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LOI NGO CHO EPSILON SO 2

Ban bién tap Epsilon

Epsilon s6 1 ra mat da duge don nhan mot cach nong nhiét ctia
ban doc. D6 1a mot niém dong vién 16n lao danh cho Ban bién
tap, giup chung t6i ¢c6 thém nang ludng, nhiét huyét dé buéc
tiép trén con duong ma khong han chi c6 hoa héng.

Epsilon da nhan dugc mot van téc ban dau va mot gia tée. Bé
nhung duong. Vi su dong gop ctia cong dong, hy vong Epsilon
sé gitt duge nhip va déu dat ra mat vao ngay 13 cac thang chan
dé phuc vu cong dong, dem dén mot mon an tinh than y vi trong
mot cudc séng dang van rat nhiéu nhitng mon an.

Epsilon mong mudn sé la mot nhip cau dé két noéi nhing déi
tugng von con xa cach nhau: ly thuyét va thuec tién, toan hoc va
cac mon khoa hoc khac, giao vién va hoc sinh, cac nha toan hoc
chuyén nghiép va nhung ngudi lam toan nghiép du, toan han
lam va toan gidi tri, toan cao cap va toan so cap. Vi thé, Epsilon
sé cO su hoa quyén ctia nhiing bai viét véi nodi dung va phong
cach rat khac nhau. Ban bién tap s€ ton trong cach hanh van
cuia cac tac gia ma khong ap dat y kién ctia minh, chi chinh stra
dé cho bai tét hon, chinh xac hon.

Epsilon s6 2 ma cac ban cam trén tay sé c6 12 bai viét cuia
cac tac gia dén tir nhiéu quoc gia, nhiéu thanh phan va cap do
chuyeén nghiép. K€ tir s6 nay, Epsilon sé danh nhiing trang viét
ciia minh dé€ gi6i thiéu vé tiéu st cac nha toan hoc néi tiéng
thé gici, lan nay sé la bai viét cia GS Ha Huy Khoai vé Loran
Schwarz, nhan ky niém 100 nam ngay sinh ctia 6ng va bai viét
vé thién tai dodn ménh Evariste Galois song hanh véi bai viét vé
Phuong trinh dai s6 ctia GS Ngo6 Bao Chau. Cau néi gitta toan
hoc va khoa hoc may tinh trong sé nay sé dudc thé hién bang
bai viét ctia GS Ngo Quang Hung, DH Buffalo, My vé nghich ddo
Mobius. Hinh hoc s6 cap, mén hoc von dugc coi l1a ¢6 xua va gia
c6i nhat s€é nhu lai tuci méi dudi goc nhin ctia mot ngudsi yéu
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toan nghiép du, ky su Pao Thanh Oai trong bai Phuong phap
mé rong va sang tao cac dinh ly hinh hoc c6 dién.

Cac ban hoc sinh yéu toan chac chan sé tim duge nhiéu diéu
bé ich qua cac bai viét vé cac bai toan thi chon HSG quéc gia
(VMO 2015) va chon doi tuyén du IMO 2015 (Vietnam TST 2015)
cua cac tac gid Tran Nam Dung, Nguyén Tat Thu, Tran Quang
Hung. Bai binh luan ctia Nguyén Van Lgi (Budapest) va Nguyén
Hung Son (Warsaw) vé dé TST cung sé gitip cac ban hiéu ro hon
vé cac bai toan trong dé thi. Bac biét trong sé nay sé co6 bai
viét Inequalities, A Journey into Fibonacci and Lucas numbers
cta hai tac gia nuéc ngoai la Vandanjav Adiyasuren va Bold
Sanchir dén tir PH QG Mong C6. Nhing ai yéu toan hoc giai
tri sé dudc tiép tuc cudc phiéu luu ky thu vao vuong quoc cuia
nhiing chiéc nén di mau sac véi ngusi huéng dan vién Dang
Nguyén Duc Tién (Trento, Italy). Mot nha do thuat doc dao khac
la Nguyén Quéc Khanh sé ra mat ban doc mot chuyén muc ly
tha va bé ich: Giéi thiéu sach.

Hy vong v6i nhiing bai viét nhu thé, méi doc gia déu c6 thé tim
dugc it nhat la 10% diéu minh yéu thich & trong s6 nay. Nhu
thé, Ban bién tap da cam thay that man nguyén va cho rang
nhiém vu da hoan thanh.

Va lai d1 nang luong, nhiét huyét dé tiép tuc budc di.

bi nhiéu ngudi, ban sé di rat xa ...
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NHAN 100 NAM NGAY SINH
LAURENT SCHWARTZ

Ha Huy Khoai
Ha Noi

“Téi la nha toan hoc. Toan hoc day ap cudéc doi toic.

Laurent Schwartz ! viét nhu vay trong 16i mé dau cuén hoi

ky ctia 6ng. Ong cung noéi rang, ngoai toan hoc, 6ng gianh rat
nhiéu thoi gian ctia doi minh cho cudc dau tranh vi quyén con
nguoi, vi quyén cua cac dan toc, ban dau thi nhu mot ngudsi
Troskit, sau d6 thi dung ngoai tat ca cac dang phai! Viét Nam
chiém mot vi tri quan trong trong cac hoat dong dé ctia ong.
Trong nhiéu nam, 6ng luén dang hang dau trong doi nga nhing
tri thic 16n ctia Phuong Tay dau tranh ting ho cudc khang chién
cuia nhan dan Viét Nam. Trong cudn hoi ky day 500 trang ctia
ong, c6 thé tim thay khoang 100 trang c6 nhac dén Viét Nam.

Laurent Schwartz sinh ngay 5 thang 3 nam 1915 tai Paris. Cha
ong la mot bac si phau thuat, me 6ng la ngusi yéu thién nhién,
nhu ong noi, sudt ngay chi quanh quan v6i manh vuon va ba
dia con. Tudi tho ciia ong da troi qua ém dém & lang qué
Autouillet, ma 6ng goi mot cach triu mén trong hoi ky ctia minh
la “Khu vuon Eden”. Mai sau nay, 6ng van thudng xuyeén tré ve
khu vudn do, va nhu ong k€ lai, nhitng dinh ly hay nhat ctia
ong dugc tim thay tai khu vuon Eden.

Ngay tit kKhi con nhé, Laurent Schwartz da boc 16 thién huéng
nghién ctu. Néu nhu hau hét tré em hai long v6i nhing 16i giai
thich so luge ctia b6 me khi chung héi “tai sao?”, thi cau bé
Laurent khong nhu vay. Cau luéon doi héi nhiing 16i giai thich
can ké, ma it khi duge thod man. Me cau rat lang tang truée
nhiing cau héi: Tai sao khi cam cai gay vao nuéc thi thay no
cong, tai sao trong cung mot nhiét do0 ma khong khi luc thi

INha toan hoc ngusi Phap (05/03/1915 - 04/07/2002)
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lanh hon, lac thi nong hon nudc, tai sao khi lat up cai thia ca
phé thi khong bao gio hét ca phé, ma con mot it dinh lai & thia,
va con rat nhiéu nhiing cau héi khac.

O cac 16p tiéu hoc, Laurent Schwartz khong phai 1a hoc sinh
gi6i mon toan. Ong rat nhdé 16i thay Thoridenet, ngusi day 6ng
mon van nam 16p 5 ting noi v6i me ong: “Toi chua co hoc sinh
nao gici nhu vay vé mon tiéng Latinh, nhung vé tiéng Phdp, ngon
ngut va toan thi cau ta kem hon mot chut. Tuy vay, cho du ngudoi
ta néi véi ba thé nao di nita, cau ta sé tré thanh nha toan hoc!”.
Laurent Schwartz noéi rang, néu khong c6 16i khuyén ctia 6ng
thay day van do thi c6 1€ ong da tré thanh nha ngoén ngir hoc,
chu khong phai nha toan hoc! May man ntra cho Laurent 1a cau
gap mot thay giao day toan day nhiét tam, thay Julien. Ong da
giai thich cho hoc sinh mét cach rat vui vé va don gian nhung
diéu ki diéu ctia moén hinh hoc, mé ra cho ho mot thé gidi toan
hoc ma truéc dé ho chua dudc biét dén. Laurent Schwartz ké,
sau khi suy nghi vai ba tuan, ong quyét dinh tré thanh nha
toan hoc. Theo ong, thién hudéng dé c6 san trong con ngudi
ong, nhung da tré thanh hién thuc nho thay gido. Vi thé ong
cho rang, vai tro ctia ngusi thay déi véi tuong lai hoc sinh 1a c6
y nghia quyét dinh.

Laurent Schwartz thi d6 vao truong Ecole Normale Supérieure
(Paris) nam 1934. O Ecole Normale, 6ng dugc hoc véi nhitng gido
su néi tiéng nhat thoi bay gio: Fréchet, Montel, Borel, Denjoy,
Julia, Elie Cartan, Lebesgue va Hadamard. Trong khoa do, ong
cung v6i Choquet, Marot 1a ba ngudi xuat sac nhat.

Nam 1937, ong tot nghiép dai hoc Ecole Normale, lam nghién
ctu sinh tai truong dai hoc Strasbourg va bao vé luan an Tién
s nam 1943. Gido su hudng dan luan an ctia 6ng la Valiron, mot
trong nhiing nha toan hoc néi tiéng nhat thoi do vé ly thuyét
ham. Vai nam sau, Valiron ciing 1a ngusi huéng dan cta giao
su Lé Van Thiém.

Trong cac nam 1944 — 1945 éng giang day tai khoa Khoa hoc
& Grenoble, sau dé chuyén vé Nancy, nhan mot chic gidao su 6
khoa Khoa hoc. Chinh trong thoi gian nay, ong sang tao ra cong
trinh ndi tiéng vé ly thuyét cac ham suy rong.

Nam 1953 Laurent Schwartz tré vé Paris, lam gido su cho dén
1959. Ong giang day tai truong Ecole Polytechnique tir 1959 dén
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1980, roi lam viéc 6 truong Pai hoc Paris 7 ba nam, cho dén ngay
nghi huu nam 1983.

Cong hién 16n nhat cho toan hoc ctia Laurent Schwartz la cac
cong trinh ctia ong vé ly thuyét phan bo, dudc viét vao nhiing
nam 40. Nhing tu tudng ctia 6ng theo huéng nay dugc trinh
bay lan dau tién nam 1948 trong bai “M6 rong khai niém ham,
dao ham, bién déi Fourier va cac ung dung toan hoc, vat ly”.

Ly thuyét phan b6 1a su mé rong dang ké phép tinh tich phan va
vi phan. Do nhu cau cta Vat ly hoc, Heaviside va Dirac da mé
rong phép tinh véi cac ung dung dac biét. Tuy nhién, phuong
phap ctia ho, cing nhu nhitng phuong phap tuong tu vé cac
phép tinh hinh thic khong duge xay dung trén mot nén tang
toan hoc chat ché. Pé nhiing nghién ctu ctia ho cé6 thé tré
thanh mot ly thuyét méi thuc su cuia vat ly hoc, can trang bi
cho n6 mot co sé toan hoc viing chac. Chinh Dirac da c¢6 1an naéi:
Khi ban dinh xay dung mot lyj thuyét méi nao trong vat ly, cai duy
nhat ma ban cé thé tin tudng la toan hoc. Laurent Schwartz da
phdat trién mot ly thuyét lam co sé cho cac phuong phap tinh todn
néu trén trong vat ly, lam cho nhitng phuong phap do tim dugc
ttng dung hét stic rong rai trong nhitng linh vuc khdc nhau.

Francois Treves da noi vé cong trinh ctia Laurent Schwartz nhu
sau: “Tu tudng cua Laurent Schwartz da cho mét cach ly giai
théng nhat tat ca cac ham suy rong tham nhap trong giai tich
nhu la nhitng phiém ham tuyén tinh lién tuc trén khoéng gian cac
ham kha vi vé6 han triét tiéu ngodi mét tap compdc. Ong da cho
mot cach moé ta cé hé théng va chat ché, hoan toan dua trén gidi
tich ham triru tugng va ly thuyét déi ngau. Ciing can nhac lai
rang, mot cach ly gidi nhu vay da cé trude day trong cong trinh
cuiia André Weil vé tich phan cdac nhém compac dia phuong ... Do
su doi héi cua tinh kha vi trong 1y thuyét phan bé, khéng gian cac
ham thit va déi ngau ctia chiing déi khi rat phiic tap. Piéu nay
dan dén nhitng nghién cttu séi néi vé cac khéng gian vector topo
Ichong thuoéc cac pham tru quen thudéc nhu khong gian Hilbert va
khoéng gian Banach. Nhitng nghién cttu nay, dén lugt minh, chiéu
roi nhitng anh sang maéi lén nhiéu linh vuc ctia Gidi tich thuan tuy,
nhu Phuong trinh dao ham riéng, hodic Ham sé bién sé phiic.”

Nhing tu tuéng ctia Laurent Schwartz c¢6 thé ap dung cho
nhiéu khong gian ham thit khac nhau, nhu chinh 6ng va nhiéu
ngudi khac da chi ro ... Herald Bohr, ngudi giéi thiéu cong trinh
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ctia Laurent Schwartz trong budi trao Gidi thuéng Fields ngay
30 thang 8 nam 1950 tai Harvard da mo ta cac cong trinh cta
Laurent Schwartz viét nam 1948 nhu sau: “Chiing chac chan sé
tré thanh nhitng coéng trinh kinh dién ctia toan hoc thoi dai chiing
ta ... Toi nghi rang, nhitng ngudi trich dan céng trinh ctia éng,
cing gibng nhu téi, sé phai kim nén mét niém phan khich dé
chiu, dé nhin thay su hai hoa tuyét voi ciia mét cau triic tinh todn
ma ly thuyét nay dan chiing ta dén, va dé hiéu tam quan trong va
uu viét cia chiing dbéi véi nhiéu phan cua gidi tich cao cap, nhu
Ly thuyét pho, Ly thuyét thé vi, va toan bé 1y thuyét phuong trinh
dao ham riéng.”

Ngoai giai thudng Fields, Laurent Schwartz con nhan dudgc giai
thudng ctia Vién han 1am khoa hoc Paris cac nam 1955, 1964, 1972.
Nam 1972 6ng dudgc bau lam Vién si Vién han lam Phap. Ong
dugc phong tién si danh du ctia nhiéu trusng dai hoc, trong dé
c6 Humboldt (1960), Brussels (1962), Lund (1981), Tel-Aviv (1981),
Montreal (1985) va Athens (1993).

Khong chi la nha toan hoc ndi tiéng, Laurent Schwartz con dugc
biét dén nhu la mot trong nhing tri thire 16n sudt doi dau tranh
vi tu do ctia cac dan toc. Laurent Schwartz noi rang, nhing
nam & Ecole Normale da xac dinh hoan toan khuynh huéng
chinh tri cia 6ng: Choéng chién tranh va bao vé nhing gia tri
ciia con ngudi. Cudn sach “bong Duong cap cau” (Indochine
SOS) ctia Andrée Viollis da cho 6ng thay r6 toi ac ctia chti nghia
thuc dan Phap 6 Pong Duong. Quan diém chinh tri ctia 6ng thé
hién r6 nhat trong phong trao chong chién tranh xam lugc ctia
dé quéc My 6 Viet Nam. Ong dé xuéng khau hiéu “Mat tran dan
toc gidi phong sé chién thang” thay cho khau hiéu ma 6ng cho
la mo ho ctia phong trao chong chién tranh Viét Nam 6 Phap
thoi d6 “Hoa binh & Viét Nam“. Hoat dong ctia Uy ban quéc gia
Viét Nam do ong sang lap da gay dugc tiéng vang 16n. Ong hét
stc tu hao khi vao khoang 1€ Noel nam 1966, nhan dugc buc
dién cam on va chuc mitng ctia Chti tich H6 Chi Minh. Ong dén
Viét Nam nhiéu lan trong thoi ki con chién tranh, véi tu cach 1a
thanh vién trong Toa an qudc té xét x1r toi ac chién tranh ctia
My & Viet Nam (mot t6 chiic quéc té do nha toan hoc, nha triét
hoc néi tiéng ngusi Anh, giai thudng Nobel vé van hoc nam 1950,
huan tuéc Bertrand Russell sang lap). Nhiing chuyén di vé cac
lang qué Viét Nam da lam cho 6ng thiy yéu mén dac biét dat
nudc va con ngudi Viet Nam. Khong gi ¢6 thé néi day du hon
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tinh cdm ctia ong v6i Viét Nam bang chinh nhimng 16i 6ng viét
trong hoéi ky ctia minh: “Viét Nam da ghi dau an trong cuéc doi
toi. Toi titng biét dén Pong Duong thudc dia, qua cubdn sach clia
André Viollis viét nam 1931, ma t6i doc nam 1935. Liic dé6 t6i vita
tron 20 tuéi. Cudc dau tranh ctia téi cho tu do clia dat nude nay
la cudéc dau tranh dai nhat ctia cuéc doi téi. Toéi da yéu, va mai
mai yéu Viét Nam, nhitng phong canh, nhitng con ngudi tuyét vdi,
nhitng chiéc xe dap. Trong t6i, c6 mét chiit nao dé la nguoi Viét
Nam. Gap ngudi Viét Nam, nghe tiéng ho néi chuyén véi nhau
trong xe buyt (ma tat nhién la téi khong hiéu), téi cam thay mot
niém hanh phtic khéng cat nghia dudc. Soi giay tinh cdm da noi
lien téi v6i dat nude nay.”

Nam 1998, khi Vién Toan hoc té chiic Hoi nghi quéc té nhan 80
nam ngay sinh ctia Gidao su Lé Van Thiém, Laurent Schwartz
da rat xac dong thong bao cho Ban t6 chiic rang 6ng rat mudn
sang Viét Nam thém mot lan nita, nhung tiéc 1a suc khoé khong
cho phép. Khi 6ng qua doi nam 2002, to Thong tin toan hoc ctia
Hoi toan hoc Viét Nam c6 dang mot bai viét dé tudng nhé ong.
Duong nhu ong biét truéc diéu do, nén da viét trong hoi ki
ctia minh: “Les Vietnamiens ne m'oublient pas” (Ngudi Viét Nam
khong quén toi).
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PHUGNG TRINH DPAI SO
MOT AN SO

Ngd Bao Chau
Pai hoc Chicago, My

Tém tat

Tu thé ky 20 truée Cong nguyén, ngudi dan thanh Babylon
da biét giai phuong trinh bac hai. Nhung phai dén thé ky
16 sau Cong nguyén, cac nha toan hoc ctia thsi Phuc hung:
Tartaglia, Cardano, Ferrari, méi tim ra 16i giai cho phuong
trinh bac ba va bac bon. Pau thé ky 19, Abel va Galois,
hai thién tai toan hoc bac ménh, ching minh nghiém cta
phuong trinh dai s6 téng quat bac tit nam tré di, khong thé
biéu dién dudc nhu mét biéu thic dai s6 véi can thic nhu
trong truong hgp da thirc bac khong qua bén. Cong trinh
cua Galois, viét ra nhu 16i trang troi truéc gio dau sung,
sau do6 dugc xem nhu moc khai sinh ctia Pai sé hién dai.

Ly thuyét Galois hién dai dudc phat bi€u trén co s6 cac
khai niém mdé rong truong va nhom Galois. Nhiing khai
niém nay khong dé nam bat. Muc dich ctia bai viét nay la
giup nhing ngudi méi hoc nam bat nhiing khai niém do,
thong qua viéc tim hiéu moé thic ma chung xuat hién trong
qua trinh tim nghiém ctia nhing phuong trinh dai s6 cu
thé.

Nguoi viét cho rang hau hét khai niém tuéng nhu triru
tuong déu co6 coi ngudn & nhitng thao tac toan hoc cu thé
va thong dung. Nguai viét cang cho rang chi khi duge nang
lén tam khai niém, cac thao tac toan hoc méi tré thanh
nhiing cong cu tu duy that sy manh mé. Cau chuyén sap
ké vé y thuyét Galois c6 thé xem nhu mot minh chung.

D€ hiéu bai viét nay, ngudi doc can mot sé kién thiic co
ban vé dai sb tuyén tinh, trong dé dac biét quan trong la
khai niém chiéu ctia khong gian vector.
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1. Lich s cua bai toan

Vao thé ky tha bay trude cong nguyeén, 16i giai cho phuong trinh
bac hai téng quat

x?+ax+b =0, (8.1)
da dudc nha toan hoc Brahmagupta, nguci An do, trinh bay
mot cach tuong minh 6 dang

—a++/d
2 b

v6i d = a® — 4b 1a biét thuc ctia phuong trinh bac hai.

Trudc do, tir khodng thé ky 20 trude cong nguyén, ngusdi Babylon
da tim 16i giai hinh hoc cho bai toan tuong duong tim hai canh
ctia hinh cht nhat biét truée chu vi va dién tich ctia né. Dau vét
ctia nhung phuong phap hinh hoc khac nhau dé giai phuong
trinh bac hai da dugc phat hién trong hau hét cac nén van minh
c6 dai tir Babylon, Ai cap, Hy lap, An do, Trung Hoa ...

X = (3.2)

Phuong trinh bac ba tong quat ciing duge ngudi Babylon nghién
ctru. Ngudi Hy lap c6 dai da thir xay dung nghiém phuong trinh
bac ba bang thuéc ké va compa nhung khong thanh cong.

Nha toan hoc Trung Hoa Wang Xiaotong dua ra 16i giai cho 27
phuong trinh bac ba khac nhau, nhung khong dua ra phuong
phap d€ giai phuong trinh bac ba tong quat.

Pang k€ nhat la phat hién ctia nha thd ngusi Ba tu Omar
Khayyam song vao thé musi mot. Ong ching minh rang nghiém
c6 thé xay dung nghiém phuong trinh bac ba bing cach lay giao
hai dudng conic. Ngoai ra, ong phat bi€éu rang khong thé xay
dung nghiém phuong trinh bac ba chi bang thudc ké va compa.
Omar Khayyam khong dua ra mot cong thiic cho nghiém ctia
phuong trinh bac ba gidong nhu cong thuc (3.2) cho phuong
trinh bac hai.

Phai cho dén thoi ky phuc hung, nha toan hoc Tartaglia, song
4 Y vao thé ky thi mudi sau, méi dua ra cong thic téng quat
dau tién cho nghiém ctia phuong tinh bac ba

ax’* +bx* +ex+d =0, (3.3)
6 dang

x= -t (brct (3.4)

~ 3a c)’ )
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trong do

oAy + /AT — A
c:\/ 1t L (3.5)

VGi Ay, A, 1a cac da thie tuong minh véi bién s6 a, b, ¢, d.

Loi giai cho phuong trinh bac ba qua la rac rbi, nhung 16i giai
cho phuong trinh bac bon ctia Ferrari con rac réi hon nhiéu.

Nha toan hoc Joseph Lagrange, ngudi Y, la ngudi dua ra mot
phuong phap chung dé€ giai ca phuong trinh bac ba va bac bén.
Phuong phap clia Lagrange dua trén khai niém giai thic ma
chung ta s€ xem xét ky luong.

Ruffini da nghién cttu phuong phap ctia Lagrange va nhan thay
rang noé khong thé mé rong ra cho phuong trinh ¢6 bac nam va
bac cao hon nua.

Abel 12 ngudi dau tién dua ra chiing minh chit ché va khang
dinh phuong trinh bac nam téng quat khong thé giai duge bang
can thuc. Binh ly Abel-Ruffini cing dugc Galois, mot nha toan
hoc ngudi Phap, ching minh mot cach doc lap. Nhung ong di
xa hon Abel va dua ra mot khai niém cé tinh chat cach mang,
do la nhom Galois.

2. Ve phat biéu cuia bai toan

Bai toan ta quan tam chinh la viéc biéu dién nghiém ctia phuong
trinh da thuc
apx" + a x4+ =0, (3.6)

duéi dang mot biéu thic véi bién sb ag, a, ..., ma trong do ta
dugc quyén dung bon phép toan thong thuong va can thuc.

D€ hiéu ro6 thé nao la biéu dién dugce dusi dang mot biéu thiic
nhu thé, ta sé can khai niém trudsng va md rong truong. Vi du
nhu cac bi€u thuc vé6i bién sé ag, ay, ...,a, ma chi dung bén
phép toan thong thudng va véi hé sé hitu ti, 1a truong sinh ra
bdi ag, a;, ..., an.

Cau héi biéu dién nghiém bang can thuc thuc ra van khong
chuan. That vay phuong trinh bac n ¢6 thé cé t6i n nghiém cho
nén dé hét map mad can lam ré ta mudn biéu dién nghiém nao
trong s6 n nghiém d6. Di nhién trong cong thuc (3.2), dau + cho
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phép ta biéu dién ca nghiém ctia (3.1). Trong khi d6, cong thtc
cua Tartaglia (3.5) duong nhu cho ta sau nghiém khac nhau
ctia phuong trinh bac ba, cai ro rang 1a khong thé.

Thuc ra ta khong c6 cach nao dé chon mot trong n nghiém ctia
phuong trinh (3.6). Khai niém nhom Galois sinh ta chinh la dé
lugng hoa su map md nay. Ngugce lai, nhu ta sé phan tich, cau
triuc ctia nhém Galois sé quyét dinh viéc phuong trinh (3.6) co
thé gidi dudc bang can thiic hay khong.

3. MG rong bac hai

D€ gidi phuong trinh bac hai (3.1), ta thuc hién phép ddi bién
y = x + 2. Sau khi d6i bién, phuong trinh (3.1) d€ quy vé dang
don gian hon

y—d=0. (3.7)
Ta c6 thé coi day 1a mot cai meo dé quy phuong trinh bac hai
tong quat (3.1) vé phuong trinh bac hai rut gon (3.7).
Ta cting c6 thé thay déi quan di€m: Khong quan tam dén viéc
tim ra dang chinh xac (3.2) ctia nghiém ntra, ma chi quan tam
dén viéc nghiém c6 th€ biéu dién dudi dang biéu thtc dai s6
ctia v/d. Lap luan c6 thé sé phic tap hon, nhung sé mé ra cho
ta mot tam nhin mdi.
D€ lam don gidn van dé, gid st cac hé s6 a, b 1a s6 hitu ti. Ta
biét rang trong C, phuong trinh (3.1) ¢6 hai nghiém. Ta sé ky
hiéu «,; € C la mot trong hai nghiém cta né. Gia st «; ¢ Q, khi
do tap cac sb6 phuc c6 dang

L={m+no | m ne@Q},
1a mot khong gian vector hai chiéu trén Q. Tir dang thic
of = —(aoy +b),

ta suy ra rang néu u, v € L thi uv € L. Ta cing c6 thé ching
minh rang néu u e L — {0}, thi u~! € L. Nhu vay L 1a mot truong
con cuia C. Néu xem nhu khong gian vector trén Q, né c6 chiéu
bang 2. Vi thé ta noéi rang L 12 mot mdé rong bac hai ctia Q.

Ta d€ y thay nghiém con lai, ky hiéu la «,, ctia da thuc

P=x*+ax+b,
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cung nam trong L. That vay, da thic bac hai P da ¢c6 mot nghiém
o, € L, nghiém con lai o, ciing phai nam trong L va cung khong
la s6 hitu ti. N6i cach khac, mé rong bac hai sinh béi «,, trung
v6i m6 rong bac hai sinh béi o,

{m+nay | m, neQ}.

Suy tir (3.2) ra thi cA mé rong bac hai sinh béi «; hay «, déu
trung v6i mé rong bac hai sinh béi can bac hai ctia biét thirc

QWd] = {m+n\/a | m, neQ}. (3.8)

DPay ctung la mot cach dé dién dat viéc cad «; va «, déu co6 thé
viét dugc duédi dang c6 dang m ++/d v6i m, n € Q.

Pinh 1y 3.1. Cho P € Qx] la mét da thitc bac hai bat kha quy,
L la mé rong bac hai cua Q sinh béi mét trong cdc nghiém ctia P.
Khi dé L = Q[vd] véid = a* — 4b.

Dé thay rang, néu L 1a mé rong bac hai ctia Q, khi d6 méi phan
t o« € L — Q la nghiém ctia mot phuong trinh bat kha quy bac
hai nao do. Vi thé ta co thé phat biéu lai dinh ly trén 6 dang co6
dong hon:

Pinh 1y 3.2. Moi md rong bac hai ctia Q déu c¢é dang L = Q[+/d]
v6i d la mot sé hitu ti nao do.

M6 rong ra phuong trinh bac cao hon, ta cé6 thé dinh nghia ranh
rot khai niéem phuong trinh giai duge bang can thic.

4. Phuong trinh giai dudc bang cin thic

Tit nay tré di, ta sé thay truong cac s6 htru ti b6i mot trusng K
bat ky. Thay cho truong cac sb6 phtec, ta cho truéc mot truong
dong dai s6 chira K. Xin nhéc lai rang truong K dudc goi 1a dong
dai s6 néu moi da thiic P € K[x] bac n déu c6 dung n nghiém
trong K, néu ta dém ca boi. Ta sé chi xét t6i cac mé rong cua K
chua trong K.

ba thuc bacn
P=x"+ax""'+ - +aneK[x,
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dugc goi 1a bat kha quy néu né khong thé phan tich duge thanh
tich ctia hai da thic c6 bac nhé hon. Gia st P 1a mot da thic
bac n bat kha quy. V6i méi nghiém « € K ctia P, ta dat

Klod = {mo+myoc+ - +mu ™' | mg,..., M1 €K}, (3.9)

St dung dang thic a™ = —(a,a™ '+ - -+a,), ta chiing minh dugc
rang néu u, v € Kl thi uv € K[a]. Ngoai ra, néu u € Klaf — {0}
thi u™! € K[od. N6i cach khac, K] 1a mot trusng con ctia K. St
dung gia thiét P la da thuc bat kha quy, ta chung minh dugc
rang K[a], xem nhu khong gian vector trén truong K, c6 chiéu
bang n. N6i cach khac, Kl 1a mot mé rong bac n cua K.

Ta néi nghiém « c6 thé biéu dién dudc bang bi€u thirc dai s6
v0Gi can th@e néu ton tai mot chudi mé rong truong lién tiép

K:K()CKlCKQC"'CKT, (310)

sao cho v6i moi i € {1, 2, ...,7}, K; la moét mé rong bac n; cta
Ki_; co dang
Ki >~ Kioi[x]/(x™ — B3),

va sao cho K[x] < K,.

Khai niém md rong truong da cho phép ta phat biéu ranh rot
cau hoi lieu nghiém « ctia P ¢6 thé biéu dién duéi dang t6 hop
dai s6 va can thirc hay khong. N6 con cho phép ta dat ra nhimng
cau hoi khac, sau sac hon, vé nghiém ctia da thuec.

5. Phu thuéc dai s6 gitra cac nghiém

Nhu 6 trén, ta van ky hiéu P € K[x] l1a mot da thic bat kha quy
bac n, va « la mot nghiém ctia P trong K, K[x] 1a mé rong bac n
ctia K bao gém cac t6 hdp dai s6 ctia o« nhu (3.9).

Khac véi trudng hgp bac 2, khin > 3, néu «, va a, 1a hai nghiém
khac nhau ctia P, cac truong con Kl«;] va K[a,] ctia K, c6 thé 1a
khac nhau, nhu ta thay trong vi du sau day.

Xét truong hop K = Q va da thiic P = x* — 2. Néu « € K 1a mot
nghiém ctia P thi hai nghiém con lai s€ 1a j« va j?«. O day ta st
dung ky hiéu
2 2
j:cosg%—isin?ﬂ, (3.11)
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12 can bac ba nguyén so cia don vi. Dé thay Q[«] # Qfj«] vi néu
dau bang x4y ra thi ta sé co j € Q[a]. Mat khac, mdé rong Q[j] la
mdé rong bac 2 ctia Q vi j 1a nghiém ctia da thuce bac hai x? +x+1,
cho nén no6 khong thé ndm trong mot mdé rong bac ba. That vay,
néu Q[j] = Ql«] thi Q[od sé 1a mot khong gian vector trén trusng
Qlj], cho nén chiéu ctia n6 nhu khong gian vector trén Q phai
la mot s6 chan. Trong trusng hgp nay, cac mé rong bac ba ung
v6i 3 nghiém ctia P = x3 — 2 1a d6i mot khac nhau:

Qlad # Qljad # Q% ed. (3.12)

Khi K = Q[j], P = x* — 2 van la da thuc bac ba bat kha quy trong
K[x]. Nhung khi dé cac md rong bac ba ctaa K tng v6i 3 nghiém
cua P = x3 — 2 1a trung nhau:

Klod = Kljod = K[j?«]. (3.13)

Ta nhan thay 6 truong hgp dau, « va jo khong phu thudc dai s6
v6i nhau so v6i truong co s6 K = Q. N6i cach khac jo khong thé
biéu dién dugc nhu t6 hop dai s6 ctia « véi hé sé hiru ti. Tuy
vay, néu ta mé rong truong co sé thanh K = QJj], thi « va jx tré
nén phu thudc dai so.

Vi du nay dua ta dén véi khai niém truong phan ra ctia mot
da thuc bat kha quy. Truong phan ra ctia mét da thice 1la cong
cu d€ do su phu thudc dai sb gitia cac nghiém ctia né. Truong
phan ra sé 16n néu cac nghiém cé it quan hé dai s6, truong
phéan ra sé nhoé néu cac nghiém c6 nhiéu quan hé dai sé.

ba thuc bat kha quy P € K[x] bac n dugc goi 1a tach dude néu
noé c6 n nghiém doi mot khac nhau trong K. Trong truong hgp
dac s6 khong, moi da thuc bat kha quy déu tach dugce. Trong
truong hop dac sb p > 0, c6 nhiing da thuc bat kha quy nhung
khong tach duge. Trong bai nay, ta sé chi xét dén nhiung da
thire bat kha quy tach dugc.

Cho P € K[x] 1a mot da thuce bat kha quy bac n tach duge c6 hé
s6 dau bang mot. Ta ky hiéu «y, «y, ..., x, € K la cac nghiém
ciia P, va goi truong phan ra ctia K l1a truong con ctia K sinh
bdi «y, oy, ..., x,. Trong vanh da thic L[x], da thic P phan ra
hoan toan

P=(x—o)...(x —an),

thanh tich cac thita s6 bac mot.
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D€ lam ro y nay, ta thuc hién mot khao sat. Ky hiéu L 1a truong
phan ra ctia P, khi d6 L 1a trudng con cuc tiéu chia tat ca cac
truong con K], Klas] ..., K[x,], con goi la compositum ctia
Klou], Klao] ..., Klx,]. Ky hiéu L; 1a compositum ctia Kloy], Kloo]
..., Kleen, Khi d6 ta ¢6 chudi mé rong truong lién tiép

K=L[jclLic---cL,=L.

Ky hiéu 1; 1la bac ctia mé rong L;/L; ;. Truong phan ra L 1a mé
rong bac L1, ...1, ctia K. Cac s6 nguyén 1, l,, ..., |, phdn anh
muc do phu thuoc dai sé gitta cac nghiém o, «y, ..., &,. Ta c6
thé khéo sat chung tuan tu nhu sau

e Vi P la mét da thic bat kha quy bac n cho nén L[, 1a mé
rong bac 1, = n caa L.

e Xét mdé rong tiép theo L,/L,. Pa thicc P xem nhu phan t
ctia L;[x] khong con bat kha quy nita, ma cé thé phan tich
duogc thanh

P = (X — Oél)Q

Thanh phan Q c6 thé 1a da thiic bat kha quy, c6 thé khong.

e Néu Q la mot da thirc bat kha quy, bac n — 1, thi L, s€ la
mot mé rong bac l, = n — 1 caa L,. Trong truong hgp nay,
o va «y khong c6 quan hé dai sé gi v6i nhau.

e Néu Q e L;[x] khong phai da thic bat kha quy, ta c6 thé
phan tich né thanh Q = Q,Q; véi Q, 1a da thuc bat kha
quy c6 nghiém la «,. Khi dé6 L, 1a mé rong ctia L, c6 bac 1,
bang véi bac cia da thie Q. Trong truong hgp nay o, va
o, €6 phu thudc dai s6.

e Tiép tuc v6i mé rong /L. ..

Qua khao sat nay ta thay 1, > 1, > --- 1a mot day s6 nguyén
giam that su va tir d6 suy ra 1, -- -1, < nl. Day s6 nay do mic
d6 phu thuoc dai so gitra cac nghiém o, oy, ..., a, ctia P.

6. Nhom Galois cua mét da thic

Cho P e K[x] la mot da thic bat khd quy bac n tach dugc.
Nghiém ctia n6 trong K la oy, o, ..., &, d6i mot khac nhau.

22



Ta ky hiéu L la truong phan ra, truong con cuia K sinh ra béi
X1, X1y ooty K

Nhém Galois I x 14 nhém cac tu dang cadu mé rong L/K : Cac
tu dang cau ctia mé rong L/K 1a cac song anh o : L — L bao toan
cau truc vanh va ciu truc khong gian vector ctia L trén truong
K. Néu khong c6 nguy co nham lan, ta viét gidn luge chi sb va
ngam hiéu I' = I k. D€ nhan manh sy phu thuoc vao P, chung
ta ciing sé goi I' 1a nhom Galois ctia da thuc P.

Cho o e I'va « € L 1a mot nghiém cua P, khi d6 o(«) cing la mot
nghiém cua P. Vi vay nhom Galois I' tac dong 1én tap hgp cac
nghiém ctia P. VGi ky hiéu da chon {«;, ..., .}, cac nghiém ctia
P da dugc danh s6, tac dong ctia I' 1én chung dudce cho bdi dong
cau nhom

pp:l— Ty
vao trong nhom cac hoan vi cap n.

Pinh ly 6.1. Dong cau pp : I' — Y, la don anh. Tac dong ctia T
len tap {1, 2, ..., n} la tac dong bac cau. S6 phan tit cuia I’ ding
bang véi bac ctia md rong L/K.

Chiing minh khéng dinh thit nhat khéng khé. Néu o nim trong
hach cua pp, thi o(;) = «; v6i moi nghiém cuia P. Trong hoan
canh nay, o tac dong tam thuong lén toan bo L vi L duge sinh
ra béi o, o, ..., &n.

Chiing minh khing dinh thit hai va thi ba khé hon moét chuit.
Trudc hét ta chiing minh rang moi déng cau K - dais6 &: L — K
déu c6 anh la L. That vay moi dong cau nhu vay déu bao toan
tap {1, o1, ..., xn}, ma tap nay sinh ra L, cho nén &(L) = L. Nhu
vay ta da ching minh rang

Autg (L) = Homg (L, K) (3.14)

Pé chiing minh khang dinh thi ba, ta chi con can ching minh
rang _

[Homy (L, K) | = degy (L). (3.15)
Mot md rong hitu han L ctia K goi 1a mé réng tach dudc néu
né thoa man tinh chat nay.
Néu L = K[x]/P v6i P € K[x] 1a mot da thuc bat kha quy bac n
tach dugc thi L 1a mé rong tach duge. That vay, trong truong
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hgp nay, cho mot déng cau o : L — K tuong duong véi cho o(x)
la mot nghiém ctia P trong K va c6 dung n nghiém khac nhau
nhu vay.

Co6 th€ chitng minh dudc rang compositum ctia mé rong tach
dudc Ky, Ky, ..., K, v6i K ¢ K; = K 1a mé rong tach duge. ! Vi
thé, truong phan ra ctia mot da thirc tach duge 1a mot mé rong
tach dudgc.

Ta quay lai chitng minh khang dinh thit hai: Tac dong cta T
lén tap cac nghiém {«, «y, ..., .} la tac dong bac cau. Ta sé
chiing minh ton tai o € Auty (L) sao cho o(a;) = x,. Trude hét ta
c6 dang cau G : K[x;] — K[x,] cho bédi oy — xy Vi &1 va &y ¢6 cling
da thtc cuc ti€u la P. Ta can ching minh rang c c6 thé thac
trién thanh mot tu ddng cAu o: L — L.

D€ két thuc ching minh, ta can stt dung thém mot tinh chéat
nita cia mé rong tach duge: Néu L/K 1a mot mé rong tach dugc,
thi ton tai B € L 1a phan tit sinh ctia L. N6i cach khac ton tai
B e L sao cho L = K[B]. 2

M6 rong L/K[oy] cang la mé rong tach dude, cho nén ton tai
B, € L sao cho L = K[o;][;]. Ta c6 thé phat trién

0 : Kloy] — Kle],
thanh mot dong cau c6 dang
o : Kloy][B1] — Klew] [Bal,
v6i B, € K dudc lua chon thich hop. St dung (3.14), ta co
Kloe][Bo] =L,

va o la mot tu dang cau ctia L nhu ta mong muén.

Ta c6 thé téom tat cac thong tin trong muc nay nhu sau. Méi da
thuce bat kha quy P ing mot nhém Galois I'. Néu cac nghiém cuia
P trong K dudc danh s6 thi c¢6 thé coi I' nhu mot nhém con ctia
nhom déi xing cap n, c6 tac dong bac cau lén tap {1, 2, ..., n}.
S6 phan tir ctia I' dung bang bac ctia truong phan ra.

1Xem chung minh trong sach Algebra ctia Lang.
2Xem chung minh trong sach Algebra ctia Lang.
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7. Tuong wng Galois

Nhu ta da thay trong muc trude, néu L la truong phan ra ctia
da thurc bat kha quy tach duge P € K[x], thi mé rong L/K cé tinh
chat s6 phan tir cia nhém Auty (L) dang bang véi bac ctia mé
rong. Mé rong L/K dudc goi 1a mé rong Galois néu tinh chat nay
dugc thod man. Truong phan ra ctia moét da thiac bat kha quy
luon luon 1a mé rong Galois.

M4 rong L/K goi la mé rong tach duge néu ton tai mot da thuc
bat kha quy P e K[x] tach dugc sao cho L ~ K[x]/(P), tat nhién c6
thé c6 nhiéu da thitc P nhu thé. Dé thay néu L = K[x]/(P) 1a m&
rong tach dugc nhu trén va la mé rong Galois, thi L la truong
phan ra ctia P. N6i cach khac mé rong Galois la truong phan
rd ciia mot da thic nao dé. Mat khac, né cé thé déng thoi la
truong phan ra ctia nhiéu da thic khac nhau.

Khong phai mé rong nao cung la mé rong Galois. Quay lai vi
du (3.12) mé rong bac ba Q[«] cua Q, véi « 1a mot nghiém ctia
x3 — 2. Néu o € Autg(Q[«) thi o(«) cing phai 1a mot nghiém ctia
x® — 2. Theo (3.12) thi o khong thé 1a mét tu dang cau ctia Q[«
tru truong hgp o = 1.

Noi cach khac Q[«] khong phai biéu dién Galois.

Ngudc lai, theo (3.13) thi K[«]/K 1a mé rong Galois v6i K = Q[j]
v6i j 1a can nguyén so bac ba ctia don vi (3.11). Téng quat hon

Pinh 1y 7.1. Néu x™ — a € K[x] la mgt da thitc bat kha quy tach
dudc, khi dé néu K chita can nguyén so bac n cua don vi, thi véi
moi nghiém « € K cua da thiic x™ — a, md rong L = K[a] ctia K la
md rong Galois.

Cac mé rong trung gian gitta K va L c6 thé dudc phan loai dua
vao I'. Pay thuong dudc coi la ménh dé quan trong nhat trong
ly thuyét Galois, va dugc goi twong wng Galois. Van dé cai gi
quan trong nhat luén luon cé thé ban cai.

Pinh ly 7.2. M6i mé rong trung gian K < L’ < L ting v6i mot nhém
con I’ cia T bao gom cac phan tity € T tac déong lén L nhu mot
anh xa L'-tuyén tinh. Tuong ting nguoc lai dude cho bgi L' = L.
Hon nita, L’ la mé réong Galois ctia K khi va chi kchi T’ la nhém con
chuan tac cuaT. ®

SNhom con I'" < T dugc goi 1a nhém con chuan tic néu véi moi y e T, ta
coyl’y=t=T1".
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Trong truong hgp do, ta co I x =T/T".

