,a, = —,a = .
! 2T T Gay + 1)?

N 1 3 .
Ching minh rang A = + la sO nguyén.
a2015 a2016

Bai 6. Cho tam gidc ABC noi tiép dudng tron (0) v6i 60° < A < 90°. Goi B, 1a diém dbi
xtng véi B qua CA va C la diém dbi xiing v6i C qua AB. Goi O, la diém dbi xing véi thm O
qua BC. Chiing minh ring tim dudng tron ngoai tiép tam gidc AB;C; nim trén dudng thang
AO;.

Bai 7. Tim tit ca cic ciip s6 nguyén duong (a, b) sao cho
a’*+bvab®+a
1a Iy thita ctia 2 v6i s6 mil nguyén duong.

Bai 8. Cho tip hop A = {1,2,3,...,2015}. Hdi can phai loai ra khdi A it nhit bao nhiéu phan
tlf &€ cac phin tit con lai théa man tinh chit khong c6 phan ti nao bang tich clia hai phan ti
khac?

Bai 1. Cho cic sb thuc duong a, b, ¢. Chling minh ring

a N b n c N a N b +/ c - 3
b+c c+a a+b 2b + 2c¢ 2¢ + 2a 2a +2b —

Bai 2. Tim tit ca céc sb tu nhién a sao cho ton tai s6 nguyén duong n > 1 va théa man a” + 1
chia hét cho n?.

Bai 3. Cho tu gidgc ABCD ndi tiép dudng tron (O).

1. Goi J 1a giao diém ctia AC va BD. Pudng tron (O') tiép xtic v6i hai tia JA, JB tai E, F
va tiép xdc trong véi (0). Chiing minh ring dudng thang EF di qua tim dudng tron ndi
tiép clia tam gidc ABD.
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2. Cac dudng phin gidc ngoai ciia cac géc cia tif gidc ABCD cat nhau tao thanh tii gidc
MNPQ. Goi X,Y lan lugt 14 trung diém cia M P, NQ. Chiing minh riang X, O, Y thing
hang.

Bai 4. Viét cac sb tir 1 dén 2015 1én bang. Ta chon hai s6 bat ky a, b trén bang va x6a chiing di,
sau d6 viét thém s |a — b| 1én. Thuc hién lién tiép cho dén khi trén bang chi con lai mot s6. Goi
s6 d6 1a m.

1. Hoi m c6 thé bang 1 dugc khong?

2. Tim tap hgp céc gid tri ¢6 th€ ¢6 chia m.

Bai 1. Cho s6 a > 0 va day sb (x,) xdc dinh béi

2\/ Xn—1

n3

X1 =X =0a,Xp+1 = Xpn + ,n=2,3,...

Chiing minh ring x, < 2(a +3) véin =1,2,3,...

Bai 2. Tim tt ca cac ham f : (0; +00) — (0; +00) sao cho céc bat dang thiic sau diing véi
moi s6 thuc duong x, y :

L f(x+y)= f(x)+2y;
2. f(f(x)) <4x.

Bai 3. Cho tam giac ABC va diém X nam trong tam giac d6. Goi H, K theo thi tu 1a hinh
chiéu ctia X 1én cac canh BC, BA va A, C' 1an luot 1a diém ddi xing ctia X qua BC, BA.

1. Goi E = BC N XK, F = AB N XH. Ching minh ring cic diém A, B,C', E, F cung
thudc mot duong tron.
2. Goi Y la giao diém thd hai ctia dudng tron (A’ BC’) v6i dudng tron dudng kinh BX.
. .. v KX HX
Chiing minh rang —— = ——.
KY HY
Bai 4. Mot 16p hoc ¢6 n hoc sinh tham gia tro choi td& mau trén mot bang 6 vudng n X n nhu sau:
e Trong phiit du tién, n hoc sinh t6 mau n & vudng khong cuing hang hoic cling cot.

e Trong mdi phiit tiép theo, mdi hoc sinh t6 mot & vudng c6 canh chung véi 6 ma hoc sinh
d6 to & phuit lién trudc.

e Mot 6 chi dugc to ding mot lan.
Hoi sau n phiit, bing 6 vudng c6 thé dudc td kin hay khdng trong cac trudng hgp sau day:
1. n =307

2. n =317
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a

Bai 5. Cho céc sb thuc duong a, b, c théamina + b + ¢ = 5

b ¢ . £
+ — 4 —. Tim gia tri 16n nhat
c a
cua bi€u thic sau

a+b+1 N b+c+1 N c+a+1
a?+b2+1 b2+c2+1 c24a2+1

Bai 6. Cho t gidc ABCD viia ndi tiép va vira ngoai tiép dudng tron. Goi / 12 tAm dudng tron
noi tiép clia tit gidc. Puving thang qua I, song song vi AB cat AD va BC tai H va K. Ching
minh ring d6 dai HK bang mdt phin tu chu vi ctia tf gidc ABCD.

Bai 7. Cho p 1a s6 nguyén t6. Chiing minh ring tdn tai s6 tu nhién n sao cho p” c6 chita 2015
chit s6 bang nhau lién tiép.

Bai 1. Cho day sb (x,) xdc dinh béi

X1 = 1,xn+1 =34 —
Xn

v6in =1,2,3,... Tim sb thuc duong a sao cho day s6 (y,) x4c dinh bdi

¢6 gidi han hitu han va lim y, # 0.

Bai 2. Cho tam gidc A BC nhon khong cin noi tiép (0) c6 dudng cao AH va tam dudng tron
ndi tiép 1a 1. Goi M 1a diém chinh giiia cung nhd BC ctia (O). D 1a diém dbi xting v6i 4 qua
0. Puong thing M D cit dudng thang BC, AH theo thi tu tai cac di€ém P, Q

1. Chung minh tam giac I P Q vuong.

2. Puong thiang DI cat (O) tai diém E khac D. Hai dudng thang AE va BC cit nhau tai F.
Ching minh néu AB + AC = 2BC thi I 1a trong tAm ctia tam gidc APF.

Bai 3. Tim tit ca c4c da thic P(x) hé s6 thuc théa min diéu kién
(P(x))* =3(P(x))> = P(x*) =3P(~x)
v6i moi x € R.

Bai 4. Xdc dinh tit ca cdc sb nguyén duong n thda man tinh chét ton tai mot cach chia hinh
vudng c6 do dai canh la n thanh ding nam hinh chit nhat sao cho do dai cac canh ctia nam hinh
chit nhat d6 1a cac s6

1,2,3,4,5,6,7,8,9, 10.
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Bai 5. Tim tit ca cac ham s6 f : R — R thda man

fxr+ )=y + )
v6i moi x, y € R.
Bai 6. Cho cac s6 hitu ti a, b, ¢ thda man diéu kién

a+b+ceZ
QRa—1°+@b—1+Qc—1)>=3

Chiing minh rang ton tai cac sO nguyén m, n thoa man

2

(m,n) = 1vaabc = m_3
n

Bai 7. Cho tam gidc ABC nhon ndi tiép dudng tron (O). Pudng tron (J) tiép xiic ngoai véi
(O) tai D dong thai tiép xic véi tia d6i clia cac tia BA, CA lan luot tai E va F.
DB 1+cosC

1. Chi inh ra = .
e MM Iane B = = 1T+ cos B

2. Giastt AJ cat (O) tai T khac A. Goi P, Q 1an luot 1a cac diém di dong trén cung nhd
AB, AC ciia (O) sao cho PQ song song vdi BC. Cac dudng thang AP va BC cat nhau
tai M. Goi I, N 1an ludt 1a trung diém clia cdc doan thang EF, I M. Chiing minh ring
giao diém cilia cac dudng thang NT va I Q ludn thudc mot dudng cb dinh.

Bai 8. Cho P 1a mot da gidc 16i 2016 canh. Mt cach chia P thanh tam gidc bing cac dudng
chéo khong cat nhau bén trong P dudc goi 1a mot cach chia dep P.

1. Chiing minh ring sb dudng chéo cin phai nbi dé chia dep P theo céc cach khac nhau déu
bing nhau

2. Mot tam gidc thu dugdc tif phép chia dep P néi trén dudc goi 1a mot tam gidc trong néu ca
3 canh clia n6 déu 1a cic dudng chéo ctia P. Hdi c6 tit ca bao nhiéu cich chia dep P ma
c6 ding mot tam gidc trong, cho biét rang hai cach chia 1a khac nhau néu c6 it nhiu mot
cap tam giac khong trung nhau?

Bai 1. Cho day sb (a,) thda min

3(
ag = 1,an+1 = —5( (a,% + 1)3 +a2)

Chitng minh rang (a,) hdi tu va tim giéi han cia a,,.
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Loi gidi. Ta thiy ring

V@ +1)>+ad> Jas+a =la,)’ +a3 >0

nén theo cong thic da cho, tasuyraa, <0,Vn > 1.

) 3
Xét ham so f(x) = —?(\/ (x2+1)° + x3) véi x < 0, ta co

3 (3
f(x) = —;x(iy/xz +1 +3x) >0,Vx € R.

Suy ra f(x) la ham dong bién. D& dang thdy ring a; > a, nén bang quy nap, ta cé (a,) 1a diy
ting tlf s6 hang thd 1. Hon nita, ddy nay bi chiin trén bdi 0 nén c6 gi6i han. DE tim gi6i han do, ta
xét phuong trinh sau véi x < 0:

3 ; 7
(V2 +1 3 = VE2+H D+ 34+ -x =0
7( (x—l—)—i—x) X \J(x2+1)7" +x -|-3x

3 7\°
= X241 = xz(x2 + 5)

Pit y = x* > 0 thi

2
) = 7 343243y +1= 2 14 P
b+ =yly+ Sy +3y +3y+1l=yly +5y+

3 3 9
9
PRI T DR TS
37 T T T 1
Y73
. | L A .
Doy > O nén tachony = 3 va c6 dugc x = —%. Vay gibi han cua day da cho la
1
lima, = ———. O]

V3
Nhan xét Déy,lé mot béj gi6i han dang co ban u, 11 = f(u ,/,) vé6i f (x) 1a ham dong bién. Pay
la mdt tinh h}léng kha bat ngd vi cac bai toan gidi han day so cua dé thi KHTN ludén mang tinh
thit thach nhat dinh.
Bai 2. Tim tit ca cac s6 n nguyén duong sao cho
3" + 4" 4+ 5"|60".
Loi gidi. Do 60" = 22" .3".5" va 3" + 4" 4+ 5" 1a u6c cla 60" nén ta phai c6
3"+ 4" 45" =2%.37.5%
trongdéo x,y,ze Nva0 <x <2n,0<y,z <n.

Ta xét cac truong hgp sau:
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1. Néu y > 0thi3|4" + 5" hay 1 + (—1)" =0 (mod 3). Suy ran 18. Pitn = 2k + 1 véi
k € N. Khi d6

344" =(=2)"+(-1)"=—(14+2" (mod 5)
Néu z > 0 thi 53" 4 4", dan dén —(1 + 2") = 0 (mod 5) hay
2%+l = 1 (mod 5) & 2(—=1)¥ = -1 (mod 5)

Tuy nhién 2(—1)k = 2 (mod 5) hodc 2(—1)k = —2 (mod 5) nén diéu trén khong thé xay
ra. Dodé z = 0vatacod
3" 44" 5" =273,
Vin 1é va2|(3 + 5) nén theo dinh ly LTE, ta c6
U2(3n + 5”) = U2(3 + 5) = U2(8) = 3.
Suy ra v, (3" 4+ 4" 4+ 5") = min{3, 2n} hay x = min{3, 2n}. Ta lai c6 cac trudng hgp:

e Néun =1thi3" +4" +5" =12vatacéx =2,y = 1 théa man.
e Néun =3thi3" +4" +5" =216 vatacéx = 3,y = 3 théoa man.
e Néun > 3 thi x = min{3,2n} = 3. Do d6 3" 4 4" + 5" = 8- 3”. Tiép theo, ta c6
v3(4" +5") = v3(n) + v3(4 +5) = v3(n) + v3(9) = v3(n) + 2.
Chii y 1a néu n > 3 thi v3(n) + 2 < n nén
y =v3(3" + 4" +5") = min{vs(n) + 2,n} = v3(n) + 2.

Suy ra
3" 4" 5" = 83U T2 o 3n Ly 4 5 — 7o,

Dé thiy phuong trinh ndy vd nghiém véin > 3.
Do d6, trong trudng hgp nay, tacé n = 1,n = 3 théa man.

2. Néuy =0,tacod
34" 45" =27 55,

e Néuz =0thi3" +4"+5" =2 <4" voly.

o Néuz > 0thi5|3" +4". Xétn = 4k +r v6ir € {0,1,2,3,4}. Theo dinh ly Fermat
nho thi

34k+r _|_ 44k+r = (34)k . 3r _|_ (44)k . 47‘ = 37’ + 4r (mOd 5)
Thi truc tiép, ta thiy r = 2 théa man. Do d6, n = 4k + 2 véi k € N.

Taco3" +5" =1+ 1=2(mod4) nén v,(3" +5") = 1 vav,(3" +4" +5") =
min{l,2n} = 1.

Do d6 x = 1 hay 3" + 4" + 5" = 2. 5%, Tiép theo, ta c6
vs(3" + 4") = v5(92k+1 + 162k+1) = vs(2k + 1) + 2.

Ta co céac truong hgp sau:
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- Néun=2thi3>+4>+52=50=2-5%nénx = 1,z = 2, théa man.
— Néu n > 6 thi dé thiy rang vs(2k + 1) + 2 < n nén

z=v3(3" +4" +5") = min{vs(2k + 1) + 2,n} = vs(2k + 1) + 2.
Suy ra
3]1 + 4n + 5n =. 5v5(2k+1)+2 & 3}1 + 4)1 + 571 = 25n.

Dé thiy phuong trinh nay v nghiém véi n > 6. Do d6, trong trudng hop nay, ta
c6 n = 2 thda man.

Vay cac gia trin cantimlan = 1,2, 3. O]

Nhan xét Pinh ly LTE dudc st dung vo cuing hiéu qua trong tinh hudng nay. Cau hdi tuong tu:
Tim céc sb6 n nguyén duong sao cho

2" 4 3" + 57[30".

Bai 3. Cho tam gidc ABC c6 E, F lan luct thudc cic canh CA, AB sao cho EF || BC. Tiép
tuyén tai £, F ctia duong tron (AEF) cat BC tai M, N. Gia st BE cat FN tai K va CF cat
EM tai L.

1. Chiing minh ring Z/KAB = ZLAC.

2. Gid st BE cit CF tai X va EN ciat FM tai Y. Chiing minh rang X Y ludn di qua diém
¢ dinh khi E, F thay déi.

Loi gidi. 1) Gia st BE, CF cat dudng tron ngoai tiép tam giac ABC tai S, T. Ta c6

/BFN = 180°— ZNFE — ZEFA = 180° — Z/BAC — ZABC
= /ZACB = ZASB.

Tur d6 ti gide AFK S ndi tiép, tasuy ra /ZKAB = /FSE. Tuong tu, ta ciing c6 ZLAC =
ZFTE.
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Mit khic, /ZFEB = /EBC = /STF. T d6, ta cé ti gidc EF TS noi tiép. Suy ra
/KAB = /FSE = /FTE = ZLAC.
2) Tu tinh chét géc clia tiép tuyén, ta dé dang c6
/BFN = /ECM,/CEM = ZFBN.
Do d6, cc tam giac FBN va CEM dong dang. Chi'y FN = EM nén
BN BN FN FB FB_FB2 AB?

CM ~ ME CM EC EC EC?> AC?
Goi P 1a giao diém ctia XY va BC.Ap dung dinh Iy Menelaus cho tam gidc FM C véi X, Y, P
thang hang, ta c6

PM XC YF
PC XF YM
Tuong tu, 4p dung Menelaus cho tam giac ENB véi cic diém X, Y, P thang hang, ta c6
PN XB YE _
PB XE YN
o . XC XB _YF YE
Talaichiydo EF || BC nén = va = :
XF XE YM YN
_ PM PN
Tu do ta thu dugc — = —— hay
pPC PB

PM PC PC—-PM CM  AC?
PN PB PB—PN BN AB2
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khong d6i nén P cb dinh. Vay dudng thang X Y ludn di qua diém P c¢b dinh.