Trong muc 5, ta da khao sat truong phan ra L ctia mot da thic
bat kha quy P € K[x] thong qua chubi mé rong lién tiép

K:LOCL1CL2C~--CLn:L,

véi L; 1la compositum cta K], Klaol, ..., Klxi]. Chudi mé rong
tuong ung v6i chudi cac nhém con ctia T

r:rojrlj"'Drn:O. (3.16)

C6 thé chitng minh dudgcrang Iy ='nY,_;v6imoii=1,2, ..., n,
trong do Y,,_; 1a nhém con cac phan tt cia Y,, ¢b6 dinh cac phan
ta 1,2, ..., itrong tap {1, 2, ..., n}.

Cac nhoém con Iy, Iy, ... n6éi chung khong phai 1a nhém con
chuan tac ctia T, va L, L,, ... khong phai la mé rong Galois
cua K. Trong mot muc sau, muc 8, chung ta sé khao sat ky
truong hgp chudi mé rong Galois.

8. Tiéu chuan dé giai dudc phuong trinh
bang can thitc

Xét vi du cho béi chubi cac mé rong can thirc nhu 6 (3.10)
K=KycK;c - cK,, (3.17)

v6i K; ~ K;_;[x]/(x™ — B;). Gia thiét rang K chira cac can nguyén
so cua don vi bac ny, n,, ..., n,. Khi dé v6i moi i, K; 1a mé rong
Galois ctia K;_;, va tir d6 ta c6 thé suy ra K, 1a mé rong Galois
cua K. Ky hiéu I = T, ., ta sé ¢6 chudi cac nhém con chuan
tac nhu sau:
r:roDrlDrgD-'-

vOi

No1/Ti =Tk ke, =~ Z/MNZ.
Noi cach khac, nhém TI' 1a nhom giai dugc.

Pinh 1y 8.1. Cho P € K[x] la m¢t da thitc bat khd qui bac n tach
duoc v6i hé sb trong truong K cé can nguyén so ctia don vi é moi
cap r < n. biéu kién can va dii dé nghiém ctia P c6 thé biéu dién
nhu mot biéu thic dai sé véi can thiic la nhém Galois ctia P la
nhém giai dugc.
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Cho « € K 12 mot nghiém ctia P. Nhu da phan tich trong muc 4,
« bi€u dién dudc dudi dang biéu thiic dai sé c6 can thiic tuong
duong véi viéc ton tai mot chudi mé rong lién tiép nhu (3.17),
v6i Ki ~ Ki_[x]/(x™ — Bi), va K[a] = K,. Vi truong phan ra L ctia
P 1a mé rong Galois nho nhat chira K[od cho nén:

Kc L cK,.

biéu nay kéo theo s = I« la thuong ctia I'. Véi diéu kién
truong co s I' chita di can nguyén so ctia don vi, ta da chira é
trén la I' la nhom giai duge. Vi vay nhém Galois Iy ctia da thuc
P cung la nhém giai dugc. I'p 1a nhém giai dugc 1a diéu kién can
dé « biéu dién dudc nhu mot biéu thic dai sé véi can thiic.

D€ ching minh diéu kién nay cung la diéu kién da, ta can
chiing minh rang néu K la mot trusng c6 nghiém nguyén s cap
n ctia don vi va néu L/K 1a mé rong Galois c6 nhém Galois dang
cau v6i Z/nZ, thi tén tai B € K dé sao cho

L~ K]/ (x™ = B).

Gida sit mé rong L la truong phan ra ctia mot da thice bat kha
qui P € K[x] c6 bac n. Néu «y, ay, ..., an la cac nghiém ctia P &
trong K thi L 1a mé rong cua K sinh béi cac nghiém nay.

Chon mot phan tt sinh o cia nhém Galois I x = Z/nZ. Vi tac
dong cua I sk 1én tap «,, «4,..., x, la tac dong bac cau, cho
nén o tuong ung véi mot hoan vi n - chu trinh. Ta c6 thé gia st

0(a1) = g, o(0ta) = oz, ..., 0(cxn) = 1.

Chon ( € K 1a mét can nguyén so cap n cuia don vi va thiét 1lap
giai thwc Lagrange:

E=oy+ g+ -+ o,

Lap luan nhu trong truong hop n = 3, ta thay &™ = B 1la mot
phan tt ctia K va tir dé suy ra rang

L~ K[x]/(x™ = B).
D€ biét mot phuong trinh c6 thé€ giadi duge bang can thiic hay

khong, ta “chi can” biét xem nhom Galois ctia n6 c6 thé gidi
dudc hay khong. Tinh nhém Galois ctia mot da thuc P tuy y
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hoan toan khong dé. Quy trinh khao sat trinh bay trong muc 5,
cho ta moét s6 thong tin vé nhém Galois, trong dé c6 mot chudi
nhom con (3.16), nhung do thuong la nhung nhom con khong
chuan tac. Trong truong hop ctia da thiic tong quat

P=x"+ax" '+ - 4+a, e K, (3.18)
v6i K = k(aj, ag, ..., a,) la trudng cac phan thuc véi bién so6
ai, dy, ..., n, lap luan nhu trong 9, ta thay I'» = Y. Nhu vay

déi v6i phuong trinh téng quat, ta can tim hiéu v6i n nao thi
nhom déi xang Y, 1la nhom gidi duge. Ta sé chi ra rang cac
nhom Y3, Y, 1a gidi duge va nha dé co thé tim ra cong thuc biéu
dién nghiém ctia phuong trinh bac ba va bac bon. Trong khi dé
Y, la nhéom khong giai duge v6i moi n > 5.

9. Phuong trinh bac ba

Loi gidi phuong trinh bac ba cta Tartaglia kha phuc tap va né
giong nhu mot cai gi tir trén troi roi xudng. Loi gidi phuong trinh
bac bon ctia Ferrari con phuc tap hon nira. Sau nay, Lagrange
dua ra phuong phap rat dep dé tim ra phuong phap chung cho
16i giai ctia Tartaglia, Cardano va Ferrari. Ong sang tao ra mot
cong cu méi, goi 1a resolvent, ma chiing ta sé tam chuyén ngix
thanh “giai thuac”.

D€ minh hoa cho céng dung ctia phuong phap Lagrange, ta sé
trinh bay 16i gidi phuong trinh bac ba téng quat theo phuong
phap nay véi chut it hé trg ctia ly thuyét Galois. Mac du phuong
phap giai thiic clia Lagrange c6 thé dién giai dé dang bang ly
thuyét Galois, ta cing nén luu y la nhém Galois sinh ra sau
phuong phap giai thac Lagrange.

Trong dai s6 hién dai, ta c6 thé gan cho chu t6°ng quat mot
nghia chinh xac: Ta chon truong co sé

K =k(a,b,¢c) >R =k[a,b,cl,

la trudng cac biéu thic httu ti v6i bién s6 a, b, ¢ va hé s6 nam
trong mot trudng k nao do6. Pa thiic bac ba tong quat la da thiic

P=x*+ ax? 4+ bx +c e R[x].
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Ta sé gia st rang truong k c6 can nguyén so bac ba ctia don vi.
Noi cach khac da thtc x* — 1 € k[x] phan ra hoan toan thanh:

X3 —1=(x—1)(x—7j)(x —i?),

v6i j € k 1a can nguyén so bac ba ctia don vi. Lay vi du, ta c6 thé
chon k = Q[j] v6i j nhu trong (3.11).

Cho K 1a mot trusng dong dai s0 chita K, va goi ay, ae, a3 1a cac
nghiém ctia P § trong K. Truong phan ra ctia K :

L= k((Xl, Xa, 063) oS = k[O(l, Xa, 063],

la truong cac thuong ctia cac da thuc cé bién sb oy, y, oz thoa

—a = ]+ X+ O3
b = X Xg + XoXg + X301
—C = K1XaX3

C6 thé ching minh dugc rang S 1a module tu do cap sau trén
vanh R va L 1a khong gian vector c6 chiéu bang sau trén trusng
K. Nhu vay nhéom Galois I' ctia P ¢6 sau phan t va vi vay no
chi c6 thé 1a toan bo nhém déi xing V3. D€ giai phuong trinh

bac ba téng quat, ta sé khao sat nhém déi xing Y. Ta sé thé
hién mot hoan vi cap ba nhu trong vi du sau: (2,3,1) la hoan vi
1 - 2,2 — 3,3 - 1. Cac phan tit cia V3 c6 thé duge phan loai
nhu sau

e Phan tr don vi (1,2, 3).
e Phan tr c6 2-chu trinh (2,1, 3), (1,3,2), (3,2, 1).
e Phan tr 3-chu trinh (2,3,1), (3,1, 2).

bong cau dau sgn : Y3 — {£1} gan cho ba phan tit ¢6 2-chu
trinh dau —1 va gan cho ba phan t con lai dau +1. Hach cta
dong cau dau sgn : Y3 — {£1} la nhém luan phién ©3;. Nhém
nay c6 3 phan tu:

E.‘)3 = {(17 27 3)7 (27 37 1)7 (37 17 2)}
va dang ciu v6i nhém xich Z/3Z. Tém lai ta c6 day khép
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v6i ©3 ~ Z/37Z. Nhoém Y3 1a nhoém giai duge.
Nhom con ©; tuong ing véi mé rong trung gian K, = L®: bao
gom cac phan ti ctia L ¢6 dinh dudi tac dong ctia ©3. Ta cb
chu6i cac mé rong lién tiép

Kc K, cL

véi K, /K la mé rong Galois cap hai ¢c6 nhém Galois Z/27Z, va
L/K, la mé rong Galois cap ba c6 nhom Galois Z/37.

Qua trinh biéu dién nghiém ctia phuong trinh bac ba phé qua
nhu biéu thuc dai s6 c6 can thic c6 thé chia thanh hai buéc:

e St dung day khép (3.19) dé xay dung mé rong trung gian.
K ¢ K; < Lvéi K, /K la mé rong Galois cap hai c6 nhém
Galois Z/27, va L/K, 1la mé rong Galois cap ba c6 nhém
Galois Z/37Z.

e Biéu dién cac md rong trung gian K, /K dudi dang

Ky = Kxl/(x* = B1),
va L/K, duéi dang L = K, [x]/(x® — B2).
Ta c6 th€ viét tuong minh mot phan tix ctia K :
& = (ot — ag)(oxg — az)(ox3 — otq).

Dé thay 6 l1a 6n dinh dudi tac dong ctia ;. Ta cing d€ y ngay

thay 6% = —d véi
d=]](o— o),
i#j

la biét thue cta P. Biét thirc d 1a mot phan tir ctia K va ta cé

K, ~K[xl/(x% + d). (3.20)
That vay, ta c6 dong cau trusng:

KBd/(x* +d) — K,
xac dinh béi x — . Vi cd hai vé déu la khong gian vector hai
chiéu trén K, vi dong cau truong luon la don anh, cho nén né

bat budc phai la song anh.
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N6i cach khac, moi phan titr ctia K déu c6 thé biéu dién mot
cach duy nhat duéi dang m + nd v6i m, n € K.

D€ chiing t6 phuong trinh tong quat bac ba c6 thé giai dudgc
bang can thtec, ta chi con can ching minh rang mé rong L/K,
c6 thé biéu dién dudgc duéi dang phuong trinh

L =K, /(x* = B),
v6i mot phan t B € L, nao dé6. Ky hiéu o = (2,3,1) 1a hoan vi
tac dong lén cac nghiém ctia P nhu sau: o(o;) = oy, 0(x2) = 3
va o(az) = . Gidi thic Lagrange cé dang:

E, = X1 +j0€2 +j2063.
Ta nhan thay rang:

o(8) =j g va o*(&) =j%,

va tu do suy ra

B =Eo(E)o’(&) =&

Phan tit B bi€u dién nhu tich £0(£)o?(€) hién nhién c6 tinh 6n
dinh duéi tac dong cua o. Vivay B € K,.

Ta khang dinh ring
L~ K x/(x* - B). (3.21)
That vay ta c6 dong cau vanh
b K X/(x* = B) - L

xac dinh béi x — £ vi &3 = B. Vi 0(§) # &, chonén & ¢ K, va anh
cua dong cau ¢ 1a mot mé rong trung gian

Kcim($p) <L

véi K # im(¢). Ta nhan thay chiéu ctia im(¢) nhu khong gian
vector trén K phai bang ba vi mé rong bac ba L khong thé chiia
trong n6é mot mé rong bac hai.

No6i cach khac, dong cau ¢ la toan anh. Vi khong gian nguon
va dich c6 cuing sé chiéu, ¢ 1a dang cau. Nhu vay moi phan ti
cuia L, trong d6 c6 «y, oy, &3, c6 thé biéu dién mot cach duy nhéat
dudi dang

2 s
my + mi& + moé&”, v6i my, my, my € K.

31



Ban than & thod ma phuong trinh &2 = 8 v6i B € K. Moi phan
tlr ctia K, déu c6 thé biéu dién mot cach duy nhat dusi dang
m+nd véi m, n € K va §? = d. Chiu kho tuong minh hoa cac hé
sO m, n, my, My, My, ta s€ tim lao duge cong thirc Tartaglia (3.5)
cho nghiém ctia phuong trinh bac ba téng quat

X+ ax?+bx+c=0.

10. Phuong trinh bac bon

Pinh ly 10.1. Nhém Y, la nhém gidi dugc.

Ky hiéu S la tap {1,2,3,4} va ¥,(S) la tap cac tap con cta S cé
dung hai phan tt. Tap nay c6 6 phan tir chia thanh ba cap cac
tap con d6i nhau:

{1,2},{3,4}
{1,3},{2,4}
{1,4},{2,3}

va goi @,(S) la tap cac cap tap con doéi nhau nhu trén. Ta co
anh xa 2-1
Y, (S) — D5(S). (3.22)

Nhom Y, cac hoan vi cua S, tac dong mot cach tuong thich 1én
®,(S) va ¥,(S). Tac dong ctia Y, 1én @,(S) cho ta mot dong cau
Y4 — Y3. Khao sat ky hon tac dong Y, 1én @,(S) va ¥,(S) ta co
day khop

0— (Z/27)* > Y4 — Y3 —0 (3.23)
va tit d6 suy ra rang nhém Y, 1a nhom giai duge.
Ban doc c6 thé dung gidi thiic Lagrange dé tim ra biéu thic
can thic cho nghiém phuong trinh bac bén téng quat, giong
nhu truong hgp phuong trinh bac ba da trinh bay 6 muc 9.

11. Phuong trinh bac nam trd 1én

Pinh 1y 11.1. Véi moin > 5, Y, khong phdi la nhém gidi duoc.

Nhém déi xang YV, c¢6 dong cau dau véi hach la nhém luan
phién O,
0> 0n —Tn— {+1} >0 (3.24)
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Co6 thé ching minh rang v6i moi n > 5, nhém luan phién 6,
la nhém don, tic 1a mot nhéom khong ¢6 nhém con chuan tac,
ngoai nhém tam thuong va chinh no.

Nhoém con chuan tic 1a hgp ctia mot s6 16p lién hop va sé phan
tr cia nhém con bang vé6i téng sé phan tir ctia mot sé 16p lién
hop. Mat khac, téng s6 nay phai 1a uéc ctia s6 phan tit ctia ©;.
Bang cach liét tat ca cac 16p lién hgp ctia ©5 va luc lugng ciia
chung, ta nhan ra rang téng luc lugng ctia mot sb 16p lién hop
ciia ©; khong thé dung bang mot uée thuc su ctia 60. Vi thé
nhom O; khong ¢6 nhom con chudn tac nao ngoai chinh né va
nhém tam thuong.

Ban doc c6 thé chiing minh bang qui nap rang ©,, 1a nhém don
v6i moi n > 5 xuat phat tir truong hop n = 5.
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Evariste Galois

Nguoi dich: Luu Trong Luan !
Dai hoc FPT

Evariste Galois 2 sinh tai Bourg La Reine (gan Paris) 1a con ong
Nicholas Gabriel Galois va ba Adelaide Marie Demante. Cha me
Galois déu la nhung tri thuc duge giao duc ky vé triét hoc, van
hoc c6 dién va ton gido. Tuy nhién, khong ai trong gia dinh
Galois boc 160 kha nang toan hoc. Me ctia Galois 1a ngusi thay
duy nhéat day dé 6ng cho dén nam 12 tudi. Ba day ong tiéng Hy
Lap, La tinh va ton gido, cung la luc ba bat dau gieo tu tudng
hoai nghi ctia minh cho con. Cha ctia Galois la ngudi cé anh
huédng trong cong dong va nam 1815 dugc bau lam thi trudng
Bourg-la-Reine.

Thoi diém bit dau nhiing su kién lich st dong vai trdo quan
trong trong cudc doi Galois chinh la cuéc danh chiém nha ta
Bastille ngay 14/07/1789. Tix luc d6, vuong triéu Louis 16 bi lung
lay dir doi khi dong ddo ngusi dan Phap doan két lai nham lat
dd su cai tri dac quyén clia gido hoi va nha nuéc.

Bat chap nhiing nd luc théa hiép, vua Louis 16 da bi mang ra
xét xt sau khi tim cach trén khéi dat nuéc. Sau khi nha vua
bi hanh hinh vao ngay 21/01/1973, nuéc Phap roi vao tinh trang
kinh hoang véi nhiéu phién xét x(t chinh tri. Bén cubi nam 1793,
0 t6i 4595 t1 nhan chinh tri bi giam gitt 6 Paris. Tuy nhién, tinh
hinh dat nudc cung bat dau sang stia hon sau khi quan doi
nuéc nay, dudi su chi huy ctia Napoleon da gianh hét chién
thang nay dén chién thang khac.

Napoleon tré thanh Dé nhat Tong tai vao nam 1800 réi 1én ngoi
Hoang dé vao nam 1804. Quan doi Phap tiép tuc chinh phuc
chau Au trong khi quyén luc ctia Napoleon ngay cang dudc ciing
c6. Nam 1811, Napoleon dat dén dinh cao quyén luc. Nhung dén

lNguén: www-history.mcs.st-andrews.ac.uk/Biographies/Galois.html
2Nha toan hoc ngusi Phap (25/10/1811 - 31/05/1832)
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nam 1815 thi quyén luc dé sup d6. Cudc tan cong Nga nam 1812
that bai kéo theo nhiing cudc bai tran khac. Quan lién minh
tién vao Paris ngay 31/03/1814. Napoleon thoai vi ngay 6/4 va
Louis XVIII dudc lién minh dua lén lam vua. Nam 1815 chung
kién 100 ngay ndi tiéng. Napoleon tién vao Paris ngay 20/3, bi
danh bai tai Waterloo ngay 18/6 va thoai vi lan tha hai ngay
22/6. Louis XVIII duge khoi phuc ngoi vua nhung mat vao thang
9/1824. Charles X tré thanh vi vua mdi.

Galois luc nay dang di hoc. Ong vao hoc 16p 4 noi tru trusng
Lycée of Louis-le-Grand ngay 06/10/1823. Trong hoc ky dau tién,
mot cude noéi loan nhd né ra va 40 hoc sinh bi duéi hoc. Galois
khong lién quan dén su viéc nay. Nam hoc 1824 — 1825, ong dat
hoc luc gidi va nhan nhiéu gidi thudng. Tuy nhién, nam 1826,
Galois phai hoc lai vi mén hung bién khong dat yéu cau.

Thang 2/1827 la thoi difm mang tinh budc ngoac trong cudc doi
Galois. Ong vao 16p toan dau tién ctia minh, 16p ctia M. Vernier.
Ngay lap tirc, ong da bi toan hoc cuén hut va giao vién huéng
dan nhan xét:

Niém dam mé toan hoc da chi phéi cau ay, toi nghi tot nhat la ba
me cau Gy nén cho phép cau khong hoc bat kiy méon gi khac ngoai
trit mon nay. Cau ay dang lang phi thoi gian é day, lam phién
cac gido vién va chube lay nhiéu hinh phat.

Hoc ba ctia Galois bat dau xuat hién cac tir ca biét, ky di, lap
di va hudng noi. Cé 1€ day 1a nha toan hoc lap di nhat ctia moi
thoi dai. Thay giao M. Vernier nhan xét:

Thong minh, tién b dang ké nhung chua dii phuong phap.

Nam 1828, Galois thi vao truong Bach khoa Paris nhung trugt.
bay la truong dai hoc danh tiéng & Paris va Galois muén thi
vao truong dé thuan 1gi cho viéc hoc. Péng thaoi ong ciing mudn
vao trudng vi luc nay phong trao chinh tri trong giéi sinh vién 6
day dang dién ra rat manh meé trong khi Galois muo6n theo buéc
cha me 6ng tré thanh ngudi tich cuc ing hd phe cong hoa.

Tré vé lai Louis-le-Grand, Galois ghi danh vao 16p chuyén toan
cua Louis Richard. Tuy nhién éng lai tap trung ngay cang nhiéu
vao nhing nghién ctu clia riéng minh va it dé y dén viéc hoc
tai truong hon. Ong nghién cttu moén hinh hoc ctia Legendre va
cac luan an ctia Lagrange. Richard nhan xét:

36



Cau sinh vién nay chi thich tap trung vao nhitng van dé dinh cao
ctia toan hoc.

Thang 4/1829 Galois cong bd cong trinh toan hoc dau tién vé
lién phan s6 trén Annales de mathématiques. Ngay 25/5 va 1/6
ong gui cac bai viét vé phuong phap giai cac phuong trinh dai s6
cho Vién han lam Khoa hoc. Cauchy la ngusi dugc phan cong
danh gia cong trinh nay.

Bi kich ap dén véi Galois vao ngay 02/07/1829 khi cha 6ng tu
t. Linh muc x&t Bourg-la-Reine da gia mao tén ctia thi truéng
Galois trén nhing bai cham biém nhiam vao nhiing ngusi than
cua gia dinh Galois. Cha ctia Galois la nguoi tot va vu scandal
da vugt qua stc chiu dung ctia ong. Ong da treo c6 tur sat trong
can ho ctiia minh & Paris, cach Louis-le-Grand, noi con minh
dang hoc chi vai buéc chan. Galois da bi tac dong nghiém trong
béi cai chét clia cha minh va n6é da d&nh hudéng 16n dén huéng
di sau nay cuia ong.

Vai tuan sau cai chét ctia cha minh, Galois tiép tuc dang ky
thi vao truong Bach khoa Paris lan thu hai. Lan nay ong lai
truct, co 1€ mot phan do né rci vao thoi diém tdi té nhat ngay
sau cai chét ctia cha ong, mot phan do 6ng chua bao gio gibi
viéc dién dat nhing y tudng toan hoc sau sac ctia minh. Vi thé
Galois danh phai vao hoc tai Ecole Normale, mot nhanh ctia
truong Louis-le-Grand. D€ vao dugc day, ong da phai du ky thi
ta tai ma néu vao dude truong Bach khoa Paris thi Galois da
khong can dén né. Ong thi dau va nhan bang tét nghiép ngay
29/12/1829. Nguoi danh gia mon toan nhan xét:

Sinh vién nay déi khi dién dat y kién kché hiéu nhung cau ta théng
minh va béc 16 tinh than nghién citu ddc biét.

Giam khao mon van thi nhan xét:

Pay la sinh viéen duy nhat co két qud rat té, cau ta tuyét déi chang
biét gi. Ho néi véi toi cau ta cé kha ndng toan phi thudng. That
ngac nhién vi sau buéi thi nay, téi tin la cau ta chi c6 mot chuit
thong minh.

Galois gtti thém cho Cauchy bai nghién ctru ve ly thuyét phuong
trinh nhung sau d6 nhan ra né trang véi mét phan trong cong
trinh dugc dang sau khi mat ctia Abel. Sau d6, Galois theo 16i
kKhuyén ctia Cauchy giri mot bai nghién ctru méi vé diéu kién
phuong trinh gidi duge bang can thuc vao thang 2/1830. Bai
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bédo dudc gtii cho Fourier, thu ky ctia Vién han 1lam Paris dé€ xét
duyét Gidi thudng 16n vé toan hoc. Fourier mat thang 4/1830 va
cong trinh nay ctia Galois khong bao gio duge tim thay ntra.

Galois, sau khi doc cong trinh ctia Abel va Jacobi da bat tay
vao viéc nghién ctu ly thuyét ham eliptic va tich phan Abel. Véi
su ho trg ciia Jacques Sturm, ong da cong bdé 3 bai bao trén
Bulletin de Férussac vao thang 4/1830. Tuy nhién, thang 6, ong
biét dugc rang giai thudng ctia hoc vién sé duge dong trao cho
Abel (sau khi mat) va Jacobi va cong trinh ctia ong da khong hé
dudc xem xét.

Thang 7/1830 nd ra cudc cach mang. Vua Charles X phai tron
khéi nuéc Phap. Bao dong dién ra trén cac duong phd Paris
va giam doc truong Ecole Normale, M. Guigniault, dong cong
trudng dé ngan sinh vién ra ngoai tham gia bao dong. Galois
tim cach tréo tuong dé tham gia nhung khong thanh. Thang
12/1830 M. Guigniault viét mot sé bai bao chi trich sinh vién
va Galois viét thu dap tra trén Gazette des Ecoles, chi trich M.
Guigniault vi hanh dong giam sinh vién bén trong truong. Vi la
thu nay ma Galois bi dudi hoc va gia nhap do6i phao binh ctia Vé
binh quéc gia, mét nhanh dan quan tu vé theo phe cong hoa.
Ngay 31/12/1830, doi phao binh cia V& binh quodc gia bi hoang
gia ra lénh giai tan vi vua méi Louis-Phillipe lo ngai day la mot
moi de doa d6i v6i ngai vang.

Hai bai cong bd nhd, mot ban tom tat dang trén trén Annales
de Gergonne (12/1830) va mot 1a thu vé viéc giang day khoa hoc
trén Gazette des Ecoles (2/1/1831) l1a nhiing &n pham cudi cuing
trong doi ong. Thang 1/1831 Galois no luc quay tré lai v6i toan
hoc. Ong t6 chiic vai 16p vé dai s6 cao cap thu hut 40 sinh vién
dén du budi dau tién nhung sau doé con sé nay nhanh chong
giam xudng. Ong dudgc Poisson moi giri phién ban tha ba cta
cong trinh ctia minh vé phuong trinh cho Vién han lam va ong
da thuc hién ngay 17/1.

Ngay 18/4, Sophie Germain viét mot la thu cho ban c6, nha toan
hoc Libri ké vé tinh hinh ctia Galois

... cdi chét ctia M. Fourier, la mat mdt qud I6n cho sinh vién Galois
ngudi ma cho du tinh tinh ky quac, da boc 16 thién hudéng théng
minh. Nhitng bat hanh nay qud lén dén né da khién Galois bi
duoi khdi Ecole Normale. Anh ta khong tién bac. Ho néi anh ta sé
bi dién hoan toan. Téi sg diéu nay la that...
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Cudbi nam 1830, tat ca 19 si quan thudc doi phao binh ctia Vé
binh quéc gia bi bat va bi két toi am muu lat dé chinh quyén.
Ho dudc tuyén trang an va ngay 09/05/1831, ¢6 200 ngudi theo
phe cong hoa tap trung an téi mung viéc nay. Trong bua tiéc,
Galois nang ly trong khi tay cam con dao gam dang mé ra nhu
vé ham doa nha vua, Louis-Phillipe. Sau bita an t6i, Galois bi
bat va giam tai nha tu Sainte-Pélagie. Ong dudc tha ra sau
phién xit ngay 15/6.

Ngay 14/7, ngay dién ra cudc tan cong nha tu Bastille va Galois
bi bat tré lai vi da mic dong phuc ctia doi phao binh ctia Vé binh
quoéc gia von da bi giai tan. Luc dé 6ng cang dang mang trong
ngudi mot khau sung truong da nap dan, vai khiu sung ngan
va mot dao gam. Galois bi dua trd lai nha tu Sainte-Pélagie.
Thai gian nay, ong nhan dudc tin cong trinh cia minh da bi bac
bd. Poisson nhan xét:

Lap luan ctia Galois chuta dii 16 rang va chua dugce phdt trién day
dil dé cho phép chiing t6i ddanh gid dudc tinh chinh xdc ctia né.

Tuy nhién, 6ng da khuyén khich Galois cong bé mot ban tém tat
day @ hon cong trinh ctia minh. O trong nha tit Sainte-Pélagie,
Galois da c6 dung dao tu tt nhung nhiing ban tu khac da ngan
ong lai. Khi say rugu trong tu1, 6ng boc 16 tam hon minh:

Ban cé biét toi thiéu gi khong? Toi chi tiét 16 véi ban théi: Po la
ngudi ma téi chi cé thé' yéu thuong va yéu thuong trong tam kham.
To6i da mat cha t6i va khoéng ai cé thé thay thé dugc éng, ban cé
hiéu kchong?

Thang 3/1832, mot tran dich ta quét qua Paris va nhiing tu
nhan, trong dé cé Galois, dugc chuyén dén trai Sieur Fault-
rier. Noi day, duong nhu 6ng da phai long Stephanie-Felice du
Motel, con gai mot bac si dia phuong. Sau khi ra tu ngay 29/4,
Galois viét thu qua lai véi Stephanie va ro rang 1a cé nay da tim
cach né tranh cuodc tinh.

Cai tén Stephanie xuat hién nhiéu lan bén 1€ cac ban ghi chép
cua Galois. Galois dau sung véi Perscheux d’Herbinville ngay
30/5 ma ly do khong ai r6 nhung chac chan viéc nay co lién
quan dén Stephanie. Mot trong s6 nhing ghi chép nay c6 cau:

Cé gi d6 can bé sung trong chitng minh nay. Nhung téi lai khong

co thoi gian.
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Chinh diéu nay da dan dén huyén thoai rang ong da danh dém
cudi cung viét lai tat cA nhiung gi 6ng biét vé ly thuyét nhom.
Cau chuyén nay c6 vé nhu da dugc phong dai 1én.

Galois bi thuong trong cudc dau sung va bi d’'Herbinville va
nhimg nguai di theo bdé mac cho dén khi mot nong dan tim thay.
Ong mat tai bénh vién Cochin ngay 31/5 va dam tang dudc to
chtic ngay 2/6. N6 tréd thanh tam diém ctia cudc néi loan cltia
phe cong hoa kéo dai nhiéu ngay.

Em trai Galois va ban ong, Chevalier, da sao chép lai cac bai
viét lién quan dén toan hoc ctia 6ng va gui cho Gauss, Jacobi
cung nhung ngudi khac. Galois cung tiing mao udc duge Jacobi
va Gauss nhan xét cong trinh ctia minh. Ngudi ta khong tim
thay nhan xét ctia nhiing ngudi nay. Tuy nhién, cac bai bao da
dén tay Liouville, ngudi vao thang 9/1843 cong bo trude vién han
lam rang ong da tim thay trong cac bai bao ctia Galois mot 16i
giai chinh xac.

... vita chinh xdc vita sdu sac cho bai toan tuyét voi sau: Cho mot
phuong trinh bat khd quy véi bac nguyén tb, xét xem né cé giai
duoc bang can thiic khong?

Liouville xuat ban nhiing bai bao ctia Galois trén tap chi ctia
minh nam 1846. Ly thuyét ma Galois phac thao trong nhiing bai
bao nay ngay nay dudgc goi 1a ly thuyét Galois.
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NGHICH PAO MOBIUS

Ngo Quang Hung (Pai hoc Buffalo, My)

Phép nghich dao Mobius khéi nguyén la mot cong thuc trong ly
thuyét s6. Pén nhiing nam 1960 thi Gido su Gian-Carlo Rota
cho chung ta thay cong thuc trong ly thuyét s6 la mot truong
hgp dac biét cia mot cong thic ap dung trén cac tap thi tu ban
phan (poset). Cong thic Mébius tong quat c6 nhiéu tung dung
trong Toan va May Tinh. Trong bai nay ta rao qua ching minh
cua phép nghich ddo Mébius trén cac tap tha tu ban phan va
mot vai ing dung ctia no.

1. Ba vi du

1.1. Toan to hop

Cong thtc inclusion-exclusion néi rang, d€ dém téng s6 nhoc ti
c6 Chi Phéo 1a b6 hoac thi N6 la me, thi ta cong s6 con cua chi
Pheéo véi s6 con cuia thi N trix di s6 con chung. Né6i cach khac,
cho n tap hgp hitu han A,,--- , A, thi ta c6 thé tinh luc lugng
cua hoi cia chung bang cong thic:

‘U?—l Ai = Z?:l |A1‘ - lei<j<n ’Al N A]| —+
Zl<i<]’<k<n AL Aj N A =+ (-1~ ! A1 Ayl

Cong thuc nay mot s6 sach noéi 1la cia Abraham de Moivre;
nhung c6 vé n6 xuat hién nam 1854 tit mot bai bao ctia Daniel
da Silva, va lan ntta nam 1883 trong mot bai bao cia Joseph
Sylvester [11].

Bai tap 1.1. Nam 1891, Francois Edouard Anatole Lucas (cha
dé bai toan thap Ha Noi) dat cau hoéi sau day: “cho mot cai ban
tron va m cap v chéng, ¢6 bao nhiéu cach dé€ xép ho ngdi nam
nit xem ké sao cho khong cap vg chong nao ngoi ké nhau?" Ta
c6 thé dung cong thiic IE dé tra 16i cau héi ctia Lucas.
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1.2. Ly thuyét s6

Trong ly thuyét s6 c6 mot cong thirc goi la cong thirc nghich dao
Mobius [10], xinh hon hoa hau! Coéng thiic nay phat biéu nhu
sau: Cho 2 ham s6 f, g bat ky trén mién s6 nguyén duong, ta co

f(n) = > g(d), \n>1

din

tuong duong voi

g(n) =) u(d)f(n/d), vn>1
din

trong do p(d) 1a ham Mobius dinh nghia nhu sau

1 dlatich cha mot sé chan cac s6 nguyén té6 khac nhau
u(d) =< —1 dla tich ctia mot s6 1é cac s6 nguyén td6 khac nhau
0  d cé udc so6 la binh phuong cia mét sé6 nguyén to

August Ferdinand Mobius la moét nha thién van ngudsi bBuc, tung
la trg ly ctia Gauss; 6ng cung la tac gia caa cai bang Mobius
Iting danh trong hinh hoc To6-po.

1.3. Hinh to-po

Cong thiic da dién Euler phat biéu rang v — e + f = 2, trong dé
v,e,f 1a tong sbé dinh, canh, va mat ctia mot khéi da dién ba
chiéu. Euler kham pha ra cong thiic nay nam 1752, nhung cé
vé nhu Descartes cung da biét n6 tir 1640. Tram nam sau, nam
1852, Schlifli phat biéu cong thiic téng quat cho cac da dién
16i trong khong gian n-chiéu, nhung ching minh dang phai cho
dén ngudi khéng 16 Henry Poincaré (1893, [4]).

Cong thuc Euler tong quat, ciing goi la cong thiic Euler-Poincaré,
phat biéu nhu sau. Goi F; 1a téng s6 “mat” i-chiéu ctia da dién
n chiéu (“mat” 0-chiéu la dinh, mat 1-chiéu la canh, van van).
Ta quy uéc F, = 1 va F_; = 1 d€ viét cho tién. Thi ta c6 cong thtic
Euler-Poincaré


http://en.wikipedia.org/wiki/M%C3%B6bius_inversion_formula
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1.4. Gian-Carlo Rota

Nam 1964, trong bai dau tién ctia mot chudi bai bao kinh dién
dat nén mong cho ly thuyét t6 hop dai sb [5], Gian-Carlo Rota
cho chung ta biét ca ba coéng thic trén ching qua la trudng
hop dac biét ctia phuong phap tinh nghich ddo Mobius trén cac
tap hop thit tu mét phan (partially ordered set, hay poset). Ma
phuong phap nghich dado Mébius trén posets thi chdng qua chi
la phat biéu sau day: néu A 1a mot ma tran vuong kha nghich,
thi x = Ay tuong duong véi y = A~'x. Pai sb6 tuyén tinh muoén
nam! Rota c6 quyén sach rat thu vi c6 nhiéu giai thoai ndi tiéng
trong giGi chuyén mon tén la “Indiscrete Thoughts” [6].

Duéi day chung ta duyét qua phuong phap ctia Rota, ching
minh ca ba cong thtc trén, va ching minh bé dé Sauer-Shelah
dé tu thudng cong.

2. Nghich dao Mobius trén posets

2.1. Tap hop tha tu ban phan (Poset)

Poset dai khai 12 mot tap hop ma ta c6 thé so sanh 16n nhé
gitta mot s6 cap phan tit nhung khong nhat thiét 1a so dugc tat
ca cac cap. Thit tu 16n nhd nay c¢6 tinh bac cau (transitive) va
khong tao ra thu tu luan quan.

Cu thé hon, mot poset (tap thu tu ban phan) 1a mot cap (P, <)
trong do P la mot tap hop va < la mot quan hé nhi phan (hay
quan hé hai ngoi) gitta cac phan tr ctia P théa man 3 tinh chat

1. x<yvay<zsuyrax < z, v6i moi x,y,z € P (tinh bac cau
— transitive)

2. x < x,Vx € P (tinh phan xa - reflexive)

3. x <yvay < x suy ra x = y (tinh phan xing - antisymmet-
ric)

Vi du 2.1. P = B, la tap tat ca cac tap con cua [n] va quan
hé nhi phan la <, nghia la X < Y néu va chi néu X c Y. Cai
poset nay goi 1la dai sé Bool (Boolean algebra). Xem vi du trén
Hinh 5.1.
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Hinh 5.1: Pai s6 Bool Bj

Vi du 2.2. P = D,, la tap tat ca cac uéc so duong ctia n, quan
hé nhi phan la quan hé “chia hét”, nghia la i < j néu va chi néu
i]j. Ky hiéu i|j nghia 1a j chia hét cho i (hay i chia hét j). Xem vi
du trén Hinh 5.2.

Hinh 5.2: Poset cac uéc sb cuia 60

Vi du 2.3. P la tap tat cd cac “mat” (faces) cia mot da dién
(polytope) trong khong gian n chiéu; va x < y néu mat x chaa
trong mat y. Mat réong cung 1la mot mat véi chiéu —1, va toan
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bo da dién 1a mot mat véi sé chiéu bang n. Poset nay con goi 1a
face lattice ctia polytope. Xem vi du trén Hinh 5.2.

[eabIecbIeadIecd} [abcd}

2] (@) (b)

Hinh 5.3: Face lattice ctia hinh Pyramid

2.2. Ham Mébius cua poset

Nhirng di€u ta viét sau day dang cho mot truong K tuy hi va cac
posets vo han (mién la n6é httu han dia phuong!). D€ cho don
gian, ta phat biéu cac két qua véi K = C va cac posets httu han
thoi.

Goi (P, <) la mot poset httu han. Ta xét cac ma tran « kich thuéc
|P| x |P| sao cho «(x,y) = 0 néu x £ y. Khi x < y thi «(x,y) € C
tity hi. Tap cac ma tran nay goi la dai s ké (incidence algebra)
cua P, ky hiéu 1a I(P). Trong dai s6 ké thi ma tran § dinh nghia

bang
1 x=
5(x,y) = {O ) 7&3

la ma tran don vi.

Pinh 1y 2.4. Cho trudc poset (P, <) trong dé P hitu han. Xét mot
ma tran « € 1(P) tuy y thi « kha nghich néu va chi néu «(x,x) #
0,Vx e P.

INghia 1a s6 cac thanh vién nam gitta mot cap x va y la httu han véi moi
cap x,y.

45


http://en.wikipedia.org/wiki/Convex_polytope#The_face_lattice

Chitng minh. Néu ta vé “d6 thi" ctia P bang cach xem P nhu tap
cac dinh va vé mot mui tén tit x dén y néu x < y (nhu trong
Hinh 5.1 va 5.2) thi ta ¢6 mot doé thi c6 huéng nhung khong cé
vong tron (directed acyclic graph). Do do, ton tai mot cach liét
ké tat ca cac phan ti ctia P ti trai sang phai sao cho tat ca cac
mui tén déu tré sang phai hoac tré vao chinh né (loop trong do
thi). Thu tu nay goi la trat tu t6-pé (topological ordering) ctia do
thi, 1a mot bai tap co ban khi hoc cac thuat toan duyét do thi.

Néu ta viét cac ma tran « € I(P) ma cac hang va cot danh chi
s6 theo thu tu nay thi ta c6 cac ma tran tam giac trén (upper-
triangular). Do d6 « kha nghich néu va chi néu o(x,x) # 0, Vx,
nghia la cac phan tt trén dudng chéo khac khong. Luu y rang
ma tran nghich dao cing la ma tran tam giac trén, va do dé
cung thuoc vé dai so keé. O

Mot thanh vién quan trong ctia dai s6 ké I(P) la ma tran ¢, goi
la ham zeta ctia P, dinh nghia bang

1 <
S I

Pinh nghia 2.5 (Ham Mobius ctia mot poset). Ham Mébius ctiia
poset (P, <), ky hiéu la p, chinh la ma tran nghich dao ctia ham
zeta (. (Theo Dinh 1y 2.4 thi ¢ kha nghich.)

Ké dén ta mo6 ta mot cong thic dé quy dé tinh ham Mébius ctia
mot poset. Tir dinh nghia ctia phép nhan ma tran, véi «, 3 € I(P)
bat ky ta co

(B)(x,y) = Y, x(x,2)B(z,y) = ), «lx,2)B(zY),

zeP x<z<y

tai vi néu x £ z thi «(x,z) = 0, con néu z £ y thi B(z,y) = 0. Do
do, tu u¢ = 6 ta suy ra

syl = Y wxz2)izy) = Y uxz).

x=<zxy x=<zxy

Hay viét cu thé hon thi véi moi x,y € P ta c6

3 u(x,y)z{l neux =Yy (5.1)

0 néux#y.

x<zxy
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Pang thuc (5.1) suy ra cong thitc quy nap dé tinh p(x,y):

1 X =1
L, y) = = 2y BIX,2) X<y
0 x Xy

Tir cong thuc nay ta suy ra gia tri ham Mobius cho ba posets 6
trén. Hai déng thirc dau thi dé (lam bai tap), cai tha ba thi kho.

1. Néu P = B, la tap tat ca cac tap con cua [n] (dai s6 Bool),
thi
(—1)BI-IAL A < B

“(A’B):{o AdB

2. Néu P = D,, la tap tat ca cac udc sb6 cuia n, thi

(x.y) = (—=1)" néu y/x la tich ctia r s6 nguyén t6 khac nhau
590 néu khong phai thé.

3. Néu P la face-lattice ctia mot da dién n chiéu thi

{(_Udim(B)dim(A) ifAcCB

A,B) = )
H ) néu khong.

(5.2)

2.3. Nghich dao Mébius

Xét hai ham sé f, g : P — C bat ky. Ta c6 thé xem chung nhu hai
vectors trong khong gian CPl. Cong thiic nghich ddo Mébius
trén poset néi hai diéu rat don gian:

f=0(g<g=nuf, (5.3)

va, xoay ngang cac vectors ra thi

f=g(< g="fuL (5.4)

D€ hiéu y nghia t6 hgp clia su tuong duong nay, ta viét ro rang
hon mot chat vi ta biét {(x,y) va p(x,y) bang 0 néu x £ y. Quan
hé (5.3) noi rang:

fx) =) g(y),vxeP < g(x) =) ulxy)fly),vyeP. (5.5

x=<y x<y
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Pang thic nay ta hiéu nhu sau. Gia st ta c6 ham g gan mot
con sb g(y) vao moé6i thanh vién y € P, va f gan vao moi x € P mot
con sb la tong ctia cac g(y) sao cho x < y, thi vé phai ctia (5.3)
cho ta cach tinh g dua trén f.