Bai 4. Cho x, y, z 1a cic sb thuc duong c6 tdng bang 1. Tim GTLN ctia

x?2 2z z2x
p= 2 4 [ X5 .
4x 4+ 5y 4y + 5z 4z 4 5x

Loi gidi. Theo bat dang thiic Cauchy-Schwarz thi:

2

X
(Z 4x+5y) = (xy+yz+zx)(§;4x+5y>.

Chi y ring

_ _3.2 y
Z4)c-|—5y Z( m)_z 4CyZC4x+5y

cyc cyc
35 (x+y +2)°
— 4 4 5(x2+y2+z2)4+4(xy + yz+zx)
3 5 1

4 4 5(x+y+2)*—6(xy+ yz+ zx)
3 5
4 45— (xy +yz+zx)]

1 1 1
bita =xy + yz +zxthia >0vaa < §(x+y+z)2: g,tﬁcléa € (0;5].

Khi d6

Z X < 3_ 5 . 10 3a

Si4x+5y T4 45—-a) 4(5-a)
Do d6 (10 — 30)

e S
< Eoa =@
3a? - 30 50 1 R .
Tacéd f'(a) = - a—|2- > 0,Va e (0; —] nén day la ham dong bién.
4(5—a) 3

1 1
SuyraP < f(a) < fl =) ==

3 9
P . : 1
Viy gia tri 16n nhat cia P la §,d2_1t dugckhix =y =z = 3

Bai 5. Tim tit ci cac ham s6 f : R — R thda man diéu kién:

fx=Df%) =yf(xy)—yf(y)

véi moi x, y € R.
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Loi gidi. Goi (x) la ddng thic dé bai cho.
Thay x = 1 trong (%), ta co
fO) f(»*) = 0.
Néu f(0) ## 0 thi véi moi y € R, ta phai c6 f(y?) = 0. Suy ra

Sx=1D-0=yf(xy)=yf(y) & yf(xy) =yf(y).

Thay y bsi y* > 0 thi y? f(xy?) = y*f(y?) = 0nén f(xy?) = 0,Vx vay # 0. Diéu nay
cho thiy f(x) = 0, Vx. Py 1a mot ham sb thda man dé bai.

Néu f(0) = 0 thi thay x = 0 vao (x) thi:
FEDFO?) =yfO0) = 2f() & (D) =—rf().

Thay y = —1,tacé f(—1)f(1) = f(=1),dan d&n f(—1) = 0 hoic f(1) = 1.

Tuy nhién, néu f(—1) = 0 thidin dén yf(y) =0,Vynén f(y) =0,Vy # 0, dd xét & trén. Ta
xét f(1) = 1,thay y = 1 vao (%), tadugc f(x — 1) = f(x) — 1. Do dé

—fO?) ==yf() & fO) = yf(y).

Tit cac két qua nay, ta thay vao (¥) thi dudc:

(fx)=Dyf(y) =yfxy)—yf(»)
S )= fO) = fxy)—f()
< f()f(y) = f(xy),Vx €R,Vy #0

Thay x = y vao thitacé [ f(x)]* = f(x?), ma f(x?) = xf(x) nén

[f)]? =xf(x) & f(x) =x.
Vay c4c ham s6 can tim 1a f(x) = 0, Vx € R hoic f(x) = x,Vx € R. u

ap =a; =5,

Bai 6. Cho day s6 (a,) thda man ,n > 1. Chitng minh rang véi moi

an+1 = Tap —ap—1 + 44
n thi a, 13 tdng cta 2 s6 chinh phuong.

Loi gidi. Ta tinh mot s s6 hang ctia diy da cho:
ap=5=(=2)>+ (-1
a,=5=1%>+42°
a, =74=5>+7%
as = 409 = 14> + 19?
as = 4869 = 377 + 50°

Tu day, ta dy doan ring a, = u> + v> véi

Ug = —2,1/{2 = 1,
(un) :

Unioz = 3Upy1 — Uy
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va
V1 = —1, Uy = 2,
(vn) :
Un42 = 3vn+1 — Un
v6i n > 0. Ta sé ching minh bang quy nap rang

2, .2
an =Uu, + v,

v6i moi n > 0. (*) That vay,
Véin = 0,n = 1 thi khang dinh () dung.

Gia st (x) dung t6i n, ta cd

”121+1 + vr21+1 = (Bu, — un—1)2 + Qu, — Mn—1)2
= 7(“% + Uﬁ) - (ui—l + U;%—l) + 2(”% + U;%)"‘
+ (“5—1 + Ur21—1) —6(UpUp—1 + VaUs_1)

Ta co
Uy + 1y _y = SUpUp—1 = Up(Blp—1 —Up—2) + Up_; — Splp_
= —UuUy_2 + ui_l
= —Bup—1 —Up—2)Up— + U,zl_l
= u,21_1 + uﬁ_z —3uUy_1Up_s

Nhu thé, suy ra
u,zl + u,zl_l —3uyuy_q = uf + u% —3uug = 11.

Ching minh tuong tu, ta co
v,f + v,z,_1 —3v,v,_1 = vf + vg — 3v1v9 = 11.
Do do
2(“% + Urzl) + (ui—1 + U5_1) —6(UpUp—1 + VyVUy—1) = 44

hay
Uiy F v =T+ ) — (Ui +v2_) +44 =Ta, — ay—y + 44 = ayq1.

Suy ra () dung v6i n + 1 va theo nguyén ly quy nap thi (*) dugc ching minh.

Vay ta c6 a, = u> + v2, tic 1a v6i moi n thi a, 12 tong ctia 2 s6 chinh phuong. Pay chinh la
diéu phai ching minh. ]
Nhan xét Poan quy nap & phia sau khong kho, chd yéu 1a ¢6 thé doan dudc cong thiic clia cic
day (u,), (v,). Ta chii y cdc cong thiic quan trong ctia ddy sai phan tuyén tinh hay dudc st dung:

Cho day s6 (u,) xac dinh theo cong thic u, 1, = au,, + bu, v6in > 1 thi v6i moi n, ta ludn
co
2 —1,,,2
Upi1 — UnUnta = (=D)"7 (U3 — u1us).

Dic biét, khi b = —1, ta thiy dai luong u>_ | — u,t,42 khong déi.
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Bai 7. Cho tam gidc ABC va dudng tron (K) di qua B, C cic cac doan AC, AB lan luct tai
E,F.Goi M, N 1a cic diém d6i xing v6i B, C qua E, F theo thi tu d6. Tiép tuyén tai A cla
duong tron (AMN) cat M N, BC 1an luct tai P, Q. Chiing minh riang A 14 trung diém P Q.

Loi gidi. Goi B’, C’ 1an lugt 1a cac diém dbi xiing v6i B, C qua A. Gia sit B'M, C'N cit nhau
tai D. Ta sé chiing minh rang B’, C’, P thang hang.

_AB’ AB . . . N N A
Ta co = — ,ma B, E, C, F cung thuoc mdt dudng tron nén
AC’ AC
AB AFE
AB-AF = AC - AE hay — = —.
AC AF

Chi y ring AE 1a dudng trung binh ctia tam gidc BB'M nén B'M = 2AE.

Tuone it C'N = 24F. Do dé AL = BM 1 hop cde didu trén lai. ta duoe 22 = B'M
n = - o do = . Ke cac diéu trén lai, ta dugc = )
N AF  oN LR A TN

D

AM B'M
Talaic6 ZAB'M = /BAC = ZAC'N nén AAB'M ~ AAC’'N .Do d6 —— = .
AN C'N

Mt khac dé thiy rang tf gidac AB’DC’ 1a hinh binh hanh nén

B'D _AC' AN

C'D  AB'  AM’
Vi AP 1a tiép tuyén ciia (AMN) nén AAMP ~ ANAP vado d6

PM  Spam _ (AM)’
PN  Spay \AN )~

Suy ra

PM B'D C'N _(AM\> AN AN _
PN B'M C'D \AN/) AM AM
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nén theo dinh 1y Menelaus ddo, ta c6 B’, C’, P thang hang.
Hon thé nita, BCB’C’ 12 hinh hinh hanh nén BC || B’C’. Theo dinh ly Thales thi

AP AP
AQ  AB

= 1nén AP = AQ.
Ta c6 dpcm. [

Nhan xét. Bai todn nay c6 lién quan dén bai toan kha quen thudc sau:

Cho tam gidc ABC c6 B’, C' 1a cac diém dbi xing v6i B, C qua AC, AB theo thi tu. Khi do,
A ndm trén dudng ndi tim ctia dudng tron Euler clia tam gidc ABC va dudng tron ngoai tiép
tam gidc AB'C’.

Khi d6i chiéu trong bai toan nay (dang tdng quat), tinh chét sau vin ding: Goi H, K 1a trung
diém AB, AC va I 1a tim dudng tron ngoai tiép ti gidc EFHK thi AI di qua tim dudng tron
ngoai tiép tam gidc AMN .

Bai 8. Cho bang 6 vuong n x n v6i n € Nx va s6 nguyén k < n. Dién vao cic 6 trong bang
n x n céc s6 thuc thuoc doan [—1; 1] sao cho tdng cac s trén mbi bang con k x k déu bang 0.
Tim gia tri 16n nhit clia tong tit c cac s6 trén bang.

Loi gidi. Pitn = ak +r v6ia € ZT va0 < r < k. Ta sé chiing minh 2 nhan xét sau:

Nhan xét 1. Néu goi 7, S 1an luct 1a tong cic sé dudc dién vao bang 6 vuong c6 kich thudc
rxrva(k —r)x (k—r)nao do thi

IT] <t =min{r?, k% —r?} va S| < s = min{(k — r)*, k> — (k —r)*}.
R6 rang mdi bang 6 vudng kich thuée r x r déu bi chiia trong mdt bang 6 vudng kich thudc

k x k nao d6 ma tdng cac sd bang 0. Goi T’ 1a tdng cac s6 con lai trén bang k x k sau khi loai
bang r x r chia trong do. Ta cé

T+T' =0=|T|=|T|

S6 lugng cac o trén bang  x r 1a r? nén |T| < r? va sb ludng cac 6 con lai ciia bang k x k 1a
k? — r? nén ‘T" < k? — r2. Do dé:

IT| <t = min{rz,k2 — r2}
Hoan toan tuong tu véi bang (k —r) x (k —r).

Nhan xét 2. Néu kich thudc ctia bang ting 1én k don vi thi tdng cic sb trén bang sé ting khong
quart +s.

Xét hinh minh hoa sau (v6i k = 3,r = 2), trong d6 tif mot bang ban dau, ta thém vao phia trén
va bén phai tuong tng k hang va k cot:
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D€ tinh tdng cac sd dudc dién vao phan ting thém, bao gdm phan ngang va phan doc (giao nhau
& mot bang k x k tai goc). Ta thdy phan nam ngang c6 thé chia thanh mot s6 bang vudng k x k
khong chong 1én nhau va du lai mot hinh chit nhat kich thuée k x (k — r) & cudi. Tuong tu, phan
nam doc c6 thé chia thanh mot sb bang vudng k x k khong chdng 1én nhau va du lai mot hinh
chtt nhat kich thude (k —r) x k.

Do d6, d€ tinh téng céc sb trén phan dudc thém vao, trudc hét, ta tinh tdng cic sd trén cac hinh
chit nhat khong chdong 1én nhau (theo gia thiét thi tng d6 bang 0). Phan hinh vuong kich thudc
(k —r) x (k —r) c6 mau dé & dudi la giao ctia 2 hinh vudng cudi diy ngang va dau day doc,
dudc tinh 2 1an nén can phéi trif ra. Cudi ciing, ta cong cic s6 trén bang vuong & géc c6 kich
thuéc r x r con lai.

N6i tém lai, néu dit 7 1 tdng cic s6 trén bang vudng k x k & géc trén bén phai va S 1a tdng cic
s6 trén phan chung 1a bang (k — r) x (k — r) thi tong ting thém 1a: T — S.

Khi d6, theonhdnxét 1 thi7 — S <t +s.

Nhan xét dugc chiing minh.

Trd lai bai toan,

Ta thiy trong phan mau xanh r x r ban dau c6 tong cic s6 khong vugt qua ¢ nén tong céc sd cla

bang sau a 1an ting kich thudc (tif 7 x r 1én n x n v6i n = ak + r) thi tdng sé khong vuot qua
t+a(t +s).

Dén day, ta sé chi ra mot cach xay dung bang thda man.

Xét bang & vudng k x k & goc trén bén phai clia bang n x n, ta dién nhu sau:

C A &

e Dién vao phin A 12 hinh vudng r x r sao cho tdng cac s6 trén d6 1a ¢ (c6 thé dién ¢ s61a 1
va phan con lai 12 0).
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e Dién vao phan B 1a hinh vuéng (k — r) x (k — r) sao cho tong cic sb trén d6 1a —s (c6
thé dién s s6 12 —1 va phan con lai 12 0).

e Dién vao phan C, D tuy ¥ sao cho tdng ciia ching bang s — ¢. RS rang ton tai cach dién
nhu vy do gidi han gia tri cua t, s.

bén day, ta thuc hién dién so vao cac bang 6 vudng ke véi né mot cach tuan hoan theo chu
ky k. Nghia la cac so dién trén 6 (a, b) s€ giong so dién trén cac 6

(a+k,b),(a,b+k),(a—k,b),(a,b—k).

Dé thiy rang khi do, tt ca cac hinh vuong kich thude k x k déu c6 tdng bang 0 va hinh vudng
r x r & goc duéi bén trai gibng véi hinh vudng r x r & géc trén bén phai, tic 1a tdng bing .

Do d6, cach dién nay cho ta bang c6 tong diing bing
t+a(t +s).

Vay gid tri 16n nhit can tim 1a ¢ + a(¢ + s) v6i t, s, a dudc xac dinh nhu trén. O

Bai 1. Cho tap hop 4 = {n € N|1 <n <2015, (n,2016) = 1}. Hdi c6 bao nhiéu s6 nguyén
a € A sao cho ton tai s6 nguyén b ma a + 2016b 1a s6 chinh phuong?

Loi gidi. Cho n 1a s6 nguyén duong 16n hon 1, ta quy u6c goi mot sd nguyén duong a dude
goi 1a thing du chinh phuong theo modulo n néu(a,n) = 1 va ton tai sé nguyén x sao cho
a = x*(modn). Trong bai nay, dé€ don gian, ta quy udc xét cic thing du chinh phuong nhé hon
n.

Dit s(n) 1a s6 cac s6 nhd hon n va 1a thing du chinh phuong theo modulo n. Ta sé chiing minh
hai bd dé dudi day:
B dé 1: Cho p lasb nguyén td va k 1a s6 nguyén duong. Khi do:

1. Néu p = 2 thi s(2%) = 2max(k=3.0),

k _ k-1
2. Néu p > 2 thi s(p¥) = %

B§ dé 2: s(n) 12 ham nhan tinh.

That vay,

Trudc hét, ta biét rang s(p) = P v6i p 1a s6 nguyén t6 18. Ta sé tinh s(p*) véi k € Z*F.
Xét mot thing du chinh phuong a clia p, khi d6 ton tai x sao cho
a = x*(mod p).
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Dit a = x? 4+ pq thi hién nhién
a = x% + pg(mod p*) & a — pg = x*(mod p¥)

va khi d6, ta c6 p*~! cach chon ¢ d€ cdc sb a — pq 1a céc thing du chinh phuong mod p*.

Suy ra
k k—1
_ p-—p
s(p) = p*ls(p) = ———

Xét sb nguyén td p = 2, véi k = 1,2, 3, dé dang kiém tra dugc s(25) = 1.

Ta xét k > 4, tuong tu trén, & budc chon ¢, ta chi ¢6 2 cach nén s(25) = 2s5(2"). Tt d6 bing
quy nap, ta c6 dudc
s(2F) = 2k73 k > 4.