Dboéi ngau lai, quan hé (5.4) néi rang:

fx) =), g(y),vxeP < g(x) =) uly,x)f(y),vyeP. (5.6)

x>y x>y

Vi du 2.6. D€ c6 cong thuc Euler-Poincaré, ta ap dung (5.5)
trong do6 g(y) =1 v6iy =P va g(y) = 0 v6i moi y con lai trong P.
Khi d6, ro rang la tat ca cac f(x) déu bang 1. Dung (5.2), ta c6

0=g(@) = 3 (~1)amE-am@)gp) = 3 (—p)dmEr_ i (—1)'F,

mat B mat B i=-1

Vi du 2.7. Ap dung (5.6) cho poset P = D,,, ta c6 ngay cong thitc
nghich dao Mébius ¢6 dién trong ly thuyét so & trén.

Vi du 2.8. Con cong thic inclusion-exclusion thi sao? Cach
hiéu sau day sé hitu dung trong nhiéu trusng hop. Gia st ta co6
mot tap “bive" U= A; u---UA,. Mdi vién bi c6 nhiéu mau. Cac
mau duge danh sé tir 1 dén n. Goi A; la tap cac vién bi c6 mau
i. V6i X < [n] tay y, goi g(X) 1a tap tat ca cac vién bi chi c6 diing
cac mau trong X ma thoi. Khi do,

f(X)= ) g(Y)

XcY
chinh 14 s6 cac vién bi ma méi vién c6 it nhat cac mau trong X,
va f(¢) = |U|. Do do,

(A
ieX
Ap dung (5.5) cho poset P = B,, ta két luan

N

ieY

f(X) =

0=g(@)= ), (-1

YZ[n]

Chuyén f() = |U| sang mot vé 1a ta c6 cong thic inclusion-
exclusion.
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3. Bo dé Sauer-Shelah

Chung ta tu thudng cong bang cach ching minh mot bé dé té
hop quan trong goi 1a bé dé Sauer-Shelah [7, 8]. B6 dé nay c6
ung dung sau sic trong ly thuyét hoc may, cu thé l1a ly thuyét
“chiéu Vapnik-Chervonenkis” (VC dimension) [13, 12].

Goi F la mot bo cac tap con caa [n]. V6i S < [n] bat ky, dinh
nghia “hinh chiéu” ctia F 1én S 1a tap

Me(S) = {FnS|FeT).
Ta néi F “bam nat” S néu T4(S) = 251,

B6 dé 3.1 (B3 dé Sauer-Shelah). Cho truéc F la mot bo cac tap
con ctia m]. Goi d la kich thudc 16n nhat clia moét tap S < ] bi F

bam nat, thi
d
n
F| < Og(n) = .
F] < Daln) E(i)

i=0

Chitng minh. Ta ching minh bd dé nay bang “phuong phap
chiéu” (Pai S6 tuyén tinh van tué!). Goi (2‘;) la tap tat ca cac tap
con cua [n] véi kich thuée bé hon hoidc bang d. V6i méi F € 7,

dinh nghia mot ham sé hg : (2‘;) — R nhu sau:

1 XcF
hF(X):{o XEF

Cac ham hr 1a cac vectors trong khong gian R®«(™), C6 tat ca |7
vectors hg, do d6 néu chung doc lap tuyén tinh thi |F| < ®4(n).
Gia st chung khong doc lap tuyén tinh, nghia la ton tai cac hé
sb6 ar sao cho

Z OCFhF =0 (57)

FeF

va cac hé s6 nay khong cung bang 0. P& cho tién, ta mé rong
dinh nghia va gan ax = 0 v6i moi X € 2"\ F.

Tit (5.7), v6i X e (1) bat ky ta c6 Y5 arhr(X) = 0, hay néi
cach khac véi X € () tuy ¥ ta ¢6 Yy.y ay = 0. Dinh nghia

<d
Bx = Xxey 9(Y), thi ta vita thay rang fx =0,VX € (2‘&)
Goi Y la tap con nho nhat ctia [n] sao cho By # 0. (Néu ta lay tap

F € F ¢o6 kich thuéce 16n nhat sao cho o # 0 thi o = Bf # 0, do
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do6 ton tai tap Y nhoé nhat nhu dinh nghia.) Di nhién |Y| > d + 1.
Ta chiing minh rang Y bi § bam nat, tir d6 dan dén diéu vo ly.
D€ ching minh Y bi bam nat thi ta can ching minh, v6i Z € Y
tuy y, tén tai F € F sao cho F n Y = Z. D€ ching minh diéu nay
thi chi can ching minh

Z O(A750.

ACn],AnY=Z

la xong, tai vi xx = 0,VA ¢ F. Dén day ta xét poset B,, gom tat
ca cac tap con cta Y — Z (dat m = |Y — Z|). Poset nay la dai so
Bool bac m. Véi méi phan tt W € Y — Z, dinh nghia

g(W) = Z xx.

X:XNnY=ZuW

Va dinh nghia, véimoi V<Y - Z,

fVi= >  gw).

VewcyYy-Z

(Luu y rang ta sé dung dang (5.5) ctia nghich ddo Mdobius.) Dé
thay rang
f(V) =Bzov, VVeEBn.

Do Y la tap nhé nhat véi By = 0, ta c6 f(V) =0,VV # Y - Z, va
f(Y — Z) = By # 0. Theo nghich ddo Moébius ta c6

Yo a=g@) = Y (—DVIE(V) = (~1)Y gy 0.

AcCn],AnY=Z VcY-Z

4. Chu thich

B0 sach cuia Stanley [10, 9] 1a tham khao quan trong nhat cho
toan t6 hgp dém bao gobm nghich dao Mébius, t6 hgp to-po. Sach
cua Vapnik [12] néi vé ly thuyét hoc may xac suat va ly thuyét
chiéu Vapnik-Chervonenkis. Mot tham khao tuyét voi khac cho
toan T hop la quyén sach ctia van Lint va Wilson [11]. Trong
nganh may tinh, nghich ddo Mdébius cé tng dung trong cd sé
dit lieu [2], thuat toan [3, 1].
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CAC BAI TOAN POI NON
bang Nguyén Duc Tién (Pai hoc Trento, Italy)

Trong s6 1 cua Epsilon, chung t6i da giéi thiéu véi doc gid 15
bai toan doi nén duge suu tap trong hon 50 nam (tir 1961 dén
2013), phan bb 6 nhiing miic do khoé va thé loai khac nhau. D€
tiép tuc cudc hanh trinh, trong chuyén muc phan nay chung
toi chon loc va trinh bay nhting 16i giai dep cho cac bai toan da
dudgc trinh bay. Chung t6i ciing gidi thiéu v6i doc gia nhung 16i
gidi téng quat cing nhu nhiing ting dung thuc té cho cac van
dé tir nhiing bai toan giai tri nay.

1. Bai toan 3 chiec non

Pé bat dau cudc hanh trinh,
chung téi moi quy doc gia cung
quay lai nhom 3 bai toan doi non
s6 4, s6 5, va s0 6.

Chung ta bat dau bdi bai toan
s6 doi non s6 4 trude. Theo luat
chai, ta c6 thé thay rang néu nhu
cad 3 déu chon ‘b6 qua’ thi ho
sé thua trong moi tinh hudng,
vi vay, trong cac cach tra 16i dé
thay phai co6 it nhat mot nguoi
goi 1én mau non. Xét truong hop
néu ca 3 ngudi choi déu cung
chon mot mau, hoac cung chon
ngau nhién ma khong ‘bé qua’ thi
xac suat dé ca 3 cung thang la
1/8, tac 12.5% vi co tat ca 8 kha
nang khac nhau cho 3 nguci. Mot

Nhac lai dé: C6 3 ngudi choi,
mo6i ngusi dugc doi ngau
nhién moét nén c6 mau déd
hoac xanh duong. Ho nhin
thay mau non ctia 2 ban minh
nhung khong biét mau ctua
minh. M6i ngusi can phai
doan ra mau noén ctia minh,
hoac chon b qua néu khong
doan dugc. Néu it nhat mot
nguoi doan dung mau non va
nhung nguoi con lai khéong
doan sai, ho thang tro choai.
Ho sé thua néu c6 ngusi doan
sai hodc ca 3 cung chon bd
qua. Ho dudc trao déi chién
thuat v6i nhau truée khi choi
nhung trong khi tham gia thi
khong dugc trao déi bat cua
thong tin gi. Tim chién thuat
c6 xac suat thang cao nhat.

chién thuat tét hon c6 thé dé dang dugc tim thay la 1 ngusi
chon ngau nhién, va 2 ngudi chon bd qua. Luc nay ta c6 xac
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suat thang la 1/2 = 50%. Liéu day co6 phai la chién thuat tét
nhat?

Nhu ggi y ctia bai toan doéi nén sbé 6, chién thuat nay chua phai
la chién thuat tét nhat. Loi gidi sau cho ra xac suat thang lgi
cao hon: néu moét ngusi thay 2 ngusi doéi non khac mau nhau,
ho sé chon “bdé qua" va néu thay 2 ngusi doi nén trung mau
nhau, s€ chon mau ngudgc lai.

V6i cach nay, ho sé luén doan dung 6/8 truong hgp va chi sai
trong 2/8 truong hgp khi ca 3 nén cung mau nhau (xem vi du
6 Hinh 6.1).

Hinh 6.1: Méi ngudi néu thay 2 nén khac mau sé chon 'bd qua’ va
néu thay 2 nén cung mau, sé chon mau ngudgc lai. Trong vi du nay,
ngudi doi non doé sé doan mau do (do thay 2 nén xanh) va 2 ngusi doi
non xanh sé chon boé qua (do ho théy 2 non khac mau nhau).

Loi gidi nay cho kha nang thang 1gi 1a 6/8 = 75% néu nhu noén
dugdc doi that su la ngau nhién. Tuy nhién, trong thuc té (nhu
mo ta trong bai toan doi nén sb6 6), ngudi dan tro sé nhanh
chéong nhan ra chién thuat ctia ho va sé doi noén cho ho cung
mau nhau v6i tan suat nhiéu hon, hodc tham chi luén luén
doi cung mau. Khi d6 kha nang chién thang tir 75% sé giam
xubng thanh 0%! Vay ngudi choi phai déi pho thé nao véi nguwoi
dan tro “xao quyét”?

Mot dbéi sach co thé nghi ra cho chién thuat choi dai han la khi
ngudi quan tro déi qua doi nén cting mau, khi thay 2 non giong
mau nhau, ho sé chon mau do. Nhu vay v6i truong hop nay ho
sé thang 100%. Va tat nhién, ngudi quan tro lai hoc duge cach
nay va quay lai phan bé véi 6 truong hop kia hoac quay lai véi
phan bd ngau nhién nén. Xac suat chién thang khi do sé thay
doéi 75% —> 0% —> 100% —> 75% —> ... lap di lip lai nhu mot
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cudc chién gitta nhitng ngudi choi va ngudsi dan tro. Trung binh
chién thang do vay la 58%. Liéu c6 cach lam t6t hon 58% dé doi
pho véi ngusi dan tro xao quyét?

Rat thu vi 14 chung ta c6 thé nang cap chién thuat ci dé bao
toan kha nang chién thang 75%. Chién thuat nay nhu sau:
Chung ta c6 8 cach doi non khac nhau va cac cach nay cé thé
ghép thanh tung cap “déi xing" nhau, dé déi v6i xanh. Vi du 3
non dé-do-do bbb, sé ddi véi 3 nén xanh-xanh-xanh XXX, hoac
bXD sé doi véi XDX. Tudng tugng trén mot hinh 1ap phuong véi
toa do cac dinh tuong ung lan ludt véi cac cach doi non, va 2
dinh ndi véi nhau khi chi ¢6 1 nén khac mau nhau. Cac cau
hinh do6i nén “déi xung" chinh la cac dinh d6i xiing nhau trén
hinh 1ap phuong nay.

DXX — XXX

DD}Z\iXID}(/XXX DDX/ XDX/
yauva %m

19),¢2)
Db — Xbb bbb — XDb
Chién thuat chon hi sinh Chién thuat chon hi sinh
cap dinh dong mau. 2 dinh XbX va bXD.

Hinh 6.2: Chién thuat déi phé v6i ngusi dan tro “xao quyét".

V6i cach thé hién nay, nhiém vu ctia ngudi chai la xac dinh
nhém minh & dinh nao trén hinh lap phuong! V6i moéi ngudi
choi, khi thay dugc 2 mau noén ctia ngusi choi doi dién, nguai
nay sé xac dinh dudc minh dang & canh nao va nhiém vu la
hoac bd qua, hodc doan xem minh 6 dinh nao. V6i cau hinh
nay, néu chap nhan “hi sinh" moét cap dinh déi xing bat ky,
ta sé luon xac dinh dugc dinh can tim bang cach luon tra 16i
huédng vé cac dinh mau xanh khi tinh trang dang 6 mot canh
noi gitta dinh “xanh" va dinh “xam", ngugc lai sé€ chon bd qua.
Chién thuat nay chi sai khi nhém nguoi choi c6 dinh roi vao cap
dinh da dugc chon “hi sinh", luc d6 cd 3 ngudsi déu la 3 canh
ndi ra tur cac dinh “xam" nay. Nhu vay, cach choi theo chién
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thuat 6 cau héi 1 1a chon cdp dinh XXX va PDD va c6 thé dé
dang bi “bat bai" b6i ngusi dan tro chei (Hinh 6.2). Nhung ta c6
thé chon cac cap dinh nhu (XbX va bXD), hay (XXb va bbX)...
va déu c6 xac suat thang 1¢i 1a 75% cho truong hgp doi nén
ngau nhién. Luc nay, ngusi dan chuong trinh khong thé "bat
bai" vi nhém ngudi choi luén linh dong thay déi dugce cap dinh
“hi sinh" ngam dinh, va budc ngusi dan tro phai doi néon mot
cach ngau nhién cho ho, va chién thang dén véi xac suat 75%)!

Mot chién thuat vi du cho truong hgp néu chon cap XbX va
bXD (xem Hinh 6.2 bén phai) nhu sau:

e Ngudi 1: néu gap xanh - dé sé chon xanh, diéu nay tuong
ung v6i canh bXD - XXD (mau doé trén hinh), va vi cap
dinh “hi sinh” c¢6 chia BXD nén ta chon xanh. Néu gap
do - xanh sé chon do, diéu nay tuong ung v6i canh mau
xanh la cay trén hinh. Ngudi 1 chon b6 qua néu thay 2 non
cung mau (vi cac canh nay noéi cac dinh khong thuoc tap
“hi sinh").

e Ngudi 2: néu gap nén cung mau, sé chon mau do, nguge
lai sé chon bd qua.

e Ngudi 3: néu gap xanh - do6 sé chon dé; néu gap dé - xanh
s€ chon xanh, va b6 qua néu cung mau.

Xét cu thé 8 cach doi non co6 thé co, ta c6 két qua nhu sau:

’ Non 1 \ Non 2 \ Non 3 H Poan 1 \ Poan 2 \ Poan 3 H Két qua

Xanh | Xanh | Xanh | Boqua | Xanh | Béqua | DPung
Xanh | Xanh bo Xanh | Boqua | Boqua | bung
Xanh b6 | Xanh bo Xanh bo Sai
Xanh | Do bo Bo6 qua | B6 qua bo bung
b6 | Xanh | Xanh | B6 qua | B6 qua | Xanh bung
bo Xanh bo Xanh bo Xanh Sai
bo bo Xanh bo Bé qua | Béqua | DPung
bo bo bo B6 qua bo Bé qua | bung

V6i 2 truong hdp con lai (XXD - bbX va XDD - bXX) cung khong
kho dé tim ra chién thuat tuong tu véi kha nang thang 6/8. Nhu
vay, véi cach lam ngau nhién chon cap dinh "hi sinh" ngusi choi
da budc ngusi dan tro phai doi nén ngau nhién, va do vay, xac
suat thang 1¢i bao toan véi ti 1€ 75%.
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Tong quat héa cho 2" — 1 ngudi choi

Tiép theo, chung to6i xin moi doc gia cung xem 16i gidi mé rong
cho bai toan véi truong hgp N = 2™ — 1 ngudi choi, va day cuang
chinh la cau tra 16i cho bai toan déi nén so 5 khi thay n = 4.

Luu y rang hién nay 16i gidi dep chi méi duge tim thay 6 trusng
hop téng quat nhung dac biét nay, tic N = 2™ — 1. V6i cac truong
hop khac, 16i gidi van con dang b6 ngd. Chung téi sé trinh bay
cach lam cu thé cho truong hop nay va sau doé sé lién két cach
lam nay v6i ma Hamming, mot ma stia 16i tuyén tinh néi tiéng
va dugc stt dung rong rai trong vién thong.

Cach lam nhu sau: gan tha tu cho nguci choi tir 1 dén N, va
ddi cac sb6 nay sang nhi phan. Chung ta sé st dung phép sanh
khac (XOR)! trén cac chuéi nhi phan nay. Pac tinh quan trong
cuiia phép XOR la v6i s k bat ky, k® k = 0, béi vi k khép véi
chinh né trén moi bit. Goi T 14 téng (XOR) ctia tat ca ngudi choi
c6 n6én mau dé. Chién thuat ctia ngudi choi 1a doan sao cho T
khac 0 va khi do, ho sé thang néu T that su khac 0 (tat nhién,
ho sé sai khi T = 0).

Cu thé chién thuat nhu sau: Goi t, 1a téng XOR cac ngudi doi
nén dé ma ngudi thi k thay dudgc.

e Néu t, =0, anh ta sé doan “dd" (vi néu anh ta doan xanh,
T sé khong cap nhat va sé bang 0).

e Néu t, = k, anh ta sé doan “xanh” (vi néu anh ta doan do
thhiT=t,®dk=k®k =0).

e Ngudgc lai, néu t, # 0 va t, # k, anh ta chon bd qua.

Luc nay nhu ta thay, néu T that su bang 0, tat cA déu sé doan
sai. Néeu T = k # 0, ngusi thua k sé doan dung va tat cd nhing
ngusi khac déu chon bé qua, nén ho sé chién thang. Vi T c6 gia
tri tir 0 dén N nén xac suat thang lgi la N/(N + 1).

Liéu chién thuat nay c6 thé nang cap lén dé déi pho véi ngusi
dan tro “xao quyét"? Cau tra 16i la c6 véi cach lam tuong tu nhu
phan trinh bay & trén.

1Phép sanh khac (thuat ngr tiéng Anh la “Exclusive OR", hay con goi la
phép OR ¢6 loai trit, va cang con goi la téng NIM), ky hiéu la @, thuc hién
"cong" 2 chudi nhi phan bing cach so sanh céac bit tit phai sang trai. Ung
v6i moi cap bit sé cho két qua la 1 néu 2 bit nay khac nhau va két qua la 0
néu 2 bit nay giéng nhau. Vi du: 0110010 ® 1010111 = 1100101.
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MA HAMMING VA BAI TOAN BOI NON SO 5

Gia st t6i mudn gui mot thong diép cho ban va thong diép
nay dugc ma hoa thanh cac bit nhi phan (ky s6 0 hoac 1).
Tuy nhién & gitta dudng truyén co6 ké can thiép, va thay déi
mot bit nao do truée khi ban nhan dudc thong diép. Vi vay,
toi phai tim ra cach thém vao mot s6 thong tin bé sung cho
thong diép sao cho khi nhan dudc, ban c6 thé phat hién
thong diép da bi thay déi va hon nira, ban c6 thé khoi phuc
lai thong diép gdc. Mot trong nhirng phuong phap co ban dé
phong chéng viéc strta d6i nay la st dung “ma tai dién”: toi
sé giri mot 1an 3 bit giong nhau cho cung 1 bit ma téi muoén
gui cho ban: 000 hoac 111. Lac nay, du ké can thiép co6 thay
doi bat ky bit nao, t6i cing sé khoi phuc lai duge. Cach lam
nay tuy dat muc dich, nhung hiéu qua khong cao, vi noi
dung thira chiém dén 2 lan noi dung thong tin can gii.

Ma Hamming dua ra cach tét hon cho viéc stia 16i nay, trong
do6 cit 2% 1 bit thong tin gui di chi c6 k bit bé sung, con lai
2%-k-1 bit 1a dir li€u. Vi du v6i k = 4, khi giii mot thong diép
c6 chiéu dai 15 bit thi trong d6 11 bit 1a dix liéu (so véi chi 5
bit 1a d liéu & phuong phap st dung ma tai dién). Chi tiét
cach hoat dong cia ma Hamming doc gia c6 thé dé dang tim
thay tai . O day, chung t6i chi chi ra mbi quan hé
gitta Hamming va bai toan doi nén so 5.

Mot dac tinh dang chu y cia ma Hamming 1a bat ky chudi
(c6 chiéu dai 2% — 1) nao cung hoac la méot thong diép dung,
hodac chi bi sai 6 mot bit. Diéu nay khac biét v6i ma tai dién
vi & ma tai dién c6 mot s6 thong diép sé khong bao gio xuat
hién. Vi du, ban sé khong bao gio nhan dugc ma 001011 vi
& day c6 dén 2 bit bi thay d6i. O ma Hamming, moi chudi
déu c6 kha nang xuat hién.

Bay gio, gia sit ta ma hoa nhiing ngusi doi nén xanh la 0 va
nén dé la 1, khi dé6 mot cach doi non cho N ngudi tré thanh
mot "théng diép" N bit. Luc nay, méi ngudi sé c6 thé thay
toan bo nhiing bit kKhac, trir bit ctia anh ta, va tat nhién chi
c6 2 kha nang hoac anh ta la bit O (xanh), hoac l1a bit 1 (d6).
Ngudi choi sé dung chién thuat la luén gia dinh chudi N bit
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hién tai KHONG PHAI 1a mot "thong diép" dung. Cu thé: néu
mot ngudi chaoi thay rang néu bit tuong ung véi anh ta co
gia tri O s€ bién chuo6i thanh mot thong diép dung, anh ta
sé chon "dd" (ang véi bit 1), va ngudc lai. Néu anh ta thay
rang ca 0 va 1 déu c6 thé lam thanh mot "thong diép" dung,
anh ta chon bé qua. Chién thuat nay chi gap that bai khi

"thong diép" ban dau dung va thanh cong néu "thong diép"
sai. Vi cit mo6i thong diép dung sé c6 tuong ting N thong diép
sai, nén xac suat thang l¢i 1a N/(N + 1), tuong tu nhu chién
thuat da néu 6 bai toan doi non soé 5.

2. Cac bai toan cua Konstantin Knop

Chung t6i moi doc gia tiép tuc di dén phan 16i gidi ctia 2 bai
toan tuyét dep do Konstantin Knop dé xuat: bai toan doi nén sbé
7 va bai toan doi non sé6 9.

Nhu da dé cap dén 6 Epsilon s6 1, day la nhom cac bai toan
ma ngudi choi xép thanh hang nén s6 lugng nén ma ngudi choi
quan sat dudc gap giéi han. Diéu nay khong xay ra 8 nhom bai
toan doi nén 6 trén 1la mo6i ngudsi choi déu thay duge nén cta
moi ngudi choi khac (trir nén ctia minh). Tuy nhién, 6 nhom
bai toan trude, ngudsi choi khong biét dudge nhitng ngusi khac
sé doan mau gi, con § nhém bai toan nay, thir tu néu 1én mau
non cung thuoc vé chién thuat choi. D€ tién theo doi, chung toi
nhac lai dé ctia bai toan doi non sé 7 cho trusng hop 3 mau:

C6 100 ngusi duge xép thanh mot hang, méi ngusi duge doi mot
non chon ngau nhién trong 3 mau cho truée. Méi ngudi chi nhin
thay mau noén ctia nhirng ngudsi diang truéc minh ma khong thay
noén ctia minh va nhing ngusi dung sau. Lan lugt mdi ngusi sé
phai doan mau nén ctia minh va ho to cho nhiing ngudsi khac

nghe. Nguoi dang cubi cung (1a ngusi thay mau nén ctia toan bo
99 ngudi trudce) 1a ngusi bat dau phai doan. Ngusi choi khong duge
trao d6i bat ky thong tin gi véi nhau ngoai trir lang nghe mau nén
tir nguoi doan trude. bung sai cung chi duge biét khi ngusi cudi
cung da doan xong. Hay tim chién chuat sao cho s6 ngusi doan
sai la it nhat.
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O day, sau khi da quen thudc véi nhém bai toan é phan 1, ta
thay day cting 1a mot dang ma stia sai. Cu thé trong bai toan
nay, chién thuat st dung modulo dugc ap dung. Chung t6i trinh
bay & day chién thuat téng quat cho bai toan véi M ngudi choi
va N mau non, chién thuat nhu sau:

e Gan moi mau tuong tng véi mot con so tit 0 dén N — 1.

e Ngudi dau tién tinh téng tat cA nhiitng mau nén ma anh ta
quan sat dugc, lay modulo theo N va hé mau nén tuong ung.
e Nhiing ngudi tiép theo, can cu vao 16i hé ctia nhiing nguai
truéc do, va téng ctia nhiung ngudi ding truéc minh sé
doan dung mau nén ctia minh.
Nhu vay, cach lam nay chi c¢6 ngusi dau tién la c6 kha nang
doan sai, va vi ¢c6 N mau khac nhau, nén kha nang tat ca moi
ngudi déu doan dung chi phu thudc vao kha nang ngusi dau
doan dung, va kha nang nay la 1/N.

Hay thir xét mot vi du don gian véi 5 ngudi choi, 3 mau nén va
moi ngudi lan lugt doi cac noén la (1,2,0,2,1):

e Ngudi dau tién, quan sat dugc truéc minh c6 cac nén
(2,0,2,1), c6 tong bang 2+ 0+ 2+ 1 = 2 (mod 3), ngudi nay
s€ ho minh co mau 2 (va sai).

e Ngudi tiép theo, quan sat thay truéc minh c6 (0,2,1) va
can cu vao 16i doan ctia ngudsi truéc dé6 2, nén sé doan la
2—0—2-1=2 (mod 3) (dung).

e Nguci thit 3, quan sat thay (2,1) va can ci vao 16i doan
cua 2 ngudi trude (2,2), néen doanla2—-2-2—-1=0 (mod 3)
(dung).

e Ngudi thir 4, quan sat thay (1) va can ct vao 16i doan cua
3 ngudi truée (2,2,0), nén doanla2—-2—-0—1= 2 (mod 3)
(dang).
e Ngudi cubi cung, can cut vao 16i doan ctia 4 ngusi trude
(2,2,0,2), néndoanla2—-2—-0—-2=1 (mod 3) (dung).
Két qua 1a 4 ngusi sau déu ludén luén doan dung va ngusi dau
tién xac suat dung la 1/3.
Tiép theo, chung t6i trinh bay 16i gidi cho bai toan doi non s6 9.
Dé€ tién theo doi, chung t6i néu lai dé 6 day.
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Co6 100 ngusi xép thanh hang, méi ngusi dude doi mot non trong
s0 101 non khac mau nhau. Moi ngudi chi thay néon ctia nhimng
ngudi dung trudéc minh va khong thay néon ctia minh cang nhu
nhiing ngudi dung sau. Lan lugt méi ngudi tit sau ra truée phai

doan mau nén ctiia minh va ho to cho moi ngudi cung nghe. Mau
nao da ho roi sé khong duge ho lai nita. Ngusi choi khong duge
trao dadi thong tin v6i nhau. Tim chién thuat sao cho kha nang tat
ca déu doan dung la cao nhat.

Thoat nhin, 2 bai toan nay kha giong nhau, nhung khi that su
giai chung ta sé thay day 1a mot bai khac, va moéi bai c6 vé dep
riéng biét. Trude khi di vao phan tich 16i giai cho bai nay, chung
toi xin nhac lai hai khac biét co ban gitra bai toan doi non s6 9
S0 véi bai toan so6 7:

e N ngudi choi, méi ngusi déi mot non trong s6 N + 1 nén
khac mau nhau. Diéu nay c6 nghia 1a mau nén méi ngusi
déu khac nhau. O bai sb6 7, ta khong cé rang budc gitta
s6 ngudi choi va s6 mau nén, hon nita ho c6 thé doi non
gibng mau nhau.

e Mau ho réi khong duge ho lai. O bai sb 7, diéu kién nay
khong co.

Nhu da phan tich & trén, ta thay rang cé thé ap dung chién
thuat ca véi modulo 101, nhung vi diéu kién khong cho phép
mau ho roi duge dung lai nén chién thuat gap tré ngai! Vi nguoi
choi dau tién (ding cudi hang) sau khi da chon 1 mau noén
(theo modulo), thi kha nang trung véi mau ctia mot trong nhitng
ngudi ding trudc 1a rat cao, 1én dén 99/101, nén c6 thé néi rang
gan nhu sé c6 mot ngudi tuy biét r6 mau nén ctia minh, nhung
khong thé ho! Va chung ta gip bé tic 6 day!

Konstantin Knop, tac gia cta bai toan, dua ra ggi y nhu sau:
Hay dé ngusi choi khong may méan ho 1én mau non ctia ngusi
xép dau hang (nguoi khong thay non cua ai). Luc nay, tat ca
nhiing ngudi choi chua doan mau noén ctia minh néu thay c6
ngudsi nao doé (trixt ngusi dau tién) doan mau ctia ngusi dau
hang, sé biét rang d6 l1a ké "khong may man". Nhing nguai tiép
theo, can cu vao do sé tinh dugc mau nén cta minh (va khong
trung lai nira), va chi c6 ngusi diung dau hang (ngusi doan cudi
cung) la doan sai, do mau nén ctia anh ta da bi st dung.
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Nhu vay v6i chién thuat nay, khong qua 3 ngudi phai hi sinh
dé cttu moi ngusi khac. Trong sé nay, khong phai ai cung la
"anh hung", vi ngusi cudi hang (ngusi doan dau tién) biét mau
non ctia minh véi xac suat 1/2. Bang cach thong bao nhiung gi
minh thay, anh ta hi sinh co hdi ctia minh. Hai ngudi con lai
"ra di" truée ca khi ho phai doan.

Liéu phuong an trinh bay & trén la téi uu? Cau tra 1oi 1a chua.
Ban doc han sé dat cau hoi vi sao chung téi (va ca tac gia cuia
bai toan) ban vé phuong an nay, mac du né chua phai 16i giai
can tim? Pon gian 1a vi né dep va né co6 thé giai quyét téng quat
véi M > N non.

Dé€ di dén dén 106i gidi téi uu cho bai toan nay, chung t6i xin mai
doc gia roi xa modulo ma chuyén sang mot phuong thic khac:
stt dung hoan vi!

Hay tudng tugng, ta c6 thém mot ngusi choi "ao", doi chiéc non
con lai va dang sau ngudi cudi hang. Nhu vay, toan bo cach doi
non tré thanh hoan vi cia 101 so!

Lam thé nao dé ngudi choi (khong ao) dau tién cé thé truyén
tai thong tin cho cac ngusi khac doan ra hoan vi ctia tat ca bon
ho? Truéc mit anh ta 1a 99 ngudi, nén chi c6 2 hoan vi c6 thé
c6 khi quan sat tit vi tri nay. Véi chi mot bit thong tin (ing véi
2 hoan vi) nhu vay, lam sao ho ¢6 thé chién thang? Cau tra 16i
la anh ta sé chon mau sao cho hoan vi tuong tiing l1a mot hoan
vi chan (even permutation)?. Can cit vao dé nhiing ngusi choi
ti€p theo sé doan ra mau noén cuia minh, nam trong s6 2 mau
ma ho chua nghe thay hoac chua quan sat thay. Nho vao hoan
vi chan, ho sé chon dung mau noén ctia minh! Mot 16i gidi don
gian va tuyét dep!

Chung ta hay cung xét vi du cu thé nhu sau: Gia stt ¢6 3 ngudi
choi va 4 non:

e Gia st ngusi dung cudi hang thay non ngusi dung dau
tién 1a 2 va ngudi tiép theo 1a 4, nghia la cac hoan vi cé
thé c6 sé c6 dang [* * 4 2]. Cu thé, c¢6 2 hoan vi c6 thé co6

2Hoan vi chan (even permutation) 1a mot hoan vi c6 sé6 luong nghich thé
(inversion), tic s6 cap ma 6 dé s6 16n xuat hién truée s6 nho, la chan. Vi du
[1 3 4 2] ¢6 2 nghich thé 1a (3, 2) va (4, 2) nén la hoan vi chan.
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la[1342]va[3142].Vi[l1342]lahoanvichan ([314
2] l1a hoan vi 1é), nén ngudi dau tién sé hé minh c¢6 mau 3
(va gan 1 cho ngudi "ao").

e Luc nay, ngudi tiép theo c6 thong tin cho anh ta la [* 3 *
2], nén c6 2 hoan vi tuong ing la [1 34 2] va [4 3 1 2], nén
anh ta sé chon [1 34 2] do [1 34 2]1ahoanvichanva [4 3
1 2] 1a hoan vi 1€ (c6 5 nghich thé). Vi vay, anh ta hé mau
4 cho minh. Va day la két qua dang.

e Ngudi cudi cung, lang nghe thong tin tir 2 ngusi trude, nén
c6 [* 3 4 *] va c6 2 hoan vi dé anh ta c6 thé chonla [1 3 4
2l va[2 34 1]. o day mot lan nira anh ta sé chon [1 3 4
2] vi d6 1a hoan vi chan ([2 3 4 1] ¢6 3 nghich thé, nén la
hoan vi 1é) nén sé hé mau 2 cho minh.

Vay theo chién thuat nay, chac chan N — 1 ngudi sau sé doan
ding mau nén ctia minh va ngusi dau tién c6 2 kha nang dé
chon nén kha nang chién thang cho tat ca moi nguai la 1/2.

Tiép theo, d€ két thuc cho chuyén muc "Cac bai toan do6i non',
chung to6i trinh bay phan 16i gidi cho mot trusng hgp rat kho véi
bai toan vo6 han nén, trong dé phan 16n phai sit dung dén su hé
trg ctia may tinh.

3. Bai toan vo han non

Trong phan nay, chung t6i tham khao va gan nhu dich lai phan
16n nhiing ghi chu tit bai toan #1179 trong chuyén muc “Cau do
hang tuan” ctia nha toan hoc Stan Wagon (dai hoc Macalester).
Nhu 2 phan trude, chung toi diang lai dé bai 6 day dé doc gia
tién theo doi.

Bai toan nay dudgc dé ra béi Lionel Levine (dai hoc Cornell) vao
nam 2011 nhu sau: Bon ngudi cung tham gia mot tro choi doan
non nhu sau: Ngudi dan tro sé doi vo han cac nén c¢6 mau trang
hoac den 1én dau méi ngudi v6i xac suat non trang va den la nhu
nhau va bang 1. Cac nén clia méi ngudi dugc danh s6é 1an lugt

1,2, ... M6i ngudi choi chi thay dugc toan bo nén ctia 3 nguoi
khac nhung nén ctia minh thi ho khong thay.

Mbi ngusi sé duge phat mot to giay va ho dudge phép ghi vao do
mot con s6, ung v6i chi s6 ctia noén ctia ho ma ho doan 1a mau
den. Sau khi nhan du tra 16i, ngudsi dan tro sé kiém tra s6 dugc




ghi trén giay clia moi ngudi.

Néu ca 4 ngudi cung doan dung (tuc la 4 ngusi déu ghi duge con s6
ung v6i non mau den ctia minh), ho thang tro choi, ngude lai, chi
can mot ngudi doan khong dang, ho thua. Bon ngusi duge thao
luan truéc chién thuat truée khi chai va khong cé bat ky trao dai
nao sau do6. Ho cting khong biét dugc thoi diém ma nhitng ngudsi
khac dua gidy cho ngudsi dan tro. Hay tim chién thuat dé xac suat
thang la cao nhat.

Vi du: ho déu ghi s6 2015 vao cac manh giay. Khi do, co hoi chién
thang sé 1a 1/16 vi xac suat non thir 2015 ctia méi ngusi 1a 1/2.

3.1. Chién thuat New Zealand

Loi gidi dau tién trinh bay & day duge Stan Wagon goi 1a chién
thuat New Zealand (vi doi bong bau duc ctia New Zealand c6
tén va biéu tugng la ALL-BLACKS). Chién thuat nhu sau:

Nguoi thit j sé tim ra chi sé #j nhé nhdét sao cho toan b noén thir
#j cua tat ca nhitng ngudi quan sat dugce déu cé6 mau den. Ngudi
nay sé doan mau non thit #j cua minh ctung la mau den.

Chién thuat nay sé thanh cong néu tai vi tri nao do6 tat ca déu
doi non den va that bai néu nhu c6 1 ngudsi doi nén trang. Vi
c6 n kha nang ¢6 1 ngusi doi nén trang va 1 kha nang tat ca
déu doi non den, nén xac suat thanh cong cta chién thuat sé
lal/(n+1).

Hay th phan tich cho truong hgp don gian véi 2 ngudi choi:
ta thay néu cac non dau tién c6 mau la Pen-Den, ho sé thanh

cong. Néu ¢6 mau Trang-Trang ho sé di lén cap tiép theo, néu
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la Pen-Trang hoac Trang-Pen, ho sé that bai. Nhu vay xac suat
dé chién thang la 1/3.

Stan Wagon, sau d6 nhan ra rang néu nhu chién thuat la tim
ra chi sé6 #j nho nhat trong d6 c6 dung k non trang cung sé
thanh céng v6i xac suat 1/(n + 1) vé6i k < n bat ky. Chién thuat
New Zealand v6i mé rong nay dong nghia véi k = 0. Tu tudng
nay kha gan v6i phan 1 ctia bai trong chién thuat doéi pho véi
ngudi dan tro "xao quyét".

bay c6 phai la chién thuat tét nhat? Cau tra 16i 1a chua phai,
nhung day 1a mét chién thuat don gian c6 hiéu qua rat tét. Theo
Stan Wagon, v6i n = 2 va n = 3, hiéu qua ctia chién thuat c6 thé
so sanh véi cac chién thuat phtic tap hon. Tuy nhién véi n tong
quat, chién thuat dugc dua ra béi Peter Winkler sé thanh cong
v6i xac suat xap xi 1/log(n), khi n 16n sé€ vugt troi chién thuat
New Zealand.

3.2. Chién thuat Winkler (2011)

Chién thuat nay nhu sau: tat cd ngusi choi sé théng nhat véi
nhau mot s6 t va moéi ngudi sé doan dua trén 2 tiéu chi sau day:

e Tiéu chi (A). Trong sb t non dau tién ctia méi ngusi déu
c6 it nhat mot non den.

e Tiéu chi (B). Tong cac chi s6 ctia nén den dau tién trén
dau moi nguai chia hét cho t.

Nguoi choi thit j quan sat thay toan bo n — 1 nén den dau tién
ctia nhing ngudsi choi khac nén khi ¢6 t va ap dung 2 tiéu chi
trén, anh ta sé nhanh chong tinh ra dudc chi s6 nén den dau
tién ctia minh. Va dé6 la con s6 duy nhat trong khoang tir 1 dén t.

Xét tiéu chi (A) v6i n = 1000 ngudi choi va gia tri t = 13, khi do
xac suat trong 13 nén dau c6 nén den xuat hién ctia mot ngusi
la 1—(1/2)!® va do vay xac suat ca n ngusi déu c6 nén den trong
s0 t nén dau sé la (1 — (1/2)13)10% = (.885, nghia la xap xi 88.5%.
Xac suat nay sé tién dan dén xap xi 100% khi t tang.

Xét tiéu chi (B), xac suat dé tong tat ca cac chi s6 ctia non den
dau tién chia hét cho t 1a 1/t.
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Nhu vay, chién thuat Winkler dé ra sé thanh cong khi ca (A) va
(B) déu dung, nghia la xac suat thanh cong sé la:

] 1\"1
2t t

néu ta xét (A) va (B) nhu 2 bién ¢6 doc lap (mac du thuc té (A)
va (B) khong hoan toan doc lap).

Cau hodi dé‘lt ra la véi D& tim cyc tri cho (1 — F¢)™ ¢, ta xét dao ham:
chién thuat nhu vay, . /;_ 1

xac suat chién thang la at< )
bao nhiéu? Va gia tri t
can chon la bao nhiéu?
Pé chién thuat Winkler ]

- N . . - Ta c6 khai trién MacLaurin ctia 2t 1a:
thanh cong v6i xac suat .
cao nhat, can tim ra gia ot = ) 1109t ()
tri t sao cho xac suat ctia e
ca (A) va (B) dong xay ra
dat gia tri cuc dai.

(1—-2"Y"(ntlog(2) — 2t +1)
(2t —1)t2

Vit > 0van >0nén dao ham bang O khi:

ntlog(2) =2 +1 =0« 2' = ntlog(2) +1

n!

Gia tri t théa man sé xap xi t ~ log2(2n — 2).

O day, tieu chi (B) can quan tam cao hon vi ¢6 kha nang gia tri
téi uu sé dat dudce khi téng cac chi sé6 dau tién c6 gia tri khac
0 (mod t), nghia la xac suat téi uwu c6 thé xay ra khi téng nay
dong du véi s (mod t) # 0 nao d6. Chién thuat Winkler vi vay tré
thanh tim cap gia tri (t,s) sao cho gia tri xac suat dat cuc dai
v6i dau vao n cho truéce. Ta c6 thé tim ra gia tri nay thong qua
thuat toan nhu sau:

Goi F(n,t,s) la s6 cach doi non cho n ngusi véi t nén dau
tién sao cho ca 2 tiéu chi (A) va (B) déu thoa. Khi do, xac
suat thanh cong chinh 1a F(n,t,s)/2'™.

F ¢6 thé€ xay dung dé quy nhu sau:

e F[1,t,0] =1, luuy, 6 day can hifulas=t,vavéin=1
thi chi c6 1 kha nang la non vi tri t 1a nén c6 dau tién
c6 mau den.

e F[1, t, s] = 2t=5, vi chi can noén 4 vi tri s 1a nén dau tién
mau den, ciac non sau do cé thé c6 mau tuy y.

e FIn, t, s] = 3,_, 2% F[n - 1, t, modulo(s - k, s)], day
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‘ chi 1a dé quy dua trén két qua 6 budc trudce. ‘
Mot sO két qua tinh toan véi chién thuat Winkler:

e n = 2 va n = 3: chién thuat Winkler khong t6t hon chién
thuat New Zealand. Cu thé xac suat téi uu cho n = 2 1a
F(2,2,0)/16 = 5/16 < 1/3 van = 3 1a F(3,3,0)/512 = 121/512 <
1/4.

e n = 4, chién thuat Winkler nham t6i s = 0 khong nhinh
hon New Zealand, nhung véi két qua téi uu t =4 va s =1,
xac suat la 421/2048, hay 0.2056, khoang 3% nhiéu hon
1/5.

e VGi n 16n, chién thuat Winkler vugt troi chién thuat New
Zealand. V6i n = 1000, (t,s) téi vu la (13,10) xac suat tinh
dugc xap xi 0.068, tuc la 68 lan tét hon xac suat 1/1001
ctia chién thuat New Zealand.

3.3. Nhung y tuéng méi

Chién thuat Winkler mac du cho ra két qua rat tot véi n 16n, tuy
nhién, day van chua phai la chién thuat tét nhat. Nam 2014,
Larry Carter, J-C Reyes, va Joel Rosenberg (San Diego) da dé
xuat ra hai chién thuat méi nhu sau:

Chién thuat “sira sai”?. Y tudng ctia chién thuat nay nhu sau:
néu nhu mot ngusi nhan ra rang c6 déong doi nao dé ctia minh
sé that bai néu tuan theo chién thuat co ban ctia Winkler, luc
do ngudi nay sé nhan ra rang ho sé that bai néu cung nhac
tuan theo chién thuat goc, vi vay thay vi ap dung trong doan tir
1 dén t chién thuat Winkler, ngusi nay sé stta sai bang cach ap
dung chién thuat trong doan tir t+1 dén 2t. Va nhu vay, néu moi
ngudi déu nhan ra khong thé ap dung chién thuat trong doan
1 dén t, ho sé stta sai bang cach nhay lén mot doan. Chién
thuat nay van sé that bai trong truong hgp cé ngusi choi khong
thé tim thay 16i. Vi du nhu ngudi A c6 toan bo t néon dau déu
mau trang, luc d6 A sé khong thé nhan ra la can phai sta 16i.
Kiém tra bang may tinh, chién thuat nay that su tét hon chién
thuat Winkler, v6i (n = 4,t = 4, s = 1), chién thuat nang xac suat
thanh cong tur 0.205566 1én 0.210090.

3Thuat ngit goc 1a The “reset” strategy, 6 day chung toi goi l1a “stra sai” dua
trén y tudng ctia chién thuat.
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Chién thuit hoén vi. Y tuéng co ban la thay vi tuan theo chién
thuat (B) tinh tdng toan bo nhiing non den dau tién ctia déng
doi thi ho sé tinh cac téng tir cac hoan vi khac nhau. Diéu nay
budc phai st dung thém gia dinh 1a ngusi choi ngam dinh méi
ngudi co thu tu khac biét. St dung trg giup ctia may tinh, Stan
Wagon cho ra két qua v6i n = 3, t = 4 va hoan vi (342), két qua
dat dudc 1a 263/1024 = 0.256, cao hon 1/4 ctia chién thuat New
Zealand va 121/512 = 0.236 ctia chién thuat Winkler. VG6i chién
thuat “stra sai”, két qua 1a 0.259.

J-C Reyes va Joel Rosenberg tiép tuc dé xuat mot chién thuat
mdéi dat két qua tot hon cho truong hgp n = 3. Stan Wagon cing
khoéng gidi thich dudgc vi sao phuong phap nay c6 thé dat hiéu
qua cao nhu vay! Tuy nhién, kiém ching bang may tinh cho
thay két qua that su tét hon. Cu thé la xac suat véi n = 3 la
0.2617, cao hon toan bo cac chién thuat da dugce gidi thiéu tinh
dén day.

Phuong phap nay dua trén 3 ma tran kich thudc 8 x 8 dudc xay
dung trudc:

2,1, 4,3, 5 6, 2,1, 3,5 4,6, 2, 1, 3, 5, 4, 6,
8 7,1,3,2,5 7,81, 3,2, 4 7, 8 1, 3, 2, 4,
4, 7,6, 8, 3,2, 6,5 8 7,3, 2, 6,5, 8,7, 4, 2,
1, 4, 6, 5, 7, 4, 1, 1, 5, 4, 6, 6, 1, 6, 5, 8, 8, 6,
5 4,6, 2,1, 3, 5 4,1, 3, 2,7, 4,5, 4, 2,1, 7,
1, 2, 4, 5, 7, 1, 6, 5, 4, 5, 6, 2, 6, 7, 5 4, 6, 1,
3,2,8,6,7,6,5, 1,3,7,7,7,6,4, 2,3,6,1,6,7,5,
8,2,1,4,3,6,8, 83,1,2,5,6,8, 3,8,2,1,4,8,6,
3,7,1,4,1,2,8, 5,7,2,2,3,1,8, 7,6,3,1,4, 2,7,
7,2,6,5,6,2,1. 7,8,6,1,3,1,2. 8,4,5,2,4,2,1.
Ma tran A Ma tran B Ma tran C

Chién thuat ap dung nhu sau: ngusi A sé tim nén den nho nhat
cua B va C, sau d6 sé chon gia tri 6 vi tri tuong tng & ma tran A.
Vi du nhu A thay ngusi B ¢6 nén dau tién la mau den va nguoi
C ¢6 nén dau tién mau den la nén tha 5. Khi do, A sé chon sé 6
vi tri (1, 5) 6 ma tran A, ung véi gia tri 5. B va C cang lam tuong
tu v6i ma tran ctia minh. Chién thuat sé chac chan sai khi co
mot ngudi c6 non den dau tién nam ngoai 8 vi tri dau tién. Luu
y rang cac s6 trén dong va cot & cac ma tran nay khong phai la
hoan vi, nén téng kha niang cia cac ma tran la 8% = 107,
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Chién thuat Winkler v6i (n = 3,t = 3,s = 0) tuong tng vGi chién
thuat nay véi ma tran A = B = C va bang

N W~
N W
W = N

D€ tong két cac phuong phap, chung toi st dung lai hinh anh
clia tom tat Stan Wagon va trinh bay lai é Hinh. 6.3.

035t

Py
T

o= w =
T

0.1

E " Guessing
001 e ™

| | I I
2 3 4 > 6 7 8 9 10 11 12 13 14

Hinh 6.3: Hiéu qua cta cac chién thuat dung dé giai bai toan
vo han non. Nguon: [5]

3.4. Truong hop n = 2

Toan bo cac chién thuat & truée déu cbé gang tim ra phuong an
tot hon cho n > 2, vi v6i n = 2, da sb déu nghi rang chién thuat
don gidn New Zealand da cho két qua tbéi uu. Tuy nhién, Jim
Roche da kham pha ra rang, ngay ca trong truéng hgp n = 2, cac
phuong an tét hon van con cé thé duge phat hién! Cu thé, chién
thuat sau day sé thanh cong véi xac suat 22/63 = 0.349 > 1/3.

A va B sé tuan theo 7 "mau" nhu sau: néu A thay 3 nén dau tién
cua B la Pen-Pen-Pen hodc Pen-Pen-Trang hoac Trang-Den-
Pen, A sé chon 1. Néu A thiy 3 non dau 1a Pen-Trang-ben hoac
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Trang-Trang-Den sé€ chon 2 va néu A thay Trang-Den-Den hoac
Trang-Pen-Trang sé chon 3. Va B cung lam tuong tu. Chién
thuat nay, Stan Wagon goi day la chién thuat 3-non*.

Néu A thay 3 nén dau ctia B déu mau trang, A biét rang chién
thuat khong st dung dugc, A sé stia sai bang cach di chuyén
quan sat 1én cac nén tit 4 dén 6 va lai ap dung 7 luat nhu trén.

Kiém tra bang vét can (Brute-force), néu khong ap dung stia
sai, chién thuat cho két qua 22/64 = 0.34375 va vdi stra sai, két
qua la 22/63 = 0.3492064. Stan Wagon da tht nghiém véi cac ma
tran khac nhau cho A va B, nhung két qua khong cao hon.

Cac mé rong véi cac gia tri ctia t véi n = 2 va n = 3 duge khao sat
bdi may tinh va ky luc hién tai cho n =2, t = 8 1a 22937/65535
= 0.3499961 va 0.35 van dang la mét chan trén cho trudng
hdp vo han non cé6 2 nguci choi.

Tiefenbruck, Reyes, Carter, va Rosenberg dua ra mot cach ly
luan don gian cho két qua 0.35 nhu sau: bat dau véi chién
thuat 3-non 11213321 véi xac suat 22/64. Néu A thay 3 non
dau tién ctia B 1a toan trang hoac toan den, A sé bé qua va
xem x€ét 3 non ti€ép theo va cur thé tiép tuc. B cang lam tuong
tu. Nghia 1a ho chi ap dung chién thuat 3-nén khi thay 3 non
c6 mau khac nhau, do vay, c6 60 kha nang ma tai do it nhat A
hoac B phai doan (khong b6 qua). Va ho sé thang 1gi v6i xac suat
21 trong téng s6 60 truong hop nay, it hon 1 truong hgp so véi
chién thuat 3-nén (la truong hgp 3 nén dau tién ctia ca 2 nguai
déu mau den). Va nhu vay, xac suat chién thang la 21/60 = 0.35.

VGi 0 1a den va 1 la trang, chién thuat 3-nén tém tat nhu sau:

[y

, — 2, hay goi ngan gon la 11213321, tung v6i chi s6 cho bo 8 gia tri
khac nhau sinh ra tir 3 non.
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3.5. Sang tao bat tan

Liéu chung ta c6 thé nang cao hiéu qua cho bai toan? D€ giai
dap dudgc cau hdéi nay, trude tién can phat biéu lai bai toan mot
cach hé thong. Thit xét v6i truong hop n = 2:

Goi P la tap ctia tat ca cac chu6i O va 1; va N 1a tap so6 tu nhién.
Khi d6, mot cach d6i nén & mot chi s6 nao dé la mot phan t
cua P x P. ® Mot chién thuat 1a mot ham S : P x P — N, khong
quan tam néu ham nay c6 kha dung hay khong (hay dé hiéu
hon 1a khéng quan tam dén su phuc tap ctia ham nay). Va nhu
vay véi ly thuyét tap hop dua trén tién dé chon®, tén tai mot
chién thuat ma néu ngudi choi stt dung ho sé dua tap con cuia
P x P vé chién thang v6i do do ngoai bang 1. Diéu nay co nghia la
ludn ton tai chién thuat ma ngusi choi khong thua! Hoac, quay
lai nhitng nghi ngo kinh dién ctia Toan hoc vé tién dé chon véi
nhiing tranh cai cang vo tan nhu chinh ban than ctia van de!

Nhu vay, mac da ton tai chién thuat luén chién thang (Luu y:
tién dé chon dudgc st dung), véi truong hop n = 2, chién thuat
tot nhat duge ghi nhan hién tai van chi la 35% va véi n > 2, két
qua hay con thap hon rat nhiéu. Diéu nay cé nghia 1a bai toan
van con dudgc dé md va mong chd cac dong gop tir nhiing ngudsi
yéu toan hoc.

4. Loi két

Nhu vay la v6i 2 chuyén muc dau tién vé toan hoc giai tri dang
tai 6 2 s6 dau tién ctia Epsilon, chung t6i da gisi thiéu tuong doi
tron ven "50 nam nhung bai toan doi non". Thong qua nhung
bai toan nay, chung t6i hi vong da mang dén cho doc gia khong

5Két qua nay dugc chiing minh béi Freiling véi tén goi dinh ly C. Freiling,
c6 thé tham khdao & lién két cubi bai.

6Tién dé chon, hay con goi la tién dé Zermelo-Fraenkel dudc dua ra béi
Zermelo vao nam 1904, la tién dé khang dinh rang véi méi ho tap hgp tiy
y khong rong va doi mot khong giao nhau luon ton tai mot tap hgp ma méi
phan tit ctia né la phan tir cia mot tap hgp trong ho tap hgp kia va phan ti
do6 la duy nhat.

Mot cach phat biéu khac ctia tién dé chon la: “Véi mot ho X bat ky cac tap
hgp khong rong, luén ton tai mot ham chon f dinh nghia trén X”. Pay chinh
la co s6 ciia chung minh cho bai toan vo6 han nén bang cach ap dung ham
chon cho S.
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chi 1a nhiing bai toan d6 thuan tay ma con tir d6 cho thay gia
tri va vé dep clia toan hoc tiém 4n & moi noi.

D€ tién tra cttu, doc gid c6 thé truy tim lai ngudn gbc clia tiing
bai thong qua nhung tai liéu sau:

e Phan 1: chung toi stt dung cht yéu tai lieu & [1] va [2].
Phan bai toan doéi nén sé 6, "ngudi dan tro xao quyét" kha
hiém gap. Bai toan theo ghi nhan ctia chung t6i xuat hién
mot cach chinh thuc tai Viét Nam vao nam 2007, trong
khoa hoc cta giao su Michel Waldschimidt, khoa Toan dai
hoc Pierre et Marie Curie, Paris. Ong da dén truong Dai
hoc Khoa hoc Tu nhién TP.HCM trong dip nay va giang cho
sinh vién va hoc sinh phé thong Nang Khiéu cac bai giang
rat thu vi, phan bai giang nay, may man thay van con c6
thé dugc tim thay 6 day.

e Phan 2: Chung t6i st dung cht1 yéu tir [3] va tham khao
Blog ctia Tanya Khovanova.

e Phan 3: Ban doc c¢6 thé xem thém & [4] va dac biét 1a 6 [5]
(trang goc cua tac gia Stan Wagon).

Tai liéu tham khao
[1] E. Brown and J. Tanton, “A dozen hat problems,” Archives

of Psychology, vol. 16, no. 4, pp. 22-25, 2009.

[2] A. Zorn, “Colored hats and logic puzzles,” Berkeley Math
Circle, 2013.

[3] T. Khovanova, “A line of sages,” The Mathematical Intelli-
gencer, 2014.

[4] C. S. Hardin and A. D. Taylor, “An introduction to infi-
nite hat problems,” The Mathematical Intelligencer, vol. 30,
no. 30, pp. 20-25, 2008.

[5] S. Wagon, “Problem of the week 1179,” 2014.
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BAI TOAN FROBENIUS
VE NHUNG PONG XU

Tran Nam Dung (Pai hoc KHTN, TP. H6 Chi Minh)

Nguyén Tat Thu (THPT Chuyén Luong Thé Vinh, Pong Nai)

Bai toan Frobenius vé nhiing déng xu la mot bai toan kinh dién
da dugc nhac dén trong nhiéu bai viét, nhiéu cong trinh nghién
ctrtu. Mot trong nhing ly do dé dé tai tiép tuc duge dé y la bai
toan s6 6 trong ky thi chon hoc sinh gi6i toan quéc gia nam hoc
2014-2015 méi dién ra vao thang 1 vira qua.

Tac gia tha nhat ctia bai bao ¢6 nhiéu duyén ng véi bai toan nay.
Khi con 1a hoc sinh, anh da gap (va rat may man, giai dugce) bai
toan 4 & dudi day. Sau nay anh lai gap lai bai toan nhiéu lan,
lac nay da la trong vai tro thay gido, gidng vién.

1. MG dau

Chung ta mé dau bang mot bai toan vui sau day: Chung ta déu
da doc truyén hoac xem phim Tay Du Ky. Cau chuyén sau day
rut ti chuyén di ky vi ctia thay tro Puong Tang dén Tay Truc.

Vira thoat khéi kiép nan Bach cot tinh, thay tro Pudng tang lai
di vao mot vuong quoc mdi, goi 1a vuong quoc Nga Bat. Sé di co
cai tén nay la béi vi Ngan hang trung uong ctia Vuong quoc nay
chi phat hanh 2 loai tién 5 quan (Ngt) va 8 quan (Bat).

Vuong quéc nay ciung chua dugc phat trién 1dam nén ngusi dan
G day chi biét phép tinh cong, khong biét phép tinh trit. Vi thé,
khi ban hang, néu minh dua thira ngudi ta sé€ khong tra lai (con
dua thiéu thi ngudi ta. .. khong chiu - khon 1am).

Thay tro Puong tang dang di tung tang trong thanh thi thay
mot siéu thi co tén la “Over 28”. Thay tén la la, ho bén budc vao.
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Nhan vién bao vé ra chan lai, xem chirng khéng mudn cho vao.
Tru bat gidi xong ra noi:

- Sao khong cho chung ta vao?

Tay bao vé chi tay vao sb 28 (nhi thap bat) néi: Ong c6 thay sbé
gi day khong?

- 28 4. 28 tudi méi dudgce vao a. Yen tam di nhé chua em. Anh day
360 tudi roi nhé. Con ong anh dang gai mong kia 720 tudi. Cai
chu dang ganh hang dudc 240 tudi. Ngay ca con ngua nay cang
130 tudi roéi. Tré nhat ¢ day co 1€ 1a su phu ctia bon anh, ong ay
vira lam sinh nhat lan tha 30. Cac chu ¢6 can xem ching minh
nhan dan khoéng, loai méi nhé, co6 ca tén bd me.

- Khong, khong, day khong phai tudi, day la. ..
- Pay la gi... Tru Bat gi6i dugc thé tan cong.

- Pay la siéu thi ma moi mén hang déu tir 28 quan trd 1én. Toi
thay may 6ng nha qué qua, sg khong da tién nén khong mudn
cho vao.

- Ay, chu diumng nghi thé. Bon anh day déu la con nha c6 diéu
kién nhé, tién 5 quan, 8 quan bon anh méi déi 6 ctta khau nich
tai nhe.

- Vay xin mdi cac anh vao a.

Bai toan mé dau: Ching minh rang thay tro Pudng tang c6 thé
mua dung (tac la tra dang gia tién) moi mén hang 6 trong siéu
thi "Over 28".

Vé mat toan hoc, bai toan nay tuong duong véi ménh dé sau:
Chung minh rang v6i moi sé6 nguyén N > 28, ton tai x, y nguyén
khong am sao cho N = 5x + 8y. Bai toan nay la truong hop riéng
cuia bai toan Frobenius vé nhiing dong xu ma ta sé néi dén dudi
day. Co hai cach dé giai bai toan nay, déu mang tinh thuat toan.

Cach 1: Ta tim cach biéu dién cho cac sé 28, 29, 30, 31, 32. Sau

d6 chu y rang néu N biéu dién dugc thi N + 5 cing biéu dién
dudgc.
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Cach 2: Cach nay kho nghi dén hon nhung dep hon. Cu thé
nhu sau: Ta ching minh néu N > 28 biéu dién dugc thi N + 1
cung biéu dién dugc. Néu trong biéu dién ctia N ¢6 3 s6 5 thi ta
thay 3 s6 5 bang 2 s6 8 dugc biéu dién ctia N + 1. Néu trong biéu
dién ctia N c6 3 s6 8 thi ta thay 3 s6 8 bang 5 s6 5 thi dudc biéu
dién ctia N + 1. Mot trong hai TH nay phai xay ra vi néu khong
coOthiN<2-5+2-8=26.

Vi du & trén dudc trich tut bai giang ctia chung t6i danh cho
sinh vién khoa Toan-Tin hoc trusng PH KHTN Tp HCM, mén S6
hoc va logic, trong muc vé thuat toan Euclide va dinh ly Bezout.
V6i cach phat biéu thu vi va hai huéce, chung toi da 16i kéo duge
cac sinh vién von rat s¢g S6 hoc va Logic tham gia vao thao luan
va tim kiém 16i gidi. Thuc té, trén 16p cac sinh vién da tu minh
tim dudc 16i giai cho bai toan theo cach 1.

Bai toan noi trén chi la mot truong hop dac biét cia mot bai
toan téng quat hon: bai toan Frobenius vé nhiing déng xu.

Bai toan Frobenius vé nhiing dong xu la bai toan xac dinh sb
tién 16n nhat khong thé tra dugce khi chi st dung cac déng xu
c6 ménh gia c6 dinh nao dé. Vi du véi cac dong xu ménh gia 3
va 5 don vi thi s6 tién 16n nhat khong trd dugc la 7 don vi. S6
16n nhat véi moi bo s6 nhu thé ta goi 1a s6 Frobenius.

Mot cach toan hoc, bai toan dude phat biéu nhu sau:

Cho cdac s6 nguyén duong a;,a,, - ,a, ¢6 ged(ay,---,a,) = 1.
Tim sé nguyén I6n nhat khéong biéu dién dudc dudi dang k,a; +
Koas + - - 4+ knan UGi ki, K, -, kn la cac s6 nguyén khong am. Sé
nguyén 16n nhat nay dudc goi la sé6 Frobenius va thuong dudc
ky hiéu la g(ai, as, -+, an).

Va bai viét nay s€ noéi vé mot s6 két qua lién quan dén bai toan

noi tiéng nay.

2. Pinh ly Sylvester va bai toan so 6 trong
de thi VMO 2015

Trong ki thi VMO nam 2015 ¢6 bai toan soé 6 la truong hgp dac
biét ctia bai toan Frobenius ing véi n = 3. Bai toan c6 noi dung
nhu sau:
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V6i a, n nguyén duong, xét phuong trinh a*x +6ay + 36z = n, trong
doé x,y, z la cac sé tu nhién

1. Tim tat ca cdc gia tri ctia a dé véi moin > 250, phuong trinh
da cho luén c6 nghiém (x,y, z).

2. Biét rang a > 1 va nguyén té cting nhau véi 6. Tim gia tri l6n
nhat cian theo a dé phuong trinh da cho khéng cé nghiém
(X7 y ) Z) .

DE€ giai bai toan trén, chung ta di xét cac bai toan sau day:

Bai toan 1. Cho a, b la cac s6 nguyén duong nguyén t6 cung
nhau, b > 1. Chitng minh rang véi moi s6 nguyén N, ton tai duy
nhat cap sbé nguyén x, y théa man diéu kién

N=ax+byvald<x<b.

Lai giai. « Chiing minh su ton tai
Vi (a,b) = 1 nén theo dinh li Bezout, ton tai hai s6 nguyén u,v
sao cho

N = au+ bv.

Mat khacu=b.q+rv6i 0 <r<b—1nén taco
N=a(b.gq+71)+bv=ar+b(v+a.q).

Chon x =1,y =v+a.q tadudc N =ax+ by v6i0 < x <b — 1.
e Chung minh tinh duy nhat
Gia st ton tai hai bo (x;y) va (x;y’) thoa 0 < x,x’ < b va

N = ax + by = ax’ + by’

Hay
a(x —x')=by —y) (1)
Do (a,b) =1nén tix (1) tasuyra bjx —x’. Laico 0 < x,x' <b -1
nénsuyrax=x'vay=vy’.
Vay bai toan dugc chung minh. ]

Bai toan 2. (Pinh li Sylvester) Cho a, b 1a cac s6 nguyén duong
nguyén té6 cung nhau. Chung minh rang Ny = ab-a-b la sb
nguyén 1én nhat khong biéu dién duge duéi dang ax + by véi x,
y la cac s6 nguyén khong am. Hon nira, v6i moi p, ¢ nguyén véi
P+ q = Ny, c6 dung mot trong hai s6 p, q bi€u dién duge duéi
dang ax + by vdi x, y 1a cac s6 nguyén khong am (ma ta sé goi
tat 1a biéu dién dugc).
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Loi giai. D€ giai quyét bai toan, can thuc hién hai budc sau
Budc 1: Ching minh Ny khong bi€u dién duge dudi dang ax-+by
vGi x,y la cac s6 nguyén khong am.

Gia st ton tai hai s6 nguyén khong am x,y sao cho

ax + by = Nj.

Hay
a(x+1)+by+1)=ab (2).

Vi (a,b) = 1 nén tix (2), suy ra x + 1:b hay x + 1 > b. Tuong tu
y+1=a.
Khi do

ax+by<ab-1)+bla—1)=2ab—a—-—b>ab—a—b.

biéu nay dan dén mau thuan. Do vay N, khong bi€u dién dudc
dudi dang ax + by v6i x,y € N.

Buéc 2: Chung minh v6i moi s6 nguyén N > N, thi N biéu dién
dudc dudi dang ax + by vdi x,y € N.

Theo két qua Bai toan 1 ta suy ra: ton tai duy nhat cap (x,y)
de

N=ax+byvéi0<x<b.
Ta chi can chung minh y > 0. That vay

N—ax ab—a—-b—a(b-1)

Y b b

Ma y la sé nguyén nén ta cé y = 0.
Vay bai toan dugc chung minh. O

Tré lai bai toan trong dé thi VMO —2015. Bai toan d6 c6 thé duge
phat biéu thanh bai toan téng quat hon nhu sau

Bai toan 3. Cho cac s6 nguyén duong a, b nguyén t6 cung nhau.
Khi d6 Ny = a?b+b%a — a? — b%2 — ab 1a s6 nguyén duong 16n nhat
khong biéu dién dugc dudi dang a®x + aby + b2z v6i x,y, z 1a cac
s6 nguyén khong am.

L@i giai. Tuong tu nhu bai toan 2 va bai toan 3, ta chitng minh
bai toan qua hai budc.
Buédc 1: Chung minh Ny khong biéu dién dugc dudi dang a’x +
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aby + b?z.
Gia su tén tai cac sé tu nhién x, y, z dé

No = a’x + aby + b%z

Hay

a’b-—x—1)+b*(a—z—1) =ab(y+1).
Tt day, suy ra mot trong hai s6 b —x —1va a —z — 1 ¢6 it nhat
mot s6 duong. Khong mat tinh téng quat, ta gid st b —x—1 > 0.
Khi d6, do (a,b) =1néntasuyrab—x—1:b,dantib—x—1>b
hay x < —1 (vo 1i).
Do vay Ny khong biéu dién dudc qua a®x + aby + b?z.
Budc 2: Chung minh v6i moi s6 nguyén N > N, thi N biéu dién
dugc dudi dang a*x + aby + b?z.
Do N > Ny nén N — ab?+a?+ ab — a > ab? — b%? — a nén theo dinh
li Sylvester ta suy ra ton tai cac s6 tu nhién u, z sao cho

N —ab?’+a*+ab—a=ua+b’z (4).

Viuz0nénu+ab—a—-b+1>ab—a—bnén ti€p tuc ap dung
dinh 1li Sylvester suy ra ton tai cac sb tu nhién x,y sao cho

ut+ab—-—a—-b+1=xa+yb (5).
Thay (5) vao (4) ta dugc
N-ab?*+a’*+ab—-—a=alax+by—ab+a+b—-1)+b%z

Hay
N = a*x + aby + b’z.

Bai toan dugc chung minh. N
Tai ki thi IMO nam 1983 c6 bai toan sau

Bai toan 4. Cho cac s6 nguyén duong a, b, ¢ déi mot nguyén
td cung nhau. Ching minh rang Ny = 2abc — ab — bc — ca la
s6 nguyén duong nho nhat khong biéu dién dugc dudi dang
abx + bey + caz véi x, y, z 1a cac s6 nguyén khong am.

Lai giai. Tuong tu nhu cach ching minh dinh 1i Sylvester, bai
toan dudc chiung minh qua hai budc

Buéc 1: Chung minh N, khong bi€u dién dude qua abx + bey +
caz. Chung minh diéu nay tuong tu nhu cach chiing minh dinh
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li Sylvester.

Budc 2: Ching minh véi moi s6 nguyén duong N > Ng thi N
luon biéu dién duge duéi dang abx + bey + caz.

Vi (a;bc) = 1 nén theo bai toan 1 ton tai u,y sao cho au+bcy =
N v6i 0 <y < a—1.Tuong tu, ton tai v,z sao cho N = vb + zac
veild<z<b-1.

Tit d6, suy ra bey + caz — Niab. Hay ton tai s6 nguyén x sao cho

abx 4+ bcy + caz = N.
Ta chi can chung minh x > 0. That vay

X_N—bcy—caz> 2abc —ab—bc—ca—bc(a—1) —ca(b—1)
N ab ab

Suy ra x > 0. Bai toan dudc chiing minh. N

Bai toan 5. (VN TST 2000) Cho ba sb6 nguyén duong a, b, ¢
doi mot nguyén to6 cung nhau.S6 nguyén duong n dudge goi la
s6 buéng binh néu n khong biéu dién dudc dudi dang abx +
bxy + caz véi x, y, z la cac s6 nguyén duong. Hoéi c6 bao nhiéu
s6 budng binh.

Loi giai. D€ giai bai toan nay, ta chia lam hai buéc

Budc 1: Chung minh Ny = 2abc l1a s6 nguyén duong 16n nhat
khong biéu dién dugc dudi dang abx +bcy +caz v6i x, y, z 1a cac
s6 nguyén duong.

Viéc chung minh Ny khong biéu dién dugc qua abx + becy + caz
véi x, y, z la cac s6 nguyén duong dugc chuing minh tuong tu
nhu cac bai toan trén.

Ta chiing minh v6i moi s6 nguyén duong N > N, thi N luén biéu
dién dugc qua abx+bcy+caz véi x, y, z la cac s6 nguyén duong.
Trudc hét ta chung minh nhan xét:

VGi 1 <x <b, 1<y < a thiax+ by lap thanh hé thang du day
da theo mo dun ab.

That vay: Dé thay c6 tat cad a.b tébng ax +by v6i 1 < x < b,
I<y<a

Gia st ton tai 1 < x,x’ < b, 1 < y,y’ < a sao cho ax + by =
ax’ + by’( mod ab).

Hay a(x — x’) = b(y’ — y)( mod ab). Tt day, suy ra x — x':b. Ma
1 < x,x’ < bnén suy ra x = x/, dan dén y = y’. Do vay nhan xét
dudc ching minh.
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Theo nhan xét trén va két hgp véi a, b, ¢ d6i mot nguyén té nén
voi 1 < x < b, 1 <y < athiclax + by) = acx + bey lap thanh
hé thang du day dua theo m6 dun ab. Do d6 v6i moi s6 nguyén
duong N > Ny, luén ton tai 1 < zyp < a, 1 < yo < b sao cho
aczy + beyo = N( mod ab) hay ton tai s6 nguyén x, sao cho

aczy + bcyg + abxy = N.

Lai c6 aczy + becyg < acb 4+ bca = 2abc < N nén ta co xq > 0.
Vay v6i moi N > N thi N biéu dién dugc duéi dang abx+bcy+caz
V6i x, y, z la cac s6 nguyén duong.
Budc 2: Dat B 1a tap cac s6 nguyén duong khong biéu dién dugc
dudi dang abx + bey + caz véi x, y, z 1a cac s6 nguyén duong.
VaA={1,2--,ab+bc+ca—1}u{ab+bc+ca,ab+ bc+ca-+
1,---,2abc}.
Dé thay {1,2,--- ,ab+bc+ca— 1} < B.
bat C = {ab+bc+ca,ab+bc+ca+1,---,2abc}. Ta can tim |[BNC|.
V6i méi n € C ta xét ham f(n) = 2abc+ ab + bc+ca —n. Ta chung
minh

neB<f(n)¢B (1).
V6i n € B, theo ching minh trén suy ra ton tai cac s6 nguyén
1<yo<b,1<zy<cvaxgsao cho

n = abxy + beyp + caze.

Vin e B nén xg < 0. Khi do

f(n) = ab(1 —xp) + be(1 4+ a—1yo) +ca(l+b —zy) ¢ B.
Gia sir ton tai n ¢ B d€ f(n) ¢ B. Suy ra ton tai cac s6 nguyén
duong x, y, z,x’, y’, z’ sao cho

n = abx + bcy + caz va f(n) = abx’ + bey’ + caz’

Hay

2abc = (x+x'—1)ab+ (y+y' ' —)bc+ (z+2z' — 1)ca
Suy ra 2abc ¢ B vo li. Vay (1) dudc ching minh.
T chung minh trén ta suy ra

2abc —ab—-—bc—ca—+1
5 )

. ) . . b+Db -1
Vay so cac so budng binh la: abc + a0+ oe ; e, ]

1
B Cl=3I[Cl=
2
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3. Mot huéng tiép can khac: Ham sinh

Trong phan nay ta sé dua ra mot hudng ti€p can khac cho
truong hgp n = 2 ctia bai toan Frobenius. V6i hudng ti€ép can
nay khi mé rong cho truong hop n > 3 sé thu duge nhiing két
qua thu vi, di xa hon so v6i cac tiép can truyén thong da trinh
bay 6 phan trudc.

V6i hai s6 nguyén duong nguyén té cung nhau a,b va sb6 tu
nhién n ta dat

Piap}(n) = {(k, ) e Z?|k,1>0; ak+bl= n}

Ta xét tich ctia hai cap s6 nhan

1 1
1—za'1—zb

=(1+z+a®+..) (1+2° 42 +..)

Néu ta nhan tat ca cac thua s6 ta sé duge chudi ciia cac lay
thira 1a t6 hgp tuyén tinh (v6i hé s6 tu nhién) ctia a va b. Va z"
s€ c6 hé sb dung bang pq v} (n). Vi vay

(e ¢]

1 1
D VLA Zp{ab}

k,1=>0

Nhu vay ham sé nay la ham sinh ctia day pyq;(n) . Y tudng bay
gio ta sé di nghién ctu tinh chat ctia ham sé 6 vé trai.

Ta muén tim cong thic dep cho pyqp)(n) bang cach xem xét ky
luéng hon ham s6 6 vé trai. D€ dé tinh toan hon ta sé tim hé sb
tu do ctia mot day lién quan, cu thé, Pia,b}(n) 1a s6 hang tu do
cua

1 —-n
f(z)z(l_za) 292 Zp{ab}z :
Chubi cudi cung nay khong phai la chuéi lay thira, vi né co
chta nhing s6 hang véi s6 ma am. Chudi nay dudc goi 1a chubi
Laurent, theo tén ctia Pierre Alphonse Laurent (1813-1854). Doi
v6i chudi liy thita, dé tinh s6 hang tu do ta chi can thay z = 0
vao. Nhung vGi chudi ¢6 lay thira am thi viéc thay z = 0 vao la
khong dudc phep D€ x1t Iy tinh huéng nay, ta sé loai di tat ca
cac sb hang v6i s6 mu am dé dudc chubi lay thita. S6 hang tu
do ctia no6 (cung la s6 hang tu do ctia chubi ban dau) sé duge
tinh bang cach thay z = 0 vao.
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DE€ tinh s6 hang tu do nay, ta sé khai trién f thanh cac phan sb
so cap. D€ hiéu ro cach phan tich mot phan s6 thanh cac phan
sb so cap, trude hét ta bat dau tit truong hgp 1 chiéu. Ky hiéu
la can nguyén thiiy bac a ctia don vi

27 27
&q = cos — +isin —
a a

thi1,&,, &2, ..., 837! 1a tat ca cac can bac a cua don vi.

— . Vi cuc ctia ham

. . 1
Trudc heét ta tim phan tich so cap cho 1

s6 nay nam tai cac diém can bac a ctia don vi, do dé

11—z Z z— Ek'
Cac hé sb Cy c6 thé tinh theo cong thiuc

k
Ck_hm(z—ak)( 1a>:11m ! :—&,

K 1—z zogk —aza! a

trong d6 da da st dung quy tac L'Hopitale. Nhu vay ta c6 khai

trién
1
1—za ___Z Z—Ek'

Tré lai v6i bai toan ctia chiing ta, cac cuc ciia f nam 6 diém z = 0
vGi bac n, tai z = 1 vGi bac 2 va tai cac can don vi bac a va bac
b khéac v6i bac 1 vi a, b nguyén t6 cung nhau. Do d6, khai trién
ctia f thanh tong cac phan sb so cap sé c6 dang

a—1

A1 A2 A Bl BZ
f:—+ 5 T +—+ + +
-1 -1 Z —ak le_

Bang phuong phap gan giéng nhu & trén, ta cé6 thé tinh dugc

1 1
Cy = — —— Dy =-— ———— (2).
a(1 — gkb)gkn b(1—&eelin

DE€ tinh B,, ta nhan ca hai vé ctia (1) cho (z — 1) va tinh gi6i han
khi z — 1 d€ thu dudc

. (z—1)? 1
B, =1 = —
2 z1—>ml(1—za)(1—zb)z“ ab’
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bang cach st dung quy tac L'Hopitale 2 1an. Vé6i s6 hang B, ta
tinh

(z—1)? 1 1 1 1 n
“ab 2a 2b ab’

By = E—% (z=1) <(1 —za)(1 —zb)zn ab(z —1)?

v6i viec ap dung quy tac L'Hopitale mot 1an nixa.

Ta khong can tinh cac h¢ s0 A, A,, .. ., Ayvi chung chi dong gop
cac sb6 hang v6i s6 ma am ma ta co the bb6 qua; cac sb hang nay
khong dong gop cho s6 hang tu do ctia f. Vi ta da co tat ca cac
hé s6 khac, s6 hang tu do ctia f, nhu ta da néi 6 trén, chinh la
gia tri ctia ham s6 sau tinh tai diém 0:

Bl 82 a—1 Ck b-1 D)'
P{a,b (TL): + + + j
o (Z—l R E R )|
a—1 b-1
Cy D;
——Bl—FBQ—Z?_ZEv_]
k=1 "a j=1 Sb
Tir do
1 1 n 1% 1<
" S R B - 3).
Plan™ =5t st e & akb £k bZ aﬂ’ i

Bay gio ta tim cach don gian cac tong trong (3) dé dugc mot
cong thuc thuan tién hon.

Ta nghién ctu trudng hdp dac biét b = 1. Trudng hdp nay co thé
tinh dé dang vi pyq1;(n) sé tinh cach sé diém nguyén trong mot
doan:

Pran() = {(k,) e Z2: k1> 0,ak+l=n}| = [{ke Z: 0 < k < E}|:[
a

trong doé [x] ky hiéu phan nguyén ctia s6 thuc x.
Thay b = 1 vao (3), ta dugc

1
% 2 a4 a Z E,k &kn p{a,l}(n) = [E] + 1.
Tix do

1% 1 ny 1 1
PN A R
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Trong d6 x 1a phan 1€ clia s6 thuc x. Ta c6 thé ching minh dugc
rang

1 « 1 1 « 1
aéu_agb)awaZ 1 goey e )

Trong dé b~! 1a s6 nguyén sao cho b=1.b = 1(moda). Tir (4) va (5)
suy ra

1 & b~'n 1 1

Bay gio thay (6) va mot cong thic tuong tu vao (3), ta dugc mot
cong thic dep do Tiberiu Popovicu (1906 — 1975) tim ra.

Pinh ly. (Popovicu). Néu a va b la cac s6 nguyén duong nguyén
tdé ciing nhau thi

(n) = n b n B a 'n 1
P{a,p}T b a b )

trong d6 b~'.b=1(mod a) va a l.a=1(mod b) .

Tt dinh ly Popovicu, dé dang chiing minh duge bé dé sau.

B6 dé. Néu a va b 1a cac sé nguyén duong nguyén tb cung nhau,
n e [1; ab — 1] va khong phai la boi s6 ctia a hoac b, khi do

P{a, b} (TL) +p{a,b} (Clb - Tl) =1

Chung minh. Ta c6

pranfab —m) = S - {2 {4

o ~b'n| (-a'n __n. —b n N —a'n - ()
) a a ~ ab a a — 1 TPlan

O day ta da st dung tinh chat {—x} = 1— {x} véi x khong nguyeén.
Tit b6 dé nay, ta dé dang chiing minh dugc dinh ly Sylvester &
phan truéc véi mot cach ti€p can khac. Hon ntia, ta con lam
dudc hon thé: moi sé tu nhién nhoé hon ab néu biéu dién dudc
dudi dang ax + by véi x,y tu nhién thi biéu dién do6 la duy nhat.
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4. Bai toan Frobenius cho n > 3

Quay trd lai v6i bai toan Frobenius & dang téng quat, ta thay
rang, v6i két qua cua dinh ly Sylvester, truong hop n = 2 da
dugc giai quyét tron ven, va ta c6 cong thuc g(a,b) = ab-a-b.
Chinh dinh ly dep dé nay da khién cho cac nha toan hoc huéng
su chu y cia minh dén viéc tim cong thic cho ham g(ay, as, ..., an)
v6i n > 2. Tuy nhién tinh dén nay thi cac két qua vé huéng nay
con xa méi dén duge su hoan hao. Ngoai trit hai két qua dep
dé danh cho truong hgp “n = 2.5” & trén (bai IMO 1983 va VMO
2015), nhung gi thu dugc la kha khiém toén.

1. Pinh ly Schur khing dinh rang véi diéu kién (a;, as, ..., ay) =
1 thi s6 Frobenius ton tai.

2. V6i n = 3, ta co dinh ly Davidson danh gia chan dudi cho
g(a,b,c):
g(la,b,c) >V3abc—a—-b—-c
3. V6i n bat ky, tim ra dudc cong thic ham g cho cac cap sbé
cong, cap s6 nhan, ngoai ra la mot s6 danh gia chan trén,
chan dudi.

4. Hudéng stt dung ham sinh khi n = 3 cho ta cong thitc sau

n n/1 1 1
P{a,b,c}(ﬂ)=—+— —+—+— +

abc ab bc
i + -l— —l—— 3 £ +
12 bc ab
I8
ak 1 Ekb E’kc)akn
b-1

1 1
E Z — Eka)(1 — Ekb)gkn’

Nhu vay v6i n > 2 va cac a; bat ky thi tinh t6i nay chua tim dugce
cong thuc tuong minh cho ham g(ay, as, ..., a,) va cé vé hudng
di nay khong kha thi.

Trong khi do, v6i mot s6 lugng dong xu ¢6 dinh, ton tai thuat
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toan dé€ tinh sb6 Frobenius trong thoi gian da thic (tinh theo
logarith ctia gia tri tién xu c6 trong dut liéu vao). Hién chua c6
thuat toan thai gian da thic theo s6 déng xu, va bai toan tong
quat khi gia tri dong xu la 16n tuy y la bai toan NP-kho.

Hién nay xu hudéng nghién cttu vé bai toan Frobenius van chia
lam hai nhanh, nhanh cong thuc va nhanh thuat toan, trong
d6 nhanh thit hai c6 téc do tién trién tét hon han.

Bai toan Frobenius c6 nhiéu tng dung thu vi trong doi séng,
vi du nhu bai toan McNuggets sau day do Henri Picciotto dua
ra vao nam 1980 khi ngo6i an tbi v6i con trai tai nha hang Mc
Donald’s. Cac hop banh ctia McDonalds dudc thiét ké c6 6,9
hodc 20 miéng banh. Héi c6 thé mua dugc sbé lugng miéng
banh bao nhiéu ma chi dung cac hop chan. DPinh ly Schur
khang dinh ring sé cac s6 khéng mua dudc va danh sach
d6 1a: 1,2,3,4,5,7,8,10,11, 13, 14, 16, 17, 19, 22, 23, 25, 28, 31, 34, 37, va
43. Nhu thé 43 1a s6 16n nhat khong biéu dién duge dudi dang
6x + 9y + 20z v6i x,y, z nguyén khong am.

Tac gia thi nhat ctia bai bao cung lai vita ¢6 mét duyén ng véi
bai toan, lan nay 6 khia canh ung dung. Trong chuyén di giang
bai 6 Saudi Arabia vira qua, tac gia dudgc phat mot co s6 kha
nhiéu cac phiéu an tri gia 16SR va 23SR. Gia tién cac bita an c6
dao dong tir 16SR dén 50SR. Va tac gia da phai nhiéu lan van
dung bai toan Frobenius dé c6 nhitng cach chon lua mén an
phtut hgp nhat (chi phai trd thém hoac bé phi 1, 2SR).

Cung la it c6 nhung bai toan dang dudc nghién ctdu manh meé
lai c6 nhiing ing dung hét stc gan gai nhu vay.

5. Ghi chi va Chi dan lich sw&

1. Bai toan Frobenius dugc dat theo tén ctia nha toan hoc
Georg Frobenius, nguoti da néu ra bai toan nay trong bai
giang ciia minh. Phan 1 ctia dinh ly Sylvester 1a mot két
qua dan gian kinh dién ma chung ta thuong gop chung
luon vao dinh ly Sylvester. That ra, trong bai bao ctia minh,
Sylvester chi ching minh phan 2 ctia dinh ly.

2. Bai toan Diophant tuyén tinh ctia Frobenius khong nén
nham lan véi bai toan tem thu. Bai toan tem thu dat van
dé tuong tu nhung c6 thém diéu kién vé sb lugng tem thu:
Cho s6 nguyén duong m va tap V cac sé nguyén duong,
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tim sé nguyén duong z nhé nhat khong biéu dién dudc
duéi dang tong v, + v, + --- + v cia k < msd (khong nhat
thiét phan biét) thuoc V.

3. Pinh ly Bezout la dinh ly khang dinh ring néu a, b 1a cac
s6 nguyén duong nguyén té cung nhau thi ton tai cac sb
nguyén x,y sao cho ax + by = 1. C6 thuat toan hiéu qua
dé tim cac sb x,y, dudc goi la thuat toan Euclide mé rong.
Thuat toan Euclide mé rong cé rat nhiéu tng dung trong
ly thuyét mat ma, ly thuyét phu hoi s6 hiru ty.

4. Ly thuyét ham sinh c6 moét lich st va truyén thong lau
doi. O day ta chi st dung ching nhu mot cong cu. Nhitng
doc gia mudn nghién citu sau hon vé ham sinh va cac
ung dung ky 4o ctia chung c6 thé tim hiéu 6 cuén Gen-
eratingfunctionology ctia Herb Wilf va cuén Combinatorial
Problems and Exercises ctia Laszlo Lovasz.