Tiép theo, xét hai s6 a, b nguyén duong va (a,b) = 1. Goi A 1a tap hop céc thing du chinh
phuong theo modulo ab va B 1a tip hop cdc s6 1a thing du chinh phuong chung cta a, b.

Néu x € A thi ton tai y sao cho x = y*(modab). Ré rang khi do,
x=y> (moda),x =y> (modb)
(chi y rang néu x > a, ta c6 thé chon x” sao cho x’ < a va x = x’ (mod a); tuong tu véi b).
Do dd, x € B,ticlax € A = x € B nén |A| < |B]|.
Tiép theo, xét x € B. Khi d6 ton tai r, s sao cho x = r? (mod a), x = s* (mod b). Theo dinh

ly thing du Trung Hoa, ton tai s6 nguyén z sao cho

z=r (moda),z=s (modhb).

x =z> (moda),x =z> (modb)
x — z%ab hay x = z%(modab).
Do dé: x € A, ticlax € B = x € Anén |A| > |B|.

Tu day ta co
|A| = |B| hay s(a)s(b) = s(ab).

Vay s(n) 1a ham nhan tinh.
Cic bd dé déu dugc ching minh.

Trd lai bai toan, ta thiy ring
2016 = 2°.3%.7.

RO rang bai toan yéu ciu dém s thing du chinh phuong theo modulo 2016. Theo bd dé 2 thi
5(2016) = 5(2°)s(3%)s(7).
Theo b6 dé 1 thi
32-3 7-1

=3,5(7) = — =3.

2°) =22 =4,5(3%) =
5(2°) s(37) 5 5

Do d6, sb cac sba cantim1a 4 -3 -3 = 36. O
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Nhan xét. Bai toan nay hoan toan cé thé gidi bang cach xét cac sb du mot cach tuong dbi "thi
cong", khong st dung céc két qua vé thing du chinh phuong hay tham chi 12 dinh ly thing du
Trung Hoa.

Bai 2. Choa, b, ¢, d 1a cic sb thuc théa man diéu kién
a’><1,a> +b%><5,a>+b%>+c? <14,a%> + b> + ¢? + d? < 30.
1. Ching minhringa + b + ¢ +d < 10.
2. Ching minh ring ad + bc < 10.
Loi gidi. 1) Du doan dau bﬁng xayrakhia = 1,b = 2,c = 3,d = 4 nén ta c6 cac danh gia sau
a’+1>2a
b>+4>4b
c>4+9>6¢
d* +16 > 8d
Do d6, ta co

24(a+b+c+d)<3(d*>+16)+4(c>+9) +6(b*>+4) + 12(a* + 1)
= 3d? + 4¢® + 6b* + 12a* + 120

=3(@* +b*>+c?+d*) + (a®> + b* + c?) + 2(a* + b?) + 6a* + 120
<3.30+14+2-54+6-1+ 120 =240

Suyraa +b+c+d <10.

2) Ta co:
16a% + d? > 8ad va 9b* + 4¢? > 12bc.

Tu do suy ra

24(ad + bc) < 3(16a* + d?) + 2(9b% + 4c?)
= 3(a®> + b*> + 2+ d?) + 5(a* + b*> + ¢?) + 10(a® + b?) + 30a?
<3-30+5-144+10-54+30-1 =240

Suy ra ad + bc < 10. O
Bai 3. Tim tit ci cac ham s6 f : R — R théa mén diéu kién
fx=2f(y) =5f(x) —4x =2f(y)
v6i moi x, y € R. (¥)
Loi gidi. Trong (x), thay x = y = 0, taco
f(=2£(0)) = 3/(0).
bat f(0) = a thi f(—2a) = 3a. Trong (*), thay x = 0 va y = —2a, tacd
f(=2f(—2a)) = 5a —2f(—2a) & f(—6a) = —a.
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Trong (x), thay x = —2a,y = —6a, tacd
f(—=2a —2f(—6a)) = 5f(—2a) —4x —2f(—6a)
& f(0) = 15a + 8a + 2a
& a =25a
< a=0
Do d6 f(0) = 0.
Trong (), thay y = 0, ta c6

f(x)=5f(x) —4x & f(x) =x.
Thi lai ta thiy thda.

Vay ham s6 can tim chinh 14
f(x) =x,Vx e R.
O]
Bai 4. Cho dudng tron k va cac di€ém B, C thudc dudng tron, khong phai 1a dudng kinh; 1 1a
trung diém BC. Piém A di dong trén cung 16n BC ctia k. Goi i 1a dudng tron qua / va tiép
xtic v6i AB tai B; i, 1a dudng tron qua / va tiép xic v6i AC tai C. Cac dudng tron iy, i cat
nhau tai D (khac 1).

1. Chitng minh riang dudng tron ngoai tiép tam giac A7 D ludn di qua mot diém cb dinh.

2. Goi K 1a trung diém A D, E 1a tam dudng tron qua K va tiép xidc v6i AB tai A, F 1a tim
dudng tron qua K va tiép xiic véi AC tai A. Ching minh ring géc EAF c6 s6 do khong
doi.

Loi gidi. 1) Goi O la tim ctia duong tron k. Khong mét tinh tdng quat, gia st tia AD nam giita
hai tia AO, AB, cac truéng hgp con lai tuong tu.
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Ta co:
ZIDB = ZABC,/ZIDC = ZACB
nén
/BAC + Z/BDC = Z/BAC + LABC + ZACB = 180°.
Do d6, tii gidc ABDC ndi tiép hay D € (0). Ta thdy

/DAO + £OID
= /BAC — (/DAB + ZOAC) + 360° — (90° + Z/DIC)
= /BAC — (LICD + 90° — ZABC) + 270° — ZDIC
= /BAC + ZABC — (LICD + £DIC) + 180°

= (180° — ZACB) — (180° — ZIDC) + 180°

= /IDC — ZACB + 180° = 180°

Do d6, AOI D noi tiép hay dudng tron (AID) di qua O c¢b dinh.

2) Ta co:
/ZEAC =90° — ZBAC, ZFAB = 90° — ZBAC
nén
/EAF =180°—2/BAC + Z/BAC = 180° — ZBAC.
Do d6, goc ZEAF c6 s6 do khong ddi. O

Nhan xét. Loi gidi clia hai y a va b clia bai nay déu chi 1a thuan tiy bién d6i géc. Tuy nhién, & y
b, ta thiy bai todn qua hién nhién. C6 1€ tic gia bai toan mudn chiing minh nhiéu két qua trung
gian hon d€ c6 dudc y ndy, chang han:

e (E)diquaC va(F)diqua B.

e E F, K, O cung thuoc mdt duong tron.
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Bai 5. Day s6 (x,) dudc xé4c dinh béi x, = T VOi moi n > 1. Tinh giGi han sau
1 CoS —
n

X1+ X3+ X5+ -+ Xop—1
Xy + Xq4 + X6+ 5+ Xop .

lim

Loi gidi. Trude hét, ta chiing minh bé dé sau:
Gia tri cta biéu thic
1 1 1 1

1723ty

tién t6i vo cuc khi n — 4o00. That vy,

Xétham sé f(x) = In(1 + x) — x v6i x > 0. Ta c6
)= ——_1<0
C14x

nén day 1a ham nghich bién, suy ra f(x) < £(0) = 0 hay In(1 + x) < x, Vx > 0. Thay x béi
1

—, ta dudc

n

1 1 1
Infl+—-)<—-< —>In(l +n)—Inn.
n n n

Do do,

I 1 1 1
I—I—E—l—§+—|——>ln2—ln1—|—ln3—ln2—|—---+ln(n+1)—lnn:1n(n—l—1).
n

Viln(n + 1) — +oo khin — 400 nén

R L
— — — oo e _% m.
1 2 3 n
Tré lai bai toan, dat

X1+ X3+ X5+ 0+ Xop—1

X2+ Xq4+ X+ -+ X2p

Yn =

. 1 b4 1
vGin > 1. Tathay vi — € (0; 5) nén cos — > 0, suy ra
n n

X, = >0,n>1.

I’lCOSl
n

cost + tsint

2 t N
Xetham s6 f(1) = —— véi 1 € (o; g) thi f/(t) = > 0 nén day 1a ham ddng
COS

cos?t
» . 1 . .
bien. Chu y rang x, = f| — ), ma — la day giam nén x,, la day giam. Suy ra x; > x5, x3 >
n n

X4y ... X2p—1 > X2, N€n y, > 1. Ngoai ra, ta cling cé x3 < X2, X5 < X4,...,X2n—1 < X2p—2
nén

<X1 + (2t xa+-+x20-2)

XZ+X4+”'+X2,1
X1 — X2n X1

1 - <1-
X2+ Xg 40+ Xop X2+ Xg + 0+ Xop

n
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Dé thiy ring

- 1 A T Qe |
X2+ X4+ -+ X2 = T = o =3 n
2 4 n lz:; 21 cos% P 21 2 ;

n
Theo bo dé trén thi E — tién t6i vO cuc nén
i
i=1

lim(xy + x4 + -+ + X2,) = +00.

Do do

lim(l— Al ):1-0:1.
Xo + Xq+ 0+ Xop

Theo nguyén ly kep, ta cé limx, = 1. U

Nhén xét. Ta c6 thé gidi bai todn nhe nhang hon nhu sau:
Dita, = x; +x3+ -+ X1 Vab, = Xp + X4+ -+ Xp, VGin > 1.

Do d6, cac day a,, b, tang thuc su. Ngoai ra,

. 4y —an—1 . Xopn—1 . 2n 1 1
lim — = lim = lim COS — : COS = 1.
b, —b,_1 Xop 2n—1 2n 2n—1

Theo dinh ly Stolz cho hai day ting (a,), (b,) théa man diéu kién da néu thi ta c6 lim Zﬁ = 1.

n

Vay gi6i han can tim 1a 1.
Bai 6. Tim cic gia tri clia b sao cho ton tai a dé hé phuong trinh sau day c6 nghiém (x, y)

=D+ +D*=b
y =x*+ 2a + x +a*

Loi giai. Pat X = x —1,Y = y + 1, thay vao, ta co

X?24+Y%*=b
Y —1=X+1)>+ Q2a+ )X + 1)+ a?
X*+Y*=0bh

Y =X*>+ Q2a+3)X +a*+2a+3
Ta dua vé tim diéu kién ctia b d€ ton tai @ ma hé trén c6 nghiém (X, Y). Do
Y- (X+2)=X>4+2@+ DX +@+1)’=X+a+1)>>0

nénY >X 42 Suyra¥ — X >2>0,ticla(X —Y)* > 4.Tacd

X-Y)’+X+Y) (Y -X)

b=X*>+Y?= 2.
+ 2 - 2
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Miit khic, véi b > 2, néuchon X = —(a + 1) thic6Y = X +2=1—a.Khidé, tacé
X24+Y2=@+ 1)+ @-1)*=2*>+1)=b.
Nhu thé, véi a théa man 2(a* + 1) = b thi hé c6 nghiém 1a
X,Y)=(—a—-1,1-a).
Dé dang thiy ring do b > 2 nén ludn ton tai a nhu thé.
Vay céc gid tri cAn tim cia b 1a b > 2. O

Nhan xét. Bai todn nay c6 thé gidi biang cich dung phuong phap dd thi.

That vay,
x—D*+(@+1)°=b

v6i b > 0 chinh la dudng tron 7(1; —1) va ban kinh Vb, con
y = x>+ 2a + x +a*

la dudng parabol.
Ta chi can tim diéu kién ctia b dé 2 dudng cong nay c6 diém chung 1a xong.

Bai 7. Cho n 1a sb nguyén duong, n > 2va X = {1,2,3,...,n}. Goi Ay, A,,..., Ay va
Bi, B>, ..., B, 1a hai diy cac tap con khic réng clia X thdéa mian diéu kién: Véi mdi i, j €
{1,2,3,...,n}, ;N B; = néu vachinéui = j.

1. Ching minh rang v6i mdi hoan vi (x;, X, ..., x,) ctia X, c6 khong qua 1 cip (4;, B;)
v6ii =1,2,3,...,nsaochonéux; € A; vax; € B; thik <.

2. Goi a;, b; 1an ludt 1a s6 phan ti ctia cac tap hop A;, B; v6ii = 1,2, ..., m. Chiing minh

rang
m

anll, <1.

i=1 ~aj+b;

Loi gidi. 1) Gié st ngudc lai, ton tai 2 cdp (A4;, B;) va (4;, B;) thda méan diéu kién da néu.
Vii # j nén theo gia thiét,
AN Bj| = 1,|A; N B;i| > 1.
biatx, € AiNBj,xs€ A; N B; v6il <r,s <n thi:
e Dox, € B; nén véimoi x; € Aj,tadéucék <r.
e Dox, € A; nén v6i moi x; € B;,tadéucé k > r.

Tu day suy ra
AJ C {x17x27 .. ,xr—1}7 Bl C {xr+1,xr+2, .. 9-xn}'
Diéu nay cho thiy 4; N B; =, mau thun véi gié thiét.

Vay ton tai khong qua 1 ciip (4;, B;) thda man diéu kién da cho.
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2) Goi T la tap hdp cac cach chon hai day
A1,A2,...,Am VéBl,Bz,...,Bm

thda man diéu kién la: véi mbi i, j € {1,2,3,...,n}, A4; N Bj = néu vachinéui = j.

Goi T; C T 1a cic cach chon sao cho sao cho cip (4;, B;) théa man diéu kién 1a: ciip (4;, B;)
v6ii =1,2,3,...,nsa0chonéux; € 4; va x; € B; thi x; < x; (& day ta xét thif tu ban dau
ctia cac phan i cia X). (¥)

Theocau 1)thi7; N T; = v6ii # j néntacod
TV +|Ta| + -+ T = |ThU T, U...UTy| <T.

Tiép theo, v6i 1 <i < m, xét mdt tip hop S C X va |S| = a; + b;. Khi do, tuong tng vé6i S,
c6 diing 1 cach chon (A;, B;) théa mén tinh chét (x) — tic 12 A; sé nhin a; s6 nhé nhét trong tap
S, B; 1aliy phan con lai.

Trong khi d6, néu khong c6 diéu kién (x), ta c6 thé chon tay y C,7, , phan t trong S va A va
s6 con lai cho B.

Do do,
Ty = ||
1 — a;
Cai-l-b[
véii = 1,2,...,m. Tu day suy ra
m m
7| 1
Sl ooy s
i=1 Cai+bz‘ i=1 Cai+bi
Ta c6 dpem. [

Nhan xét. Bai niy ciing c6 thé gidi biang cach dung xdc suét véi chi y ring:
Néu goi U; 12 bién cb cip (A;, B;) théa man tinh chét (*). Ta cling c6
1

ai
Cai +b;

PU;) =

va sau d6 ciing 1ap luan tuong tu trén, chi y ring xac suit luon khong vuct qua 1.

Bai 8. Cho tam gidc A BC nhon ndi tiép dudng tron tim O. Pudng tron tam / di qua B, C 1an
lugt cat cac tia BA, CA tai E, F.

1. Gia st cac tia BF, CE cat nhau tai D va T 1a tim dudng tron (A EF). Ching minh rang
OT || ID.

2. Trén BF, CE lan luct léy cac diém G, H sao cho AGLCE, AH 1 BF. Cic dutng tron

(ABF),(ACE) cat BC tai M, N (khic B, C) vacat EF tai P, Q (khac E, F). Goi K 1a
giao diém ctia M P, NQ. Ching minh ring DK vudng goc v6i GH.
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Loi gidi. 1) Gia st EF cat BC & L va (T), (0O) cit nhau tai J khac A. Suy ra AJ chinh la truc
dang phuong cta (T), (0). Do d6 OT LAJ.

Khi d6, LB-LC = LE - LF nén L thudc truc dang phuong ctia (T'), (O). Suy ra A, J, L thang
hang. Theo dinh 1y Brocard cho tif gidc BEF C ndi tiép trong dudng tron () thi I chinh 1a truc
tam cua tam giac ADL.

Vithénén IDLAL, ma OT LAJ nén ID || OT.