5. Nhu ta da thay, truong hgp n > 3 kho hon nhiéu so véi
truong hgp n = 2. Tai liéu vé bai toan Frobenius la rat
nhiéu va van tiép tuc duge bé sung nhirng céng trinh méi.
Hién nay c6 hon 40 bai toan mé vé van dé nay. Xem thém
6 [4]
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PE THI VIET NAM TST 2015
NHAN XET VA GOI Y GIAI

Tran Nam Dung

Dai hoc KHTN, TP. Ho6 Chi Minh

Nguyén Van Lgi
Budapest, Hungary

Nguyén Hung Son
Dai hoc Warsaw, Ba Lan

Tém tat

Ky thi chon doi tuyén quéc gia Viet Nam (thudng goi tat la
TST) nam 2015 chon ra 6 thi sinh di du thi Olympic Toan
quoc té tai Chiang Mai, Thai Lan vao dau thang 7. Tham
gia ky thi gom c6 1 em doat giai Nhat, 1 em dat HCV trong
ky thi IMO nam truéc dé tai Nam Phi va 46 em doat giai
Nhi trong ky thi hoc sinh gidi Quoc gia VMO hoi dau thang
01 nam 2015.

DE€ dat giai Nhi, cac em can phai dat tir 21,5 dén 32,5 diém
(trén thang di€ém 40) tic 1a tit khodng 4,5 bai dén 6 bai
trong tong sb 7 bai. Cac danh gia clia chung t6i mot phan
la dua trén két qua ctia cac em trén bai thi VMO 2015.

Ky thi dién ra trong 2 ngay tai PH Su pham Ha Noi:

1. Ngay dau tién la 25 thang 03 nam 2015.
2. Ngay thua hai la 26 thang 03 nam 2015.

Thoi gian thi theo truyén thong la 270 phut.
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1. Pé Thi
1.1. Ngay thi thi nhat

Bai toan 1. Goi « 1a nghiém duong ctia phuong trinh x* + x =
5. Gid st n la s6 nguyén duong va cac s6 nguyén khong am
Co,C1,Ca, ..., Cn théa man dang thic

Co+Crax+ oo + ...+ cna™ = 2015. ()
a) Chiung minh rang co+c¢; +co+ ...+ ¢, =2 (mod 3).

b) V6i n nao dé va cy,cy, ¢y, ..., c, nhung théoa man diéu kién
(x) da cho. Tim gia tri nho nhat ctia téng co+c, +co+. .. +Cn.

Bai toan 2. Cho dudng tron (O) c6 day cung BC c¢6 dinh va
khong phai 1a duong kinh. Xét diém A di chuyén trén cung 16n
BC sao cho tam giac ABC nhon va AB < AC. Goi [, H lan lugt 1a
trung di€m canh BC va truc tam tam giac ABC. Tia IH cat lai
duong tron (O) tai K, dudng thing AH cit dudng thang BC tai
D va duong thang KD cat lai duong tron (0O) tai M. Titr diém M,
ké dusng thang vuéng goéc véi duong thang BC cat Al tai diém
N.

a) Chung minh rang diém N luén thuéc mot dusng tron co
dinh khi A thay dai.

b) Buong tron tiép xuc véi AK & A va di qua N cat AB,AC lan

luot tai P, Q. Goi ] 1a trung diém ctia PQ. Chitng minh rang
dudng thang AJ luén di qua mot diém cb dinh.

Bai toan 3. Mot s6 nguyén duong k c¢6 tinh chat T(m) néu nhu
v6i moi s6 nguyén duong a, ton tai sé6 nguyén duong n sao cho

1*+2+3 4+ . +n*=a (modm).
a) Tim tat ca cac s6 nguyén duong k cé tinh chat T(20).

b) Tim s6 nguyén duong k nho6 nhat c6 tinh chat T(20'°).
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1.2. Ngay thi thi hai

Bai toan 4. C6 100 sinh vién tham du moét cudc thi van dap.
Ban giam khao gom 25 thanh vién. Mo6i sinh vién dugc héi thi
b6i mot giam khao. Biét rang moi sinh vién thich it nhat 10 giam
khao trong sb cac thanh vién trén.

a) Ching minh riang c6 thé chon ra 7 giam khao ma méi thi
sinh déu thich it nhat 1 trong 7 nguai do.

b) Chiing minh rang cé6 thé siap xép lich thi sao cho méi thi
sinh dugc dung 1 giam khio minh thich héi va méi giam
khao héi khong qua 10 thi sinh.

Bai toan 5. Cho tam giac ABC nhon, khong can va mot diém P
nam trong tam giac sao cho ZAPB = ZAPC = « v6i o > 180° —
/BAC. Budng tron ngoai tiép tam giac APB cat dusng thang AC
& E, dudng tron ngoai tiép tam gidac APC cat duong thing AB
4 F. Goi Q la diém nam trong tam giac AEF sao cho ZAQE =
ZAQF = «. Goi D la diém déi xiing v6i Q qua EF, phan giac goc
EDF cat AP tai T.

a) Chung minh rang /DET = ZABC, ZDFT = ZACB .

b) budng thiang PA cit cac dudng thang DE, DF lan lugt tai
M, N. Goi I,] lan lugt 1a tam dudng tron noi tiép cac tam
giac PEM, PFN va K la tam duong tron ngoai tiép tam giac

DIJ. Puong thang DT cit (K) tai H. Ching minh ring HK
di qua tam duong tron noi tiép ctia tam giac DMN.

Bai toan 6. Tim s6 nguyén duong n nho nhat sao cho ton tai n
s6 thuc théa man dong thoi cac diéu kién sau:

i) Téng ctia chung la mot sé6 duong.
ii) Tong lap phuong ctia chung la mot s6 am.
iii) Téng luty thita bac 5 ctia chung 1a mot s6 duong.
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2. Nhan xét chung
Cau truc dé thi Viét Nam TST nam nay gom co:
e Bai 1: Dai s6 (da thuc c6 hé s6 nguyén va nghiém vo ty)

Bai 2: Hinh hoc phang

Bai 3: S6 hoc

Bai 4: T6 hop

Bai 5: Hinh hoc phang
e Bai 6: Bat dang thric
Nhu vay cau truc ctia dé thi nam nay rat giong véi cau truc cac

dé thi IMO. Theo danh gia cht1 quan ctia chung t6i, do kho ctia
cac bai la nhu sau:

e Bai 1 va bai 4 c6 do kho trung binh (khodng 50%-60% sb
hoc sinh sé lam dudc tron ven).

e Bai 2, bai 5a va bai 6 1a cac bai tuong déi kho (khoang
30%-50% sé lam dudc).

e Bai 3 va bai 5b la cac bai kho (khodng 10%-20% s6 hoc
sinh sé dat diém duong).

Sau day chung to6i c6 mot s6 nhan xét cu thé:

2.1. Vé ngay thi thi& nhat

Chung t6i rat thich bai thi ngay dau tién. Bai 1 va bai 2 déu la
nhiing bai khéng qua khé véi cac hoc sinh da dat giai Nhat/Nhi
6 VMO-2015.

Bai 1 (dai s0) gom hai cau a) va b). Phuong phap giai chi dua
vao y tudng chia da thirc ¢6 hé s6 nguyén cho mot tam thic bac
hai. Ngoai ra cau a) ciing c6 thé lam bang quy nap. Cau b) kho
hon vi y tuéng dau tién la xét 1 hé bat phuong trinh va sé rat
dé bi nham lan.

Bai 2 (hinh phang) ciing gom 2 cau a) va b). Chung toi rat thich
bai nay vi day la bai khong dé, nhung lai ¢6 thé giai dugc bang
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cac kién thuc hoan toan nhe nhang. Cac em khong nhat thiét
phai st dung cac dinh ly ma chi cac hoc sinh chuyén Toan méi
dugc lam quen. Tuy nhién, viéc cho diém N vao cau b) la hoan
toan khong can thiét va dé lam cac thi sinh lac huéng.

Bai 3 (s6 hoc) thuc chat bai nay c6 thé stt dung mot sé tinh
chat ctia ly thuyét s6 thuong dung cho mat ma nhu khai niém:
multiplicative order (hodac modulo order) ctia mét s6 nguyén va
dinh ly Trung Hoa vé cac s6 du. Pay la bai toan "han lam" nhat
trong ca 6 bai, tit hinh thic cho dén noi dung. Bat dau bang
viéc xay dung ly thuyét t(m) va moét so két qué trong truong hgp
cu thé. C6 1é phai doc t(m) la To-Md, vi mot s6 thi sinh chac sé
choang véi cach dinh nghia nay. Mot bai toan dua vao tuong doéi
tdao bao, vi van dé dau tién sé la viéc hi€u va tiép can bai toan
trong mot thoi gian ngan.

Sau khi da tiép can dudc bai toan va cam giac dugc bai toan cé
lién quan dén dinh ly Trung Hoa va phuong trinh Frobenius thi
d6 1a dau hiéu bao trude su kho khan ctia bai toan.

Bai toan nay lién quan dén nhiung van dé rat thoi su trong ly
thuyét mat ma. Theo chung t6i day 1a mot hudng di giong nhu
thong 1é chung ctia IMO la chon cac bai thi tit nhung nghién
ctiu con dang nong hai.

Nhu vay ngoai kién thic vé s6 hoc thi mudn lam duge bai s6 3,
thi sinh can phai lam rat nhanh 2 bai s6 1 va s6 2. Vi vay c6
1€ chi vai em dang "ddac biét" méi biét lam dugc bai nay. Theo
chung t6i, sd6 hoc sinh lam tron ven bai sd6 3 chac c6 thé chi
dém dugc trén mot ban tay. Hy vong day la bai thuc su tét cho
vai tro phan loai.

2.2. Vé ngay thi thi hai

Bai 4 (t6 hop) lai 1a 1 bai rat giéng bai t6 hgp & ki thi VMO
2015 va c¢6 1€ ca 2 bai la cia cung 1 tac gia. Tuy nhién day la
bai toan dé hon, va néu cac em da nghién ctru ki 16i gidi 6 Ki thi
VMO-2015 thi cac em sé khong gap khé khan gi. Toi cho rang
day la 1 bai ma nhd né phan 16n cac em sé ra vé véi s6 diém
duong.

Bai 5 (hinh hoc) 1a bai hinh hoc rat phiec tap ké tir khau dung
hinh. Bai toan nay doi hoi kha nang vé hinh chinh xac va gon
gang trong thoi gian ngan. Chung t6i cho rang bai toan nay co6
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nhiéu su lap ghép trong dé va khong thuc su dep mat. Ban
giam khdo sé rat dau dau dé€ cham cac 16i giai ctia bai nay.
Ngoai ra, viéc d€ 2 bai hinh thuan tuy lai rat gibng nhau (tam
giac noi tiép trong duong tron) la rat phi pham cho quy ra dé.
Chung t6i cho rang c6 thé thay bai 4 va bai 5 bang 1 bai t6 hop
dang khac hoac mot bai hinh hoc trén da giac hoac hinh hoc to
hgp (dang thuc su la trao luu thé gigi).

Bai 6 (dai s6) Day c6 1é 1a bai hay nhat trong ky thi nam nay vi
nhiéu ly do. N6 vira c6 vé dep tu nhién ai ciing hiéu va ai cing
hy vong tim dugc via khi nao d6 dé giai quyét nhung né cing du
buédng binh d€ lam that vong nhiing thi sinh muén danh nhanh
diét gon! Mot bai toan di khé nhung lai khong qua khoé va két
cuc c6 thé 1a sé it ngudsi dat dudc s6 di€ém tbi da. Néu thi sinh
kién nhan va khong "s¢" xét nhiéu trudng hop thi sé co thé giai
quyét tot bai toan nay.

Bén canh d6, bai toan nay c6 thé sé tim dudc nhiéu cach tiép
can va lam bai giang boi dudng cho cac hoc sinh thé hé sau.
Chung toi hy vong sé tim ra cac 16i giai dep va ngan gon cho bai
toan nay.

Nhin chung, dé thi nam nay théa man dugc yéu cau dat ra cé
nghia 12 ddm bao d€ chon dudc 6 em xuat sic nhat dai dién
cho hoc sinh ca nuéc di tham du ki thi IMO tai Thai lan vao
thang 7 nam nay. Tuy nhién chung to6i van cam thay rang trong
dé thi van c6 ché dé thém cac bai toan vé cac linh vuc khac ctia
Toan hoc nhu thuat toan, téi uu, ly thuyét tro choi, ... nham
gop phan trong cong viéc lua chon cac hoc sinh uu tu dai dién
di tham du ky thi IMO. Theo kinh nghiém ctia chung toi, su lua
chon céc bai thi HSG quéc gia va chon doi tuyén TST khong chi
c6 y nghia tirc thoi 1a chon hoc sinh giéi ma con dinh huéng dé
cac thay co6 va cac em hoc sinh c6 dude cac chu dé va lén ké
hoach rén luyén trong cac nam tiép theo.

Chung t6i cho rang bai thi TST nay kho hon IMO. Néu chon tat
ca cac em dat trén 20 diém trong ky thi TST nay di thi IMO thi
chic cac em déu dat gidi. Rat tiéc chi dugc chon 6 em, nén néu
chi lam dugc 3 bai trong ky thi nay thi c6 1é chua da dé dudc
chon vao doi tuyén Quéc Gia. Du doan ctia chuing toi 1a méc
diém dé dugc chon vao doi tuyén Quéc gia sé vao khoang tir 23
dén 27, c6 nghia 1a néu em nao lam dugc tron ven 4 bai thi sé
c6 nhiéu hy vong dugc chon.
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3. Goi y giai
Bai 1.
a) Chung minh rang da thuc
CnX™ 4 Cnog x4 2015,

chia hét cho da thuc x* + x-5.
b) Dau tién ta hay nhan xét rang néu c, cy, ..., ¢, 1a bo théa
man diéu kién

Co+ c1ax + coo® + - + cna™ = 2015,

va cg+c¢1+ - -+ cn nho nhat thi sé ¢o 0 < ¢; < 4. Tir do, khai thac
dang thic sau day:

CrXM - Cno XV 02015 = (X2 +x5) (An_oX™ 24+ -+ ax+ap).
Bai 2.

a) Chi can chung minh B,C,H, N cung thudéc mét dusng tron.
D€ thuc hién diéu nay, ta c6 thé goi F la giao diém cta trung

tuyén AM véi duong tron (O) va N, F d6i xing nhau qua trung
truc cua BC.

b. Goi (S) la duong tron di qua A, tiép xuc v6i AK va di qua N.
Ta chung minh DP, DQ la céac tiép tuyén ctia duong tron (S), tix
d6 suy ra AJ, AH dang giac trong tam giac ABC hay AJ di qua O
c6 dinh.

Bai 3.
a) Co6 thé giai dé dang néu nhan xét rang s6 du khi chia
Sen) =1%+2%+ ... 4 nk

theo 20 1a tuan hoan.

b) Dua vao két qua cau a) ta du doan k = 4 1a s6 nguyén duong
nhé nhat théa man yéu cau bai toan. D€ chiing minh k = 4 théa
man tinh chat T(2015), ta s& dung dinh ly phan du Trung Hoa
dé quy vé cac modulo lay thira nguyén té 1a 3, 2n va 5n.

Sau d6 dung y tuéng nang lay thira dé giai quyét.
Bai 4.
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Y tudng chung ctia ca hai cau la dung thuat toan, va la thuat
toan an tham dua vao nguyén ly Dirichlet. V6i y b) chu y con s6
25 khong quan trong.

Bai 5.
a) Chiing minh AP, AQ lién hgp ding gidc trong goc BAC va A, X

lien hgp dang giac trong tam giac EQF dé c6 X, Q, A thang hang.
Tir d6 suy ra T, Q lién hgp dang gidc trong tam gidc AEF.

b) Chirng minh tit giac DEPF ngoai ti€p duong tron tam T. Goi Y
la tam duong tron ngoai tiép tam giac DMN thi D, Y, 1, ] noi tiép
nén YH la duong kinh ctia duong tron (DIJ) nén YH di qua K.

Bai 6.
Ta chung minh n = 5 bang cach 1an lugt ching minh hai két
qua sau:

(a) Khong ton tai 4 s6 thuc théa man diéu kién dé bai.

(b) Chi ra 5 s6 thuc théa man diéu kién dé bai.
Trong ching minh y (a), ta dung phan ching xét cac truong hop
khac nhau vé diu ctia 4 so, trong dé khé nhat la truong hgp 2
s6 duong, 2 s6 am. C6 thé dung dai sé hoac dung giai tich, dua
vao s6 nghiém ctia phuong trinh

QX £ bX — X — d* =0,
trong d6 a, b, ¢, d 1a cac s6 duong.
Trong y (b), ta di tim bo s6 théoa man diéu kién duéi dang
a=2x,b=c=1,d=e=—(x+1).
Khi d6 thi a+b+c+ d+ e =0. Ta chon x sao cho
A+ +ct+d*+ e <0,

va
A +b4+cP+ad>+e®>0.

Cubi cung, ta diéu chinh d, e @€ a+b+c+d+e > 0, ma hai diéu
kién kia van théa man.
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LGOI GIAI VA BINH LUAN
HAI BAI HINH THI
CHON POI TUYEN VIET NAM 2015

Tran Quang Hung (THPT Chuyén KHTN, PHQG Ha Noi)

Toém tat
Trong ky thi chon doi tuyén Viét Nam nam 2015, c6 hai
bai toan hinh hoc phing khé va ciing kha thu vi. Duéi
day, chung toi sé trinh bay 16i gidi chi tiét, phan tich cac
van dé lién quan cung cac mé rong cuia chung.

1. Bai hinh ngay tha nhat
Bai toan thir nhat c6 noi dung nhu sau

Bai toan 1. Cho dudng tron (O) c6 day BC ¢6 dinh va khong
phai la dudng kinh. Xét diém A di chuyén trén cung 16n BC sao
cho tam giac ABC nhon va AB < AC. Goi [, H lan lugt 1a trung
diém canh BC va truc tam tam giac ABC. Tia IH cat lai duong
tron (O) tai K, dudng thing AH cit dudng thiang BC tai D va
duong thing KD cat lai dusng tron (O) tai M. Tir diém M, ké
dudng thang vuong goéc véi dudng thang BC cat Al tai diém N.

a) Chung minh rang diém N luén thuéc mot dusng tron cb
dinh khi A thay dai.

b) Buong tron tiép xuc véi AK & A va di qua N cat AB,AC lan
luot tai P, Q. Goi ] 1a trung diém ctia PQ. Chitng minh rang
duong thing AJ luon di qua mot diém cé dinh.

Nhan xét. Day bai toan hay dua trén mot cau hinh kha quen

thuoc vé diém Miquel. Tuy vay c6 thé thay rang hai y ctia bai
toan hau nhu khong lién quan téi nhau vi thuc chat y b) chi
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can duong tron bat ky qua A tiép xuc AK la bai toan dung, mat
khac diém c6 dinh lai chinh la O xuat hién ngay trong dé bai
nén giam nhiéu thu vi ctia bai toan.

Do do6, chung toi sé tach riéng hai y ctia bai toan roi giai va
phan tich. Ta bat diu tit bai toan sau:

Bai toan 2. Cho tam giac ABC nhon noi tiép duong tron (O).
AD la duong cao va H la truc tam tam giac ABC. M la trung
diém BC. buong tron duong kinh AH cat (O) tai G khac A. GD
cat (0O) tai K khac A. Puong thang qua K vuéng géc BC cat
AM tai L. Chitng minh riang bén diém B, C, L, H cung thudc mot
duong tron.

K

Pau tién la i gidi cua tac gia bai viét:

Loi giai 1. Do G nam trén dudng tron dudng kinh AH nén goi
GH cat (O) tai E khac G thi AE la dudng kinh ctia (O). Tir do, dé
thay ta giac HBEC 1a hinh binh hanh nén HE di qua M. Goi KM
cat (O) tai F khac K. Chu y ti giac AGDM noi tiép nén

ZAMB = 180° — ZAGD = ZAFM

Ta c6, BC tiép xuc duong tron ngoai tiép tam giac AFM. Do do,
OM L BC L SM véi S la tam ngoai tiép tam giac SFM do do S
thuoc OM.
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Mat khac, dé dang c6 duge SO | AF nén suy ra AF || BC.

T do, ta cung c6 tam giac MAF can nén
/ZLMB = ZMAF = ZMFA = ZBMK.

Tam giac KLM can nén K,L déi xing qua BC. Chu y d6i xung
cia H qua BC thudc (O) nén H,L,B,C thudoc dusng tron doi
xung véi (O) qua BC.

Ta c6 diéu phai chung minh. O

Tiép theo la Wi gidi ctia tac gia Nguyén Chuong Chi tham khdo &
12]:

Loi giai 2. Do G nam trén dudng tron dudng kinh AH nén goi
GH cat (O) tai E khac G thi AE la dudng kinh ctia (O). Tir do, dé
thay ta giac HBEC la hinh binh hanh nén HE di qua M.

Goi AM cat (O) tai N khac A. Tu ta giac AGDM va AGKN noi
tiép suy ra
/GDM = 180° — ZAGD = ZGKN

suy ra KN || BC. Do d6, tua giac BCNK 1a mét hinh thang can ma
M la trung di€ém BC nén theo tinh déi xtiing MK = MN.
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Dé thay tam giac LKN vuong tai K nén suy ra M 1a trung diém
LN hay L d6i xting K qua BC. Chu y diém déi xiing ctia H qua BC
cung thuoc (O) nén H,L,B, C cung thudc dudng tron doi xung
v6i (O) qua BC.

Ta c6 diéu phai chung minh. O

Nhéan xét. Bai toan nay hién nhién bao ham cau a) bai toan 1.
Chu y rang c6 mot sb tinh chat hé qua nhu diém L ctng thudc
duong tron dudng kinh AH va AK la duong déi trung ctia tam
giac ABC. Thuc chat cac tinh chat d6 déu la cac moé hinh kha
quen thudc. Sau day chung t6i xin dua ra hai mé rong khac
nhau cho bai toan nay:

Bai toan 3. Cho tam giac ABC ngi tiép duong tron (O). Di€ém P
thuoc cung BC khong chita A. Q déi xting P qua BC. QB, QC cat
CA,AB tai E,F. Puong tron ngoai tiép tam giac AEF cat (O) tai
G khac A. AP cat BC tai D. GD cat (O) tai K khac G. M 1a trung
diém ctia BC. Pudng thang qua K vuong géc BC cat AM tai L.
a) Chung minh rang B, C,L, Q cung thudc mot dusng tron.

b) Chiing minh rang L nam trén duong tron ngoai tiép tam giac
AEF.




Loi giai. Goi GQ cat (O) tai R khac G. Ta thdy ZCQR = ZGQF =
/GAB = ZGRB. Tit d6 CQ || BR. Tuong tu BQ || CR. Vay tu gidc
BRCQ la hinh binh hanh hay QR di qua M. Tir d6 cang dé thay
PR || BC. Ta ¢6 ZEBD = /BCR = /CBP = /DAC. Suy ra tu
giac ABDE noi tiép. Suy ra /BDA = /BEA = 180° — AGQ hay
/ADM = 180° — /BDA = ZAGQ. Tt d6 ti gidc AGDM noi tiép.
Goi KM cat (O) tai N khac K. Vi tit gidc AGDM ndi tiép nén
/AMB = 180° — ZAGD = ZANM. Tix d6 BC tiép xuc dudng tron
ngoai tiép tam giac ANM. Vay OM | BC | SM véi S la tam ngoai
tiép tam giac SNM do d6 S thudoc OM. Mat khac dé ¢6 SO L. AN
nén suy ra AN || BC. Nhu vay, ta cing c6 tam giac MAF can suy
ra /LMB = ZMAF = ZMFA = ZBMK. Tu do tam giac KLM can
nén K, L déi xang qua BC. Vay B,C,L,Q déu thudoc dudng tron
d6i xuang véi (O) qua B, C.

b) Goi AM cat (O) tai P khac A. Tt tir gidc AGDM nai tiép
ta ¢c6 ZAMD = 180° — ZAGD = ZAPK suy ra PK | DM vay
/CAK = /ZBAM. Tu do6 ZLQC = ZLBC = ZKBC = /BCR =
/CAK = ZBAM. Vay tit gidc AFQL noi tiép hay L nam trén duong
tron ngoai tiép tam giac AEF. O

Nhan xeét. Bai toan nay khi AP L BC thi Q la truc tam ta thu
dugc bai toan 2. Chu y rang ta hoan toan c6 mot sé yéu tbé co
dinh khi P thay ddi do chinh la cac diém K va L. Tit d6 ta c6 thé
dé xuat bai toan sau c6 y nghia hon.

Bai toan 4. Cho tam giac ABC ngi tiép duong tron (O). Di€ém P
thuoc cung BC khong chita A. Q déi xting P qua BC. QB, QC cat
CA,AB tai E,F.

a) Chiing minh rang dudng tron ngoai tiép tam giac AEF luon di
qua mot diém cé dinh khac A khi P thay déi.

b) Chitng minh rang tam duong tron Euler cia tam giac AEF
ludén thuoc mot dusng thang cé dinh khi P thay déi.

Ta tiép tuc di t6i mot mé rong khac cho bai toan 2:

Bai toan 5. Cho tam giac ABC noi tiép duong tron (O). Mot
duong tron (K) di qua B, C cat CA,AB tai E,F khac B, C. BE cat
CF tai H. Pudng tron ngoai tiép tam giac AEF cat (O) tai G khac
A. AH cat BC tai D. GD cat (O) tai N khac G. Goi M la trung
diém BC. Chiing minh rang dusng thang qua N song song AD
va AM cat nhau trén dudng tron ngoai ti€ép tam giac AEF.
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Ldi giai. Theo tinh chat truc dang phuong dé thay AG,EF,BC
dong quy tai P. Goi MN cat (O) tai R khac M ta c6 (BC,DP) =
—1 suy ra G(BC,DP) = —1 chiéu lén duong tron (O) suy ra
(BC,AN) = —1 suy ra chum R(BC,AN) = —1 nhung do RN di qua
trung diém BC suy ra RA || BC. Tir d6 Z/RAE = ZACB = ZATE
suy ra AR tiép xuc dudng tron ngoai ti€p tam giac AEF. Vay néu
goi AM cat duong tron ngoai tiép tam giac AEF tai L suy ra
Z/GNM = 180° — ZGAR = ZGLA. Suy ra tir giac GLMN noi tiép.
Mat khac v6i chuy (BC,DP) = —1 ta c6 PG.PA = PB.PC = PD.PM
suy ra ta giac GAMD noi tiép. Tit d6 Z/GDA = Z/GMA = ZGNL
suy ra NL || AD vay ta cé diéu phai chiing minh. O

Nhan xét. Néu (K) la duong tron duong kinh BC thi ta thu dugc
bai toan 2. Tir tinh chat hang diéu hoa trén dusng tron ta cang
chung minh dugc AN la duong d6i trung ctia tam giac ABC. V6i
cac y tudng tir hai 16i gidi trén, chung ta tiép tuc véi mot méd
rong khac nhu sau

Bai toan 6. Cho tam giac ABC noi tiép duong tron (O) va D
thuoc doan BC. AD cat (O) tai P khac A. Q thudc (O) sao cho
PQ || BC va R thudc (O) sao cho QR || AP. Mot dudng tron qua
A, R va tiép xuc v6i doan BC tai M. QM cat (O) tai G khac Q va
cat AD tai H. GD cat (O) tai K khac G. Chiing minh rang AM
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va dudng thang qua K song song AD cit nhau trén dusng tron
ngoai tiép AGH.

Tuy rang la mot bai toan téng quat nhung thuc ra bai toan cé
16i gidi don gian vi hau nhu khong phai dung thém hinh phu, y
tudng tong quat xuat phat tir 16i giai 1 cia bai toan 2:

Loi giai. Tu PQ || BC va cac goc noi tiép bang nhau
LAGM = LZAPQ = ZADM

suy ra tit giac AGDM ndi tiép. T d6, chu y dudng tron ngoai
tiép tam giac ARM tiép xuc BC nén

LZARM = ZAMD = 180° — ZAGD = ZARK
Do do6, RM di qua K. Tix AP || QR, ta c6
/ZRAH = ZAPQ = ZAGH

suy ra AR la tiép tuyén ctia dudng tron ngoai tiép tam giac AGH.
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Gia st dudng tron ngoai tiép tam giac AGH cat AM tai L thi
/GKR =180 — ZGAR = ZGLA

nén suy ra ti giac GLMK noi tiép. Tir d6 Z/GDA = ZGMA =
ZGKL hay KL || AD.

Ta c6 diéu phai chung minh. O

Ta quay lai y b) ctia bai toan 1. Ta tach né thanh bai toan sau:

Bai toan 7. Cho tam giac ABC noi tiép duong tron (O) va truc
tam H. Duong tron dusng kinh AH cat (O) tai G khac A. Mot
duong tron tiép xuc AG tai A cat CA,AB lan lugt tai E,F khac
A. Chung minh rang AO chia d6i EF.

Loi giai. Goi GH cat (O) tai D khac A thi AD la duong kinh
cuaa (O). Tix d6 tir giac HBDC la hinh binh hanh nén HD di qua
trung diém M ctia BC.

Goi AD cat duong tron ngoai tiép tam giac AEF tai P khac A va
AP cat EF tai N. Ta dé thay

/FPN = /FAE = ZGAB = ZBDM
va
/PFE = /PAE = ZDBM

Tit d6 tam giac DBM va PFM dong dang. Tuong tu tam giac
DCM va PEN dong dang.

Ma M la trung diém BC dé suy ra N la trung diém EF. O
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Nhian xét. Viéc chi ra bon diém thang hang G, H, M, D déng vai
tro quan trong trong 1Gi giai nay. Mot cach dung ky thuat goc va
dong dang hoan toan tuong tu ta c6 cac bai toan nhu sau cac
ban hay lam nhu cac bai luyén tap:

Bai toan 8. Cho tam giac ABC ndi tiép duong tron (O). Diém
P thudoc BC khong chita A. Q dbi xang P qua BC. QB,QC cat
CA,AB tai E,F. Puong tron ngoai tiép tam giac AEF cat (O) tai
G khac A. Mot duong tron tiép xtuic AG tai A cat CA, AB lan lugt
tai M,N. R thudc (O) sao cho PR | BC. Chung minh rang AR
chia doi MN.

Bai toan 9. Cho tam giac ABC véi G thudc (O). Mot dudng tron
tiép xac AG tai A cat CA, AB lan lugt tai E,F khac A. D thuoc
BC. GD cat (O) tai L khac G. AL cat EF tai K. Chung minh rang
trung diém ctia BF, CE va DK thing hang.

Bai toan 10. (Dé chau A Thai Binh Duong 2012) Cho tam giac

ABC nhon. Goi D la chan duong cao ké tir A dén BC, M la trung

diém ctia BC va H la truc tam tam giac ABC. Gia st E la giao

diém ctia duong tron I' ngoai tiép tam giac ABC véi tia MH. Goi F

la giao diém ctia dudng thang ED va dudng tron I'. Chiing minh
. BF AB

Tang GF T Ac
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2. Bai hinh ngay thu hai

Ciing trong dé chon doi tuyén Viét Nam ngay thit 2, ¢é bai hinh
hoc nhu sau:

Bai toan 11. Cho tam giac ABC nhon khong can va c6 diém P
nam trong tam giac sao cho ZAPB = ZAPC = o > 180° — /BAC.
buong tron ngoai tiép tam giac APB cat AC & E khac A. BDuong
tron ngoai tiép tam giac APC cat AB & F khac A. Goi Q la diém
nam trong tam giac AEF sao cho ZAQE = ZAQF = «. Goi D la
diém déi xiing v6i Q qua EF, phan giac goc ZEDF cat AP tai T.

a) Chung minh rang /DET = ZABC, ZDFT = ZACB.

b) Budng thang PA cit cac duong thang DE DF lan luct tai
M, N. Goi I,] lan lugt 1a tam duong tron noi tiép cac tam giac
PEM, PFN va K la tam dudng tron ngoai tiép tam giac DIJ. Puong
thang DT cat (K) tai H. Chitng minh ring duong thing HK di
qua tam duong tron nai ti€p ctia tam giac DMN.

Nhan xét. Day la bai toan hay. Cau a) dung ggi y hudéng giai cho
cau b). Néu dé y ky thuc chat bai toan nay la su ghép ndi ctia
hai bai toan khac. Sau day chung toi xin gidi thiéu lai v6i cac
ban ca hai bai toan dé cung véi nguon goc ctia no.

Trudc hét ta nhac lai hai bai toan quan trong vé tir giac ngoai
tiép.

Bai toan 12. Cho tu giac ABCD.

a) Tt giac ABCD ngoai tiép khi va chi khi AB + CD = AD + BC.
Tt giac ABCD goi 1a ngoai tiép tuc l1a ton tai duong tron (1) tiép
xuc cac canh AB,BC, CD, DA.

b) T\t giac ABCD bang tiép goc A, C khi va chi khi AB+AD = CB+
CD. Ta giac ABCD goi 1a bang tiép tuc la ton tai mot dudng tron
(I) chtta trong goc A hodc C tiép xtuc véi cac canh AB,BC, CD, DA
kéo dai.

Bai toan trén la két qua co ban c6 trong nhiéu tai lieu. D€ chiing
minh, ta chi can dung cac tam giac can va chi ra cac phan giac

cua cac goc dong quy, chi tiét 16i gidi xin danh cho ban doc.

106



Chung ta bat dau tic bai toan dau tién tham khdo [3] la dé chon
doi tuyén Indonesia nam 2007:

Bai toan 13. Cho tu giac ABCD noi tiép dudng tron (O). Hai
duong chéo AC va BD cat nhau tai S. Pudng tron ngoai tiép
tam giac SAD,SBC cat tai tai T khac S. Dung ra ngoai ti giac
tam giac ABR dong dang véi DCT. Ching minh rang ta giac
ATBR la ta giac ngoai tiép.

bay la bai toan hay c6 rat nhiéu cach tiép can khac nhau. Tuy
vay chung t6i chon 16i gidi sau gan nhu la ngan gon nhat va
cuang chinh la st dung huéng di trong bai toan 11.
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Loi giai. Goi K déi xing R qua BC. Ta thay

LKAS = ZBAS — ZBAK = 4ZBDC — ZRAB
=/BDC — ZTDC = 4ZSDT = ZSAT.

T do, AS la phan giac ZKAT. Tuong tu, BS la phan giac ZKBT.
Dé thay TS la phan giac ZATB.

Tir d6, duong tron (S) tiép xac véi KA, KB, TA,TB suy ra AK —
AT = BK — BT. Theo tinh déi xtng, suy ra AR — AT = BR— BT hay
AR + BT = BR + AT suy ra ta giac ARBT ngoai tiép.

Ta c6 diéu phai chung minh. O

Nhan xeét. Trong [3] cing c6 mot 16i giai khac va ngoai ra bai
toan cung c6 thé gidi bang phép nghich dao hoac tinh chat
phuong tich. Ta dé chiing minh dugc tam noi tiép ta giac ATBR
la ding gidc ctia K trong tam giac SAB d6 chinh 14 noi dung bai
toan 11 phan a). D€ tiép tuc chung toi xin nhéic lai va ching
minh bai toan G8 trong IMO Shortlist 2009 trong [4] nhu sau:

Bai toan 14. Cho ta giac ABCD ngoai tiép duong tron (I). Mot
duong thang di qua A cat doan thang BC va cat tia déi tia CD
tai N. Goi J,K,L la tam noi tiép tam giac CNM, MAB va NAD.
Chung minh rang truc tam tam giac JKL nam trén MN.

bay la mot két qua dep, bao ham trong dé nhiéu y tuéng. Chang
toi xin giGi thiéu 16i giai s&t dung bai toan 12 nhu sau:
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Loi giai. Goi tiép tuyén ctia duong tron (L) noi tiép tam giac
NAD cat AM, AB tai P, Q. Nhu vay ti giac APCD noi tiép.
Két hgp ABCD noi tiép suy ra

PA - PC=DA —-DC =BA - BC.
Tir d6 ta giac APCB bang tiép hay tir giac BQPM ngoai ti€p vay
CP tiép xuc (K).
Tu do
9/LCK = Z/BCD = ZCMN + ZCNM = 2/JMN +2/JNM = 2/M]JL.
Tir d6, tit giac CJKL noi tiép. Theo dinh 1y dudng thang Steiner

thi duong thang néi déi xiing ctia C qua JK,JL di qua truc tam
tam giac JKL.

Chu y theo tinh chat phan giac thi duong thang dé chinh la
MN. Vay MN di qua truc tam tam giac JKL.

Ta c6 diéu phai chung minh. O

Nhan xét. Bai toan nay c6 két cau chat ché va y tuéng hay. Chua
y diéu kién N thuoc tia déi tia CD can thiét d€ bai toan dung.
b€ y rang CI L CJ nén néu CI cat dudng tron (X) ngoai tiép tu
giac CJKL tai Y thi JY la duong kinh ctia (X).

Phan nhan xét nay chinh la két qua cau b) bai toan 11. Néu dé
y ky thi mo hinh bai toan IMO shortlist nay cing da xuat hién
mot lan trong dé thi VMO nam 2011 xem [5]
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Tré lai bai toan 11, ta chu y rang do diéu kién chat ché ctia bai
toan Shortlist nén ta can b6 sung thém diéu kién cho bai toan
11 1a M, N phai luén cting phia véi P trén dudng thiang AP. Ti
do6 chu y tir giac BCEF noi tiép. Bai toan chi la su két hgp mot
cach co hoc ctia bai toan 13 va bai toan 14.

Chu y rang ta hoan toan cé thé thay thé AP thanh mot duong
thang bat kij di qua P. Va khi dé, ta cé thé phat biéu lai bai toan
nay dep hon nhu sau:

Bai toan 15. Cho tam giac ABC va c6 diém P nam trong tam
giac sao cho ZAPB = ZAPC = «. budng tron ngoai tiép tam giac
PAB,PAC lan lugt cit CA,AB tai E,E khac A. Diém Q la diém
nam trong tam giac AEF sao cho ZAQE = ZAQF = «. Goi D la
diém déi xing véi Q qua EF.

Mot dudng thang di qua P cat cac dusng thang DE, DF lan luot
tai M, N sao cho M, N cung phia véi P. Goi I,] lan lugt 1a tam
dudng tron noi tiép cac tam giac PEM, PFN va K la tam duong
tron ngoai tiép tam giac DIJ. Phan giac ZEDF cat (K) tai H.

Chung minh ring dusng thang HK di qua tam duong tron noi
tiép ctia tam giac DMN.

Nhan xét. Do bai toan chi la mot cach két hop co hoc hai bai
toan trén nén mot khi giai va phan tich ro hai bai toan trén thi
bai toan két hop khong con mang nhiéu y nghia. Tuy vay viéc
st dung ca hai bai toan 16n trong cung moét bai toan lam do kho
cua bai toan thi tang nhiéu lan va chinh vi vay né dugc danh
gia cao va phan loai tét hoc sinh.

Tac gid Nguyén Van Linh phat hién rang bai toan G8 trong IMO
Shortlist 2009 c6 mot mé rong da co trén dién dan AoPS trudce
do xem [6,7]. Cang rat thu vi la tac gid Tran Quang Hung cung
dé nghi doc 1ap mot van dé tuong tu trong cudc thi ky niém 45
tap chi Toan hoc va Tuéi tré, xem [8] va 16i giai ctia tac gia dugc
dang trong [9].

Bai todn cé phat biéu nhu sau:

Bai toan 16. Cho tu giac ABCD ngoai tiép va diém P nam trong
tu giac sao cho cac dudng thang AP, DP tuong ting cit doan BC
tai S,R theo thu tu. Ching minh rang tam duong tron noi tiép
cua cac tam giac ABS,DCR,PAD, PSR cung thudéc mot dusng
tron.
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Loi giai. Goi (1), (1), (I3), (I;) theo thi tu 1la dudng tron noi tiép
clia cac tam giac ABS, DCR, PAD, PSR. Goi X,Y la tiép diém ctia
tiép tuyén chung khac BC cta (I;),(Iy) v6i (1), (I). Goi M, N la
giao ctia XY véi PA,PD. Goi Z,K,U la tiép diém cna (I;) véi
AS,AB,SB.
Goi T,L,V la tiép diém cuia (I,) véi DR, DC, RC. D€ thay
(1)BU = BK, CV = CL,
(2)XY = UV,AZ = AK,DT = DL,
(3) MX = MZ,NY = NT
Ta c6 cac bién ddi tuong duong sau ctia canh: Tt giac ABCD
ngoai tiép khi va chi khi
CB+AD=AB+CD
< BU+UV+VC+AD =AK+KB+DL+LC
< UV + AD = AK + DL, theo (1)
< XY+ AD = AZ + DT, theo (2)
< XM+ MN+NY+AD =AM + MZ+ DN + NT
< MN + AD = AM + DN, theo (3)
Tit d6 suy ra AMND ngoai tiép va dusng tron noi tiép AMDN
chinh la (I3). Do do,

1 1
LMIgN == 1800 - LAIgD == 1800 - (90O - §LAPD) = 90O - §LAPD
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nén ]
4111312 = 1800 - (900 - §LSPR) - 1800 - 4111412.

Vay I,1,131, noi tiép, ta cé diéu phai chiing minh. O
Chung ta tiép tuc véi mét md rong thii vi sau cho bai toan 13.
Bai toan 17. Cho tu giac ABCD noi tiép duong tron (O). Cac
diém E,F thuoc canh CB,AD sao cho EF | AB. DE cat CF tai
S. buong tron ngoai tiép tam giac ASD va BSC cat nhau tai T
khac S. Dung diém R & ngoai ta giac ABCD sao cho ZRAB =

/ASF+ /TDC va /RBA = /BSE + ZTCD. Chuang minh rang ta
giac ATBR ngoai tiép.

Loi giai. Ta dé thay tir giac CDFE noi tiép nén
/STA = ZSDF = ZSCE = ZSTB.
Tix do, TS la phan giac ZATB. Ta lai co

ZQAS = ZSAB — ZQAB = ZDAB — ZDAS — ZRAB
= /DFE — (£LDFS — ZFSA) — (LASF+ £TDC)
= /SFE - ZTDC = 4SDC — ZTDC = 4ZSDT = ZSAT.
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Do do6, AS la phan giac ZQAT. Tuong tu, ta cuing co BS la
phan giac ZQBT. Tit d6, suy ra duong tron (S) tiép xuac véi
QA,QB, TA,TB hay AQ — AT =BQ — BT.

Theo tinh déi xing suy ra AR — AT = BR — BT hay AR + BT =
BR + AT, ta suy ra tu giac ARBT ngoai tiép.

Ta c6 diéu phai chung minh. O

Nhan xét. Viéc phat bi€u bai toan dung goéc hinh hoc trong
nhiéu truong hgp chua that chinh xac xong phan nao giup cho
bai toan nhin dep hon, viéc phat biéu mot cach chat ché bang
khai niém goéc c6 huéng cac ban c6 thé tu tim hiéu thém. Khi
EF trung AB ta thu dugc bai toan 13. Néu viéc két hgp bai toan
13 va bai toan 14 cho ta bai toan TST thi viéc két hgp bai toan
17 va bai toan 14 sé cho ta mot mé rong ctia bai toan da dung
trong ky thi TST, nhung r6 rang viéc két hgp mot cach co hoc
nhu cac ban da thay né cung khong con mang nhiéu y nghia
nua.

Tuy vay, dé thu vi hon chung t6i xin dua ra mot y tuéng nhu
sau tir dé bai toan 11. Nhing di€ém P nam trong tam giac ABC
sao cho ZAPB = ZAPC thi cac di€ém P doé c6 gi dac biét hay noi
cach khac, quy tich P la gi. Bai toan sau sé giai dap thac mac
do, chung ta sé khong cb gang tim quy tich P ma sé tim quy tich
diém dang giac ctia P. P6 1a mot quy tich dep va ching minh
don gian, cac ban hay lam nhu mot bai luyén tap:

Bai toan 18. Cho tam giac ABC c6 dudng tron Apollonius ung

v6i A 1a (K). P 1a mot diém thuoc (K). Q dang giac véi P trong
tam giac ABC. Chung minh rang Z/AQB = ZAQC.

Tai liéu tham khao
[1] Dé thi chon doi tuyén Viét Nam thi IMO nam 2015
[2] Facebook Bai toan hay - Loi giai dep ) .
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DEP - bPAM ME TOAN HOC
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CAC VAN BE
CO DIEN VA HIEN DAI

Tran Nam Dung
Dai hoc KHTN, TP. H6 Chi Minh

Chuyén muc nay danh cho cac van dé c6 dién va hién dai dugc
trinh bay duéi dang cac bai toan xau chubi. D6 c6 thé la chubi
cac bai dé giai bai toan dang chu, ching minh dang thic Euler
1 1 2 -
Ky higu 14 5 + 55+ = %, mot chudi bai toan van tri ... Cach
trinh bay xuat phat tir nhiing van dé don gian, dé hi€u, nhiung
khai niém méi sé dugc dinh nghia luén trong bai dé c6 thé doc
tuong déi doc lap. Va méi mot chudi bai sé néu ra nhiing van
dé nhat dinh, c6 thé l1a giai quyét mot bai toan kinh dién hay
néu ra nhing gia thuyét méi, nhiing van dé mdi.
Ban bién tap khuyén khich cac doc gia gui 16i gidi (toan phan
hodac titng phan) cho Ban bién tap. Cac 16i giai hay sé dugc chon
dang trong cac so6 tiép theo (N + 3). Thu dién t xin gii vé theo
dia chi trannamdung@yahoo.com, tiéu dé [Epsilon] [Loi giai].
Trong s6 nay chung téi chon ding chubi bai toan vé Bat dang
thirc Schapiro do A.Khabrov dé nghi cho Hoi nghi mua he ctia
Cudc thi toan gitta cac thanh pho, nam 2004 va bai toan vé mang
ludi xa 10 trich tir dé thi Olympic toan ctia Phap nam 2014.

Pé bai. Bén thanh phd Alencon, Bélancon, Célancon va Délancon
nam trén dinh ctia mét hinh vuéng cé canh 100 km. Bé giao théng
van tai muén nai lién cdac thanh phé véi nhau bang moét mang Wi
xa 16 ¢6 tong chiéu dai ngan nhdt cé thé.

1. Phan A

“Ta c6 thé xay xa 16 di tir Alencon dén Bélancon, sau dé dén
Célancon, cubi cting dén Délancon” - Tr¢ ly thit nhat noi.
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“Hay la, ta cé thé xay hai xa 16 chéo nhau: Mot tir Alencon dén
Célancon va xa 16 con lai tit Délancon dén Bélancon” - Trg ly thu
hai dé xuat.

“Va tai sao lai khong dung moét xa 16 dang nita dudng tron, dugc
bé sung béi hai doan xa 16 thdng ?” - Trg ly thit ba gop y kién.

Assistance n”1 ) i
Assistance n°2 D Assistance 3

1. Phuong an nao trong ba phuong an trén la ngan nhat ?

2. Mot nha toan hoc da dé xuat mot phuong an khac: “Ta
c6 thé néi Alencon va Délancon bdng mét tam gidc can (tam
giac AED trong hinh 4), sau dé Bélancon va Célancon bang
mot tam giac can dong dang (tam giac BFC) va néi hai dinh
E va F nhu ta thay trong hinh sau”: Néu EF = 20 km, mang
luéi théng xa 16 dugce thé hién trén hinh 4 c6 ngan hon cac
mang luéi ma cac trg ly da dé xuat trén day khong ?

A =
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2. Phan B

Trong phan nay, chung ta mudn ching minh rang mang luéi xa
10 ngan nhat thuc su 1a mo6 hinh clia nha toan hoc da dé xuat.
Do do6 ta sé tim chiéu dai ctia doan EF d€ dat dugc mang luéi
ngan nhat nay.

Nhic nhé hinh hoc: Néu A, B, C la ba dinh ctia mét tam giac thi
AB + BC > AC, dau bang xay ra khi va chi khi B thuéc doan AC.
Chung ta ciing biét rang, néu vé mét dudng cong bat ki gitta A
va B, chiéu dai ctia duong cong sé luén l6n hon hay bang chiéu
dai doan (duong thang la dudong ngan nhat).

Bai toan 1. Quay tré lai v6i mang luéi xa 16 ctia chung ta.
Khong mat tinh téng quat ta c6 thé gid s la mang luéi ctia
chung ta dudgc tao thanh b6 hai duong con ndi cac dinh doi
dién (mot néi A v6i C va mot ndi B véi D), va hai dusng cong
nay nam bén trong hinh vuéng canh 100 km nhu hinh vé duéi
day.

Xét mot mang luéi dudc tao béi hai duong cong nhu hinh 5. Ta
xét xa 10 gitta Alencon va Célancon, bat dau tir Alencon. Goi E,
la giao di€m dau tién ma xa 10 nay gip véi xa 160 néi Délancon
va Bélancon va F, la giao diém cudi cung (hai di€m nay c6 thé
trung nhau (hinh 5). Chitng minh rang tong chiéu dai ctia mang
lu6i nay 16n hon hay bang téng chiéu dai ctia mang luéi duéi
day, tao thanh béi cac doan thang (hinh 6).
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Bai toan 2. Xét cac duong thang Ag va Af, qua E, va F, tuong
ung va song song voi AD (xem hinh 7 dudi day).

(a) Xac dinh di€ém E trén Ag sao cho tong cac khoang cach
DE + EA la nho nhat. Ta goi F 1a diém tuong tu trén A sao
cho FB + FC nho nhat.
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(b) Chung minh rang EF < EgF,.

(c) Tix cac ly luan & trén suy ra rang mang luéi can tim bat
budc phai c6 dang sau, trong d6 E va F nam trén trung
truc doan AD (hinh 8).

Bai toan 3. Ta da cong nhan rang trong mang luéi téi uu can
tim, cac diém E va F phai nam trén trung truc ctia AB.

(a) Hay dua ra ly luan chuing t6é rang mang luéi téi uwu can tim
phéi doéi xiing qua trung truc ctia AB.

(b) Sau tat cad nhiing di€éu néi trén, mang ludi can tim sé phai
c6 dang nhu nha toan hoc da dé xuat (hinh 4). Ban c6 thé
giap xac dinh chiéu dai ctiia EF sao cho mang luéi xa 10
dang nay c6 téng chiéu dai ngan nhat c6 thé ?

(c) Khi d6 goc ZDEA bang bao nhiéu ?
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BAT DANG THUC SHAPIRO!

1. Bat dang thitc Shapiro

Thang 10/1954, trong Tap chi “American Mathematical Monthly”
xuat hién bai toan ctia nha toan hoc My Harold Shapiro: Véi cdc

s6 duong xi, Xs, ..., xn, hay chitng minh bat dang thitc
X X Xn_ X n
1 + 2 I n—1 n > — (1)
X2 + X3 X3+ X4 Xn +X1 X1+ Xeo 2

v6i dau bang xdy ra khi va chi khi tat ca cac mau sé bang nhau.

Trong tap chi “Monthly”, khac véGi cac tap chi khac, vi du nhu
Kvant hay Toan hoc va tuéi tré, cho phép dang ca cac bai toan
ma chua c6 ai giai dudce, va diéu nay khong duge bao truée cho
doc gia. Va lan nay cung vay. Tac gia bai toan khi giri bai chi cé
161 gidi cho n =3 va 4.

Trong cac bai toan dé nghi duéi day, thay vi doi hoi tinh duong
cua tat ca cac xy, ta chi yéu cau cac so x, la khong am va tat
ca cac mau sb khac 0. Néu nhu bat dang thiic dung cho cac s6
duong thi tir d6 c6 thé suy ra bat dang thic cho cac sé khong
am lam cho cac mau sé khac 0. bat:

X1 X2 Xn-1 Xn

f(X17X27"'7Xn): + + - .
X2—|—X3 X3+X4 Xn—|—X1 X1+ Xo

1. Chiing minh bat ding thic (1) chon =3, 4, 5, 6.

2. Ching minh ring bat dang thic (1) khéng dung:

a) cho n = 20;
b) cho n = 14;
c) cho n = 25.

ITrich dé toan tir Cuéc thi todn gitta cdac thanh phd, nam 2004. BPudc dé
nghi va giéi thiéu bdi A. Khabrov, 1. Bogdanov, V. Bugaenko, K. Kuiumdjan,
K. Kokhas, A. Skopenkov, G. Chelnokov.
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. Chiing minh bat dang thiic (1) dung cho cac day don diéu.

. Chiing minh ring néu bat dang thuc (1) khong dung véi
n = m thi no cung khong dung chon =m + 2.

. Chiing minh ring néu bat dang thuc (1) khéng dung véi
n = m, trong d6 m la s6 tu nhién 1€, thi né cang khong
dung v6i moi n 16n hon m.

. Chiing minh ring bat dang thirc (1) dung véi n = 8, 10, 12
van=71,9,11, 13, 15, 17, 19, 21, 23. Theo ménh dé 4, d€ thuc
hién diéu nay, ta chi can chung minh cho hai truong hgp
n=12van=23.

. Chung minh rang f(xi, X2, ..., Xn) + f(Xn, Xn_1, ..., X1) = M.

. Gid strrang tai di€m a,, ..., a, > 0, ham s6 f(x, X2, ..., Xn)
dat cuc tiéu dia phuong.

a) Néu n chan, ching minh rang f(a, as, ..., ax) =

o3

b) Chung minh ménh dé tuong tu cho n 1€. (%)
c¢) Sttdung a), b), chiing minh bat dang thic (1) chon =7
van =_8.

. Chiing minh bat dang thitc f(x;, X, ...xn) = cn cho cac gia
tri sau ctia hang so c:

a) c=;
b) c =+v2—-1;
c)c=2>

Khi cudc thi dién ra, cac thi sinh da giai quyét kha tét cac bai
toan dé nghi é muc 1, va Ban t6 chtc da quyét dinh bé sung hai
bai toan sau, thuc chat la ching minh mot két qua rat manh
ctia V. Drinfeld vé bat ding thiic Shapiro (két qua manh nhéat
cho cac danh gia dang 9).

a) V6i moi s6 nguyén duong n, ton tai s6 ¢, > 1, sao cho
v6i moi s6 thuc xi, xs, ..., X, thudc doan [an, qn] bat
dang thuc (1) dung.

b) *Ton tai hay khong s6 q > 1, sao cho v6i moi s6 nguyén
duong n va véi moi x; € [+, q] bat dang thire (1) dang?
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11. Goi S = f(xq, X, ..., xn) 12 Vé trai ctia bat dang thitc Shapiro.
Ky hiéu a;, as, ..., a, la cac sb6 2 2, 3 duge XEp
theo thu tu tang dan.

a) Chung minh rang

1 1 1

S > + +o
a(l+an)  axl+an_q) an(l+ ap)
b) bat:
1
S — Aenyi—x = 1
AxAn41-%
by =

2
)
Qelnp1—k +4/AkQni1—k

Chung minh rang 25 > b, + by + - + b,,.

Arlnyrk <1

¢) Goi g la ham 16i 16n nhat khong vugt qua cac ham e
va 2(eX + e¥)”'. Chitng minh riang

2S > g(lnajan)+g(lnazan_1)+---+g(nan,a;) =n-g(0).
d) Chung minh rang véi moi A > 1-¢(0), tén tai s6 nguyén
duong n va cac s6 duong x;, X, ..., Xn, sao cho S < An.
rd : 3 > -~ o~
2. Cac bat dang thuc huu dung lien quan
Chting minh cdc bat dang thic dudi day véi diéu kién tat ca cac
sb xi. duong. Hay ki€ém tra rang cac hang s6 dugc in dam khong
thé thay thé bang cac sbé 16n hon (v6i méi n).

1. Bt dang thitc Mordell.

a) V6i moi s6 khong am x4, X, . . ., Xn, ta c6 bat dang thiic
(Z Xk) >min{—, 3} : Zxk(xk+1 + X42).
k=1 2 k=1

b) Hay xac dinh véi nhing gia tri khong am nao cta
X1, ..., Xn, bat ding thic Mordell tré thanh dang thtec.
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10.

11.

12.

. V6i moi s6 thuc khong am x;, x,, ..., Xn, hay ching minh
bat dang thtc sau:

2

ix > min ns -ix(x + X2 + Xxp3)
1 373 k(X1 + X2 + Xkt3).

k=1 k=1

a) V6i n < 8, hay chiing minh bat dang thiic

X1 X2 Xn
- foop— >
X9 + X3 + X4 X3 + X4 + X5 X1+ X9 + X3 3

|3

b) *Bat dang thtic trén con dung véi gia tri nao khac ctia
n hay khong?

(X1 +%Xo+ - +xn)? = 4(x1%2 + XoXg + - -+ XnX1), VL = 4.

= X e X
. Z—kZZL
X + Xk41

o X X2 o

X1 X2 Xn—1 Xn
Xn +Xo X1+ X3 Xn—2 +Xn  Xn_1+X1
X1 +X%Xo  Xo+X3 Xn—1+Xn Xn+%X1
+ + -+ + >4, Yn > 4.
X1+X3 Xo+Xy Xn—1+ X1 Xn + Xo
X1 X2 Xn-1 Xn
+ + -+ >3, n=6.
Xn+X3 X1 +X4 Xn—2 +X1  Xn—1+Xo
Xo +X3 X3+ Xy Xn + X1 X1+ X2
+ 4o+ + =6, Vn > 6.
X1 +X4 X9+ X5 Xn_1+Xo Xn +X3
X1 + X2 X2 + X3 X2004 + X1 <
e
X1 + X4 X2 + X5 X2004 + X3
X1 X2 Xn

+ ++ 4+ ———>4,v6in>5 nchan.
Xn+X%X4 X1+ X5 Xn—1+ X3

i xi - {n—kl}

2 2
Xier1 — Xk+1Xk+2 T Xj g
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PHUGNG PHAP
MG RONG VA SANG TAO
CAC PINH LY HINH HOC CO PIEN

bao Thanh Oai (Ha Noi)

Tém tat

bam mé va moi truong nghién ctu 1a hai yéu t6 quan trong
giup cho su thanh cong ctia mot nha Toan hoc. Pam mé
cong véi phuong phap nghién ctu sé tao ra két qua nghién
cau. Moi truong nghién ciu giup cho két qua nghién ctu
d6 duge danh gia mot cach chinh xac nhat béi giéi chuyén
mon cang nhu cong dong. Ngoai ra, moi trusng nghién cau
cting 1a noi d€ nha nghién ctru hoc hoéi trao déi chia sé cac
van dé ho dang quan tam. Khi thanh qua nghién ctu dugc
cong doéng cong nhan chinh la nguén dong luc dé mot nha
nghién cttu duy tri niém dam mé ctia minh. Lam thé nao
c6 thé tao ra dudc cac van dé Toan hoc hay cac bai toan
mot cach nhanh chéng, 1am sao c6 thé kiém chiing dudgc
cac két qua do mot cach dé dang nhat la hai van dé ma
mot nha nghién cttu nén quan tam.

Xuét phat tir kinh nghiém nghién ctru Toan hoc trong viéc
tao ra cac van dé hinh hoc, tac gia viét bai bao nay nham
chia sé kinh nghiém dé dén cac ban hoc sinh va sinh vién
va tat cd nhung ai ¢c6 niém dam mé Toan hoc, dac biét l1a
bd moén hinh hoc phang.

Trinh bay phuong phdp mé réng va sdng tao cdc van dé
hinh hoc cé dién va mot sé van dé lién quan tit viéc kiém
tra y tudng ding hay sai, méi hay ct, mé rong y tudng va
coéng bb né dén céong dong duoc minh hoa théng qua nhiéu
vi du sinh dong.

Tac gia hi vong bai bao nay sé gitup cho cac ban tré cé dugc
su goi mé dé bat dau sang tao van dé Toan hoc néi chung.
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1. Vai tro ciéia cic do6i tuong cd ban

D6i v6i nghién ciru Toan hoc, diéu trudc tién ta can tim hiéu
la cac tinh chat von c6 (hay con goi la cac tinh chat tu nhién
cua cac doi tugng), cac moéi két hgp vé mot déi tugng, 16p cac
d6i tugng thudc linh vuc ta dang muén nghién ciru ma da duge
dong dao cong dong thita nhan. Tiép theo 1a nghién ctiu ra cac
cau truc va tinh chat (van dé) mdi.

Néu nhu ta khong biét cai gi 1a da dugc biét dén thi ta cang
kho c6 thé biét cai gi 1a méi. Do d6 viéc hi€u cac déi tuong, tinh
chat, khai niém, cau truc co ban c¢6 mot vai tro can ban. Néu
khong nam bat hiéu vé cac déi tuong, tinh chat, khai niém, cau
truc co ban ctia mot doéi tugng, va cac cau truc co ban két hgp
gitta cac déi tugng thi chung ta khong tim duge cach phat biéu
cho viéc dua ra gia thiét, khong thé hinh thanh, cac y tudng.

Vi thé, mudn nghién cttu bat cit linh vuc gi cang phai c6 cac
khai niém co ban ctia Iinh vuc d6. Noi cach khac, linh vuc ta
quan tam co6 cac déi tugng nao? Cac doi tugng d6 dugce hiéu thé
nao? Cac tinh chat ctia cac doi tugng do la gi?

Déi v6i linh vuc hinh hoc ¢é dién phai biét cac déi tugng co ban
ctia hinh hoc la diém, duong thang, tam giac, tit giac, dudng
tron,... Nghién ctu vé diém phai biét cac tinh chat, khai niém
co ban lién quan dén diém vi du:

e Xac dinh dudc mot duong théng qua hai di€m phan biét.

e Ba diém goi 1a thing hang néu diém thua ba nam trén
duong thang nbi hai diém thit nhat va thi hai. Khi nghién
cttu dudng thang ta lai can biét cac khai niém vé song
song, vudng goc, goc ctia hai dusng thing, dusng thang
giao nhau, ba dudng thing déng quy,

e Nghién ctiu goc thi ta phai biét thé nao la géoc nhon, goc
ti1, goc bet, lien hop dang giac,

e Ba diém khong thing hang thi tao thanh tam giac bing
cach ké duong thang di qua cac diém nay, hinh giéi han
(bao bdi ba dudng thang nay) dudc goi la tam giac. Khi
nghién ciu vé tam giac lai phai biét cac tinh chat ctia tam
giac, cac tam giac dac biét nhu tam giac vuong, tam giac
can va tam giac déu, tam giac dong dang,
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e Mé rong hon mot chut sang dén duong cong, ma duong
cong dé xay dung nhat 1a duong tron, tir duong tron roi ta
c6 thé mé rong dé tim hiéu vé cac duong conic.

Tém lai: Cdc dinh ly hinh hoc dugc xay dung bang cdach néu nén
mot gia thiét vé cau triic ctia mét sé déi tuong dbi tugng hinh hoc,
sau dé suy ra mét mbi quan hé hodc tinh chat tir cau tric do.
Vi vay, vai tro cua cac dbi tuong va tinh chat co ban ctia cac doi
tuong la hét stic quan trong.

2. Nam bat xu huéng nghién citu

Sau khi nam virng cac khai niém vé cac déi tugng , tinh chat co
ban, ... Méi bat diu chung ta sé khong thé biét chung ta can
nghién cuu cai gi? Cai gi dang dudc quan tam? Cach nhanh
nhat d€ c6 thé di dén viéc phat hién dudgc cac két qua mdi dang
chu y d6 1a phai nam bat duge xu huéng nghién ciu. Hay noi
cach khac 1a hoa vao dong nghién ctu chti dao cta cac doéi
tugng trong linh vuc ta dang mudén nghién cuu. Viéc nay that
su khong hé don gian v6i nhing ngudi méi bat dau. Vi khi méi
bat dau chung ta con rat md mit dén cac khai niém tinh chat
ctiing chua ndm bat hét 1am sao c6 thé hiéu hét dudc dong xu
hudng nghién ctu?

Cau tra 16i 1a mudn biét duge xu huéng duge quan tam ctia linh
vuc, can phai chil y dén cac két luan ndi bat nhat, réi néi bat
kém hon mot chut, chinh 1a viéc xem cac bai bao, cac bai viét vé
cac thanh tuu Toan hoc ndi bat ma chung ta dang quan tam ...
Tit d6, ta hiéu dugce cac van dé dang dudc quan tam c6 y nghia,
cai gi con thiéu can bd sung va sau khi c6 két qua ta cing dé
dé truy tim van dé ct hay méi, y nghia hay khong.

Hinh hoc 1la moét linh vuc thu hit duge su chu y cta toi trong
thoi gian qua, khi bat dau quan tam dén hinh hoc, t6i khong
biét cai gi hay, to6i hay theo doi trang web Cut the Knot (http:
/ /www . cut—the-knot .org/ - mot trang phd bién Toan hoc clia mot
Tién si ciia My). Ngudi quan ly ctia trang nay cung dong thai tao
mot trang thong tin trén facebook nham chia sé, trao déi véi moi
nguoi vé cac van dé hinh hoc.

Thoi gian ban dau Khi t6i theo doi né, trang nay thuong gui cac
két qua vé tam giac déu khién t6i nghi hinh hoc chi ¢6 méi tam
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giac déu va chi quan tam dén d6. Tuy nhién c6 mot 1an trao déi
v6i mot ngusi ban nudéc ngoai, ho noi tam giac déu cang dep
nhung khong dep bing céc tinh chat ctia ba diém thang hang
va déng quy. Toi nhan ra rang hinh hoc Euclid khong chi c6
riéng tam giac déu can nghién ctu. Tir d6 hudng suy nghi cta
toi dén cac két luan dé di dén cac cau truc ddéng quy va thang
hang. Téi cting chi muén tao ra cic cau triac déng quy va thang
hang nhung sau d6 ngudi ban kia lai chia sé mot tran facebook
cuia anh ta rang: Anh ta uéc ao tim ra mét dudng tron nhu dLCOng
tron Lester, t6i lai quan tam dén duong tron Lester va ciing muén
nghién ctu ra cac duong tron mai.

Cu nhu vay, cho dén hién nay t6i nghién ctu kha nhiéu cau
tric hinh hoc Euclid va nhan ra dong nghién ctu chu dao ctia
hinh hoc Euclid cho dén hién nay la tao ra cac cau truc dé di
dén cac két qua:

e Ba diém thang hang: Cac két qua ndi tiéng vé mot cau
tric tao ra ba diém thang hang la cac dinh Iy Menelaus,
dinh ly Pascal, dinh ly Desages, dinh ly Gauss-Newton,
dinh ly Droz-Frany,

e Ba dudng thang dong quy: Cac két qua ndi tiéng vé cau
truc tao ra ba dudng thang dong quy la dinh Iy Ceva, dinh
ly Shiffler, diém Fermat, dinh ly Jacobi, dinh ly Cartnot,
dinh ly Kariya, dinh ly Kiepert,

e B6n diém nam trén duong tron: Cac két qua ndi tiéng vé
cau truc tao ra bon diém nam trén dudng tron nhu dinh
ly Lester, dinh ly van Lamoen,

e Mot da giac la da gidc déu: Tao ra mot cau tric dé c6 thé
tao ra mot tam giac déu, mot hinh vuoéng, luc giac déu cac
vi du kinh dién ctia xu huéng nay la cac dinh ly Napoleon,
dinh ly Morley, dinh ly van Aubel,

e Cac hé thitc toan hoc: Giita cac goc, do dai doan théng,
chiang han nhu dlnh ly Pythagoras, dinh ly cos, dinh ly
sin, dinh ly Stewart,

e M6t di€ém nao d6 la mét diém dac biét: Ching han nhu
trung diém, trong tam, truc tam,
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Cac ban muén sang tao hinh hoc Euclid nén tim hiéu cac dinh
ly & trén toi vira giGi thiéu. Cac ban cang nén chu y 1a hinh hoc
Euclid hién nay khong con la mot linh vuc toan hoc mui nhon
nita. Nhung viéc nghién ctiu hinh hoc Euclid 6 Itta tudi hoc sinh
dac biét 1a cac ban tix 16p 8 dén 16p 12 la rat pha hgp. N6 tao
hanh trang viing chic dé mai sau chung ta nghién citu sang
cac linh vuc Toan cao cap hon. O linh vuc Toan cao cap, cac
do6i tugng, cac cau trac duge xay dung tit cac déi tugng nay sé
phuc tap hon, kho khan hon c¢6 tinh tng dung cao hon nhung
phuong phap nghién cttu va cach lam & day theo ca nhan toi
van c6 thé phan nao giup chiing ta tim dudc cac két qua hay va
y nghia.

Mot diéu rat quan trong can bé sung la viéc tim hiéu lich st cac
van dé toan hoc cung giup cho chung ta nam bat dugc dong
chay nghién ctu toan hoc.

3. Vai tro cong dong va mét dién dan toan
hoc

Khi méi nghién ctru Toan hoc, cac ban con gap nhiéu khé khan
vé viéc hoc dé nam bat déi tuong va nghién ciru nghién ciu
nén thoi gian dau c6 1€ chua thé dat thanh qua ngay diéu do6
sé khién cho cac ban chan nan. Ban than cac ban da chan nan
nhung néu gia st thanh quéa ctia cac ban lai khong duge thira
nhan sé khién cac ban mat dong luc sang tao (diéu nay cung
dung v6i cac cong viéc khac). Thuc té chuing minh rang chi khi
dudc ghi nhan, hoac chi khi lam viéc c6 nang suat c6 hiéu qua
méi khuyén khich dugc ngusi ta chti dong tich cuc va hang say
lam viéc.

Do do, vai trdo quan trong ctia cong dong trong viéc khuyén
khich cac ban hoc tap nghién ctu la nén ghi nhan cac dong
gop va thanh qua ctia cac ban, néu nhu thanh qua ctia cac ban
khong dugc ghi nhan sé khong khuyén khich cac ban hang say
va di tiép cac cong viéc dang lam.

Toi lay kinh nghiém ctia ca nhan, tuy chua titng c6 mot bai toan
nao dang trén tap chi toan trong nudc, tuy nhién lai dudc ghi
nhan trén cac tap chi va tir dién cting nhu trang web ctia cac
ca nhan bén Canada, My, Romania,... Diéu dé chinh la dong
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luc dé€ khién toi thich nghién cttu hinh hoc. Bai toan dau tién
ma to6i dudc dang trén trang Cut The Knot [1], chinh 1a mét mé
rong cua dinh ly Reim:

Pinh ly Reim: Cho cdc diém E, B, D thdang hang, cac diémF,C, G
thang hang théa man diéu kién hai tit giac EBCF, DBCG noi tiép
thi hai duong thang EF va DG song song.

Hinh 12.1: Binh ly Reim va mé rong

Toi phat hién ra rang chi can E, B, E, G, C,F nam trén mét dudng
conic va hai tit giac EBCF, DBCG noi tiép thi hai dudng thang EF
va DG song song.

Mac du sau nay dudce biét mé rong dinh ly Reim ctia toi van la
ct vi nam 1974, cac tac gia Evelyn, C. J. A.; Money-Coutts,
G. B.; and Tyrrell, J. A. tac gia da tim ra mé rong nay nhu la
mot truge hgp dac biét ctia dinh ly ba dudng conic. Tuy nhién,
néu nhu thoi diém doé trang Cut the Knot khong cong bé phat
hién nay thi chic cang khong khuyén khich to6i tim hiéu va cé
cac phat hién mdi trong linh vuc hinh hoc.

Van su khéi dau nan. Cac két qua nghién ctiu trong thoi gian
dau thuong la khong c6, hodc xau xi, hién nhién, 1ap lai két
qua ctia ngudi khac, vi thé luc ban dau, thanh qua nghién ctu
cua cac ban chua dudgc cong dong ghi nhan thi cing dirng chan
nan. Cac ban cu nghién ciru di, sé c6 ngay nao dé cac ban dugce
ghi nhan (néu cac phat hién ctia cac ban la méi va hay), dé
chinh la cac phan thuéng to 16n hon bat ky moén thuéng tién
bac nao. C6 mot ngudi ban trén xe chia sé véi toi rang: Chi can
c6 nhitng cdi nhé nhan va xinh xdn nhung la ctia minh(khéng can
phdai cdi dao to bua lén).

Luu y thém dé cho ban doc khéi hiéu nham, t6i néi dudc ghi
nhan c6 nghia la cac bai toan dudc dang nén mot trang Toan
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hoc chit khong ¢6 nghia la ghi nhan bang cach lang xé ca nhan
cac ban. Vi vay, mong mudn cuia téi van la thanh lap mot tap
chi phd bién Toan hoc trong nuéc.

Toi cting nghi d€ cac ban nghién ctiu ¢6 thanh qua, cac ban
nén tham gia moét dién dan Toan hoc that su noi ma cé cac nha
nghién ctru trao ddi véi nhau. O dé, cac ban sé hoc hoi trao déi
dudc rat nhiéu diéu va cac y tudng ctia cac ban cung dé dang
hon dé dén dugc gici chuyén mon, d€ duge tham dinh 1a méi
hay cii, va cing dé dang hon trong viéc chia sé y tudng ctia cac
ban dén cong dong. Tham gia mot dién dan nhu vay nghia 1a
cac ban dang dugc cac nha chuyén mon biét dén.

Toi thay bén My c6 cac dién dan do cac tap chi lap ra dé thao
luan riéng biét vé cac linh vuc hinh hoc, linh vuc s6 hoc, va
cac linh vuc khac nhung lai dugc chu tri béi cac nha nghién
cuau that su. Thiét nghi, Viét Nam cung nén hoc theo mé hinh
nghién ctu nay.

4. Phuong phap md rong cac dinh ly trong
hinh hoc phang

4.1. Phuong phiap mé rong gia thiét

Phuong phap sang tao mot van dé méi, hoac mé rong mot dinh
ly hinh hoc dua trén nén tdng mot dinh ly da c6 ma tac gia
thuong xuyén ap dung nhu sau:

Cho déi tugng A va B. Trong dé A c6 day dil thudc tinh ctia B(hodic
thuoc tinh cuia B tuong tu véi A). Néu mot dinh Iy nao dé ding véi
cac gia thiét dugc xay dung tic déi tuong A thi hay kiém tra dinh
Iy dé véi cac gia thiét duoc xay dung tic doi tugng B.

D€ minh hoa cho phuong phap trén chung ta sé xem mot sb vi
du sau day:

4.1.1. Vi du mét tinh chat ding cho tam giic trung binh
md rong diung cho moi tam giac Cevian

Pinh ly dudng thang Gauss-Newton 1a mot dinh ly kha néi tiéng
néi vé mot tinh chat chia tir giac toan phan [2], dinh 1y nay phat
biéu nhu sau :
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Trung diém ctia cdc duong chéo trong mét tit gidc toan phan nam
trén mot duong thang.

Hinh 12.2: Pinh ly dudng thang Gauss-Newton

Trong hinh vé trén, dudng thing cit ba canh tai cac diém
A1, By, C; va Ay, By, Cy 1a trung diém ctia ba doan thang AA;, BB, CC,
thi A,, By, C, thang hang. Tuy nhién, ta thay ba diém A,,B,,C, &
trén déu nam trén ba canh tuong ung ctia tam giac trung binh
ctia tam giac ABC ta c6 thé phat biéu lai dinh ly nay nhu sau:

Cho duong thang (L) cat ba canh ctia tam gidc BC,CA, AB tai
A1, By, Ci. Bt A,, By, C, la giao diém cuia dudng thang AA,, BB,, CC,
lan luot v6i ba canh tuong ttng clla tam giac trung binh cua tam
gidc ABC thi A,, B,, C, thang hang.

Ta c6 thé mé rong dinh ly trén néu thay tam giac trung binh béi
mot tam giac mé rong hon ctia tam giac trung binh khong? Tam
giac Cevian la mot tam giac téng quat hon tam giac trung binh.
That vay tam giac A;B;C; goi la tam giac Cevian ctia tam giac
ABC ting v6i diém P néu AP,BP,CP lan lugt giao v6i ba canh
BC,CA,AB tai cac diéfm A, B, C,. Khi tam giac Cevian ting v6i
trong tam tam giac thi chinh la tam giac trung binh ctia tam
giac ABC. Nhu vay, ro rang tam giac Cevian la tong quat ctia
tam giac trung binh.

Tit co s6 trén ta c6 thé di dén mot mé rong ctia dinh ly Gass-
Newton [3] nhu sau:

Van dé 1: Cho duong thdng (L) cat ba canh BC, CA, AB ctia tam
gidc tai A,,B, Cy. Bt A,, By, C, la giao diém ctia dudng thdng
AA.,BB,,CC; lan lugt véi ba canh tuong ting ctia mét tam gidc
Cevian bét kij ctia tam gidac ABC thi A,, By, C, thdng hang.
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Hinh 12.3: M4 rong dinh ly dusng thang Gauss-Newton

4.1.2. Vi du mét tinh chit ding cho tam gidc Napoleon va
Morley md rong ra hai tam giac Jacobi bat ky.

Tam giac Napoleon va tam giac Morley la cac tam giac déu nai
tiéng trong hinh hoc so cap, tai day chung ta khong tim hiéu lai
khai niém nay. Chung ta cung nhau tim hiéu khai niém vé tam
giac Jacobi, khai niém nay nhu sau:

Cho tam giac ABC, dung cac tam giac BA,C, CByA, ACyB cung ra
ngoai (hodac vao trong) ba canh tam giac ABC, sao cho /CyAB =
/BoAC, LCyBA = LA(BC, LA CB = £B,CA Ikhido tam giac AgB,Cy
goi la mot tam gidac Jacobi ctia tam giac ABC.

Doi chiéu v6i khai niém trén, ta thay tam giac Napoleon va tam
giac Morley déu la cac truong hgp dac biét cia tam giac Jacobi.
Thay Tran Quang Hung (gido viéen THPT chuyén Téng Hop -
DHQGHN) phat hién tinh chat sau:

Cho tam giac ABC, va cac tam giac Napoleon va tam giac Morley
tuong ttng la MaMgMc, NaNgNce goi A, la giao diém ctia MaN o
va BC, dinh nghia By, C, tuong tu khi dé AA,,BB;, CC, dong quy
[4].

Truée d6, mot nha nghién ctu ngusi Phan Lan tén 1a van Lam-
oen cung da tim ra tinh chat nhu sau:

Néu goi A+, B, C; la chan dudng cao cua ba dinh Ag, By, Cy trén
ba canh tam giac thi AA;,BB;, CC; dong quy [5].

Ta thay rang dudng cao ké tit A;, By, C; lan lugt xuéng BC, CA, AB
chinh 1a cac dudng thing néi dinh A, By, C; 1an lugt véi cac tam
giac can day la canh BC,CA,AB va c6 goc 6 day bang 90°. Do
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vay, néu ta ta quan sat két qua ctia van Lamoen va Tran Quang
Hung thi chung déu la nhiing truong hop dac biét cia mot van
dé sau day:

Van dé 2: Goi J.Ju]. va JLJ]L la hai tam giac Jacobi ctia ABC;
goi AB,C, la giao diém ctia cac dudng thang J.J., v6i BC; JuJi v6i
AC ;J.J. v6i AB khi dé AA,, BBy, CCy dong quy [6].

Hinh 12.4: Van dé hai tam giac Jacobi

4.1.3. Vi du dinh 1y diing cho giao diém ctia mét tit gidc cé
hai dudng chéo vudng goc cing ding cho mét di€m
théa man tinh chat dic biét trong td giac.

Muc nay chung ta cung nhau tim hiéu mét mé rong ctia dinh
ly Brahmagupta ndi tiéng vé t giac noi tiép c6 hai duong chéo
vuong goc. Brahmagupta(598-670) mot nha toan hoc néi tiéng
ctia An Do. Noi dung dinh ly:

Cho moét tit giac noéi tiép cé hai dudng chéo vuéng goc, khi dé
duong thdang néi trung diém ctia mét canh véi giao diém ctia hai
dudng chéo sé vuéng goc véi canh déi dién [7].

Ta tim hiéu mot chut vé gia thiét va két luan ctia dinh ly nay.
Cho tu giac ABCD nai tiép goi F 1a trung diém ctia AB, E la giao
diém ctia hai duong chéo, theo dinh ly Brahmagupta ta c6 FE
vuong goc véi CD, goi diém giao nhau gitra FE v6i CD 1a G.

Ta nhan thay dinh ly nay c6 dac diém la goc /DEA = /BEG =
90°. Cac diém B,E,D thang hang va A, E,C thing hang. Ngoai
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Hinh 12.5: Binh ly Brahmagupta

ra, vi ta giac ABCD noi tiép nén theo tinh chat phuong tich ta
c6 EB - ED = EA - EC. Tir cac nhan xét nay ta sé tim cach mé
rong gia thiét ctia dinh ly Brahmagupta xem c6 gitt dugc cac
két luan duang, hoac két luan tuong tu véi két luan ctia dinh ly
Brahmagupta trén nén cac gia thiét méi hay khong?

Bay gio chung ta khong dua ra gia thiét vé goc /DEA = /BEC =
90° nita nhung van gitr tdng hai géc nay bang 180°, cac diém
B,E,D khong con thang hang va cac diém A, E,C khong con
thang hang, ti gidc ABCD khong con néi tiép nita nhung van
gitr diéu kién EA - EC = EB - ED khi d6 sé c6 mot két luan cung
tuong tu nhu két luan cta dinh ly Brahmagupta. Tuy nhién,
viéc xay dung mot diém thoa E thdéa man cac tinh chat cta gia
thiét nay tir mot ti giac ABCD cho trudc 1a rat kho khan nén ta
sé xay dung bai toan tir cac nhan xét trén xuat phat tir mot bai
toan tam giac sau day.

Van dé 3: Dung ra ngoai cac canh AB, AC ctia tam gidc ABC
hai tam giac BAD va CAE, sao cho /DAB 4+ ZEAC = 180° va
BA - AE = CA - AD. Goi F,1 lan lugt la trung diém cua DE, BC.
Goi IA giao véi DE tai G. Goi K, M, P lan lugt la tam ctia cac
duong tron (BAD),(FGI),(CAE), khi d6 Z/AGC = ZCAE va M la
trung diém ctia KP [8].
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Hinh 12.6: Md rong dinh ly Brahmagupta

4.1.4. Mét vi du vé dinh 1y ding cho hai cip duong thang
thi cung dung cho mot du'ong conic

Nhéc lai dinh 1y Reim: Cho E,B,D thdng hang va F,C, G thdng
hang va hai tit giac EBCF, DBCG noi tiép thi hai dudng thang EF
va DG song song. Nhu phan trén ta thay rang chican E,B,E, G, C, F
nam trén mot dudng conic va hai ta giac EBCF, DBCG noi tiép
thi hai dusng thang EF va DG song song.

Nhu vay ta thay doéi véi cau truc dinh ly Reim thi khi thay hai
duong thang EBD, va ECG béi mot dudng conic di qua sau diém
E,B,D, G, C,F thi két luan ctia dinh ly van dung [9].

Do6i v6i dinh 1y Pascal: Cho mét luc gidc ¢6 cdac dinh nam trén
mot dudng conic thi giao diém ctia ba cdap canh dbi dién thang
hang.

B c
A B Ao
C
G
F
E
F E D

Hinh 12.7: Binh ly Pascal, dinh ly Pappus

Trong hinh vé trén, cac diém A,B,C,D,E,F cung nam trén mot
duong conic va ba diém G, H,I thing hang. Ta thir thay dudng
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conic trong dinh ly Pascal béi hai dudng thing véi ba diém
A, B, C nam trén duong thang thi nhat va D, E, F bam trén dusng
thang thu hai va quan sat két qua thay G, H, I van thang hang
[10][11], két qua nay la noi dung ctia dinh ly Pappus.

Qua hai vi du trén, ta thdy rang néu tinh chat nao d6 dugc
phat biéu la dung cho moét cip dudng thang thi hay kiém tra
tinh chat d6 néu ta thay chung béi mot dusng conic.

Dinh ly con buém cung la moét vi du minh hoa trong truong hop
trén. Loi gidi thich 1a vi mot dudng conic c6 thé suy bién thanh
mot cap dudng thang.

4.2. Tim két luan tuong tu cic dinh ly

4.2.1. Tim mét cau tric d€ tao ra mét tam giac déu-van de
Dual cua md rong dinh ly Napoleon

V6i diéu kién nao thi tam giac Hofstadter la tam giac déu, cau
tra 16i cho cau hoéi nay thong qua dinh ly géc chia ba ctia Morley.
V6i diéu kién nao thi tam giac Kiepert la tam giac déu? Cau tra
18i dugce hiéu thong qua dinh ly Napoleon.

Ta biét rang, cho tam giac ABC va mot di€ém P, tam giac ban
dap ctia diém P la tam giac tao béi cac diém la hinh chiéu ctia P
trén ba canh ctia ABC. Tam giac Cevian cuia diém P la tam giac
tao béi cac diém la giao diém ctia dusng thang tir dinh qua P
v6i canh d6i dién. Tai thoi diém méi bat ddu nghién cttu hinh
hoc phéng, tac gid da c6 cac cau héi nhu tim mot diém sao cho
tam giac ban dap ctia n6 1la mot tam giac déu, hoac tam giac
Cevian ctia né la mot tam giac déu.

Ngudi ta tim dugc hai di€m théa man tinh chat tam giac ban
dap ctia diém d6 1a mot tam giac déu, hai diém dé dudc biét dén
v6i tén diém Isodynamic tha nhat va thit hai, cac diém nay la
diém lién hop dang giac ctia diém Fermat.

Tam giac ban dap ctia diém Isodynamic la mot tam giac déu,
diéu nay kha pho bién. Nhung tam giac Cevian ctia mot diém la
tam giac déu thi lai it ngudi biét dén, viéc dung dudc diém nhu
vay la rat kho khan, sau khi trao ddi v6i mot sé ngusi nghién
cttu chuyén nghiép tac gid nhan dugc cau tra 16i diém thoda
man tinh chat d6 da dugc dé xuat béi Jiang Huanxin va David
Goering [12].
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Nhu vay cau héi tim diéu kién dé tam giac ban dap 1la mot tam
giac déu, hay tim diéu kién dé mot tam giac Cevian 1a mot tam
giac déu da dugc quan tam va lam ro6. Tac gia lai dat cau héi
tim mot diém sao cho déi xiing ctia di€m d6 qua ba canh tam
giac ABC cho trudc la mot tam giac déu, tac gia tim dugc diém
d6 lai chinh 1a hai diém Isodynamic, viéc chiing minh diéu nay
that su rat dé dang vi tam giac nay la vi tu ctia tam giac déu
ban dap cuia hai diém do6.

Néu nhu dung lai 6 day thi két qua tré nén hét stc binh thuong
khong c6 gi dang néi va hoan toan chinh la van dé tim mot
diém sao cho tam giac ban dap ctia n6 la mot tam giac déu.
Nhung diéu dac biét 1a cac dusng thang néi cac dinh tuong ting
clia tam giac déu nay véi tam giac ABC lai dong quy tai diém
Fermat. Do cac dinh ctia tam giac déu nay dudc xac dinh la déi
xung cua diém Isodynamic v6i ba canh ctia tam giac diéu do co
suy ra rang cac dusng thang néi diém Isodynamic véi ba dinh
tam giac déu do6 vuong goc véi ba canh tuong tng ctia tam giac
ABC.