2) D& dang thiy ring D Ia truc tAm ciia tam gidc AGH nén AD 1L GH . Ta sé ching minh ring
A, D, K thang hang. Tacé DB - DF = DE - DC nén D c6 cung phuong tich téi 2 dudng tron
(ABF), (AEC). Suy ra AD chinh la truc dang phuong ctia 2 dudng tron nay.
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Bing bién ddi cac goc noi tiép, ta thiy rang
IMPQ = /ZMBF = Z/CEF = ZCNQ.

Suy ra MNP Q ndi tiép, din dén KM - KP = KN - KQ, tic la K ciing c6 cling phuong tich
{61 2 dudng tron (ABF), (AEC).

Tit d6 suy ra A, D, K thang hang. Do d6, DK vudng géc véi GH. [

Nhan xét. Diém J trong ciu a chinh 13 diém Miquel ctia td gidc toan phan BEFCAL.

Tac gia 161 giai cac bai toan:
1. bé PTNK TPHCM:
e Bail, 2, 4,6,7: Lé Phic Lt (Ban bién tap).
e Bai 3, 8: Nguyén Vin Thé, chuyén Ha Tinh.

e Bai 5: thanh vién Titika (dién dan Mathscope.org) va Nguyén Duy Tuin, chuyén Ha
Tinh.

2. Pé KHTN Ha Noi:

e Bai 1, 5, 6: Lé Phuc L (Ban bién tap).
Bai 2: thanh vién MiuraHaruma (dién dan VMF).

Bai 3: Tran Quang Hung (Ban bién tap).

Bai 4: Vo Qubc B4 Can (Ban bién tap).

Bai 7: Luis Gonzalez (dién dan AoPS).

Bai 8: Hoang D Kién (PH Khoa hoc cong nghé Hongkong).
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

CAC VAN DE CO DIEN VA HIEN DAI

Tran Nam Ding - Dat hoc Khoa hoc Tu nhién - DPHQG TPHCM

LOI GIOI THIEU

Chuyén muc nay danh cho c4c van dé c& dién va hién dai dudc trinh bay duéi

dang céc bai toan xau chudi. D6 c6 thé 1a chudi cdc bai d€ giai bai toan dang chu,
e o 1 n? e

ching minh dang thuc Euler ky diéu 1 + 7 + %) 4= ra mot chudi bai toan
van tril ... C4ch trinh bay xuét phat tif nhitng vin dé don gian, dé hi€u, nhiing khai
niém mdi sé dudc dinh nghia ludn trong bai dé c6 thé doc tuong dbi doc 1ap. Va mdi
mdt chudi bai s& néu ra nhitng vin dé nhit dinh, c6 thé 1a giai quyét mot bai toan
kinh dién hay néu ra nhiing gia thuyét méi, nhiing van dé méi. Loi giai va thao luan
vé c4c bai todn sé ducc ding 6 s6 N + 3.

Trong sd Epsilon nay ching t6i ciing gidi thiéu dén ban doc chudi bai todn vé
Can bang Nash do Vladimir Gurvich dé xuét cho Hoi nghi mua he, cudc thi Toan
gitta cac thanh phd nim 2008.

Trong s6 nay, chiing tdi tiép tuc ding phin 2 tém tat 1i gidi cac bai toan da ding
& s6 1 va ding 15i giai tom tat cdc bai toan da ding & s6 2.

Nhéc lai 1a trong chudi bai & sb trudc, ching ta da hoan tat viéc chiing minh nguyén Iy Minkowsky-
Hasse duéi day cho trudng hop 1 hoic 2 4n sb:

Nguyén Iy Minkowsky-Hasse. Phuong trinh bdc hai f = 0 ciia mét sé bién c6 nghiém hitu ty
khi va chi khi né dong thoi coé nghiém trong:

o Tdp hop cdc sé thuc
e Tdp hop cdc s6 p-adic (:= Q ) vdi moi sé nguyén té p.

Trong chudi bai nay, ta sé nghién ctu tinh chét ctia ky hiéu Hilbert va sit dung né dé hoan tét
ching minh nguyén ly Minkowsky-Hasse & dang tong quat va tit d6 st dung né dé ching minh
hai dinh ly sau:

Dinh Iy Gauss. Mt s6 nguyén duong coé thé' biéu dién dugc dudi dang tong ciia 3 binh phuwong
khi va chi khi né cé khong co dang 4" (8m — 1).

Dinh Iy Legendre. Moi s6 nguyén duong déu cé thé biéu dién dudi dang tong binh phuong ciia 4
s nguyén.
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Dinh nghia 3. Dt (a, b), = 1 néu z*> —ax*—by* = 0 cd nghiém p-adic, va ddt (a, b), = —1
trong truong hop ngugc lai. Gid tri (a, b), dugc goi la ky hiéu Hilbert ciia cdp (a, b) doi vdi sé
nguyén té p.

Bai toan 28. Chitng minh rdng vdi ky hiéu Hilbert ta co cdc hé thiic sau
1) (a, b), = (b, a)p,
2) (a,c*), =1,
3) (a,—a), =1, (a, 1 —a), =1,

4) (a, b), = (a, —ab), = (a, (1 —a)b),.
Chitng minh. 1) Hién nhién tif dinh nghia.
2) Phuong trinh z% —ax? — ¢?y?> =0cénghitmz =¢, x =0, y = 1.

3) Phuong trinh z2 —ax?4ay? c6nghiémz = 0, x = y = 1, phuong trinh z2—ax*—(1—a) y*
conghitmx =y =z = 1.

4) Suy ra tu 3) va bai toan 29. O
Bai todn 29. Gid sit (a, b), = 1. Khi dé (@', b), = (aa', b), vdi moi a .

Ching minh. Gia sit b 12 binh phuong ding thi (a', b) = (ad’, b) = 1, do d6 ménh dé dung.
Bay gid gia st b khong phai 1a binh phuong ding. Ta st dung bd dé sau.

B6 dé 1. Néu b khong phdi la binh phuong ding va (a, b) = 1va (a', b) = 1 thi (ad’, b) = 1.

Ta sé st dung b3 dé 1 d€ hoan tAt chiing minh bai todn 29. Néu (¢, b) = 1 thi (ad’, b) = 1 theo
b6 dé 1. Néu (aa , b) = 1 thi (a , b) = (a®a , b) = 1 theo bs dé 1. Nhu viy néu mot trong hai
s6 (a', b) va (ad’, b) bing 1 thi sb con lai cling bing 1. Suy ra ching bing nhau.

Chiing minh b& dé 1. Gid st xo, Yo, Zo 12 nghiém khéc 0 ctia phuong trinh z* — ax? — by? y = 0.
Vi b khong phai 1a binh phuong ding nen X0 75 0. Ta c6 thé gia st xo = 1-a = z§ — byg.
Tuong tu nhu vy, ton tai z;, y; sao cho a = Z1 bz1 Khi do

aa’ = (zg —by3)(zi —by?) = (2021 + byoy1)*> — b(zoy1 + z1)0)?,
suy ra (ad', b) = 1. ]

Dinh nghia 4. Béviét gon cong thitc twong minh cho ky hiéu Hilbert, ta can dén ky hiéu Legendre
xdc dinh véi moi s6 nguyén x va sé nguyén té6 p. No bang 1, —1 hay 0 tity thudc vao x co phal la
théng du binh phicong, khong thing du binh phuong hay 0 theo modulo p. Véi s6 nguyén t6 1é p,
ky hiéu Legendre duogc tinh theo cong thiic

(i) — X7 (mod p).
p

Bai toan 30. Cho p la s6 nguyénté léa = p®*u, b = pPv, trong dé a, B, u, v la cdc sé nguyén
sao cho u va v nguyén té cung nhau véi p. Chitng minh rdang

B o
(a b)p _( l)aﬁ(p 1)(2/{) (B) .
P p

210



Tap chi Epsilon, S6 05, 10/2015

Chiing minh. Chiing minh dinh ly nay c6 thé doc trong cudn sach “A course inarithmetic” clia
J.P.Serre, chuong 3, § 1, Binh 1y 1. O]

Bai toan 31. Tim cong thiic tuong minh cho (a, b), vdi moi a, b nguyén.

Chiing minh. Néua = 2%, b = 28y véi a, B, u, v 1a cac sb nguyén sao cho u, v 18 thi ky
hiéu Hilbert (a, b), dudc cho bdi cong thiic

(_ l)s(u)e(v)—i-aw(v)-i-ﬂw(u) .

u—1 2

-1 . . .
Trong do6 e(u) = — w(u) = " . Ching minh két qua nay c6 thé doc trong cuon sach

“A course in arithmetic” cia J.P.Serre, chuong 3, § 1, Dinh 1y 1. [
Bai todn 32. Chiing minh rdng (a, b) y(a, b/)p = (a, bb/)p Vi moi s6 nguyén a, b, b

Chitng minh. Chiing minh két qua nay c6 thé doc trong cudn sach “A course in arithmetic” clia
J.P.Serre, chuong 3, § 1, Dinh ly 2. O]

Bai toan 33. Chiing minh rang phuong trinh ax® + by* = ¢ (a, b, ¢ la cdc tham sé con x, y
la cdc dn s6) cé nghiém trong tdp hop cdc s6 p-adic néu va chi néu (c, —ab), = (a, b),.

L.&i giai. Néu nhu phuong trinh ax? + by? = ¢ c6 nghiém thi phuong trinh

a b
22— —.x2—Z.yr=0.
c c

a b 2 e
cing c6 nghiém, suy ra (—, —) = 1. Ta bién doi
c c
P

1= (9, ’3) = (@ b)p(a, )plb, )yl ),
c C p

= (a, b)p(ab, c)p(c, —1),
= (Cl, b)P(C’ _ab)P’

(1)

tir d6 suy ra (¢, —ab), = (a, b).

. b
Ngudc lai gia st (¢, —ab), = (a, b) thi tu dang thic (1) 6 trén ta lai suy ra (C—l, —) =1, tuc
c c
la phuong trinh

, a , b

22— —.x?— =y =0,
c c
. X
c6 nghiém. Gia st mdt nghiém nao do la xq, yg, zo. Neu zo # 0 thi (—0, &) l1a nghi€m cuia
Zo 2o
phuong trinh ax?® + by? = ¢. Nhu vy trudng hop zo # 0 giai quyét.
Xét trudng hop zo # 0, v6i moi ry, ry ta xét phuong trinh
a(txo + rx)2 + b(tyo + ry)z =,

tuong duong véi phuong trinh

ari + bry2 + 2(axoryx + byory)t = c. (2)
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V6i cdp s6 hitu ty tdng quat thi axory + byery # 0. Suy ra phuong trinh (2) c¢6 nghiém

¢ —(at} + bt))
1 = .
2(axotx + byoty)

Vi vay phuong trinh ax? + by? = ¢ ¢6 vo s6 nghiém hitu ty.

St dung tinh chét cta ky hiéu Hilbert, ta chiing minh dugc dinh ly sau
Bai todn 34*. Cé dinh da thitc thudn nhdt f = a\x; + ayx3 + -+ + apx> (n > 2), trong do
ai, as, ..., a, =# 0.Ddatd = aa,---a, va
ezl_[(ai,aj)p. (3)
i<j
Chitng minh rdang phuong trinh f = 0 c6 nghiém khdc 0 trong tdp cdc sé p-adic khi va chi khi
xdy ra mt trong cdc diéu sau:
1) n = 2va —d la sé chinh phuong trong Q .
2y n=3va(-1,d) =e.
3) n=4vad # a* hodclad = a*vae = (—1, —1),.
4) n > 5 (titc la néu f phu thudc vao 5 hay nhiéu bién thi phuong trinh f = 0 c6 nghiém
khdc O trong Q , vdi moi p).
Chiing minh. Chiing minh két qua nay c6 thé doc trong cubn sach “A course in arithmetic” clia
J.P.Serre, chuong 4, § 1, Dinh ly 6. O]
Tur dinh ly 34 hay suy ra ménh dé sau.

Bai todn 35. C6 dinh da thiic thudn nhdt f = a\x; + axx3 + -+ + ap,x> (n > 2), trong do
a, as, ..., a, # 0va s nguyén a # 0. Dinh nghia d va € bdi cong thiic (3). Chiing minh
rang phuong trinh f = a co nghiém trong tdp cdc sé p-adic khi va chi khi mét trong cdc diéu
kién sau ddy duoc thoa man:

, a )
1) n=1,vaso 7 la so chinh phuong trong Q p.

2) n=2va(a, —d), = €.
3) n = 3 vaad khong chinh phuong trong Q , hodc la ad chinh phuong va € = (=1, —d)p.

4) n > 4 (nghia la néu f phu thudc vao 4 hay nhiéu hon bién soé thi phuong trinh f = a co
nghiém khdc 0 trong Q , vdi moi p).

a 4 A N N 7 A
Ching minh. 1)n =1, @ = a;x? hay x? = o Hién nhién phuong trinh nay c6 nghiém trong
1

p . N U
cac soO p-adic khi va chi khi — 1a so chinh phuong trong Q.
a

2) a1x? + axx; = a. Pidukién (a, —d) = € tuong duong vdi (a, —aaz), = (a1, az), thda
man diéu kién bai todn 33 véia = a;, b = a,, ¢ = a.
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3) Ta can giai phuong trinh alxl2 + a2x§ + a3x§ — a = 0. Hién nhién 12 n6 tuong duong véi

phuong trinh a;x7 + a2x3 + asx3 —axj = 0, vi ¢6 thé thu dugc biang cach dit

X1 X2 X3
(-x17 X2, x37 x4) <> I K
X4 Xgq4 Xy
ma phuong trinh ndy c6 nghiém trong céc sb p-adic.

Bay gid ta chiing minh rang néu phuong trinh c6 nghiém khong tim thudng véi x4 # 0 thi né
ciing c6 nghiém khong tam thuong v6i x4 # 0. Khong mét tinh tdng quat, gia st x; # 0. Gia st
_a a

1
(C, D) la nghiém ctia phuong trinh C? — D? = 4 ViduC = 2‘” , D= 3 L Hién
a

: Loz o, C X e e .
nhién ta c6 thé nhan nghiém cua ta cho —, thu dudgc (C, x,, x5, 0). Dé dang kiém tra dugc rang
X1

S(C, x2, x3, 0) = f(D, x2, x3, 1),
va ta dua bai todn vé bai todn 34.
e Trudng hgp thi nhit: ad # —m? trong Q ,. Diéu nay tuong duong véi d # m?>.
e Truvng hop thi hai: ad = —m?. Ta can

(ai, Clz)p(al, a3)p(612, a3)p = (-1, —ala2a3)p,

tuong duong voi

(a1, az)playr, as)p(az, az)pla, —d)p, = (=1, —1),.
Hién nhién, dbi v6i 10i gidi bai todn danga = b < ¢ = d Véi (a, b, ¢, d) ti tap {1, —1},
ta chi can kiém tra ac = bd, tic la
(—a,d)p, = (-1, =d) (=1, 1),
tuong duong voi
(_aa d)p = (_1’ _l)p(_la _1)1)(_1’ d)p,

hay

(—a,d)p = (=1, d)p,
hoac

(—a,d)p(—1,d), =1,

(a,d), =1,

d
(a, a)p(a, Z)p =1,

d )
Tac 1-1 =1 vi — laso chinh phuong trong Q.
a

4) Ciing gidng nhu trong 3) ta can gidi phuong trinh
ar1xi + axxs + asxi + agx; —axz = 0.
Nhung phuong trinh Iudn cé nghiém theo bai toan 34d.

Chiing minh két qua nay c6 thé doc trong cudn sach “A course in arithmetic” ctia J.P.Serre,
chuong 4, § 1, HE qua cia Dinh ly 6. O
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Bai toan 36. Chiing minh nguyén ly Minkowsky-Hasse.
Chitng minh. Chiting minh két qua nay c6 thé doc trong cudn sach “A course in arithmetic” clia
J.P.Serre, chuong 4, § 1, Dinh ly 8. O]

Bai toan 37. Sit dung bai todn 35 va nguyén Iy Minkowsky-Hasse hdy chitng minh rang sé nguyén
n biéu dién dwoc dudi dang tong binh phuong ciia 3 sé hitu ty khi va chi khi né khéng cé dang
4%(8b — 1), tiic la khi —n khong phdi la sé chinh phuong trong Q.

Chiing minh. Theo dinh Iy Minkovsky-Hasse ta chi can kiém tra phuong trinh
X242 42 =
c6 nghiém p-adic hay khong. Ta gitt cac ky hiéu cta bai toan 35,
ag=a=a3=1,d=1e=(1,1,=(, 1, a=n.

Pau tién ta ching minh rang v6i p > 2 phuong trinh c6 nghiém p-adic.

Néu nhu n khong c6 dang —m? thi moi thd dudc ching minh. Néu nhu n = —m? thi € =
(1,1), = [Bai toan 30] = 1 = [Bai toan 30] = (-1, —1),, tic la n6é c6 nghiém.

Chi con phai xét trudng hop p = 2. Néu nhu 1 # —m? thi bai toan dudc giai quyét. Bay gid néu
n = —m?. Néu nhu phuong trinh c6 nghiém thi

€= (17 1)2 = (_1’ _1)2,
trai v6i két luan ctia bai toan 31. O

Bal toan 38. Co dinh sé nguyén n. Chitng minh rdng neu tén tai cdc sé hitu ty x, y, z sao cho
x% 4+ y? = 2% = n thi ciing ton tai cdc s nguyén x', | y', z’ sao cho (x)? +(y V2 +(z)? =n.
Tir ddy hdy suy ra két ludn ciia dinh Iy Gauss.

Chitng minh. Gia st cac sb hitu ty x, y, z sao cho x> 4+ y? = z? = n. Goi d 1a mau sb chung
ctia x, y, z. Tachon x, y, z sao cho d nhd nhét c6 thé. Gia st ri“mg d > 1 (tic la mdt trong cac
s6 x, y, z khong nguyén va phuong trinh x? 4+ y? = z? = n khong c6 nghiém nguyén). Goi
Iy, I'y, I'; tuong ting 1a céc sd nguyén gan véi x, y, z nhit

Sy (=X —Fx, Sy =Y —Ty, S;=2Z—TIj.

Khi doé
1
|sx|, |Sy|7 |SZ| < 55
52+ si +s2=n—(2+ r§ + 12) = 2(5xTx + SyTy + S277). (4)
bat
, sx(n—r2—r—r?)
X =ry—
¥ sy + 83 + 57
;L sy(n—r)%—ryz—rzz)
Y= 53 + 55 + 57
, sz(n—rf—ryz—rzz)
z =r,—

2 1 2 4 2
sz + 55+ 82
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Tit (4) suy ra hon nita d’ < d. Tir ddy suy ra miu sb chung cia x', y', z’ chia hét d’, nghia 1a
nhd hon d. Ta chi y ring (x )*> + (y )* + (z )*> = n. Mau thuin. Viy d = 1 va phuong trinh
x% 4+ y? = z? = n c6 nghiém nguyén. [

Theo bai toan 37, moi s6 nguyén duong N khong c6 dang 4" (8m — 1) déu c6 thé biéu dién dudi
dang t8ng binh phuong ctia ba s6 hitu ty. Nhd vao bai todn ndy, N biéu dién dudc dudi dang téng
binh phuong ctia ba s6 nguyén.

Bai toan 39. Tir dinh ly Gauss hdy suy ra dinh ly Legendre.

Chiing minh. Tir dinh ly Gauss suy ra rang moi sd nguyén duong c6 s dula 1, 2, 3, 5, 6 khi
chia cho 8 déu biéu dién dugc dudi dang tdng ctia 3 binh phuong (va c6 nghia 1a dudi dang téng
ctia 4 binh phuong). Nhu vy ta chi can chitng minh moi sé nguyén duong c6 s6 du1a 0, 4, 7
trong phép chia cho 8 biéu dién dugc dudng dang tdng ctia 4 binh phuong. Néu s6 n biéu dién
dudc dudi dang téng ciia 4 binh phuong thi s6 4n ciing biéu dién dudc. Tu day ta chi con can
chitng minh s6 c6 s6 du 1 7 khi chia cho 8 bi€u dién dugc dudi dang tong clia 4 binh phuong.
Gia sti c6 s6 n ¢6 s6 du 1a 7 khi chia cho 8. Vi n—1 c¢6 sb du 1a 6 khi chia cho 8 nén theo dinh ly
Gauss, n bi€u dién dudc dudi dang tong ciia 3 binh phuong. Suy ra n biéu dién dugc dudi dang
tong clia 4 binh phuong. O

Bon thanh phé — Alencon, Bélancon, Célancon va Délancon — ndm trén dinh ciia mét hinh vuong
c6 canh 100 km. Bé giao thong van tdi mudn noi lién cdc thanh phé véi nhau bdang mot mang
ludi xa 1 co tong chiéu dai ngdn nhdt co thé.

“Ta c6 thé'xdy xa 1 di tic Alencon dén Bélancon, sau do dén Célangon, cudi cung dén Délancon”
- trg 1y thd nhét néi.

“Hay la, ta c6 thé xdy hai xa 16 chéo nhau: mét tir Alencon dén Célancon va xa 16 con lai tir
Délangon dén Bélangon™ - trg ly thif hai dé xuit.

“Va tai sao lai khong dung mot xa 1o dang nita duong tron, duoc bé sung bdi hai doan xa 16
thdng?” - trg ly thi ba gop y kién.
1. Phuong 4n nao trong ba phuong 4n trén la ngan nhit?

2. Mot nha todn hoc da dé xuit mot phuong an khéc: “Ta cd thé'ndi Alencon va Délangon bdng
mot tam gidc cdn (tam gidc AED trong hinh 4), sau doé Bélancon va Célangon bdng mét tam
gidc cdn dong dang (tam gidc BF C) va néi hai dinh E va F nhu ta thdy trong hinh sau” : Néu
EF = 20 km, mang luéi théng xa 16 dudc thé hién trén hinh 4 c6 ngian hon cic mang ludi ma
cdc trg ly da dé xuét trén day khong?
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A B A B
D c D c
ﬁq- I a %‘ -_'fil?. :? {+] 2 ﬁlq J?
Assistant n” 1 Assistant o Assistant n° 3
A B
E F
D C
fig. 4

Trong phan nay, ching ta mubn chiing minh rang mang lu6i xa 1o ngan nhét thuc su 13 mé hinh
ctia nha toan hoc da dé xuat. Ta sé tim chiéu dai ciia EF d€ dat dudc mang ludi ngan nhét nay.

Nhic nhé hinh hoc: Néu A, B, C la ba dinh ciia mot tam gidc thi AB + BC > AC, ddu bang
xdy ra khi va chi khi B thuéc doan AC. Chiing ta ciing biét rang, néu vé mot duong cong bdt ky
gitta A va B, chiéu dai ciia dwong cong sé ludn 1on hon hay bang chiéu dai doan (dwong thing
la duong ngdn nhdt).

1. Quay tré lai véi mang 1u6i xa 16 cia chiing ta. Khong mét tinh tdng quat ta c¢6 thé gia st 1a
mang 1uéi clia chiing ta dudc tao thanh bd hai dudng con ndi cc dinh d6i dién (mot ndi A vé6i C
va mot ndi B véi D), va hai dudng cong nay nim bén trong hinh vudng canh 100 km nhu hinh
ve dudi day.

Xét mot mang ludi dugce tao bdi hai duong cong nhu hinh 5. Ta xét xa 10 gitta Alengon va
Célancon, bat dau tit Alengon. Goi E 1a giao di€ém diu tién ma xa 16 nay gip vé6i xa 16 nbi
Délancon va Bélangon va Fy 1a giao diém cudi cung (hai diém nay c6 thé truing nhau (hinh 5).
Chiing minh rang t&ng chiéu dai cia mang lu6i nay 16n hon hay bang tdng chiéu dai ctia mang
1u6i dudi day, tao thanh béi cac doan thang (hinh 6)

2. Xét cac duong thang AE va AF, qua E, va F, tuong dng va song song v6i AD (xem hinh 7
dudi day).

a) Xac dinh diém E trén AE sao cho tong cic khodng cach DE + E A 1a nhd nhit. Ta goi F
1a diém tuong tu trén AF sao cho FB + FC nhé nhit.
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b) Chiing minh raing EF < EoFy.

¢) Tir cac 1y luan & trén suy ra rang mang ludi can tim bat budc phai c6 dang sau, trong d6 E
va F nam trén trung truc doan AD (hinh 8).
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3. Ta da cong nhan ring trong mang ludi tdi vu can tim, cac diém E va F phai nam trén trung
truc cua AB.

a) Hay dua ra ly luin ching td rang mang ludi t6i uu can tim phai ddi xiing qua trung truc
cua AB.

b) Sau tit ca nhitng diéu néi trén, mang lu6i cAn tim s& phai c6 dang nhu nha toan hoc da dé
xuat (hinh 4). Ban c6 thé gitp xdc dinh chiéu dai cia EF sao cho mang ludi xa 16 dang

nay c6 tong chiéu dai ngin nhat c6 thé?

¢) Khi d6 géc Z DE A bing bao nhiéu?

1. Phuong 4n tot nhét 12 phuong 4n ctia ngudi trg ly thit ba. That vay, chiéu dai ctia hé thong
duong do trg ly thid nhat dé nghi 1a 300 km. Chiéu dai ctia hé thdng dudng do trg ly thit hai
d& xuét bing 2004/2 ~ 282, 8 km (dudng chéo clia hinh vudng canh a c6 chiéu dai 1a a+/2).
Phuong 4n clia trg 1y thif ba c6 chiéu dai 100+/5 — 100 + 507 a 280,7 km. Tam giac ABE
vuong tai B, vi vay

AE? = AB*> + BE* = 12500,

do d6 AE = +/12500 = 50~/5. Vi FE 1a ban kinh duong tron duong kinh BC nén

AF = AE — FE = 50+/5 — 50.
v e 2 N N s e X N e 50 N s R « X e M
Mait khéc, nira duong tron ¢6 chiéu dai 27w X 5= 507. Tu do6 tong chiéu dai bang
100+/5 — 100 + 507.

2.Cé6, vitaco 20 + 4 x v 50% + 40% = 20 + 40+/41 ~ 276, 1 km.
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1. Nhu ta da cong nhan & phan dau ctia dé bai: Khi ta di theo mot dudng cong nbi gitta hai diém
thi chiéu dai ctia n6 ludn 16n hon hay bang doan thang nbi hai diém d6.

Nhu viy hé théng dudng ngin nhit phai 1 hé théng dudng ma cic doan ndi tit A, D dén E,, ti
B, C &n F, va giita E,, F, phaila cic doan thang.

2. a) Ky hiéu A’ 12 diém dbi xting clia A qua Ag. Phép dbi xting bio toan do dai, ta ¢6
DEo + EgA = DEy + EoA’.

Theo bat dang thiic tam gidc da néi dén & phan nhic nhd hinh hoc, vé phai 16n hon hay bang

DA', ddu bang xay ra khi va chi khi E nam trén DA . Nhu vay DE, + E(A s& dat gia tri nhd

nhét khi Eq ndm trén doan thang DA', tic 1a Ey nam trén trung truc ctia DA, ciing 1a dudng

trung binh nam ngang ctia hinh vuong.

b) Khoang cach ngan nhit giita mot diém nam trén A g va mot diém nam trén A g dat dugc khi
EF vuong goc v6i Ag (va ciing 1a v6i A ). That vdy, néu ngudc lai, goi G 1a giao diém ctia Ag
vi dudng vudng goc v6i Ag ké tit F. Tam giac EF G 1a tam gidc vudng tai G vi thé canh huyén
EF 16n hon GF (dinh ly Pythagore) mau thuin véi tinh chit nhd nht.

¢) Cac duong thang Ag va Ap 1a cb dinh. V6i mot hé théng dudng véi hai diém E, trén Ag
va Fy trén A thiténg chiéudaila L + L + L , trong d6 L = DEy + EgA; L = EoFyva
L = CF() + F()B Theo Cl), b) thi

L>DE+EA L >EF, L" > BF + FC.
Déu bing xay ra khi E, tring E va F, tring F. Do d6 hé théng dudng t6i uu phai c6 dang nhu
hinh vé.

3. a) Ta goi O la giao diém ctia EF véi dudng trung binh thang diing (trung truc ciia AB). Néu
E va F khong dbi xing, ta xét cac do dai DE + EA + EO vaCF + FB + FO.

Néu chang han
CF+ FB+ FO >DE+ EA+ EO,

ta thay F bdi E’ 12 diém dbi xting cia E qua O. Ta sé thu duge mot hé théng dudng dbi xing cd
tong do dai nho hon hay bang hé théng cii.

b) Néu ta @it 2x = EF trong d6 x € [0; 50], khi d6 tdng chiéu dai ctia hé thong dudng 1a

f(x) =2x + 4\/2500 + (50 — x)* = 2x + 4v/5000 — 100x + x2.

Tinh dao ham
4x — 200

V5000 — 100x + x2

fx) =2+

50 100
Giai phuong trinh f6'(x) = 0, ta dugc x = 50 — —. Ticla EF = 100 — —.
V3 V3

¢) Dé dang suy ra dugc khi d6 goc Z/DEA = 120°.
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Trich dé toan tit Cudc thi todn gitta cdc thanh phd, nim 2004.

pé nghi va gidi thiéu bdi A.Khabrov, [.Bogdanov, V.Bugaenko, K.Kuiumdjan, K.Kokhas,
A.Skopenkov, G.Chelnokov.

Thang 10 nim 1954, trong Tap chi “American Mathematical Monthly” xuit hién bai toan ctia
nha toan hoc My Harold Schapiro:

Vi cdc sé dwong X1, Xa, ..., Xn hdy chitng minh bdt ddng thiic
X1 X2 Xn—1 X n
+ g n_ 2 (1)
X2 + X3 X3 + X4 Xn + X1 X1+ X 2

trong d6 dau bang xay ra khi va chi khi tit ¢ cdc mau s6 bang nhau.

Trong tap chi “Monthly”, khic véi céc tap chi khdc, vi du nhu Kvant hay Todn hoc va tudi tré,
cho phép ding cé cic bai toan ma chua c6 ai giai dudc, va diéu nay khong duge béo truée cho
ddc gid. Va lan nay ciing vay. T4c gia bai toan khi gti bai chi ¢6 16i gidi chon = 3 van = 4.
Trong cac bai toan dé nghi dudi day, thay vi doi hoi tinh duong ctia tit ca cic xi, ta chi yéu cau
cic s6 x; 1a khong am va tit ca cdc miu s6 khac 0. Néu nhu bét dang thic ding cho cic sd
duong thi tif d6 c6 thé suy ra bt dang thiic cho céac s6 khong am lam cho cac miu s6 khac 0.
bat

X1 X2 Xn—1 Xn

+ + .- .
X2+ X3 X3+ X4 Xn+ X1 X1+ X2

f(XI,x2, '°~7xn):

BAt ding thitc (1) véi n = 3 con dudc goi 1a bit dang thic Nesbit. Bit dang thifc nay c6 rit nhiéu
cach chitng minh dua trén céc y tudng danh gia da dang. Dudi day ta trinh bay mot so do chiing
minh chung cho cdc truong hop n < 6 nhu sau. Ap dung bit dang thiic Cauchy-Schwarz ta c6

n n n 2
Xi
S EE— Xi(Xi41 + X; > x| .
Ta sé chiing minh xong bét dang thifc (1) néu ta chitng minh dudc

2(2 Xi) > n|:Z Xi (X4 + xi+2):| (2).

i=1
i) V6in = 3, thi (2) tré thanh
2(a + b +¢)*> = 6(ab + bc + ca),
12 hién nhién ding vi tuong duong véi bat dang thiic
(a=b)?*+b—-c)+(c—a)
Déu bing xay ra khi vichikhia = b = c.
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ii) V6in = 4, thi (2) trd thanh
2(@+b+c+d)? > 4(ab+ac+bc+bd +cd + ca+da+ db),
tuong ducng vi bit dang thiic
(@—c)*+ (b —-d)?* >0,

Déu bing xay ra khi vachikhia = c vabh = d.

iii) V6in =5, thi (2) trd thanh
2@+b+c+d+e)>5ab+ac+bc+bd+cd+ce+de+da+ea+eb).
Bit dang thifc nay tuong duong véi
2(a2+b2+cz+d2—|—ez)>ab—|—ac—|—bc+bd—|—cd—|—ce+de+da+ea—|—eb,

hay

(a—b)*+(a—c)*+(a—d)?*+(a—e)*+(b—c)*+(b—d)*+(b—e)*+(c—-d )*+(c—e)*+(d—e)* > 0,

hién nhién diing. DAu bing xay rakhi vachikhia =b=c =d =e.
iv) V6in = 6, thi (2) tr6 thanh
(a+b+c+d+e+ f)* > 3(ab+ac+bc+bd+cd+ce+de+df +ef +ea+ fa+ fb).
DitA=a+d, B=b+e, C =c + f thi bat ding thifc nay dudc viét lai thanh
(A+ B+ C)>>3(AB + BC + CE)

la bat dang thic quen thudc. DAu biang xay ra khi va chi khi A = B = C, tic 1a
a+d=b+e=c+H+ f

Diéng tiéc 1a phuong phdp nay khong ding dé chiing minh (1) trong trudng hgp n > 7. Cu thé thi
v6i n > 7 bit dang thiic (2) khong con ding. Vidunéuchona =c=e=1,b=d = f =
g = 0 thi bt dang thic sai.