Sau khi nghién ctu dua ra mé rong dinh ly Napoleon tac gia
nhd lai két qua nghién ctu duge danh dau in nghiéng 6 doan
trén tac gia phat hién mot van dé mé rong ctia van de doi xung
ciia mot di€ém qua ba canh tam giac tao thanh mot tam giac
déu nhu sau.

Van dé 4: Cho tam gidc ABC, F la diém Fermat thit nhdt hodc thit
hai, I la diém lien hop ddang gidc cta F, P la diém ndm trén dudng
thang F1. A, la giao diém ctia dudng thdng qua P va vuéng goc véi
canh BC va duong thang AF. Pinh nghia By, C, tuong tu. Chitng
minh A¢B,C, la tam gidc déu [13].

Truong hop dac biét xay ra khi P 1a diém Symmedian. V6i truong
hgp nay ta c6 hai tam giac Dual v6i tam giac déu Napeleon. Hai
tam giac déu méi dé cé nhiéu tinh chat rat tha vi. Mot trong
cac tinh chat nay la:

Van dé 5: Bon diém gom hai diém Fermat va trong tam hai tam
giac déu vita dé cap & trén nam trén mot dudng tron

4.2.2. Tim mot cau tric tuong tu dinh ly Christopher Bradley

Pinh ly Christopher Bradley dugc phat biéu nhu sau:
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Hinh 12.8: Van dé dual ctia dinh ly ctia Napoleon

Cho tit giac ABCD ngoai tiép dudng tron, goi E la giao diém ctia
hai dudng chéo. Khi dé tam ctia bén dudng tron noi tiép cdc tic
giac EAB, EBC, ECD, EDA nam trén mét duong tron [14].

Hinh 12.9: Binh ly Christopher Bradley

Cau hoéi tuong tu: Cho tit gidc ABCD ngoai tiép dudng tron, tim
mot diém P trén mat phang sao cho tam noi tiép clia cdac tam gidc
PAB, PBC, PCD, PDA ndam trén mét dudng tron. Tit cau hoi trén
tac gia tim dudc mot s6 van de [15] sau day:

Van dé 6: Tit gicc ABCD vita ndi ngoai tiép, O la tam dudng tron
ngoai tiép tit giac ABC, khi dé tam ctia bén dudng tron noéi tiép
cac tam giac OAB, OBC, OCD, ODA nam trén mét dudng tron.

139



Hinh 12.10: Van dé 6

Tac gia tim dugc hai diém nita nia théa man tinh chat bén tam
noi tiép ndm trén mot duong tron. Hai van dé nay dugc hiéu
thong qua khai niém vé t@ giac trung truc cua tw giac ngoai
tiép sau day.

Cho tit giac l6i ABCD ngoai tiép mot duong tron, bén duodng trung
truc ctia bén canh tit giac hgp véi nhau thanh tao thanh mot tit
gidac ngoai tiép.

Tinh chat trén dudgc biét dén trong quyén sach ctia Mike de
Villiers, chiing minh dua ra béi Jordan Tabov [16]. Nhung trude
d6 da dugce xuat hién tai tai liéu bén Nga [17]. Hién nay chua
thong nhat dugc tén goi riéng cho tu giac trén nén chung ta sé
tam goi tu giac trén véi tén la t@ gidc trung truc cua tw giac
ngoai tiép.

Van dé 7: Goi O la tam dudng tron ndi tiép tit gidc trung truc clia
tir giac ngoai tiép ABCD khi dé tam bén dudng tron noi tiép cac
tam giac OAB, OBC, OCD, ODA nam trén mét duong tron.

Van dé 8: Goi L giao diém ctia hai dudng chéo ctia tit gidc trung
truc cua tir gidac ngoai tiép ABCD Ikhi d6 tam bén dudng tron noi
tiép cdc tam gidac LAB, LBC, LCD, LDA néam trén mét dudng tron.
Cac dinh ly hinh hoc luén cé xu huéng dugc mé rong ra. Trong
muc tiép theo, tac gid trinh bay mot s6 vi du vé cac huéng mé
rong dinh ly Napoleon.
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Hinh 12.13: Van dé 8

4.3. Dong chay md rong dinh ly Napoleon

Mot dinh ly hinh hoc dep duge dat theo tén ctia vi hoang dé
nudéc Phap 1a Napoleon Bonaparte(1769-1821). Pinh ly Napoleon
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dudgc phat biéu nhu sau:

Cho tam giac ABC, dung ba tam giac déu BA,C, CByA, ACyB ra
ngoai (hoac vao trong) ba canh tam giac ABC; khi do, trong tam
tam giac dé la cac dinh ctia mét tam giac déu.

Tam giac déu méi do goi la tam giac Napoleon ngoai (hoac trong)
cua tam giac ABC [18].

A

0

Hinh 12.14: Binh ly Napoleon

binh ly Napoleon 1a moét dinh ly dep trong hinh hoc cé dién,
vi thé n6 thu hat duge su quan tam nghién ciru ctia rat nhiéu
nguoi tir cac nha toan hoc, giao vién va hoc sinh dén ca nhitng
ngudi nghién ctu nghiép du. Cac nghién nay da dua ra nhiéu
cach chung minh khac nhau cho dinh ly, cac chiung minh dua
vao lugng giac, s6 phuc va toa do...

Mot s6 dinh ly ndi tiéng khac da dudc lay cAm hiing tir dinh ly
Napoleon, thay vi cau trac dung trén cac canh mot tam giac 3
tam giac déu thi dinh 1y van Aubel noi dung la dung ra ngoai
mot tit gidc bat kij cac hinh vuéng thi doan thang néi tam ctia hai
hinh vuéng trén hai canh déi dién vuéng géc va bang nhau [20],
hay dinh ly Thebault véi noi dung la dung ra ngoai mét hinh
binh hanh cac hinh vuéng thi tam cua cac cac hinh vuéng nay la
cdc dinh ctia mét hinh vuong...

Mot nghién ctru khac ¢6 1€ cung duge lay cdm hung tit dinh ly
Napoleon do Ludwig Kiepert dé xuat. Thay vi dung trén ba canh
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Hinh 12.15: Dinh ly van Auble va dinh ly Thebault

tam giac cac tam giac déu, Kiepert dung trén ba canh tam giac
cac tam giac can dong dang va ong quan sat thay mot két qua
thu vi duge thé hién qua dinh ly Kiepert sau:

Cho tam giac ABC, dung ba tam gidac can va dong dang BA,C,
CBoA, ACyB ra ngoai (hodac vao trong) ba canh tam giac ABC khi
dé AA,, BBy, CCy dong quy [21].

Diém déng quy & trén déu c6 mot tén chung la di€ém Kiepert. Gia
slr goc day cuia tam giac can 1a 0 thi ta sé c6 cac diém dong quy
tuong ung véi goc 6 do dudc ky hiéu la K(0). Tuy nhién trong
mot sb6 trudng hop dic biét diém Kiepert sé c6 tén riéng, néu
nhu goc 0 = 45° thi diém Kiepert nay dudc goi v6i tén riéng la
di€ém Vecten, néu nhu 0 = 60° thi diém Kiepert nay dudc goi véi
mot tén riéng la diém Fermat. Tap hop tat ca cac diém déng quy
dugc tao ra khi ta thay doi cac tam giac can dong dang sé tao
nén mot dudng hyperbol v6i tén duong hyperbol Kiepert (day 1a
mot dudng cong c6 thé bi€u dién bdi phuong trinh y = ™).

Tir dinh ly Kiepert ta c6 thé nhan thay ring cac dudng thang
noi cac dinh ctia tam giac ABC va cac dinh tuong tng véi tam
giac Napoleon ctia tam giac ABC la déng quy, cac diém déng quy
nay goi la cac diém Napoleon. Vi c6 hai tam giac Napoleon trong
va ngoai nén ta cung c6 hai diém Napoleon la diém Napoleon
tha nhat va diém Napoleon thit hai, tit nhién chung nam trén
duong Kiepert hyperbola. D€ dang nhan thay rang cac dinh ctia
tam giac Napoleon nam trén dudng trung truc ctia ba canh ctia
tam giac ABC, nghia la ba dudng thdng di qua ba dinh tam gidc
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Napoleon va vuéng goc véi ba canh tam gidc sé déng quy tai tam
dudng tron ngoai tiép. Néu ta vé hinh va quan sat thi c6 thé
thay: Piém Fermat thit nhat, diém Napoleon ngodi va tam dudng
tron ngoai tiép la thang hang. Tuong tu nhu vay ba diém: Piém
Fermat thit hai, diém Napoleon trong va tam dudng tron ngoai
tiép thang hang. [22]

Hinh 12.16: Diém Fermat, diém Napoleon, O thing hang

Tir cac quan sat duge danh dau bang chit nghiéng & trén tac gia
tim ra mot van dé mé rong dinh ly Napoleon nhu sau.

Van dé 1: Cho tam giac ABC, F la diém Fermat trong hodic ngodi,
K la diém Kiepert, P la diém nam trén dudng thdng FK. Pinh nghia
A, la giao diém ctia AK va dudng thang qua P véa vudng géc véi
BC. binh nghia By, Cy tuong tu. Khi do tam giac A¢B,Cy la tam
giac déu [23].

Nhu trén chung ta thay da cé nhiéu dinh 1y c6 cau hinh dudgc ggi
mé tir dinh Iy Napoleon, nhu dinh 1y Thebault, dinh ly van Aubel
va dac biét 1a dinh ly Kiepert, tuy nhién néu tim hiéu chung ta
lai phat hién co moét dinh ly tuong tu véi dinh ly Kiepert do la
dinh ly Kariya. N6i mot cach khac dinh ly Kiepert khiang dinh
rang lay cac diém trén ba dudng trung truc sao cho doan thang
tinh tir trung diém ctia ba canh tuong ting véi cac dudng trung
truc d6 ti 1é véi do dai ba canh thi dudng thang néi ba diém d6
v6i ba dinh tam giac sé dong quy. Ba duong trung truc cta ba
canh dong quy tai tam ngoai tiép.
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Hinh 12.17: Md rong dinh 1y Napoleon véi hyperbol Kiepert

Nha hinh hoc Kariya da dua ra mét y tudng tuong tu (v6i cau
tric cta dinh ly Kiepert) nhung ap dung véi truong hgp ba
dudng vuong goc véi ba canh dong quy tai tam noi tiép(thay vi
tam ngoai tiép), va cac doan thang thay vi ti ¢ véi ba canh thi
bay git la cac doan thang bang nhau d6 bién thanh dinh ly
Kariya nhu sau:

Goi | la tam dudng tron néi tiép tam gidc ABC, dung ba tam giac
BA,C, CByA, ACyB cung ra ngodi (hoac vao trong) ba canh tam
giac ABC, sao cho 1A, = IBy = IC, va I khi dé AA,, BBy, CC, dong
quy [24].

Khi nghién ciu dinh ly Kariya tac gia dat ra cau héi dinh ly c6
con dung dung néu ta thay tam noi tiép bdi tam bang tiép, cau
tra 16i mong nhan dudgc tir ban doc.

Tiép theo chung ta quan sat thay rang trong dinh ly Kiepert va
dinh ly ly Kariya, déu c6 diém chung la cac goc 2/ CoAB = ZBAC,
/CoBA = ZA(BC, ZA,CB = /ByCA. Va ta thk tao bai toan véi
phat biéu: Cho tam gidc ABC, dung cac tam giac BA,C, CByA,
ACyB cung ra ngoai (hoac vao trong) ba canh tam giac ABC, sao
cho ZCyAB = ZByAC, LCoBA = LABC, LA,CB = ZB,CA, néu
ta néi cac dudng thdng AA,, BBy, CC, ta cling quan sat thay ba
dudng thang nay déng quy. Két qua trén 1a noi dung ctia dinh
ly Jacobi, tam giac AyByC, goi la tam giac Jacobi.

Dong chay con tiép tuc di dén mot truong hop dac biét ctia
dinh ly Jacobi d6 1a dinh ly Hofstadter. Nha toan hoc Hofstadter

145



Hinh 12.18: Binh ly Jacobi

da dua ra mot cau trac dac biét goc L CyAB = ZByAC = k.ZA,
/CoBA = ZA(BC = k./B, ZA,CB = /By,CA = k- ZC, do6i véi
truong hgp nay tam giac AgB,Cy dudc goi la tam giac Hofstadter
[25].

Tém lai: Dinh ly diing véi diém nay thi kiém tra véi diém khac,
tim quyj tich cdc diém théa man. Pinh lj diing véi cac dudng thang
song song thi kiém tra véi cac dudng thang cat nhau. Pinh ly
diing v6i tam giac déu thi kiém tra né véi tam gidc can, véi tam
gidac bat ky. Pinh Iy diing v6i mét tit giac dac biét thi hay kiém tra
no vai t giac it dac biét hon ...

5. Xu ly y tudng

Chung ta khong thé lam dudc gi tiép theo néu y tudng chung
ta la sai ngay tir dau. Do d6 sau khi c6 y tuéng, viéc dau tién
can phai lam la kiém tra y tuéng diung hay sai. Ta c6 thé s6 hoa
(méu co6 thé) dé ki€ém tra, d6 1a mot budc kiém tra so bo. Néu
chung ta c6 may tinh chung ta hay st dung cac cong cu phan
mém c6 san, vi du phan mém geogebra hoac chung ta tu lap
trinh d€ ki€ém tra ngay cac y tuéng ctia minh ngay khi né vita
dudc 16e 1én. Hay nhé ditng dé€'y tudng lée nén va roi vut tdat.

Néu y tudng ctia cac ban la dung tiép theo cac ban phai biét y
tudng d6 méi hay ca? Néu nhu y tudng da ca thi can phai biét
dé tim hiéu xem n6 da phat trién téng quat dén dau de€ tiép tuc
nghién ciu. Hoac cung qua do, ta biét thém cac kién thuc giap
cho viéc hinh thanh cac y tudéng vé sau. N6 giup cho cong tac
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tim kiém, tra cttu két qua, va c6 thé sé nghién ctiu phat trién
hinh thanh cac y tudéng mdi.

Déi v6i linh vuc hinh hoc co ban thi hai tit dién sau dung de€ tra
cuu rat co gia tri:

1. Tit dién bach khoa vé cac diém va dudng dac biét trong
tam giac, trang web: http://faculty.evansville.edu/ck6/
encyclopedia/ETC.html noi vé cac tam tam giac(cac diém
dac biét) duge xay dung chinh béi Clack Kimberling mot
giao su truong University of Evansville. Cac tam tam giac
dugc danh s6 theo muc theo thit tu X(1), X(2), ..., X(n), chang
han, tam noi tiép la X(1), trong tam la X(2), tam ngoai tiép
la X(3), truc tam la (4), ... Va no liét ké gan nhu day du cac
tinh chat quan trong tir 16n dén nhé ctia cac tam ctia tam
giac. Hién nay, tir dién nay da liét ké ra dugc khoang 6400
diém va duong dic biét trong tam giac.

2. Mot tir dién han lam khac rat dang tham khao d6 la bach
khoa thu vé cac dudng bac ba, tit di€én nay ta cé thé sir
dung dé tim quy tich cac diém thdéa man mot tinh chat
nao do: http://bernard.gibert.pagesperso-orange.fr/ctc.
html Bach khoa thu nay moé ta cac dudng cubic trong tam
giac, cac duong cubic nay di qua cac tam trong mot tam
giac. Ta sé thir lay mot vi du dé néu ra cach ap dung ti
dién trén cho viéc tra ctiu.

Vi du tra citu: Xuat phat tir van dé IV ctia Thebault: H la
truc tam tam giac ABC, va Hy, Hy, He la chan ba hinh chiéu
ctia H nén ba canh tam giac ABC, thi dudng thang Euler ctia
cac tam giac AHyH., BH.H, va CH.Hy doéng quy.

Khi da thanh thao phuong phap mé da dugc trinh bay &
trén, rat nhanh chong, t6i dat ra mot cau héi la di tim mot
diém P trén mat phang tam giac ABC, sao cho véi P, Py, P,
la hinh chiéu ctia P trén ba canh ctia tam giac ABC, thi
duong thrfmg Euler ctia cac tam giac AP,P., BP.P, va CP,Py
dong quy.

Thong thuong véi kinh nghiém c6 san, ta sé thu véi cac diém
dac biét trude vi du ta thir diém do la tam dudng tron noi tiép.

Ta phat hién né dung, ta kiém tra né véi mot sé diém dac biét
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khac vi du truc tam, trong tam, hai di€m Fermat, tam ngoai
tiép... va trong qua trinh ki€ém tra dé6 ta thay tinh chat nay cung
dung néu diém P tam dudng tron chin diém X(5). Tiép theo ta
tra tai Catalogue thay:

K005 NAPOLEON CUBIC, FEUERBACH CUBIC, pK(X6, X5), D(0)
X(1), X(3), X(4), X(5), X(17), X(18), X(54), X(61), X(62), X(195),
X(627), X(628), X(2120), X(2121), X(3336), X(3460), X(3461),
X(3462), X(3463), X(3467), X(3468), X(3469), X(3470), X(3471),
X(3489), X(3490)

Ta thay duong Napoleon cubic la duong Cubic dau tién ma ta
thay no6 di qua cac diém tam duong tron noi tiép X(1), truc tam
X(4), tam duong tron chin diém X(5)... Ta du doan ring tinh
chat trén dung néu P nam trén dusng Napoleon Cubic.

Tiép theo, ta click vao va thay ngay rang tinh chat dé da dugce
néu ra nhu mot tinh chat dau tién ctia dusng Napoleon cubic.

Tuy nhién, néu gid st né chua dudc néu ra tai tir dién nay ta
sé tiép tuc kiém tra voi diém X(17),X(18), ... ta thay né dung.
Va nhu vay du doan ctia ta vé tinh chat trén sé dang néu P
nam trén duong Napoleon Cubic. Tat nhién néu trusng hgp nay
xay ra ta sé c6 nghién cttu méi vé mot tinh chat ctia duong
Napoleon cubic(tuy nhién diéu nay la gia tuéng vi thuc té n6 da
dudc nghién cuu).

Néu nhu két qua 1a méi cé 1é sé dén budc quan trong nhat la
tim cach ching minh va cong bo két qua. Cong bd két qua co
nhiéu cach, vi du dua 1én blog ca nhan, dién dan hoac dé xuat
lén tap chi hoac la giti dén mot s6 nha toan hoc uy tin, hoac
tim cach chung minh va viét bao doc lap hoac cong tac véi mot
ngudi khac cuing nghién ctu viét bao.

Hién nay déi v6i hinh hoc c6 dién t6i khuyén cdo cac ban c6 thé
cong bo tai tap chi Crux ctia hoi toan hoc Canada, tap chi AMM
cuaa hoi toan hoc My, tap chi Forum Geometricorum ctia khoa
toan dai hoc Florida Atlantic.

1. Tap chi Crux: Mot tap chi vé Toan sd cap ctia hoi Toan
hoc Canada, hién nay mién phi tir cac sb ra dau tién cho
dén nam 2008. Cac ban c¢6 thé truy cap tai dia chi: https:
//cms .math.ca/crux/
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2. Tap chi AMM: Mot tap chi toan hang thang ctia hoi Toan
hoc My, ciing xuat ban cac bai bao va van dé hinh hoc ¢6
dién. http://www.maa.org

3. Tap chi Forum Geometricorum: Day la mot tap chi dién
tr, mién phi, han lam déi véi linh vuc hinh hoc ¢é dién.
Tap chi nay dudc ctia khoa Toan dai hoc Florida Atlantic,
My. Tap chi nay chi nhan dang bai bao hoan chinh: http:
//forumgeom.fau.edu/

6. Bai tap thuc hanh

Bai toan 1. Cho tam giac ABC, F la diéfm Fermat, ba duong
thang qua G va vuoéng goc véi FA, FB, FC cit ba canh tam giac
tai A, Bo, Cy ta thay A, By, Co thang hang. Hay kiém tra tinh
chat trén néu thay diém trong tam G béi diém Vecten, diém
Napoleon va sau d6 hay kiém tra v6i cac diém nam trén quy
tich nao thi théa man tinh chat nay, va di dén két luan tong
quat hon nua.

Bai toan 2. Goi O la tam dudng tron ngoai tiép ctia tam giac
ABC, khi d6 dusng thang Euler ctia cac tam gidc OBC, OCA, OAB
dong quy. Hay kiém tra tinh chat nay néu ta thay diém O bdi
diém tam dudng tron noi tiép, truc tam, va tam dudng tron chin
diém... Tim quy tich cac diém théa man tinh chat nay.

Bai toan 3. Cho tam giac ABC, mot dudng thang L cat ba canh
BC,CA,AB ctia tam giac 1an luot tai Ay, By, Co. S 1la diém bat
ky trén duong thang L. Goi A, By, C; 1a cac diém déi xiing ctia
Ao, By, Co qua S thi AA;, BB, CC, dong quy. Hay kiém tra két qua
bai toan nay néu ta thay S bi mét duong tron va phép doéi xung
qua diém bdi phép nghich ddo qua duong tron.

Bai toan 4. Cho hinh vudéng ABCD dung ra ngoai canh AB va
BC hai tam giac déu AMB, BNC khi dé tam giac DMN la mot
tam giac déu. Hay ki€m tra tinh chat nay néu thay hinh vuong
ABCD béi mot hinh binh hanh ABCD.

Bai toan 5. Dung trén ba canh ctia tam giac ABC cung ra ngoai
(hoac vao trong) cac tam giac déu BA,C, CByA, ACyB ta thay
AAg, BBy, CCy ddng quy, hay kiém tra tinh chat nay néu thay ba
tam giac déu bdi ba tam giac can dong dang.
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Bai toan 6. Dinh ly bay duong tron phat biéu rdng: Cho sau
duong tron trong mit phang sao cho méi dusng tron tiép xuc
v6i hai duong tron lién ké. Sau duong tron dé cung tiép xac voi
duong tron thu bay. Hay thir tim cac tinh chat ctia mot bai toan
dugc xay dung tit gid thiét: Cho sau dusng tron, moi dusng tron
tiép xuc v6i hai dudng tron lién ké nhau sao cho cac diém tiép
xUc nay cung nam trén mot dusng tron.
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INEQUALITIES
A JOURNEY INTO
FIBONACCI & LUCAS NUMBERS

Vandanjav Adiyasuren

National University of Mongolia

Bold Sanchir

Mongolian University of Life Sciences
1. Fibonacci and Lucas numbers
The Fibonacci numbers may this be defined as follows:
Fo=0F=1land F, =F, 1 +F,1, n>=2 (%)
The sequence of Fibonacci numbers is:
0,1,1,2,3,5,8,13,21, 34, 55, ...
The Lucas numbers may this be defined as follows:
[=21j=1land L, =L, 1+ L0 n=>2
The sequence of Lucas numbers is:
2,1,3,4,7,11,18,29,47,76,123, . ..

Both Fibonacci and Lucas numbers satisfy numbers identities
that have been discovered over the centuries. In this part we
explore several of these fundamental identities.

Proposition 1.1.

ZFk:Fn—i—Q_l (1)

k=1
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Proof. Using the Fibonacci recurrence relation, we have
F1 — F3 - F2
F2 — F4 - F3

anl — Fn+1 - Fn
Fn — Fn+2 - Fn+1

Adding these equations, we get

D Fi=Fna—F=Fop—1

k=1
O
Proposition 1.2.
a) Z Fak—1 = Fon (2)
k=1
b) D Fa=Fyi—1 (3)
k=1
Proof. a) Using the Fibonacci recurrence relation, we have
F,=F—-F
Fs=F,—F
F2n—3 = F2n—2 - F2n—4
F2n—1 = F2n - F2n—2
Adding these equations, we get
D Faxot =Fan —Fg=Fap
k=1
b)
n n n
D iFk= > Fe— > Fa
k=1 k=1 k=1
( by Proposition 1.1.1 and 1.1.2 (a))
= (Fany2 — 1) — Fan
= (Fany2 —Fon) =1 =Fon1 — 1
0
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Proposition 1.3.

Fn—an+1 - F2 - (71)71 (4)

n
wheren > 1

Proof. (By PMI) Since FyF, —F2=0-1—1=—1=(-1)!, the given
statement is clearly true when n = 1 Now we assume it is true
for an arbitrary positive integer n: F,, _;F,,; — F4 = (—1)". Then

FrFnio — Fiﬂ = (Fng1 — Fnot) (Fr + Fra) — Fiﬂ
=FnFni1+Fag — FooaFn = FouoiFop — Fay
(by the IH:)
=F.Fhy1 — FaoiFn — Ffl — (="
= FuFni1 — Fa(Faos 4+ Fo) + (1)
= FuFug1 = FaFan + (D)™ = (-1

Thus the formula works for (n+ 1). So, by PMI, the statement is
true for every integer n > 1. ]

Proposition 1.4.
YR =FuFai (5)
k=1

Proof. (by PMI) When n = 1, the

1
LHS= ) F =F =1
k=1

So the result is true WheTrll n = 1. Assume it is true for an arbi-
trary positive integer n: Y, Fi =F, F,,;. Then

k=1
n+1 n
SR= YRR
k=1 k=1
(by the IH:)

— FnFn+1 + F121+1 — Fn—l—l(Fn + Fn+1) — Fn+1Fn+2~

So the statement is true when (n+ 1).So, by PUI, the statement
is true for every integer n > 1. O
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Interestingly enough, Identities (1) — (5) have analogous results

for Lucas number also:

2 Le=Ln2—3
k=1

> Lo = Lon —2
k=1

D Lo =Lons1 — 1

k=1

Lnoilngt — L2 =5 (-1
DL = Lol —2
k=1

These identities can be established using PMI.

Proposition 1.5. (Binet’'s Formula)
Eo_ L (VBT (105N
n — \/5 2 2 Y

Proof. This can be established easily using PMI
1+V5\" (1445
2 B 2
() -7
B 2

wheren > 1.

)Fn+Fn—17n = 1

)Fn+Fn—1an> 1

2
Let U, = \/Lg [(H‘/‘?’) — (1*‘/5) ] , where n > 1.

V5
1. Suppose n > 3. Then

V5

Then U; = - <1+\/5 _ 1—\/5> —land U, = L ((H\/E)Q _ (

(6)



This, U,, satisfies the FRR(x) and the two initial conditions. This
gives us an explicit formula for F,:

o () (55))

O

Hé qua 1.1.
Foii+Fh =Fanp (11)
P —Faoy =Fon (12)

Corresponding to Binet’s formula for F,,, there is one for L,, also.
Proposition 1.6. Letn > 1 Then

L= (5 ()

Hé qua 1.2.

Fon = Fnln (13)
Fn—l + FTL+1 - Ln (14)
Fn+2 - Fn—2 = LTL (15)
Lo+ LTL+1 = 5F, (16)
Proposition 1.7.
Z FiFeio = §(FnFn+1 +Fie— 1) (17)
k=1

Proof. (by PMI) When n = 1, the
1

So the result is true when n = 1.
Assume it is true for an arbitrary positive integer n :

o 1
Z FrFryo = §(FnFn+1 + F121+2 —1).
k=1
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Then, by the IH and by the Fibonacci recurrence relation:

n+1

Z FiFrio = Z FrFigro + FrpiFngs
k=1

k=1

(FnFn—l—l + FEL—Q—Q - 1) + Fn+an+3

(FnJrl(Fn + Fn+1) + 2Fn+1Fn+3 + (le+2 - F?url) - 1)

(Fas1Frnie + 2Fh 1 Frngs + FaFags — 1)

(Fn+1Fn+2 + (2Fn+1 + Fn)Fn+3 - 1)

ORI NGB ITS NN I NN I NOR

(Frs1Fnae + Foyg — 1).

So the statement is true when (n + 1). Thus it is true for every
positive integer n. ]

Proposition 1.8.

(D Fr = Fan (18)

k=1

Proof. Let g, = >, (})Fx, and let hy, = > (7)Fry1. We have
k=1 k=0
n+1 n
n+1 n
In+1 —9gn = Z ( K Fi — Z (k)Fk
k=1 k=1



and

hfn—i—l - 2hn - hn—l—l - hn - hn

Yoo $ (D
()2 ()
< )(Fk+2 — Fis1)
B

} = gn = 39n-1 — Yn—2

Il
RgE
~

x
I
=)

Il
M=
-

K
I
=)

I
M=

~

k

Il
<)

From these results we get

On+1 —gn = hn
hn+1 - 2hn =0n

Thus we have
Fn — anl + an2 = (anQ + Fn73) + Fn72 — 2Fn72 + an?n

which implies, via F,, 3 =F, »—F, 4, that F,, =3F, »—F,_4. Since
g =1 =F and g, = 3 = F4, the sequence {g,} has the same
initial conditions and satisfies the same recurrence relation as

the even Fibonacci numbers. Thus Fon, = gn = Y, (7)Fk. O

2. Inequalities including Fibonacci and Lu-
cas numbers
Problem 2.1. Let n be a positive integer. Prove that

Zn: I—]2< > (Ln+2 - 3)2

k:lﬁ - Fn+2 —1

(Juan Jose Egozcue)

Proof. Using Cauchy-Schwarz Inequality we get

92 N 2_ N L 2 Y L—i y
RESEN PSR T
= (Z I};-:) (Frie —1).

k=1
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Here we used > L, =L,,,»—3, > Fx =F,.2 — 1. Equality occurs
k=1 k=1

only iff n = 1. N

Problem 2.2. Let n be a positive integer. Prove that

- Fk 2 1 n F]2< 2 5 3 n ) -2
= > FnF Fe(l+L .
<1+Lk> FoFni1 1;1 1+ Ly nin+i Z o K)

k=1

(Jose Luis Diaz-Barrero)

Proof. Using Cauchy-Schwarz Inequality and the identity Z F =

k=1
FnFni1, we get

n Fi 2_ nF Fk 2< an n Fk 2
k211+Lk B ék'HLk <| LF 2(1+Lk>

k=1 k=1
n Fk 2
- FnFn+1 2 ( ) ’
A1+ L
and
n 2 n F 2
F2F2,, = | = —— F/1+L
n' n+l <];1 k) (kzlm k + Ly
otk k=1
Therefore the desired inequalities proved. O

Problem 2.3. Let T, be the nth triangular number defined by
T, = ("}') for all n > 1. Prove that

n 2
1 (T_) L T
n? S \F) 7 9F.Fai
(Jose Luis Diaz-Barrero)

Proof. Note that

Nl nn+1Dn+2)  Mm+2\ ¢
3 6 _( )_ZT“‘
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Using Cauchy-Schwarz Inequality, we get

n n n 2 n
S $(0)ne S0 B
k=1 k=1 k=1

k=1 \' K

which is equivalent to the desired inequality, after using follow-
ing well known identity,

Fl+F+ - +F =F.Foia.

O
Problem 2.4. Let n be a positive integer and 1 be a whole num-
ber. Then
1 L L 1 1 1 22
(Fi+F+-+F) F+?+---+m > PR, .

(P.G.Popescu, J.L.Diaz-Barrero)

Proof. Taking account that F? + F2 + --- + F2 = F,F,., 4, as is well
known, and the fact that the function f: (0,00) — R, defined by
f(x) = © is convex, then by Jensen’s Inequality we get

1 - 1 1 n 1 n n 1
Fi _|_F_5+..._|_FF_¥1 \F%Fn+1 Fi74 F574 Fi '

Fn+1 Fn+1 n+1

From the preceding expression immediately follows

(F}+F5+~--+FL)[ L

1 1
i +--~+—1>F$ﬁ+l
1

‘F574 F}l—4
and this completes proof. O

Problem 2.5. Let «, xs, ..., «,, be positive real numbers. Prove
that

FuFno\" Bt o
(—H) > [[O0 T (R, 2

n cye Gt tom

(Jose Luis Diaz-Barrero)
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Proof. First, we prove that, for all positive real numbers x1, X, ..., Xn,

= Xk X
k=1 k=1

a2
If A = SXtotanXems then by weighted AM-GM Inequality

X1+t X

Sl

1
X1, X2 X X1+t
Ak 2 (Xk Xk+1 e inn—l) op+otan

Taking the product over k = 1,2,...,n gives the right-hand side
inequality of (1). Again using AM-GM Inequality we get

[ace(33a) = (3 5~)

This proves the left-hand side inequality of (1).
To solve the given inequality, in (1) take x, = Fi and use the

identity > F2 = F.F,,;. O
k=1
Problem 2.6. Let n be a positive integer. Prove that
1 n 1 4ot 1 - on?
FiFs  FaFy FuFnie ~ FnFngl + -1

(P.G.Popescu)
Proof. Using following identity

1
2 FuFiio = = (FaFn + Fa, — 1)

\)

and by Cauchy-Schwarz Inequality, we get

2

i 1 n _ 2n
Fka+2 i Fka+2 FnFn+1 + F%JFQ -1

k=1

Problem 2.7. Let n be a positive integer. Prove that

(Miquel Grau-S¥anchez)
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Proof. Denote

1 = 1 1
Ln) = + =+ =,
LA
Rin)=1+ —.
(m) ;1 F

If we can prove that
Lin+1)—Ln) <Rn+1)—R(n), (n=>1)

the result would follow by induction, since then L(n+1) < L(n)—
R(n) + R(n+ 1) < R(n+ 1). Therefore

DnZR(n)—R(n—l)—(L(n)—L(n_1)):i+ 1 VFani1

Frn  Fne1  Fnis  FuFng

W e MY oy

:x—|—y —
X+Yy X+Yy
X292
= >0
(x +y)x? +xy +y2 + (x + y)vx* + y?
where x = -, y = . O

Problem 2.8. For x is a real number and n is a positive integer,
prove the following inequality

O\ /F\* Fre1 )™
Sn:(F_j) —|—<F—z> —|—~-—|—( F;rl) >n+xInk,

(Zdravko F.Starc)

Proof. From the AM-GM Inequality, we get

Frot )™
S)n( F+1> =Tnexp (ilnFnH) >n+xInk,,q,
n n

where we have used the inequality e* > 1+x, x> 0. ]
Problem 2.9. Prove that
]:11:1]:]2:2 . ,F]TELn < e(Fn—l)(Fm—l—l)

(Zdravko F.Starc)
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Proof. Recall that > F; = F,,» — 1 and ) F? = F,F,,;. Since
im1 im1

f(x) = Inx functions is concave on (0,+oc0). Using Jensen’s In-

equality we get

o wEem (Y ) o (&)
i=1 n+2 -1 i=1 Fn+2 -1 Fn+2 -1

< FnFn—l—l 1= (Fn - 1)(Fn+1 - 1)

~

Frio—1 Frnyo—1
Thus,
Y FilnFi < (Fy = 1)(Frur — 1)
i=1
Taking exponentials yields the result. ]

Problem 2.10. Let n > 2 be an integer. Prove that

n k 1 n 2
=
U (Z Fk+2 - F - 1) ) FTLFTL+1 (F3F4 T Fn)

(Jose Luis Diaz-Barrero)

Proof. We first prove that
KFcFin = (Fege —1)° (k= 1) (1)

For k = 1,...,7, this can be verified directly. If k > 8, then Fy,, <
2F 1 < 4Fk, and therefore kFiFi,1 > (k/8)FL,, = FiH > (Frpo—1)2
Let k > 2. The function

1

f(x) = <x<F
WL o e

is convex, as is seen from its second derivative. From (1) and
applying Jensen’s Inequality and using well known Z};l F; =
Frio — 1, we get

k (655 o (59) e
5 > . |
o Fk+2_F —1)? k—1/ (Fxpo—1)2 k—1) FFen

Taking the product over k = 2,...,n, we obtain the desired in-
equality. O
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Problem 2.11. Let n > 0 be a non-negative integer. Prove that

Loy F F 2
Frrli < (Fi3)

(Juan Jose Egozcue)
Proof. We shall prove that, for all non-negative integers n,
FeLe < B < BV (1)

with equality on the left-hand side only when n = 0 or n = 1,
and on the right-hand side only when n = 1.

If x and y are distinct positive real numbers, then, by the weighted
AM-GM Inequality,

x+y
xYy* < ( XY ) )
X+y
. 2% X+
Since 75 < /Xy < *7*, we have
x+y
XYy~ < (xy)%11 < (x—;—y) . (2)

The cases n =0 and n = 1 can be treated directly. If n > 2, then
) < Fn < L, and (2) gives

Fn+ln
2

Fonlin < (FuLy) 2 0 < (

F.o4+L Fn+Ln
=)

From F,.L,, = F,and L, = F,_1+F.y1 and F, + L, = 2F,, 1 so
given inequality is proved. ]

Problem 2.12. Let n be a positive integer. Prove that
$E) ()L Pl
S ) \A0 )7 (L 32

where F,,, respectively L, represent the n'™ Fibonacci number
respectively the n'" Lucas number. (Batinetu-Giurgiu)

Proof. Using the following well known identities L;+L,+...+L,, =
Lhio—3and F{+F,+...+F, =F,.» — 1 we have

() (£8) D) ()
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It is enough to prove the above inequality. Applying the Holder’s
inequality, we get

<i )3/5 (i Fi)l/g) <i Fi)l/f)
Lk . _x . _<
k=1 o Lx k=1 Lk

< n 5 3/5 n P2\ 1/5 5\ /° n 3\ 1/5 5\ /°
(S (G(@7) (G
k=1 k=1 Lx k=1 Li

n F2/5 F3/5 n

/5 Tk Kk _
> ( Lo 1/5 12/5 | — Z Fi

k=1 Lo K k=1

Hence our inequality is proved. O

Problem 2.13. Let n be a positive integer . Prove that
< 2 n ! > = en—an
k=1 (k) -

(Jose Luis Diaz-Barrero)
Proof. The Cauchy-Schwarz Inequality gives

S (E0r)=
2 ()re=rn

2

Sl

Using

this identity, we obtain

1 n

>
(WFc ~ Fon

NgE

T
I

The well known inequality e* > 1+ x, x € R, with x = F% -1
implies
no_ i

F /e

The stated inequality follows. O
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Problem 2.14. Let n be a positive integer. For any real number
v > 1, show that

1 n
Y 2 (R (= L) > P
=

(Jose Luis Diaz-Barrero)

Proof. Using Bernoulli’s inequality, we have

< F2 v R
1+ (— — 1) y) < .
2 2

Therefore, we obtain the inequality
LY + (v — DL —yFE > 0.

Using this inequality and the identity > F2 = F,F,..;, and sum-
k=1

ming up, we get desired inequality. H

Problem 2.15. Letn > 3 be a pos1t1ve integer. Prove that

2

1
+ > :
J1— & \/1—%2 \/1_<Fn+1>

(P.G.Popescu)

Proof. If n > 3, the Harmonic-quadratic mean inequality gives

ZIT)

N————

<
1 1

2
V- Tk
Note that this inequality is strict since F,, # L,. Indeed L,, =
Fni1+ Fo_1 > F, for n > 2. Now, we will show that

1/1 1 F2 .,

2 <F_ * L—z) "R,
holds for n > 2. Now if we use Fy,, = F,L,, and 2F,,,; = F, + L,
then last inequality is equivalent to

1 2 1 2
2 ( 1‘?) +< 1_E) \/ 1(1 1
=15 &+

2F2 + 212 > (Fn 4 L,)?
which is AM-GM Inequality. O
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Problem 2.16. Let n be a positive integer. Prove that

1

(Z 1+F2><H(1+Fi)> < FaFni

(Jose Luis Diaz Barrero)

Proof. Since  Fi = F,F, ., the proposed inequality is equiva-
k=1
lent to

(Z m) (ﬁ(HFi))i < kilF,{_

This may be proved by the AM-GM Inequality and Chebyshev
inequalities as follows

. F2
Since both sequences { \/J—Tﬁ} and {y/1+ F2} have the same

monotonicity. [
Problem 2.17. Prove that

L2 [2 Fn L.
arctan A / “H + arctan + Tl S arctan —t2 +2

+ arctan

(D.M.Batinetu-Guirgiu, student)

Proof. Using F,, + F,,,; = F, 2 and AM-GM Inequality we get [

Problem 2.18. Let n be a positive integer. Prove that

3F2+3F%1+1 3L2+3L31+1 <\3/1

(Diana Alexandrescu)
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Proof. Since the function f(x) = +/x2 is concave for all x > 0,
Jensen’s inequality yields

(XY VXY
4 2 ’

forx >0, y=0, x#y.
Under the same conditions, this inequality can be equivalently

written as
Vx4 Yy < ¥2(x +y)
For x =F, and y = F,, 1, we obtain
V2 4+ A2 < A/2(Fn + Fag) = A/ 2F2 .