1.1. Chitng minh rdng bdt ddng thitc (1) khéong diing

a) Voin = 20.
b) Voin = 14.
c) Voin = 25.

Chiing minh. @) Néu ta chon xq, X, ..., X209 12 1 + 5¢, 6¢€, 1 + 4e, 5¢, 1 + 3¢, 4¢€, 1 + 2,
3€, 14¢€, 2¢, 1 +2¢, €, 14+ 3¢, 2¢, 1 +4e, 3¢, 1+ 5¢, 4e, 1 + 6¢, 5S¢ thi vé trai clia bat dang
thitc nhd hon 10 — €2 + ce> véi hing s6 ¢ nao d6. Suy ra véi € di nhé thi vé trai nhé hon 10. Vi
du nay thudc vé Lighthill ding trong Mathematical Monthly [22].

b) Néu nhu chon x;, Xa, ..., X412 1 + 7€, 7e, 1 +4€, 6€, 1 + €, 5¢,1,2¢, 1 +¢€,0, 1 +
4e, €, 1 + 6¢, 4e thi vé trai sé nho hon 7 — 2€2 + ce> va do d6 véi € di nhd sé nhd hon 7. Vi du
nay thudc vé Zulauf [27].
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Va con c6 mdt vi du trong [24], trong vi du ny c6 mot sd bién bang
0,0,42,2,42, 4, 41, 5, 39, 4, 38, 2, 38, 0, 40.

¢) Céc vi du khang dinh 1a véi n = 25 bit dang thiic khong diing dudc xay dung trén mdy tinh
vao nam 1970 bdi Daykin [10] va Malcolm [18]. Duéi day la vi du cua Daykin (vi du nay, khac
v6i vi du ctia Malcolm, chia toan sd nguyén)

0, 85, 0, 101, 0, 120, 14, 129, 41, 116, 59, 93, 64, 71, 63, 52, 60, 36, 58, 23, 58, 12, 62, 3, 71.
Va day la vi du cua R.Alexeev va E.Foshkin (chi ra trong [3]).
32,0, 37,0, 43, 0, 50, 0, 59, 8, 62, 21, 55, 29, 44, 32, 33, 31, 24, 30, 16, 29, 10, 29, 4.
O
1.2. Chitng minh bdt ddng thiic (1) diing cho cdc day don diéu.

Chitng minh. Két luan ctia bai todn dudc ding trong [13]. Ta dua ra mot chiing minh dep dé cho
Xk + Xk+1

két qua nay. Gid st x; > x, > --- > x, > 0. Luu y rang tich ctia c4c s6 hang dang ——————
Xk41 T Xi42

bing 1 nén theo bat dang thiic AM-GM ta c6

n
Z Xk + Xk+1 >n Z Xig+1 + Xk42
oy Nkt + Xk4+2 oy Vet T Xit2

Suy ra

n

Z Xk+2 Z Xk+1 2)

Xie+1 + Xk42 Xk + Xk41

I \/

Z

T Xk+1 + Xk+2

Bay gid 4p dung hai 14n bét dang thiic hodn vi, ta c6

N

n

N

Xk Xk Xn—1 Xn
) PEEEIN A=
iy Vet T Xkep2 T Xkep1 H Xk2 XaE X1 X1 X2
= X X X
> k n—1 n . (3)
ooy Vel T Xkep2 - X1t X2 Xt X
- X
o
Xk + Xk+1

w
Il
_

O day 1an thi nhét st dung bat dang thiic hoan vi cho x,_; > x, va x, + x; < x; + x,. Lan
1 1 1
thd hai 4p dung cho x; > x, > -+ > x,—; va < << —
X1+ X2 X2 + X3 Xp—1 + X

Tt (2) va (3) ta c6 diéu phai chiing minh. O

Mot chitng minh khéc cho két qua nay c6 thé xem trong [3].
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Ghi chti. R4t khé c6 thé ching minh két qua bai nay bang quy nap toan hoc ma khong dung dén
tiéu xao, béi vi

n+1 1 n+1 1
20, 1,...,1)=——, / 0,1,...,1, 1= —.
i =" e ( 5) <

1.3. Chiing minh rang néu bdt ddng thiic (1) khong diing vdi n = m thi nd ciing khéng diing cho
n=m+?2.

Chiing minh. [3] C6 thé kiém tra dé dang ring

Jnr2(X1, X2y oy X, X1, X2) = fulX1, X2, ..o, x0) + 1
Tir 6 néu .
Jn(xX1, X2, o0y xp) < 5
thi
Jn+2(X1, X2, oty Xp,y X1, X2) < g—l- =" _2’_2.
Tit d6 suy ra diéu phai chiing minh. O

1.4. Chitng minh rdng néu bdt ddng thiic (1) khong diing vdi n = m, trong dé m 1é, thi né ciing
khong ding voi moi n lon hon m.

. vo o X m , ‘A
Chiing minh. [3] Gid st rang f,(x1, X2, ..., Xpm) < > Ta tinh hiéu
1
fm+1(x1; vy Xky Xk, xk-i—l, ey xm) - fm(xh X2,y vony xm) - 5
Xk—1 Xk Xk—1 1

2Xp Xk + Xk+1 B Xp + Xp+1 2
(e = xg—1) (o — Xk 41)
2x7 (XK + Xk41)

Néu nhu (xx — xx—1)(xx — Xx41) < O thi

m—+1
2 9

fm+1(x1’ X2, oovy Xky Xk» xk+1’ ey xm) <

va ménh dé dugc chiing minh. V4i m 18 thi chi s6 k nhu vy chic chin phéi tim dudc, vi néu véi
moi k ta ¢é (xx — xx—1)(xx+1 — xx) < O thi nhan tat ca cac bat dang thic ndy lai (s6 cic bat
déang thiic 1a 18), ta c6

(X2 — x1)%(x3 — X2)% -+ - (X — Xm—1)>(x1 — Xm)* < 0.

Nhu vay néu nhu véi s6 1 m bat dang thic khong diing thi n6 ciing sé khong ding véi m + 1.
Cudi cung, ta chi can st dung két qua bai todn trudc. O

1.5. Chitng minh rang bdt ddng thiic (1) diing véin = 8, 10, 12van =7, 9, 11, 13, 15, 17, 19, 21, 23.
Theo ménh dé 1.4, dé"thuc hién diéu nay, ta chi can chitng minh chon = 12 va n = 23.

Chitng minh. Chiting minh ngan gon nhit cho 7 < n < 12 dugc cong bd trong [7, 8]. Véi n 16n
céc chiing minh ¢6 st dung mdy tinh d€ xét trudng hop. O
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1.6. Chitng minh rang f(x1, X2, ..., Xn) + f(Xn, Xn_1,..., X1) = n.

Ching minh. [28] Dat yx = xx + Xg+1 thi

X1+ x X+ Xx Xn + X " - +
1 4+ 2 5_’_”__'_ n 3:Zyk Yi+1 T Yi+2

X2+ X3 X3+ X4 X1+ Xx2 = Vi+1
~ Y
Sy gy,
iy Ykl T YRl
O day ta da ap dung bat dang thiic AM-GM cho hai tng & cubi. [
1.7. Gid sit rang tai diém ay, a,, ..., a, > 0 thi ham s6 f(x1, X2, ..., Xp) s€ dat cuc tiéu dia
phuong.
A 3 -, . N n
a) Neu n chan, chiing minh rang f(ay, as, ..., a,) = —.

2
b) Chiing minh ménh dé tuong tu cho n Ié.
¢) Sit dung a), b) chitng minh bdt ddng thitc (1) chon = Tvan = 8.

Chiing minh. Cdcménhdéa), b) lay tit [21]. Ky hiéua = (ay, aa, ..., an), x = (X1, X2, ..., Xn)
vau = (—1,1,-1,1,..., =1, 1).

a) Chu y rang

1 1
f(x+tu)=f(x)+t(— + +)
Xy + X3 X3 + X4
Nhu vdy f(x + tu) 12 ham tuyén tinh. Tai di€m ¢ ham c6 cuc tri dia phuong, do d6 n6 1a ham
hang va cuc tri dia phuong khong chit xay ra tai moi diém a + tu c6 toa do ducng. Vi

af (x) = 1 _ Xk—2 Xk—1

0xk Xk+1 + Xk+2  (Xg—1 + xk)2 (xr + xk+1)2'

va tai cac diém cuc tiéu

a a
—f(a) =0, —f(a +tu) =0,
8xk 8xk
nén ta c6 cac hé thuc
1 di—> QAk—1

Akt +akt2  (ak—1 +ar)’  (ak + ag41)’

va
1 A + (=D @+ (=D 0

di+1 T dk+2 (ax—1 + ax)” (ax + ar+1)” .

Trit hai hé thiic nay vé theo vé, ta dudc
t t
2 2 =
(ak—1 +ar)”  (ak + ak+1)

Suyraag_y; +ax = ax +ax+1. Ticlaay = a3 =as =+ =ap_1vaa, =a4 = -+ = ay.
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To do f(a) = %

b) Chiing minh ngin gon dudi ddy dugc cong bd trong [7]. Taky hidua = (a1, az, ..., an), x =
(X1, X2, ooy Xn), ¥ = V1, V2, ..., yn), z = (21, 22, ..., Zn), trong d6 yx = Xx + X4+ Va
Zp = . bat
Yn+1-k
X X Xn— X
S(x) — 1 2 n—1 n
X2 + X3 X3+ X4 Xn + X1 X1+ X2
ko Vk+1
Chi y ring
af 1 Xk—2 Xk—1

7o ) = — 5 — 5
Xk X1+ Xk4+2  (Xk—1 + Xk) (xk + Xk+1)

Dé dang kiém tra hang dang thic

a ¢ a+c ptp
Tt o= 1, 1 -
b d b+d 5+ 7
Do do
Xk—2 Xk—1
Xk—2 Xk—1 Xk—2 + Xk—1 Cr—14x6)°  Gxtxag)’
= 1 1
Xk—1 + Xk Xe X1 (-1 + xx) + (X + Xe1) ot T
_
_ Vi—2 n Zn—k Xk (X)
V=1t Yk Zn—k+1 T Zn—k+2
Suy ra

n af
25() = S0) + @) - 3 )

k=1 Zn—k+1 t Zn—k+2

Néu nhu tai di€ém x ta c6 cuc tiéu dia phuong thi 25(x) = S(y) + S(z). Nhu vay
S(x) =S8 =S@).

Goi u 12 trung binh cong ctia cic sO X1, X3, ..., X,. Ta xét phép bién ddi

X1+ X2 X2+ X3 Xn + X1
M(x)=( T R n2 )

Goi My (x) 1a két qua phép lap thit k. Chi y ring

S(x) =8(y) = SM(x)) = --- = S(M(x)).
RO rang. O
1.8. Chitng minh bdt dding thiic f(x1, X2, ..., Xp) = cn cho cdc gid tri sau cua c :
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- 1.

S
~
9
Il
W S =
[\

=1
Chitng minh.. Lai giai cta bai nay dugc 14y i [3].

a) Bai todn nay dudc st dung trong Olympic toan toan Lién X6 1an thi 3, nim 1969. C6 thé 1a
bai nay dugc iy tir [14], 10i gidi bai toan dudc ding & [3].

Goi x;, 12 56 16n nhét trong cac s x1, X2, ..., Xn; X;, 12 s6 16n nhét trong hai s6 di tiép theo
Xi,; Xiy 12 80 16n nhit trong hai s6 di tiép theo x;, . .. Ta ct 1am nhu vay cho dén khi tim dugc
chi s6 k sao cho s6 16n nhat trong hai s6 tiép theo x;, 1a x;, .

~ N N n N )l
Roranglak > 5 va ta co

X X Xn— X Xi Xi Xi
1 + 2 4. n—1 n > i1 + i 4ot ik .
X2 + X3 X3 + X4 Xn + X1 X1+ X 2X,‘2 2xi3 2X,‘1

7z 2 2 A N 2 k b z A 2 n
Theo bat dang thic AM-GM biéu thic cuodi cung khong nho hon 5 va do d6 khong nho hon rh

X A ~ % Xk CA . e
b) Mo6i mot phan so ——— k=1, 2, ..., n, ta viét lai dudi dang
Xk+1 + Xk+2
1 1
Xk Xkt g Xk+1 n 5Xk+1 + Xk42 |

Xig+1 + Xk+2 Xi+1 + Xk42 Xk+1 + Xk+2

Ta thu dudc 27 phan sb. Ta ghép ching thanh ciip: Phan sd dau tién v6i phan s6 thd 27, phan s
thd 2 v6i phan sb thi 3, phin s6 thif 4 v6i phan s6 thi 5. .. Ta ddnh gid chin dudi mot cip phan
s6 nhu vay

1 1 1 1
5Xk + Xk+1 n Xkt 3%+t 2\/(§xk + Xi+1) (X + 3Xk41)

Xk + Xk41 Xk+1 + Xkg2 (Xk + Xk+1) (k41 + Xk42)
_5 |:1 4 Xk Xk+1 ] Xk + Xk+1
2 A(xg 4 xks1)? I Xk+1 F Xeg2

Xk + Xk+1
S0 R i, S,
Xi+1 + Xk42

, 3 R 2, X + X Y A A 2 2, P-4 2
Vi tich cdc biéu thic [ —~ K+ bang 1 nén theo bat dang thic AM-GM ta co ton cua
Xke+1 + Xk42

chiing khong nhé hon n. Tir d6 V& trai ciia bt déng thiic Shapiro khong nhé hon (v/2 — 1),

Xk

¢) Tuong tu nhu muc ), mdi mot phan sd .k =1,2, ..., n,taviétlai dudi dang
Xk+1 + Xk+2
Xk Xk + BXk+1 BXk+1 + Xiq2
= +o— —a,
Xk4+1 T Xk4+2  Xk+1 T Xk+2 Xk+1 + Xk+2
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. o
Vi «, B dudce chon sao cho dang thic dung, ticla f + off = o, tw do6 B = a1 Khi do
%

| V

Xk + BXrt ta BXk + Xi41 5 1y (xk + Bxk+1)(Bxk + Xk+1)
Xk+1 + Xk42 Xk + Xk+1 (XK + Xkg1) (X1 + Xpg2)

Xk + Xk41) (X1 + Xk42)

X+ x
2\/05,8 X T X1

) \/ Bk + xit1)” + (B = 1*Xexirn
o -

\

Xk+1 + Xk42

_ Xk + Xk+1
Jo+ 1V X1 + xk+2

Ap dung bét ding thitc AM-GM, ta suy ra vé trai ctia bt dang thic Shapiro khong nhd hon

()
—a|n.
a+1
Gi4 tri 16n nhat ctia biéu thiic

20
Vo +1

dat dudc khi @ = ap = 1.1479 (nghiém ctia phuong trinh bic ba g (¢) = 0), trong d6

g(@) = ~a.

5 5 . .
g(ap) ~ 0.4186. V6ia = 2 tacod g(a) = 7 ~ 0.416 1a mot xap xi khong toi. ]
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2

psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

MA TRAN NGAU NHIEN
(tiép theo va hét)

Vi Ha Van - BPat hoc Yale, M{

Cho G 1a mot do thi lién thong trén n dinh va A 12 ma trin ké clia n6 vé6i cdc gia tri riéng
At > Ay > - > A,. Néu G la d—déu thi A; = d va theo dinh ly Perron-Frobenius khong tri
riéng nao c6 tri tuyét d6i 16n hon. Mot tham s6 co ban dudc quan tam la:
A(G) := max |A;].
[Ail<d
Ta c6 thé suy ra dugc rit nhidu nhiing tinh chit thi vi ctia d6 thi tlr gid tri ctia tham s6 nay. Hién
tudng tong quat 1a:

Hién twong I11. Néu A(G) nhé hon d mét cdch ddng ké'thi cdc canh ciia G phdn bé nhu trong
mot do thi ngdu nhién véi mdt do canh d / n.

Diéu nay dan dén khai niém quan trong vé gia- hay twa-ngau nhién [11] [2]. Mot su kién mang
tinh dai dién 12 su kién sau [3]. Cho A, B 12 tip hop cic dinh va E (A, B) 1a sb cac canh v6i mot
dau mut trong A va dau muit con lai trong B. Khi do:

d
|E(A. B) — —|A[|Bl| = A(G) V|A]| B. (7.1)

X ) d ) ) <
Chu y rang so hang —|A||B| 1a ky vong cia so canh gitta A va B néu G la ngau nhién (trong
n

nghia Erdos-Rényi) v6i mat dd canh d/n. Do thi v6i Anho thudng dudc goi 1a gid-ngiu nhién
[11,40].

Ngudi ta ¢ thé st dung thong tin vé phan bd canh dé suy ra céc tinh chit khac nhau ctia do thi
([40] cho nhiéu két qua dang nay). Toan b ly thuyét nay c6 thé téng quat héa cho do thi khong
déu, st dung ma tran Laplace thay vi ma trin ké (xem, vi du, [12]). Tit (7.1), ta thdy ring A cang
nhd thi tinh “ngiu nhién” cia G cang cao. Nhung A ¢6 thé' nhé nhu thé nao?

Alon va Boppana [1] chiing minh ring néu d 1a ¢b dinh va n dan dén vo cung thi:
A(G) = 2vd =1 —o(1).

Do thi théa man A(G) < 2+v/d — 1 dudc goi 1a d6 thi Ramanujan. R4t khé c6 thé xay dung mot
dd thi, va tit ca cac vi du nhu vay, nhu 12 vi du ctia Lubotzky-Phillip-Sarnak [41] va Margulis
[42] déu dua vao cic két qua ctia ly thuyét s6 trong d6 yéu cau d phai cé cac gia tri dic biét. Mot
céch tiép can t& hop hon dugc tim ra bdi Markus, Spielman, va Snivastava [47]. Phuong phap
ctia ho (it nhit 1 trong trudng hop do thi hai phia) 4p dung dudc cho moi d, nhung phucng phap
xdy dung nay khong tudng minh.
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Dinh Iy 7.1. Do thi hai phia Ramanujan tén tai cho moi bdc d > 3 ¢6 dinh va moi n dii lon.

Trong khi viéc chiing minh su ton tai ciia do thi Ramanujan da 1a rit khong tam thudng, ciu hoi
thuc su, theo y kién clia chiing toi la tinh phan phdi gidi han ctia A(G,.4) — 2v'd — 1 sau khi da
chuin héa mot céch thich hop, diéu sé din dén xac suét chinh x4c d€ do thi déu ngiu nhién 1a
Ramanujan. Pudc thic ddy bdi cdc nghién ciiu tir 1y thuyét ma tran ngau nhién, c6 vé c6 ly khi
A(Gna)
Vd—1-2

Mot gia thuyét yéu hon, dudc dua ra béi Alon [1] khang dinh rang v6i moi d ¢b dinh, véi xdc
suét 1-o(1) thi:

dua ra gia thuyét rang n?/3 dan dén phan phéi Tracy-Widom.

A2(Gn.a) = 23/d — 1 + o(1).

Friedman [26] va Kahn va Szemerédi [36] ching minh dugdc rﬁng néu d 1a cb dinh va n dan dén
vO cung thi v6i xédc suét 1-o(1), A(G,.q) = O(\/g ). Khoang 10 nam trudc, Friedman, trong
mot bai bdo mang tinh ky thuat cao [27], da st dung phuong phdp qudn tinh dé€ chiing minh gia
thuyét ctia Alon (ciing xem [28] cho nhiing md rong méi nhét).

Dinh Iy 7.2. [27] Viéi vdi moi d cé dinh, véi xdc sudt 1-o(1) thi:
AMGra) =2vd — 1+ o(1).

Diéu gi sé xdy ra khi d ciing tién dén vo ciing cling v6i n? D€ bt diu, 1a khong khé dé€ chiing

minh ring A(G (n, p)) véi G(n, p) 1a d6 thi ngdu nhién Erdos-Réyi, bang (24 o0(1))v/np(1 — p)
v6i p di 16n (vidu p > n~ '€ v6i moi 0 < € < 1). Piéu nay tao dong cd cho:

Gia thuyét 7.1. Gid sitrdng d < n/2va cd d va n cing tién dé vo cing. Khi do:

AM(Gna) = 2+ o(1)d(l —d/n).

Nilli [49] chiing minh ring v6i moi dd thi d —déu G c6 hai canh vé6i khoang cach gifta chiing
it nhat 1a 2k + 2, A,(G) > 2/d — 1 —2+/d — 1/(k + 1). Moi db thi d-déu véi d = n°D ¢6
duong kinh w(1). Trong pham vi nay cua d thi:

MGna) > 22(Gna) > 2+ o(1)Vd

véi xdc suét bang 1. Piéu nay chiing minh cin duéi trong gia thuyét 7.1. Véi d tong quat, ta c6
thé chiing minh dé dang (bing cach tinh vét ctia binh phuong ctia ma tran k&) ring moi do thi
d-déu trén n dinh thda man:

MG) = din—d)/(n—1) ~ /d(1 —d/n).

(Chiing t6i mudn cam on N.Alon da chi ra danh gia nay.)

Bay gid ta quay sang danh gid chin trén. V6i d = o(n'/?), ta ¢6 thé theo cdch tiép can cla
Kahn-Szemerédi dé ching minh ring (G, 4) = O(«/g ) Vi xdc suét cao. Tuy nhién, ta khong
biét diéu nay cho d 16n hon. Vi du nhu gia thuyét sau diy vin mé

Gia thuyét 7.2. Vdi xdc sudt 1 — o(1), M(Gp nj2) = O(+/n).
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Néu M 13 ma tran ddi xidng thi cdc véc-to riéng (don vi) ctia ching tao thinh mot co sé truc
chuén. Céc cong trinh lién quan dén véc-to riéng dudgc thiic ddy bdi:

Hién tuong IV. Cdc véc-to riéng ngdu nhién cé quy ludt gan giong nhu véc-to ngdu nhién duoc
chon déu tir mdt cdu don vi.

Mot tham s6 dugc xem xét dén nhiéu 12 chuin vo han, vi né déng mdt vai trod rat 16n trong nhiing
nghién citu gan day vé tinh phd dung (xem [25, 72]). Tiép theo cic két qua trude day [24, 65],
gan day Vil va Wang [79] da chiing minh:

logn
max [[v]lee < Cyf/ —or,
n

Trong do max ldy trén “bui” cdc véc-to riéng cua MY™. Néu ta xét cd cdc véc-to riéng “bén
n
logn

Ji

Dinh Iy 8.1. Vdi xdc sudt 1 — o(1),

ria” ("edge" eigenvectors), thi cdn trén sé trd thanh C , trong do C la hdng sé.

N N . , 3 logn )
Chiu y rang mot véc-to dugc chon déu tif mat cau don vi c6 toa do c6 do 16n O (,/ i) ta tin
n

. /1 ) .
rang can O( E) la chat. Mt ket qua tuong tu, nhung yeu hon (véi bac ctua log n 16n hon)
n

ciing diing cho md hinh khong dbi xiing M,,, tuong ting Vi ca cic véc-to suy bién va véc-to riéng

[58]. Tinh hinh véi ma tran ké ctia dd thi ngiu nhién thi phifc tap hon mot chiit. Xét A(n, p)

v6i p = O(1). Téng clia moi hang gan véi np. Piéu nay goi y 1a gia tri riéng 16n nhét A, ctia

A(n, p) xap xi bang np va véc-to riéng v, tuong ¥ng gan véi Tvo, trong d6 vg 12 véc-td toan
n

1. Biéu nay mot cach truc quan duge xac nhan bdi Komlds va Fiiredi [29] va dude 1am manh béi

Mitra [44].

Trong [17], Dekel, Lee va Linial, dudc thiic ddy bdi cac nghién citu vé mién nit (nodal domains),
da dua ra ciu hoi sau:

Cau héi. Phai ching moi véc-to riéng ctia u clia G(n, p) ¢6 ||u|eo = n~ /2 °W véi xdc sult

cao?

Xem nhiéu két qua lién quan, ching t6i tham khéo [75, 22, 23]. Mot cau héi khac dudc thiic ddy
bdi Hién tugng IV la cau hoi sau:

(1+¢€)logn

Gia thuyét 8.1. Gid sit rdng p > vdi hang s6 € > 0 nao do. Goi v la ma trdn don

Vi ngdu nhién véi phdn phdi déu trén hinh vuéng don vi n chiéu. Goi u la véc-to riéng don vi
(khong tuwong ving vdi tri riéng Ion nhdt) ciia G(n, p). Khi dé véi moi § > 0 cé dinh va véc-to
don vi w:

TI(w-u—w-v| >3 =o(l).
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Xem [74] d€ biét cac két qua riéng vé gia thuyét nay.

Bay gi¢ chiing ta xét do thi déu ngiu nhién. Gan day Dimitriu va Pal [18] ching minh dugc két

, o LA - 6(logd)'*® )
qua sau. Gia stt d = log” n v6i hang s6 0 < y < 1, vadatn, := ————, trongdé o > 0
Vlogn
1a hiang s6. Véc-to don vi v = (vy,. .., v,) 1a (T, €)-dia phuong héa néu nhu ton tai tap X kich
thuée T sao cho Z vi2 > e,
ieX

Dinh Iy 8.2. Vi moi € > 0 ¢é dinh, vdi xdc sudt 1 —o(1), khéng cé véc-to riéng nao cia A(n, d)
la (o(n;l), €)-dia phuong hoa.

Mot két qua mdi hon ctia Brooks va Lindenstrauss [10] chiing t6 rang:

Dinh Iy 8.3. Cho d, € la cdc hdng sé. Khi do ton tai hang s68 = 8§(d, &) > 0 sao cho diéu sau
day diing. Véi xdc sudt 1 — o(1), khong véc-to riéng nao ciia A(n, d) la (n®, €))-dia phiong héa.
Thuc té, két qua ctia Brooks va Lindenstrauss ding cho d6 thi don dinh, véi diéu kién trén cac

chu trinh ngin von dung véi xdc xuit cao vdi cdc do thi déu nghu nhién véi bac ¢o dinh.

Cau héi. Ta c6 thé thay (n°, €)-dia phuong héa trong Pinh ly 8.3 bsi (6n, €)-dia phuong héa
dudc khong?

Chiing ta thao luén ngan gon vé phan bd phd ctia d6 thi déu ngiu nhién. Trong nhiing nim 1950,
Wigner [77] da tim ra nita dudng tron ndi tiéng cho phan bd gi6i han ctia cc gid tri riéng clia ma
tran ngau nhién. Chitng minh ctia 6ng dugc md rong khong may khoé khin, cho ma tran ké ciia
G(n, p), néu gia thiét rang np — oo cling vdi n.

1 ) .
Dinh Iy 9.1. Véi p = w(—), phdn phoi phé thuc nghiém (ESD) cua ma trdn —— \/_ —— Ay, hoi tu theo
n no

nghia phdn phéi dén ludt nita duong tron cé mdt do p,,(x) vdi gid trén [-2, 2],
1
prol) 1= 5 VA=
bis

Néu np = O(1), luat nita dudng tron khong con ding nita. Trong trudng hop nay, do thi hau nhu
sé c6 ®(n) dinh cd lap, nhu thé trong gidi han, di€ém gbc sé c6 trong lugng khong ddi duong.

Trong trudng hgp dd thi déu ngiu nhién, G, 4, dugc xem xét bdi McKay [43] khoang 30 nim
trude. Ong st dung phuong phap vét, da chitng minh néu d cb dinh va n — oo, thi hAm mat do

gi6i han sé la:
d4d—-1)—x2
( > ) x’ néu |x| <2+d —1;
fay =14 27T -

0 néu ngugc lai.

Két qua nay thudng dudc goi 1a luat McKay hay luat Kesten-McKay. DE dang kiém tra dudc rang
khi d — oo, néu ta chuan héa bién x bdi vd — 1, mat do néi trén sé hoi tu vé luat niia dudng
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tron trén [—2, 2]. Vi vy mot cch ty nhién khi dua ra gia thuyét riang dinh ly 9.1 diing cho G, 4
khi d — oo.

Dinh nghia:
, 1 d
Mn,d = ﬁ(An’d - ;J)

. A ) , 1 . : N .
Gia thuyét 9.1. Neu d — oo thi ESD cua —M,;,d hoi tu t6i ludt nua duong tron.

Jn
Dimitriu va Pal [18] chiing minh riang gia thuyét ding cho trudng hop d dan dén vo cuing rat
cham, d = n°Y. Ching minh ctia ho, ¢6 sit dung phuong phép vét, khong dp dung dude cho
trudng hop d 16n hon vi né dua trén ciu tric ciy dia phuong ciia do thi, vén khong con ding
néu d = n° v6i moi hing s6 ¢ > 0. Rit gan day, Tran, Vii va Wang [75] da chiing minh Gia
thuyét 9.1 mot cach téng quat, st dung mot phuong phap khac dua trén do tip trung sac (sharp
concentration) tu [32].

Dinh Iy 9.2. Néu d ddn dén vé cing khi n dan dén vé cing thi phédn phdi phd thuc nghiém cia

1 PN f
——=M,, héi tu trong phdn phoi vé phdin phoi nita dudng tron.

Ji

Khoang 15 nim truée, Krivelevich c¢6 dit cho toi cau hodi sau: C6 phai ching (v6i xdc sut
1 —o(1)), A(n,1/2) khong c6 gia tri riéng bdi?

Trong nhiing trao d&i gin day, L. Babai luu y rang 6ng da nghi dén cau héi nhu viy sém hon
nhiéu. Ching tdi c6 niém tin manh mé rang cau tra 1i 1a khang dinh, va diéu nay ciing diing cho
cac mo hinh khac ctia ma trin ngau nhién.
Gia thuyét 10.1. Vdi xdc sudt 1 — o(1),

o A(n,1/2) khéng co gid tri riéng boi.

o M, khong co gid tri riéng boi.

o M, khong cé gid tri suy bién boi.

o M>™ khong co gid tri riéng boi.

o M3’™ khong cé gid tri suy bién béi.
Mot gia thuyét thi vi khdc (va c6 18 1a rat kho) 1a gia thuyét sau, dudc néu ra trong trao ddi gitta
tac gia va P. Wood vao nam 2009. Méi day, L.Babai thong bdo cho chiing toi rang ong da dua ra
gia thuyét gidong nhu vy (nhung khong cong bd) vao nhitng nim 1970.
Gia thuyét 10.2. Vdi xdc sudt 1 — o(1), da thiic déc trung ciia M, la bét khd quy.