This implies

\3/@+\3/K<\3@'

1
R .
Similarly, letting x = L,, and y = L,,; yields
VBT
+1 (2)

VAR
Multiplying inequalities (1) and (2) yields the desired result. [

Problem 2.19. Let n a positive integer. Prove that

n n n 2
! [(1 = %) MR+ HFi] > (H FS‘“T”) .
k=1

FrnFni k=1 k=1

(Jose Luis Diaz-Barrero)

Proof. Using F.F,,.; = > F2, the proposed inequality may be
k=1
written equivalently as

n

DI A n (n—1/m)
n-=——+][FR= ( Fi) 2R
n k=1 k=1 k=1
which follows by the AM-GM inequality. O
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Problem 2.20. Let n be a positive integer. Prove that

FQn < 1 2nFnFn+1 + 2n Fn+2 —1 ‘
2\ Fhio—1 n on

(Jose Luis Diaz-Barrero)

Proof. After AM-GM Inequality, it suffices to show that

2
F2n < ( n) FnFn+1-
n

Using following well known identities

2n\ v (n 2
(o) -20)
FnFn+1:iFi'
k=0

Therefore the desired inequality follows immediately from Cauchy-
Schwarz Inequality. ]

Problem 2.21. Prove that

(F1—+/ F1F2+F2)2+(F2—\/ FoF3+F3)%+- - A+ (Fn—+/ FoFi+F)? = FuFny

(1)
(Li—/LiLotLo) 2+ (Ly—/LoLs+Ls)* 4+ - A(Ly—/ Lo LiA+L)? = Lyl —2
(2)
for any positive integer n. (D. M. Batinetu-Giurgiu)

Proof. Using the AM-GM inequality, we obtain

X2 4u2
Xty VY 5

= 9

2 2

and so

2 2
X —/Xy+y= * ;y
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for any positive real numbers x and y. Thus, the left-hand side
of (1), LHS, is

F§+F§+F§+F§+__‘+Fi+F§

LHS >
2 2 2

Inequality (2) is proved in the same way by using >, [2 =L L, ,1—
k=1

2. O

Problem 2.22. Let {a,},>; be a sequence of real numbers de-

fined by a; = 3,a, =5 and for all n > 3,a,41 = 1(a? +1). Prove
that

2
$ Ly Lnlngs
1 _ .
+ (kz_:l Jit ak> =T
(Jose Luis Diaz-Barrero)

Proof. Since > L} = L,L,,; — 2, the proposed inequality is
k=1

equivalent to

or

By the Cauchy-Schwarz inequality,

() <&

We now prove that

DN | —

™ 1
2T <
kzlak+
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We have

1 1
Any1 = 5(0121 +1l)=anp—1= 5(0121 -1)
1
= Apn41 — 1= §(an+ 1)(an — 1)
1 1 1
= = —
Any1— 1 an—1 apn+1
1 1 1
= = —

ni1 an — 1 nt1 — 1

Hence
-3 I S S
kl k=1 k_1 Q41 — 1 a—-1 any1—1 2
and the problem is done. 0

Problem 2.23. Let T, = ) for all k > 1. Prove that

n F2m+2 - 3m“:n]:n+ 1)m+1
T - nmIr,

k=1

for any positive integer n > 1 and for any positive real number

m.
(D.M. Batinetu-Giuriu)

Proof. Let S=S,= > F,and U=U, = > T. Itis well-known
k=1 k=1
that S = F,F,.1, and it is easily derived that

nn+1)(n+2) nTy
6 3

We see that we may write the desired inequality as follows:

Sm+1 <um Z F2 (§2> (1)

Now Holder’s Inequality for sums states that for any two non-
negative sequences {ay}r>1 and {by}x>1, we have for all n # 1,
and forallp > 1 and q > 1 such that & + ¢ =1:

n n 1/p 1/q
D aby < (Z ag> < b]‘j) . (2)
k=1 k=1 k=1

172

U, =

=



i 1 _ m 1 _ 1 . epe
In particular, take S = il g = wiT where m is any positive

number. Also, take a, = T./?, b, = F2/T./?. Then Holder's In-
equality takes the form:

n n m/(m+1) N p2mes 1/(m+1)
k=1 k=1 k=1 k

n F2 m 1/(m+1)
S < um/(m+1] FQ <_k>
1;1 AT

Raising both sides to the power q = m + 1 yields the desired
inequality in (1). O

or

Problem 2.24. Prove that

F2n+1 - 1 > l
Fonia —3Fnio —Luo+3~ m

foralln > 1. (Ovidiu Furdui)

Proof. Using induction, it is easy to show that forn > 1,
n n n
D Fe=Fna—1, D Le=Ln2—3, ) Fa=Fon1 — L.
k=1 k=1 k=1

In addition, Fyx = FyLy follows immediately from Binet's formu-
las. Finally, recall that Chebyshev inequality asserts that

for all nondecreasing positive sequences {ay} and {by}. Combin-
ing these results, we find

FL
Fong1—1 B Foni1—1 B k; klk . 1
Fonia—3Fnio—Lnia+3 B (Free—1)(Lnge — 3) - ( > ( > ) T n
F L
forallm > 1. O
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Problem 2.25. Prove that if m > 0 and p > 0, then

i Fm+1 i FEJrl - (Fn+2 _ 1)m+p+2
0 J\&E 10 )7 T3

k=1 =1

for any positive integer n. (D.M. Batinetu-Giurgiu)

Proof. Using a special case of Holder’s inequality, for two se-
quences {ay} and {b,} we have

n n 1/u n 1/v
3 0y by < (2 ag> (2 bﬁ) )
k=1 k=1

k=1
where L +1 =1 We let ax = (Ly)™™*! and by = (Lk)ﬂﬁ; and
we let L = - and ! = 1. Then

n n

Zak‘bk:ZFk:(Fn+2_1) (2)

k=1 K—1

Then on the RHS of (1) we have

n m/m+1 n el 1/m+1
Ev) (S
k

k=1 k=1

Raising (2) and (3) to the (m+1) power and further noting 22:1 Ly =
Lhyo — 3 we get

L n Fm+1
(Fasa = )™ < (Laa = 3™ | ) (4)
k=1 Kk
But now , for another value, say o, we also get the relation
n F‘p+1
(Friz = 1P < (Luya = 3)7 | D] EE (5)
k=1

Multiplying (4) by (5) and dividing throungh by the Lucas sums
we obtain the stated inequality. This completes the proof. O

Problem 2.26. Let n be a positive integer. Prove that

3 wzk) (2 i ) S BEL,
<k—1 o VK

(Jose Luis Diaz-Barrero )
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Proof. We will show that the indicated inequality is a special of
Holder’s Inequality:

n n 1/p n 1/q
D abi < (2(@?) <Z(bk)q> (1)
k=1

k=1 k=1

where p, q the ai’s and by’s are positive numbers, with ©+ = 1.
Let p =3, q =3/2, ax = (F)¥3(L)"3, By = (F)¥3(Le) /3. We
see that the indicated quantities satisfy the conditions required
ef Holder’s Inequality. Then , by (1), we have:

n n 1/3
(R < <Z(Fk)21-k> <
k=1

-

1

2/3
(Fk)2“—k)_1/2>

Cubing both sides and noting that (F,)?L, = FiFs,, we obtain:

(Z (Fk)2> < Z FiFax (Z(Fk)Z(Lk)l/2> (2)
k=1 1

k=1

Finally, we use the well-known identity:
D (R =FuFnp (3)
k=1

Substituting the result of (3) into (2) yields the desired inequal-
ity. O]

Problem 2.27. Let n be a positive integer, Prove that

D R < % (J > (Fet+ (2 = DL)? +J D (=1 +Lk)2)
k=1 k=1

(Jose Luis Diaz-Barrero)

Proof. Starting with Minkowski’s inequality

(i(akerk)P) p < (i aE)p + (i bE)p ,
k=1 k=1 k=1

ak:Fk+(nm— ].)Lk, bk = (Tl,m— 1)Fk+Lk

let
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By adding these two quantities together we have
ay + bk = 211ka+1.

Using these quantities in the given inequality we have the result

S R (D

If we let m =2 and p = 2 then we have the required result. O]

HM:

1)Fe + LiJP )

Problem 2.28. Prove that

F2“F2n 1 n+1 n+1 n+1
:@;ﬁ <FH +F +---+F
for all integers n > 1. (Ovidiu Furdui)

Proof. The well known formula
F+FE+  +F =FF.

will be used. In view of the function x — x*" on (0, co) we get that

(F%—{—Fg—l——}—F%)Qn _ F%HH—I—F%HH—{—“-—{—F%HH
n h n

or equivalently

PR

1 n+1 n+1 n+1
LML CET 4+ 4+ B
TL2 1 n

We are done. O

Problem 2.29. Let n be a nonnegative integer. Prove that

2
1
— (Z In( 1+Fk)> < FnFnit
n+1

k=0

(Miquel Geau-Sanchez)
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Proof. For x > 0, it is well-known that x > In(x + 1). Thus,

and so

($0) = (Smen)
k=0 k=0

Since Y, Fi =F, F,1, by the Cauchy-Schwarz inequality,

k=0

wat = (£1) (£) - (E0) > (o)

It follows that

2
1
— (Z In( 1+Fk)> < FnFnir.
n+1

k=0

]

Problem 2.30. Let 1 be a positive integer greater than or equal
to 2. Show that, for x > 1,

n
n2
10gF1+1F1+2"'F1+n XS Z logFl+k X.
=1

(Juan Jose Egozcue)

Proof. It follows from Cauchy-Schwarz Inequality that

2
n n 1
" <Z e mFHk) = (klenFHk> (lgl mFHk)‘

For x > 1, we have Inx > 0. Hence

2 n
n“lnx - Z Inx

InFi i Fig - Fign 1 In F1+k’

which completes the proof, because Inx/Ina = log,x for any
a>0. 0
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Problem 2.31. Let n be a positive integer. prove that
n n n
(;1 1+L2> (Bl (1+1L}) ) < LnLngi — 2.
(Sergio Falcon)

Proof. Using AM-GM Inequality, we can see that

(Z m) (ﬁ(lﬂ)) < (Z F)EZ VH—L)

. L2 .
Since { \/LtTﬁ} and {1/1 + L2} are non-decreasing sequences,we

conclude that

(2 ) SZM> e et

Since Y, [ =L,L,,; — 2, the inequality follows. O
K=1

Problem 2.32. Prove that

a) FL+F2, +5F 5 > 4V6y/FnFnyiFnio,
b) L2412, +5012,, > 4V6e/Lalniilaio

for any positive integer n. (D.M. Batinetu-Giurgiu)

Proof. a) From

F31+4 = (Fn+2+Fn+3)2 = (QFn+3Fn+1)2 = ((2Fn)2+(3Fn+1)2)+12FnFn+1

and the inequality of arithmetic and geometric means we have
that
F2 ., = 12F Foq + 12F, Fpg = 24F, Fopy
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That is, 24/6F,.F,. 1 < F,. 4. Therefore,

4[\/ FrFniiFrnge < 2FaFnio = 2(2Fn o+ Fr1 ) Fnge = 4F$L+2+2Fn+1Fn+2-
This and the inequality of arithmetic and geometric mean imply

2Fn—l—an+2 F2 + Fn+1
So,
AN 6/ FrFn 1 Frse <AF2 o+ 2F 1 Fuae < 5F2 L +F2 +F2, .

b) The proof of
AV6y/ L Ly 1Ly o <512, + 12 +12,,

is similar to the previous proof. It is enough to replace F, with
L. N

Problem 2.33. Let n be a positive integer. Prove that
n T‘L+l n n+1 n+1
F k+1 k+1 )
kz_:l k2 2 (n+1)n H (Lk+1_Fk+1
(Jose Luis Diaz-Barrero)

Proof. Direct computation shows that equality holds with n =
1. Now, suppose that n > 2. If a and b are real numbers such
that b > a > 0, then, by Holder’s Inequality,

b b + /b not
J tn dt < <f tdt) (J dt)

or, equivalently,

n bnil—ail< a+b\"
n+1 b—a 2

Taking here a = Fy 1, b = Ly, noting that F,; + Ly 1 = 2F .0,
and taking the product over k =1, ..., gives

k+1 ~ Tkt
F
(n+1n H <Lk+1 - Fk+1> (H k+2>
After AM-GM Inequality our problem will be solved. O
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Problem 2.34. Let n be a positive integer. Prove that

| Frni2 F F Frt1 Frni2
(1) an + Fn+1 + Fn?kQ < an + Fn+1 + Fn+2
Fni1pFni2pF FnpFnripFns2
b) an Fn+1 an+2 < anFn+1 Fn+2

(Jose Luis Diaz-Barrero)

Proof. First we will prove first part. Given inequality is true if
n = 1,2. So we need to prove n > 3. Note that

Fir Pyt + Py — (oot + P 4+ Pl )
= |(Fir + Fioyd) = (Pt o) |+ (P = Fia) — (PR = Fi)

Therefore, our statement will be established if we prove that, for
n=3,

Pt + By < B+ R (1)
and

P + R < B+ Ry (2)
hold.
In fact, we consider the integral

Frny1

I, = f (F i InFrsr — F InFy) dx.
Fn

Since F,, < F,,; if n > 3, then, for F,, < x < F,,;;, we have
FrolnF, <Fy  InF, <F5,  InFhyy

so we get I; > 0.
On the other hand, evaluating the integral, we obtain

F“+1
L = f (F?L—Fl InFn i —Filn Fn) dx = (F$1+1 _ F?L) :z:+1
Fn.

Fn Fn Fn Fn
- Fn + FTIJ:II - (Fn iy Fn+1)

and (1) is proved.
To prove (2), we consider the integral

Fn+2

I, = f (FX  InFry — Fo InFroyy) dx
Fn
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Since F,,;; < F,.49, then, for F, < x < F,,,, we have
FriiInFo <FooInFoio

and I,.
On the other hand, evaluating I,, we obtain

Fn+2

I = f (F§+2 InFnio— FﬁJrl In Fn+1) dx = (F?prz _ F§+1) ]F::H

Fn
_ Frni2 F Frni2 F
- <Fn+2 - Fn12> - (Fn+1 - an+1 :

This completes the proof of first part.
Now we will prove second part of our statement. The proof will
be done in two steps. First, we will prove that

(3).

n+1"'"n+2

Fn+Fnt1+Fni2
F11 %_ FTL+1 _F FTL+2:> n n+ n+

3

Using weighted AM-GM Inequality we get

FTFlnH F

Fant+Fni1+Fn
Fri2 FFn (FnFn+1 + Fn+1Fn+2 + Fn+2Fn> " e
n+1'"'n+2 Fn + Fn+1 I Fn+2 .

Inequality (3) will be established if we prove that

(FnFn+1 + FniiFngo + Fraobn ) Frftn e < (Fn + Frng1 + Frgo ) ot Pt
Fn + Fn+1 + Fn+2 3

or, equivalently,
(Fn + Frgr + Fra2)? = 3(FuFrgt + FrsiFrgo + FugoFn)

which is AM-GM Inequality.
Finally, we will prove that

F Fn+1 Fn+2
< an Fn+1 Fn+2

(Fn + Fuyt + Fn+2)F“”““”“”
3

which is weighted HM-GM Inequality.
This completes the proof of second part and we are done. O
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TOAN HOC TRONG MAT Al

Nguyén Quoc Khanh (Ha Noi)

Nam 1982, dao dién Tran Van Thuy da lam mot bo phim tai
lieu, dat tén la “Ha Noi trong mat ai", mot bo phim hay. Bo
phim nay mé dau bang tiéng dan guitar tinh té va truyén cam
cta nghé si Van Vugng, mot ngusi sinh ra va 16n 1én tai Ha Noi.
Nghé si Van Vugng von chi
mong muon mot lan dugce tan
mat chung kién vé dep cua
Ha Noi. Lam nhu thé, co 1é
y d6 cua dao dién la mudn
mugn cai thé giéi quan thuan
khiét ctia mot nghé si mu
dé ma lang nghe tiéng dong
ciia nhiing cudc sbébng xung
quanh. Trong toan hoc cung
c6 mot dieu gi do tuong tu,
doi khi chung ta c6 thé cung
nhau ngoi lai, that binh tam
va yén lang dé cung quan sat
Nghé si Van Vugng. va cam thu lay cai thé giGi
quan cuia ban bé minh, tac la
nhing diéu ma thuong khi da bi phan tinh, giong nhu nhing
hu anh nhiéu mau, lan at di.

Vay thi t6i muén nhan cai sy dong diéu v6i bo phim “Ha Noi
trong mat ai" nay dé€ lam cim hing ma viét thanh mot bai
diém sach, tya la “Toan hoc trong mat ai". Muc dich ban dau
tat nhién la d€ gici thiéu vé6i cac ban doc gia ciia Epsilon mot
vai cudn sach viét vé toan hoc ma to6i da doc va cam thay thich
tha, nhung cting la dé mong rang vé sau nay, viéc doc clia cac
ban cing c6 thé tré nén vui vé hon, theo cach la thay vi mét
moi dudi theo nhiing diéu hoi ti€u tiét trong toan, ma bang mot
cach nao doé co thé chia sé v6i cac tac gia ctia cac cubn sach ma
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cac ban da doc mot cai su cAm thu nao dé, ma bat nguon la
tir chuyén chia sé nhiéu hon vé thé giéi quan toan hoc ctia méi
nguoi vay ©.

Nhung néi nhu thé thi muc dich ctia t6i ¢6 vé hoi bi nhiéu va
tritu tugng qua, chi bang lua chon lay mot muc dich ré rang
hon, cu thé va truc dién hon, chrfmg han nhu 1a lam thé nao
dé moi ngudsi déu c6 thé tré nén thich doc sach? Tat nhién, day
la mot cau héi kho lam, toan bd cd nganh xuat ban van con
dang dau dau d€ cung nhau di tim cau tra 16i ma van chua ra.
Rat may, NXB Kim Pong da nhan thic
emmme——— dudc tam quan trong ctia cau hoi nay,
nén gan day ho méi xuat ban mot cuén
sach co cai tua dé rat la, la “Bi kip
khién ban thich doc sach”. Cudn sach
THICH ©0C nay danh cho “ngay ca v6i nhiing ban
SACH khong thich sach”. Co 1€ véi cai tua
dé thuong nhu thé, thi cuén sach nay,
cung vG6i nhan vat chinh ctia né6 la
Mot sach, cing rat hgp v6i cac ban
doc gia ctia Epsilon, ma Ban bién tap
von tu xac dinh, 1la nhing ngusi yéu
toan, tac la Mot toan, hodc sap yéu
toan, va ca nhung ngudi yéu nhing
nguosi yéu toan vay. Toi rat hi vong rang,
chi trong tuong lai rat gan thoi, sé c6 mot cuén sach nao dé, ma
nhan vat chinh ctia né sé dugc dat tén la Mot toan, va chti de
ciia cudn sach ay, co6 1€ sé 1a “Bi kip khién ban khong he con
ghét hay la s¢ toan”.

Cac ban doc gia hay thong cam cho cai tat an néi dai dong ctaa
toi. Toi budc phai lam nhu thé dé€ ngay sau day cac ban sé bét
su cheé trach toéi hon, khi ma téi lai lwva chon mot cuén sach
ma co 1€ trong s6 cac ban ai cing déu da co, va cang da doc
qua. Cubn sach nay thuc su da lap mot ki luc trong lang sach
Viét Nam, khi ma chi méi in ra lan dau dugc c6 may nam, tGi nay
cudn sach da dugc in di in lai t6i gan ca chuc lan. Véi hang van
ban da dugc ban hét veo chi trong miy nam, cudn tiéu thuyét
toan-hiép made-in-Vietnam dau tién cé6 tén la “Ai va Ky 6 x&
sé nhirng con s6 tang hinh” thuc su la mot best-seller dang
nguong mo.
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T6i day, toi da bat dau nghe thay c6 tiéng thé
dai dau dé, béi vi han 1a sé c6 nhiing ban dang
noéi tham rang “Oi tudng gici thiéu sach gi,
hoéa ra sach nay, sach néi tiéng thé nay roi
thi con gidi thiéu lam gi nta cho tén giay ton
muc”. U nhi, nhung ma néu thuc su c6 ban
nao dang hoéi mot diéu tuong tu thé nay, thi
phai rat cAm on ban, vi ban da dat ra mot
cau héi dung! Tai sao lai 1a mot cau héi dung?
Va rét cuoc thi tai sao lai chon gidi thiéu mot
cubn sach da thira su phd bién nhu thé nay day? Toi sé noi ly
do ctia minh ngay lap tuc.

Truéc tién phai k€ lai v6i ban rang, cudn sach nay da ra doi
nhu la mot tdc pham chung ctia mot blogger vo cung noéi tiéng,
la Anh Xu Béo Nguyén Phuong Van, va mot nha toan hoc ma
c6 1€ t6i thoi diém nay thi gan nhu khong ngusi Viéet Nam nao
khong biét téi, 1a Gido su Ngé Bdo Chau, ngudsi da dugc nhan
huy chuong Fields nam 2010, nho do6 truc tiép “giup” nén toan
hoc Viét Nam can bang “thanh tich giat Fields” v6i mot cudng
quéc toan hoc, dé la nuée Puc. Hon nita, cac tac gid cung véi
don vi lam sach 1a Nha sach Nha Nam da rat can than tim dudc
mot hoa si rat tré va cting rat tai nang dé€ minh hoa cho toan bo
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chuyén phiéu luu ctia rat nhiéu cac nhan vat trong cuén tiéu
thuyét huyén 4o nay, la ntt hoa si Thai My Phuong. Pa co6 lac
toi ngac nhién vi lam sao ma Thai My Phuong c6 thé vé dugc
cac nhan vat chinh xac véi su mudng tugng ctia cac tac gia téi
nhu thé, tat nhién la con ca viéc hoa si da phai hoc rat nhiéu
ti toan dé c6 duge nhiing biic hinh minh hoa cac y tuéng toan
hoc rat khé, nhu la nghich 1y Zermelo chiang han, nhung cai
than ctia cac nhan vat co6 1€ méi la diéu khé khan nhat trong
cong viéc minh hoa cho mét cudn sach “dep” nhu thé nay.

Va nhu thé, ban c6 thay khong, véi danh tiéng ctia hai tac gi,
cung véi su minh hoa xuat sac ctia Thai My Phuong, viéc “Ai va
Ky” ban chay khong phai mot diéu gi kho hi€u. Vay diéu gi la
kho hi€u 6 day? Xin ban diing giat minh khi nghe t6i néi diéu
nay nhé, diéu dac biét & day, va cang la ly do chinh ma t6i muoén
gi6i thiéu cudn sach nay t6i v6i cac ban, 1a vi day thuc su la
mét cudn sich khéng hay!

T6i day, xin cac ban doc gia hay binh tinh! Vi t6i sé khong mé
ra mot cudc tranh luan vé viéc thé nao 1a mot cudén sach hay
trén Epsilon. Thay vao do, t6i sé k€ cho cac ban nghe mot cau
chuyén khac, vé mot trong hai tac gid ctia cudn sach nay. Co
mot lan, Gido su Ngo Bao Chau c6 héi t6i rang “Tai sao anh
da danh rat nhiéu thoi gian dé viét mot sé6 chuyén dé rat so
cap, ma c6 vé khong may ai doc nhi?” Cai chuyén dé chinh
ma Gido su Chau nhéc t6i § day chinh 1a cai chuyén dé “Ve
viéc gidi da thic mét an” dugc dang trén Epsilon sé nay.
Chuyén dé nay da dudc dang trén

trang nha Facebook ctia Giao su 5 o
mot thoi gian truéc, nhung rat = . %
it ngudi chia sé va doc. Néu ban = /?
nao tinh y moét chut, sé nhan ra - =
ngay rang, cai chuyén dé muoi

trang ay thuc chat la cung mot

nodi dung véi toan bod cudn sach '- N ‘
“Aiva Ky” day t6i may tram trang, = 3 Aeee . A8
tat nhién la chuyén dé con chaa a4 Aa

dung moét s6 noi dung cao cap

hon chut xiu. Nhung chuyén khong chi c6 thé, trong budi noi
chuyén vé phuong phap giai toan va lam toan ma Giao su Chau
dac biét danh tang cho cac ban hoc sinh ¢6 mat tai budi ra méat
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Vuon uom tai nang Talinpa tai Tuan Chau, Ha Long nhing
ngay dau nam nay, thi cai cau chuyén toan hoc chinh yéu ma
Giao su st dung d€ néi vé, cung la cht dé gidi phuong trinh dai
s6 nhu ca hai lan trude. Tai sao lai phai lap di 1ap lai cung mot
chti dé nhu thé, va méi lan lai 1a mot dinh dang khac nhau, lac
thi la sach, luc thi la chuyén dé, luc thi la bai néi chuyén, méi
1an lai c6 nhitng su khac nhau dién hinh?

Tra 16i duge cau hoi nay khong phai dé. Nhung téi mudn cac
ban tam thdi quén cudn “Ai va Ky” nay di d€ cuing nhau ngam
nghia mot buc tranh rat dac biét, la buc tranh nay.
Ban thay thé nao? Toi sé ké
cho cac ban nghe lai lich
cua burc tranh nay. Buc tranh
nay la do mot co bé tén la
Mirella vé. Mirella la con gai
ciia mot nha toan hoc. Nha
toan hoc nay nhang luc 6
nha thuong hay ngoi choi va
hoc toan cung con gai. Nha
toan hoc ay tuc la Giao su
Nguyén Tién Zung, ngudi tu
vi minh nhu la “con cwtu den
cua lang Toan Viét Nam”
vay. Tai sao lai la “con cuu
den”, va thé nao la “con ctiu
den”? Chung ta sé khong noi
vé chuyén ay 6 day, ma 6 day
toi muodn giGi thiéu véi cac
ban mot cudén sach khac, tuc
la cubn “Cac bai giang ve
toan cho Mirella”. Cudn sach
nay la mot tuyén tap cac cau
chuyén toan hoc ma Gido su Zung da cam cui viét thanh sau
nhiing budi hoc toan cung véi Mirella. Cudn sach nay c6 1é dan
dan sé tré thanh mot bo sach nhiéu tap, va hay cung doc mot
vai diéu ma Gidao su Ha Huy Khoai da viét thanh cdm nhan vé
“khu vuon” cia Gidao su Zang 6 day.
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Hom nay, 6ng chtl ctia khu vuon do lai dan chung ta vao
mot khu vuon khac, cung v6i niém say mé nhu thé. Khong
nhing ta dugc 6ng chti chi cho xem, dudc chiéu dai nhing
hoa thom qua ngot ctia khu vuon, ma con dugce tan tinh chi
bao cach tao nén nhing hoa thom qua ngot d6. Khu vuon
co tén la Toan hoc.

(Giao su Ha Huy Khoai giéi thiéu vé sach "Bai giang cho
Mirella" ctia Gidao su Nguyén Tién Zung)

Cac bai giang vé toan cho Mirella thuc su 1a mot cudén sach
gido khoa toan hoc cho tat cd moi ngudsi, dac biét cho nhting

ai muén tim hiéu vé dep clia toan hoc ma con ngai tinh toan!
No6i cho cung, trong toan hoc c¢6 hai phan “tinh” va “toan”.
Néu nhu cac ky thi thusng hay bat thi sinh phai thao “tinh”,
thi tac gid lai cho ngudi doc hiéu phan “toan”, tic la phan
ban chat nhat ctia toan hoc. Hon nira, khi da hiéu “toan” thi
viéc “tinh” cang sé tu nhién nhu trong mot cai cay, gieo mot
hat giong thoi. Pa dén luc chung ta cung ngudi lam vuon va
c6 bé Mirella buéc vao khu vusn Toan hoc, v6i niém vui ctia
ngudi kham pha va sang tao.
(Gidao su Ha Huy Khoai giéi thiéu vé sach “Bai gidng cho
Mirella”)
Hay cting nhau thit xem muc luc céac bai giang ma Giao su Zang
da gidng cho Mirella. D6 1a bai toan cong chua Dido khoanh dat
ven bd bién, bai toan con khi di ban chudi, bai toan bo gim cé,
bai toan mot dan kién di trén day, bai toan cat ghép hinh vuoéng,
bai toan banh xe hinh vuong, va nhiéu nhiéu nira. Co thé thay,
tat ca déu la nhiung bai toan riéng 1, va cach ma Giao su Zuang
da vo cung ti mi d€ giang cho Mirella 1a cach tiép can cac van dé
cu thé titng buéc, tirng budc, quan sat, suy luan, thuc hién, thi
nghiém, va dat téi nhitng hiéu biét va cam thu toan hoc thuc
thu. Vay thi that dung nhu cach ma Giao su Khoai da vi von,
cong viéc ay ctia Gido su Zung qua thuc giong nhu mot ngudsi
lam vuon véi tat cd nhiing su say mé. Va diéu do thuc tot. Béi vi
lam sao c6 thé day cho ngusi khac yéu thich hay dam mé toan
hoc, ngoai trir cach thé hién cho ngusi nghe ctia ban mot niém
dam meé thuc su ctia ban, dé réi théng qua cai cAm hing ma
ban c6 gang thé hién va truyén tai cho ho, thi ban con c6 thé
lam gi khac hon?

Nhac t6i chuyén lam vuon, toi biét c6 nhiéu ban thich, nhung
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cung c6 nhiéu ban khong. Diéu nay khong dang ngac nhién,
béi vi ¢ 1€ bén canh nhiing ban thich lam vuon, luén con cé ca
nhiing ban chi thich dugc boi ra bién, chaamg han nhu chuyén
Hyppasus vi tim ra su ton tai ctia sé vo ty ma bi Pythagoras bat
phat ra boi 3 tiéng ngoai BIEN giéng nhu “Ai va Ky” da k€ lai
nhu thé nay day

< ddy ld Hyppasus
Toi nay, con s& !
lai bi phat : ]l
. ra boi 3 tiéng
 ngodi BIEN |

| va v 1 hink vuBng
I8n vdm da di

Nhung bay gid, néu chi lam vudn hay boi ra bién thi c6 vé van
con qua binh thuong? Cac nha toan hoc la nhtung ngudi co
tri tuéng tugng, chuyén bay 1én vu tru van chi la diéu gi dé
rat déi binh thuong. Néu da tudng tugng, thi nhat dinh phai
di t6i v6i nhitng mién dat chua ai c¢6 thé nghi téi, chi khong
chi 1a chua tiing dat chan dén. D6 chinh la diéu ma cudn
sach “Ba ngay 6 nudc ti hon” da lam dugce. Pung nhu 16i
giGi thiéu ctia Gido su Zung, day thuc su la mot cudn sach
ky diéu, mot cudn “truyén than thoai tuy khong phai la than
thoai”. Cudn sach nay néi vé mot chuyén “du lich ngan ngay”
téi voi xit s6 diéu ky ctia cac con s6 ti hon. Ba “lit khach” ky
nay la ba ban nhé, nhung chua dén néi ti hon cho lam, gom c6
c6 bé Tanhia hoc giéi nhat 16p, cau bé Seva lam moém nhung
tot tinh, va Oleg hoi tram tinh nhung lai rat tinh té va sau
sac. Cudn sach nay la mot cudn sach dang kinh ngac. Ban
than toi khong thé nhé dugc minh da bao nhiéu lan da hét
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stc “rung dong dén rung minh” khi doc dudc nhiing cai cach
“gidng toan” bang nhirng phép vi von dén la tao tgn nhu thé nay:

“tén khai can da tau thoat khéi nha
kho chuyén chira tat ca cac loai toan
tlr, han lap tuc tré thanh mot déi tugng
bi truy na khap noi, béi vi néu khong
tom han trd vé, thi han, tirc 1a dau khai
can, chinh han sé chay di khap noi va
Khai can trai phép tat cd moi ngusi, ma
néu han cu lam nhu thé, thi méi lac cu
dan ctia ca cai xu sé ti hon nay sé lun tit
di mai”. Hoac la nhu thé nay: “ca thanh
phd tré nén nao loan, tat ca chi la vi
cau bé s6 0 nghich ngom da “thudng”
mat dau nhan va chay di dau mat. Thi
trudng da quyét dinh rang thanh phod
da roi vao tinh trang khan cap, béi vi
bat ky ai cting c6 thé tit vong, bdi vi hé cau bé s6 0 ma dung
dau nhan cham vao ai thi lap titic ngusi dé bién mat. Nhu vay
budc phai mai cac bac khdng 16 t6i, cac bac khéng 16 6 day tiic
la cac s6 16n vo cung, chi ¢6 cac bac ay hoa may méi c6 thé tri
dudc cau bé s6 0, ay la béi vi chi c6 cac bac ay méi duge tiém
chting phong bénh s6 0”. That la tuyét!

Ten “khai can" bi téom vi toi tdu thoat khoai nha
kho toan ti va toi “khai can trai phép"
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Thanh pho roi vao tinh trang “giéi nghiém” vi cau
bé s6 0 da “thudéng” mat dau nhan va chay bién di
dau mat

Su “tai xuat” ctia cudn sach ky diéu ctia Vladimir Levshin lan
nay, thong qua nhing ngon ti tiéng Viét “sac nét” cua chinh
Gido su Nguyén Tién Zung, thuc su la mot su ¢6 v 16n doi voi
nhiing ngusi yéu toan ctia rat nhiéu thé hé cong don lai. Co6 1€
da c6 khong it ngudi yéu toan bi am anh béi chuong gan ap chot
co tén la “Q.S. T.K". Q la quan sat, S la suy luan, T la tinh toan, K
la két luan. V6i tu cach ctia mot nha toan hoc néi tiéng, Levshin
da dua ra quan di€ém ctia minh vé cong viéc tri 6¢c néi chung.
Doi v6i ong thi tat cd chung ta déu giong
nhu nhiing cau bé muoén budc vao mot can
phong nhan thuc, nhung 6 ngay truée clra
can phong nay lai ¢6 bon bac thang, tuong
ung voi Q.S. T.K. Bat ky cau bé nao cung
sé lau tau mudn nhay qua vai buéc dé dén
v6i can phong mot cach tiét kiém thoi gian
nhat c6 thé. Nhung nhay céc luén dem lai
hau qua nhiéu hon la nhiang gia tri dich
thuc. Levshin da khuyén rang cac cau bé
déu luon nén di lén tung buéc mot, dung
bao git nong voi, va biét dau day, nhiéu khi
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cho du da budc vao can phong, nhung vi thiéu mat mot buée
nao do, ma ban van khong thé biét dugc trong can phong do co6
gi. Cai su ki 4o ctia can phong nhan thuc c6 1€ vinh vién sé la
chti dé c6t 16i nhat ma bat ky ai cang sé danh mot su quan tam
that 16n. Ngay nay, rat nhiéu cac hoc thuyét gido duc dang duge
dem ra nghién ctu va tng dung tran lan, nhung doéi khi, chinh
nhiing gi can ban nhat nhu la nhing diéu ma Levshin va cuén
sach “Ba ngay 6 nudc ti hon” da dé cap dén thi dé bi quén di, vi
nghe chitng noé cé vé qua u don gian?

Bay gio toi sé cung cac ban trd lai véi chii dé ban dau ma chung
ta da tam tri hoan ngay tir nay gio, chti dé dé la tai sao “Ai va Ky~
lai khong phai mot cudn sach hay, va tai sao Giao su Ngo Bao
Chau lai lién tuc thé nghiém nhiing cach dién dat méi cho cung
mot chti dé vé tinh giai dude ctia phuong trinh dai s6 mot an?
D€ lam viéc do, trudce tién, chung ta hay cung nhau thit nghi vé
nhiing niém vui trong toan hoc ctia cac tac gia ciia nhing cuén
sach 6 trén, hoac néi moét cach khac, dé la thit cing nhau cam
nhan cai thé giéi quan toan hoc ctia ho.

Giao su Ngo Bao Chau néi vé su can thiét ctia tinh than lac
quan trong lam toan noi riéng va lam khoa hoc hay cac hoat
dong tri 6c noi chung
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Do6i v6i cubn sach ctia Lev-
shin, 4t han tac gid (cting véi
vo ciia minh la nha van Emilia
Aleksandrove) phai c6 su yéu
thuong tré con t6i thé nao thi
mé6i c6 thé viét ra cd mot thé
gi6i dé thuong nhu vay. Trong
cai thé gi6i iy, ban c6 thé dé
dang nhan thay ngay rang tat
ca moi thi déu dude danh cho
mot su ton trong va nang niu
rat 16n. Cai thé giéi quan toan
hoc ctia Levshin vi thé thuc
su la mot cai thé giéi quan
thuan khiét ctia tré tha, dudce
dat trén mot cai nén tang triét
ly cha moét ngusi lao dong
khoa hoc thuc thu da trai qua
nhiéu thang nam “tran mac”,
nghia la Q.S.T.K.

Giao su Nguyén Tién Zung - con
cttu den cua lang toan Viét Nam
— dich gid méi ctiia cudn “Ba
ngay 6 nudc ti hon” - tac gia cua
cudn “Cac bai giang vé toan cho
Mirella”

B: NHUNG
| : TAM LONG

Nhéan néi t6i “tran mac”, toi thay minh rat
mudn dudgc chia sé v6i cac ban mot cudn
sach ma toi da doc tu thudé vé long, va
cho t6i nay, n6 co6 1é van la mot trong so6
it nhitng cai noi ma to6i c6 thé tim vé méi
khi cam thay hoang mang véi cudc song
xung quanh, ay 1a cuén sach “Nhitng tam
long cao ca” ctia nha van ngudi Y tén la
Edmondo de Amicis. Truyén lay b6i canh
ctia mot 16p hoc, v6i rat nhiéu nhiing cau
bé tinh cach vo cung khac nhau, cac cau
bé ay da 16n lén cung nhau, dudgc lién tuc
cung nhau trai qua nhiing bai hoc nho nhé

vé cudc song, doi khi chi 1a nhiing tng x rat binh thudng, ma
duéi ngoi but ctia Amicis da lai tré nén c6 y nghia 16n lao hon
nhiéu so v6i nhiing gi chung ta van tuéng. Nhung du sao thi
vi day da la mot cudn sach huyén thoai, mot khic trang ca ve
long nhan ai, nén t6i sé khong ké lai nhiéu hon vé nhing noi
dung trong sach ntra. Toi chi muén chia sé véi cac ban su ngac
nhién téi chitng nao ctia minh khi dudgc biét rang tac gia caa
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cudn sach nay la mét quan nhan, sau ngay giai nga, ong xach
ba 16 1én va di qua khap cac chién truong chau Au, chi d€ hiéu
hon ntta vé nhiung cudc chién tranh, la diéu ma éong vira két
thue. V6i y tudng sau khi ¢6 tu liéu, thi sé viét mot diéu gi dé
vé chién tranh, nhung khi da di qua khap nhiing vang dat ay,
ching kién tat cad nhiing s6 phan ctia nhitng con ngusi ban xa
ay, Amicis lai nhan thay rang chinh cai nhan cach dau doi cia
tré con méi la chuyén tién quyét dé c6 duge mot xa hoi van minh
hon, b6t khé dau hon. Hom nay nhac chuyén Amicis, cting la
mot cach dé hiéu hon vé thé gisi quan toan hoc néi riéng va gia
tri cia cudn sach ky diéu ctia Levshin néi chung.

O bén trén, cac ban cé thé thay dugc biic anh dai dién ctia Gido
su Nguyén Tién Zang, ngudi ma gan nhu bat ky luc nao gap go,
chung ta cung déu luon thay duge nhing niém vui va nhing
tiéng cudi rang rd. Toi khong hi€u lam sao ma Gido su Zung c6
thé lam toan va vui vé suét ca ngay nhu vay. Nhung c¢6 1é chinh
nhd viéc ludn tuci cusi nhu vay, ma Giao su Zung thuc su da
luén 1a ngudi tré trung nhat trong toan thé cac ban bé déng
trang laa. Tin tot 1a ngay chinh trong nhiing dong chit giang bai
cho Mirella, ban doc cing déu c6 thé cdm nhan dudgc vo van
nhiing niém vui nhu vay, va do dé, day thuc su 1la mot cudn
sach rat hay danh cho tat cd moi ngusi, khong chi la hoc sinh,
ma c6 thé 1a cd phu huynh ctia cac em ay nita. Tudng tugng vé
cai thé giéi quan toan hoc ctia Gido su Zung, thi cé 1€ ta sé thay
gibng nhu la mot ngudi tré, dude di doc ba bién, dudc lang nghe
nhiing con séng bién, dugc ngdm nhin nhing canh chim chao
luon trén troi, cA canh hoang hon trén bién, va thi thoang lai
c6 thé€ ctii minh xuéng ma man meé choi dua véi nhiing manh
s0 dl cac mau sac tuci vui. Cai thé giéi quan toan hoc ay, ro6
rang la mot thé gici dieu ky ctia tudi bé tho thuan khiét dugce ca
ngay no dua cung v6i nhiing con s6, nhiing hinh hoa, nhing y
tuéng trién mién khong dut, va tat nhién la ca nhing niém vui
va tiéng cudi gion gia.

Thé con niém vui toan hoc ctia Giao su Chau thi sé nhu thé
nao? Duéi day la cau tra 16i ctia chinh Gido su, va cing chinh
la diéu giup chung ta hiéu hon vé cudn sach “Ai va Ky”, ciing
nhu ca chuyén dé vé tinh giai dugc ctia phuong trinh dai s6 mot
4n ctia Gido su ma Epsilon dang tai ngay trong sé nay.
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Budc thit 4, cung la buée cudi cung trong s do ctia Polya
la “nhin lai van dé”. C6 thé d6i v6i mot sé6 ngudi, thi dé co
thé 1a mot buée nham chan, nhung d6i véi toi thi d6 lai 1a
budc dem lai nhiéu cai “khoai cAm” nhat khi lam toan. Néu
nhu 6 ba buéc dau tién, ban sé phai chiu dung rat nhiéu su
uc ché, c6 rat nhiéu ap luc, thi téi day, ban da biét minh da
gidi dugc bai toan roi, nhung ban mudn viét lai 16i giai ctia
minh theo mot cach hay nhat, dep nhat c6 thé.

Khong bao gio nén b6 qua budc nay. Tha nhat la chinh béi
vi buéc nay rat thua vi, gio day ban da c6 thoi gian dé ngbi

lai va “tia t6t” 16i giai ctia chinh minh. Nhiéu khi trong qua
trinh tim toi thuc hién kich ban, ban da lam nhiéu diéu rat
phtic tap, rac roi, rat c6 thé ban da phai di di lai lai rat nhiéu
lan nhiing budce thira, hon nira, khi chua biét duong, cé thé
ban da phai di qua rat nhiéu duong vong, vay thi ngay lac
nay, ban sé c6 thé loai bo tat cd nhing cai thira do, loc bo
nhiing cai thira, ban sé tim ra con dudng ngan nhat dé di
dén gan hon ntra v6i chan ly toan hoc.

Giao su Ngo Bao Chau - Vudn uom tai nang Talinpa,
Quang Ninh 2015

Toi mudén nhan manh vao chuyén nay. Ngay tai day, cac ban
c6 thé thay rang néu nhu thé giéi quan toan hoc ctia Levshin
da cho chung ta nhung su vi von, nhung truc giac tuyét mi
vé nhiung khai niém toan hoc can ban nhat, dua trén su tran
trong, long nhan ai, va cd mot triét ly lao dong khoa hoc chan
chinh; con thé gidi toan hoc ciia Gidao su Zung lai 1a mot bo
bién dai long gio, v6i that nhiéu nhiing canh tugng dep deé; thi
cai thé giGi quan toan hoc ctia Giao su Chau dusng nhu lai tu
nhién chirta dung ca rat nhiéu nhiing dau an ctia nghé thuat,
ngon ngu, va triét hoc xung quanh. Chinh su khac biét gitta
ba cai thé giéi quan nay da khién cho cudn sach ctia Levshin
dugc rat nhiéu ngudsi doc va yéu thich, cudn sach cua Giao su
Zung sé dudc it ngudi doc hon mot chut, nhung moi ngudi lai
c6 thé doc rat dé dang, con cudn sach “Ai va Ky”, thi tuy rang la
mot best-seller thuc su, nhung s6 ngusi doc dudce, va cam duge
chac co6 1é khong nhiéu.

No6i 1a khong nhiéu, béi vi nhu thé nay. Ca ba lan Giao su Chau

195



noéi vé tinh gidi dugc ctia phuong trinh da thiic mot an, thi
lan thua nhat 1a dan nhap cac khai niém can ban bang ngon
ngu miéu ta khung canh nhu mot chuyén phiéu luu that dep,
nhung ngusi ta sé chang hiéu dudc nhiing diéu ay sé dan téi
dau, lan thu hai 1a mot chuyén dé day du va can ké vé cac “thao
tac toan hoc don gian”, nhung lai kén ngusi doc vi cach thuc
tiép can thuan tay ly thuyét, con lan thi ba thi lai 1a mot bai
noi chuyén ké vé cach ma Giao su thuéng thic va nhin nhan
lai nhiing gi cot 16i nhat thudc vé cai goi 1a nhom Galois va ly
thuyét Galois. Bai néi chuyén ay la mot bai néi chuyén tuyét
hay, va toan bo “chan ly” vé ly thuyét Galois da dugc Gido su
giang lai chi trong vong “ba nét nhac”. Bai viét ay da dugc dang
tai trén trang mang Hoc Thé Nao, c6 1é tat ca cac ban doc
gia ctia Epsilon déu nén ghé qua tham. O day, toi mudn noéi
rang, khi truc tiép doc qua nhiing bai bao va nhung bai blog
cua Giao su Chau vé toan hoc hién dai, thi cai cam xuc clua
toi chi don gian la, Giao su viét vé toan hoc hién dai qua tinh
qua hap dan, bédi vi moi tha déu rat ro rang, tuong tan, can ke,
c6 diém khdéi dau, c6 diém két thuc, va c¢6 ca nhiung diéu mé
ra, cai do that khac so véGi “Ai va Ky” theo mot nghia nao do la
hoi map mo va khong ré ranh vé muc tiéu danh cho ngusi doc.
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To6i nghi, chinh cai thé giéi quan toan hoc c6 xu huéng thudng
thic nhu mot mon nghé thuat, mot mon triét hoc, mot mon
ngon ngt hoc da khién “Ai va Ky” tré nén kén ngusi cam thu.

Nhung dua sao thi dé van la mét cuén
sach that dep, va néu chang may cé
ban nao dé6 ma cam thu dugc cai thé
giéi quan toan hoc ctia Giao su Chau,
thi chac la cang sung suéng nhu dugc

cung Giao su nang lén mét ly rugu vang |

that 1la ngon lanh, trong mot bira toi
dam am 6 gitta nhiing ngudi than quen.

Trong mot bira toi vui vé nhu vay, co 1€
ban sé hoi toi rang, tai sao diém sach
“Bai giang cho Mirella”, ma lai khong
dang anh bia? Thé thi khi d6 toi s€ mim
cudi ma xin ban bo qua cai thiéu sét ay,
bt lai, t6i s€ rat vui long dudc tang cho

sl anhTo BUA oL Wgs Tk ,u,-f Fibilpr
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ban mot cuén “Déi thoai toan hoc” nhu thé nay day. Mong sao
ban cung sé thich cudn sach nay, va boé qua cho thiéu sé6t nho

ay cua toi ©.

Tri Ngt.
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