Day 1a mot gia thuyét khéc:
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Gia thuyét 10.3. Mot ma tran £1 la xdc dinh bdi phé ciia né néu khéng c6é mét ma tran +1 khdc
6 ciing phé. Chitng minh rdang hdu nhw moi ma trdn £1 déu xdc dinh bdi phd ciia no (khong
tinh dén nhitng hodn vi tam thuong).

Gia thuyét dugi day dudc thic ddy bdi cong trinh chung ctia ching t6i véi Tao trong [70]
Gia thuyét 10.4. M, c6, vdi xdc sudt cao, ©(/n) gid tri riéng thic.

Edelman, Kostlan va Shub [19] da thu dugc cong thic tinh ky vong ctia sb gia tri riéng thic cta
ma trin Gauss (c6 bac ©(+/n)). Trong [70], Tao va Vii chiing minh dugc ring cong thic d6 ciing
ding (theo nghia tiém can) cho nhitng ma trin ngau nhién nhét dinh vé6i cac hé s6 (0, =1). Tuy
nhién, chiing ta khong biét diéu gi cho M,,. Su that 12 ngay ca budc dau tién nhu sau ciing 1a kho.

Cau héi. Chiing minh riang M, c6, v6i xic sut cao, it nhit 2 gid tri riéng thuc.

Céau hoi tiép theo mang mot s6 diém tuong dong véi vin dé vé “dd ciing” ndi tiéng trong khoa
hoc may tinh. Cho M 12 mot ma tran 1, —1, ta ky hiéu Res(M ) 1a s6 hé s6 nho nhét ta can déi
diu (tir 1 thanh —1 va ngudc lai) d€ bién M thanh suy bién. Néu M dudc chon tit M,,, thi dé
dang chitng minh dudc ring Res(M), v6i xac suét cao, t6i da la (1/2 + o(1))n. Chiing toi dua
ra gia thuyét rang day la ddnh gid tot nhat.

Gia thuyét 10.5. Vdi xdc sudt 1 — o(1), Res(M,) = (1/2 + o(1))n.

Mot cau héi c6 lién quan chiit ché (thiic ddy bdi khai niém phuc hdi dia phuong tir [62]) 1a cAu
héi sau ddy . Goi {—1, 1} (n by n) ma trdn M kich thudc (n x n) 1a M tét néu tit ca cac ma tran
thu dudc bing cach chuyén ddi cac hé sb (1 thanh —1 va ngudc lai) trén dudng chéo 1a khong
suy bién (c6 2" ma trin nhu vay).

Gia thuyét 10.6. Vdi xdc sudt 1 — o(1), M,, la tét.

Cubi ciing, chiing toi liét k& mot vai bai bao gan day lién quan dén cac nhém dinh nghia trén ma
tran ngu nhién vé6i cac hé sb trong trudng hitu han [80, 48]. Huéng di nay 1a méi va cac cong
trinh nay can sy gidi thiéu ti mi, s& xuét hién nhitng bai bao khéc.

Loi cdm on. Tac giad mudn danh 15i cAm on vé6i sy gitip dd tit NSF va AFORS.

Nhu vy, sau ba sd Epsilon lién tuc, ching toi, Ban Bién tap Epsilon da gidi thiéu tron ven véi
ddc gia bai bao cdo ctia GS Vii Ha Vin tai Pai hoi Toan hoc Thé gidi 2014 (ICM 2014). bay 1a
linh vuc méi, it c6 tai liéu tiéng Viét nén trong dich thuét ching t6i khong thé tranh khdi c6 thé
c6 nhiing chd chua chuin, rit mong nhan dudc y kién déng goép clia ban doc. Va nhu & hai s6
trude, chiing tdi cling gidi thiéu véi doc gia ban gbe tiéng Anh cho bai viét & trang sau.
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Motivated by the singularity problem, it is also interesting to find a strong esti-
mate for the probability that the permanent is zero. The current bound is only
polynomial in n.

There are further studies concerning the distributions of log | det M,,| and log | det M3¥™;
see [31, 30, 54, 63] and the references therein.

7. Graph expansion and the second eigenvalue

Let G be a connected graph on n points and A its adjacency matrix with eigenvalues
AL > Ao > - > A\, If Gis d-regular then A\; = d and by Perron-Frobenius theorem
no eigenvalue has larger absolute. A parameter if fundamental interest is

A = )‘Z
(G) |§rjﬁ<xd! |

One can derive many interesting properties of the graph from the value this pa-
rameter. The general phenomenon here is

Phenomenon III. If \(G) is significantly less than d, then the edges of G dis-
tribute like in a random graph with edge density d/n.

This leads to the important notion of pseudo- or quasi-randomness [11] [2]. A
representative fact is the following [3]. Let A, B be sets of vertices and F(A, B)
the number of edges with one end point in A and the other in B, then

|E(A, B) - %!AHBH < AG)VIAlIBI. (5)

Notice that the term £|A||B]| is the expectation of the number of edges between A
and B if G is random (in the Erdés-Rényi sense) with edge density d/n. Graphs
with small X are often called pseudo-random [11, 40].

One can use this information about edge distribution to derive various properties
of the graph (see [40] for many results of this kind). The whole concept can be
generalized for non-regular graphs, using the Laplacian rather than the adjacency
matrix (see, for example, [12]).

From (5), it is clear that the smaller A, the more "random” is G. But how small
can A be ?
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Alon and Boppana [1] proved that if d is fixed and n tends to infinity, then
AMG) >2vVd—1-o0(1).

Graphs which satisfy A(G) < 2v/d — 1 are called Ramanujan graphs. It is very
hard to construct such graphs, and all known constructions, such as those by
Lubotzky-Phillip-Sarnak [41] and Margulis [42] rely heavily on number theoretic
results, which requires d to have specific values. A more combinatorial approach
was found recently by Markus, Spielman, and Snivastava [47]. Their method (at
least in the bipartite case) works for all d, but the construction is not explicit.

Theorem 7.1. A bipartite Ramanujan graph exists for all fix degrees d > 3 and
sufficiently large n.

While showing the existence of Ramanujan graphs is already highly non-trivial, the
real question, in our opinion, is to compute the limiting distribution of A\(G,, q4) —
2v/d — 1 after to proper normalization, which would lead to the exact probability
of a random regular graph being Ramanujan. Motivated by study from Random
matrix theory, it seems plausible to conjecture that n2/3 )‘(Gi’“’Q tends to the Tracy-

d—1—
Widom distribution.

A weaker conjecture, by Alon [1] asserts that for any fixed d, with probability
1—o0(1)
Ao(Gr.a) =2Vd—1+o(1).

Friedman [26] and Kahn and Szemerédi [36] showed that if d is fixed and n tends
to infinity, then with probability 1 — o(1), A\(G,,.4) = O(v/d). About 10 years ago,
Friedman, in a highly technical paper [27], used the moment method to prove Alon
conjecture (see also [28] for a recent genearlization)

Theorem 7.2. [27] For any fixed d and n tends to infinity, with probability 1—o(1)

MGn.a) = 2Vd— 1+ o(1).

What happens if d tends to infinity with n? To start, it is not hard to show that
AG(n,p)), where G(n, p) is the Erdos-Réyi random graph, is (2+0(1))+/np(1l — p)
for sufficiently large p (e.g., p > n~1*¢ for any fixed 0 < € < 1). This motivates

Conjecture 7.3. Assume that d < n/2 and both d and n tend to infinity. Then
a.s
MGna) = (24 0(1))\/d(1 — d/n).

Nilli [49] showed that for any d-regular graph G having two edges with distance
at least 2k + 2 between them, \o(G) > 2/d — 1 —2v/d —1/(k+1). Any d regular
graph with d = n°() has diameter w(1). In this range of d

AMGha) > Xa2(Gna) > (24 0(1)Vd
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with probability one. This proves the lower bound in Conjecture 7.3. For a general
d, it is easy to show (by computing the trace of the square of the adjacency matrix)
that any d-regular graph G on n vertices satisfies

AG) > \/d(n—d)/(n—1) = \/d(1 —d/n).
(We would like to thank N. Alon for pointing out this bound.)

Let us now turn to the upper bound. For d = o(n'/?), one can follow Kahn-
Szemerédi approach to show that (G, q4) = O(v/d) with high probability. How-
ever, we do not know this for larger d. For instance, the following is open

Conjecture 7.4. With probability 1 — o(1), AM(G}, 5,/2) = O(v/n).

8. Eigenvectors

If M is symmetric, then its (unit) eigenvectors form an orthonormal basis. Works
concerning random eigenvectors are generally motivated by

Phenomenon IV. Random eigenvectors should behave like a random vector sam-
pled uniformly from the unit sphere .

One parameter which has been looked at a lot is the infinite norm, as it plays a big
role in recent studies on universality (see [25, 72| for surveys). Following earlier
results [24, 65], recently Vu and Wang [79] proved

Theorem 8.1. With probability 1 — o(1),

I
max [|v]e < Cy/ 22,
n

where the mazimum is taken over the “bulk” eigenvectors of M:Y™. If one also

. . 1 .
considers the “edge” eigenvectors, the bound becomes C Ogn”, where C' is a constant.

Notice that a vector sampled uniformly from the unit sphere does have a co-
ordinate of magnitude O(4/ 107% ") we believe that the bound O(y/X8%) is best

n

possible. Similar, but weaker, results (with higher powers of logn) hold for the
non-symmetric model M,,, with respect to both singular vectors and eigenvectors
[?, 58].

The situation with the adjacency matrix of a random graph is somewhat more
complicated. Consider A(n,p) with p = ©(1). The sum of any rows is close to np.
It suggests that the largest eigenvalue A\; of A(n,p) is approximately np and its
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corresponding eigenvector v; is close to ﬁvo, where vg is the all-one vector. This
intuition was confirmed by Komlds and Fiiredi [29], and strengthened by Mitra
[44].

In [17], Dekel, Lee and Linial, motivated by the study of nodal domains, raised the
following question.

Question 8.1. Is it true that every eigenvector u of G(n,p) has ||u||e = n~ /2T
with high probability ¢

For many related results, we refer to [75, 22, 23]. Another question motivated by
Phenomenon 1V is the following.

Conjecture 8.2. Assume p > um% for some constant € > 0. Let v be a

random unit vector whose distribution is uniform in the n-dimensional unit square.
Let u be a unit eigenvector (not corresponding to the largest eigenvalue) of G(n,p).
Then for any fixed o > 0 and unit vector w

P(lw-u—w-v| >0)=o0(l).

For partial results, see [74].

Let us now consider random regular graphs. Recently Dimitriu and Pal [18] proved
the following result. Let d = log” n for a constant 0 < v < 1, and set n, =

140
% where ¢ > 0 is a constant. A unit vector v = (v1,...,v,) is (T, €)-

localized if there is a set X of size T" such that } v > e

(2

Theorem 8.3. For any fixed € > 0, with probability 1 — o(1), no eigenvector of
A(n,d) is (o(n; 1), €)-localized.

A more recent result of Brooks and Lindenstrauss [10] showed

Theorem 8.4. Let d,e be constants. Then there is a constant § = d(d,e) > 0
such that the following holds. With probability 1 — o(1), no eigenvector of A(n,d)
is (%, €) localized.

In fact, Brooks and Lindenstrauss result holds for deterministic graphs, under a
condition on short cycles, which hold with high probability for regular random
graphs with constant degree.

Problem 8.2. Can we replace the (n°, €) -localization in Theorem 8.4 by (on, €)-
localization ¢
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9. Random regular graphs: Mc Kay law and Wigner
law

We briefly discuss the spectral distribution of regular random graphs. In 1950s,
Wigner [77] discovered the famous semi-circle for the limiting distribution of the
eigenvalues of random matrices. His proof extends, without difficulty, to the adja-
cency matrix of G(n,p), given that np — oo with n.

Theorem 9.1. For p = w(}), the empirical spectral distribution (ESD) of the
matriz ﬁAn converges in distribution to the semicircle law which has a density

Psc(x) with support on [—2,2],

pse(T) ! Va4 —x2.

T or

If np = O(1), the semicircle law no longer holds. In this case, the graph almost
surely has O(n) isolated vertices, so in the limit, the origin has a positive constant
mass.

The case of random regular graph, G,, 4, was considered by McKay [43] about 30
years ago. He proved, using the trace method, that if d is fixed, and n — oo, then
the limiting density function is

d+/4(d—1)—x2 .
ﬁ, lf ’x‘SQ\/d—l,
fa(z) =

0 otherwise.

This is usually referred to as McKay or Kesten-McKay law. It is easy to verify that
as d — 0o, if we normalize the variable z by v/d — 1, the above density converges
to the semicircle law on [—2,2]. It is thus natural to conjecture that Theorem 9.1
holds for G, 4 with d — oo. Define

, 1 d
= —(Apg— —J).
n,d \/g( ,d n )

Conjecture 9.2. If d — oo then the ESD of ﬁMAd converges to the semicircle
law.

Dimitriu and Pal [18] showed that the conjecture holds for d tending to infinity
very slowly, d = n°"). Their proof which used trace method does not work for
larger d as it relies on the tree-like local structure of the graph, which no longer
holds if d = n® for any constant ¢ > 0. Very recently, Tran, Vu and Wang [75]
proved Conjecture 9.2 in full generality, using a completely different method based
on a sharp concentration from [32].
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Theorem 9.3. Ifd tends to infinity as n goes to infinity, then the empirical spectral
distribution of ﬁM,’l converges in distribution to the semicircle distribution.

10. Miscellany

About 15 years ago, Krivelevich asked me the following question: Is it true that
(with probability 1 — o(1)), A(n,1/2) does not have any multiple eigenvalues ?

In a more recent conversation, L. Babai mentioned that he came up with the same
question much earlier. We strongly believe that the answer to this question is
affirmative, and the same must hold for other models of random matrices.

Conjecture 10.1. With probability 1 — o(1),

A(n,1/2) does not have multiple eigenvalues.
e M, does not have multiple eigenvalues.

o M, does not have multiple singular values.

M?ZY9™ does not have multiple eigenvalues.

M?ZY™ does not have multiple singular values.

Another interesting (and seemingly very hard) conjecture is the following, which
came up in the conversation between the author and P. Wood in 2009. Recently, L.
Babai informed us that he made the same conjecture (unpublished) in the 1970s.

Conjecture 10.2. With probability 1 — o(1), the characteristic polynomial of M,
15 irreducible.

Here is another conjecture

Conjecture 10.3. A £1 matriz is determined by its spectrum if no other +1
matrix has the same spectrum. Prove that almost all £1 matrices are determined
by their spectrum (not counting trivial permutations).

The following conjecture is motivated by our joint work with Tao in [70]

Conjecture 10.4. M,, has, with high probability, ©(y/n) real eigenvalues.
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Edelman, Kostlan and Shub [19] obtained a formula for the expectation of the
number of real eigenvalues for a gaussian matrix (which is or order O(y/n)). In
[70], Tao and Vu proved that the same formula holds (in the asymptotic sense) for
certain random matrices with entries (0, £1). However, we do not know anything
for M,. As a matter of fact, even the following ”first step” seems hard

Problem 10.1. Prove that M, has, with high probability, at least 2 real eigenval-
ues.

The next problem bears some resemblance to the famous "rigidity” problem in
computer science. Given {—1,1} matrix M, we denote by Res(M) the minimum
number of entries we need to switch (from 1 to —1 and vice versa) in order to make
M singular. If M is a sample of M,,, it is easy to show that Res(M) is, with high
probability, at most (1/2 + o(1))n, We conjecture that this is the best one can do.

Conjecture 10.5. With probability 1 — o(1), Res(M,,) = (1/2 4 o(1))n.

A closely related question (motivated by the notion of local resilience from [62]) is
the following. Call a {—1,1} (n by n) matrix M good if all matrices obtained by
switching (from 1 to —1 and vice versa) the diagonal entries of M are non-singular
(there are 2™ such matrices).

Conjecture 10.6. With probability 1 — o(1), M,, is good.

Finally, let us list a few recent papers concerning groups defined over random
matrices with entries from a finite field [80, 48]. This direction is new and these
works need an elaborate introduction, which will appear else where.

Acknowledgement. The author would like to thank NSF and AFORS for their
generous support.
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